
Abstract

BORTZ, DAVID MATTHEW. Modeling, Analysis, and Estimation of an in vitro HIV Infection

Using Functional Differential Equations (Under the direction of H. Thomas Banks).

This dissertation focuses on developing mathematical and computational tools for use as

an aid in understanding the cellular population dynamics of an in vitro HIV experiment. We

carefully develop a functional differential equation model which incorporates mathematical

mechanisms that account for both the biological delays and the parameter uncertainty inherent

in the system. We present the theoretical foundations for our methodology which then allow

us to develop a numerical approximation scheme and perform parameter identifications (even

on the delay distributions) and sensitivity analyses. We summarize the results of a numerical

investigation of the delays followed by the results from the nonlinear least squares inverse

problem. We then present a statistical significance argument for the importance of the delay

mechanism as well as the results of a sample sensitivity analysis of the system with respect to

select parameters.
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Chapter 1

Introduction

Viruses are obligate intra-cellular parasites with a multitude of pathways for infecting and

reproducing within their target hosts. The Human Immunodeficiency Virus (HIV) is a lentivirus

that is the etiological agent for the slow, progressive, and fatal Acquired Immunodeficiency

Syndrome (AIDS) to which there is currently no known cure. According to a Joint United

Nations Programme on HIV/AIDS June 2000 report, there were approximately 34.3 million

individuals infected with HIV/AIDS worldwide at the end of 1999, including 24.5 million

in sub-Saharan Africa [80]. Thus, HIV-related illness and death is and will continue to be

an important clinical and public health issue as well as an international security, stability, and

development issue. Clearly it is imperative that we attain a greater understanding of HIV/AIDS

viral infection dynamics.

1



CHAPTER 1. INTRODUCTION 2

1.1 Overview

In this chapter, we present a basic overview of HIV and its pathogenesis along with a survey

of recent mathematical methods used to study the virus. We also present brief histories of two

useful tools that we will employ in our approach. In Chapter 2, we present the development

of a mathematical model designed to describe the viral infection dynamics of an HIV in vitro

experiment [82]. An important and nontrivial aspect of modeling the HIV pathogenesis is de-

ciding how to mathematically describe the delay between viral infection and production, and

indeed a significant portion of Chapter 2 is devoted to this topic. Following the development

of this model, in Chapter 3 we present a rigorous mathematical analysis including: an exis-

tence and uniqueness proof for a solution to the model (Section 3.1.1), a numerical scheme

based upon an Abstract Evolution Equation approach (Section 3.1.2), and well-posedness re-

sults for the inverse problem (Section 3.2) as well as the sensitivity equations (Section 3.3).

With this mathematical framework, we then present in Chapter 4 the results of applying these

tools toward understanding the aforementioned in vitro experiment. The primary goal of this

dissertation is to showcase the power and utility of theses advanced mathematical methods and

approaches as an aid in the developing of new insights into HIV pathogenesis.
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1.2 Background

1.2.1 The Human Immunodeficiency Virus

For HIV, the core of the virus is composed of single-stranded viral RNA and protein compo-

nents. As depicted in Figure 1.2.1, when an HIV virion comes into contact with an uninfected

target cell, the viral envelope glycoproteins fuse to the cell’s lipid bilayer at a CD4 receptor

site and the viral core is injected into the cell. Once inside, the protein components enable

transcription and integration of the viral RNA into viral DNA and then incorporation into the

cellular DNA (provirus). With its altered cellular DNA, the cell produces capsids and protein

envelopes and transcribes multiple copies of viral RNA. The cell assembles a virion by then

encasing the viral RNA in a capsid followed by a protein envelope. The new HIV virion pushes

out through the cell membrane budding off in chains of virions (though sometimes single viri-

ons do float away into the plasma). Clearly the time from viral infection to viral production

(sometimes called the eclipse phase [70]) is not instantaneous, and (as indicated in the figure) it

is estimated that the first viral release occurs approximately 24 hours after the initial infection

[28, 66]. As mentioned before, the development of mathematical models and the associated

numerical techniques that incorporate these delays into models for HIV infection dynamics is

a primary motivation for our efforts here.

Within the HIV modeling community, there is considerable debate upon the proper com-

partment definitions. It is not our goal to advocate one model over another and as such we will

simply choose one with which we illustrate our methodology. The multi-compartment model
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that we use (and discuss in detail in Section 2.1) describes the moment a virion contacts the ap-

propriate receptor site as the beginning of acute infection. If the acutely infected cell survives

through its first viral release, roughly 3 hours later the physiological characteristics of the cell

change and it is subsequently classified as a chronically infected cell. Note that in the chronic

stage, it is possible for the cells to continue to divide and to produce virions, albeit at a much

slower rate than acutely infected or non-infected cells.

1.2.2 Mathematical Models of HIV

Over the past 7 years, the use of mathematical models as an aid in understanding features of

HIV and other virus infection dynamics has been substantial. Several papers published in the

mid nineties provided strong evidence for the high rate of HIV-1 replication and clearance in

infected individuals [43, 78, 94]. By the end of the decade, the general consensus was that in

vivo, on the order of 1010 virions are assembled and cleared every day [65, 76, 81]. In many

of these papers, the viral clearance rate c was identified by modeling the disease pathogenesis

with a system of deterministic differential equations, numerically calculating a solution, and

then fitting the results with experimental data (using a nonlinear least squares (NLS) approach),

e.g., see [76, 78, 81]. The existence of such a high replication/clearance rate implies a high

mutation rate, thus indicating that pharmacological mono-therapy will ultimately fail, since

the virus can rapidly manifest a resistance to any one drug. More importantly, this knowledge

directly contributed to the current practice of simultaneously administering multiple drugs to

HIV positive individuals in an effort to counteract the high mutation rate of the virus.
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Following its success in helping to identify this significant feature of the HIV pathogenesis,

the use of mathematical modeling and parameter identification in the study of HIV experienced

a dramatic increase. In particular, in the wake of the publication of [78], there were papers

covering everything from additional and/or alternative compartment formulations [19, 53, 67,

69, 73, 79, 83, 95, 99, 100] to arguments for and against the use of delay differential equations

in modeling the eclipse phase [38, 39, 42, 58, 66, 70, 71, 72] (including those that addressed

the solution stability [23, 71, 72, 87]). As mentioned before, our approach is to develop tools

which, hopefully, will allow one to develop new insights into HIV pathogenesis. Indeed, there

is a precedence for this approach, as is evidenced by previous papers within the HIV modeling

literature that make use of stochastic analysis and inference [48, 88, 89, 92, 97, 101], control

theory [50, 96], and nonlinear analysis [40, 93]. Note that the above survey is not intended to

be comprehensive, as there already exist thorough reviews of the field presented in [74, 75, 77].

Within the context of delay equations, many of the aforementioned papers focused heavily

on the inter-relationship between the parameters describing the drug efficacy η , the length of

the eclipse phase τ , the infected T-cell death rate δ , and the virion clearance rate c [38, 42,

58, 66, 70, 71, 72, 87]. One approach to numerically simulating these systems with delays

is sometimes referred to as the method of stages and is described in [21, 47, 58, 59, 66, 72].

Indeed, several researchers have used this technique to simulate delay ODE models of HIV and

argue that the inclusion of delays in the viral production of infected cells dramatically changes

estimates of specific parameters. For example, Grossman, et. al., [38] argue that including

a delay in the model for the death of infected cells leads to different conclusions regarding
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residual transmission of infection (during antiviral pharmaceutical therapy), while Lloyd [58]

argues that an absence of delays in the model leads to (as we now know suspiciously) optimistic

conclusions about treatment efficacy. Clearly an accurate model for the delay is important, and

in Section 2.1, we carefully describe a way to properly develop a model for the delay that

accounts for many of its biological aspects.

All of the cited papers which include delays in their models represent them using a gamma

distribution (or Erlang distribution [47]) to describe a distribution of delays, and thus can re-

duce the resulting system of integro-differential equations to a system of (non-delayed) ordi-

nary differential equations. This non-delayed system can easily be simulated using standard

numerical integration techniques (e.g., Runge-Kutta) in standard mathematical software. An

alternative method (an implementation of which is presented in Section 3.1.2) that first converts

a delay system into an abstract evolution equation (before numerical simulation) is described

in [3, 8, 10]. This approach allows for simulation of systems with general delay kernels de-

scribing the delay distributions, and does not require that the model be reduced to a system of

non-delayed ODEs.

As is clear from this discussion, there is no dearth of interesting mathematical topics to

address. However, we will concentrate on the mathematical modeling of the viral dynamics

(primarily focusing on the mathematical aspects and biological nature of the delays), along

with developing appropriate tools for solving both the forward and the inverse problem.
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1.2.3 Delay Equation Survey

In the course of developing our model, we employ a delay to mathematically represent the

temporal lag between the initial viral infection and the first release of new virions. The study

of delay equations has a long history in fields as disparate as economics [34] and ecology

[45], with some early applications in engineering found in research concerning the stability

of naval vessels [64]. Furthermore, there has also been extensive use of delay equations in

modeling biological systems and indeed both May’s and Murray’s classic texts ([63] and [68]

respectively) have a significant sections devoted to delay equations. For the interested reader,

there are solid introductory texts [12, 26] (including those that focus heavily on applications to

biological systems [24, 54]) and thorough (if somewhat theoretical) advanced texts [25, 37, 41].

1.2.4 Sensitivity Analysis Survey

For any system of differential equations designed to model real world phenomena, whether

it be biological, chemical, or physical, a common goal is to understand the manner in which

the system’s constitutive parameters influence its solution. These parameters are designed to

correspond to aspects of the phenomena under investigation (e.g., HIV pathogenesis), and thus

it is desirable to predict how changes in the parameters will affect the solution. Indeed, there

are several papers in the HIV modeling field which focus heavily on the topic (good examples

include [83, 85]). One way to address this question is to perform a sensitivity analysis, a

mathematical tool developed in the context of modern control theory and commonly used in

mechanical, aerospace, electrical, and structural engineering. The precursor of this technique
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can be traced back to an 1833 electrostatics experiment designed to measure the inductance of

certain metals [20]. However, significant activity in this area only arose in the middle part of

this century, concomitant with the development of modern control theory in the late 1930’s. In

our analysis, we will be employing the semirelative sensitivity function, though there are other

possibilities, such as the logarithmic sensitivity function advocated by Bode in his book on

electrical network analysis [16]. We direct the interested reader to the following introductory

texts [30, 31], advanced texts [51, 90, 91, 98], and surveys of the field [1, 22]. We also note

that the sensitivity analysis described here should not be confused with a statistical technique

of the same name and based on Latin Hypercube Sampling [46].



Chapter 2

Model Development

2.1 Basic Development

At the 2000 Industrial Mathematics Modeling Workshop for Graduate Students at NCSU S. E.

Holte of the Fred Hutchinson Cancer Research Center presented a problem concerning HIV

pathogenesis. The problem focused on studying an experiment with two strains (Vpr+/-) of

the retrovirus. The expression of the Vpr protein by HIV arrests the cell in the G2 phase of

reproduction (immediately before mitosis), preventing division of the infected cell and thus

restricting cell proliferation [27]. Mutants of the HIV strain exhibiting an inactive Vpr gene

(Vpr-), have been found in in vitro cultures, where they consistently outgrew the Vpr+ strain,

yet the genotypes of nearly all in vivo isolates were encoded for a functional Vpr gene [36].

Our research was initially driven by a desire to aid developing a deeper understanding of this

phenomena.

Previous work on the competitive relationship between the in vitro and in vivo dominant

10
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Figure 2.1.1: Log plot of experimental data (10 observations) from [82].

strains of the virus is presented in the context of a difference equation model (depicted below

in equation (2.1.2)) in [44]. However, we were not confident in the mathematical description

of this complex system developed during the workshop (a summary of which is presented in

[18]) and thus in all our subsequent efforts, we focus on studying (with suitable mathematical

modeling tools) a simpler in vitro experiment with only one strain (Vpr-) of the retrovirus. The

data from this study [82] is depicted on a log plot (note the exponential growth) in Figure 2.1.1

and consists of measurements of the total number of cells in a culture at various times after

infection with HIV. Furthermore, we were concerned about the appropriateness of using a non-

delayed difference equation model to represent an experiment of this type and thus transformed

the model to a differential equation (eventually including both delays and random effects).

As mentioned in Section 1.2.1, there is considerable debate among the HIV modeling com-

munity with regard to the best compartment definitions. The variables and their respective

compartments we have chosen to employ are depicted in Table 2.1, while the corresponding
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parameters are depicted in Table 2.2. We began our studies with the system of difference

equations (based upon those in [44]) for the Vpr- strain

Vn+1 = e−cVn +nAAn +nCCn

An+1 = e(r−δA−δXn)An +
(
1− e−pVn

)
Tn

Cn+1 = e(r−δC−δXn)Cn +(1− e−γ)An

Tn+1 = e(r−δu−δXn−pVn)Tn +S ,

(2.1.1)

where n is a positive integer and then transformed them to a system of ordinary differential

equations

V̇ (t) = −cV (t)+nAA(t)+nCC(t)− pV(t)T(t)

Ȧ(t) =
(
rv −δA − γ −δX(t)

)
A(t)+ pV(t)T (t)

Ċ(t) =
(
rv −δC −δX(t)

)
C(t)+ γA(t)

Ṫ (t) = (ru −δu −δX(t)− pV (t))T (t)+S ,

(2.1.2)

for t the continuous independent time variable with 0 ≤ t ≤ t f and t f finite. Note that in

the first equation, we also added the −pV (t)T (t) term, which is designed to account for the

biological fact that upon infecting a cell, a virion is unable to infect additional target cells.
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Notation Description
V Infectious viral population
A Acutely infected cells
C Chronically infected cells
T Uninfected or target cells
X Total cell population (infected and uninfected)

(A+C +T )

Table 2.1: in vitro model compartments

Models possessing this term are inherently different from many in vivo models in which the

(large) number of target cells is assumed to be constant. If over the time scale of interest, the

T variable were a constant T0 (such as in [66, 71, 77]), the equation would then be

V̇ (t) = −
(
c+ pT0

)
V (t)+nAA(t)+nCC(t)

and we could define a new coefficient c′ = c + pT0 for the V (t) term. For our in vitro model,

we do not have this situation, as the target cell population is not replenished and thus not held

constant in the experiment. In other computational results (not reported on here), we omitted

the −pV (t)T(t) term from the first equation of the delay system (which is fully developed in

the next section and then used throughout the rest of our research) and were also able to attain

reasonable fits for our limited data set (albeit with different parameters in the models) along

with statistically significant results analogous to those reported in Section 4.2.

We also call attention in (2.1.2) to the form of the nonlinear terms (e.g., pV (t)T (t)). Terms

such as pV (t)T(t) are obviously only first approximations to the density dependent (on V and

T ) component of the rate of new infections. A more realistic model requires that this term,
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Notation Description
c Infectious viral clearance rate
nA Infectious viral production rate for acutely

infected cells
nC Infectious viral production rate for chronically

infected cells
γ Rate at which acutely infected cells become

chronically infected
rv Birth-rate for virally infected cells
ru Birth-rate for uninfected cells
δA Death-rate for acutely infected cells
δC Death-rate for chronically infected cells
δu Death-rate for uninfected cells
δ Density dependent overall cell death-rate
p Rate of infection
S Constant rate of target cell replacement

Table 2.2: in vitro model parameters

dependent on both V (t) and T (t), be bounded in the limit, i.e., saturation should be modeled

in the nonlinear term so that in the limit it is (at least) affine in V or T . While we use this term

in our analysis below, for well posedness considerations the term pV T is more appropriately

replaced by a function p(V,T ) where (V,T ) 7→ p(V,T ) is globally Lipschitz (see [3] for the

standard form of this assumption). However, for our initial purposes in modeling discussions,

the simpler term will suffice.

2.2 Model Derivation

It is biologically unrealistic to expect an entire population of cells to simultaneously change

infection characteristics, whether that be from non-infected to productively infected or from

acutely infected to chronically infected. In this section we closely examine the various delays
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encountered during the viral pathogenesis and present a derivation from first principles (with

assumptions based on the biology) that supports a version of system (2.1.2) that treats the

delays as random variables.

Let us first consider the delay between initial acute infection and initial chronic infection

of a cell and assume that this change occurs µ̄2 (µ̄2 > 0) hours after initial viral infection.1

Suppose that the delay between initial acute infection and chronic infection varies across the

cell population (thus mathematically characterizing the inter-cellular variability) according to a

probabilistic distribution P̄2(τ) for τ ∈ [0,∞). We denote by C(t;τ) the subpopulation consist-

ing of chronically infected cells that either maintained their acute infection characteristics for

τ time units or are the progeny of those same cells. In other words, for some τ > 0, there exists

a subpopulation C(t;τ) of the chronically infected cells which either spent τ hours as acutely

infected cells (before converting to chronically infected cells) or are descendants of cells that

spent exactly τ hours as acutely infected cells. Thus, the rate of change in this subpopulation

of cells is governed by

Ċ(t;τ) =
(
rv −δC −δX(t)

)
C(t;τ)+ γA(t− τ) ,

where

X(t) = A(t)+C(t)+T(t)

1The choice of the notation µ̄2 will (hopefully) become clearer after the derivation is complete.
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and the expected value of the population of chronic cells is given by integrating over the distri-

bution P̄2, over all possible delays, obtaining

C(t) = � 2 [C(t;τ)] =
∫ ∞

0 C(t;τ)dP̄2(τ) . (2.2.1)

From a probability theory point of view, we are treating the quantity τ as a random variable.

Therefore, the rate of change in the total population of chronic cells is governed by

Ċ(t) = � 2

[
Ċ(t;τ)

]

=
(
rv−δC −δX(t)

)
C(t)+ γ

∫ ∞
0 A(t − τ)dP̄2(τ)

C(0) = C0 ,

(2.2.2)

where C0 is the initial condition for the total chronically infected cell population.

Next, we consider the delay between viral infection and viral production for the acutely

infected cells A(t). Again, it is unreasonable to expect the entire population of acutely infected

cells to simultaneously commence viral production µ̄1 (µ̄1 > 0) hours after infection. We

suppose that the delay between infection and production (for acutely infected cells A(t)) varies

across the population with probability distribution P̄1. When considering the viral population,

we first partition the expected total viral population V into those virions VA produced by acutely

infected cells and those virions VC produced by chronically infected cells so that

V = VA +VC .
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We then denote by VA(t;τ) the subpopulation of virus which are produced by an acutely in-

fected cell τ hours after being infected. Thus, the rate of change in this subgroup of virions is

governed by

V̇A(t;τ) = −cVA(t;τ)+nAA(t − τ)− pVA(t;τ)T(t) .

To obtain the (expected) number of virus at time t that have been produced by acutely infected

cells, we must integrate over the distribution P̄1, over all possible delays

VA(t) = � 1[VA(t;τ)] =

∫ ∞

0
VA(t;τ)dP̄1(τ) ,

which yields the governing equation for this larger subpopulation of virions

V̇A(t) = � 1[V̇A(t;τ)]

= −cVA(t)+nA

∫ ∞

0
A(t − τ)dP̄1(τ)− pVA(t)T(t) .

To account for the chronically infected cells as a source of virions, we denote VC as the sub-

population of virions produced by chronically infected cells. Thus the equation describing the

rate of change in the size of this subpopulation is

V̇C(t) = −cVC(t)+nCC(t)− pVC(t)T (t) ,

where the expected value C of the total population of chronically infected cells is defined in
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(2.2.1). Therefore, the governing equations for the total population of virus are described by

V̇ (t) = � 1[V̇A(t;τ)+ V̇C(t)]

= −c(VA(t)+VC(t))+nA

∫ ∞

0
A(t − τ)dP̄1(τ)+nCC(t)− p(VA(t)+VC(t))T(t)

= −cV (t)+nA

∫ ∞

0
A(t − τ)dP̄1(τ)dτ +nCC(t)− pV(t)T (t)

V (0) = V0 ,

where V0 is the initial condition for the total virions population.

Moreover, we assume that the A and T subclasses have no subpopulation structures, and

are therefore governed by

Ȧ(t) =
(
rv −δA −δX(t)

)
A(t)− γ

∫ ∞

0
A(t − τ)dP̄2(τ)+ pV (t)T (t) (2.2.3)

A(0) = A0 (2.2.4)

Ṫ (t) = (ru −δu −δX(t)− pV (t))T (t)+S (2.2.5)

T (0) = T0 , (2.2.6)

with initial conditions A0 and T0. Note that in (2.2.3), the rate term with the delay (representing

the delayed conversion of A to C) is simply the negative of the delay rate term in (2.2.2).

Finally, we make the change of variables Pi(ξ ) = P̄i(−ξ ) so that the distributions are now
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defined on (−∞,0] instead of [0,∞),2 and obtain the system

V̇ (t) = −cV (t)+nA

∫ 0

−∞
A(t + τ)dP1(τ)+nCC(t)− pV(t)T(t) (2.2.7)

Ȧ(t) =
(
rv −δA −δX(t)

)
A(t)− γ

∫ 0

−∞
A(t + τ)dP2(τ)+ pV (t)T(t) (2.2.8)

Ċ(t) =
(
rv −δC −δX(t)

)
C(t)+ γ

∫ 0

−∞
A(t + τ)dP2(τ) (2.2.9)

Ṫ (t) = (ru −δu −δX(t)− pV(t))T (t)+S . (2.2.10)

Clearly the problem of how to mathematically represent these phenomena is decidedly

nontrivial and includes issues such as how to account for intra-individual variability (e.g., inter-

cellular variability arising within a single infected individual or laboratory assay) and/or inter-

individual variability arising between individual subjects or data from multiple assays. We have

attempted to account for these concerns here, but it is important to remember that this model,

and all subsequent modifications, were designed with the primary goal of gaining a deeper

understanding of in vitro experiments (such as those described in [82]). Thus, our model and

discussions here deal exclusively with the simulation of and goodness of fit to in vitro data.

Conversely, we do wish to develop approaches that may be used as an aid in understanding in

vivo phenomena and thus we have endeavored to design our methods with sufficient flexibility

to accommodate information (from HIV infected subjects) concerning the inter-individual and

intra-individual delay time variability.

2We do this to be consistent with the notation of Section 3.1.2 which is standard in the functional differential
equation (FDE) literature.
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2.3 Delay Issues

As a central focus of our modeling effort has been on attempting to obtain reasonable mathe-

matical representations of these delays, we now consider some of the practical implications of

this approach. Also note that in the subsequent discussions in this section (and indeed the rest

of this document), all numerical simulations for each of the systems of functional differential

equations (FDE) given above were performed using the methods described in Section 3.1.2.

2.3.1 Relevance of Delay

Consider the system of equations (2.2.7)-(2.2.10) with P1, P2 representing the distributions

of the delays between acute infection and viral production and between acute infection and

chronic infection, respectively. For τ1,τ2 > 0, if we assume Heaviside distributions with unit

jumps at −τ1 < 0 and −τ1 − τ2 < 0 for P1, P2, respectively, the system reduces to

V̇ (t) = −cV (t)+nA

∫ 0

−∞
A(t + τ)δ−τ1

(τ)dτ +nCC(t)− pV(t)T (t) (2.3.1)

Ȧ(t) =
(
rv −δA −δX(t)

)
A(t)− γ

∫ 0

−∞
A(t + τ)δ−τ1−τ2

(τ)dτ + pV (t)T(t)(2.3.2)

Ċ(t) =
(
rv −δC −δX(t)

)
C(t)+ γ

∫ 0

−∞
A(t + τ)δ−τ1−τ2

(τ)dτ (2.3.3)

Ṫ (t) = (ru −δu −δX(t)− pV(t))T (t)+S , (2.3.4)
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where δ−τ is a Dirac delta “density” with atom at −τ . The evaluation of these integrals results

in a system of non-distributed delay differential equations

V̇ (t) = −cV (t)+nAA(t − τ1)+nCC(t)− pV(t)T (t)

Ȧ(t) =
(
rv −δA −δX(t)

)
A(t)− γA(t− τ1 − τ2)+ pV (t)T(t)

Ċ(t) =
(
rv −δC −δX(t)

)
C(t)+ γA(t− τ1 − τ2)

Ṫ (t) = (ru −δu −δX(t)− pV(t))T (t)+S ,

(2.3.5)

for 0 ≤ t ≤ t f where t f finite. We have made this simplification to emphasize the importance of

the delay in accurately modeling the pathogenesis and thus illustrate this point in Figure 2.3.1,

which depicts simulations of the system (2.3.5) with and without discrete delays (i.e., τ1 = 24

and τ2 = 3 in (2.3.5)). Both the undelayed system solutions and the delayed system solutions

were computed for N = 32 (where N, a positive integer, is the index of approximation, with

larger values corresponding to higher accuracy, as explained below in Section 3.1.2) with the

parameters described in Tables 2.2, 4.1, and 4.2 and initial conditions matching the experiment

from [82]. Clearly, the presence of nonzero delays has a dramatic effect upon the simulation,

and indeed this plot was the first indication that our efforts regarding an accurate mathemat-

ical characterization of the delay were justified (further evidence in the form of a statistical

significance argument is presented in Section 4.2).
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Figure 2.3.1: Simulations of system (2.3.5) with (τ1 = 24, τ2 = 3) and without (τ1 = 0, τ2 = 0)
discrete delays.
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2.3.2 Gamma Distribution Issues

If we assume that P1, P2 are � 1(−∞,0;R) with probability densities (also known as kernels)

k1, k2, respectively, the system in (2.2.7)-(2.2.10) becomes

V̇ (t) = −cV (t)+nA

∫ 0

−∞
A(t + τ)k1(τ)dτ +nCC(t)− pV(t)T(t) (2.3.6)

Ȧ(t) =
(
rv −δA −δX(t)

)
A(t)− γ

∫ 0

−∞
A(t + τ)k2(τ)dτ + pV (t)(Tt) (2.3.7)

Ċ(t) =
(
rv −δC −δX(t)

)
C(t)+ γ

∫ 0

−∞
A(t + τ)k2(τ)dτ (2.3.8)

Ṫ (t) = (ru −δu −δX(t)− pV(t))T (t)+S . (2.3.9)

We present the system in this form, as it helps us to elucidate some issues concerning other ef-

forts to include delay mechanisms in HIV modeling. Specifically, the use of the scaled gamma

function

kΓ(ξ ;b,n) =
ξ n−1

(n−1)!bn (2.3.10)

as the distribution of the times to viral production (for infected cells) is a particularly popular

modeling choice. The advantage to using the gamma distribution is that with a clever change of

variables, the distributed delay system can be rewritten as a non-delayed system of ODE’s (and

thus easily simulated using standard software packages, e.g., Matlab). This transformation is

known as the method of stages, which we referred to in Section 1.2.2. A full derivation of the

equivalent system of ODE’s (where just the viral production delay is modeled with a gamma

distribution) is presented in [66]. However, from our perspective, the use of a gamma function

as a kernel with fixed parameters b, n is problematic (and somewhat misleading if one is trying
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to introduce randomness) because it implies simple deterministic dynamics in the description

of the internal variable model represented by the delay terms. These dynamics are easily seen

as they manifest themselves in the V̇ equation, which by introducing the internal variables

y = (y1, . . . ,yn)
T reduces equation (2.3.6) to the equivalent system

V̇ (t) = −cV (t)+nCC(t)+nAyn(t)− pV(t)T (t)

ẏ1(t) =
(
A(t)− y1(t)

)
/b

ẏ2(t) =
(
y1(t)− y2(t)

)
/b

...
...

...

ẏn(t) =
(
yn−1(t)− yn(t)

)
/b .

(2.3.11)

If we write the vector version of ẏ , we find that

ẏ(t) =
(
B1 +B2

)
y(t)+ 1

b




A(t)

0

...

0




=
(
B1 +B2

)
y(t)+F(t) ,
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where

B1 = diag
(
−b−1) , B2 =




0 · · · · · · · · · 0

1/b
. . .

...

0
. . . . . .

...

...
. . . . . . . . .

...

0 · · · 0 1/b 0




.

Note that if we were to use this method, an analogous system of equations are needed to rep-

resent the delays in (2.3.7) and (2.3.8). Furthermore, while this kernel does generate equations

which are simple to simulate on a computer (an unnecessary simplification, given the well-

developed numerical methods for delay systems developed in [8, 10] and described in Section

3.1.2), the resulting model is equivalent to a model with completely identical deterministic in-

ternal dynamics for each sub-population of cells. That is, the choice of the gamma kernel to

describe the delay distribution yields a system that is equivalent to a completely deterministic

system. Moreover, the use of this kernel and its purported connections with uncertainty across

a population can readily lead to a false impression of the presence of randomness in the model.

If one chooses to use this delay representation for the internal dynamics, one way to truly in-

troduce randomness or uncertainty into the model is to make b or n or both random in (2.3.10)

and hence in (2.3.11).

Remark 2.3.1. We note that the kernel (2.3.10) is a special case of a kernel that can be written

in terms of the impulse response function e(B1+B2)t . That is, in (2.3.11) we have that yn(t) is
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given by the nth component of the vector function

y(t) =
∫ t

0
e(B1+B2)(t−s)F(s)ds .

Indeed any kernel that is generated by an n-dimensional linear system

ẏ(t) = B3y(t)+F(t)

for internal dynamics similar to the situation in (2.3.11) will result in an apparently stochastic

dependent equation (2.2.7) which is in reality completely equivalent to a deterministic system.

For a discussion of such representations in the context of internal dynamics and hysteresis in

composite materials (which has the same form as the uncertainty in the present models), we

refer the reader to [11].

2.3.3 Kernel Choice and Form

A primary advantage of our methodology and numerical scheme lies in the fact that for systems

that are linear in the delay term (like (2.3.6)-(2.3.9)), we can consider arbitrary kernels and not

just ones based upon the gamma function. Moreover, for distributions parameterized by their

mean µ and variance σ 2, this flexibility will allow us to (in theory) independently identify µ

and σ 2.

In order to use the method of stages (MOS) to simulate a system like (2.2.7)-(2.2.10), it is

required that the distribution for any delay be represented by a gamma function, i.e., the use of
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the MOS is impossible without this assumption. Moreover, for the gamma function, the mean

µ and the variance σ 2, are described by b and n (µ = nb and σ 2 = nb2), where b is a real and n

is a positive integer. In the MOS implementation, n then corresponds to the order of the system

of approximating ODE’s (see equation (2.3.11)), while b is a coefficient in the system. In

other words, in order to use the MOS to identify µ (using the given data in an NLS parameter

identification framework), it is necessary identify the number of equations to be used in the

approximation. This is a most challenging problem, since the NLS optimization would thus be

trying to identify two reals using a real and an integer. Moreover, in any iterative procedure,

the order of the underlying system could change with each iteration. If we used our numerical

scheme and chose (for example) k1 as the gamma function in (2.3.6), we do not encounter this

issue, since we do not place any requirements on the shape of the distribution (it only needs

to be L2(−r,0;R)). However, we remark that a straightforward evaluation of the resulting

convolution integral is problematic and results in floating point arithmetic under/overflow. The

issues involved, along with an implementation of the convolution that accounts for the problem

(while only incurring a minimal increase in simulation time), are explored in Appendix A.

For the HIV phenomena we are studying, it is theorized that the shape of the delay distribu-

tions is roughly unimodal and symmetric [28]. Therefore, in our initial studies we considered

simulations using density functions consisting of a (normalized) triangular hat function, an in-

verted quadratic function, a gaussian function, and (of course) a gamma function. Since there

is no quick change of variables for three of these systems that will reduce them to a system

of ODE’s, alternate numerical methods are required to simulate the dynamics of the modeled
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system.

The numerical implementation for each of these kernels is of the form

k(s; µ,ς ,s1,s2) =
K(s; µ,ς)χ[s1,s2]

(s)
∫ 0
−∞ K(ξ ; µ,ς)χ[s1,s2]

(ξ )dξ
(2.3.12)

with mean µ , width ς , support [s1,s2] ⊂ R, indicator function χ
[a,b]

for the interval [a,b],

and where the choice of K determines which kernel is under consideration. For example, the

(normalized) hat and inverted quadratic kernels are described by

k̂(s; µ,ς ,s1,s2) =
K̂(s; µ,ς)χ

[s1,s2]
(s)

∫ 0
−∞ K̂(ξ ; µ,ς)χ

[s1,s2]
(ξ )dξ

(2.3.13)

where

K̂(ξ ; µ,ς) =

(
2ξ
ς 2 +

1
ς

(
1− 2µ

ς

))
χ

[µ− ς
2 ,µ]

(ξ )

+

(
−2ξ

ς 2 +
1
ς

(
1+

2µ
ς

))
χ

[µ,µ+ ς
2 ]
(ξ )

and

k̃(s; µ,ς ,s1,s2) =
K̃(s; µ,ς)χ

[s1,s2]
(s)

∫ 0
−∞ K̃(ξ ; µ,ς)χ

[s1,s2]
(ξ )dξ

(2.3.14)

where

K̃(ξ ; µ,ς) =
1

(ξ −µ)2 + ς
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Figure 2.3.2: Sample graphs of the hat k̂ and inverted quadratic k̃ kernels.

respectively. Note that except for the gaussian and gamma functions, the width ς is not equal

to the standard deviation σ , it is merely an arbitrary parameter used to conveniently control the

width of a kernel. Thus for both the hat and inverted quadratic kernels, the width ς and the

variance σ 2 are related, but in a mathematically nontrivial way.

We depict in Figure 2.3.2 sample plots for k̂ and k̃. Note that in order to preserve the

normalization, the height of these kernels automatically scales with changes in the width ς .

Moreover, if s1, s2 are chosen so that s1 < µ − ς
2 , s2 > µ + ς

2 , the support for the hat kernel k̂

will always be [µ − ς
2 ,µ + ς

2 ] (which we have done in all the calculations reported on in this

paper). We use the χ
[s1,s2]

notation in the k̂ kernel only to have consistency in the notation when

we compare kernels in Section 4.2.
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Mathematical Analysis

For those interested in the mathematical aspects of simulating an FDE system, Section 3.1

contains the necessary mathematical and numerical analysis foundations. In Section 3.1.1, we

describe the conversion of the FDE system to an Abstract Evolution Equation (AEE) system

as well as provide existence and uniqueness results for a solution to the Functional Differential

Equation (FDE). As is discussed in Section 3.1.2, we then approximate the state for this FDE

by and element in the space spanned by piece-wise linear splines (i.e., in a Galerkin approach)

and numerically calculate the generalized Fourier coefficients of approximate solutions relative

to the splines. With these coefficients, we recover an approximation to the solution of the FDE

and then provide a convergence proof for this numerical approximation scheme.

Some of the parameters used in our modeling are not known to a high degree of accuracy

and in order to identify them, we perform a nonlinear least squares (NLS) optimization and thus

we must examine the well-posedness of this inverse problem. In Section 3.2.1 we describe the

30
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space of admissible parameters, while in Section 3.2.2 we present well-posedness results for

the forward problem. We complete our discussion in Section 3.2.3 by presenting arguments

for the existence of a solution to the inverse problem and that that solution is continuously

dependent upon the given data.

The last section in this chapter (Section 3.3) contains a discussion of the theoretical foun-

dations for the sensitivity equations. In Section 3.3.1, we present justifications for the well-

posedness of the sensitivity equations with respect to one parameter, while in Section 3.3.2 we

discuss some of the practical issues regarding a simulation of the sensitivity system.

3.1 Functional Differential Equation Analysis

3.1.1 Existence and Uniqueness

Throughout the rest of this document r ∈R, is to be thought of as the largest possible hysteretic

influence of the delay distributions. In other words, for the current time t, anything that happens

in the system before t − r does not affect the current dynamics. With this convention, we let

x(t) =
[
x1(t),x2(t),x3(t),x4(t)

]T
= [V (t),A(t),C(t),T(t)]T

and

xt(θ) = x(t +θ) , −r ≤ θ ≤ 0, r ∈ R
+.
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Thus our system, as described in (2.2.7)-(2.2.10), can then be written as

ẋ(t) = L(x(t),xt)+ f1 (x(t))+ f2(t) for 0 ≤ t ≤ t f

(
x(0),x0

)
= (Φ(0),Φ) ∈ Z , Φ ∈ �

(
−r,0;R4

)
(3.1.1)

where t f is finite, Z = R
4 ×L2(−r,0;R4) is the state space, and for (η,φ) ∈ Z,

L(η,φ) =




−c 0 nC 0

0 rv −δA 0 0

0 0 rv −δC 0

0 0 0 ru −δu




η +nA

[
δ(1,2)

]
(4,4)

∫ 0

−r
φ(θ)dP1(θ)

+γ
([

δ
(3,2)

]
(4,4)

−
[
δ
(2,2)

]
(4,4)

)∫ 0

−r
φ(θ)dP2(θ) ,

f1(η) =




−pη1η4

−δ
(
∑4

i=2 ηi

)
η2 + pη1η4

−δ
(
∑4

i=2 ηi

)
η3

−δ
(
∑4

i=2 ηi

)
η4 − pη1η4




,

f2(t) = [0,0,0,S]T , 0 ≤ t ≤ t f .

Here Φ is the initial time history of the system on [−r,0], P1, P2 are probability distributions,

and [δ(i, j)](4,4) denotes a 4 by 4 matrix with a one in the (i, j)th element and zeros elsewhere.
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Following the discussion in [3] regarding the existence and uniqueness of a solution to

(3.1.1), we consider the following definitions and lemmas.

We define the norm on the space Z as

‖(η,φ)‖Z =

(
|η|2 +

∫ 0

−r
|φ(θ)|2 dθ

)1/2

, (η,φ) ∈ Z .

Clearly, Z is a Hilbert space with inner product

〈(η,φ) ,(ζ ,ψ)〉Z = ηT ζ +

∫ 0

−r
φ(θ)T ψ(θ)dθ ,

for (η,φ), (ζ ,ψ) ∈ Z.

For the following discussion, we denote |·| as the norm on R
4 (or the induced norm on

R
4×4, depending on the context) and ‖·‖ as the norm on L2(−r,0;R4). Throughout, we re-

strict our attention to initial (η,φ) ∈ Z such that φ is at least piecewise continuous and hence

Borel measurable. This ensures that the right side of (3.1.1) is well defined for probability

distributions P1, P2.

As mentioned in Section 2.1, the nonlinearities exemplified by terms such as px1x4 are

biologically unrealistic. However, these nonlinear terms in f1 can be replaced by standard

saturation limited nonlinearities such as

px1x4 by p1(x1)x4

and δxix j by δi(xi)x j (for i, j = 2,3,4) ,
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where

p1(x1) =





0 x1 < 0

px1 0 ≤ x1 ≤ x̄1

p x̄1 x̄1 < x1 ,

(3.1.2)

and

δi(xi) =





0 xi < 0

δxi 0 ≤ xi ≤ x̄i

δ x̄i x̄i < xi ,

(3.1.3)

(for finite upper bounds x̄i ∈ R
+, i = 1,2,3,4), and where f1 can be replaced by

f̃1(η) =




−p1(η1)η4

−
(
∑4

i=2 ηi

)
δ2(η2)+ p1(η1)η4

−
(
∑4

i=2 ηi

)
δ3(η3)

−
(
∑4

i=2 ηi

)
δ4(η4)− p1(η1)η4




, η ∈ R
4. (3.1.4)

Note that pi and δi are globally bounded functions satisfying p1(x1) ≤ p x̄1 and δi(xi) ≤ δ x̄i.

Indeed they are piecewise differentiable, satisfying p′1(x1) ≤ p and δ ′
i (xi) ≤ δ .

Now we can prove the global existence and uniqueness of a solution to

ẋ(t) = L(x(t),xt)+ f̃1(x(t))+ f2(t) for 0 ≤ t ≤ t f ,

(
x(0),x0

)
= (Φ(0),Φ) ∈ Z

(3.1.5)
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with t f finite, through the following series of steps. We first define � = L+ f̃1 on Z by

� (η,φ) = L(η,φ)+ f̃1(η) .

Lemma 3.1.1. The function � = L+ f̃1 : Z → R
4 is piecewise continuously differentiable.

Proof. Given that all pertinent components of the equation (3.1.5) are piecewise continuously

differentiable, we can conclude that the function � is as well.

Lemma 3.1.2. For all (η,φ), (ζ ,ψ) ∈ Z the function � = L + f̃1 satisfies a global Lipschitz

condition

| � (η,φ)− � (ζ ,ψ)| ≤ KL {|η −ζ |+‖φ −ψ‖} (3.1.6)

for some fixed constant KL > 0.

Proof. Let

M =




−c 0 nC 0

0 rv −δA 0 0

0 0 rv −δC 0

0 0 0 ru −δu




and observe that we have

| � (η,φ)− � (ζ ,ψ)| ≤ |L(η,φ)−L(ζ ,ψ)|+
∣∣ f̃1(η)− f̃1(ζ )

∣∣ . (3.1.7)
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The first term in the sum on the right side of (3.1.7) is easily bounded by

|L(η,φ)−L(ζ ,ψ)| =

∣∣∣∣M (η −ζ )+nA

[
δ
(1,2)

]
(4,4)

∫ 0

−r
(φ(θ)−ψ(θ))dP1(θ)

+γ
([

δ(3,2)

]
(4,4)

−
[
δ(2,2)

]
(4,4)

)∫ 0

−r
(φ(θ)−ψ(θ))dP2(θ)

∣∣∣∣

≤ max
{
|M| ,

∣∣nA

∣∣ ,2 |γ|
}

(|η −ζ |+‖φ −ψ‖) .

To bound the second term, note that the multidimensional Mean Value Theorem implies that

for η,ζ ∈ R
4

f̃1(η)− f̃1(ζ ) =
∫ 1

0

〈
D f̃1(η +θ(ζ −η)),η −ζ

〉
dθ ,

where the 4×4 matrix valued function is given by

D f̃1 =

[
∂1 f̃1 ∂2 f̃1 ∂3 f̃1 ∂4 f̃1

]
,

where ∂i f̃1 is the partial derivative of f̃1 with respect to the ith component of its vector argu-

ment.

Define Ω̄ = {x ∈ R
4 : xi ≤ x̄i, i = 1,2,3,4} and recall the definition of f̃1 in (3.1.4). For

x ∈ Ω̄, D f̃1 is linear and |D f̃1| ≤ K1
L(Ω̄) for some constant K1

L > 0 that depends upon Ω̄. On

R
4 \ Ω̄, D f̃1 is constant and hence |D f̃1| ≤ K2

L(Ω̄) for some constant K2
L > 0 that depends upon

Ω̄.
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By the properties of integrals and Cauchy-Schwarz we then know that

∣∣ f̃1(η)− f̃1(ζ )
∣∣ ≤

∫ 1

0

∣∣〈D f̃1(η +θ (ζ −η)),ζ −η
〉∣∣dθ

≤
∫ 1

0

∣∣D f̃1(η +θ (ζ −η))
∣∣ |ζ −η|dθ

≤ max
{

K1
L,K2

L

}
|η −ζ | .

Combining these results we obtain the global Lipschitz condition (3.1.6) for

KL = max
{
|M| ,

∣∣nA

∣∣ ,2 |γ| ,K1
L,K2

L

}
.

Remark 3.1.3. Note that in the above Lemma, KL may not necessarily be the minimal Lipschitz

constant; we merely wish to emphasize its existence for use in a subsequent theorem.

Following the standard arguments for the existence and uniqueness of the solution to an

ODE on a finite interval I = [0, t f ], we begin by noting that as a consequence of the Second

Fundamental Theorem of Calculus, we can rewrite (3.1.5) as

x(t) = Φ(0)+
∫ t

0

{
L(x(s),xs)+ f̃1(x(s))+ f2(s)

}
ds t ∈ I ,

= Φ(t) − r ≤ t < 0 .

(3.1.8)

We now make the following definition.
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Definition 3.1.4. Let successive approximations to the solution of (3.1.8) on [−r, t f ] be defined

for j = 0,1,2, . . ., as

y0(t) =





Φ(0) t ∈ I

Φ(t) −r ≤ t < 0

y j+1(t) = Φ(0)+
∫ t

0

{
L(y j(s),(y j)s)+ f̃1(y j(s))+ f2(s)

}
ds t ∈ I ,

= Φ(t) − r ≤ t < 0 .

(3.1.9)

Theorem 3.1.5. Given a finite interval I, suppose L+ f̃1 satisfies both Lemma 3.1.1 and Lemma

3.1.2. Then there exists a unique solution to (3.1.5) on I, whenever Φ is at least piecewise

continuous.

Proof. The general idea of our proof is to show that the successive approximations defined in

(3.1.9) converge to a unique solution of (3.1.8).

Let the residual function of two functions z, w be defined as

e(t;z,w) = |z(t)−w(t)|+‖zt −wt‖ , (3.1.10)

for z,w ∈ � (−2r, t f : R
4), t ∈ I = [−r, t f ] and let � be defined as

� (t;z) = L(z(t),zt)+ f̃1(z(t))

for z ∈ � (−2r, t f ;R
4), t ∈ I.
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If we consider the residual for the functions y j+1 and y j, we find that for t ∈ I and j > 0

e(t;y j+1,y j) =

∣∣∣∣
∫ t

0

{
� (s;y j)− � (s;y j−1)

}
ds

∣∣∣∣

+

∥∥∥∥
∫ t+·

0

{
� (s;y j)− � (s;y j−1)

}
ds

∥∥∥∥

≤ KL

∫ t

0
e(s;y j,y j−1)ds+

∥∥∥∥KL

∫ t+·

0
e(s;y j,y j−1)ds

∥∥∥∥

and thus

e(t;y j+1,y j) ≤ 2KL max
{

1,
√

r
}∫ t

0
e(s;y j,y j−1)ds . (3.1.11)

Note that the case for j = 0 (with t ∈ I) is special

e(t;y1,y0) =
∣∣y1(t)− y0(t)

∣∣+
∥∥(y1

)
t −
(
y0

)
t

∥∥

=

∣∣∣∣
∫ t

0

{
� (s;y0)+ f2(s)

}
ds

∣∣∣∣+
∥∥∥∥
∫ t+·

0

{
� (s;y0)+ f2(s)

}
ds

∥∥∥∥

≤ 2max
{

1,
√

r
}∫ t

0

{
KL

∣∣e(s,y0,0)
∣∣+ |S|

}
ds

≤ 2max
{

1,
√

r
}∫ t

0
{KL (|Φ(s)+‖Φ‖|)+ |S|}ds

≤ 2max
{

1,
√

r
}

(KL (|Φ(0)+‖Φ‖|)+ |S|) |t| ,

and thus

e(t;y1,y0) ≤ max
{

1,
√

r
}

KG |t|

where

KG = 2(KL (|Φ(0)|+‖Φ‖)+ |S|) .
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We claim that from (3.1.11) and the j = 0 case, we have

e(t;yn+1,yn) ≤
KG

2KL

(2max{1,
√

r}KL |t|)
n+1

(n+1)!
, t ∈ I . (3.1.12)

Clearly, this is true for n = 0, and the general case follows easily from induction using (3.1.11).

Using the estimate (3.1.12), we can then infer that

∞

∑
j=0

e(t;y j+1,y j) ≤ KG

2KL

∞

∑
j=0

(2max{1,
√

r}KL |t|)
( j+1)

( j +1)!

≤ KG

2KL
e2max{1,

√
r}KL|t| .

Thus, by the comparison test, ∑∞
j=0 e(t;y j+1,y j) converges uniformly for t ∈ I, which proves

that {y j(t)} converges uniformly for all t ∈ I. Denote lim j→∞ y j(t) as y(t). Since the y j’s are

continuous and converge uniformly to y, we see that y is both continuous on I and satisfies

(3.1.5) by taking limits in (3.1.9). Note that this also yields y absolutely continuous on [0, t f ]

To prove the uniqueness of our solution, suppose we have two distinct solutions {y, ỹ} ∈

� (−r, t f ;R
4) to (3.1.8). Using the same arguments as in establishing (3.1.11), we have

e(t;y, ỹ) ≤
∣∣∣∣
∫ t

0
{ � (s;y)− � (s; ỹ)}ds

∣∣∣∣+
∥∥∥∥
∫ t+·

0
{ � (s;y)− � (s; ỹ)}ds

∥∥∥∥

≤ 2max
{

1,
√

r
}

KL

∫ t

0
e(s;y, ỹ)ds .



CHAPTER 3. MATHEMATICAL ANALYSIS 41

Thus by Gronwall’s inequality we have that

|y(t)− ỹ(t)|+‖yt − ỹt‖ ≤ 0 for t ∈ I,

and thus y(t) = ỹ(t) for t ∈ I and also for t ∈ [−r,0] since both solutions satisfy the same initial

condition.

We have therefore now proven that there exists a unique solution (for [−r, t f ]) to (3.1.8)

and thus to (3.1.5), which is in fact absolutely continuous on [0, t f ]. Moreover, if the initial

condition Φ is in � (−r,0;R4), we can also conclude that x(t) ∈ � (−r, t f ;R
4).

In our simulations, where the states do not exceed the predefined upper bounds in (3.1.2),

(3.1.3), we know that these solutions solve (3.1.1) as well as (3.1.5). In any case (3.1.5) is the

biologically meaningful system.

3.1.2 Abstract Evolution Equation Implementation

The system described by (3.1.5) can be written in a form that facilitates a discussion regarding

its approximation which is developed fully in [10] and will only be summarized here.

Define the nonlinear operator � : � ( � ) ⊂ Z → Z by

� ( � ) =
{
(ψ(0),ψ) ∈ Z : ψ ∈ H1(−r,0;R4)

}

� (ψ(0),ψ) =
(
L(ψ(0),ψ)+ f̃1 (ψ(0)) , d

dθ ψ
)

.
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With this definition, we can then write (3.1.5) in the form

ż(t) = � z(t)+
(

f2(t),0
)

z(0) = z0 ,

(3.1.13)

where ( f2(t),0)∈ Z and z0 ∈ Z.

Let {ZN,PN , � N} be our approximation scheme for (3.1.13) satisfying the conditions of

Theorem 3.1 in [10], where ZN is a spline subspace of Z, P
N is the orthogonal projection of Z

onto ZN , and � N is the approximating operator � N = P
N � P

N . Thus, using {ZN,PN, � N}

we can generate an approximation to the formulation described by (3.1.13), which we denote

by

żN(t) = � NzN(t)+P
N( f2(t),0)

zN(0) = P
N(η,φ) .

(3.1.14)

As before, the second Fundamental Theorem of Calculus implies that an alternative description

of (3.1.14) is

zN(t) = P
N(η,φ)+

∫ t

0

{
� NzN(σ)+P

N( f2(σ),0)
}

dσ .

Theorem 3.1.6. Given the systems described in (3.1.5) and (3.1.14) with (η,φ) = (ψ(0),ψ),

ψ ∈ H1(−r,0;R4), under the conditions of Lemmas 3.1.1 and 3.1.2, we have that zN(t) →

x(t;ψ, f2),xt(ψ, f2)), as N → ∞, uniformly in t on the finite interval I.

Proof. The function f2 is clearly in L2(I) and thus Theorem 2.2 in [3] directly implies our

desired conclusion.

As in [10], we choose hat functions (piece-wise linear splines) as our basis for ZN
1 (the sub-
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space of ZN spanned by the hat functions). Thus, if we partition [−r,0] by tN
j = − j(r/N), j =

0, . . . ,N, we can then define the basis β̂ N = (β N(0),β N) by

β N =
[
eN

0 ,eN
1 , . . . ,eN

N

]
⊗ In

where In is the n×n identity matrix and the eN
j ’s are characterized by

eN
j (tN

i ) = δi j; i, j = 0, . . . ,N .

Therefore, an element in ZN
1 can be written as

zN = β̂ NαN =
N

∑
j=0

(
eN

j (0),eN
j

)
aN

j , with aN
j ∈ R

N .

Denote AN as the matrix representation of � N restricted to ZN
1 and let wN(t) and FN(t) be

defined such that zN(t) = β̂ NwN(t) and P
N( f2(t),0) = β̂ NFN(t) respectively. By construction

we have that � N β̂ N = β̂ NAN , which implies that solving (3.1.5) for zN(t) is equivalent to

solving

ẇN(t) = ANwN(t)+FN(t) t ∈ I ,

wN(0) = wN
0

(3.1.15)

for wN(t), where β̂ NwN
0 = P

N(η,φ).

We remark that if we are able to obtain wN , the product β̂ NwN converges uniformly in t on
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I to the solution of (3.1.5)

lim
N→∞

β̂ NwN(t,wN
0 ,FN) =

(
x(t;η,ψ, f2),xt(η,ψ, f2)

)
.

For the numerical simulation of (3.1.15), it is necessary to compute P
N(γ,ψ) for any

(γ,ψ) ∈ Z and ANαN for αN ∈ R
n. Since P

N(γ,ψ) is the orthogonal projection of (γ,ψ) ∈ Z

onto ZN , P
N(γ,ψ) is uniquely determined by the µN ∈ R

N such that

〈
β̂ N µN − (γ,ψ) , β̂ N

〉
Z

= 0

or equivalently,
〈

β̂ N , β̂ N
〉

Z
µN =

〈
β̂ N ,(γ,ψ)

〉
Z

. (3.1.16)

Thus, solving (3.1.16) for µN yields P
N(γ,ψ) = β̂ NµN for any (γ,ψ) ∈ Z and implies that

FN(t) is uniquely defined by

FN(t) =
(〈

β̂ N , β̂ N
〉

Z

)−1〈
β̂ N,

(
f2(t),0

)〉
Z

.

To calculate ANαN , first consider the action of � N applied to β̂ NαN , an element of ZN .

We know that for any αN ∈ R
n

� Nβ̂ NαN = P
N
(

� β̂ NαN
)

= P
N (L((β N(0)αN),β NαN)+ f̃1(β

N(0)αN),D(β NαN)
)
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and that � Nβ̂ NαN = β̂ NANαN . Thus

0 = β̂ NANαN −P
N
{

L((β N(0)αN),β NαN)+ f̃1

(
β N (0)αN) , d

dθ
(
β NαN)

}

and

0 =

〈
β̂ N, β̂ NANαN −

{
L(β N(0)αN),β NαN)+ f̃1(β

N(0)αN),
d

dθ
(
β NαN)

}〉

Z

which implies that

〈
β̂ N, β̂ N

〉
Z

(
ANαN)=

〈
β̂ N,

{
L(β N(0)αN),β NαN)+ f̃1(β

N(0)αN),
d

dθ
(
β NαN)

}〉

Z
.

Therefore, for any αN ∈ R
n, the action of AN on αN is defined by

(〈
β̂ N, β̂ N

〉
Z

)−1
〈

β̂ N ,

{
L(β N(0)αN),β NαN)+ f̃1(β

N(0)αN),
d

dθ
(
β NαN)

}〉

Z
.

With these characterizations, we can now calculate wN(t) and thus zN(t) (on I), and thus

a numerical approximation to the solution of (3.1.5). We note that the characterization of the

FDE system allows us to include both discrete and distributed delays in any modeling and

simulation investigations.
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3.2 Inverse Problem

Before performing our NLS optimization to identify certain parameters in our model, we need

to verify the well-posedness of this inverse problem. Therefore, in this section we extend the

definition of the solution x and the right side � to also be dependent upon upon the fixed

parameters or distributions (depending upon the parameter of interest). We are interested in

identifying only a specific subset of them, since some of their values are already well estab-

lished. In particular we are most interested in the delay distributions and as such, they are

primary focus of our efforts.

3.2.1 Parameter Space

We begin our study of the inverse problem by remarking that typically, one would only be

interested in identifying q ∈ Qad , where q is a vector (e.g., [γ, p,δ ]) and Qad is the domain of

admissible parameters. However, we are most interested in the delay distributions, and thus we

let Qr = [−r,0], S be the class of all Borel subsets of Qr (the Borel σ -algebra), and � (Qr) be

the space of probability measures on (Qr,S). Moreover, to establish the theoretical framework

necessary to identify both probability distributions P1 and P2 from (3.1.1), we denote

Πad = � (Qr)× � (Qr) ,

where π ∈ Πad , means that π = (P1,P2), for P1,P2 ∈ � (Qr).

In the following discussion, we make use of a construct from advanced probability theory,
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the Prohorov metric (denoted ρ). As is discussed in [14, 35], convergence in the Prohorov

metric is equivalent to weak convergence (and actually weak* convergence, when considering

� ⊂ � ∗). We describe a topology for Πad by defining the following metric. For π̄, π̂ ∈ Πad ,

let

ρΠ(π̄, π̂) = ρ(P̄1, P̂1)+ρ(P̄2, P̂2) .,

where π = (P1,P2) and π̂ = (P̂1, P̂2). Given our data X̂ ∈ R
10, the goal of the inverse problem

is to find a solution to

min
π∈Πad

J(π, X̂) = min
π∈Πad

1
10

√
10

∑
i=1

(
X(ti,π)− X̂i

)2
, (3.2.1)

where X is the total cell compartment (see Table 2.1). Note that in general, J may not neces-

sarily have a unique minimizer, in which case the corresponding solution (denoted by Π∗(X̂))

could be a set of pairs and not just one pair of probability distribution functions. In this case,

we define the distance between two of these sets Π∗(X) and Π∗(X̂) ( for data X , X̂) to be

dH(Π∗(X),Π∗(X̂)) = inf
{

ρΠ(π, π̂);π ∈ Π∗(X), π̂ ∈ Π∗(X̂)
}

,

the Hausdorff distance (see [49] for more information on Hausdorff distances).

As mentioned in Section 3.1.1, we have a uniformly convergent (in t on finite intervals for

fixed π) numerical scheme which generates an approximate solution xN to (3.1.1), and thus to

X(ti,π). However, we have not yet shown that as N → ∞, xN(πN) → x(π) as πN → π in the

ρΠ metric. This is the focus of the next section and forms the theoretical basis for our attempt
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to numerically solve

min
π∈Πad

JN(π, X̂) = min
π∈Πad

1
10

√
10

∑
i=1

(
XN(ti,π)− X̂i

)2
, (3.2.2)

where N is a problem dependent index of approximation.

3.2.2 Well-posedness of the Forward Problem

In order to consider calculating a solution to (3.2.2), we must establish the well posedness

of this optimization problem. Thus we must prove that the solution to (3.1.1) is continuous

in the delay and that there exists a solution to both (3.2.1) and then to (3.2.2). Following the

development in [7], with inspiration from [4, 5] for extending those results to Πad from � (Qr),

we will examine both the problem stability and the method stability.

We say that the forward problem is well-posed if the unique solution to the model (in our

case x) is continuously dependent upon the parameter π which we are trying to identify. Recall

the original system described in Section 3.1.1 and that within our definition of � , we have a

priori defined the delay distributions P1 and P2. Let us fix t ∈ [0, t f ] and consider the continuity

of a solution to (3.1.1) with respect to these delay distributions. Thus we interpret the solution x

as the mapping x(t, ·) : Πad →R
4, parameterized by the time t. Similarly, we interpret the right

side of the differential equation � as the mapping � : Πad ×R
4 × � (−r,0;R4) → R

4. We

note that in fact our only interest is in initial conditions that are at least piecewise continuous

so that throughout we may use the L2 norm even though Φ ∈ � .

Lemma 3.2.1. For all (π̄,(η,φ)), (π̂,(ζ ,ψ)) ∈ Πad ×R
4 × � (−r,0;R4) the function � =
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L+ f̃1 satisfies the following condition

| � (π̄,(η,φ))− � (π̂,(ζ ,ψ))| ≤ KL (|η −ζ |+‖φ −ψ‖)+ � (ψ, π̄, π̂) ,

where

KL = max{|M| ,
∣∣nA

∣∣ ,2 |γ| ,K1
L,K2

L}

from Lemma 3.1.2 and � is a function such that � (ψ, π̄, π̂) → 0 as ρΠ(π̄, π̂) → 0.

Proof. Consider

| � (π̄,(η,φ))− � (π̂,(ζ ,ψ))| ≤ |L((η,φ), π̄)−L((ζ ,ψ), π̂)|+
∣∣ f̃1(η)− f̃1(ζ )

∣∣ .

The bounding of the last term on the right side by |η −ζ | is described in detail in the proof of

Lemma 3.1.2. Thus, let us examine the first term in the sum

|L((η,φ), π̄)−L((ζ ,ψ), π̂)| ≤ |M (η −ζ )|+
∣∣nA

∣∣
∣∣∣∣
∫ 0

−r
φ(θ)dP̄1(θ)−

∫ 0

−r
ψ(θ)dP̂1(θ)

∣∣∣∣

+2 |γ|
∣∣∣∣
∫ 0

−r
φ(θ)dP̄2(θ)−

∫ 0

−r
ψ(θ)dP̂2(θ)

∣∣∣∣

≤ |M| |η −ζ |+
∣∣nA

∣∣
(∣∣∣∣
∫ 0

−r
{φ(θ)−ψ(θ)}dP̄1(θ)

∣∣∣∣

+

∣∣∣∣
∫ 0

−r
ψ(θ)dP̄1(θ)−

∫ 0

−r
ψ(θ)dP̂1(θ)

∣∣∣∣
)

+2 |γ|
(∣∣∣∣
∫ 0

−r
{φ(θ)−ψ(θ)}dP̄2(θ)

∣∣∣∣
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+

∣∣∣∣
∫ 0

−r
ψ(θ)dP̄2(θ)−

∫ 0

−r
ψ(θ)dP̂2(θ)

∣∣∣∣
)

.

The sum

∣∣∣∣
∫ 0

−r
ψ(θ)dP̄1(θ)−

∫ 0

−r
ψ(θ)dP̂1(θ)

∣∣∣∣+
∣∣∣∣
∫ 0

−r
ψ(θ)dP̄2(θ)−

∫ 0

−r
ψ(θ)dP̂2(θ)

∣∣∣∣ (3.2.3)

is bounded by a function � which converges to zero when P̄1, P̄2 converge to P̂1, P̂2 in the

Prohorov metric respectively. This result is well known in probability and measure theory and

discussions as well as convergence proofs are available in multiple references [13, 14, 33, 35,

60, 86] (sometimes being referred to as the Helly-Bray theorem). Moreover, combined with

the bounds for the other term (from Lemma 3.1.2), the bounding of (3.2.3) by the � function

yields the Lemma.

Now we are prepared to prove the continuity of the solution with respect to π .

Theorem 3.2.2. Given t ∈ [0, t f ] and π ∈ Πad , the resultant solution to (3.1.1) is point-wise

continuous at π ∈ Πad .

Proof. Since ρΠ is a metric topology, it suffices to argue that x(t,πn)→ x(t,π) for any sequence

{πn}∞
n=1 where as n → ∞, πn → π in ρΠ. Consider the first term in the sum on the right side in

(3.1.10)

|x(t,πn)− x(t,π)| ≤
∫ t

0
| � (πn,(x(s,πn),xs(πn)))− � (π,(x(s,π),xs(π)))|ds .
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By Lemma 3.2.1, we have that

|x(t,πn)− x(t,π)| ≤
∫ t

0
KLe(s,xs(πn),xs(π))ds+ max

s∈[0,t f ]
{ � (xs(π),πn,π)}|t f | , (3.2.4)

where e is the residual of two functions evaluated at a fixed time t (as defined in (3.1.10)). Now

consider the second term in (3.1.10)

‖xt(πn)− xt(π)‖ ≤
∥∥∥∥
∫ t+·

0
| � (πn,(x(s,πn),xs(πn)))− � (π,(x(s,π),xs(π)))|ds

∥∥∥∥

≤
√

r
∫ t

0
| � (πn,(x(s,πn),xs(πn)))− � (π,(x(s,π),xs(π)))|ds ,

which has the same bound as in (3.2.4), but multiplied by
√

r. Combining these two bounds

gives us

e(t,xt(πn),xt(π)) ≤ 2max
{

1,
√

r
}

KL

∫ t

0
e(s,xs(πn),xs(π))ds

+2max
{

1,
√

r
}

max
s∈[0,t f ]

{ � (xs(π),πn,π)}t f ,

and an application of Gronwall’s inequality yields

e(t,xt(πn),xt(π)) ≤ 2max
{

1,
√

r
}

max
s∈[0,t f ]

{ � (xs(π),πn,π)}t f e
∫ t

0 2max{1,
√

r}KLds

≤ 2max
{

1,
√

r
}

max
s∈[0,t f ]

{ � (xs(π),πn,π)}t f e
2max{1,

√
r}KLt f ,

from which it follows immediately that |x(t,πn)− x(t,π)| → 0 as πn → π . Therefore we have
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pointwise continuity of the solution x (and thus X and J) with respect to the optimization

variable of interest π .

Similar arguments can be used to prove that for fixed N, the approximations xN (and hence

XN and JN defined above in (3.2.2)) are continuous in π on Πad . However, the convergence

of |xN(t,πn)− xN(t,π)| → 0 as N,n → ∞ is not as obvious (but still true), and is proven in the

following lemma.

Lemma 3.2.3. For t ∈ [0, t f ], π ∈ Πad , and {πn} ∈ Πad 3 limn→∞ ρΠ(πn,π) = 0, if xN(t,πn)

is the solution to (3.1.14), then |xN(t,πn)− xN(t,π)|→ 0 as N,n → ∞.

Proof. Consider for t ∈ [0, t f ] and P
N
1 the first component of the orthogonal projection operator

P
N

e(t,xN
t (πn),xN

t (π)) =
∣∣xN(t,πn)− xN(t,π)

∣∣+
∥∥xN

t (πn)− xN
t (π)

∥∥

≤ 2max
{

1,
√

r
}

max
θ∈[−r,0]

∣∣xN(t +θ ,πn)− xN(t +θ ,π)
∣∣

≤ 2max
{

1,
√

r
}∫ t

0

∣∣PN
1 � (πn,xN(s,πn),xN

s (πn))

−P
N
1 � (π,xN(s,π),xN

s (π))
∣∣ds

≤ 2KZ

∫ t

0

∣∣ � (πn,xN(s,πn),xN
s (πn))− � (π,xN(s,π),xN

s (π))
∣∣ ,

where KZ = max{1,
√

r}. By Lemma 3.2.1, we then know that

e(t,xN
t (πn),xN

t (π)) ≤ 2KLKZ

∫ t

0

{∣∣xN(s,πn)− xN(s,π)
∣∣+
∥∥xN

s (πn)− xN
s (π)

∥∥}ds

+KZ

∫ t

0
� (xN

s (π),πn,π)ds
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≤ 2KLKZ

∫ t

0
e(s,xN

s (πn),xN
s (π))ds+KZ max

s∈[0,t f ]
� (xN

s (π),πn,π) .

From (3.2.3), it is easily argued that if xN
s (π) → xs(π) uniformly in s, then � (xN

s ,πn,π) → 0

as N,n → ∞. Moreover, an application of Gronwall’s inequality gives us that

e(t,xN
t (πn),xN

t (π)) → 0

as N,n → ∞ and πn → π in the ρΠ metric, and thus we conclude that |xN(t,πn)−xN(t,π)|→ 0

as well.

Corollary 3.2.4. Given the same conditions in Lemma 3.2.3, then |xN(t,πN)− x(t,π)| → 0 as

N → ∞ for πN → π in the ρ metric.

Proof. Consider

∣∣xN(t,πN)− x(t,π)
∣∣ ≤

∣∣xN(t,πN)− xN(t,π)
∣∣+
∣∣xN(t,π)− x(t,π)

∣∣ .

The first term converges because of Lemma 3.2.3, while the second term converges as a result

of our numerical scheme.

With this corollary, we are now prepared to prove our inverse problem existence theorem

in the next section.
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3.2.3 Problem Convergence and Method Stability

As mentioned at the beginning of the last section, in order to fully justify our claim regarding

the well posedness of the inverse problem, we need to examine questions concerning the ex-

istence of a solution to (3.2.1) and (3.2.2) as well as the dependence of those solutions upon

given data.

Theorem 3.2.5. There exists a solution to the inverse problem as described in (3.2.1) and

(3.2.2). Moreover, one can find solutions to the family of problems (3.2.2) that converge to a

solution to (3.2.1) as N → ∞.

Proof. From results in [14], we know that if Qr is compact, (Πad,ρΠ) is also compact. The

Weierstrass theorem (in finite dimensional spaces) states that a continuous function on a com-

pact set has a maximum and a minimum. A simple extension of this theorem (using [61, The-

orem 1, page 40] as a guide) to a semicontinuous functional on a compact subset of a metric

space (as opposed to a normed linear space) indicates that the functional will attain a minimum

on the metric space. By Theorem 3.2.2 and Lemma 3.2.3, we have that both π 7→ x(t,π) and

π 7→ xN(t,π), for fixed t ∈ [0, t f ], are continuous and thus both J and JN are continuous with

respect to π . Therefore, we know that there exist minimizers for the original and approximate

cost functionals J and JN , respectively.

Let {π∗N} ∈ Πad be any sequence of solutions to (3.2.2) and {π∗Nk} a convergent (in ρΠ)

subsequence of minimizers (this is possible since Πad is a compact metric space). Recall that

minimizers are not necessarily unique, but one can always select a convergent subsequence of

minimizers in Πad . Denote the limit (in ρΠ) of this subsequence as π∗. By the minimizing
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properties of π∗Nk ∈ Πad , we then know that

JNk(π∗Nk) ≤ JNk(π) ; ∀π ∈ Πad . (3.2.5)

By Corollary 3.2.4, we have the convergence of xN(t,πN) → x(t,π) and thus JN(πN) → J(π)

as N → ∞ when ρΠ(πN,π) → 0. Therefore in the limit as Nk → ∞, the inequality in (3.2.5)

goes to

J(π∗) ≤ J(π) ; ∀π ∈ Πad , (3.2.6)

with π∗ as the (not necessarily unique) minimizer of (3.2.1).

We have proven not only that there is a solution to the original and approximate inverse

problems, but also that as we increase the accuracy of the approximate solution, in some sense,

it approaches a solution to the original inverse problem.

Next we need to describe more fully the space over which we will be optimizing. Let

QM =
{

qM
j

}M

j=1

for M = 1,2, . . . and

QD =
∞⋃

M=1

QM

where the sequences are chosen such that QD is dense in Qr. For each M ∈ Z
+, let

ΠM
ad =

{
π ∈ Πad : π = (

M

∑
j=1

p1 jχqM
j
,

M

∑
j=1

p2 jχqM
j
);qM

j ∈ QM;
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p1 j, p2, ∈ R; p1 j, p2 j ≥ 0;
M

∑
j=1

p1 j =
M

∑
j=1

p2 j = 1

}

where χ is the indicator function, and define

ΠD =
∞⋃

M=1

ΠM
ad .

Clearly Qr is a complete, separable metric space and thus it is easily shown that using Theorem

3.1 from [5] that ΠD is dense in Πad . We can thus directly conclude that any element π ∈ Πad

can be approximated by a sequence {πM j
} , πM j

∈ ΠM j
ad

such that as M j → ∞, ρΠ(πM j
,π) → 0.

Following the discussion concerning Theorem 4.1 in [5], we now state our theorem regard-

ing the continuous dependence of the inverse problem upon the given data.

Theorem 3.2.6. Let Qr be [−r,0], assume that for fixed t ∈ [0, t f ], π 7→ x(t,π) is continuous

on Πad , and let QD be a countable dense subset of Qr as defined above. Suppose the observed

data X̂m, X̂ ∈R
n (n a positive integer) are such that X̂m → X̂ as m → ∞. Moreover, suppose that

Π∗M
N (X̂m) is the set of minimizers for JN(π; X̂m) over π ∈ ΠM

ad corresponding to the data X̂m.

Similarly, suppose that Π∗(X̂) is the set of minimizers of J(π; X̂) over π ∈ Πad corresponding

to the data X̂. Then, dH(Π∗M
N (X̂m),Π∗(X̂)) → 0 as N,M,m → ∞ and X̂m → X̂ .

Proof. Combine arguments of Theorem 3.2.5 and Corollary 3.2.4 and note that in Theorem 4.1

in [5], the cost function is being optimized over a space of probability distributions. Thus by
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using this theorem we can claim that

dH(Π∗M
N (X̂m),Π∗(X̂)) = inf

{
ρΠ(πM

N,m,π);πM
N,m ∈ Π∗M

N (X̂m),π ∈ Π∗(X̂)
}

= inf
{

ρ(PM
N,m,1,P1)+ρ(PM

N,m,2,P2) ;

πM
N,m = (PM

N,m,1,P
M
N,m,2) ∈ Π∗M

N (X̂m) ,

π = (P1,P2) ∈ Π∗(X̂)
}
→ 0 ,

since each of the terms in the sum converge to zero as N,M,m → ∞ and X̂m → X̂ .

Combining the results of these two theorems, we can claim both that there exists a solu-

tion to the inverse problem and that it is continuously dependent upon the given data. We

have established well-posedness of the forward problem in Section 3.2.2. In this section, we

have shown problem stability and method stability of our inverse problem. Therefore we can

conclude well-posedness of our inverse problem.

Lastly, we note that the theoretical results of this section only apply to the identification

of two parameter distributions. However, the extension to the other parameters (i.e., the ones

not associated with the delay) follows readily from considering the NLS optimization over

Qad × Πad where (as before) Qad is the domain of admissible values for the deterministic

parameters.
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3.3 Sensitivity Analysis

The first step in the sensitivity analysis is to derive the sensitivity equations by formally taking

derivatives (with respect to a parameter of interest) on both sides of the original equation(s).

The solution to this new system (assuming for the moment that it is well-posed) contains infor-

mation regarding the sensitivity of the original system to perturbations in the chosen parameter

(around some a priori fixed value of that parameter). Hereafter we will refer to the solution to

the sensitivity equations as a sensitivity function.

Note that a full and thorough sensitivity analysis can include not only derivatives with

respect to the scalar parameters (e.g., γ or δA), but also Fréchet derivatives with respect to

the delay distributions (e.g., P1 or P2). The following sections include discussions regarding

the well-posedness of the sensitivity equations as well as analysis of an example system of

sensitivity equations. Moreover, while we choose to focus on one particular parameter, we

could have easily chosen any parameter to illustrate the ideas.

In earlier sections, we used the L2 norm because the state space was R
4 ×L2(−r,0;R4). In

this section, we will use R
4× � (−r,0;R4), along with the corresponding norm ‖·‖∞ on [−r,0].

We do this both because the estimates are easier to calculate1 and because the initial conditions

for the sensitivity equations are always zero in our analysis (and hence continuous). This was

not the situation for general solutions to the delay equations treated in earlier sections.

1Note that the use of the L2-norm would not change any of the results.
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3.3.1 Well-posedness of the Sensitivity Equations

Here will only consider distributions P1, P2 that are both differentiable and parameterizable

by a mean µ and a standard deviation σ (i.e., for i = 1,2, pi(θ) = ∂
∂θ Pi(θ) and Pi(θ) =

Pi(θ ,µi,σi) forθ ∈ [−r,0]). Moreover, we will further assume that the resulting densities pi

are � 1 in µi and σi, respectively.

To illustrate the sensitivity procedure, we will consider the sensitivity of our HIV pop-

ulation system with respect to µ1 (mean delay time between viral infection and the initia-

tion of viral production) of the solution x to (3.1.1). Let us fix the forms of the distribu-

tions P1, P2 and consider for t ∈ [−r, t f ], the derivative of x(t,µ1) with respect to µ1 (where

µ1 is the parameter corresponding to the mean of p1). If we let (η,φ) ∈ R
4 × � (−r,0;R4),

t ∈ [0, t f ], µ1 > 0, then from results established in Section 3.1.1, we note that � (t,η,φ ,µ1) =

L(η,φ ; µ1)+ f1(η)+ f2(t) is � 1 in t, η , φ , and µ1 under the smoothness assumptions (from

the same Section) on � , L, f1, and f2. For our specific case, to prove that the derivative of x

with respect to µ1 exists and is continuous in t, we will make use of the following lemma.

Lemma 3.3.1. There exists a solution to the linear (variational) system

ẏ(t) = g1(x(t,µ1);y(t))+g2(µ1;yt)+g3(xt(µ1),µ1;1)

(y(0),y0) = (Ψ(0),Ψ) ∈ R
4 × � (−r,0;R4) ,

(3.3.1)

for 0 ≤ t ≤ t f , x(t,µ1) the solution to (3.1.1), and where for µ,ξ ∈ R, η,ζ ∈ R
4, φ ,ψ ∈
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� (−r,0;R4),

g1(η;ζ ) = Mηζ ,

g2(µ;ψ) = nA

[
δ(1,2)

]
(4,4)

∫ 0

−r
ψ(θ)p1(θ ,µ,σ1)dθ

+γ(
[
δ(3,2)

]
(4,4)

−
[
δ(2,2)

]
(4,4)

)

∫ 0

−r
ψ(θ)p2(θ ,µ2,σ2)dθ

g3(φ ,µ;ξ ) = nA

[
δ
(1,2)

]
(4,4)

∫ 0

−r
φ(θ)

(
∂

∂ µ1
p1(θ ,µ,σ1)

)
(ξ )dθ ,

and where

Mη =




−c− pη4 0 nC

pη4 rv−δA −δ
(
2η2 +η3 +η4

)
−δη2

0 −δη3 rv −δC −δ −δ
(
η2 +2η3 +η4

)

−pη4 −δη4 −δη4

−pη1

−δη2 + pη1

−δη3

ru −δu −δ
(
η2 +η3 +2η4

)
− pη1




Proof. On the right side of (3.3.1), the function g1 +g2 +g3 satisfies both the differentiability

condition (Lemma 3.1.1) and the global Lipschitz condition (Lemma 3.1.2). Following the

reasoning in the proof of Theorem 3.1.5, by defining a convergent sequence of successive

approximations, it can then easily be shown that a solution exists and is unique.
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Remark 3.3.2. Note that Lemma 3.3.1 guarantees the existence of a solution to a system of

equations with a general initial condition Ψ. Recall that in equation (3.1.4), the initial condition

Φ is independent of µ1 and thus the next step will be to argue that system (3.3.1) combined

with the trivial initial condition Ψ = 0 comprises the sensitivity equations.

Theorem 3.3.3. The solution x of (3.1.1) has a derivative with respect to the parameter µ1

and for µ1 = µ > 0, this derivative v(t) = ∂
∂ µ1

x(t,µ) satisfies (3.3.1) with the initial condition

(Ψ(0),Ψ) = (0,0) ∈ R
4 × � (−r,0;R4).

Proof. To prove the existence of a derivative of x with respect to the parameter µ1, we fix µ1

at µ > 0, let ε ∈ R be a perturbation of µ , and for all t ∈ [−r, t f ], define

h(t,µ,ε) = x(t,µ + ε)− x(t,µ) .

The overall structure of the proof is thus to show that

∂
∂ µ1

x(t,µ) = lim
|ε|→0

h(t,µ,ε)

ε

exists and is continuous for t ∈ [−r, t f ]. We begin by considering h

h(t,µ,ε) =
∫ t

0
{ � (s,x(s,µ + ε),xs(µ + ε),µ + ε)− � (s,x(s,µ),xs(µ),µ)}ds

=

∫ t

0
{ � (s,x(s,µ + ε),xs(µ + ε),µ + ε)− � (s,x(s,µ),xs(µ + ε),µ + ε)

+ � (s,x(s,µ),xs(µ + ε),µ + ε)− � (s,x(s,µ),xs(µ),µ + ε)

+ � (s,x(s,µ),xs(µ),µ + ε)− � (s,x(s,µ),xs(µ),µ)}ds .
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According to the Mean Value Theorem [56], we have

h(t,µ,ε) =
∫ t

0

∫ 1

0

{
Dx � (s,x(s,µ)+ s′h(s,µ,ε),xs(µ + ε),µ + ε)(h(s,µ,ε))

+Dxt
� (s,x(s,µ),xs(µ)+ s′hs(µ,ε),µ + ε)(hs(µ,ε))

+Dµ1
� (s,x(s,µ),xs(µ),µ + s′ε)(ε)

}
ds′ds ,

where Dx � , Dxt
� , Dµ1

� are the Fréchet derivatives of � with respect to its second, third,

and fourth arguments respectively. Since � is � 1 in all its arguments, we then know that there

exists linear functions ∆1
s′,ε , ∆2

s′,ε , ∆3
s′,ε (each parameterized by s′ and ε) such that

h(t,µ,ε) =
∫ t

0

∫ 1

0

{
Dx � (s,x(s,µ),xs(µ),µ)(h(s,µ,ε))+∆1

s′,ε(h(s,µ,ε))

+Dxt � (s,x(s,µ),xs(µ),µ)(hs(µ,ε))+∆2
s′,ε(hs(µ,ε))

+Dµ1
� (s,x(s,µ),xs(µ),µ)(ε)+∆3

s′,ε(ε)
}

ds′ds ,

where |∆1
s′,ε |, |∆2

s′,ε |, |∆3
s′,ε | → 0 uniformly in s′ as |ε| → 0. Thus for s ∈ [0, t], ν,ξ ∈ R, η,ζ ∈

R
4, φ ,ψ ∈ � (−r,0;R4), and g1, g2, g3 as defined in Lemma 3.3.1,

Dx � (s,η,φ ,ν)(ζ ) = g1(η;ζ )

Dxt
� (s,η,φ ,ν)(ψ) = g2(ν;ψ)

Dµ1
� (s,η,φ ,ν)(ξ ) = g3(φ ,ν;ξ ) .
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Then the equation for h is

h(t,µ,ε) =
∫ t

0

{
g1(x(s,µ);h(s,µ,ε))+g2(µ;hs(µ,ε))+g3(xs(µ),µ;ε)

}
ds

+

∫ t

0

∫ 1

0

{
∆1

s′,ε(h(s,µ,ε))+∆2
s′,ε(hs(µ,ε))+∆3

s′,ε(ε)
}

ds′ds .

Moreover, since g1, g2, g3 are all linear in their last arguments, the equation for h can be used

to obtain

|h(t,µ,ε)| ≤ ‖ht(µ,ε)‖∞

≤ max
τ∈[t−r,t]

∫ τ

0

{∣∣∣∣g1(x(s,µ); ·)+
∫ 1

0

∣∣∣∆1
s′,ε

∣∣∣ds′
∣∣∣∣ |h(s,µ,ε)|

+

∣∣∣∣g2(µ; ·)+

∫ 1

0

∣∣∣∆2
s′,ε

∣∣∣ds′
∣∣∣∣‖hs(µ,ε)‖∞

+

∣∣∣∣g3(xs(µ),µ; ·)+
∫ 1

0

∣∣∣∆3
s′,ε

∣∣∣ds′
∣∣∣∣ |ε|
}

ds .

Thus for constants K1,K2 > 0, we know that

‖ht(µ,ε)‖∞ ≤ K1

∫ t

0
‖hs(µ,ε)‖∞ ds+K2t f |ε| ,

and a simple application of Gronwall’s inequality implies that

‖ht(µ,ε)‖∞ ≤ K2

∣∣∣t f

∣∣∣ |ε|eK1t f , (3.3.2)

which will be useful in the next step.



CHAPTER 3. MATHEMATICAL ANALYSIS 64

Now, if we divide both sides of the equation for h by ε so that

h(t,µ,ε)

ε
=

∫ t

0

{
g1(x(s,µ);

h(s,µ,ε)

ε
)+g2(µ;

hs(µ,ε)

ε
)+g3(xs(µ),µ;

ε
ε
)

}
ds

+

∫ t

0

∫ 1

0

{
∆1

s′,ε(
h(s,µ,ε)

ε
)+∆2

s′,ε(
hs(µ,ε)

ε
)+∆3

s′,ε(
ε
ε
)

}
ds′ds ,

we note that the form of the integrand is strikingly similar to the right side of the equation

in (3.3.1). For equation (3.3.1), we denote the solution generated using µ1 = µ and initial

condition (Ψ(0),Ψ) = (0,0) ∈ R
4 × � {−r,0;R4} as v(t) for t ∈ [−r, t f ]. Moreover, we claim

that this solution v is equal to the limit of h/ε as |ε| → 0.

By Lemma 3.3.1, we know that v exists and is continuous for t ∈ [−r, t f ]. Clearly v and h/ε

are identically zero for t ∈ [−r,0] for all ε > 0, and thus we consider for t ∈ [0, t f ]

∣∣∣∣v(t)−
h(t,µ,ε)

ε

∣∣∣∣ ≤
∥∥∥∥vt −

ht(µ,ε)

ε

∥∥∥∥
∞

≤ max
τ∈[t−r,t]

∣∣∣∣
∫ τ

0

{
g1(x(s,µ);v(s)− h(s,µ,ε)

ε
)+g2(µ;vs −

hs(µ,ε)

ε
)

+g3(xs(µ),µ;1− ε
ε
)

}
ds−

∫ τ

0

∫ 1

0

{
∆1

s′,ε(
h(s,µ,ε)

ε
)

+∆2
s′,ε(

hs(µ,ε)

ε
)+∆3

s′,ε(
ε
ε
)

}
dτds

∣∣∣∣

≤ max
τ∈[t−r,t]

{∫ τ

0

{∣∣g1(x(s,µ); ·)
∣∣
∣∣∣∣v(s)−

h(s,µ,ε)

ε

∣∣∣∣

+
∣∣g2(µ; ·)

∣∣
∥∥∥∥vs −

hs(µ,ε)

ε

∥∥∥∥
∞

+
∣∣g3(xs(µ),µ; ·)

∣∣ |0|

+

∫ 1

0

{∣∣∣∆1
s′,ε

∣∣∣
∣∣∣∣
h(s,µ,ε)

ε

∣∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣
∥∥∥∥

hs(µ,ε)

ε

∥∥∥∥
∞

+
∣∣∣∆3

s′,ε

∣∣∣ |1|
}

ds′
}

ds

}
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≤
∫ t

0
(
∣∣g1(x(s,µ); ·)

∣∣+
∣∣g2(µ; ·)

∣∣)
∥∥∥∥vs −

hs(µ,ε)

ε

∥∥∥∥
∞

ds

+
∫ t

0

∫ 1

0

{∣∣∣∆1
s′,ε

∣∣∣
∣∣∣∣
h(s,µ,ε)

ε

∣∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣
∥∥∥∥

hs(µ,ε)

ε

∥∥∥∥
∞

+
∣∣∣∆3

s′,ε

∣∣∣ |1|
}

ds′ds .

By equation (3.3.2), we know that

∥∥∥∥vt −
ht(µ,ε)

ε

∥∥∥∥
∞

≤
∫ t

0

{∣∣g1(x(s,µ); ·)
∣∣+
∣∣g2(µ; ·)

∣∣}
∥∥∥∥vs −

hs(µ,ε)

ε

∥∥∥∥
∞

ds+

+

∫ t

0

∫ 1

0
K2

∣∣∣t f

∣∣∣exp(K1t f )
{∣∣∣∆1

s′,ε

∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣
} |ε|
|ε| +

∣∣∣∆3
s′,ε

∣∣∣ |1|ds′ds

≤ K1

∫ t

0

∥∥∥∥vs −
hs(µ,ε)

ε

∥∥∥∥
∞

ds

+t f

∫ 1

0

{
K2t f exp(K1t f )

{∣∣∣∆1
s′,ε

∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣
}

+
∣∣∣∆3

s′,ε

∣∣∣
}

ds′

≤ K1

∫ t

0

∥∥∥∥vs −
hs(µ,ε)

ε

∥∥∥∥
∞

ds+K3(t f )
∫ t

0

{∣∣∣∆1
s′,ε

∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣+
∣∣∣∆3

s′,ε

∣∣∣
}

ds′ ,

where K3(t f ) = t f max{K2t f exp(K1t f ),1}. By Gronwall’s inequality, we then have that

∣∣∣∣v(t)−
h(t,µ,ε)

ε

∣∣∣∣ ≤ K3(t f )
∫ 1

0

{∣∣∣∆1
s′,ε

∣∣∣+
∣∣∣∆2

s′,ε

∣∣∣+
∣∣∣∆3

s′,ε

∣∣∣
}

ds′eK1t f .

Since |∆1
s′,ε |, |∆2

s′,ε |, |∆3
s′,ε | → 0 uniformly in s′ as |ε| → 0, we can then conclude that for t ∈

[−r, t f ], h/ε → v as |ε| → 0. Therefore, the partial derivative of x with respect to µ1 (evaluated

at µ1 = µ > 0) exists and satisfies (3.3.1) with the initial condition (Ψ(0),Ψ) = (0,0) ∈ R
4 ×

� (−r,0;R4), which completes the proof.

The line of reasoning presented here in Lemma 3.3.1 and Theorem 3.3.3 concerns the ex-

istence and continuity (in t) of the derivative of a solution to (3.1.1) with respect to the specific
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parameter µ1.Similar arguments (again with minimal changes to g3) establish the existence and

continuity (in t) of derivatives with respect to µ2, σ1, and σ2. For the parameters that appear

in (3.1.1) as linear coefficients, g1 and g2 are slightly altered (dependent upon the parameter

under consideration), while g3 ≡ 0. However, these differences do not change the conclusion

that the derivative of the solution x(t) (with respect to any parameter appearing on the right side

of (3.1.1)) exists and is continuous in time. One can also establish differentiability of solutions

with respect to discrete delays (i.e., when P1 or P2 is a Dirac measure) and well-posedness of

the appropriate sensitivity equations. The arguments, while in the spirit of those given above,

are somewhat more tedious and will not be given here.

3.3.2 Analysis

In this section we examine some applications of the theory developed in the previous section.

Note that the simulation presented here was performed with our Matlab implementation of

the numerical scheme from Section 3.1.2. As can be inferred from equation (3.3.1), in order

to solve sensitivity equations, one needs the solution x of the original system. As mentioned

in the previous section, for illustrative purposes, we fix the forms of the delay distributions

and thus assume them to be parameterized by µ1,σ1,µ2,σ2. This step eliminates the need

to worry about identifying the entire distributions from Section 3.2.1. We choose to employ

discrete delays (Dirac measures) for the distributions, and in a later section (Section 4.1), we

will present the results and the reasoning that led to this decision. For the interested reader,

both the experimental data and the numerical best fit solution xN (using parameters from Table
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4.2), are depicted in Figure 4.2.1 in the next chapter. It is this xN which we use when simulating

the solutions to sensitivity equations.

By Theorem 3.3.3, we can legitimately consider the derivative of both sides of (3.1.1) with

respect to any appropriate parameter. We first consider the derivative of x(t) with respect to µ1

at µ1 = µ

d
dµ1

ẋ(t,µ) = d
dµ1

L(x(t,µ),xt(µ); µ)+ d
dµ1

f1(x(t,µ))+ d
dµ1

f2(t)

d
dµ1

(x(0,µ),x0(µ)) = d
dµ1

(Φ(0),Φ) ∈ R
4 × � (−r,0;R4) .

(3.3.3)

for 0 ≤ t ≤ t f . If we denote v(t) = d
dµ1

x(t,µ) (for some specific value of µ1 = µ > 0), we

obtain the sensitivity equations

v̇(t) = g1(x(t,µ);v(t))+g2(µ;vt)+g3(xt(µ),µ;1) for 0 ≤ t ≤ t f

(v(0),v0) = (0,0) ∈ R
4 × � (−r,0;R4) ,

(3.3.4)

where g1, g2, g3 are as defined in Lemma 3.3.1. As before, due to the complexity of the right

side of (3.3.4), we cannot solve exactly for the solution v(t). Moreover, we do not have x which

appears in the terms g1 and g3; we only have an approximation xN to x. Therefore, we must

propose a viable numerical scheme to calculate an approximation vN that satisfies (3.3.4) with

x replaced by xN and such that limN→∞ vN = v.

Hence we consider vN an approximate solution to (3.3.4) with x = xN in the coefficients.
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This is a linear nonautonomous system of the form

v̇N(t) = � N(t)vN(t)+g2(v
N
t )+g3(x

N
t )

(
vN(0),vN

0

)
= (0,0) ∈ R

4 × � (−r,0;R4) ,

(3.3.5)

which for N fixed and xN given, is a special case of the systems treated in [6], where exis-

tence and uniqueness is guaranteed. To obtain convergence of vN to v (the unique solution

to (3.3.4)), we turn to [3]. A straightforward extension of the theory presented there to treat

nonautonomous linear systems such as (3.3.5) will yield, (under the approximation scheme

described in [6]), the desired convergence.

If we were to plot simulations of (3.3.4) (or actually, the approximate solution defined by

(3.3.5)), interpretations of these plots would suggest specific effects that changes in µ1 would

have on the solution x. Moreover, if we were to also perform the analogous derivation for the

infection rate p, a plot of that sensitivity function would depict the effect that changes in p

would have on x. Since µ1 and p differ in their units, the sensitivity functions for µ1 and p

would also have different units, thus rendering any comparison nonsensical. We turn to the

sensitivity analysis literature to resolve this issue. To enable a comparison of the effects that

parameters with different units have on the solution, we simply multiply by the parameter under

consideration, e.g.,

[
∂

∂ µ1
x1(t,µ),

∂
∂ µ1

x2(t,µ),
∂

∂ µ1
x3(t,µ),

∂
∂ µ1

x4(t,µ)

]T

·µ .
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This form of the sensitivity function is known as the semirelative or semilogarithmic or unnor-

malized sensitivity function [30, 31]. Moreover, this form is actually the differential of x with

respect to µ1 at µ in the direction µ

Dµ1
xi(t,µ)[µ] =

(
∂

∂ µ1
xi(t,µ)

)
·µ

for i = 1,2,3,4. With this weighting, we now have the tools to rank the parameters with regard

to their influence over the solution.

3.3.3 Discussion

As discussed in Section 1.2.4, the taking of a derivative (with respect to parameters) of the

equations governing a system is not a new idea and indeed has been around (in some form)

for at least 170 years. Within control theory and engineering applied to physical systems, the

forms of the fundamental mathematical models often are, for the most part, relatively well es-

tablished and not so open to debate. For example, in some investigations, it may not be fruitful

to question the significance of the viscosity parameter in the Navier-Stokes equations (although

sensitivity of flow patterns to viscosity is sometimes very important, see [84]). However, the

constitutive parameters and forms of the mathematical models employed in the biological sci-

ences are frequently not as well agreed upon, and indeed (as is evidenced by the literature) open

to considerable debate. Since the current approach to sensitivity was originally developed in

the context of control theory, the cited literature is (understandably) biased toward that field; a

considerable proportion of the papers are devoted to analyzing the sensitivity of transfer func-
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tions and eigenvalues. Thus the application of mathematically rigorous sensitivity analyses

to dynamical systems designed to model biological phenomena does not seem to be common

practice. Indeed, many sensitivity analysis studies involve copious simulations. As such, there

are many possibilities that have not been fully examined.

In the analysis presented above, we only considered first derivatives of the parameters. In

theory, we could have examined derivatives with respect to multiple parameters, e.g., ∂ 2x
∂nA∂δA

(joint sensitivities), an analysis of which could be used to ascertain the independent identifiabil-

ity of parameters. We could have also taken a derivative with respect to the initial conditions,

which (as is intuitive) would suggest the influence of the initial conditions over the solution

(and can be an extremely useful tool in understanding certain biological systems). Finally,

we could have considered the derivative of the least squares functional (3.2.1) with respect to

a parameter (as was explored in [55]), which could then be used as part of a jacobian in an

optimization algorithm (as part of a parameter estimation scheme).

The process of taking the derivative of a system with respect to a parameter is usually not an

exceedingly challenging task and it is important to remember that the sensitivity function only

reveals the local behavior (since it is a derivative) around the fixed parameter value. However,

this idea can yield useful insights into the solution of complex systems (even those with non-

linearities and delays) such as (3.1.1). Effectively, the technique of using simulation sensitivity

functions presented here is a more mathematically rigorous (and quicker) way to attain insight

into a system than manually adjusting a parameter and observing the effect on the solution

through massive simulation efforts.



Chapter 4

Numerical Results

Clearly, the number of data points in Figure 2.1.1 is insufficient to carry out (with any degree

of confidence) rigorous inverse problem investigations or to perform a legitimate statistical

analysis with models such as those discussed above. However, our goal is to illustrate our

methodology, and thus in this chapter, we perform the inverse problem calculations (fully aware

of their inadequacies) to obtain an estimate of the delays and then compare these calculated

values with the experimentally accepted ones.

In Section 4.1, we report results on a numerical simulation experiment in which we compare

the effect of different kernel choices (for the delay distribution) upon the solution.

Based upon discussions with S. E. Holte and M. Emerman we chose to use our inverse

problem methodology to identify a subset of the parameters in Table 2.2. The choices, along

with the best fit values are collected in Table 4.2 (in Section 4.2). With the results from these

inverse problem calculations, we perform a test for the statistical significant of the mechanism

71
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in the FDE which accounts for the delays.

In the last section of this chapter (Section 4.3) we present results from a sample sensitivity

analysis on the parameters over which we performed the inverse problem.

4.1 Kernel Investigation

We examined the nature of the delay by numerically simulating our system using the method

described in Section 3.1.2 and the different kernels described in Section 2.3.3. Specifically,

we studied the effect of different µ’s, different ς ’s (or σ ’s depending on the kernel choice),

and kernel smoothness upon the system, and present a representative selection of our findings

from these investigations. Note that if a gamma is chosen to represent the distributed delay, the

calculation of the convolution term is nontrivial and Appendix A contains a discussion of the

numerical issues, as well as a possible way to resolve the problem.

To examine the effects of kernels with different smoothness properties, we fixed µ1 =

−22.8, σ 2
1 = 1, µ2 = −26, σ 2

2 = 1 and then ran the numerical simulations of (2.3.6)-(2.3.9)

using the normalized hat kernel k̂, inverted quadratic kernel k̃, gamma kernel, and gaussian

kernel. Note that the choice of µ1 and µ2 is motivated by results that appear in the next section.

The results using three of the kernels are depicted in Figure 4.1.1. The width ς was chosen

so that the variance for k̂ and k̃ was approximately one (corresponding to ς = 4.9 for k̂ and

ς = 0.05 for k̃). If we compare these behaviors with that of the discrete delay system depicted

in Figure 2.3.1, we observe that kernel shape/smoothness does not appear to have a significant

effect upon the simulation (for unimodal, symmetric kernels). Other simulations (not presented
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Figure 4.1.1: Simulations of (3.1.14) with the k̂ , k̃, and kΓ kernels.

here) also confirmed that the qualitative behavior of solutions does not vary greatly between

the discrete delay systems and systems with the continuous kernels k̃, k̂ with mean equal to the

discrete delay.

Next, we studied the influence that s1 and s2 have upon the solution, since they determine

the kernel support (at least in the case of k̃). Note that it is not useful to study the support inde-

pendent of ς when using k1(s) = k̂(s; µ,ς ,s1,s2), and thus we only examine the ramifications

of varying the support of k1 = k̃. Our interests were focused upon parameter ranges in which
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k1(µ + σ
2 )� k1(s2) and k1(µ − σ

2 )� k1(s1) to prevent interference between σ and the domain

of the kernel support. Over a wide range of values for s1 and s2 (that satisfied our criteria) there

were negligible differences between the simulations, and thus we do not present a plot of the

results.

To assess the effect of the mean µ1 on the kernel k1 (the kernel from the V̇ equation), we

let k1 be the hat kernel k̂, fixed the other parameters, and performed simulations of (3.1.1) for

a variety of means µ1, the results of which are depicted in Figure 4.1.2. For this simulation,

we let the second kernel k2 = k̂, but kept its mean fixed at µ2 = µ1 − 3.2. Note that as the

mean varies, we observe a dramatic temporal shift in the peaks of various compartments. The

simulations run using the inverted quadratic, gaussian, and gamma kernels exhibited virtually

identical sensitivity to the perturbation of µ1 (and are thus not depicted here).

To assess the effect of the mean µ2 on the kernel k2 (the kernel from the Ȧ and Ċ equations),

we let the kernels be exactly as described in the previous paragraph, except we set µ1 to −22.8

and then varied µ2. The results are depicted in Figure 4.1.3, and as you can see, while there is

some change, it is not nearly as dramatic as that which occurs when varying µ1.

Lastly, we studied the effect of varying the width ς (or standard deviation σ , depending

on the choice) of the kernel on the solution. We let k1(t) = k̂(t;−22.8,ς1,−48,0), k2(t) =

k̂(t;−26,1,−48,0) and then plotted the resulting xN for a variety of (biologically reasonable)

values for ς1 in Figure 4.1.4. The obvious interpretation of the plots is that the width ς1 does

not seem to have much influence over the numerical simulation. Furthermore, varying ς2 also

has no visible effect on the simulations and as before, the use of the other kernels results in
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Figure 4.1.2: Simulations of (3.1.14) using k̂ for k1 and k2 for several values of µ1 (with
µ2 = µ1 −3.2, ς1 = ς2 = 1, and [s1,s2] = [−48,0]).
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Figure 4.1.3: Simulations of (3.1.14) using k̂ for k1 and k2 for several values of µ2 (with
µ1 = −22.8, ς1 = ς2 = 1, and [s1,s2] = [−48,0]).
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Figure 4.1.4: Simulations of (3.1.14) using k̂ for k1 and k2 for several values of ς1 (with µ1 =
−22.8, µ2 = −26, ς2 = 1, and [s1,s2] = [−48,0]).

identical conclusions.

Clearly, if the width is too large, the solutions will not lie on top of one another. However,

for reasonable values of ς1 (or σ1), using a Heaviside distribution to represent the kernel (i.e.,

a discrete delay) seems to adequately capture the dynamics for these simulations. Thus, since

the simulations calculated with the discrete delay (like (2.3.5)) take less time to run than the

ones with distributed delays, we use them in all the other simulations in this dissertation (unless
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Parameter Value Units
V0 0 virions
A0 1.5E +5 cells
C0 0 cells
T0 1.35E +6 cells
c 0.12 (virion hours)−1

rv 0.035 (cell hours)−1

ru 0.035 (cell hours)−1

S 0 cells

Table 4.1: Initial conditions and fixed parameters.

otherwise specified).

Among all the changes we made to the kernels (i.e., varying the smoothness and the pa-

rameters µ1, ς1, s1, and s2), the mean of the delay between viral infection and the initiation of

viral production µ1 seems to be the dominant parameter. Indeed this is the conclusion from our

other, more mathematically rigorous investigations presented below.

4.2 Inverse Problem

The initial conditions (from [82]) for all our simulations are depicted in Table 4.1, along with

the values of the parameters over which we did not optimize. Furthermore, all of the plots

presented in this dissertation are from simulations run with N = 32 basis elements.

The results from our numerical experiments in Section 4.1 suggest that for these initial

conditions and for values of the parameters within biologically reasonable ranges, the variance

of the delay distribution is insignificant. Therefore, we chose to fix the delay distributions with

unit jumps at µ1 and µ2 (and thus implicitly setting σ1 = σ2 = 0). Our intention is to identify
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the parameters by minimizing the cost functional

J(q) =
1

10

√
10

∑
i=1

(
X(ti,q)− X̂i

)2
, (4.2.1)

where X̂ is the data from [82]. However, we do not have direct access to the solution x and thus

(as is explained in Section 3.2) we numerically minimize

JN(q) =
1

10

√
10

∑
i=1

(
XN(ti,q)− X̂i

)2
, (4.2.2)

where XN = AN +CN +T N is an approximation to X and N is an integer describing the accuracy

of the numerical simulation. The optimization was performed using the Nelder-Mead nonlin-

ear iterative routine in Matlab (fminsearch). Both the experimental results and the numerical

best fit solution xN (using parameters from Table 4.2) are depicted in Figure 4.2.1. Clearly,

the simulation appears to be a very good fit to the experimental measurements. However, as

mentioned before, we should be wary of drawing decisive conclusions given the sparsity of the

experimental observations.

4.2.1 Statistical Significance of the Delays

In this section, we employ the ideas given in the discussions regarding a statistical testing

methodology for model comparisons in inverse problems in [9]. We examine the statistical

significance of the presence of both types of delays in fitting the models (2.3.5) to experimental

data provided by Dr. Michael Emerman [82]. We used the data consisting of the total cells X
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Parameter Value Units
nA 0.112 hours−1

nC 0.011 hours−1

γ 9E −4 hours−1

δA 0.078 hours−1

δC 0.025 hours−1

δu 0.017 hours−1

δ 1E −12 (cell hours)−1

p 1.3E −6 (cell hours)−1

µ1 -22.8 hours
µ2 −26 hours

Table 4.2: Optimal in vitro model parameter values.

0 5 10 15 20 25
0

0.5

1

1.5

2

2.5

3x 10
7 Total Cells vs. Time

Days

A
+

C
+

T

AEE Optimized Solution
Experimental Data

Figure 4.2.1: Data from [82] and best fit simulation xN of (3.1.1) using parameters from Table
4.2.
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Optimization Variables p∗ τ∗1 τ∗2 JN∗

q = (p,0,0) 4.28E −8 - - 8.53E +5
q =

(
p,τ1,0

)
1.28E −6 23.4 - 2.57E +5

q =
(

p,τ1,τ2

)
1.33E −6 22.8 3.2 2.37E +5

Table 4.3: Results from the inverse problem.

(sampled at time-points ti; i = 1,2, . . . ,10, denoted by the vector X̂ , and depicted in Figure

2.1.1). We then carried out inverse problems for estimating the parameters p, p and τ1, and p,

τ1, and τ2, using the least squares criterion of (4.2.1) (or more precisely (4.2.2)). That is, we

first estimate p holding τ1 = τ2 = 0, then estimate p and τ1 with τ2 = 0, and finally estimated

p, τ1, and τ2 simultaneously. Note that we used delta distributions for both delays (in the

appropriate simulations) in solving the inverse problem, although the methods apply readily to

more general distributions.

As mentioned before, we optimized JN using the Nelder-Mead nonlinear iterative routine

in Matlab (fminsearch). The results of the inverse problems are summarized in Table 4.3, with

the optimal parameter values denoted by p∗, τ∗1 , τ∗2 and the corresponding fit with the value

JN(q∗) by JN∗.

We then investigated the statistical significance by using the test described on page 523 of

[9]. The reader should be aware that the statistics we used here are only asymptotically χ 2

as the sample size becomes infinite. With only the ten data points we have to use here, one

can rightfully question the legitimacy of our use of the tests given in [9]. None the less, we

use these tests here to give some indications of the relevance of improved fits to data. We first

considered a null hypothesis of no delay in the acutely infected to viral production step. This
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generated a test statistic of

UN
10 ((p∗,0,0) ,(p∗,τ∗1 ,0)) = 10

J (4.275E −8,0,0)− J(1.279E −6,23.4,0)

J(1.279E −6,23.4,0)
∼= 23.2 .

With this test statistics, we can use a χ2(1) test to reject the hypothesis at all (useful) confidence

levels. This suggests that the presence of a delay in the model is statistically significant. That

is, the improved fit to data obtained by including the delay is not simply due to the increased

degrees of freedom in the model. We also calculated the statistic to determine the significance

of both delays versus no delay and found

UN
10 ((p∗,0,0) ,(p∗,τ∗1 ,τ∗2 )) ∼= 26

and the significance of two delays versus one delay, obtaining

UN
10 ((p∗,τ∗1 ,0) ,(p∗,τ∗1 ,τ∗2 )) ∼= 0.84 .

As expected, the presence of two delays also appears to be statistically significant. However, it

is interesting to note that for a null hypothesis of only one delay (i.e., τ2 = 0), the improvement

in the fit to data due to the addition of a second delay to the inverse problem is not significant

(i.e., we can only reject the hypothesis τ2 = 0 at 94% or lower confidence levels). This suggests

that the modeling of the delay between infection and production is somewhat more critical than

modeling a delay between acute productivity and chronic infection in developing an accurate
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mathematical representation (which concurs with the conclusions from both the previous and

the next section).

4.3 Sensitivity Analysis

In Section 3.3.2, we developed a mathematical framework that allows us to study the sensitivity

of solutions to equations of the form (3.1.1) with respect to changes in its constitutive parame-

ters. By Theorem 3.3.3 and the subsequent discussion, we know that there is a solution to the

sensitivity equations (with respect to any appropriate parameter) and (by arguments presented

in Section(3.3.2)) that we can numerical simulate an approximation to the sensitivity function.

We begin by considering the sensitivity of the solution x to changes in the mean delay

between viral infection and the initiation of viral production µ1.Thus (as described fully in

Section 3.3.2), we take a derivative of the system with respect to µ1 and obtain (3.3.3). Figure

4.3.1 depicts the approximation vN of the solution v to the (3.3.4) (at µ = −22.8), with each

compartment multiplied by µ . It is important to realize that while the y-axis in Figure 4.3.1 has

units of cells or virions respectively, it should still be thought of as a plot reflecting changes in

the state with respect to changes in µ1. In other words, we interpret the upper-left plot of Figure

4.3.1 to suggest that for a (positive) change in the mean delay, the virion compartment V will be

dramatically smaller just before day 10 and then larger around day 12 (relative to V (t,−22.8)).

Likewise for a change in µ1, the acutely infected cell compartment A will be slightly smaller

around day 9 and dramatically larger around day 10 (relative to A(t,−22.8)). All the plots

depicted in Figure 4.3.1 suggest that there will be dramatic changes in the solution for changes
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Figure 4.3.1: Simulation of the semirelative sensitivity solution with respect to µ1 at µ1 = µ =
−22.8.

in µ1, and indeed Figure 4.3.2 supports this claim (as well as the specific predictions suggested

by the interpretation of Figure 4.3.1). For this simulation, it is important to note that there is

practically no indication that the solution x will exhibit any sensitive to µ1 until around day 5. In

other words, for simulations on a short time interval (i.e., t ∈ [−r,120] hours), one could easily

conclude that the solution x is insensitive to µ1 (in the neighborhood of µ1 = µ =−22.8 hours).
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Figure 4.3.2: Simulations of xN(t;−24.8) and xN(t;−22.8).
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As another example, let us consider the solution parameterized with respect to the infection

rate p, i.e., x(t) = x(t, p). Thus the derivative of (3.1.1) with respect to p at p̃ = 1.3E −6 is for

0 ≤ t ≤ t f

d
dp

ẋ(t, p̃) =
d

dp
L(x(t, p̃),xt(p̃))+

d
dp

f1(x(t, p̃), p̃)+
d

dp
f2(t)

d
dp

(x(0, p̃),x0(p̃)) =
d

dp
(Φ(0),Φ) ∈ R

4 × � (−r,0;R4) .

As mentioned in the last part of Section 3.3.1, the sensitivity equations with respect to different

parameters will be slightly different than (3.3.4), but unique solutions still exist and are contin-

uous (for each system of sensitivity equations). Figures 4.3.4 and 4.3.3 depict the semirelative

sensitivity functions for p and µ2, respectively . A comparison of the scales on the vertical axis

in Figure 4.3.1 versus the axis in Figures 4.3.4 and 4.3.3 suggests that changes in µ1 have a

more significant influence in the solution x than changes in µ2 or p (and in one of the compart-

ments by over four orders of magnitude). This result coincides nicely with one of the primary

conclusions from Section 4.2.1 in which we concluded that when fitting the data, adding the

second delay between than acute and chronic infection was not as significant as inclusion of

the delay between viral infection and viral production.

Now that we have established the framework for calculating semirelative sensitivity func-

tions, let us consider how to rank the influence that changes in the individual parameters have

upon the solution x. Clearly, there are many options, but for simplicity, we will rank the pa-

rameters according to the magnitude of the ∞-norm, e.g., for the virion compartment and the
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Figure 4.3.3: Simulation of semirelative sensitivity solution with respect to the infection rate p
for p̃ = 1.3E −6.
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Figure 4.3.4: Simulation of semirelative sensitivity solution with respect to the mean delay
between acute and chronic infection µ2 for µ̃2 = −26.
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sensitivity with respect to δA, we consider

max
t∈[0,t f ]

∣∣∣DδA
V (t,0.0776)[0.0776]

∣∣∣ .

To illustrate our reasoning, we will focus on just the Virion compartment V . Of the parame-

ters over which we performed our NLS in Section 4.2, the chosen metric was largest for the

parameters µ1, nA, δA, and δu. Figure 4.3.5 depicts (for the compartment V ), the absolute val-

ues of the semirelative sensitivity functions with respect to µ1, nA, δA, and δu, for t ∈ [8.5,15]

(the domain where there is the most activity in the sensitivity functions). The interpretation of

this figure strongly suggests that δA and nA have the strongest influence over the solution in

the Virion compartment (in the chosen ∞-norm). Therefore, for the use of equation (3.1.1) (as

a model to simulate HIV pathogenesis), both the viral production rate and the death rate for

acutely infected cells (nA and δA respectively), should be given high priority for determination

with a high degree of accuracy. In other words, these parameters play an important role in the

model and obtaining good values for them is more important to the system response than other

parameters to which solutions are less sensitive.
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Chapter 5

Conclusions and Future Directions

5.1 Concluding Remarks

A primary focus of this dissertation has been to showcase the power and utility of a variety

of mathematical tools when used as an aid in understanding the viral dynamics exhibited by

HIV in an in vitro experiment. However, it is important to realize that the tools and techniques

presented here are not by any means specific to HIV pathogenesis. Indeed, we have attempted

to present the ideas in a manner that allows them to be readily adapted for studying other

physical systems.

In the first chapter, we offer a basic overview of HIV and its pathogenesis and present a

survey of mathematical methods that have been used to study the virus. We also briefly discuss

the history of delay differential equations and sensitivity analyses as they have been applied in

the biological and physical sciences.

In Chapter 2, we develop a mathematical model to describe the cellular population dy-

91
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namics of an in vitro HIV experiment [82]. An important and decidedly nontrivial aspect of

modeling the HIV pathogenesis was deciding how to mathematically describe the delay be-

tween viral infection and production and indeed, we devote all of Section 2.3 to this topic.

In Chapter 3, we present the theoretical foundations for a rigorous mathematical analysis

including: an existence and uniqueness proof for a solution to the model (Section 3.1.1), a

numerical scheme based upon an Abstract Evolution Equation approach (Section 3.1.2), and

well-posedness results for the inverse problem (Section 3.2) as well as the sensitivity equations

(Section 3.3).

With this mathematical framework, we then present in Chapter 4 the results of applying

these tools toward understanding the aforementioned in vitro experiment. For biologically

plausible initial conditions and parameters, our results suggest that the difference between

the system with distributed delays and the system with discrete delays is negligible. In other

words, it is reasonable to simply use the discrete delay to model the system. The results of

our statistical significance test (admittedly based upon sparse data) suggest that the presence

of at least one delay is crucial for accurate modeling of the system. Finally, our illustration

of a sample sensitivity analysis indicates that (locally) changes in the viral production rate nA

and the death rate δA for acutely infected cells will have the most significant influence in the

simulation of the viral compartment.
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5.2 Future Directions

As this dissertation has focused on the illustration of advanced mathematical and numerical

analysis techniques, there are numerous research directions that have not been fully explored.

The most pressing need is to acquire more data, against which we can then test our model and

our statistical significance results.

The ultimate goal of studying most in vitro system is to be able to understand the corre-

sponding in vivo system. Therefore, another obvious direction for research would be to test

the effectiveness of our methodology on modeling in vivo systems. One area in which our

techniques easily could be applied would be in designing drug therapy strategies. With the

development of anti-retroviral drugs, there has been considerable debate regarding the proper

treatment regimens. Recent research suggests that a series of structured treatment interrup-

tions (STI) may help patients maintain suppression of their viral loads [17]. This situation is

an excellent opportunity for the application of control theory, and indeed (for an appropriate

formulation of the system), there even are tools in the sensitivity analysis literature (such as the

gain sensitivity) that could prove to be extremely useful.

In Section 2.1, although we chose to use a random variable to model the variability across

the population of cells, there are other ways to incorporate uncertainty. We could have used a

stochastic process in modeling the delays, which would have resulted in the viral/cellular pop-

ulation dynamics being described by a stochastic differential equation (SDE). Much like delay

equations and sensitivity analyses, there already exists a large body of knowledge about SDE’s

(containing both analytical results and computational techniques) and as such, this framework
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could readily be adapted to study HIV pathogenesis.

There do exist freely available software packages that can simulate both delay equations

and integro-differential equations (such as B. Ermentrout’s XPPAUT [29]). However, to our

knowledge, there does not exist publicly available software which can simulate functional dif-

ferential equations that are linear in the delay term and can accept an initial condition/history

in R
n ×L2(−r,0;Rn) (as ours can). Therefore, we could consider making the software freely

available for download, possibly under a copyleft license such as the GNU General Public

License [32].
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Appendix A

Gamma Convolution Implementation

We wish to evaluate a term of the form

∫ 0

−r
A(t + s)kΓ (s; µ,σ)ds , (A.0.1)

where r > 0, A is an unknown function in � (−r,0;R), and

kΓ (s; µ,σ) =
(−s)(

µ
σ )

2−1 e

(
sµ
σ2

)

Γ
((µ

σ
)2
)(

σ2

µ

)( µ
σ )

2 , (A.0.2)

where Γ(·) is the Gamma function. The problem with evaluating (A.0.2) (for finite values of

s) is one of insufficient computational resources. On currently available 32 bit computers, the

largest floating point number is about 2E + 308. Thus for (µ/σ)2 greater than about 171,

the function Γ((µ/σ)2) returns infinity. The term (σ 2/µ)((µ/σ)2) will (in theory) cancel out

Γ((µ/σ)2). However, since the smallest representable number (on 32 bit computers) is about
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2E − 308, the computer rounds off the numerator to zero. Thus, numerical evaluation of the

integral (A.0.1) is simply not possible for many reasonable values of µ and σ (in particular it’s

not possible for values in which we are interested).

Upon examination of (A.0.1), we observe that without the A, (A.0.1) is merely a normalized

Gamma function. However, references on special functions (such as [2, 102]) do not suggest

any methods for dealing with this form of the integral (A.0.1).

To resolve the computational issues generated by (A.0.2), let us consider the exponential of

the natural log of kΓ(s; µ,σ) for s ≤ 0

exp
{

ln
(
kΓ (s; µ σ)

)}
= exp

{((µ
σ

)2
−1

)
ln(−s)+

sµ
σ 2 −

(µ
σ

)2
ln

(
σ 2

µ

)

− ln

(
Γ
((µ

σ

)2
))}

.

The first three terms inside the exponential

((µ
σ

)2
−1

)
ln(−s)+

sµ
σ 2 −

(µ
σ

)2
ln

(
σ 2

µ

)

can easily be evaluated (for values of s in our domain of interest) on 32 bit computers. For the

last term, we make use of the Weierstrass form of the Gamma function [102],

ln

(
Γ
((µ

σ

)2
))

= ln

(
e−γµ2/σ2

µ2/σ 2 lim
n→∞

n

∏
i=1

{
eµ2/(σ2i)

1+ µ2

σ2i

})

= −γ
(µ

σ

)2
−2ln

(µ
σ

)
+

∞

∑
i=1

{
µ2

σ 2i
− ln

(
1+

µ2

σ 2i

)}
,



APPENDIX A. GAMMA CONVOLUTION IMPLEMENTATION 112

where

γ = −
∫ ∞

0
e−x ln(x)dx ≈ 0.577216 ,

the Euler-Mascheroni constant. Clearly the term −γ (µ/σ)2 − 2ln (µ/σ) can be numerically

evaluated for parameters in our domain of interest. Thus, let us consider the infinite series

∞

∑
i=1

{
µ2

σ 2i
− ln

(
1+

µ2

σ 2i

)}
,

and note that we can analytically evaluate for a,b ∈ R,

∫ ∞

a

{
b
x
− ln

(
1+

b
x

)}
dx = −b+(a+b) ln

(
a+b

a

)
.

For large n we know that

∞

∑
i=1

{
µ2

σ 2i
− ln

(
1+

µ2

σ 2i

)}
≈

n

∑
i=1

{
µ2

σ 2i
− ln

(
1+

µ2

σ 2i

)}

+
∫ ∞

n

{
µ2

σ 2ξ
− ln

(
1+

µ2

σ 2ξ

)}
dξ ,

and if we use the substitutions and approximations from above, we can then compute (A.0.2)

by

kΓ (s; µ,σ) ≈ exp

{((µ
σ

)2
−1

)
ln(t)− tµ

σ 2 −
(µ

σ

)2
ln

(
σ 2

µ

)
+ γ
(µ

σ

)2
+ ln

((µ
σ

)2
)

−
n

∑
i=1

{
µ2

σ 2i
− ln

(
1+

µ2

σ 2i

)}
+

µ2

σ 2 −
(

n+
µ2

σ 2

)
ln

(
n+ µ2/σ 2

n

)}
.
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Therefore, it is possible to evaluate (A.0.2) in our specific regime of interest, and thus nu-

merically integrate (A.0.1) when called for in our calculations. For n = 106, this approximation

yields 5 digits of accuracy and only requires about 1 second of evaluation time on a Pentium

III (866 MHz) workstation. Since we can only be confident of about 5 digits of accuracy in the

simulations, this is a reasonable approximation for our purposes.
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