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On Extréme Values in Stationary Sequences
by
M.R. Leadbetter*
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Summarx

In this paper, extreme value theory is considered
for stationary sequences {En} satisfying dependence
restrictions significantly weaker than strohg mixing. The
aims of the paper are:
(1) To prove the basic theorem of Gnedenko concerning
the existence of three possible non-degenerate
asymptotic forms for the distribution of the

maximum Mn = max(ElQ..gn), for such sequences.

(ii) To obtain limiting laws of the form
r-1
2im Pr{M(r) < uy } = et ] 1%/s!  where Mér)
n+o s=0
. th
is the r largest of 51"'5n' and

Pr{gl > un} ~ T/n . Poisson properties (akin to
those known for the upcrossings of a high level
by a stationary normal process) are developed and

used to obtain these results.

T Currently visiting Cambridge University.

* Research supported by Office of Naval Research,
under Contract NOOO1l4-67-A-0321-0002.



(iid) As a consequence of (ii), to show that the
(r)

{r
is the same as if the {En} were i.i.d.

= === - - - asymptotic distribution of M
(iv) To show that the assumptions used are satisfied,
in particular by stationary normal sequences,

under mild covariance conditions.

1l. Introduction and basic framework.

There is a considerable body of theory concerning
extreme values of independent and identically distributed
(1.i.d) random variables (e.g. [5],[7]). Important
sections of this theory have been extended to apply to

certain types of stationary sequences. For example

‘ Watson ([9]) considered "m-dependent" sequences, and
Loynes ([81) (and‘subsequently others, e.g. [10],[4])
generalized a number of results to apply under the condition
of "strong (uniform) mixing". In particular Loynes
obtained a generalization of the following theorem of
Gnedenko ({51), which is central to the asymptotic theory
in the i.i.d. case. (We write, here and throughout, Mn
for the maximum of the first n random variables Eyeecby v

of whatever sequence is being considered.

Theorem l.1 (Gnedenko) : If 51,52... are i.i.d.

random variables, and if for some sequences a, > o, bn of

— ~(normalized) -



constants, the normalized maximum an(Mn - bn) has a

‘ —non-degenerate limiting distribution function (d.f.)

g

'G(x), then G(x) has one of the three following forms:

Type 1 : G(x) = exp(-e-x) - ® < X < w
Type II : G(x) = O o x <0
= exp(~x %) (for some o > 0) x > O
Type III : G(x) = exp(-(-x)a) (for some @ > 0) x < O
= ] | | X >0

(It is understood that each "type" of d.f. includes all
d.f.'s obtainable by replacing x by ax + b for any

a> o0, b).

The strong hixing condition used by Loynes requires
‘ that |
' (1.1) |P(AnB) - P(A)P(B)| < gl(k)
whenever A,B are events belonging respectively to the

o-fields generated by Ei...Em,' and § for

mk  Smak+1t "

some m, and where g(k) - 0 as k » = , This is a
"decay of dependence" condition of a very strong type,
since it must hold (uniformly) for all such events A,B .,

Its verification may also be difficult since all pairs

A,B must be "tested".

It is apparent that not all events A,B will be of

interest in extremal theory. Indeed the event




" " i 3 " n
M < ul ;s precisely "{§; < u,§, <u,...6 <u",
whose probability is just a value of a finite-dimensional
d.f. of the ?rocess. Hence it is natural to look for
dependence restrictions involving only these d.f.'s. An

obvious such restriction (of similar but weakened form of

(1.1)) would be the following, which we will refer to as

"Condition D". If F, . (X,...X_) denotes the joint
- 1yee1, 1 r
d.f. of &, ...§; , we shall write F . (u) to denote
i, i h IR §
r 1 r
F, 4 (usu.o.u) o Then the sequence {En} will be said
l... r

to satisfy the condition D if for any

1) € dyeee< i <3

real u ,

< j2"‘< jm' jl - in >k , and any

(1.2) (D) : |F (u) - F, . (u) F. . (u)] < g(k)

il...injl...]m iyeeediy Jyeesdp
where g(k) + 0 as k + » ,

While Gnedenko's Theorem will hold (as we shall see)
under Condition D, we can - for this and later purposes -
weakeh it significantly by considering just certain
.sequencés of u-values in (1.2). Specifically if {un}
is a sequence of real numbers, we shall say that the

(stationary) sequence {En} satisfies the condition D(un)

if for any integers

1£i <i...<_ip<jl<...<j <n'jl-i

1 2 q s > £ we have

p



F, . . (u )-F
ieetpdyieedg m Ayeed

PN (1.3) (D (u ) :|

. . <
{10347 5 s

where fLim f£im o =0 .
L+ n-oo n, %

It is apparent that D implies D(un) _for any
sequence u_ . However for some processes (e.g. normal),
D(u ) may be readily verified for sequences {un} of
interest, when it is not clear whether D itself holds.
(In this, it turns out that D(un) can be further
"encouraged to hold" by an appropriate decrease in tail
probabilities of the finite dimensional d.f.'s, over the

pure "dependence decay" required for D).

In Section 2 we shall obtain Gnedenko's Theorem
. if the assumption that the €i are i.i.d. is replaced by
stationarity together with Condition D(un) for all u,
of the form 'x/an + b (== < x < w), a b~ being the
particular sequence given in the theorem. (This,of course,
implies that the result holds for stationary Sequences
satisfying D). The proof will follow the pattern of that
- used by Loynes in [8], with modifications to suit later

applications.

Another useful (even though trivially proved)

result for i.i.d. random variables is that



(.4)  priM <ul>e as noe
if u = un(r) "is chosen so that
(1.5) | Pr{gl > un} ~ T/n ,

T being any fixed constant (v > 0). It is easily seen
(by writing the left hand side of (1.4) as [l-(l-Fl(un))]n
and taking logarithms, that (l1.5) is certainly necessary
for (1.4) to hold. If Fl is discontinuous, u, is
often chosen so that Fl(un-) < 1-t/n < Fl(un) . However,
it should be pointed out that this does not itself
guarantee that (l1.5) holds. (This may be seen by taking
Fl to increase only by jumps, at 1,2,3... , with

Pr{El <3jl=1- r/(2j-l).) Hence, in such a case, (1.5)

must be separately verified before (1.4) can be asserted.

Wétson ({9]) gave conditions under which (1.4)
‘holds for m-dependent stationary sequences, and Loynes
([8]) showed that here also, m-dependence may be replaced
by strong mixing, We show in Section 3 that strong
mixing may be replaced by D(un) for the particular
sequence un = un(t) involved. The limit in (l1.4) is
the same as would apply if the En were i.,i.d. (with the

same marginal d.f. F as when dependent.) As a corollary

ll
it will follow that - under appropriate conditions -



. a, (Mn - bn) has the same asymptotic distribution as

it would if the §_ were i.i.d. with d.f. F . This is
also a result shown in [8] under strong mixing.

It is well known that the Type I extreme value
d.f. is the one which applies to i.i.d. normal sequences.
Berman ([1]) has shown that this remains true for stationary
normal sequences, under very weak conditions indeed on the
covariance function (which, of course, is the most convenient
type of assumption in practice, for a normal process).
Specifically Berman showed that, provided the covariance
sequence {rn} of the (zero mean, unit variance) stationary

normal sequence {En} satisfies either

o0

@ (.6) (1) r logn-+>0 as n+® or (i) J r? <

n 1 n

then
-X
(1.7) Pr{an(Mn_ bn) < x} » exp(-e ) as n -
where
(1.8) a = (2 log n)!5 _
bn = (2 ldg n);5 - %(2 log n)-%[log log n + log 4mn] .

It follows from Berman's proof that (1.4) holds (and
(1.7) may then be obtained by simple transformation of (1.4)).
We shall show in Section 4 that either of the conditions ’

(1.6) (for the normal sequence) implies the general sufficient



conditions for (1.4) (including D(un)) given in

iThéofem 3.1, Thus for normal sequences (l.4) alternatively

follows from the generél resuit Theorem 3.1. This does
not reduce the amount of calculation, but it does
demonstrate the connections between arguments previously
used for normal processes under covariance conditions, and
those using assumptions of "mixing type" for other
processes, It also indicates the satisfactory nature of
Theorem 3.1, since the particular normal result is known to

be a very sharp one.

It is known that for continuous parameter,

stationary normal processes, the upcrossings of a high level’

are asymptotically Poisson in character, under quite weak
conditions ([2]). Similar results are (in fact more)
easily proved for normal sequences. In Section 5 we
obtain an asymptétic Poisson result of this kind for

(not necessarilx-gggggl)stationary sequences under -
assumptions whiqh include D(un). This result will enablé

us to obtain the asymptotic distribution of the r‘"

(r)
n

largest

value M sa§ among £l...£ as well as the maximum

n'
Mn_= Mél), as n +» o It is clearly also possible to
r)

consider joint distributions of the Mé along these

lines, (¢f[10]) but we do not pursue this matter here;



9.

Finally we note that the present paper is concerned

“entirely with sequences. We hope, in a future paper, to

consider corresponding properties in the (more complicated)

continuous parameter case.

2. Basic lemmas, and Gnedenko's Theorem under D(un).

The proof of Theorem 1.1 given in [5] may be displayed

as the two following results.

Lemma 2.1 Suppose that Mn are random variables
(which in this lemma may be maxima or not) and a, > 0, bn

constants such that
(2.1) Pr{an(Mn - bn) i x} + G(x) (convergence in distribution)

as n+« , where G is a non-degenerate d.f., and further,
for each k = 1,2...

1/k

(2.2) Pr{an - bnk) : x} +» [G{x)] as n -+ ® ,

k(Mn
Then, corresponding to each k = 1,2..., there

are constants a, > 0O, such that

k By

(2.3) G (o x + B) = G(x) .

This lemma follows simply from a result of Khintchine,

which may be conveniently found in [6 Section 10, Theorem 1].
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. Lemma 2,2 Let G be a non-degenerate d.f. such that

(513) hoi&éwfsf'éééhigkr= i;Z.;:”(for some constants
a > Q, Bk). Then G 1is one of the three extreme value
d.f.'s, being of Type I, II or III according as o = 1

for some (and hence all) k, &, > l for some (all) k, or

oy < 1l for some (all) k.

The derivation of this latter result constitutes
the major part of Gnedenko's proof. It is easily seen
that if Mn = max(El...En) where the gj are i.,i.d.,
then if (2.1) holds, so does (2.2) and hence (2.3). Thus
the conclusion of Theorem 1.1 follows for the i.i.d. case.
Our task here will be to show that (2.1) implies (2.2) if

{En} is a stationary sequence satisfying D(u)) for

® .

n
-means of several lemmas, and will enable us to obtain the

x/an + bn" (for all real x). This will be done by

desired generalization of Theorem 1.1.

First, write M(E) = max{gj:jeE} for any set E
of integers. It will be convenient to talk of an
"interval" to mean any finite set E of consecutive

integers (jl,jl+l,....,j2) say. We shall then say that

. ni " 3 - ] = A
E has "length 3, i+ 1. If F (kl,kl+l,....k2)
with kl > jz, we shall say that E and F are separated
by kl - j2 . The following result will have several



. E

11.

applications :

Lemma 2,3 Suppose that D(un) holds for some
sequence (un) . Let N,r,k be fixed integers and

El,EZ...Er subintervals of (1,2... N), such that

i and Ej are separated by at least k when i 3.

Then
r : r
IP{O(M(Ej) S ug)l - I Pr{M(Ej) 2ugtl o< (x=1)ay o
J=1 o j=1

Proof: Let Ey = (kj,kj+l,}..2j) where (by renumbering
if necessary) k; < &; <k, < %,... . For brevity write
A, = {M(E.) < u . Then

3 = ME) < uy)

'lp(Al n A, - P(Al)P(Az)I =

|F (a,) - F (u,)F (u,) |
kl'kl+l...zl’k2...£2 N klooozl N kz...zz N
= %N,k
since k2 - 21 >k . Similarly
|1>(A1,n A,nAj) - P(Al)P(AZ)P(A3)] < Ip(AlwAzn Aj) = P(Agn AZ)P(A3)|

+ lP(Aln A, - P(Al)P(A2)| P(a,)

IA
N
R

since El u E2 c(kl,kl+l...22) and k3 - 12 >k .
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Proceeding in this way, we obtain the result.

‘Now let k be a fixed positive'integer, and write
N=nk, n=1,2... . In the following we shail |
approximate Pr{MN < uN} by [Pr{Mn < uN}]k (which
might be expected intuitively), when D(un) holds. This
will enable ﬁs to obtain various results (including the
extended Gnedenko Theorem) quite simply. The method used
follows that of Loynes ([8]) in many of its essential
features. Specific&lly, we divide the first N = nk
integers into 2k consecutive intervals as follows. Let
m be a fixed integer and write I1 = (l1,2...n-m),

II = (a=m+l,...n) I, = (n+l,...2n-m), I; = (2n-m+1,...2n),
and so on. Thds Il,I;,Iz,I;...Ik,I; alternately have

length (n-m) (+«) and m (fixed). The main steps of the

approximation are displayed in the following lemma.

Lemma 2,4 With the above notation, and assuming D(un)

holds,

k
(1) 0 < p{j@l (M(I;) 2w} - PriMy < ued < k PrM(I)) < uy < M(ID)

ko
(i1) | p{ .ﬂl(M(Ii) gl - Pk{M(Il)
J=

A

uN}| <k N, m
(Li4) IPk{M(Il) ugl - Pk{Mn < uN}l <K Pr{M(Ii) < uN < M(I;)}_

for some constant K . Hence, by combining (i), (ii), (iii),
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(2.4) [Primg < wel - P¥(m_ < u )]

< (+R)IPr{M(I}) < uy < M(I])} + ko

N ym

k
Proof: (i) follows at once since J:E(M(Ij) < uN) >

(MN < uN), and their difference implies M(Ij) 2 uy < MjI;)

for some j, the'probabilities of these latter events being
independent of j by stationarity,
(ii) follows from Lemma 2.3 with I, for E, ,

J
noting that Pr{M(Ij) < uN} is independent of 3§ .

\

To obtain (iii) we note that

o} irPr{M(Il) Sougl - PriM) < ugd = Pr(M(I)) < ug < M(ID) .

N

The result then follows (writing y = Pr{M(Il) < ul oy

X = Pr{Mn < uN}) from the obvious inequalities

Oiyk-xkiK(y-x) for some K >0, Oix'yil.

We now dominate the right hand side of (2.4), to

obtain the desired approximation.

Lemma 2.5 If D(un) holds, r > 1 is any integer, and

if n is sufficiently large, then

(2.5) Pr{M(Il) <u, < M(II)} < % + 2r o

N N,m °

It then follows from Lemma 2.4 that
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‘ (2.6) Pr{MN < uN} - Pk{Mn < LH\]} +0 as n + » .

Proof : If n 1is sufficiently large, we may choose «r
intervals El"‘Er’ each of length m from 1,2...n-m,
so that they are separated from each other and from II,

by at least m , Then

r
PriM(I,) < uy < MID} < Pri) (ES) < w), M(I]) > uy}

N 1

r r .
*
= P{J:E(M(Es) Suglo- P{JZE(M(ES) Sugde M(ID) < ull .

By stationarity, Pr{M(Es) < uN} = Pr{M(Ii) < uN} = p,

say, and by Lemma 2.3, the two terms on the right differ from

pr, pr+l (in absolute magnitude) by no more than (r-1l) L
14

raN'm respectively. Hence
‘ * r__r+l
_ Pr{M(Il) S uy < M(Il)} < p -p + ZraN'm '

' . r r+l
from which (2.5) follows since p - p < 1/(xr+1) .
Finally by (2.4) and (2.5),
lim sup |Pr{ < u .}l - Pk{M < u }| < kK o [k+2r (k+K) J2im sup o
N MN—N n - "N - X n_”opN,m

from which it follows (by letting m - ©® and then r + «
on the right), that the left hand side is zero. Thus

(2.6) is proved.

The Gnedenko Theorem now follows easily under general

conditions.



15.

Theorem 2.1 Let En be a stationary sequence and

an > 0, bn’ given constants such that Pr{an(Mn - bn) < x}
converges in distribution to a non-degenerate d.f. G(x).
Suppose that D(un) is satisfied for u = fi + bn , for

n .
each real x . Then G(x) has one of the three extreme

value forms listed in Theorem 1.1.

Proof: By Lemma 2.5, with u, x/an + bn we have

P*{a = b,) < x}= Pk{Mn S ugl = PriMg < ugl + of(l)

nk(Mn

by (2.6), and this may be rewritten as Pri{a (Mg - by) < x} + o(1)
which converges to G(x) by assumption. Thus (2.2) holds
(as well as (2.1)) and the conclusion follows as in the i.i.d.

case from Lemmas 2.1 and 2.2.

Corollary : The result remains true if the condition
that D(un) be satisfied for each u, = x/an + bn' is
replaced by the requirement that the condition D holds.
(For then D(un) is satisfied by any sequence at all, and

in particular by u = x/an + bn for each x) .

Finally wé remark that the condition D(un) 'may be
changed in various ways and still serve the present
purposes. Our choice of D(un) is just one of a number
of possible ones, but is a choice which seemed convenient

and natural for our purposes.



3. convergence of Pr{M < un}rﬂapdréts consequences.

16.

In this section we first consider conditions

T) for a

under which (1l.4) holds (i.e. Pr{M_< u } - e
stationary sequence {En} where the {un} are assumed

to satisfy

(3.1) 1 - Fl(un) = Pf{gl > un} = 1/n + o(l/n) as n »> » ,

where T > O ., We can then show as a corollary that

_an(Mn - bn) has the same limiting distribution as it would

if the En were i.i.d.

As may be seen from the derivation below, if (3.1)

holds, Condition D(un) is then sufficient to guarantee
T

" that #im inf Pr{Mn < un} > e & . However we need a

further assumption to obtain the opposite inequality for
the upper limit. Various forms of such ah assumption

may be used. Here we content ourselves with the following
simple variant of conditions used in [9],(8] . (We refer

to this as D'(un)) :

Condition D'(un) will be said to hold for the

sequence (un) if

n
(3.2) (D' (u)) :£im supln ) Pr{g >u .}l = o(l/k) as k»» ,

n->-o j=2 nk

1> Ynkrby



17.

Note that if (3.1) holds, then a sufficient

condition for (3.2) to hold is
n .

(3.3)nj£2|2r{£l > w8y > u} - pPrig; > un}Pr{Ej >u }| + 0 as ns= .

For if (3.3) holds it is readily checked that:
n ’ | n ,
n jzzpr{él > unk'gj > unk} <n '£1P {El > unk}

+ N
3

i 12

2|Pr{£l > ugeby > ugl - P2{E; > u.l]

(with N = nk). The second term on the right tends to
zero as n + » , and the first to 1t%/k? = o(l/k), yielding

(3.2) .

Theorem 3.1 Suppose that D(un), D'(un) hold
(i.e.(1.3),(3.2)), for the stationary sequence {En},

where the wu_ satisfy (3.1). Then Pr{Mn < un} > e ' as n+o .,

Proof: Fix a positive integer k. We use (2.6) to

‘consider first convergence of Pr{M, < u,} where N = nk,

n=1,2... . For this we note that

o .
Prim < ul} =1- P{égﬁ(ﬁj >ug)} > 1 - n Prig; > uyl

and hence by (3.1),

(3.4)  fim inf Pr{M_< u.} > 1 - 1/k .
. now n =N -

. -
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‘ Corresponding we also have

3.5)Pr{M_ < u_} < 1 - .P {g, > } o+ Pr{&€, > u_,&. > u.}
( ) Pr n — uN = n rr El uN liiij-n i N’ j | N

n ,
21l-nerlg; >l +n jzzpr{gl > uN'Ej > uy}

by stationarity. It follows from (3.2) (and the fact

that n Pr{g, > ugl > 1/k)  that

2£im sup Pr{Mn < uN} <1l-1/k +0(1/k), and hence by

n-+o

(3.4)-and (2.6) that

(3.6) (1 - %)k 2 %im inf Pri{M < u,} < fim sup PriMy < uy}

n->o n+>o

<1 - % + o(%)]k

-To complete the.proof we show that N(= nk) may be
replaced by n in (3.6) and the result then dlearly followé
by letting k » « , Choose r , depending on n , so
that rk < n < (r+l)k . It is easily checked

(since Mn <M that

(r+1)k’

pr{Mn < un} > Pr{M(r+l)k < u(r+1)k} - Pr{un < M(r+l)k < u(r+l)k} .

Now Pr{u < Morelyk S u(r+l)k} (which is zero if wu > u . 14)

is dominated by
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POy <85 a2 @bk Prlu, < g <up 000 )

IA

(r+l)k|Fl(u(r+1)k) - Fl(un)l

= (r"‘l)kl;—l;' - m + O(%)I

which is easily seen to tend to zero as n + » , by the

choice of r . Thus
. ‘ | T,k
Lim inf Pri{M < u } > fim inf Pr{M(r+1)k < u(r+l)k} > @1=-5

by the first inequality of (3.6) (with (r+l)k for N).
Similarly,

PriM < wu } <PriM, <u .} + Pr{u,, <M

k < < un}

rk —

from which it follows that 2im sup Pr{M < u} < I[1- % + o(%)]k ’

as desired.

We now write ﬁn for the maximum of n i.i.d.

random variables with the same marginal d.f. F as each

1

En; (following [8] we may call these the "independent

‘sequence associated with {En}"). The following result is then

a corollary of the theorem.
. Corollary : Suppose that for some sequence

{u.}, Pr{M_ <u}-+6>0,.
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~If D(u) and D'(u) are satisfied, then also

Pr{M <wul~>0.

Proof : The condition Pr{ﬁn < un} + 0 may be rewritten

as
n, : _ .
Fl(un) + 6 or n logll - (1 Fl(un))l + log 6 , which

implies n(l - Fl(un)) + - log 6 . Thus (3.1) holds with

T = =-log 6 , and hence the result follows.

We may also deduce at once that the limiting distribution
of an(Mn - bn) is the same as that which would apply if
the Ei were i.i.d. , i.e. of an(Mn - bn) , under
conditions D(un) and D'(un) . This result was proved

in (8] under conditions including strong mixing,

‘'Theorem 3.2 Suppose that with the above notation,

Pr{an(Mn - bn) < x} » G(x) for some constants a, > O,bn ’

and some (Type I,II or III) d.f. G. Suppose also that

' i = L
D(un), (D (un) are satisfied when L a_ + bn s, for

each x. Then Pr{a (M - b ) < x} > G(x) .

Proof : Since Pr{a (M - b ) < x} =Pr{M < ul} , the

result follows from the previous corollary if G(x) > O .
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If G(x) = O we have, for any y > x with G(y) > O ,

Pr{a (M - b ) < x} < Pr{a (M - b ) <yl +G(y) .

Since G is continuous, we may take G(y) arbitrarily

small, and the result easily follows.

4, Stationary normal sequences.

Suppose now that {En} is a stationary normal
sequence, with zero means, unit variances, and covariances

rp =t En€n+p'

Section 1, Berman ({1]) has shown that if either

where rp + 0 as p -+ o , As noted in

r. logn-+0 ort rg < © , then the Type I asymptotic
lﬁw (1.7) holds, with the constants given by (1.8). We
propose to show how this result, and the technique for
obtaining it, fit in with the theory of the previous section.
We shall show in particular, that either of the abové
covariance conditions implies our conditions D(un), D'(un),
for appropriately chosen {un} (satisfying (3.1)). It

has, incidentally, been pointed out in [4] that I r; < ®
for any strongly mixing stationary normal sequence. Thus

strong mixing implies I r; < « , which in turn implies

our assumptions D(ug), D'(u ) , in this normal case.

Define, now, u by 1 - ¢(un) =.1t/n , where ¢
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denotes the standard normal d.f. (with density ¢(x)).
. If we can show that (1.4) holds, it will (as previously
noted) follows that so does (1.7). The steps involved

in this are : |

(i) Write 1 = e ¥ » and use the fact that

1l - @(un) ~ ¢(un)/un to show that
(4.1) ul/2 = x + log n - 5 log 27 - log u_ + o(l)

(ii) Deduce that u;/(z log n) - 1 and hence by

taking logarithms and combining with (4.1), that

u, = (2 log n)%[l+(x- % log 47 - % log log n)/(2 log n) + o(l/log n)1].

Insertion of this into (1.4) and rearrangement yields (1.7).

Thus we confine attention to (1.4). First we state

a useful technical lemma, proved in [1].

. o
Lemma 4.1 Suppose that either r_ logn + O or ) r?<o,

Then with u as defined above, we have

(4.2) " n
Aj

el &

- 2 V 0
. Irjl exp{ un/(l+|rj|)} + 0 as n -+

(It is perhaps worth noting that the condition
z r; < * may be replaced by I ]rnlp < » for some p >0,

in this lemma).
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‘ In order to obtain (l.4) it is simplest to show
7 (as in [1]) that Pr{M_< u} can be approximated by
[Q(un)]n . Practically the same calculations are involved
in verifying D(u ) and D'(un) , and hence we do this

in order to show the relatianship between normal sequences,
and those of the previous sections. These will follow
from the lemma below (which is virtually the same as

Lemma 3.1 of [1], from which the details of proof may be
obtained by slight changes. The technique of proof develops
an argument originally due to Slepian, and which has been
extended in many ways by a number of authors (especially

S.M. Berman), to the extent that it may now be regarded as

part of the basic machinery of the subject.

Lemma 4.2 Let al,gz... be the stationary normal
sequence as defined at the start of this section, and let
1<, 2 22..{i ZS . Then, for any u,

(4.3)|Pr{g, <u for j = 1,2...s} = ¢°(u)|

J

<K ] lpyylenst/ GrlegsD)

l<i<j<s ij

where pij =T - 23 is the correlation between

Ezi and Elj  and K is constant.
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‘ The conditions D(u_ ), D'(u ) now follow easily :

Lemma 4.3 Suppose that the covariances r of the
(standard) stationary normal sequence {En} satisfy
either r logn =+ 0 or I r; < » , Then

D(un), D'(un) are satisfied for u defined by

l - @(un) = 1t/n .

Proof : From (4.3), with s = 2, 21 =1, 22 = j, N = nk
we have

-u&/(l+|r._l|)

: _ a2 J
IPr{El < uye Ej Sugl -0 (uN)I < Klrj_lle
and thus, by simple manipulation,
_ 2 -
| ~uZ/(+|r,_ )
‘ |APr{El > U-Nr g] > uN} - (1-¢ (UN))zl < Klrj_lle ] .

Hence

n : 2 N -uz/(l+|r.l)'
n )} Pr{g, > , 84 > u } < o+ RN ) r.l e N J

j=2 1 UN J N K2 j=1 3

from which D'(un) follows, by Lemma 4.1.

It follows also from (4.3) that if 1< & < f,...$4 < n

then
n -u;/(l+|rj|)

|F (u) - 05(u )| < kn lr.| e .
£i850002, 0 n' ! - jzl 3
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Suppose now that 1 < i. < 4

l,
Identifying (zl...zs) in turn with

(il"f'ip'jl""jq)'(il"‘ip)'(jl"‘jq) we thus have

() - F
q n il

|F fu_) F, ()|
...i LN BN
p B Jpesedgm

-u;/(l+lrj|)

il. o.oipjliooj
n
<.3kn | |r.|e
j=1
which tends to zero by Lemma 4.1. Thus D(un) is

satisfied (and indeed 2im anz = Q0 for each 1).
- n

5. Poisson results, and asymptotic distribution of rth

largest values.

As noted in Section 1, for stationary normal
processes in continuous time, the upcrossings of a high
level tend to behave asymptotically like a Poisson process
(C33 [£2]). An analogous result can be shown to hold in
discrete time (an upcrossing of the level u being said to
occur between t=r and t = r+l1l |if Er <ucx< £r+l')
For example if Cn denotes ‘the number of the points
1,2...n which are upcrossings of the level
gn(un =_un(1), l - ¢(un) = t/n), then under (1.6) (i) or

(141) C, can be shown to be asymptotically Poisson.

We propose here to generalize this result to

non-normal stationary sequences satisfying conditions

D(un), D'(un), and thereby obtain, as a corollary,

th

asymptotic distributions for the r largest among

2 L ) 'S ip 7<7jl S 7,3"2,0 o,oS ,,Jq < o
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51'52"'En . In doing so, it seems slightly more
‘natural in the discrete case to consider not the number
Cn of upcrossings, but rather the number (Ln, say) of
points r of 1,2...n for which §. >u . That is

n
L, = g Xy Where Xy =1 if & > U, X; = O otherwise

(Ln and Cn are essentially the same asymptotically;
. We may regard Ln as the "total time out of n which Er

spends above un").

The connection between Ln and the rth largest

(r)

value (M
n

say) of El...En is c¢lear, viz.,

(r)

(5.1) Pr{Mn

< un} = Pr{Ln <r} .,

In the following, then, we shall assume that {En}
form a stationary sequence satisfying D(un) and D'(un),
where {un} satisfies (3.1), for a fixed T > O . We
shall obtain a limiting Poisson distributing for Ln' by
the lemmas below. The same notation will be used as in
Section 2 (stated prior to Lemma 2.4) concerning the
intervals Il' II...Ik, IE, k again being a fixed integer.:
It will also be convenient to write Ln(E) for the number

of integers r ¢ E such that Er > u s if E . is any set

of integers.

Lemma 5.1 For any r = 1,2..., let Ar be the event
that LN(Ij) > 1 for at least r values of j = 1l...k

(N = nk) . Then
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k
(1) 0 < PriL, > r} - Pr{LN('=1,Ij),, ;7::}" _<_ mk anrt{:gl 7>79N}

- j

k
(i1) 0 < Pr{LN(_Ule) 2t} - P@A)) <k PriL (1) > 2}

J—
and hence
(111) 0 < PriLy > r} - P(A,) < mk Pr{f, > u} + k Prif(1;) > 2}

Further, (and uniformly in m)

(1v)  2im sup Pr{L (I,) > 2} = o(l/k) as k+» .

n+o

k
Proof : (i) follows since if LN > r but LN(}gle) < r,

then £j > Uy for some Jj in one of the km points of the

I' intervals. (ii) is equally obvious and (iii) follows

3
by adding (i) and (ii). Also

Pri{L (I.) > 2} < ) Pr{¢, > u_,E. > u.}
N""17 - - 1<i<j<n-m i N"?j N
n
< n.z Pr{E,l > uN,Ej > uN}

j=2

and hence (iv) follows at once by D'(un) (Egn. (3.2)).

Lemma 5,2 Let Br = Ar - Ar+1; i.e. Br is the event
that LN(Ij) > 1 for exactly r of the intervals Ij .

Then

2im supIPr{LN =r} - P(Br)l +0as k » o ,

n->oo-

(uniformly in m) .,
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. Proof : By subtracting the inequalities (iii) of

Lemma 5.1 with (r+l) replacing r, from those with

r 1itself, we obtain
|Pr{L, = r} - P(B_)| < mk Prif; > uy} + k PriL,(I;) > 2} .

The first term on the right tends to zero as n + by

choice of Uy and the result follows from (iv) of Lemma 5.1.
Eemma 5.? Write p(= p,) = Pr{M(Il) < uN} « Then

k k~-r r k k=r
Ip(Br) - (r)p (1-p) " | < k(r)z aN,m .

Proof : Write ej for the event M(Ij) <u Then

N *

B = e! e ce.€! e -
r= U 1,4, iin i

| where the primes denote complements, the intersection
signs are omitted, and the union is over sets of distinct

integers il"'ik with 11 < iz...< i.i ir+1 < lr+2"'< ik .

Now by Lemma 2.3 if 1 < jl < jz...< i. 2k,

s
|P(e; e, ...e; ) - p°| < kay m s and by induction, if

iy < iy 1ee Jp < dpeees< Jgr i F jgr for any g,2',

S , e. - pS(1 - t . k.2ta
IE(eileiz...eitejleJZ.. er) p( p) | < N,m

(the left hand side does not exceed



t-1
P(e! oooe! €. .o ) - ps(l-p) |

+ |ps'+1(1-p)t-'l - P(eil...ei lei ejl
. t- t
t-1

which does not exceed 2k.2 o
N,m

hypothesis holds for ¢t-1 . It holds for t = O by the

above) . Thus

|P(e] ...el e

1 i "i

r "r+l lk

from which the desired result follows.

Lemma 5.4 Again write p = P, = Pr{M(Il) < uN} .

p - e-T/k as n > o , .

. ' = ¢ - .
Proof : Let p Py Pr{Mn < uN} . Then

0 < p, - P} < Pr{M(I]) > uy} < mPri{g; > u)

if the inductive

ceee, ) = T -p) ¥ <k 2K"E,

cece; )|

N,m

Then
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and hence P, - pé + 0 as n > =, But by Theorem 3.1 ,

Pr{MN < uN} + e~ ' and hence by (2.6),

v — -t/k
Pn = Pr:{M‘n < uN} + e

from which the desired result follows.
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. By Lemmas 5.2, 5.3, 5.4 we at once obtain
o - 7 | - r' 7 o T
Lim suplPr{LN =1} - (%e k (1 -e k)rl <
r -
n->o
ky,k-r,.
k()2 £im sup a + o(l) as k + «
r > N,m ’

and hence, letting m + « (since the o(l) is uniform in m),
T
E(k r)

T
koo | >0 as k + » .

(5.2) 2im suplPr{LN =r} - (?) (l - e

n+o

Our final lemma shows that N may be replaced by n

in (5.2).

Lemma 5.5

‘7 (5.3) 2im suplPx:{I..n =r} - (];) (1 -e

nro

- & (k-1)

T
kyre | +0as k » =,

Proof : It follows eaéily from (5.2) that

(5.4) %im sup|Pr{L  <r} - ] (Il -e M) e | +0as k » =,
n+o £=0
We will show that
1 T
r - = - =(k-L)
(5.5) %im suplPr{Ln <r}- ] (t)(l -e Kl e k | +0as k » =
n-re 2=0 \

from which (5.3) follows easily by expressing Pr{Ln =r} as

Pr{L < r} - PriL < r-1} .



As in the proof of Theorem 3.1 we choose s so

W Ehgﬁimsk:§”ﬁrii(s+l)k . Then it follows without

difficulty that

Pr{L <r} -n Pi‘{un < gl < u(s+l)k} < Pr{Ln < r}

(s+1)k

< Pr{Lsk <r} + sk Pr{usk < By < un}

(5.4) may now be applied with N = (s+1)k, N = sk and,
as in the proof of Theorem 3.1, terms such as
n Pz_t{un <g) 2 u(s+l)k} tend to zero. (5.3) then

follows simply.

We may now obtain the main result.

Theorem 5.1 Suppose that D(un), D'(un) are satisfied,

for the stationary sequence {En} » where u satisfies

T /r!

(3.1). Then

(5.6) | Pr{Ln =r} +e ' Tr/r! as n »> o ,

Proof : If 6 =1-¢e "% then ko » 1 as k + » and
& a - e; %ﬁ e k() = (HoF(1-0)kT 4 7T

The result then follows from (5.3).

31.
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Two theorems now follow as corollaries.

Theorem 5,2 Under the conditions of Theorem 5.1, if

Mér) denotes the rth largest of gl...gn s then

r=-1
pr{m!¥) <ul -+ ¥ 7T S8
n n s=0
Proof : Pr{Mér) < un} = Pr{Ln < r} and the result

follows from (5.6).

Theorem 5.3 Let {&n} be a stationary sequence.

Suppose that ﬁn (the maximum of the "associated

independent sequence" - cf. Theorem 3.2) satisfies

pria (M_ - b) < x} + G(x)

where G is non-degenerate (and hence Type I, II or III).

Let D(un), D'(un) be satisfied by {En} where

u
n

distribution of Mér) , ther

x/an + bn , for each x. Then the limiting

t X
h largest of El"'gn' is

given by

_1 r
) (-log G(x))*/r!
s=0

(r) _ . *
Pria (M b ) < x} + Gx)

(zero if G(x) = 0) .
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Proof : The condition Pr{an(ﬁn - bn) < x} + G(x) may B

beww}ifiéh éé- F?kun) + G(x) from which we have (if
G(x) >0), 1 - Fl(un) ~ =log G(x)/n . Theorem 5.2 now

applies with 1 = -log G(x) .



[1]

(2]

[31]

[4]

(51

(6]

(71

Berman S,

Berman S.

Cramér H.

Deo C.M.
Gnedenko

Gnedenko

Gumbel E.

References

M. "Limit theorems for the maximum
term in stationary sequences",
Ann. Math. Statist.,35, (1964), P.502-516.

M., "Asymptotic independence of the numbers

of high and low level crossings of stationary
Gaussian Processes, "Ann. Math. Statist., 42,
1971 p.927-945,

"On the intersections between the
trajectories of a normal stationary stochastic
process and a high level", Arkiv. Mat. 6
(1966) p.337-349.

"A note on strong mixing Gaussian
sequences”, Ann. Prob. 1 (1973) p.186-187.

B.V. "Sur la distribution limite du terme
maximum d'une série aléatoire", Ann. Math. 44
(1943), p.423-453,

B.V. and Kolmogorov A.N. "Limit distributions
for sums of independent random variables",
Addison Wesley N.Y. (1954).

J. "Statistics of extremes" Columbia Univ.
Press, N.Y. (1958).



(8]

{91

[10]

Loynes R.M. "Extreme values in uniformly
‘mixing stationary stochastic processes”,

Watson G.S. "Extreme values in samples from
m-dependent stationary stochastic processes",
Ann. Math, Statist. 25, (1954) p.798-800.

Welsch R.E. "A weak convergence theorem for order
statistics from strong-mixing processes",
Ann. Math, Statist., 42 (1971) p.1637-1646.



