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SUMMARY

Recent advances in technology and interest in ultimate load analysis for efficient
design have made the inclusion of nonlinear behaviors desirable in the analysis of many
ductile metal structures. Further, in some practical situations, such as nozzle junctions
in pressure vessels, local action near supports in box girders, etc., the complete three
dimensional treatment instead of two dimensional analysis is required. Eventhough
considerable research has been reported in recent literature on solving nonlinear problems,
the work which is devoted to deal with three dimensional ductile structures is very limited.
The aim of this work is thus to develop a rigorous finite deformation, elastic-plastic
finite element incremental procedure to analyze three dimensional realistic ductile
structures under large-scale yielding conditions, with arbitrary geometrical domains, under
arbitrary loading conditions, and when the material properties can be characterized as
elastic-plastic with arbitrary strain hardening.

In dealing with the geometric as well as material nonlinearities, the present procedure
is based on a continuously updated Lagrangean coordinate formulation, and a consistent
tangent modulus incremental plasticity approach with iterative equilibrium corrections. In
this approach, plasticity effects are accounted for in the stiffness matrix, which is
updated in each step or iterative loading. For each load increment, corresponding to a
new stiffness matrix, the problem in the flow theory of elastoplastic analysis is the same
as the elastostatic problem. Thus, the numerical solution of this problem consists of a
series of solutions each of which is equivalent to a solution of an elastostatic problem.
Further, the incremental plastic flow has been described by a Prager-Ziegler type kinematic
hardening law, which is capable of accounting for the Bauschinger effect in unloading
conditions. Based on the well-known Huber-Mises-Hencky yield criterion, Drucker's '
normality conditions and Prager-Ziegler's kinematic hardening law, a three dimensional
constitutive relation between the incremental Truesdell stress and the incremental Green
strain is first derived in this work. The uniaxial stress-strain relation of the material
is considered to be of Ramberg-0Osgood type.

Verification of the present analysis is obtained by comparing the calculated results
with other published experimental and numerical solutions.



1. Introduction

An increasingly important problem in recent technologically advanced fields such as
reactor vessel design is to deal with the event of ductile metal structures where nonlinear
effects are of paramount importance. The nonlinear effects, such as geometric finite
deformation and elastoplastic material behaviors, are definitely required to be considered
if realistic results are to be obtained. However, due to the complexity of analyzing
these nonlinear behaviors, relatively few problems have been reported in the literature -
the emphasis has rather been on small deformation analysis, where the J2 incremental theory
of plasticity is assumed to be isotropic hardening. Thus, the analysis of such problems
becomes of practical interest in assessing the performance of the structural components.

Being stimulated by the success of the new approach in the two dimentional, finite
deformation, elastoplastic problems [1-3], attempts are now extended to the three
dimensional case. This calls for a general three dimensional incremental finite element
analysis to deal with not only material nonlinearity, but also geometric nonlinearity. To
solve the present general category of nonlinear problems, "tangent modutus" numerical
method of incremental finite element analysis is thought to be most appropriate [4].
Further, to account for the ideal Bauschinger effect for completely reversed loading
conditions, i.e., the magnitude of the increase of yield stress in one direction results
in a decrease of yield stress of the same magnitude in the reverse direction, a Prager-
Ziegler type kinematic hardening law [5] instead of isotropic hardening is employed. In
this work, the arbitrary strain hardening material is assumed to obey the Huber-Mises-
Hencky yteld criterion, and the experimental uniaxial stress-strain curye is fitted by the
Ramberg-0sgood relation, say

e=F o <o, ;8=%+(%)n 720,
where E is Young's mudulus, oy is the yield stress, n is the power hardening coefficient
and B is the plastic modulus,

The problem analyzed s that of a thick circular aluminium ring under increasing
diametral loading. Comparison of calculated results and other published solutions can
show how well the objectives are achieved,

2, Formulation of Finite Element Model for Finite Deformation, Elastoplastic Problems

In this section, a finite element model for a nonlinear problem with geometrical and
material nonlinearity is presented. The deformation of the structure is characterized by
the features that not only its displacements are finite, but also its strains are not
small, and the material behavior is elastic-plastic.

The present analysis procedure is based on a continuously updated Lagrangean
coordinate formulation [6]. It is assumed that CN is an arbitrary intermediate equilibrium
state of the loading path of the structure. To determine the state variables in the
current C
Oy
quantities, an updated Lagrangean incremental theory is formulated. Analogous to the

N+ state, under an assumption that the CN+1 state is incrementally close to the

state and all the governing equations may be Tinearized with respect to the incremental
variational principle governing the compatible displacement finite element model for linear

elastic problem [7], neglecting the terms of higher order product of the incremental
displacements, the finite-deformation incremental principle governing the equilibrium of
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state CN+1 can be shown to be 8Am = 0, where

= 1 1 (N
Aﬂ(AUi) é{fVm[Z ASijAeij + 3 i3 AUkyi AUk’j
- oF, AUi]dV - Joom AT;AUds - ¢} (1)
(N) £ (N) = (N)
€n IVm(- i3 Asij + Fi AUi)dV + fsomTi AUids

where
Vm = volume of the mth element (m =1, 2 ... ) in CN state
som = a portion of the boundary surface of the mth element where tractions are

prescribed
Asij = Truesdell stress increments from CN state to CN+1 state
Agij = incremental Green Strain from CN state to CN+1 state
Tij(N) = true (Eulerian) stress in Cy state, measured per unit area in Cy state and

in the fixed Cartesian metric

AUi = incremental displacement components from CN state to CN+1 state

AFi’ATi = prescribed increments of body foreces and surface tractions, per unit
volume and unit area of CN state, respectively

Fi’Ti = body forces and prescribed surface tractions, per unit volume and unit area

of CN state, respectively
= the correction term to "check” the equilibrium of initial stress state in the
CN state

€
m

In the above, a comma followed by subscript i denotes a partial differentiation with
respect to the updated material coordinate in the CN state, Xi(N). It is to be noted that
the correction term €n in eq. (1) is retained to provide the so-called "equilibrium check"
[4] which can reduce any cumulative error in nodal point equilibrium. The incremental
displacement functions AUi should satisfy the continuity conditions not only within the
element but also across the interelement boundaries. Making the finite element
approximations,

{au} = [N]{aq} (2)

where [N] is a matrix of shape function [8] and {Aq} is a column matrix of undetermined
element incremental nodal displacements. Substituting eq. (2) into eq. (1) and neglecting
the body force terms, one obtains the final incremental algebraic equations for the
structure:

([K*] + [Kg*]){Aq*}m+1 = {8Q%) + (8Q %) (3)

where {q*}m+1

denates the values of independent generalized global incremental nodal

N+ State. [K*], [Kg*], {a%*} and {AQC*} are the
global matrices which are obtained by assembling the corresponding element matrices.
([K*] + [Kg*]) is the updated tangent stiffness matrix from CN state to CN+1 state, which

includes the effect of prior plastic yielding ([K*]) and finite geometry changes ([Kg*]).

displacements {Ag*} from CN state to C

{AQ*} is the incremental load vector, and {AQC*} corresponds to the nodal force imbalance
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terms to check the equilibrium of Cy state. It is to be noted the {QC*} are initially
taken as zero and at the end of iteration for each load increment it finally converges to
a small quantity. Once the "equilibrium check" is not small, the current equilibrium
check is reloaded as new applied load for next iteration and the new updated tangent
stiffness is reconstructed. Meanwhile, the convergent property of the "equilibrium check"
needs to be carefully studied during iteration.

3. Theory of Plasticity

As a first step in the computation procedure, it is important to clarify the
constitutive relation between the incremental Truesdell stress Asij and the incremental
Green strain Aeij. That is,

AS (N)]Aek£

_t
15 = EigkalTmn
or, in matrix form

(88} = [ET%ae) (4)
where E1 kJL(O\r‘ [E] ) is the current constitutive property and is a function of true stress
T The derivation of [E] is based on (i) Hencky-Mises-Huber yield criterion (ii)

Drucker's flow rule and (iii) Prager-Ziegler's kinematic hardening rule. Through very
tedious manipulations, the end results can be quoted as follows:

- T_
LAs) = {as} = LAsX, Asy, 83, Asxy, ASyZ, bs,

_ T.
Loe) = {Ae} Lae , be , hLe_, Ay y Asz’ AYZXJ
and
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.2 2 2 ) ) 2 2 2 2
f = % + Oy + o, oxcy oycz 9,0, + 3Txy + 3Tyz + 3TZX - cy
The stress increments AS ij in eq. (4) is then added to update the Kirchhoff-Trefftz
stress S1J§N;]), which is measured per unit area in the CN state but in the deformed metric
N
in the CN+1 state. Lastly, to carry out the incremental solution for the next load step,
as ?how? in [6], one can convert the Kirchhoff-Trefftz stress Sij(N+1) to the true stress
N+1 N)
ij :

4., Results and Discussions

Using the present procedure, detailed analyses are performed for the case of the
deformation of a thick circular aluminium ring for which experimental and numerical results
have also been reported by Owen et al. [9]. Because of the symmetry, only a quarter
portion of the specimen is analyzed. The finite element idealization is illustrated in
Fig. 1, with 10 isoparametric elements and 292 degrees of freedom. Each isoparametric
element contains 20 nodes. The concept of isoparametric element is fully described
elsewhere and will not be discussed here.

The true uniaxial stress-strain behavior of aluminium is fitted by a Ramberg-Osgood
type curve shown in Fig. 2. Young's modulus of elasticity E is taken at 12,458,000 psi, and
the plastic modulus B equals 30,466 psi. The power hardening coefficient is taken as
18.718, and the material yields at 27,400 psi. Poisson's ratio, v, is 0.3237. The
mathematical model that, based on a bi-Tinear strain hardening assumption, is used by
Owen et al. [9] is also shown in Fig. 2. Apparently, the Tatter mathematical model can
not accurately describe the true material behavior. To follow the uniaxial stress-strain
curve with sharp transition point, when an elastic part of domain which is about to yield
becomes plastic, a "knee-correction" procedure is employed in this work.

For the calculation procedure, an initial elastic computation is first carried out and
subsequent load increments are then progressively increased and solved, Fig. 3 shows the
computea variation of the radial displacement § of the point (0., 0., 2.5) on the internal
surface with increasing load. The excellent correlation between the present finite-
deformation results and the referenced experimental data is evident. Also displayed for
comparison purposes are the small-deformation finite element computer results of Owen
et al. [9]. It is worthwhile to mention that, due to the high efficiency and accuracy,
only very limited number of finite elements and total degrees of freedom are required
in this work. The tangent modulus method is indeed an attractive incremental numerical
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method especially in dealing with finite deformation, elastoplastic problems.

Fig. 4 shows the development of plastic zones in the thick circular ring at several
Toad Tevels. To delineate the geometric changes of the specimen, the deformation profile
of the circular ring at P = 5800 1bs is displayed in Fig. 5.
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Fig. 1. Finite Element Model for Thick Circular Ring
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Fig. 2. Uniaxial Stress-Strain Curve and Material Properties Assumed
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