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ON A CLASS OF MULTIVARIATE MULTISAMPLE RANK-ORDER TESTS*
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and University of North Carolina, Chapel Hill

SUMMARY. A class of rank;order tests for the multivariate
several sample location and scale problems is proposed and
studied here. The principle of rank-permutation tests by
Chatterjee and Sen ([6],[8]) is utilized to make these tests
strictly distribution-free, and the well-known Chernoff-Savage
Theorem (cf. [9), [11], [16]) is generalized here to the
multivariate several sample problems. This takes care of

the asymptotic power-properties of the tests.
1. INTRODUCTION

Very recently, some attention has been paid to the
development of non-parametric tests 1n the multivariate
several sample problems. The earliest test on this line
is the permutation test based on Hotelllng's T2 statistic,
proposed and studled by Wald and Wolfowitz [22]. However,
this is a value permutation test and 1s subject to the usual
limitations of this type of tests. Chatterjee and Sen ([61,
[8]) have extended the idea of permutation tests to rank-
permutation tests in the multivariate case and have consldered
a class of genuinely distribution-free tests for 1ocation'in

the bivariate two sample as well as p-varlate c-sample case

*

Research sponsored by Sloan Foundatien Grant for Statistics,
U. S. Navy Contract Nonr-285(38), and by Research Grant,
GM-12868, from the National Institute of Health, Public.
Health Service.

1On leave of absence from Calcutta Unlversity.



(p,c > 2). Anderson [3] has recently considered the
application of the principle of statistically equivalent
blocks (usually used in setting of tolerance limits) in
multivafiate non-parametric analysis. H1s procedure contains
a little bit of arbitrariness of the choice of "cutting
functions" and moreover, it 1s really difficult to study the
properties of these tests when the null hypothesis is not
true, even in the asymptotic case. On the other hand,
Bhapkar [4] has considered a class of location tests for the
multivariate several sample problem, which is distribution-free
only asymptotically. Sen [21] has established the asymptotic
power equivalence of one of the tests by Bhapkar [4] and a
somewhat similar permutation test by Chatterjee and Sen [8].
A more general class of non;parametric tests for the varilous
types of problems that may usually arise in the multivariate
several sample case, has been considered by Sen ([19],[20],{21]).
These tests are all permutation tests based on abpropriate
generalized U-statistics.

However, the above developments may not be regarded as
fully adequate. First, mostly the above literature deals
with the location problems, while the other problems seem to
be somewhat neglected. Second, as in the univariate case,
the rank;order tests are supposed to play a very vital role
in the above development, and in the multivarlate case,
practically no work has been on progress on this line. The
object of the present investigation is to consider a class

of rank-order tests for location and scale in the multivariate



multisample case. In this context, the well-known theorem

by Chernoff and Savage [9] (also see [11], [16]) is extended
here to the p-varlate c-sample case, for p,c > 2. In view

of the fact that for multivariate distributions, the distri-
butions of rank-order statistics mostly fall to be strictly
non-parametric even under the null hypothesis of the identity
of the different distributions, the principle of rank-permuta-
tions by Chatterjee and Sen ([6],[8]) has been adopted here

to achieve the desired distribution-freeness of the proposed

class of tests. The asymptotic properties of these permutation

rank-order tests (PROT) are studied here with the aid of the

Wald-Wolfowitz-Noether-Hoeffding-H4 jek theorems (cf. [12]),
and certain stochastic equivalence relations of PROT with the
multivariate extenslons of Chernoff-Savage type of rank-order

tests (CSROT) have also been established.

2. PRELIMINARY NOTIONS

Let }ﬂ(ék) = (x{;‘) e, xéclf)), @ =1,...,n ben
independent vector valued random variables drawn from a p
variate universe with a continuous cdf (cumulative distribution
function) Fk(ﬁ)’ for k = 1,...,c; all these c (> 2) samples
being lindependent of each other. It 1s desired_to test the

null hypothesis

Hy: Fy= ... = F, = F (2.1)

where F € 57,}being the class of all continuous p-variate

cdf's. We are interested in translation and/or scale type

of alternatives, which may be posed as follows. Let



Fk(ﬁ) = F(% +5 (2.2)

i)

where 21”"’90 real p-vectors. Then under the translation

type of alternatives, we are interested 1n testing
Hy: El = ... =08 =0 (2.3)

against the set of alternatives that these c¢ p-vectors are

not all identical. Again, we let

*

i .
R(x) = Flx ), X = (le,...,xkp) ,k=1,...,0;  (2.4)

* k
where xp.. = (xi—ui)/ci ), k=1,...,¢; 1 =1,...,p;

L= (ul,...,up) 1s a real p-vector and g, = (cik),...,c(k))°

~ p 2
k=1,...,c are ¢ non-negative p-vectors. Then under scale
alternatives, we are interested in testing

Hy: g9 = «+- =8, =1 (2.5)

(where I is the p-vector with unit elements) against the set
of alternatives that gl,...,gc are not all equal.

Let us now combine the ¢ samples into a pooled sample
of size

+ ... +n (2.6)

N = ng c

and denote these N p-variate observations by

— (Zys-enZ) ; (2.7)

a =1,...,N; -

Z
~Q
We then arrange the N values me, a=1,...,N in order of
magnitude, and then denote by Rif) the rank of Xég) in this

set, for a = 1,...,nk; k=1,...,c3 1 =1,...,p. By virtue



of the assumed continulty of Fl""’Fc the possibllity of ties
can be ignored, in probability. Let now

(k) _ (m(K) (k)

aa la- g0 0y pa P a=1,...,n

w K=1,...,c, (2.8)

be the N random rank p-tuplets, and we define the collection

(-rank) Matrix by

_ (r{1) )
Ry = (Ry ,...,géz ) (2.9)

so that R,; 1s a p XN random matrix:

Ry
. .
R{}) e R{ii e Rig)
¢
S it P T 220
. éi) e Réii ... Régi

where each row of this stochastic matrix is a random permutation

of the numbers 1,...,N. Let then ziﬁ)a - 1, if the o' smallest
]
th

observation of the 1 variate values of the combined sample is

from the k-th sample, and otherwise 1et Ziﬁ)a =0 fora=1,...,N;
>

K =1,..0,¢3 1 =1,...,p. Let {E a@=1,...,N; 1 =1,...,p}

Na ’
be given numbers satisfying certain restrictions to be stated
below (cf. Section %4). We then consider the pc random variables

defined as

i
—
A

kZ;EIEIé j(_lN{')a ; k = 1’000,0; 1 .’p . (2.11)

Let us finally define



ORI O
Eg = N-EZ: Efy i=1,...,p. (2.12)
a=1
Then our proposed test 1s based on a statistic éf; which
1s a positive semi—@efinite quadratic form in the pc stochastic
variables Ték) 'E;l) ,1=1,...,p; k=1,...,c.
To formulate the test criterion in an appropriate way and
the ratlonality of the test procedure, we consider the basic
rank permutation principle, which 1is essentially dilscussed
in detail in ([6],[8]), and hence is Jjust sketched in brief.
Each row of the rank collectlon matrix EN defined in
(2.10) 1s a permutation of the numbers 1,...,N, and thus EN
1s a stochastic matrix which can have (Nl)p possible realiza-
tions. Two collection matrices, say RN and R;, are said to
be permutationally equivalent when it is possible to arrive
at one from the other by only a finlte number of lnversions
of its columns. Based on this convention, the collection
matrix ﬁN defined in (2.10) will be permutationally
equivalent to another matrix 5; which has the same column
vectors as in ﬁN but these are so arranged that the first

*
row of QN iscomprised of the numbers 1,...,N in the natural

order, i.e.

- N
1 2 N
¥* R* R*
. Rip Ropp - N2
Ry = i i
R R. R
1Ip Top N

Thus, we have a set of N! collection matrices which are all



*
permutationally equivalent to EN’ and let this set be denoted

¥*
by S(EN).
¥* -
Now EN can have (N!)p 1 realizations and the set of all
these realizations is denoted byjﬂa;d The probability distri-

*

*
bution of EN over OQN will evidently depend on the parent

distributions, even under H, defined hy (2.1). However,
*
N’

*
of EN over the N! permutations of the columns of EN

*
is any member of S(§N), then

given a particular realization 5 the conditional distributilon
would
be uniform under HO, i.e. if N

under Hb,
*
P{Ry = £y!S(®)] = 1/N! (2.13)

whatever the parent cdf F may be. Thus if we consider any
test depending explicitly on the collection matrix EN’ and
formulate a test function ¢(§N) depending on the completely
specified permutational probability law (2.13), 1t follows
that such a test will be a similar test for the hypothesis Hb.

In the next two sections, we shall consider in detall such

permutationally distribution-free rank order tests.
Z. PERMUTATION RANK-ORDER TESTS (PROT)

In this section, we shall consider a genuinely distribution-
free test. Let us denote by éﬁ; the permutation probability
measure generated by the N! possible permutations of the

*
columns of ﬁN' Then, following a few simple steps, we get

() - 5{1105) = o (3.1)



(3.2)

for 1,3 =1,...,p; k,ga=1,...,c. akq 1s the Kronecker delta,

and
1) - 1sS <K 0 g gUS0)
vy 5By "'NZk=l a——7=1 Na,i PN, j ~ BN EN b (3.3)
1,j=1,...,p

E(k) being the value of ‘(1) ssoclated with the rank

No, 1 : £ ENs assoc

s = Rig). Following then the same arguments as in ([6],[8]),
1t seems reasonable to base a permutation test on the set

of p(ec-1) contrasts

TNi "EN ; 1= l’ooo’p; k= 1,..-,0"1. (3-4)
*
If we denote by X(ﬁN) the p x p covariance matrix with elements
*
vij(gN) defined in (3.3), then it can be easily seen that the
permutational covariance matrix of the p(c-1l) random variables

in (3.4) (taken-in that order) is
Nl—:l (- B =~ yx,q=1,...,c-1 ® Y(Ry) (3.5)

where (X) stands for the Kronecker product of two matrices

¥
(ef. [2, p. 347]). Thus, if we assume X(RN) to be positive

¥

*
definite (for the given QN), and denote its reciprocal by

v iRy = <(v”<ﬁ§))1,3=1,.§.,p then the reciprocal of the

p(c=1) x p{c-1) matrix in (3.5) comes out as

n n

n *
(-1) (G Byeq + Ny qe1, o0 ® YRy - (3.6)
c ’ ,l..’ R

Then, using (3.6), we get after some essentially simple
steps that cf% can be taken as



c — * —
Ly - S LB v e gl By (3.7)
which 1s a weighted sum of ¢ quadratic forms in (gék)JEN),

k=1,...,c with the same discriminant, where

k k k
LG I S T (3.8)
and
— _(1) _(p)
%N = (EN ’."’EN ) . (3'9)

From the remark made at the end of Section 2, it
follows that given RN’ the permutation distribution of 5#§‘
would be strictly distribution-free under HO defined by (2.1),
and hence an exact size € (0O < € < 1) test can be constructed
using this permutation distribution of<§z;. (For details, see
[6],[8] which deal specifically with the rank;sum and median
tests.) In the above context, we have assumed that X(Eg) is
positive definite. As we shall see afterwards that under
very mild conditions on F € ;7L, this statement holds with
a very high probability. However, if X(E;) happens to be
singular, we can work with the highest order non-singular
minor of X(E;)’ and proceed similarly with the corresponding
sub ject of‘variates.

To apply the above test in practice, one would require
to study all the N! possible permuted values of &f% (under 5ﬁ?),
there being at most N! §=1 nk! distinct values of aZ% for
any given Q;. Naturally, the labor involved in this scheme

increases prohibitively with the increase in the sample sizes.

So in large samples, we are faced with the problem of
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approximating the true permutation distribution of &{& by
some simple law and to reduce the computational labor by

that. This study would be taken up in the next section.
4. ASYMPTOTIC PERMUTATION DISTRIBUTION OF PROT-STATISTIC.
We assume that for all N, the inequalities

<)\(k)—nk/N:l-7\ <1 (4.1)

O<MzxNy ' =

0

for k=1,...,c, mﬂdfmvmmefbwdxoil/m

Also we require to impose some regularity conditions

1)

on Eéa defined 1n (2.11). Extending the idea

of Chernoff-Savage [9] to the multivariate case, we wrlte

E}(bf) = Ty @/ @ = 1,0 . (4.2)

While JN(i) need be defined only at 1/(N+1),...,N/(N+1),
we shall find it convenient to extend its domain of definition

to (0,1) by letting J to be constant on (a/(N+1),

N(1)
(@+1)/N+1)), a =0,1,...,N.

Let us now define

(k) 1 (k) ' (4'3)
FN[i]fx) =-ﬁ; (number of Xmu < x); 1=1,...,p;k=1,...,c.
L =S ) By 1, (4.4)
HN[i](}\) —Zk_:l 7\N FN[i] X}, = seeespP .
Also let
F(k) (x,y) = 1 (number of (X(k) X(k))<(x ));
N[, 3105 = o R (4.5)
k=1,...,c.

HN[i,j](X’y) = 22:3;=1 kék) Fé?i’j](X:Y) ; 1#A43=1,...,p.(4.6)
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k)

Finally, we define the marginal cdf of Xix and of

(Xif),xgi)) by F[i](x) and Fég)j](x,y) respectively, and define

Hrgptx) = Zli:l N k) [(li{])(x ; 1= 1,.;.,p (4.7)
Hy, 51009) = P N [(}{)J](x,y 1451, .. p (4.8)
Flgk)(;g) = %;}; (number of xwfk) <x), k= 1.0 (k.9)
o) = S ne B ) (4.10)
H(x) =3 ;4 Aék) F, (x) ) (4.11)

Then for the study of the asymptotic permutation distribution

of N’ Ve shall make the following aésumptions:

(1) J(i)(H) = 1lim JN(i)(H) exists for O < H < 1 and is
N-> oo

not a constant.
N ) N (k) - -1/2
JF[JN(i)(N+1 Hyray?) = 9ea) (T Bngay)] dFypay (x)=0,(0775),
~-00 - :
for all k= 1,...,cand 1 =1,...,p.
(%) J(i)(u) is absolutely continuous in u: 0 < u < 1, and
25

(i)(u "= IJ(i (u)| < K[u(1-u)]™"" 1/2 +6,

for r = 0,1, and some 5 > O, where K 1s a constant,

1ndependent of 1 =1,...,p.

0 [T Uoage) i a2 sy

-00 -

N N (k) . _
Y1) T Beay) T & By Oap, 510D = o030
for all 1 £ 3 =1,...,pand k= 1,...,c.
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It may be noted that condition (4) will be satisfiled
if for all 1 = 1,...,p,

k)
f[J T Hnpag) - (i)(N+1 Hnpag)d dFlfx[i](X)=°p(1)(“-12)

for all k = 1,...,c. In practice, it is easier to
verify (4.12) than condition (4).

SoAlong we have assumed that Fk € ji, k=1,...,c,
where j% is the class of all continuous p-variate cdf's.

We will now impose some restriction on §¢: Let us define

JFJ' (u) duy 1=1,...,p (%.13)
JFJ(i) i » i=j=l,...,p
(4.14)
+OO +00 :
= [ 3y @pag 3y By ) SR, ) bty
-00 =00

i % J = :°°':p:

and denote

X(F) = ((ViJ(F)))i,J=1,--;,p. (4'15)

Let i%b denote the class of all continuous p-variate

cdf's for which x(F) is positive definite and assume that

F (x) € 7 forallk=1,...,c. (4.16)
It may be observed that (4.16) implies that

H(x) ¢ Fy (4.17)

that 1is, x(H) is positive definite uniformly in kél),...,ANc)
satisfying (4.1). Further, it may be noted that conditions (1),

(2) and (%) are sufficient for the asymptotic multinormality
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of the joint permutation distribution of the p(cll) random
variables in (3.4). Conditilon (4;16) or (4.17j is required
to ensure the non-singularity of the above asymptotic distri-
bution, as the same is required, in turn, for the asymptotic
distribution of éf; in (3.7). Condition (4) is required to
establish the convergence (in probability) of the (random)
permutation covariance matrix 2(5;) to v(H), which will be
required in the sequel.

Before we proceed to conslder the main theorem of this
section, we present the following two theorems, as they

will be required subsequently.

THEOREM 4.1. If conditions (1), (2) and (3) hold and if

%
X(QN) is asymptotically non-singular, then the joint

permutation distribution of the p(c-1l) random variables

el B, 4 1, s k= 1,00 ,0-1] defined in

(2.11) and (2.12) is asymptotically a p(c-1l)-variate normal

distribution.

PROOF. It is sufficlent to show that under the stated

regularity conditions, any arbitrary linear function of

(1) ple-1)
Iv e Xy

has a permutation distribution which 1s asymptotically a

(defined in (3.8)), when standardized,

p variate normal one. If now Bq,...,8,_ 71,8, (=0) be any

c-1 arbitrary constants, then

S (k) _ _ \ '
> k_ Bk - EN - (UN].’ "')UNp) s (4.18)
where
Unyg $T_N =1 éi) Efi)i 1=1,...,p; (4.19)
(i) - =¢C (k) - . = l' (4.20)
Mo Z‘—k=l 5k ZiN,CL » O 1,...,N; 1 1, 5P
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It i1s then easily shown that for any given Bl,...,sc;

géi) = (céi),...,cNéi))“satisfies the Wald—WolfowitE condition
([0],p.236) of the Wald-Wolfowitz-Noether-Hoeffding-Hajek
theorem ([12],p.522) for each 1 =1,...,p. Also, using the
conditioﬁs (1), (2) and (3), it 1s readily seen that

Eéi) = (Eéi?,...,Eéﬁ)) sétisfies the Noether:Hoeffding condi-
tion ([10,p.236) of the same theorem for each i = 1,...,p.

Hence, on applying the above mentioned theorem (as extended

to the vector-case by Hajek ([12],p. 522) undef the assumed
non-singularity condition on X(Q;)), the desired result follows
readily.

Hence, the theorem.

THEOREM 4.2. If the conditions (1), (2), (3) and (4) hold,

then for all Fk € 5#, k=1,...,c, and uniformly in xél),...,xgﬂ

(satisfying (4.1))

* P
V(Ry) —y(H) .
P
(Note: We shall throughout use the notation —> to mean

convergence in probability as N — o.)

PROOF. By virtue of conditions (2) and (3), and the
well-known results in the univariate case (cf. [9]), it

follows that
1

E&i) E—>\/ﬂJ(i)(u) du =,  for all i =1,...,c. (4.21)
0

Hence, using the condition (4), it follows from (%.3) and

(4.21) that



15

* ' N N
Vig(Ry) + kb =‘[71J(i)(ﬁii Hyra)) J0g) (W Hug 570 9N, 57 (09)

A -
R (4.22)

+ op(l)

where R2 denote the two dimensional real space. So our
problem reduces to that of showing that the integral on the

right hand side of (4.22) converges in probability to

A =\[Z J(i) (H[i]) J(j)(H[j]) dH[i,j](X’y) ] (4.23)
R ,

Let us now define

_ (. V3 < “1/33. 4 -1

IN(i,j) = IN(i) m IN(J.) y Jj = l,...,p.

Then, using Cauchy-Schwarz inequality, (4.24%) and the well-known
result (cf. [9]) that for each 1 = 1,...,p,

1/2, N .
s;p N Iﬁ:i HN[i](x) - H[i](x)l is bounded in probability,(4.25)

we can write the right hand side of (4.22) as

+ o0 (1) (4.26)

A, + B ON D

N By * B

where

Ay = JC[ Teyy(Hp 3703 (g) Hp ) Ay 5y 009) (4.27)
Tn(1, )

' N N
Byy = ff T4y B Ve T Bargy? -
(1, 3)
- I3y Hpgp) T aBypy, 5y (69) (.28)

' N
Boy = ff T3y Er 5091y (erT Bypay -
(1, 3)
- J(i)(H[i])] dHN[i,j](X’y)' (4'29)



16

Now, using (4.25) and the condition (3), it is easily seen
that for all points in IN(i,j)

N
1901) G Bupay) - ey (e |

_f.1/2 N -1/2 ) N
“{N I Enpag - H[i]'}{N / 1700y (b 731 Hypagt

(4.30)
+ (-9 DI f 0 < d <1
= Opfl)
uniformly in x € IN(i 3)" Also, noting that
f 19¢1) (N+l n(a]) | dypyy(x) < oo (4.31)
N(l)
for all i =1,...,p (by condition (3)), we obtain from
(4.28), (4.30) and (4.31) that
IBlNl = Op(l) . (4.32)
Similarly, it is easily seen that under the stated
regularity conditions
[ 134y gy 0 | gy o) (4.33)

In(1) |
is bounded in probability for all i = 1,...,p. Hence, from

(4.29), (4.320) and (4.%3) it follows that

IBQNl = Op(l) . (4'34)
Finally, AN in (4.27) can be written as
S (k) (k)
2o M ) 3y Gy ) 35y (B gy () amygy gy ()
(s, 9) n
= > > a4 1k Z gy (ki) x {6 g (4.35)
a=J
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where

ey (oY) = I(q) (Hpgy (35 gy (9028 Goyd edygy g
(4.36)

= 0 otherwise
k k
and, where {?Xia),xga)); a = l,...,nkz are independent and
identically distributed random variables (i.i.d.i.v.)
having the bivariate cdf FE? j]( y). Now by virtue of
condition (3), it is easily seen (by using the elementary

inequalities of ([9],p. 986)) that

SIIin EUgN(Xjﬂ,’YJa Il+6 lFI?}jTZJ]E < 00 for k=1,...,c, (4-37)

where 6 1s a positive quantity defined in condition (3).
Also, {gN(Xia, ), a = 1, ..,nkE are n, independent and
identically distributed random variables, and hence it can

easlly be shown by using (4.37) that

(x(k), x (&) ~ \ZYNJ ) (Hy (x )J( (3 57 (9))

(k) (4.38)
aFpy, 5 (x9)

n

~

1
e o

.&lvl

for k=1,...,c.
Now from (4.8), (4.35) and (4.38) it follous that

AN-5-> A (4.39)

where A is given by (4. 2 ).
From (4.22), (4.26), (4.32), (4.34) and (4.39), we arrive

at the result

% .
Vij(ﬁN) — vij(H) 2 i # J = l""’p'

Similarly, it can be shown precisely on the same lines as in the
univariate case that Vii(RN) is independent of RN and
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* P '
vii(ﬁN) —_ vii(H) s i=1,...,p.

Hence the theorem.

THEOREM 4.%. If conditions (1), (2), (3) and (4) hold and if

Fk € ¢¢O for all k = 1,...,c, then the permutation distribu-

tion of the statistic 5{% (defined by (3.7)) asymptotically

reduces to a chi-square distribution with p(c-1) degrees of

freedom.

PROOF. The proof follows more or less trivially from the

preceding two theorems, and hence 1s omitted.

By virtue of Theorem 4.3%, the permutation test procedure

based on<§f; simplifies in large samples to the following rule.

N 2
If N = Xe,p(c—l) ;, Treject HO’

(4.10)
2

< Xe:p(c’l) ?

accept HO R

where Xg,r is the loo(l—e)9b point of a chi-square distribution
with r d.f. (degrees of freedom).

In ordef to study the power properties of the test
considered above, we require to study the unconditional
distribution of 'N’ under appropriate classes of alternatilve
hypotheses. This, in turn, requires the study of the joint
distribution of the rank order statistics defined by (2.11)
and the same will be considered in the next section.

The problem of the choice of suitable Zglgl), i = 1,...,p},

will be considered in a later section.
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5. ASYMPTOTIC MULTINORMALITY OF Téf), k=1,...

i=1,...,p, FOR ARBITRARY F

’c’
e & » F »
1’ e

It follows from (2.11), (%.2) and (4.4) that we can
(k)

write TNi equivalently as
0 T () oy
k) N k
~-00

THEOREM 5.1. If F, € for all k = 1,...,c, and if IN(1)

satisfies the conditions (l), (2) and (3) (ef. Section 4)

for all i =1,...,p, then the pc-vector with stochastic

elements [Nl/E(TNi) uég)), 1=1,...,p; k=1,...,c] has
a limiting normal distribution with zero mean vector

(k,q)
and covarilance matrix:}ij:((oN[i J]»’ where
~ 2

“‘Ni fJ ¢y (Hp () dFEi] (x) 3 1=1,...,p5 k=1,...,c. (5.2)

(k,q) (r) (r) (r)
oN[1,j] = 2 %5: My -m¢11y<ii (x,y) daFpyy(x) aFpyq(y)  (5.3)
r#k

[r] (r)
N 2_ Xé/\ tx9) (x) dFp 4 ()
o< y<00

( ()T (r) (s)
Ay xN L JOF A (x v) dF[l](X) [](

"°°<X<y<°°

(k) (r) (s)
[ 8y tramargy () arp ()

- 00<Y <X <00

+
=
Ly
H drq
oMl o)
L=

£
X
4

=
By
LN
w o
v
x“H\ll
s H

(it k=q, 1 =]3);



(r) (s)
f 13‘“’ aFpyq(x) dFp 4y (y)

<

¢ _c i3
Z—Z-—m— J

N —-00
T o (r) (k)
JPu o) a0 amg gy

o

+o0

o T
-I-oo

(r) (k k) (r

Ay f B, (x,y> dF[i]uc) m(y)
T

(k)

IS r) k)
fB 1,] (x,) dF[i](X dF[J](y

(if k = q, 1 #J);

(r) op () (x) (a)
- _5‘0_: 7\; L Jf Ay (x,y) dFpy(x) dFp4;(y)

—oo<x<y<oo
(k) ) (a)
+ ffA (y: ] X dF[i] fyﬂ
—00<y <X <00
(q) r) (k)
_Z xN lr ffA fx,y dF[i](x) dFpyq(y)
L —00<X<y<c0
(a) r) (k
+ ff 1 (Y,X) dF[i] (X) dF[l](y1
~0<y <X <00 —
c_ - (r) (r) (k) (q)
£35Sy [ [ Ay ) arpyy(x) @Ry )
-m<x<y<w
(r) (k) (a)
[ Ay rm arpg 0 arpg )
—0<Y <X <00 ’

(1f k # a, 1 = J);

20

(5.4)
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c (r) T (0 (r) (q) ~
p [ By ey aFy(x) arpgy(y) (5.6)

¢ (r) B (q) (k) (r)
S Ba stew) @y ) arg )

c (r) I (r) (k) (q)

(if k # a, 1 # J);

where

(o) (@) :
; (t,u)

(OL) : 1
F[i](t) [1- F[i](t)] J(i)[H[i](t)] J(i)[H[i](u)](5.ﬂ

il

A

(@) (a) (o) (a) ' :
Bi,j(t,u) = [F[i’j](t,U)-F[i](t)F[J](u)] J(i)[H[i](t)]Jj[}b](u)]

(5.8)

Proof: As.in the univariate case (cf. [11, Theorem 5.1]) we

(k)

rewrite TNi as

(k) (k) (k) (k) 4 (k)
Ty: = Mp1 * Binea)® Bann)?t ?ZI Crn(1) (5.9)

" where uég) is given by (5.2),

(k) (k) (k)
: B]_N(i) =fJ(i)(H[i](X)) d[FN[i](x)-F[i](x)] (5.10)

(k) 1 (k)

for

(k)
and the ~1/2);

CfN(i)’ r = 1,2{3,4 are all op(N

i=1,...,pand k= 1,...,c. The difference

N (TNi - By ) - N (BIN(1)+ BEN(i)) tends to zero in
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probability for all i = 1,...,p and k= 1,...,¢c and so the

vectors

/2 (k) (k)

[N (T

Ni -uNi),1=1’.oo,p;k=1,--o,c]

and
1/2 (k) (k)

[n (Biyeay* Bonge))e

1=1,...,p;k=1,..l,c]
have the same limiting distribution if they have one
at all. Thus, to prove this theorem, 1t suffices to show

that for any real non-null o = (51,...,60), the random vector

1/2 ¢ (k) (k)
N ZL"k . 8, [Biy + Boy ! (5.12)
(where B(k) = (B(k) . . B(k) )', r = 1,2), has

~rN rN(1)’ " *’“rN(p)
asymptotically a p-varlate normal distribution.

Now. proceeding as in the univariate c-sample case

(cf. [16] and([11),Section 5]), we can rewrite B£§21)+ B(kzi) as
e @ fy Taw o (@ g Tk () <kﬂ>

=1 My Ny =T qu(l)( "'E; — q(z)(X (5.13)
%

where :
(1) ‘(q)  (a) - (a) ()
Brq(1) ¥y ) = Sty By 1 ey () aF 43 (x) (5.14)
(1) (k) < (k) (k) (a)

Bg(2) e ) = J (Papa)” Fra)d3(a) Wiay) oF(y) (o (5.15)
(k) (k)

F1[1] being the empirical cdf of Xia , whose true cdf is

FE?%(X)’ for g,k =1,...,¢; 1=1,...,p. If we now define
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(1) (k) c (k) (k)

Poe ¥io ) = 27 B Bak(1) Faa ) (5.15)
#k

(1) ,(k) ¢ (q) (1) (k)

Bo (X35 ) = £ Mo Bra(2) i ) (5.16)
£k

(1) (k) (1) (k) 5, (1) (k)

B, (g ) = By (g, ) = iy By (g ) (5.17)

N

and

1 .
B, =% B, (X , 1i=1,...,0, (5.18)
N N =1 a=1 k la

(1) (p) 1 |
%N = gBN » -,BN (5'19)

1/2 gN’ which 1s a stochastic

p-vector with elements Bél) (£ =1,...,p) which involve c¢

then (5.12) can be written as N

independent sums of independent and identically distributed
random variables Bﬁi)(xif)), o =1,...,0; k=1,...,C
Further, as in the univariate case (cf. [11l, Section 5]) it
can be easily shown that

(1) (k) 240

E4IBp (X, ) < (5.20)

for all i=1,...,p; k=1,...,c, where & 1is defined under
Condition % in Section U.

Hence, the asymptotic multinormality of (5.12) readily
follows from (5.18), (5;19) and (5.20) through an application

of the (vector case) Central Limlt theorem.
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Further, it can be shown by somewhat lengthy algebraic

manipulations that

(1) (q) (J) (a')
cov qu(l)(xia ): Bk'Q’(l)(XJa ) (5-21)

=0 ifQ7AQ':

= (a) (k) (k')

-0 ==C0

(q) (k) (k')
\[7ﬁ Ai (x,y) dF[i](x) dF[i] (y)

—-00<X <Y <00

(a) TR I o
ff Ai (y,x) dF[i](X) dF[i] (.V) ifaq=aq', 1= Jds

—~00<Y <X <00

(a)
where - A (x,y)(A§q)(y,x)) and B§?§(x,y) are given by (5.7)

i
and (5.8) éespectively.
(1) (k) (3) (k')
=0 if k # k!
T ) (a) (a") y
= f ,fBi,J( x,y) dFpyq(x) dF[ 4 (y) 1f k= k'; 1 # 33

(k) (a) (a')
= ff Ay (x,y) dPpyq(x) dFpyy (¥)

~00<K <Y <00

(k) (a) (a') .
e [[ 8y (rx) aRpy () aFpyy (9 AT k= KA

—0o<y <X <00
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Finally

(1) (k) (3) (k')

= 0, if q # k';

(q) (k) (') : )
Jf JFBi,J(x y) dF[i](x) dF[j] (y) if g = k'; 1 # §;

00 =00

(a) () (")
Ay ) arpg ) arpyg ()

~0<Y <y <00

1

(a) (k) (a') '
jgp Ay (y,x) dF[i](x) daF[y9 (y) if q = k'; 1= j.
—00<Y <X <00
Using (5.13), (5.1%), (5.15), (5.21), (5.22) and (5.23)
and foilowing somewhat lengthy algebraic computations we
obtain thg covariance terms given by (5.3), (5;4), (5.5)
and (5.6). The theorem follows. _ »

It may be noted that the asymptotic normal distribution
derived in Theorem 5.1 is singular and the rank of this distri-
bution can at most be equal to p(c-1l). If the null hypothesis
(2.1) is true, then it is readily seen that

(k,q) (k)
oN[1,4] = (skq/xN - 1)vij(F), (5.24)

where 6k is the kronecker delta and

JPJ(i)(x x - [ JPJ(i)(x) ax]2 1f 1= j
(5.25)

1j

d/‘g/\J(i)(F[i]( )J(j)(F[J](y ) dP[i ](X:y)

-0 =00

L_ - [t/\J(i)(x) dx] [\/l 1j(y dyl if 31# ]
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F d !
[1] an F[i,J] being the marginal cdf's X, and (Xi’xj)

i
respectively when X = (Xl,...,Xp) has the cdf F(x).

Thus, if we assume that F ef?o, where E?O 1s the class of
all continuous cdf's for which (4.15) is positive definite,
then it readily follows that the asymptotic normal distribution
in Theorem 5.1 is of the rank p(c-1l), and by simple argument,

we may conclude that
<_ (k)

Ly = nd @y - B @i -5 (5.26)

where x-l(F) = ((vij(F'))‘l = ((vij)) has under the conditions of

Theorem 5.1, asymptotically a chi-square distribution with p(c-1)

d.f. when Hy defined by (2.1) is true.
If now 2 = ((Gij)) is any consistent estimator of ((viJ))
A—
and if y L ((Qij)), then it follows from (5.26) and some simple
arguments that
g _c (k) — v o1, (k) =
55& = %ZT n By - Ey) ¥ Ty - Eyll (5.27)

has also under the conditions of Theorem 5.1, asymptotically a

chi-square distribution with p(c-1) d4.f. when H, defined by

0
(2.1) is true. Hence an asymptotic test may be based on the
A

statistic éf), and such a test will be termed as a CSROT (see

the concluding part of Section 1).
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6. THE LIMITING DISTRIBUTIONS OF PROT AND CSROT FOR
SEQUENCES OF TRANSLATION AND SCALE TYPE OF ALTERNATIVES.

In this section, we shall concern ourselves with a
sequence of admissible alternative hypotheses {HNK which
speciflies that for each k= 1,...,c¢,

(k) (k)

Fk(é) = FEXIN see s Xpy ) with F ¢ <?; (6.1)
wh?r?

k .
XN = (Xi + @gk)N’l/z)(l + 6§k)1\1'1/2) ,1=1,...,p. (6.2)

We shall use the notation

20

ik),...,@_ék)) and 5K - (aik),...,aék)) (6.3)

and assume that at least one of the followlng two equalities

o) o . =ole), s o gle)
[a VI ~n - ~ L2 CIN
(1) _  _ gle)
is not true. It may be noted that 1f Q = ... =077,
we have the usual location problem, and if %(1) = L.l = g(c),

we have the scale problem; while if both the equalities hold,
then F1 = ... E Fc. Furthermore we shall denote as before
the marginal cdf's of the 1-th variate, and that of the
i-th and j-th variate, corresponding to the distributilon

function F(x ..,xp) by F[i] and F[i,j] respectively.

1’°
Next, let us denote

oo C
d
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(k) (k) (k) |
Ny = Bygy(F) 6y +cy(FI8;, , k=1,...,c (6.6)
(k) (k) (k) -
n = (g seeomy ), k=1,...,0 (6.7)

Then, we have

THEOREM 6.1. If

(1) for all k=1,...,c; lim kék) = %(k) exists and is

N->ow
positive fraction less than unilty,

(i1) conditions of Theorem 5.1 are satisfied,

- oS
then under the hypothesis : Hy -defined by (6.1) and (6.2),

the random vector [Nl/z(T(k) (k)), i-= l,;..,p; k=1,...,c]

Ni “HNi
has a liniting normal distributlion wlth mean wvector zero
" =(((of 9]

and covariance matrix 3 (1 J])) where
~ 2

(6.8)
(k,q) By ‘
O[i,j] = (;%Y - l)viJ(F) E] i,J = l,nuc,p; k,q = 1,.0-,0

where Skq 1s the usual kronecker delta and Vij(F) is given by

(5.25).

The proof of this theorem is an immediate consequence
of Theorem 5.1 and some routine algebra, and is therefore

omitted.
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THEOREM 6.2. If F ¢ 5¢b and if in addition to the conditions

of Theorem 6.1, the conditions of Lemma 7.2 of Puri [16]

are satisfiled by F[i](x) for all 1 = 1,...,p, then under

the sequence of alternatives H; in (6.1)_and (6.2),

<;€N (defined in (3.7)) has asymptotically a non-central

chi-square distribution with p(c-1) degrees of freedom and

the non-centrality parameter

A =S A(k)[n(k e EN ()"
L k=1 ~

PROOF. It follows from Theorem 6.1 that under {H§ the rank
of the asymptotic normal distribution in Theorem 5.1 is p(c-1).

Further, it follows from Theorem 4.2, (4.11), (4.14) and
Theorem 6.1 that under the stated conditions

¥(H) —> y(F) as N - oo , (6;9)

YRy —> g0~ y(F) . (6..10)

where ~ indicates that the difference of the two sides tends

to zero in probability. Finally under fHNE it 1s easily

seen (by using (4.2) and (5.2)) that

(k) - _
lhyy - éi)] g ﬂik) for all 1 =1,...,p; k=1,...,c. (6.11)

The rest of the proof of the theorem follows from
Theorem 5.1 and by an application of the well-knoun results
on the 1limit distributions of quadratic forms of asymptotic

normal distributions, and hence 1s omitted.
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Now since Q'l is a consistent estimator of Q'l, we have

the following

THECREM 6.%. If the assumptions of Theorem 6.2 are satisfied,

then for N -> o, the limiting distribution of the statistic

Vel
&ZN,defined by (5.27) 1is non-central chi-square with p(c-1)

d.f., and noncentrality parameter %ﬁf defined in Theorem 6.2.

Tt now follows from Theorems 4.3, 6.1,6.2 and 6.3 that

under the sequence {HN} of alternative hypotheses
A
P
ng ~ df& (6.12)
and hence, using a well-known result of Hoeffding ([[14],p.172]),
it follows that for testing Hb against the set of alternatives

{Hﬁithe PROT and CSROT are asymptotically power-equivalent.

7. CHOICE OF {J(i), 1=1,...,p% AND RELATED ASYMPTOTIC
POWER EFFICIENCY OF THE RANK-ORDER TESTS.

In this section, we shall consider specifically the
problems of location and scale considered in Section 2, and
for each problem, we shall consider some specific tests and
study the resulting asymptotic efficiency.

(a) Location problem.

We shall consider here the following tests.

(1) Median test. This is characterized by

1, if o < [(N+1)/2],
JIJ(i)(O‘/(N+1)) = (7-1)
0, otherwise,

where [s] denotes the largest integer < 8. This implies that
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1 if u < 1/2
T(gy(w) =
0O if u > 1/2
The function J(i)(u) has a single point of discontinuilty at
u = 1/2, and if the cdf F[i](x) has a uniquely defined median,
the Lebesgue measure of this point will be equal to zero.

If we work with (7.1) for all i = 1,...,p, the test will

be termed the multivariate multisample median test.

(1i1) Rank-sum test. Let

i,...,N (7.2)

]

JN(i)fa/(N+l))=a//FN+1); a

which implies that J(i)(u) =u: O <u <1, If this

weight-function is used for all 1 = 1,...,p the corresponding

test will be termed the multivariate rank-sum test.
Both the median and rank-sum tests have been studied
in detall by Chatterjee and Sen ([6],[8]), and hence, here

these will not be considered again.

(111) ¥-Score test. Let ¥Y(x) be any specilfied continuous

cdf, and we define

JN(i)(a/$N+l)) = Y_l(a/(N+l)); a=l,;;.,N (7.3)

This implies that J(i)(u) = Y'l(u): O <u=<1. If we use
(7.3) for all L = 1,...,p, the corresponding test will be

termed the Y-score test. In particular, if ¥ 1s a standardized

normal cdf, the test is termed the normal scores test. It may

be noted that often we define the Y-scores in a slightly
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different but asymptotically equivalent way. Let ay o be the
- 3
expected value of the a~-th order statistic in a sample of

size N drawn from a universe having the cdf ¥(x). Then we take

- ; a= 1,...,N. (7.4)

N(i)(o‘/(N"'l)) = ay
For a wide class of cdf's [cf Hoeffding [15]), the use of
(7.3) and (7.4) leads to asymptotically equivalent results.
The conditions (1), (2) and (3) of Section % are known to be
satisfied by (7.3) and (7.4) for a wide class of ¥Y(x)
(cf; [9], [11], [16]), and 80 we require only to show that
condition (4) or (4.12) is also satisfied. To do this
we rewrite-(4.12) as

. ]2

=3 [A,

¢ , (7.5)
nk =1 ,aj N,aJ

where 1 <a, < ... <a, <N are any n, distinct integers,

and Y(&N,a) =a /(N+l), fora = 1,...,N. Now (7.5) cannot

be larger than
(/n, ) { (1/N) > [y oty o) F (7.6)
- a= K] 2

We shall then prove the following.

LEMMA 7.1. Let ¥(x) be any continuous cdf, satisfying
(1) fx a¥(x) = fx a¥(x) < oo,

(11) Y(x) 1s symmetric about x = 0; ¥(x) is convex

for all x < O and concave for all x > O, (or vice versa).

Then

0 . (7;7)

14m  (1/N)
N~>00

:ul\'lz

‘ 2
a’N,i - "=N,1]
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PROOF. The left hand side of (7.7) can be written as

le—-’

l< 2
'N'Z ,1

N N o N - -
=1 Zg - T\fzﬁa éN,i . (7'8)

i=1 N,1

It has been shown by Ali and Chan [1] that if Y(x) is

concave (convex) for x >0, then for 1> [(N+1)/2],

CZN 4z (<) ﬁN 4 and opposite inequalities hold for i < [(N+1)/2].
) _ 3

Thus, if Y(x) is convex for x < O and concave for x > O,

we readily get from the above result that

N .
St .2 N 2
%;1- 0,1 = L— ey 32_Qy (7.9)

and the opposite lnequalities hold if ¥Y(x) is concave

for x < O and convex for x > O. Thus, from (7.7), we get that
1 i 2 1L 2 1 | |
§ 2 @yaty,e) s Iy 2_ty 4 ﬁ%e w,ale (7.20)

Again 1t follows from Hoeffding's results [1-5] that

N .
1
N-E a, fx a¥(x) < oo , (7.11)

%Zgﬁi—a fx d&’x)<oo.l (7;12)

From (7.10), (7.11) and (7.12), we readily conclude that
(7.7) converges to zero és N :> 00 .

Hence the lemma.

In particular, if ¥(x) 1s a standardized normal cdf,
it 1is convex for x < O aﬁd concave for x > O, and hence the

result of Lemma 7.1l holds. The same lemma holds for logistic,
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double exponential, rectangular and many other cdf's.

Finally, we require to show that y(F) in (4.15) is
positive definite under certaln conditions. xiF) will cease
to be positive definite when there exists one 6r more linear
relations among the variables J(i)(F[i](x)), i= l,...,p;

This 1n turn requires that the scatter of the points of the
distribution F(xl,...,xp) is confined te a (pil) or lower
dimensional) hyper-curve whose equation is
%i; cy J(i)(F[i](Xi)) = constant (7.13)
(or more than one such equations). Thus, 1f the cdf
F(xl’L"’xp) 1s non;singular in the sense that there is
no (p-1l) or lower dimensional subspace of the
p;dimensiqnal Euclidean space Ep whose probabillity mass is
exactly equal to unity, then (7.13) cannot hold, in
probabillty, and hence (4.15) would be positive definite.
In actual practilce this-is practically no restriction on F.
In the parametrilc case, under the assumption of
non:singular multinormal distributlion of each of Fl""’Fc’ the
1ikelihood ratio test for location is given in Anderson ([2], Sec.
8.8) and Rao (618], Sec. 8d.4), and it is easlly seen that under
{HNS (when Q(k) = 0 for all k = l,;..,c), this statistic
has asymptotically a nonjcentral )52 distribution with

p(ec-1l) d.f. and the non-centrality parameter
c

- -1 . .
by =3 A ey s oK)y (7.14)

where > = ((Gij)) 1s the common covarlance matrix of all the cdf's.

~
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Thus the relative asymptotic power-efficiency ova§~test

with respect to the likelihood ratio U-test is given by

e -5 /n, . (7.15)
IRCSIERSS v :
It follows from (7.3), (7.4), (4.15), Theorem 6.2 and (7.1%)

that 1f F is a p-variate non-singular normal cdf, then

fer all :Ek), k = 1,;;.,0. So asymptetically, for normal
cdf's, the normal scores test is as efficlent

As the U-test. In the univariate case, Hodges and
Lehmann [13] have shown that asymptotically normal scores
test 1s always at least as good as the student's t:test

for all cdf F € j%. The generalization of such a statement
to the multivariate case seems to = * quite difficult to prove
and dubious too. It turns out that for the. |
multivar?ate case, (7;15) depends not only oani(F),

i= 1,...,§ (defined in (6.4)), but also on the matrix

x(F) in (4.15) as well as on %(k)’ k=1,...,c. Using

the resuits of Hodges and Lehmann [13], it is easily seen

that for the normal scores test
By(F)/oy; 21 for all 1 =1,...,p, and all F e &, (7.16)

So, if the p-variates in F are all uncorrelated, it is

easily seen that (7.15) > 1 for all F € 5¢O’ independently
of %(k)’ k=1,...,c. On the other hand, if these p variates
are correlated, we may proceed precisely on the same line as

in Bickel ([5, (4.3)]), and express (7.15) as the product of
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two factors, namely the univariate and the multivariate
factor;T The univariate factor 1s independent of é(k),
k=1,...,c, and 1is easily shown to be at least as large

as 1, while the multivariate factor depends implicitly on

the characteristic roots of x—l ZE: and expliclitly on %(1),;;;,
%(c). In the bilvarilate two sampiz case, Chatterjee and Sen

[6] have obtained some asymptotic power-inequalities of the
median test and the rank:sum test, and Bickel [5] has

obtained some bounds for the maximum and minimum power

of the same tests in the single sample case. Essentlally,

the same technique may be applied to study the bounds for
(7.15) in the particular case of p = ¢ = 2. However,

in the general case of p,c > 2, 1t seems considerably
difficult to establish the bounds for (7.15) or to evaluate
(7.15) exactly. In fact, for some non-normal multivariate
cdf's (7.15) can be shown to be greater than one, but

we belleve that (7.15) cannot be greater than or equal to

1l for all F ¢ 3#0. Some counter-examples may be provided

for that, especilally in the limiting non-degenerate case,
where one has essentially to follow Bickel's [5] technique

with multisample extensions. This is however not consldered

here.

(b). Scale problem. Here, we shall consider the followlng

rank-order tests.
(1) Let Jyy)la/(NH))= |ty - l fora=1,...,0 1=1,...,p
so that

T _ |
J(i)Su) = ju - 2| for 0O <u=<1land L =1,...,p.
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(7.18)

(11) Let Jyyy(a/(N41)) = [ 7 --%]2 for @ = 1,...,N;i=1,...,p
s0 that
Jiov=(u-32 foro<u<1 and 1=1,....p.
(1) 2 r u and 1=1,...,p.

(111) Let CZN ., be defined as in Section 7 (a) and let

>

In(1) e/ (N+1)) =Ce§,a s @ = 1,151, .0 (7.19)
so that
J(i)(u) = [yt w?, 0 <u < l;i=l,..;,p. (7.20)

In the univariate case, the rank-order test corresponding
to (7.17) has been considered by Ansari and Bradley, and
Siegel and Tukey (cf. [17]); the rank-order test corresponding
to (7.18) by Mood and the one corresponding to (7.19)
by Klotz, among others (cf. [17]). Here also, in the
multivariate case, the last test (for the case when Y(x)
is the standard normal cdf) will be termed the multivariate
normal score test for scale.

Proceeding then precisely on the same line as in the
location case, it is easily seen that under essentially
similar conditions, a strictly distribution;free permutation
test and a large sample non-parametric test can be
constructed for each of the three types of welght functlons
defined in (7.17), (7.18) and (7.19).

In the parametric case, under the assumption of
non-singular normal distribution of each of Fl,...,Fc,
some optimum likelihood ratio test is available for testing
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I,F .

the identity of dispersion matrices of F o

17" If, however,
we are interested only in testing the identity of the variances
for each of the p variates, we can have a similar test
whose.test-statistic (say V) has asymptotically updgr HN

in (7.1) and (7.2) (where %(k) =0 for all k= 1,...,c), a
non-central )12 distribution with p(c~1) d.f; and the

non~-centrallity parameter

by =3 A () yp=T(g(k)y 1y (7.21)
where [ = ((713))1,j=1 oD with
7ii= 2051, i=1,...,p
. (7.22)
7.1J = 2(013)2 2 i % j = 1)"')p}

> = ((Oij)) being the covariance matrix of F.

Hence the agymptotic efficlency of the ozg test with

respect to the V-test 1s given by

e{%&{.VN§ =0 /by . (7.23)
In particular, when the underlying distribution function

F is a non;singular p-variate normal, the multivariate normal

scores test for scale is asymptotically as efficient as the

V-test. The efficlency of the flrst two scale tests can be

expressed as the product of two factors, the univariate

factors are known (for the normal cdf, they are equal to

0.61 and 0.76 respectively), while the multivariate factors
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will depend on,§:: as well as on g(k), for k = 1,.;.,c.
As in the locatign test, nothing can be said about the
lower bounds for the asymptotic efficiency of the normal
scores test or the other two tests for the non:normal cdf's.
So far, we have considered rank-order tests for
which JN(i) does not depend on i. Evidently, it is always
possible to use a rank.oréer test wilith different JN(i)'S
for different 1 = 1,...,p. In the event when there are
sufficient reasons to believe that for different i's
the F[i]'s are appreclably different from each other, some
specific JN(i) will be suitable, such a test may be

recommended.
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