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SUMMARY

It is frequently of interest to compare the survival times of independent
samples from two populations. When the hazard functions corresponding to the
two populations are proportional, the constant of proportionality -- known as
relative risk -- provides a descriptive summary of the survival experience of
one population relative to the other. Using complete, uncensored samples from
each population, we construct a family of nonparametric rank estimators of
relative risk. Based on their asymptotic behavior, we then identify a two-step
estimator which asymptotically achieves the minimum asymptotic variance for
this class of estimators. Finally, the asymptotic behavior of the likelihood
ratio of the ranks under the proportional hazards model is used to show that
the two-step estimator is asymptotically optimal (in the sense of minimum

asymptotic variance) among all regular rank estimators of relative risk.
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1. Introduction, summary and notation. Let F and G denote continuous

distribution functions (dfs) on R = [0,2) with survival functions F =1 - F
and G =1 - G respectively. By a proportional hazards model we mean that the
cumlative hazard functions corresponding to the continuous dfs F and G are

proportional with constant of proportionality 0 < 6 < =
-log G=-6 log F.

The ratio 6 of the cumulative hazard functions is known as relative risk.
Equivalently, F and G satisfy the Lehmann alternative G = F °.

Suppose further that F and G are absolutely continuous with densities f
and g respectively, Then the proportional hazards model is equivalent to the
proportionality of the hazard functions corresponding to F and G with the same
constant & of proportionality: g/G =6 - f/F. This two-sample model is a
special case of Cox's (1972) general nonparametric regression model. While
Cox's method of analysis of censored survival data has received considerable
attention (Cox (1972, 1975); Efron (1977); Kay (1977)), technical difficulties
remain unresolved. Hence we focus attention on the special case of complete,
uncensored samples from two populations with proportional hazard functions.

In Section 2 we exploit a simple identity for the relative risk 8 in terms
of the dfs F and G and a score function J to construct a family gJ of
nonparametric rank estimators of 8., We discuss the strong consistency and
asymptotic normality of aJ under some smoothness and growth conditions on J,
In Section 3 we minimize the asymptotic variance of the rank estimators 6J
over the appropriate class of score functions. Since the optimal score function
involves the parameter 6, we discuss the asymptotic behavior of the appropriate
two-step estimator. In Section 5 we use the asymptotic behavior of the

likelihood ratio of the ranks to show that the two-step estimator is



asymptotically optimal (in the sense of minimum asymptotic variance) among all
regulaf rank estimators of 6.

Let )(1<...<)(m and Y <...<Y, denote the order statistics of two
independent samples from F and G respectively. Denote the corresponding
left-continuous empirical dfs by Fm and Gn respectively, Let W1<...<‘-‘-'N
denote the order statistics of the combined sample of N = m + n observations
and denote the associated left-continuous empirical df by HN Thus, with

Ay = WN,
(1.1) Hy = A * (1906,

For 2 € [0,1], set H)‘ = AF + (1-2)G.
Let R1<...< Rm denote the ordered ranks of the X's in the combined sample;
set R = (Rl’“” Rm). Define the risk vectors M = (Ml""’ MN) and

N E(Nl,ooo’NN) by

1.2) M.k z m(l-Fm(Wk)) for k=1,...,N

and

Nk = n(l'sn(‘qk)) fOI’ k = l,oco,N .

In Cox's (1972) terminology, Mk of the X's and Nk of the Y's are "at risk" at
time W, .

We will use the following notation: Denote the identity function and
Lebesgue measure on [0,1] by I. Unless noted otherwise, all integrals are
over R = {0,»). For functions f1 and fZ on R*, and a nonnegative weight

function g on R’, define



pglfysE)) = e(fy/e, £,/8) = O::gwlfi(X) - £,00]/8(x) .

For real numbers a and b, set a A b = min{a,bl}.

2. Estimation of relative risk. If F is continuous and G = F°, then

6-1 ' After multiplying both sides by F and using G = F°, the

dG/dF = oF

Radon-Nikodym derivative may be re-expressed by the formula
(2.1) (1-F)dG = 6(1-G)dF .

Hence a natural starting point for estimation of ¢ in a proportional hazards
model is the identity

- [ J(F,G)(1-F)dG

(2.2) [3(F,60)a-Gyar °

5
where J: [0,1]° = R is any score function for which

(2.3) 0 < [|J(F,G)|(1-G)dF

= a1t d <

Then, for a suitable collection of score functions J (defined below), a family
{6 J} of nonparametric estimators of € is obtained by replacing the continuous
dfs F and G in (2.2) with the corresponding left-continuous empirical dfs Fm

and Gn:

- [ I(F_,6)(1-F )dG,
J o [ I(F,6) (-6 )dF

REMARK 2.1. The estimator 3 may be expressed in terms of the ordered

J



ranks of the observations from F and G. Under the proportional hazards model,
the distribution of the rank vector, and hence of the rank estimator 8 3
depends on 6 only and not on the continuous df F. (See Lehmann (1953), p. 26.)
It follows that, in our asymptotic results concerning ranks and rank estimators,
the convergence is uniform for all continuous dfs F. Hereafter, we indicate

this by saying that the convergence holds '"uniformly in F."
REMARK 2.2. With the identity score function J £ 1, (2.2) becomes

g = JA-F)G _ ply<x)
J(1-G)dF  P{X<Y}

where X ~ F is independent of Y ~ G. The corresponding estimator 8 321 is a
simple function of the Mann-Whitney-Wilcoxon statistic 0= f (1-G)dF_;
specifically, 3 321 2.3 (l-ﬁ)/ﬁ . Consequently, 6 321 is an attractive estimator
since, regardless of whether the proportional hazards model holds, it always
consistently estimates a natural quantity of interest. (Efron (1967) discusses
an analogue of ﬁ for arbitrarily right censored data.)

The purpose of the score function J in the nonparametric rank estimator 3 3
is to assign weights to the ranks, giving heaviest weight to those ranks which
are most sensitive to the value of 6. When the relative risk 6 > 1, the df F
is stochastically larger than the df G, implying that the X's tend to be larger
than the Y's. This general tendency is reflected in the ordering of the

largest observations, Xm and Yn, from the two samples.

PROPOSITION 2.1. Under a proportional hazards model

= m/N if 6 =1
Pe{Yn<Xm} +1 asmn-+e if 8>1

+0 as mn-+oIif 68<1



. uniformly in F.

. n ,.m .
PROOF. Note that Py{Y <X } = JG"dF". When 6 =1, write P {Y <X} =

/ FPdr™ = m/N. When 6 > 1, use the change of variables F =1 - (x/m) and

apply the dominated convergence theorem. When 6 < 1, write the proportional

hazards model as F = G/8) and note that (1/8) > 1. 0

Since the value of the parameter 6 determines, in probability, the
ordering of the largest observations from the two samples, the score function J
is allowed to grow umbounded as both of its coordinates approach one. The
shape of the score function J is motivated by the locally most powerful rank
test (LMPRT) of € = 6 versus € > €. Specifically, the IMPRT is based on a

"generalized Savage statistic" T‘\.(eo) , where

. (2.4) To(8) = 8 [ Jun(F 46, ) (1-G )dHy
and
(2.5) Ja(5,1) = Dy (1-8) + €(1-3) a-u1 ! for (s,1) € (0,117 .

To introduce a suitable collection of score functions, define the bounding

function R on [0,1]2 by

R(s,t) = {(1-s) + A-1))°! for (s,t) € [0,1]% .

DEFINITION 2.1. Let J(o:o) denote the collection of all real-valued
functions J defined on [0,1]2, excluding the function J = 0, which satisfy the

following conditions:

(J1) (Differentiability): J is differentiable on [0,1)2 with partial



derivatives
- 0 —
Jy(s,8) = 52 J(s,t) and Jy(s,t) = 3-"1 J(s,t) .

(J2) (Boundedness): There are constants M > 0 and a < a, for which

|J(s,t)| s MR%(s,t)  for (s,t) e [0,1]°,

19,G5,0)] < MR 1(s,t) for (s,t) € [0,)%, and

17,(5,0)] s M**1(s,t) for (s,t) € [0,1)2 .

(J3) (Continuity of partial derivatives): The partial derivatives, J1 and JZ’

are continuous on [0,1)2 .

The power a of the bounding function R is called the growth rate of the
score function J. If J is bounded by MRa, then J satisfies the integrability
requirement of (2.3) if and only if a < 2. Our proof of strong consistency of
the estimator 6 3 requires J to satisfy the differentiability condition (J1)
and the boundedness condition (J2) with a, = 2. To prove asymptotic normality,
we impose stronger smoothness and boundedness conditions by requiring J e
J(3/2). The strengthened boundedness requirements correspond to the usual
restriction of a finite variance for asymptotic normality, as opposed to just a

first moment for almost sure convergence.

THEOREM 2.1 (Strong Constistency of 8 J). Suppose the score function J
satisfies conditions (J1) and (J2) with growth rate a < 2. Then, under a

proportional hazards model, 8y *,.5. & a8 mn =+ uniformly in F,

THEOREM 2.2 (Asymptotic Normality of 8J). Suppose the score function J ia



in J(3/2) and suppose AN + X ¢ [0,1] ae mn + =, Then, under the

proportional haszards model,
L ; (@ -8) ». N(0 ezoz(J)) m,n = e
S J™ d ’ ae ’

uniformly in F, where oZ(J) = cz(J,e,A) 18 giver by

[ 3%(F,6) 1-F) (1-G)dH,
{[ J(F,6) (1-F)dG} « {J J(F,G) (1-G)dF;

(2.6) 0% (J) =

™m>

™m>
m

To stabilize asymptotic variance, define R = log 6 and log

COROLLARY 2.1. Under tie conditione of Treore~ 2.¢,
m* 2 )+ X, ?0)) ae mn - =
N ~J d: ’ ( ) ag m,n

uniformly <n F.

REMARK 2.3. The change of variables 1 - F =1 in (2.6) shows that
GZ(J) 2 oz(J ,8,2) does not involve the continuous df F. This observation,

combined with Remark 2.1, shows that both the finite sample and the asymptotic
distributions of 6J and §J are independent of F.

Crowiey (1975) suggests the score function JC(F,G) z {A(1-F) +
(-0 Q-63" = (1-5,37F for 0 <A < 1. Clearly, J. satisfies the boundedness
condition (J2) with growth rate a = 1 if and only if 0 < A < 1. Also,
Crowley's score function appears in the Savage statistic for the IMPRT of 6 = 1

versus 6 > 1. (See (2.4) and (2.5).)

Both the numerator and the denominator of 6 y are generalized Chernoff-
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. Savage statistics as defined by Lai ((1975), p. 834). With the aim of
obtaining asymptotic approximations for the stopping times of certain
sequential rank tests, Lai represents the generalized Chernoff-Savage statistic
as the sum of independent identically distributed random variables plus a
remainder term. By analyzing the order of magnitude of the remainder term, lai
obtains an invariance principle and a law of the iterated logarithm for
generalized Chernoff-Savage statistics.

Theorem 2.2 can be derived from Lai's (1975) work under the additional
hypothesis that the score function J has continuous second partial derivatives
which are each bounded in absolute value by MR‘”Z for some a < 3/2. However,
we give a separate proof of asymptotic normality without this additional
assumption.

The remainder of this section is devoted to proving Theorems 2.1 and 2.2

' through a series of propositions and lemmas. Each intermediary result holds
uniformly in F since either the statistic is a rank statistic or, with a simple
change of variables, the result does not involve F. For the sake of brevity,
the assertion of uniformity is deleted from our statements throughout the
remainder of this section and in Section 4.

A R . .
To decompose 6 -8 into manageable terms, we introduce the notation

(2.7 Ky =Ky = [ ICF,6)(1-F)dG

Ky £ %)g 2 fJ(Fm,Gn) (1-G )dF

Kz ;= [JF,G)A-FAG, and
KZKyz | J(F,G) (1-G)dF .

. Simple algebra yields the equation
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A ~ ~
(2.8) 6y- 6= {KN -K - G(KN-K)}/KN .
With this decomposition, the proof of Theorem 2.1 on the strong consistency of

GJ follows directly from Proposition 2.2.

PROPOSITION 2.2. Under the conditione oFf Theorer: 2.Z,

K. * K " .- - o
\ Cals, € and Ky *a.g, < a8 mn
Since « N is symmetric to Kys ONly the arguments for the convergence of

Ky Will be presented.

Next we decompose Kk, .-k by adding and subtracting terms:

Ky - K * f{J(Fm,Gn) - J(F,6)}(1-6 )dF
+ [IF,®Q -6 - (1-G)MF

+ [ J(F,6)(-C)d{F_ - F} .

In the first term on the right-hand side, the integrator Fm essentially
restricts the range of integrators from R’ to [O,Xm] while the factor (l-Gn)
in the integrand restricts the range of integration to [O,Yn]. So the actual
range of integration is Sy ¢ (o, XmAYn]. Hence, by the differentiability

assumption (J1) and the mean value theorem, on the interval SN’
(2.9) I8 - IEG) =, o Iy (b)) (F=F) + J(e,0,) (6, -C)

where ¢m is between Fm and F and u’n is between Gn and G.

It follows that



12

(2.10) Ky - K| s ay+ by +cy+dy
where
ay = g ) (gl - 1Py - FlQ-6EF,

by = Jg ;i) - 16, - Gla-6)eF,

N [1I(E,Q)] - |t;n - G|dF_ , and

dy = | J(F,0)(1-G)A{F_ - F} .

Thus to prove Proposition 2.2, and hence Theorem 2.1, it suffices to verify the

following result.

PROPOSITION 2.3. Under the conditions of Theorem 2.1,

255, 0 Oy "as, 00 Oy a0 and dyvy g 0 a8 mpnve

The proof of Proposition 2.3 is delayed until Section 4.
To prove the asserted asymptotic normality of (rrm/.\')!i (6 J-e) , we begin by

multiplying both sides of (2.8) by (m/N)*:

(2.11) [-'j%]l’ (é‘J-e) = {["-E‘-]k &y %) - e[—"ﬂli (ko -K) My -

It follows immediately from Proposition 2.2 that, under the conditions of
Theorem 2.2, KN "p k as m,n + >, Hence, to prove Theorem 2.2, it remains only
to examine the joint asymptotic behavior of (mn/N)l’ (EN-E) and (rm/N)li (k=K -
Since Xl...., X, are independent of Yiseees Yo the empirical processes
ml’(Fm-F) and nl’(Gn-G) are independent for all m,n 2 1. We introduce two

special independent uniform empirical processes U, and Vn (discussed in the
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’ Appendix of Shorack (1972)), which converge to two special independent Brownian

bridge processes U and V in the strong sense that

(2.12) pq(Um,U) *p 0 as m=+« and pq(\’n,\’) +p 0 as n»+w

for all weight functions q in Q(+), the collection of all positive monotone

-2 dl < =, The special

decreasing continuous functions on [0,1) for which fg q
empirical processes Um(F) and \'n(G) have the same distributions as the
original empirical processes m%(Fm-F) and nl’(Gn-G), respectively. The
special independent Brownian bridge processes are independent mean-zero

Gaussian processes on [0,1], with continuous sample paths and common covariance

structure

A
—
.

(2.13) Cov(U(s) , U(t)) = Cov(V(s) ,V(t)) = s At - st for 0 = s,t

The results obtained below which involve the stronger convergence -’p
apply only to the specially constructed processes. But since the original
processes have the same distributions as the spécial ones, all conclusions
concerning convergence in distribution also hold for the original processes.
Now, after adding and subtracting terms using (2.9) and replacing the

original processes with the special ones, we conclude that

1y
(2.14) [%) Ry~ d a- ’r\)k Ay * x’,g - Q- x\)’* . :Dr\ and

]
["'}‘Qn‘] (o) (120 Ay + AT By - A O+ (3 Dy

where

A = Js,. 1 (o) Uy (F) (1-Fp) 6,
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oo By = Js 320 ¥)Vn(© A-F)d6,
EN z [ J(F,0)U_(F)d5 ,

By = [ J(F,6)A-PIV,(©) ,

Ay E ISN J (& ,¥,)U, (F) (1-6 )dF
By = Jg 92 (0¥ Vn(©) A-G0F,,
Cy = / J(F,G)V,(G)dF , and

Dy = / J(F,G) (1-G)du_ (F) .

Define the following random variables:

~

>
"
"

(2.15) [ 3, (F,G)U(F)(1-F)dG ,

® h
B=8;=/J,F6V(E)Q-FGG,
C=C;=[JIFGUFG,
D =Dy = [ V(OIUIF,0)A-PY,

A = Ay = [ J,(F,G)U(F) (1-G)dF ,

B = By = [ J,(F,V(6) 1-G)dF ,

0

=Cy ¢ [ J(F,G)V(G)dF , and

D = Dy = [ UAA{J(F,G)(1-G)} .

PROPOSITION 2.4. If the score function J is in J(3/2), then under the
proportional hazards model,

® - 3
(AN’BN’CN’DN'AN’BN’CN'DN) -'p(l,B,E, -D,A,B,C, -D) as m, n + e,
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PROPOSITION 2.5. Under the conditions of Theorem 2.2,

% v o (m)® b~ kY g k%
([%) (KN-K), ['K_] (KN-K)) "p (Q-N)°A+2*B-(1-1)°*C-2°D,

1-0 A+ 5B 2% C-(1-2)"D) ae mn -+ = .

Proposition 2.5 is a corollary of Proposition 2.4 and (2.14). The proof
of Proposition 2.4 is delayed until Section 4.

From the basic identity (1-F)dG = 8(1-G)dF, it follows that A - €A = 0
and B - 6B = 0. Hence by (2.11) and Proposition 2.5, under the conditions of

Theorem 2.2,

1

m) > A .
[T} (EJ-G) "p “3 as m,n
vhere

(2.16) 3y a-0EC -2 D+ o ce e@-0Dix

The limiting random variable ZJ is normallyv distributed with mean zero,

and by the independence of the processes U and V',

(2.17) Var 2, = {(1-2) Var(C-6D) + ) » Var(eC-D)} 8/x « «

since € = k/k. Combining calculations (2), (4), and (5) of the Appendix, and

the basic identity (1-F)dG = 6(1-G)dF, yields
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2

(2.18) Var(C-6D) = Var C - 28 Cov(C,D) + 6° Var D

= o [ J%(F,G) (1-F) (1-G)dG .

Since the proportional hazards model can be written as Ea= (';(1/ ®) , then by
interchanging the roles of F and G and replacing 6 with 1/6, it follows that

2

(2.19) Var(6C- D) = 6% var(C-8"1D)

= 62071 [ J%(F,6) (1-F) (1-G)dF

= 8 [ J%(F,G) (1-F) (1-G)dF .

From (2.17), (2.18) and (2.19), we have that

Var 7 = 0202 ()

where oZ(J) is given by (2.6) and HA = AF + (1-))G. Hence, to prove Theorems

2.1 and 2.2, it remains only to verify Propositions 2.3 and 2.4.

3. An optimal rank estimator. By Theorem 2.2, the nonparametric rank

estimators 8 3 with J in J(3/2) are, under a proportional hazards model,

asymptotically normally distributed with variance ezoz (J) defined in (2.6).

From Remark 2.3, cz (J) is independent of the continuous df F. In fact, oZ(J)
oz (J,8,)) depends only on the score function J, the parameter 8, and the

limiting proportion A.

PROPOSITION 3.1. Suppose G = I-’e with 0 < 6 < » and F continuous. For

1

0<Ax<l, oZ(J) i8 minimized over score functions J in J(3/2) uniformly in

by J, where
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Ju(s,t) = 1(-s) + 8- Q-0 Y for (s,t) € [0,1]% .
Purthermore,®

(3.1) 0?(3,) = {f Ju(F,G) (1-F)d)

= (v e/ gl

PROCF. Since H, = AF + (1-M)G and G = 1 - (1-F)°, then dH, = D +
0(1-2)(1-F)" 1} dF so that

(3.2) (1-F)aH, = J;}(F,G)dF .
Hence,

[ 32(F,G) (1-F) (1-G)
{JJ,(F,G)(1-F)dG: « {] J,(F,G) (1-G)dF;

02 (J*) =

{] J.(F,6)1-F)dc) } by (3.2)

{Lﬁ[z + e-n1E /51 gl

vhere the last equalitv follows from the change of variables 1 - G =1 and
regrouping of terms.
Applying first (2.1), second the Cauchy-Schwarz inequality, and third both
(2.1) and (3.2), we have that, for all J in J(3/2),
{f J(F,G)(1-F)dG} - {f J(F,G)(1-G)dF}
= 8{/ J(F,G) (1-G)dF}?
s o{f J2(F,6) 1-6)J;1 (F,G)dF) + {[ Jo(F,G) (1-G)dF)

- {f J2(F,0)Q-F) (1-G)aH,) + {f J.(F,6) (1-F)dG)
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or, after rearranging terms, that oZ(J*) < 02 (J), with equality if and only if

J = cJ, for some constant c. a|

Since the optimal score function J, involves the unknown parameter 6, a
two-step estimation procedure is required: First obtain a preliminary

s . A . A
(consistent) estimator eo; then estimate 6 by 6, , where
Jx

Jals,t) = 0(@-s) + B -0 -0}t for (s,0) € (0,117 .

. k3 L3 [3 . - - . A
Provided the initial estimator is consistent, the two-step estimator 6,
I
asymptotically achieves the minimum asymptotic variance 6202 (J.) for the class

of estimators SJ indexed by J in J(3/2).

A A
THEOREM 3.1 (4symptotic Normality of 8, ). Suppose 6, 18 a consigtent
Ja
estimator of 6 and Ay > e (0,1) as m,n + =, Then, under tke prorortional

hazards model,

Y
[@] (8, -8) = N(O, 626%(J,)) as mn ~ = .
T

A
Furthermore, if 6, ->p ® uniformly in F, tken the convergence in distribution

i8 also uniform in F.

PROOF. Suppose the initial estimator 30 is consistent., (If the
consistency is uniform in F, then by Remark 2.1 the convergence asserted in
Theorem 3.1 will also be uniform in F.) Given € > 0, there is a subset Qj =
Q,(c,8) having P{Q,} > 1 - € on which 160 - 6| < 8/2 for all m and n

sufficiently large. Also suppose that AN + X e (0,1) as mn +» =,
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‘ But since
["i'#]" ‘65*' i [%]% @ -85 + [%J!’ 5,9
and by Theorem 2.2,
m)* 4 o 22
[‘.\“J (eJ*-e) +3 N0, €%0°(J,)) as mn + =,
then it suffices to show that

A A
~ (65\*-6\]*) -’p 0 as myn » =« ,

With the notation of (2.7), the spirit of (2.11), and the identity
A A
(3.3) Ju(s,t) = Ju(s,t) = (eo-e)Jo(s,t)
.
where Jo(s,t) z -(1-).)(l-t)J*(s,t)j*(s,t) for (s,t) € [0,1]°, we find that

mnl’ A 2 r . mn15 ~ ~
o [B) 6 h - GorlR) &Ry

m A
\ * 'R' (e ‘6)}/'( .

By assumption, (60-6) = op(l). By Theorem 2.2, (mn/N)l’ (6J*'9) = Op(l)-
. It suffices to consider the behavior of the remaining terms in (3.4) on the

subset Qo. Then, for m and n sufficiently large, Jo is in J(3/2). Hence, by
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‘ Proposition 2.5,

k4 l
m ~ ~ m
[-N-] (KN’JO- KJO) = Op(l) and [-N-] (KN,JO- KJO) = op(l) M

and by Proposition 2.2, Ky g = Op(l) and
Ny o

K = (K -K ) +«x
NG, NS, Nda NJe

A
= (eo'e)"N,Jo kg, Y (3.3

= op(l) . 0p(1) + Op(l) = Op(l) . O

4. Proofs. Our proofs of Propositions 2.3 and 2.4, and hence of Theorems
. 2.1 and 2.2 respectively, rely on several well-known properties of the uniform
empirical df. For convenience, we reformulate the relevant results via the
inverse transformation (Shorack (1972), Proposition Al) in Lemmas A, B, and C.
Also, as discussed in Section 2, our proof of Proposition 2.4 uses the specially
constructed processes. The inequalities in (4.1) below are a direct

consequence of the strong convergence property (2.12).

LEMMA A (Shorack's (1972) linear bounds). Given € > 0, there erxists 0 <

€ on which

nzn, <1 and a subset Q = Ql, having P{Ql} > 1

N,€

1

Fm(x) s (1-F(x))/n for x e R,

n(l-F(x)) s1 Fm(x) for x s X“,l ,

1

6,(x) s (1-G(x))/n for x ¢ R, and

. n(1-G(x)) s 1

Gn(x) for x s Yn .
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‘ LE\WMA B (Wellner's (19?7b) "mearly linear' bounde). Given 1 > 1, there
extsts 0 <n =n(1) <% and a subset 92 with P{Qz} = 1 having the following

properties: For all w e 2,5, there are integere m, = mo(w,‘r) and n, no(w,'t)

for which m 2 m, and n 2 n, imply

1- Fm(x) < ((l-F(x))/ﬂ)l/T for X ¢ R s
n(-Fx))* <1 - Fo(x) for x s X,

((l-G(x))/n)l/-r for X e R', and

e
[}

Gn(")

A

na-6(x)NT <1

Gn(x) for x s Y

LE\MA C (Wellrer's (1877a) strencthenes vercion cf tre Glivenko-Cartelli
Treorem). Let H(v) dencte tre set of all nommeaative decreaging functiore h

on [0,1) for wiich f: h.1 dl <=, Ienm for any h e H(s3),

ch(p) Fpef) 7a.s, 0 @8 M=

Proposition 2.3 concerns the strong consistency of e 3 when the score
function J is bounded by MR® for some a < 2. Our proof relies heavily on

Lemma B, on Lemma C with h ¢ H(¢) defined by

hz @a-D¢ on 10,1

for some & > 0, and on Lemma 4.1 below. Proposition 2.4 gives the asymptotic
normality of 8 3 when J has a growth rate a < 3/2. Our proof uses the special

processes with the weight function q ¢ Q(+) defined by

o qz 1-D*% on [0,1]



for some 6 > 0. With this choice of q € Q(+), the following consequence of
(2.12) will be very useful (cf. Shorack (1972), Remark AS): For almost every

sample path w, there is a constant Mm for which
(4.1) V| < M, q and l\’nl <M q forall nz1.

Lemmas A and C and Lemma 5.2 below are also used in our proof of Proposition
2.4. The loss of half a power in the growth rate of the score function from
a < 2 for strong consistency to a < 3/2 for asymptotic normality corresponds
to the half a power difference between the weight functions h and q.

Recall that the bounding function R is defined by R(s,t) =
{@-s) + -0 for (s,t) € [0,1)%.

LEMMA 4.1, For 0 <9 <o and a < 2, there exists a 1 >1 anda 6 >0

such that

4.2) [ RYF,Gh(G)dF < =,

(4.3) R -1-P)T, 1-0-0ORE Q-0 YT dF < =, and
4.4) [ R*1a-a-n%,1-0-0HhE) -0 dF < .

Moreover, if a 2 2 and 6 = 1, then each integral is infinite for all T 21

and all 6 2 0.
LEMMA 4.2, For 0 < B <» and a < 3/2, there i a § > 0 such that
(4.5) / R*(F,G)q(G)dF < =,

(4.6) [ B (F,6)q(6) 1-F)dF < =,

4.7) | R (F,6)q(6) 1-G)eF < =,

22
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“.8) = [R(FE,G)qG)(1-F)dG < =, and

(4.9) [ B®*1(F,6)q(G)h(G)GF < = .

Furthermore, if « 2 3/2 and 6 = 1, then eack integral is infinite for all

s > 0.

REMARK 4.1. The second statement of Lemma 4.1 (Lemma 4.2) indicates that
the strong consistency (asymptotic normality) of 8J at 9 =1 fails if the

score function J has a growth rate a 2 2 (a 2 3/2).

The proofs of Lemmas 4.1 and 4.2 rely on simple algebra and inequalities

-a (1A%

such as RO(F,G) < (1-F) ) for o > 0.

PROOF OF PROPOSITION 2.3. Assume G = F° with 0 < € < = and F continuous.
Assume the score function J satisfies the differentiability condition (J1) and
the boundedness condition (J2) with growth rate a < 2.

Condition (J2), the inequality 1 - G s h(G), (4.2) of Lemma 4.1, and the

Strong Law of Large Numbers (SLLN) imply that d\. *als 0 as mn -+ «~, From

Lemma C, (4.2), (J2), and the SLLN, we conclude that C as 0 as m,n + «,
To consider ay and bN’ fix w e QZ and restrict attention to the interval

SN = [0, XmAYn]. By Lemma B,

(4.10) o, < max{F_,F} <1 - n1-pT ,
¢ < max{6 ,G} <1 - n(1-6)" , and
1-6, s (@e/mYT.

Using condition (J2) and the fact that R increases in each coordinate, we

conclude that, for i = 1,2,
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(4.11) 19 (@po¥)| < MR** (0,0
s (1 1-n7, 1-01-0)T)

=My @Dl 1T 1-a-0)7) .

The last equality reflects the 'reproducing increasing'' character of the

bounding function R (Shorack (1972), p. 426). Hence,

Q. aN

1 - Fl(1-
A = To, fleJ1(¢m,yn)||Fm Fl(1-6 )dF

Mn' (C!"‘l)‘(l/'[) F)

1

Qh(F) (Fm’
« [ R*a-a-pT, 1-0-0HE a-6MT o

- 0 -+ ®
a.s. as m,n

using Lemma C, (4.3), and the SLLN. A similar argument with (4.3) replaced by

b

(4.4) shows that ]QZ N Yas.

0 as m,n » =, Since P{Qz} =1, then a, + 0

and b 0 as m,n + =, 0

N Ta.s
PROOF OF PROPOSITION 2.4. Assume G = F° with 0 < & < » and F continuous
and assume J is in J(3/2). As explained in Section 2, we will use the special
processes which have the strong convergence properties (2.12).
The random variables ~AN, EN’ EN’ and BN are symmetric to A,\,, B\J, CN, and
DN respectively. Also, the arguments for AN and B\I are similar. For these
reasons, we present only the details for BN, CN’ and BN'

By integration by parts,

Dy =-[ V (G)d{J(F,6) (1-F)} .
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. Using the differentiability condition (J1), we have that ﬁ'\ = ﬁNl + ﬁNZ + BNS

and 5-51 +f)z +53, where

Dy, =/ J,(F,6)V_(G)(QA-F)dF ,
5N2 = [ J,(F,G)V_(6)(1-F)dG ,
D5 = -f J(F,G\V (C)dF ,

Dy = [ J;(F,GV(6) (1-F)dF ,

Dy £ [ J,(F,0V(6)(1-F)dG , and
Dy = -/ J(F,6)V(G)AF .
. Using the boundedness condition (J2), the strong convergence property

given in (2.12), and (4.6) of Lemma 4.2, we have that

~

By - Dyl = 1] 3, (F,6) (v, (6)-V(G)) (1-F)dF!

. . o+l
< M:q(c)(\n(G) , V(G)) | R (F,G)q(G) (1-F)dF

-»pO as m,n - «© ,

Repeating this argument twice, replacing (4.6) first by (4.8) and then by

~ ~

(4.5), shows that D, " D, and Dy, "o D; as m,n »«. Hence, D, *p D as

m,n + =, By adding and subtracting terms, we have that

5 2
|B, - Bl = .. and |C, - C] s .
B- Bls ) By and G- Cls TG
' where
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By = fansy 17,08, ,%) = J,(F,0) « [V (®)|1-6)dF_,

Byz = ISNnSc 13, (0,,9) - J,(F,6)| « [V (®)] (-6 )dF

Y
Bys = [13,(F,G)] + [V (G) - V(G)|(1-6)dF ,
Byg = [13,(F,6)] - V(@] - 6, - GldF
Bys = 1] J,(F.0V(@ A-0)(F,-F)|

Cy = JEG] - [V (6) - V(G)|dF, , and
Cyp = | J(F,GVEGA(F, -P)] ,

with 52 [0, Fla-n] = (0,6 a-v%)] for 0 <y <1 and £ =R\S . To
complete the proof of Proposition 2.4, it suffices to show that BNi -»p 0 for
i=1,...,5 and that CNj +p 0 for j =1,2.

Consider BNS' For all sample points w, the integrand JZ(F,G)V(G) (1-G)
is a continuous function on R'. If the score function J grows so slowly that

the integrand is bounded on 1R+, then by the weak convergence of Fm to F, we

have that B\IS +0 as m =~ o, Suppose, on the other hand, that the integrand

i

of Byg is unbounded. In view of (2.12), choose ﬁw so that |V(G)| s ﬁw q(G)

‘where § = q(1-1)%2 = 1-1)'*"%2 ¢ Q(+). Hence, by (J2) and (4.1),

19, (F,0V(Q) (1-6/M* L (F,6)q0) (1-6)| s §,0-6)%% + 0 .

Since (4.7) and the SLLN imply that Iim [ R**(F,6)q(G)(1-G)dF_ < =, we
conclude that BNS + 0 as m~+ « (cf. Breiman (1968), p. 164). A similar
argument may be used for CNZ .

Applying (J2) and (4.1) gives the inequality
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Byg = JI9,(F,01 + V@) -+ [6,-GldF

S Moy ) (6,,6) R**1(F,0)a(@)h(G)aF

*a.s. 0 as mn + =,

where the convergence follows from Lemma C, (4.9), and the SLLN.
Using (J2), (2.12), (4.7), and the SLLN, we have that, on the subset S?l

of Lemma A,

. e, [13,F,0) iV, (6) - V(6)|(1-6 )dF_

o Bys

M 1

IA

ea(6) Va(©) VO [ R (F,00a(6) (1-6)dF,

-rpO as m,n = «

Sipce P{Ql} >1 - ¢ with € > 0 arbitrary, B’,\.:,> _’p 0 as myn » =, A similar
argument using (J2), (2.12), (4.5), and the SLLN shows that C‘.\.1 -’p 0 as
mn + <,

Next consider B\._, If we fix u ¢ Ql and restrict our attention to the
interval S\ [0, Xm AYn], then by repeating the arguments behind (4.10) and

(4.11) with Lemma B replaced by Lemma A, we conclude that
RACIRUSIIER i and Sl O

In view of (2.12) given € > 0, there is a constant Me and a subset Qe having

P(2.) > 1 - e on which l\’nl s M. q for all n21. Thus,
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191095 BNZ = ]QInQE ISNnSc |J2(¢m'wn) ) JZ(F’G)| ) |Vn(G)|(1'Gn)dFm
v Y
sl @D w1y REG@ a-6)dF,

v Mot Oy R G)) a-0)aF =8, as me e,
| 3

Y

where the convergence follows from (4.7) and the SLLN. By the monotone
convergence theorem, BY +0 as y + 0. Since P{anne} >1 - 2 with € >0
arbitrary, we conclude that B\,z -rp 0 as myn+« and vy + 0.
. . o - P N
Finally, consider BNl‘ For x ¢ SN n SY with SY z [0,F “(1-v)]
(o, G'l(l-ye)] and 0 < y << 1, on the subset Ql of Lemma A,

¢m(x) < max{Fm(x) JF(X)} €1 - n(1-F(x)) s1 -ny and

4 (0 s max{6_(0), 6} £ 1 - n(1-G)) s 1 - my"

By (J3), the partial derivative J2 is uniformly continuous on ([0, 1l-ny] x

[0, l-n*(e] , and hence

To B = T fs\‘nsY 19, (6ps¥) = J,(E,G) |« [V, (©)](1-6)aF
-1
sMyn e Tg sun 19000 - O] ISY a(G) (1-G)dF |
WSy
- 0 as m,n + =

a.s.

where the inequality follows from (4.1) and Lemma A and the convergence from
the Glivenko-Cantelli Theorem and the SLLN. Since P{Ql} >1 -€¢ with e >0

arbitrary, we have that, for fixed y > 0, B\Jl "p 0 as m,n + =, 0
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S. Regular rank estimators of 6. The two-step estimator of Section 3 is

asymptotically optimal (in the sense of minimm }asymptotic variance) among the
class of nonparametric rank estimators 63 with J in J(3/2). Naturally, the
next question is whether the two-step estimator is also asymptotically optimal
among all regular rank estimators of 6. This question leads us to consider the
Fisher informatioq'for estimating & based on the rank vector. Under the
proportionai hazards model, the distribution of the rank vector depends on the
parameter 8 but not on the df F. Thus the reduction to rank estimators
elimihates.dependence on the (unspecified) df F and produces a parametric
setting with only the parameter €. An expression for the Fisher information

can be written explicitly using the probability distribution of the rank vector

R:
(5.1) P.{R=r} = Pg{M=m} = P_{N=n
n N
=m!n'6/ T (m +€n )
k=1 KK

(cf. Savage (1956), p. 599). However, the dependence among members of the rank
vector.complicates its evaluation. Instead of calculating the Fisher
information directly, we address the question of optimality by studying the
asymptotic behavior of the likelihood ratio of the rank vector when the
alternative hypothesis is a local alternative. Applying Hdjek's (1970)
representation theorem shows that our two-step estimator achieves full
asymptotic efficiency among all regular rank estimators of 6.

For h € R, set GN =6 + h(mn/N)'% and define the likelihood ratio of the

rank vector R = r by

Ly(h,r) = P, {Rer}/Py{Rer)
N
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for m 2 m and n 2 n, where m and n, denote the smallest pair of integers
for which m2m and n 21, implies that 8y > 0. Thus, Ly(h,r) measures the
likelihood of the observed rank vector under the proportional hazards model
with parameter 6 relative to a local alternative which converges to & at the

rate (m/N) 5

THEOREM 5.1 (4symptotic Lognormality of Ly(h,R)). For’all he R, m2

My s and n 2 Ny, the likelihood ratio of the rank vector R may be expressed as

(5.2) Ly(h,R) = exp{hay (R) - %h° Ty + Ty(h,R))
where
ry = (b,
r= @i, and
0a5 2[R0y + eI /&L ap

e o1 OBy ar = 2

and where, under the proportional kazards model with parameter 6,

8u(R) +4 N(O,I) and

TN(h,B) -*p O for all he R
as m,n + =, provided J\N + ) e (0,1).

In other words, for all h ¢ R under the proportional hazards model with
parameter 6, the likelihood ratio of the rank vector converges in distribution

to a random variable Z for which log Z ~ N(-5h®T ,h®T). Since
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EZ = E exp{log Z} = 1, then LeCam's first lemma (H4jek and sidak (1967), p. 203)

implies the following result.

COROLLARY 5.1. For all h € R, the prcbability measures Pe and Pe are
N

eontiguous.

The proof of Theorem 5.1 is delayed until the end of this section.

Hdjek (1970) proves a general representation theorem for the limiting law
of a regular sequence of estimators of a k-dimensional vector of parameters.
For the special case of regular sequences of rank estimators of the parameter ¢
in the proportional hazards model, Hijek's hypotheses are verified in Theorem

5.1. The following result is a direct application of H4jek's theorem.

THEOREM 5.2 (Rerrecentaticn of tre Li~Iitirg law ¢f ¢ Pezular Pan¥
Zetimator of 8). Surrcse E\ 18 a regz.lar sejuevnce o rank estimators ¢ €

wits limiting d° L; t.e., for all x € R,

at all eontinuity pcivte X € R of the df L. Then

-

r-!

L(x) = [ @(x-u|f ")dK(u)

L) '1 - ~ . . -
where %(+|T ) denotee the rormal 47 with mean zerc ard vartance T ~, and

v

K(u) Ze a df on R that depends or the choice of the sequence E’N

In other words, if EN is a regular sequence of rank estimators of 6, then

under the proportional hazards model with parameter €,,
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[%]5 (By-8) *q NO,T™) + A

for all h € R, where N(O,I"l) = N0, 6203) and A are independent and A has df
K. Furthermore, the random variable A depends on the choice of the sequence of
estimators. In particular, the asymptotic variance of a regular sequence of

- A
rank estimators is bounded below by T 1 ezcz . Our two-step estimator 8,

Ja
has asymptotic variance which achieves this bound, and by the following result,
the sequence of two-step estimators is regular. Hence, 8 A 1s asymptotically

Ja
optimal among all regular sequences of rank estimators of 6.
PROPOSITION 5.1. For each score function J in J(3/2), the sequence of

rank estimators 8 J ig regular, provided AN + X e (0,1).

PROOF. Our proofs of Theorems 2.2 and 5.1 rely on the specially
constructed empirical processes (discussed in Section 2). From these two
‘proofs, we conclude that, for the specially constructed versions with J ¢

J(3/2) and h ¢ R, under a proportional hazards model with parameter 6,
- 12 []
m)* 8 _8) , log L (h,R)| =+ (Z,,hrZ, - %h®r)" = 2
N J ’ g LN [ 32 P J J* - £

provided Ay + X € (0,1), where T = (6%2) 7! = (%2 and Z; is defined
in (2.16). From our representation of Z; and Z, , it follows that Z has a
x

bivariate normal distribution with
2.\
E{_Z_} = (0,-%h"T)' .

Since Var Z; = 6%?() and Var z; = 8262(J,) = I'}, then from (1), (3), and
*®

(5) of the Appendix, the correlation of Z 3 and Z J is equal to the square
&®
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root of the asymptotic relative efficiency of 63 to SJ ; i.e.,
. %

K

Corr (2,25 ) = {E££(8 0(J)/00) ,
x

5
SN

and hence the covariance is

Cov(25,2y ) = elo?(g,) = ot
Thus the covariance matrix of Z is
79
7" (J) h
Cov{l} =
2 -
h he{e252 (3,01}

Bv LeCam's third lemma (cf. H4jek and Sidak (1967), p. 208), under a

proportional hazards model with parameter €.,

¢
F%% By-6) = 80, 6%° D))

(48]

for all J e J(3/2) and all h ¢ R, provided A\, + 1 ¢ (0,1).

REMARK 5.1. In our two-sample proportional hazards model with uncensored
data, Cox's (1972) partial likelihood corresponding to his general regression
model for censored data reduces to the likelihood of the rank vector R, and
Cox's estimator SC of 6 (= 'exp(B) in Cox's notation) is simply the Maximum
Likelihood Estimator (MLE) based on the ranks. This sequence of estimators 6C
is regular and asymptotically achieves the minimum asymptotic variance I"1 s

9205’ provided )‘N + X € (0,1). To verify this statement, denote the score

function of the ranks by Sy(8,R) = 3/36 log P.{R}. With T\, (R), Ty, and 8 (R)
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defined and investigated in Proposition 5.2 below, Theorem 5.1 (see (5.2) and
(5.5)), and Proposition 5.3 respectively, a Taylor expansion of the score

function yields

' b -1 ~ ) -
B o - R FaGat - B sew
e [T, (R) + Tyl Y| _ » Ay(R)
[T @+ Ty o R

-1 d
+ (0+T e T2, =1 ,
P‘ | JTn Jx

provided A\, + X ¢ (0,1), where 5 is between gc and 6 and where ZJ ~
i &

N(O, 620;2.) is defined in (2.16). The regularity of QC follows from LeCam's

third lemma, provided Az XA« (0,1).

PROOF OF THEOREM 5.1. Before expanding the likelihood ratio, we introduce

several useful identities. In the spirit of (3.2), with

Jay(F,6) = O (1-F) + 2(1-3) (1-6)} " and
Hy T H 2y F e 6
we have that
(5.3) (1-F)aH = Jx (F,G)dF .

Hence, it follows that

(5.4) [ Juy(F,G) (1-G)dHy = fa-0a-ntar= fa-n®lar-e!

and that
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-1
(5.5) n[’%—) 072 - 3ty [ I (.6 0-6)7

= Oy 71 Juy(F.G)A-G)ay - (12 [ 32.(F,6)(1-6)° )
by (5.4)

670 | Juy(F,6) (1-G) (1-F)Jpy (F, )

672 f Juy(F,G) (1-F)4G by (5.3) and (2.1)

972 [0 + o118y ar = (eP00 7t = ry

by the change of variables 1 - G = I. Finally, using (1.1) and (1.2), we find

that for 2 = 1 and 2,

A2 N
(5.6) {T) kZI(Nk/(A4k+5.~'k))

LS

](2-2)/2 .

_ . -1 s £-1 |mn X - g
= Ay [‘.\" [ 35 (F .6 (1-6)" any .

Now consider the likelihood ratio. Using first the probability
distribution of the rank vector R in (5.1) and then the expansion log(l+x) = X -
2
x“/2 + x3/3(1+v)3 where v = . (x) is between zero and x, we have that, for all

he R,m2 ™ and n 2 Ny,
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C ) Ly.R) = Py (R}/Py{R)

N
n
YRR N (CRIUNCRLIN

N
exp[n log(1+h(m/N) "% 671) - kzl log(1+h(m/N) * (N, /(W +6N,)))]

1

(5.7) expnh(m/N) " 87 - nnm/N) o722

nh> (m/N) "2 673 73140, )

+

N
h(m/N) RRLVICRLLY

+

2 1 ¥ 2
h® (mn/N) kzlwk/“‘k"eNk)) /2

N
LU NUWICRLIR[EN 1)/,

where Yy is between zero and h(mn/.\«')'!i 6'1 and Vn2 (k) is between zero and

h(mn/N) 2 N /(M +oN) for k = 1,...,N.

Define
s g5 N
- _|mn -1 mn
ey® = nff) o - (BT 1w/
Ty(h,R) = h% Ty (R)/2 - b3 Ty, (4,R)/3 + b° Tz (0,RI/3
rom e (@ ? (/0 +on 2 - o) [ ARG -6
N R B k N AN T TNt ’
) rmv-3/2 N 3
TR = (] 7L 04 /0400 Arp ()7, and

Tys,R) = n(m/N) /2 673 /1ev )



37

By adding and subtracting A;ll(l-AN) / JiN(F,G) (l-G)2 dH, in the exponent
of (5.7) and using (5.5), the likelihood ratio LN(h,g) is now expressed in the
form of (5.2). o

Clearly T, -~ T' provided k,\. + ) as m,n +~». Next, consider the leading

N
random variable AN(B). Combining (5.4) and (5.6) with & = 1, we can rewTite

&y(R) as

) b
£ R) = ')-.\'1 [@] { Juy(F,6) (16 )dHy - [ Jo (F,6) (1-G)dH)

By Proposition 5.3 below, under the proportional hazards model with parameter
e, AN(B) *3 N(0,T) provided }'.\’ - Y e (0,1).
Finally, consider the asymptotically negligible component T\.(h,g). For
. ’ % PR )
all k=1,...,N, since 2% is between zero and h(m/X\) * & 1, v\,z(k) is
1

between zero and h(mn/?\')'li Nk/(.\ik+ENk), and Nk/(Mk+ ENk) < 6 °, then for m

and n sufficiently large, Va1 A Yo (k) z -%. Hence,

IA

-3/2 =1 -3 .-
B> 2 (13 T 67N

Ty3(h,R) < 83y

+~0 as mn + <=

and

-3/2 ,-3,-%
Ty, (0,R) € 80, (1-3)17> € 77X

A

-0 as mn -+ >,

provided )‘N + ) e (0,1). By (5.6) with & = 2, TNI(B) can be expressed as

Ty ®) = A3 A=A/ 2 (F,6)(1-6.)° dhy - | 3 (F,6)1-0% d) .
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‘ - By Proposition 5.2 below, under the proportional hazards model with parameter
8, TNI(E) +p 0 provided )‘N + X e (0,1). This completes the proof of Theorem
5.1. ‘ ' D

Our proofs of Propositions 5.2 and 5.3 rely on Lemmas 5.1 and 5.2,
respectively., Recall that the bounding function R is defined by R(s,t) =
{a-s) + A-t)}" for (s,t) € [0,1]% and that the weight functions h e H(¥)

and q € Q(+) are defined by h = (1-1)1'6 and q (1-1)%'6 for some § > 0.

LE\MA 5.1. Suppose G = I—:e with 0 < 8 < » and F continuous. Then, for

all 0<§<1,

(5.8) [ R%(F,6)(1-G)% dG < =,
| 5.9 - [REoeN h(G)dG < » for i=1,2, and
® (5.10) [ RYF,6) (1-6)Y ™ h(F)dG < = for i=1,2

unt formly in F.

LEMMA 5.2. Suppose G = fe with 0 < @ < » and F continuous. Tnen, for

all 0< 6§ < {2(1*(1'\9))}-1,

(5.11) [ R(F,G)q(G)dG < = ,

(5.12) [ R%(F,6)q(G) (1-G)dG < = ,
(5.13) | R¥(F,G)q(G)h(C)dG < = , and
(5.14) [ RE(E,G)q(G)R(F)G < =

uniformly in F.

PROPOSITION 5.2. Suppose G = F® with 0 < 8 < » and F continuous. If
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@ 0<sig st <, then
T R) = A la-a) () 92 (F,6.)(1-6.)% dH, - [ J2(F,6)(1-6)% dH ] » 0
N1'= N N *N''m’ ' n n N ANY? dHN P

as m,n + « untformly in F.

PROOF. The uniformity in F follows from Remark 2.1.

We find it useful to note that, since 0 < A, < A < Ak <1,
(5.15) Juyg < My R

and, for all (s,t) ¢ [0,1]2.

(5.16) Juy(5,1) (1-t) € M, R(s,1)(1-1) < Mg

o = {0, 81101

where M, =

Use the definitions of HN and HN to decompose T.\'l (R) as
- y-1 - I .

vhere

P

~ 2 2 2 2
N pl Jay (Fpo6) (1-6,)° dF - [ Jey(F,G)(1-G) dF and

- 42 2 2 2
Ty © / Jay (Fpp6) (1-6,)° dG - [ Jan(F,6)(2-G)° dG .

Define the score function 3N by EN(s,t) z J,ZN(S,t) (1-t) for (s,t) e

[0,1]2. Clearly 31\' satisfies the differentiability condition (J1); and, by

‘ (5.15) and (5.16), “fN satisfies the boundedness condition (J2) with growth rate
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1 and constant Mf . Noting that (with no change in the proof) the score
function J in Proposition 2.2 may be replaced by a sequence of score functions
{3y} which satisfy (J1) and (J2) with some constant M > 0 and some growth rate
a < 2 uniformly in N, we conclude that ?N s, 0 as m,n +» =,

After adding and subtracting terms, we have that

[Tyl s Ayag*ayy) + 8(L-A) (b +byp) + oy + Oy * dy

where, for i = 1,2,

- 3-i i 2
ay; = / Jin (Fm,Gn)J*N(F.G)IFm - F!(l-Gn) G ,
_ 3-i i 2
by; = / Jan (Fm,Gn)J*N(F,G)lGn - Gl(l-Gn) dGn ,
- 2 e 3201 il el
Cyi = / J*N(F,G)(l Gn) (1-G) |Gn GldG and

a = 1] BB (F,0(1-0° d6,-6)|
Hence, to prove the proposition, it suffices to show that each of the above
terms is asymptotically negligible in probability. Since the subset Ql of
Lemma A of Section 4 (on which the linear bounds hold) has P{Ql} >1 - € with
€ > 0 arbitrary, it suffices to consider the asymptotic behavior of each term
on the subset Ql.

By (5.15), (5.8), and the SLIN, dN *as. 0 as m,n > =,

Using (5.15) and Lemma A, we have that, for i = 1,2,

- 2 2-i i-1j,
lﬂlcNi = 191 IJ*N(F,G) (1-6)°" (1-6) |6, GIdGn

Mt oy ) 6,00 [ RECF,Q) (1-GR(E)S,

*a.s. 0 as mn » =,
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where the convergence follows from Lemma C of Section 4, (5.9), and the SLLN.
Hence CNi *p 0 as m,n +« for i=1,2,

In each of the remaining terms a,. and b\’i for i = 1,2, since the
integrand dGn restricts the range of integration from R to [O,Yn] , we also
restrict our attention to the interval [0,Y rl]. Now, since the function R is

increasing in each coordinate, on the subset Ql we have

7.

Jug(F,6) s My R(F,6.) by (5.15)

A

M, R(1, 1-n(1-G))

M, n et

Hence, for i = 1,2,

Y . )
n ,3-i i | Lerop 12
/ Jax (Fm,Gn)J*N(F,GLGn -G6jQ1 en) 6

] 0

lexi = 1q

1
gt o (6,6 [ RIEG -0 h©)d,

*as. 0 as myn » = ,

using Lemma-C of Section 4, (5.9), and the SLLN to justify the ccnvergence.
Hence, bNi -’p 0 as mn+= for i =1,2. A similar argument with °h(G) (Gn,G)
replaced by oh(F)(Fm,F) and (5.9) replaced by (5.10) shows that 3y *p 0 as

m,n »« for i =1,2. D
PROPOSITION 5.3. Suppose G= }-:6 with 0 < 8 < » and F continuous, and

suppose )‘N + e (0,1) ag mn >, Then

p = L[m)* F 6)dH,, - | Ju(F,G) (1-G)aH, )
® = [F] U Iy - e - [ IO 00

*4 N(0,T) a8 m,n +
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wuniformly in F, where T = (ezoi)'l.

PROOF. As in the pfoof of Prbposition 5.2, the asserted uniformity
follows. from Remark 2.1. Also, since >‘N + X e (0,1) implies that, for m and n
sufficiently large, 0 < X, s XN < A* < 1, then both (5.15) and (5.16) hold.

As in the proof of Theorem 2.2, replace the empirical processes with the
specially constructed empirical processes which exhibit the strong convergence
properties (2.12). Use the definitions of HN and HN and add and subtract

terms to decompose -Ay(R) as the sum

1

2
: - - m + .
(5.17) R = [er (KN,J*N-SJ*N) (1-3y)

3/2

A{.
-3 2 00 _ylie
o+ E}N (1->'N) BN )‘N (1 KN)CI:J

-1

1
T e
+ 8 ANDN’

where « and « are defined in (2.7) and where
Ny Jay Juy

Ay 2 [ Jag(Fra6 ) Juy (F,GU (F) (1-G)d6
By = [ Jan(FroBp)Jay (F,GV, (6 (1-G)dG

Cy = / Juy(F,GV, (G)dG6 , and

oaL(1-3) [ Juy(F,0) (1-G)AV, (G) -

Dy
By an integration by parts and the definition of J*N’

Dy = -eA(1-A) [V, (6)d{Tuy(F,G) (1-G))

= | Vh(G)d{J*N(F,G)(l-F)} .
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We will show that, provided AN -2 e (0,1),

| m li '  | ' '
(5'18) o ({’N‘) (KN,J*N-KJ*N)’AN’BN’CN’DN)

i ko ke~ _ont P
"o ((1-2) AJ*+-A BJ* A cJ* (1-2) DJ* ,A',B',C', DJ*) ,

where AJ*, BJ*, CJ*, DJ*, and DJ* are defined in (2.15) with

Jag(s,1) = 2 Ju(5,t) = AJ5(s,t) and

Jay(s,t) = 2 Ju(s,t) = €(1-0JE(s,1)

for (s,t) € [0,1]2, and where

A' = [ JA(F,G)U(F) (1-G)dG ,
B' = [ J2(F,6)V(G) (1-6)dG , and

C' = [ J.(F,G)V(G)dG .
Using (3.2) and (2.1) with HA 2 AF + (1-2)G shows that
34 (F,6) (1-G)dH, = a-5~! a-c)ar = 7! a6 ,

and hence that
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(5.19) (1-1)% Ay, * a-1032 ar = p71a-n)" EJ* and

By e %(1-0)% B' - ATRa-A)Ct = 0

where EJ* is defined in (2.15). Combining (5.17), (5.18), and (5.19) gives

_ v oelignE Lk I Tk
bR = <87 L--0T € - T Dy v e Cj, + 8(-)7 Dy}

= -0"H{[ J,(F,G) (1-6)dF} 2,
= -0°2(] 3,(F,6) 1-F)dG} Z
]

L 2291 ,
{870y} ZJ* 2y

where Z I

is normally distributed with mean zero, and by (2.17),

is defined in (2.16) and oi z OZ(J*) is defined in (3.1). Hence ZA

Var z, = {6%a5}"* 0202 = (e%2} =1 .

To prove the proposition, it remains only to verify (5.18).

Provided AN + X ¢ (0,1), the convergence in the first and last coordinates
of (5.1) follows from the proofs of Propositions 2.5 and 2.4 respectively, with
J replaced by the sequence {J*N} since J*N ¢ J(3/2) with growth rate a =1
and bounding constant M,, both independent of N, and since Jay * Ja as
m,n + =,

Because the argument for A]{J is similar to that for Bﬁ, we omit it.

In view of the convergence Jy\ -+ Ja, provided Ay ~ A, it suffices to show
that (B&~B' ,%-C') -'p (0,0) where'the J, in B' and C' is replaced with Juy.
We perform the replacement with no change in notation. By adding and

subtracting terms, we find that
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By - B'] s AyByy * 9(1-3\)By, ¢ Byg + By, + By and
oy - €' s Gy * G

where

. :
= [ Iy (FyG) Iy (FuB) [Fp - FIIV (@)1 (1-C)dG,

.yj‘_
—
"t

1 = 2 - AV -
By, = fJ*N(F,c)J*N(Fm,Gn)IGn G!V (6)!(1-G )d6

B 2 [ I EQ N6 - V©)a-6)d6,

B, = [ I FO V@IS, - Glde

B = |[ BB (F,6VE) (1-0dE, -0

€Yy = / Jay (F,6) VL) - V(G)!dG , and
Q. = |/ J*N(F,c)v(c)d(en-c)l'.

The arguments for B“'\.5 and C‘{.z are similar to the one given for BNS in
the proof of Proposition 2.4 (see Section 4). By replacing (4.7) in the
previous argument with (5.12) and (5.11) respectively, we conclude that B,'\.5 -0
and C‘{.Z-»O as m,n > =<,

The arguments given in the proof of Proposition 2.4 (see Section 4) for
B.\'4’ B.\'S’ and C‘\.1 can easily be modified to handle the terms B’{m, BI'\‘S’ and
C{,l respectively. First, in each of the original arguments replace the
condition (J2) by the inequality (5.15). Next, replace (4.9), (4.7), and (4.5)
in the three original arguments by (5.13), (5.12), and (5.11) respectively.
Finally, replace the three original conclusions of asymptotic negligibility of

B\.4, BNS’ and CNl by the corresponding conclusions of asymptotic negligibility

of B,'\,A, B&.s, and Cr'\’l respectively.
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Finally, consider Br:n and B&Z. Since J*N(Fm’Gn) (I-Gn) s M, by (5.16),

~ then by (4.1) and (5.15) we have

B / JEN(F.G)J*N(F,“.GH)IFm - F| |vn(c)|(1-(;n)d(;n
S MM, oy () (FoP) R? (F,G)h(F)a(G)d6_

*a.s. O as mn+ =,

where the convergence follows from Lemma C of Section 4, (5.14), and the SLLN.

By a similar argument with ph(F)(Fm’F) replaced by ph(G) (Gn,G) and (5.14)

replaced by (5.13), we have BI'\‘Z *as 0. This completes the proof of
Propositibn 5.3. a
APPENDIX
Suppose G = £% with 0 < 8 < = and F continuous. Suppose J and J are in

J(3/2). In the following calculations, we repeatedly use (2.1), (2.13), and

the identity F =1 - (1-F).

(1) -Cov[[ J(F,G)U(F)dG , [ J(F,G)U(F)dG]
= []IF@), G(u))J(F(v) , G(V)) [F(u) A F(v) - F(u)F(v)]dG(u)dG(v)

= J{f] J(EW) , 6(wW)FWGWII(F() , 6(v)) (1-F(v))dG(v)
+ [T IF@) , 6(w)) (A-F(W)d6(IIFV) , G)IF(VG(V)

= JUY JEFQ) , 6W)GWIIFW) , 6v)) (1-F(v))dG(v)
- JUY ICE@) , 6wW) A-FW)IAC@IIFW) , 6(v)) (1-F(v))dG(V)
 JUS IE@ , 6(w) 1-FW)GW)HFW) , 6(v))46(V)

- JUS 3@, 60w) (1-FW)AG@ I (F(V) , 6(v)) (A-F(v))dG(v)



47

= JUY JEQ) , 6w)6ITFW) , 6(v)) (1-F(v))d6(v)
+ JUY FF@) , 6W)EEWNI(F(V) , 6(v)) (1-F(V))dG(Y)
- [ J(F,G)(1-F)dG) « [f J(F,6) (1-F)dG] .

(2) Var[[ J(F,G)U(F)dG] = 2 f{fg J(F(u) , G(u))dG(w}JI(F(v) , G(v)) (1-F(v))dG(V)

- 1J J(F,6)(1-F)dG)% by (1) with J=J .

(3) Cov[f U(f)d[J(F,G)(l-G)] , | J(F,G)U(F)dG]
=[] JEW) , G(W))[F(u) A F(v) - FQ)F()1A[I(F(w), G(u))(1-G(u))]dG(v)

= JUY FAIIF) , 6) (-6 (FV) , 6(¥) (1-F(v))dG(Y)
¢ [USA-F@)AFM) , 6w) Q-6 ER) , GE)IFGRV)

= [ J(F,6)J(F,G)F(1-F) (1-G)dG

- ft'f(\)’ JF) , G(w)) (1-G(u))dF (W) I (F(v) , 6(+)) (1-F(v))dG(V)

- [ J(F,G)J(F,G)F(1-F) (1-G)dG

« JUT IFM@) , 6(w) (1-6(w)dF ) (F(Y) , 6()IdG()

- [ (@), 6(w) (1-G(w)AF (W (V) , 6(¥)) (1-F(¥))dG (V)
= J{fy JEW , Gu)CWN(FW) , 6(v)) (1-GV)EF(KY)

- 6/ J(F,6)(1-G)dF] + [f J(F,6)(1-G)dF]

where the second to last equality uses (6).
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) Cov[/ U(F)d[J(F,G)(1-G)] , [ J(F,G)U(F)dG]

= JUY JF) , 6@ IEFW) , 6(v)) (1-G(v))dF(V)

- 8[f J(F,G)(1-G)dF]? by (3) with J = J .

(5)  Var[[ U(F)[JI(F,6)(1-G)]]
' = [[[F() A F(v) - FFM)A[J(F(u) , G)) (1-G(u))]

« d[J(F(V) , G(V)) (1-G(V))]

= Var[J(F(X) , G(X))(1-G(X))] where X ~ F

- 1 E6-600-PG - ([ J(F,G) (1-G)dF]? .

(6) lim |J(F(x) , G(x)) | (1-F(x)) (1-G(x))

X0

< M-

= M o

<M.

lim R*(F(x) , G(x)) (1-F(x)) (1-G(x))

X0

lim(s+se)'a s1*0

s+0

1im 5 (2°%) (118)

s+0
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