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INTRODUCTION

The global safety of nuclear power plants is greatly affected by the resistance
of internal and external plate and shell-type structures to dynamic loads caused
by accidentally generated flying objects, such as parts of failed rotating equip-
ment or ruptured piping, tornado missiles or impacting aircraft engines. This
paper describes the development of a linear and nonlinear laminated plate dyna-
mics computer program based on explicit time integration with a special mass
matrix diagonalization scheme using a higher-order theory and C° finite elements.
A lagrangian approach is adopted for the geometric nonlinear analysis and the
stress and strain descriptions used are those due to Piola-Kirchhoff and Green
respectively.

GEOMETRICALLY NONLINEAR HIGHER-ORDER THEORY

In the case of fibre-reinforced composite materials, a laminated theory which
takes into account the effects of transverse shear deformation and rotary inertia
is in general required. A laminate with constant thickness, h, composed of NL
orthotropic layers oriented at angles «,,0y, ...,0a, is considered. The origin
of the co-ordinate system is licated within the mighle plane (x-y) with the
z-axis being normal of the midplane. The higher-order theory is based on the
following assumed displacement field,

u(x,y,z,t) = UO(X,Yyt) +ZGX(X,Y,t) +239;(X9Y1t)

v(X,y,2,t) = VO(X,Y,t) +ZOY(X9Y7t) +236;(X9Y1t)

w(x,y,2,t) W0<X,Y,t) .ee (1a)

with midplane displacement vector,

d = (uo,v JW_,0

o Nt
d 9o o)) .ev (1b)

x19y,ex’

Introducing the Von Karman assumptions which imply that derivatives of u and v
with respect to x, y, and z are small and noting that w is independent of z
allows Green's strain to be written as follows:
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(e | | ow/ex+0.5 (2w/ax)?
ey dv/3y +0.5 (3w/8y)2
£ | Yy | = du/dy +9v/8x + (3w/9x) (3w/dy) eee (2)
sz dv/dz + ow/dy
| Yox | [8u/dz + Bw/dx |

The expressions for Piola-Kirchhoff stresses in the Lth layer can be written by
substitution of the Green strain expressions as follows:

L - L : 3% 2
ro
“x Q1 Qp Q3 O O ey ¥ X 27X+ 0.5(0w /2x)
0 0 + 3x* 2
oy Qy Q3 eyo zxy+z Xy3+-f).5(awo/ay)
Txy = Q33 0 0 ;xyo+ ixxy+ 2 Xxy+ (awo/ax) (awo/ay)
vz Uy Us| |y *°
erx L_Syrrmetrlc QSS_J L®x to, B
} ...(3a)
in which,
du_ v _ du ov_ 00 _ 96_ 90 90
= (=2, _°_©0, o X Yy X, ¥
<exo’eyo’exyo’XX’Xy’xxy) X3y’ ay T ax e ey Ty 5%
* % % % % 3Oi Ef; aoi i?; Wy Wy % %
(Xx’xy’xxy’éx’q’y’éx’éy) = (B—X’ 3y ,—y"' % ’Ox+ T’ @Y+_5-§r-’ 39xa30y)
...(3b)

and the coefficients of transformed reduced stiffness matrix Q are given in
references (Jones, 1975 or Mallikarjuna, 1989).

The expressions for membrane, flexure and shear stress-resultants are as follows:

L
Nx’ Ny, ny N hL % , cy , Txy
M_’,E, MZ’ M}_Y = ]_,Zl h]'L 20,5 20y, 2Ty dz oo (ba)
Mo, M, M -1 230 , 230 , 231
X7y’ Xy X y XY.
Qx NL hL T T L
A X2 ' V2| 4 ...(4b)

3 . 2 2
Qx’ Qy =1 hL—l 27T, 2 Tyz

The integral of Eqns.(4) after substitution of the corresponding stresses from
expressions (3) leads to the following constitutive relations for the laminate
which is written in a compacted form as,

Rai

= Dg ...(5a)
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in which

al

_ oo e o % %\t
= (NX’NY’NXY’MX’My’Mxy’MX’MY’MXY’QX’QY’QX’QY)

- _ 2 2

£ = (e, 4050 /307, & 10,505 foy)2, < +(2u/3x)(au/oy),
Tk % Nt

1XyoX ’XXY’ @x,tby,éx,éy) «..(5b)

XxrXys Xy XxoXy

and the rigidity matrix D is written in a concise matrix form as follows:

D, —Dc o] D, = Membrane rigidity
D= _Dg D 0|, Dy = Flexure rigidity
Dc = Membrane-flexure coupling rigidity
9 0 b Dy = Shear rigidity eee(5c)
NL h L . _ v 3
Dmij =3 JL Qij dz ; Dcij = %31 HT{ Qll.”j [z z ]dz
=1 -
L-1
l\iL h L 2 2 NL J L 1 22
Dbys = 1 & . dz; Dy, = | q dz
| by |24 0 SN R Pt | h am | 2 4
= L-1
(iaj =1,2,3 ; &,m = 5,4) ee.(5d)

Laminate Strain-Displacement Relations

The variation of total strain (mid-plane strain) §g; due to the virtual displace-
ments 8d is given as the sum of the variation of the linear (LI) and nonlinear
(NL) generalized strain as

S8, = 81+ %Eg ...(6a)

Since Sg1T is a usual linear, infinitesimal strain vector which is a function
of d,

SELI =L38d ...(6b)
where L is the normal linear strain-displacement differential operater matrix.
If the displacement gradients with respect to the lateral displacement w o are

& = (8wo/8x, awo/ay)t ...(6c)

then the variation of the nonlinear component of the inplane strain in terms of
the virtual gradients G‘QNL is

S = 1 GAGQNL+%AGSQNL ...(6d)
Senr = Agd9y ... (6e)
awo/ax 0
where A, = 0 awo/ay ... (65)
awo/ay 3wo/8x
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FINITE ELEMENT DISCRETIIZATICN

In the isoparametric cO finite element formulation, the same shape functions
are used to define the coordinates as well as the displacement of any point on
the reference xy-plane of the laminate in terms of their nodal values. Thus, the
space (x,y) coordinates are expresses as

NN NN
x = 121 N,E,n) x;, and  y= 121 N, (g,m) y; eee (D)

and the components of the generalized (mid-plane) displacement vector d (&,n,t)
are expressed as follows by discretizing space (x,y) only commonly termed as
partial discretization,

NN
d(e,m,t) = .21 N; (g,n) d,(t) ...(8a)
1=

in which 't' is the time, NN is the number of nodes in an element, Nj is the
simple isoparametric interpolating function associated with node 'i' in terms of
the normalized coordinates £ and n, and dj(t) is the generalized displacement vec-
tor corresponding to ith node of an elemerit.

Equation (8a) can also be written as

d(gm,t) = N(gyn) a(t) ...(8b)
where N is the shape function matrix and is given by

N = [gl, Ny eeees ENN] ... (&)
and a, is the element displacement vector and is written as

ar = [41, &, ’thm] ...(8d)

Element Stiffness Matrix

The virtual displacements 8d are written in terms of the nodal virtual displace-
ments Sa from Eqn. (8b) as

8d = Nsa, ... (9)

The displacement gradients 9yp, in Eqn. (6¢c) may now be written in discrete form
in terms of the nodal displacements 2, and Cartesian derivatives of the shape
functions as,

O = S 2 ...(10a)
where G = Gys Gpy +eves Gy ...(10b)
0 0 3Ni/3x 0O 0 0 O '
and G; = ...(10c)
0 0 @N/5y 0 0 0 O

The generalized Green's strain vector E; given by Eqn.(6a) is expressed in terms
of nodal displacements 2. displacement gradients Ag and Cartesian derivatives of

N as
£, = [ELI + 3By (,@e)] 2, ...(11a)
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where By is the strain-displacement matrix giving the linear strains and BNL»
vhich is linearly dependent upon ge, giving the nonlinear strains gNI.. Consequent-
ly the nonlinear strains are quadratically dependent upon the nodal displacements

A
where ENLi = 0 S ...(11b)
0

Now, the total tangential stiffness matrix is readily written as,

R SRR (20

where KeI represents the usual, small displacements stiffness matrix, EﬁL is
due to large displacement which is quadratically dependent upon displacement‘ge,

e _ ¢ ot t t
Bw = [ByDBy dA+[Bg DBy dA+ By DBy o+ (12b)

and the initial stress matrix (geometric stiffness matrix) is

N N
K = fc'| * Ylca ...(12c)
A N, N -
xy Yy

Element Mass Matrix

The element consistent mass matrix, unfortunately is not diagonal and the essence
of the explicit time marching scheme requires it to be diagonalised. For the
quadratic elements used here several alternatives were investigated by Hinton et
al. and the most efficient one, at present time, appears to be offered by lumping
in proportion to the diagonal terms of the original (consistent) mass matrix. In
the present investigation this special mass matrix diagonalization scheme which
is more sophisticated than a lumped mass matrix is used which is discussed else-
where (Hinton et al, 1976 and Mallikarjuna, 1989).

Critical Time Step

In the present work, the very popular and easily implemented, explicit central
difference scheme is used. During each time step, relatively little computational
effort is required, since no stiffness and mass matrices of the complete element
assemblage need to be formed, the solution can essentially be carried out on the
element level and relatively little high-speed storage is required. Using this
scheme, systems of very large order can be solved effectively. Unfortunately the
method is conditionally stable and very small time steps are often needed.

If the mass matrix M is diagonal and a; denotes the ith component (element) of
the a vector, then

n+l _ 2 m o .n n-1 n
a; = l:(At) /Mii:] - jzl I(ij 3 +fi]-ai +24] ...(13)

(Here m denotes the number of nodal variables)

in which At is the time step or interval so that we are sampling the displace-
ments at time stations tn-At, t and tn+At.

The safe estimate of the critical time step length given by Tsui and Tong is
valid only for isotropic plates. In the present investigation, after carrying
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out extensive numerical computations, the emperical relation given by Tsui and
Tong is modified to estimate the critical time step length for the transient res-
ponse of anisotropic composite laminates.

1/2

At ¢ At A > (- (14)
< = &x ces
< Bty E, R{ 2+(1-v) (+#/12) (1+1.5 (sx/n)%) }

in which R = E1/Ep, Ax is the smallest distance between adjacent nodes in any
quadrilateral element used, E% and Ey are the Young's modulii, where subscripts
1 refers to the direction of fibres and 2 refers to the transverse direction.

RESULTS AND DISCUSSION

In order to establish the versatility of the present higher-order shear deforma-
tion theory (HOST) in its ability to model both thick and thin composite and sand-
wich plates, three computer programs, viz.,

HOST5 (w,ex,oy,e;,e;) for symmetric laminate,

HOST7 (u,v,w,Ox,ey,G;,G;) for unsymmetric laminate, and

NLHOST7 for nonlinear analysis of laminates,

have been developed separately. In addition to the refined theory (HOST), pro-
grams were developed for first-order shear deformation theory (FOST) with w,0 »0y
for symmetric laminates (FOST3), u,v,w,0x,6y for unsymmetric laminates (FOST5§
and NLFOST5 for nonlinear analysis of laminates.

It is well known that the shear correction coefficients depend on the lamination
scheme and the lamina material properties. But due to lack of well accepted co-
efficients for finite plates, the transverse shear energy term in FOST is correct-
ed using a multiplier 5/6 for all the materials except for the core of a sandwich
plate where a coefficient of unity has been used. The 9-node Lagrangian quadri-
lateral isoparametric element is used here, with selective numerical integration
scheme, based on Gauss-quadrature rules, viz., 3x3 for membrane, coupling between
membrane and flexure, flexure and inertia terms and 2 x2 for shear terms in the
energy expression. The computations were carried out on CYBER 180/840 Computer at
Indian Institute of Technology, Bombay, India. In all of the numerical examples
presented herein, zero initial conditions were assumed.

A quarter plate is used for isotropic, 0°-orthotropic and cross-ply (0°/90°/.....)
laminates, while a full plate is discretized for angle-ply laminates. The para-
metric effects of time step, mesh size, aspect ratio, side-to-thickness ratio,
lamination scheme and material anisotropy on the dynamic response of the laminates
have been studied (Mallikarjuna, 1989). A clamped circular plate under a suddenly
applied uniformly distributed step (pulse) load is analysed with DATA-1 (see Table
1§. As is evident from Figure 1 where the central deflections are plotted against
time, the geometric nonlinearity results in a stiffering effect with a reduction
of both the amplitude and the period of vibration. The second example is concern-
ed with a 0C-orthotropic clamped plate (DATA-2), which is infinitely extended in
one direction and is modelled, invoking symmetry, by 5 plate bending elements.

The variation of centre transverse deflection and bending moment with respect to
time is shown in Figure 2 for different magnitudes of pulse load. It is observed
that the effect of the geometric nonlinearity in the Von Karman sense is to de-
crease the amplitude and period of the centre deflection and stress-resultants.

In order to study the effect of uniformly distributed impulsive loads, q =

qoH(t-to), where H(t) denotes the heavy side step function and pulse (step) load
q = go, on the transverse deflection, a clamped four-layer (O°/90°/90°/O°§

214



Table 1. Material Properties

DATA-1  E = 100 psi, v = 0.3, »p = 10 lb-secZ/cm®
DATA-2 For face sheets, the assumed ply data based on
Hercules ASI/3501-6 graphite/epoxy prepreg system,

E, = 13.08 x 10°N/cu®, E, = E; = 1.06 x 10°N/cn?

1 3
6 2 6 2
Gyp=Gy3=0.6x10 N/cm”, Gy3=0.39x10 N/cm

6 4

0.28, v,,=0.34, p=15.8x 10 °N-secZ/cm

Y127 %137 23
Core material is of U.S. commercial aluminium honeycomb
(1/4 inch cell size, 0.003 inch foil)

o b, 2 I b, 2
G23 = Gyz = 1.772x10°N/cm”, G13 =G, = 5.206 x 10"°N/cm
Ey=E, = 3.013x 10°N/cn?, » =0.1009 x 10" N-sec?/cn®

DATA-3 For face sheets (typical graphite/epoxy)

E, = 0.12x10°N/en?, E,=E; = 0.79 x 10°N/cn?,

e fe. o e e 6, 2
V19 =Vy3=vy3=0.3, Gy,=G,3=G;3=0.55x10"N/em",
p = 1.58x 10'5N-sec2/cm4.

For core material (U.S. Commercial aluminium honeycomb,
1/4 inch cell size, 0.007 inch foil)
- 4 2 _ 5 2
Gyz = 0.7034x 10"N/cm”, ze = 0.1407 x 10°N/cm”,
6

p = 0.3415x 10" N-secz/cm4

composite square plate is analysed. Each layer is of equal thickness. The mater-
ial properties given for face sheets in DATA-2 are used here. The variation of
the centre deflection with time is presented using HOSTS5 in Figure 3. From this
figure it is seen that as the duration of impulsive force decreases, the maximum
centre transverse deflection decreases. Therefore the damping has much less
importance in controlling the maximum response of a structure to impulsive loads
than for periodic and harmonic loads. The maximum response to an impulsive load
will be reached in a very short time, before the damping forces can absorb much
energy from the structure.

The next example is concerned with a clamped five-layer unsymmetric composite-
sandwich plate (DATA-2) subjected to a suddenly applied uniformly distributed
pulse loading. Figure 4 shows the plot of centre deflection versus time. It is
noted that the FOST predicts significantly lower values of deflection and period.
This is due to consideration of warping effect in the present theory. Since no
damping or internal friction is included in the present study the solutions do
not decay with time.

An anisotropic composite-sandwich plate (a full plate modelled with 4 x4 mesh)
clamped on all the four sides is analysed for suddenly applied uniformly

215



distributed pulse loading. The elastic material properties (DATA-3) given in
Table 1 are used. The thickness of each stiff layer is 0.025h and core is 0.8h.
Figure 5 shows the variation of centre transverse deflection and normal stress
with time for a/h = 10 and 50. The maximm transverse displacement in HOST is
about 70 % and 247 larger compared to that in FOST for a/h =10 and 50 respective-
ly. The maximum centre normal stress obtained by HOST is about 40 % higher com-
pared to that of FOST for a/h = 10 and for a/h = 50, it is about 12%. As expect-
ed, the maximum displacement for a constant force applied suddenly is about twice
the displacement caused by the same force applied statically (slowly).

CONCLUSIONS

1. The simple c® finite element formulation based on a refined shear-deforma-
tion theory is developed for transient dynamics of symmetric and unsymmetric
laminates by assuming cubic variation of inplane displacements and constant
variation of transverse displacement through the laminate thickness. Further,
the geometric nonlinearity is incorporated using the Von Karman strains,
which decreases the amplitude and period of the centre deflection and stress-
resultants.

2, The evaluations using HOST show considerable warping of the transverse cross-
section for composite-sandwich laminates. This true behaviour is not possi-
ble to model with a FOST. In contrast to the FOST, the present HOST does
not require shear correction coefficient due to more realistic representation
of the cross-sectional deformation.

3. FOST predicts significanly lower values of deflection, period, stress-
resultants and stresses. As a/h ratio increases, the difference between
the results of HOST and FOST decreases.

4. Finally, it is believed that the refined theory presented here is definitely
an improvement over the FOST and is essential for the anisotropic composite
and sandwich laminates in which the elastic properties vary drastically from
layer to layer. Further their integration with the simple C° finite element
formulation has enhanced the practical applicability of such a theoretical
development. Many of the results included here can serve as references for
future investigations.
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