
ABSTRACT

GONDAL, DANISH. The Immersed Boundary Method with an Implicit Update of a Moving
Boundary. (Under the direction of Dr. Zhilin Li.)

This thesis presents the algorithm for an Immersed Boundary Method with a moving

immersed Lagrangian boundary using a Quasi Newton method to implicitly update the

position of the boundary for an incompressible viscous fluid. The immersed boundary is

assumed to be elastic and massless with the no slip boundary condition enforced for the

viscous fluid at the immersed boundary. The method is based on the classic Immersed

Boundary approach first presented by Peskin. The Navier Stokes equations are first solved

on a rectangular grid to get an intermediate velocity. The discretization of Navier Stokes

Equations is mainly first order forward Euler in time and second order in space. An accurate

projection method is used to correct the intermediate velocity field to be a divergence

free one. The information from the Lagrangian immersed boundary points to the Eulerian

rectangular grid and vice versa is transmitted through a discrete Dirac Delta function. The

algorithm incorporates a Quasi Newton optimization technique to implicitly update the

position of the Lagrangian immersed boundary. A well known problem with the Immersed

Boundary methods is the loss of volume conservation for pressurized membranes. This

has been addressed by incorporating a correction to lagrangian boundary. The approach

for this correction involves application of the divergence free velocity condition on the

fluid and the immersed boundary separately. A dense set of Lagrangian points is used in

the calculation of forces and velocities while a sparse set obtained through cubic splines is

used for tracking the Lagrangian boundary in the Quasi Newton implicit update.
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CHAPTER

1

INTRODUCTION

The Immersed Boundary method was first developed by Peskin[12] to study heart valves.

The geometries involved for such a problem are quite complex and the cost of development

of an adaptive or unstructured mesh grid can be high. Immersed Boundary and Immersed

interface methods aim to capture the fluid structure interaction with less effort. They The

method foregoes the adaptive mesh grid with its involved calculations. The Navier Stokes

solver is based on a regular rectangular grid. The structure, a pressurised massless elastic

membrane in this case, is represented by a set of discrete points. The forces generated on

the fluid because of the pressurised are first calculated on this discrete set of points before

they are spread to the fluid through discrete Dirac Delta functions. The terms discrete set of

points on the immersed boundary and lagrangian points have been used interchangeably

in this work. It is the lagrangian points or markers that are followed and whose location is

updated after every time interval. Similarly, the terms rectangular mesh grid, on which the

Navier Stokes Solver is based, and eulerian grid are also used interchangeably.

1



1.1. PROBLEM FORMULATION CHAPTER 1. INTRODUCTION

⌦�

⌦+

Xk (✓ ), Yk (✓ )

�i b

(x , y )

Xk+1(✓ ), Yk+1(✓ )

Figure 1.1 Lagrangian Boundary Immersed in a Rectangular Eulerian Grid

1.1 Problem Formulation

The problem we are solving involves a closed box full of a viscous incompressible fluid

with Drichlet Boundary conditions imposed on all four sides of the box. A massless elastic

pressurised membrane is immersed in this fluid with a discontinuity in pressure. Figure 1.1

depicts a representative problem. Mathematically,

⇢
Å
@ ~u
@ t
+ (~u . ~r)~u
ã
+rp =µ� ~u + ~f (1.1)

r.~u = 0 (1.2)

~f =
Z

�i b

~F ( ~X )�(~x � ~X )d s (1.3)

~F =
@

@ s
(T ~⌧) (1.4)
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1.2. IMMERSED BOUNDARY AND INTERFACE METHODSCHAPTER 1. INTRODUCTION

d ~X
d t
=
Z Z

⌦

~u�(~x � ~X )d x d y (1.5)

Equations 1.1 and 1.2 are the incompressible Navier Stokes equations requiring that the

divergence of velocity be zero. ⇢,µ, ~u and p denote density, viscosity, velocity vector and

pressure respectively. ~f represents some source of an external force which in this case will

be due to fluid structure interaction as shown in eqution 1.3. � represents a delta function

that will spread the force calculated in equation 1.4 to neighboring points on the eulerian

grid and vice velocity. This force depends upon tension T in the string. The immersed

boundary points are advanced in time through an implicit update according to equation

1.5.

1.2 Immersed Boundary and Interface Methods

Li and Leveque[7] presented the Immersed interface method for elliptic equations and

Stokes flow [8]. This method was further adopted for Incompressible Navier Stokes equa-

tions [9]. The interface method forgoes the dirac delta functions incorporates the jump

conditions of pressure and velocity gradients in the elliptic equations themselves. The jump

conditions across the interface are directly incorporated in the elliptic solvers as a source

term for points near the interface. This results in a sharp pressure discontinuity across

the interface compared to Immersed Boundary which smothers this continuity through

Dirac Delta functions. The Quasi Newton update for lagrangian points is also presented

in the work on Stokes flow[8]. Lee[6] presented an immersed interface method for Navier

Stokes equations which breaks the force in equation 1.4 into normal and tangent parts. The

normal part of the force is incorporated through the immersed interface technique as a

jump condition for pressure. The tangent part of the force is distributed to the eulerian

grid through Dirac Delta functions. Li and Leveque [8] alluded to the adoption of a hybrid

Immersed Boundary method in which the boundary is represented by a smaller set of

control points for the purpose of identifying its location (and hence in the implicit system

to be solved). One could then use cubic splines to interpolate forces to a denser set of

points along the interface where the discrete delta functions are applied for the purpose of

spreading forces and interpolating velocities. The work in this thesis has implemented this

3



1.3. OVERVIEW CHAPTER 1. INTRODUCTION

approa

1.3 Overview

Chapter 2 presents the details of a Navier Stokes solver on a regular rectangular Marker and

Cell (MAC) grid. The divergence condition in equation 1.2 is used to project the intermediate

velocity field on a divergence free one. Chapter 3 details the discretization of Immersed

Boundary method and the Quasi Newton update. The details of a volume conservation

approach developed by Newren [10] have also been presented in Chapter 3. The combined

algorithm used in this work is also sketched at the end of Chapter 3. Chapter 4 presents the

numerical results for the problem of a pressurised elastic membrane in a closed box.

4



CHAPTER

2

NAVIER STOKES EQUATIONS

2.1 Overview

The incompressible Navier Stokes equations in two dimensions are reproduced below:

⇢
Å
@ ~u
@ t
+ (~u . ~r)~u
ã
+rp =µ� ~u + ~f (2.1)

�.~u = 0 (2.2)

In equation 2.1, ~u = u (~x , t ) is the velocity of the fluid and pressure is denoted by p = p (~x , t )
dependent upon position ~x = (x , y ). The coefficients µ and⇢ are fluid viscosity and density

respectively.Equation 2.1 can be rewritten in matrix form with ⌫= µ
⇢ as follows:

ñ
@ u
@ t
@ v
@ t

ô
+

ñ
u @ u
@ x + v @ u

@ y

u @ v
@ x + v @ v

@ y

ô
+

ñ
@ p
@ x
@ p
@ y

ô
= ⌫

ñ
@ 2u
@ x 2 + @

2u
@ y 2

@ 2v
@ x 2 + @

2v
@ y 2

ô
+

ñ
fx

fy

ô
(2.3)
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2.2. MARKER AND CELL GRID CHAPTER 2. NAVIER STOKES EQUATIONS

Throughout this document, ⇢ = 1 and ⌫ is treated as the inverse of Reynold’s number. As

alluded to earlier in Chapter 1, the forces fx and fy will be calculated through the interac-

tion of elastic boundary and fluid using delta functions. The aim is to calculate the two

dimensional velocity components and pressure over a rectangular grid. A discrete version

of equation 2.3 is first implicitly solved and then pressure is calculated through a pressure

projection method using equation 2.2.

2.2 Marker and Cell Grid

The numerical discretization over a mesh is solved on the classic Marker and Cell (MAC)

staggered grid. The three unknowns are both the velocity components as well as pressure

at a given time and location. In solving the incompressible Navier Stokes equations, the

horizontal velocity components ui , j · · ·um ,n are located on the vertical walls of a given cell

while the vertical velocity components are located on the horizontal walls in the same

manner. As can be seen from Figure 2.1, solutions to the three unknown variables are

obtained at three diffrent grids. This is further clarified in the next section where the spatial

discretization of equations is discussed. In Figure 2.1, the dashed blue grid is used to obtain

vertical component of velocity while the dashed red grid is for horizontal velocity. The

pressure, as mentioned earlier, is calculated at the center of solid gridlines. The boundary

conditions for such a grid become slightly complicated compared to a collocated grid and

are explained in a later section.

2.3 Numerical Discretization

The x-component of equation 2.3 is discretized at time level n in the following manner.

u ⇤ �u n

�t
+
Å

u
@ u
@ x
+ v
@ u
@ y

ãn+ 1
2

+
@ p
@ x

n� 1
2

=
⌫

2
(�u ⇤ ��u n ) + f n+ 1

2
1 (2.4)
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2.3. NUMERICAL DISCRETIZATION CHAPTER 2. NAVIER STOKES EQUATIONS

p

p

p

p

p

p

p

p

p

v

v

v

v

v

v

v

v

v

v

v

v

u

u

u

u

u

u

u

u

u

u

u

u

Figure 2.1 Marker and Cell grid

The spatial discretization for the second term in equation eqn-2.4 depends upon the velocity

at time level n as well as the previous time level n-1.

Å
u
@ u
@ x
+ v
@ u
@ y

ãn+ 1
2

=
3
2

✓
u n

i , j

u n
i+1, j �u n

i�1, j

2�x
+ v n

s t a g

u n
i , j+1�u n

i , j�1

2�y

◆

� 1
2

Ç
u n�1

i , j

u n�1
i+1, j �u n�1

i�1, j

2�x
+ v n�1

s t a g

u n�1
i , j+1�u n�1

i , j�1

2�y

å (2.5)

The pressure term is discretized with a first order forward Euler method

@ p
@ x

n� 1
2

=
p n� 1

2
i+1, j �p n� 1

2
i , j

�x

�u n =
u n

i+1, j +2u n
i , j �u n

i�1, j

�x 2 +
u n

i , j+1+2u n
i , j �u n

i , j�1

�y 2

(2.6)
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2.3. NUMERICAL DISCRETIZATION CHAPTER 2. NAVIER STOKES EQUATIONS

The calculation for velocity component u requires and interpolation in equation 2.5 for

vs t a g .

vs t a g =
1
4
(vi , j + vi , j�1+ vi+1, j + vi+1, j�1)

Figure 2.2 shows in detail the information required from adjoining cells to solve for velocity

at a particular location. The idea is to plug in equations 2.6 and 2.5 to equation 2.4 and

separate the terms to get an elliptic equation that is solved through linear solvers. After

some rearrangement, 2.4 takes the form of equation 2.7.

u ⇤i+1, j �u ⇤i�1, j

�x 2
+
Å

2
�x 2

+
2
�y 2

� 2
⌫�t

ã
u ⇤i , j +

u ⇤i , j+1�u ⇤i , j�1

�y 2

=
2
⌫

0
@p

n� 1
2

i+1, j �p n� 1
2

i , j

�x

1
A

+3⌫

✓
u n

i , j

u n
i+1, j �u n

i�1, j

2�x
+ v n

s t

u n
i , j+1�u n

i , j�1

2�y

◆

�2⌫

Ç
u n�1

i , j

u n�1
i+1, j �u n�1

i�1, j

2�x
+ v n�1

s t

u n�1
i , j+1�u n�1

i , j�1

2�y

å

+
u n

i+1, j +2u n
i , j �u n

i�1, j

�x 2 +
u n

i , j+1+2u n
i , j �u n

i , j�1

�y 2 +
Å

2⌫
�t

ã
u n

i , j + fx (2.7)

For comparison, the discrete Hemholtz Equation is reproduced below:

@ 2u
@ x 2

+
@ 2u
@ y 2

+�u = b

Equation 2.7 is in the form of a discrete Hemholtz equation that can be solved through

linear solvers using a five point stencil. For the purpose of this thesis, a multigrid solver

DMGD9V [2] has been used which offers flexibility with boundary conditions. fx is a source

term used in the immersed boundary calculations explained in Chapter 3.

8



2.3. NUMERICAL DISCRETIZATION CHAPTER 2. NAVIER STOKES EQUATIONS

u (5)i , ju (1)i�1, j u (3)i+1, j

u (4)i , j+1

u (2)i , j�1

vi , j�1

vi , j vi+1, j

vi+1, j�1

vs t a g

pi , j pi+1, j

Figure 2.2 Information from adjoining cells required to solve for ui , j
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2.4. BOUNDARY CONDITIONS CHAPTER 2. NAVIER STOKES EQUATIONS

2.4 Boundary Conditions

Equation 2.7 is sufficient to calculate intermediate velocity ~u ⇤ for all internal nodes in the

computational domain. However, the treatment of boundary conditions is more involved.

Referring to equation 2.7 and figure 2.1, it is apparent that the five point stencil for ui ,1 and

ui ,n may require values outside the computational domain. In the case of Drichlet boundary

conditions, some form of weighted average is needed to enforce u = ub at the top and

bottom. Similarly, if the boundary condition at the left and right of the computation domain

is anything other than Drichlet (for example outflow), then calculations involving vs t a g will

require values of v on the left and right of the domain. The results in this thesis involve

enforcement of a closed box and therefore only the Drichlet Boundary conditions are

discussed. Figure 2.3 depicts the boundary at the top of the computational domain. Since

the spatial discretization in equation 2.7 is second order, it is important to use consistent

approximations at the boundary.

@ u
@ y

����
�

=
ui ,n �uo

2�y
=

1
2�x

(ui ,n +ui ,n�1�2u� )

@ 2u
@ y 2

����
�

=
ui ,n�1�2ui ,n +uo

2�y
=

4
3�x 2

(ui ,n�1�3ui ,n +2u� )
(2.8)

2.5 Pressure Projection

According to Hemholtz Hodge Decomposition of the velocity field:

~u ⇤ = ~u n+1+�t ~r�n+1

~r.~u n+1 = 0
(2.9)

10



2.5. PRESSURE PROJECTION CHAPTER 2. NAVIER STOKES EQUATIONS

�b

ui�1,n ui ,n ui+1,n

uo

u�

ui ,n�1

Figure 2.3 The MAC mesh near the Top boundary �

The vector field ~u ⇤ is projected on a divergence free vector field ~u n+1. Taking divergece of

both terms in equation 2.9 gives:

~r.~u ⇤

�t
=��n+1

@ �

@ n

����
�

= 0
(2.10)

The discrete Laplace equation 2.10 is then solved over the pressure grid. The divergence of

intermediate velocity calculated in the previous section is used as a source term for this

equation. Equation 2.10 has been solved through the FISHPAK subroutine HWSCRT [4].
The discrete form is dependent upon ordering of the nodes and Figure 2.2 is consistent

with the following discretization:

✓
�i+1, j �2�i , j +�i�1, j

�x 2
+
�i , j+1�2�i , j +�i , j�1

�y 2

◆n+1

=
✓

u ⇤i+1, j �u ⇤i , j

�x
+

v ⇤i , j+1� v ⇤i , j

�y

◆Å
1
�t

ã

11



2.5. PRESSURE PROJECTION CHAPTER 2. NAVIER STOKES EQUATIONS

Above equation is implicitly solved for� with homogenous Neumann boundary conditions

on all sides of the computation domain. Once � is computed, the velocity is corrected

through equation 2.9 to get ~u n+1 at the next time level. Brown et al [3] offered an accurate

projection method for correction to the pressure gradient:

rp n+ 1
2 =rp n� 1

2 +r�n+1� ⌫�t
2
r(��n+1)

p n+ 1
2 =p n� 1

2 +�n+1� ⌫
2

�
~r.~u ⇤
� (2.11)

This can be obtained by subsituting equation 2.9 in equation 2.1.

12



CHAPTER

3

IMMERSED BOUNDARY METHOD

3.1 Introduction

This chapter deals with detailed information regarding the Immersed Boundry Method

and its implementation. As alluded to earlier in Chapter 1, the method was developed by

Peskin[12] to investigate complex geometries in heart valves that move within the fluid.

A boundary is immersed in a fluid domain and the interaction between the fluid and the

boundary is captured through Dirac Delta functions. The two basic assumptions are that

the boundary is massless and that the fluid does not slip from the boundary. The fluid

velocity is calculated at an eulerian grid as described in Chapter 2 while the velocity of

immersed boundary is tracked over a lagrangian grid. The incompressible Navier Stokes

equations are reproduced below for reference.

⇢
Å
@ ~u
@ t
+ (~u . ~r)~u
ã
+rp =µ� ~u + ~f (3.1)

13



3.2. LAGRANGIAN REPRESENTATION CHAPTER 3. IMMERSED BOUNDARY METHOD

The source term ~f = ( fx , fy ) is used to distibute the forces arising out when the fluid interacts

with the elastic boundary. The exact nature of these forces is derived later in this chapter.

3.2 Lagrangian Representation

The immersed boundary is represnted as a set of discrete points Xk (✓ ), Yk (✓ ) where the

total number of discrete points is Nb . Uppecase letters are used for the immersed boundary

to distinguish it from the original rectangular mesh on which the Navier Stokes Equations

are solved. Therefore, ~X (✓ , tn ) is a vector function that defines the boundary as a function

of arclength s = ro✓ and time t with respect to a reference configuration. The kth discrete

point on the boundary is an approximation to (X (✓k , tn ), Y (✓k , tn ))where ✓k is a reference

angle. Since the immersed boundary is assumed to be an elastic membrane, it is important

to note that ✓k and in turn, the arclength sk , is calculated on the basis of a reference config-

uration. This line of reasoning will become more apparent in the next section where the

forces are calculated. Figure 3.1 is a depiction of an arbitrary immersed boundary �i b in a

rectangular grid. A reprsentative discrete point Xk (✓ ), Yk (✓ ) is also shown. Other possible

representations of the immersed boundary include level set functions [11] and cubic splines

as introduced by Leveque and Li [8] in their work on Immersed Interface methods.

3.3 Representation of Forces

The forces in the special case of an immersed elastic membrane depend upon the tension in

the immersed boundary. As mentioned earlier, s = rn o t ✓ is the parametric coordinate. At a

given time tn , the tension is denoted by T (✓ , tn ). The unit tangent vector to the immersed

boundary is given by:

~⌧=
@ ~X /@ s��@ ~X /@ s
�� (3.2)
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⌦�

⌦+

Xk (✓ ), Yk (✓ )

�i b

(x , y )

Xk+1(✓ ), Yk+1(✓ )

Figure 3.1 Immersed Boundary over a Rectangular Eulerian Grid

If we denote force applied by a section of immersed boundary from point a to point b byR b
a
~F (✓ , tn )d s , then according to Newton’s third law:

0= T ~⌧

����
b

a

�
Z b

a

~F (✓ , tn )d s

=
Z b

a

Å
@

@ s
(T ~⌧)� ~F
ã

d s

(3.3)

Keeping in mind that s = ro✓ . Since a,b are arbitrary:

~F =
@

@ s
(T ~⌧) (3.4)

Tension T depends upon the stiffness of the membrane and the extent to which a particular

segment of the membrane is stretched from the reference configuration due to the tension.
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Therefore,

T = 
✓����
@ ~X
@ s

�����1

◆
(3.5)

The discretization of the force term will involve central differences. The terms T and ~⌧

will be calculated at k + 1
2 points and then the forcing term is calculated at the discrete

immersed boundary points for equation 3.4

@ ~Xk

@ s
=
~Xk+1� ~Xk

ro�✓

~Fk =
(Tk ~⌧k )� (Tk�1~⌧k�1)

ro�✓

(3.6)

Equation 3.6 will give ~F at the discrete immersed boundary points. It is important to

note that since the immersed boundary is represented by discrete points Xk , Yk , these

calculations will automatically result in a vector ~F = (Fx , Fy ) in the x and y directions.

3.4 Discrete Delta Functions

After the force at all imersed boundary points is calculated, the next logical step is to transfer

this information to the eulerian grid on which the Navier Stokes equations are solved. The

discrete dirac delta function is used to distribute the forces acting on the fluid at the eulerian

points.. A variety of different delta functions are available in literature such as [6],[5],[9].
The force is distributed to eulerian points based on their distance from the lagrangian

point being considered. If the distance of an eulerian point (x , y ) from a langragian point

X , Y is comparable to eulerian mesh spacing, the force is distributed i.e. the support of

delta function is comparable to mesh spacing h (�̃x ,�̃y ). This dissertation uses the delta

function provided in equation 3.7. The major requirements for the choice of delta function

are that it should help transmit the complete langragian force to eulerian grid, it should be

a continuous function of the location of immersed boundary and it should be highly local.

Peskin and Printz [13] impose further conditions on the discrete delta function related to

volume conservation starting from the incompressibility condition on velocity. However,

volume conservation has been implemented in this work through the work proposed by

16
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⇤
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⇤

⇤

⇤

⇤
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⇤

⇤

⇤

⇤

⇤

⇤

Figure 3.2 Force is spread from a Lagrangian point to Eulerian point

Newren[10].

�h (x ) =

8
<
:

1
4h

�
1+ c o s
�
⇡x
2h

��
|x | 2h

0 |x |� 2h
(3.7)

The delta function in 3.7 will transmit the forces to the nearest 16 points on the eulerian

grid. Figure 3.3 shows the delta function in one dimension. In two dimensions, the delta

function extends to:

�(x , y ) =�(x )�(y ) (3.8)

The force distribution is accomplished by:

~f =
Z

�i b

~F ( ~X )�h (x �X )�h (y � Y )d s (3.9)
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�2h �h h 2h

1
2h

x

�h (x )

Figure 3.3 One dimensional delta function from equation 3.7. The function flattens out at a dis-
tance 2h from the origin on both sides.

In discrete form, equation 3.9 takes the form of equation 3.10

~fi , j =
NbX

k

~Fk (Xk , Yk )�h (xi , j �Xk )�h (yi , j � Yk )�sk (3.10)

Nb denotes the total number of lagrangian points. Equation 3.10 is directly added to the

Navier Stokes solver 2.7 and hence the effect of the immersed boundary is captured in

calculating intermediate velocities. Once the velocity of the fluid is calculated, keeping in

mind the physics of the problem, the next logical step is to calculate the velocity of the

immersed boundary.

3.5 Lagrangian Velocity

The no slip assumption that was mentioned in the introductory paragraph of Chapter 3 is

used to get the velocity of the immersed boundary at all lagrangian points. The discrete

delta function is again used to collate velocities from nearby eulerian points to a particular

18
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lagrangian point. This is, in a way, a reversal of equation 3.10 which was used to distribute

forces to the eulerian grid. This localised distribution in the case of forces and averaging

in the case of velocity is depicted in figure 3.2. The velocity from nearest 16 points on the

eulerian grid is averaged to get the velocity at the discrete immersed boundary point.

~U ( ~X ) =
@ ~X
@ t
=
Z Z

⌦

~u (x , y )�h (~x � ~X )d ~x (3.11)

It is important to note that the vector notation throughout this document is used to de-

note rectangular components both in discrete and continuous form. ~U ( ~X ) denotes the

lagrangian velocity of immersed boundary and ⌦ is the complete computational domain.

In discrete form:

~Uk =
mX

i

nX

j

~ui , j�h (xi , j �Xk )�h (yi , j � Yk )�x�y (3.12)

One thing that needs to be mentioned here is that while distributing forces in equation 3.10

and collating velocities in equation 3.12, the form of the two dimensional discrete delta

function is slightly different because velocities u and v are calculated at two diffrent grids

in the Marker and Cell method as shown in figure 2.1.

3.6 Moving Boundary

An explicit way of moving the boundary is to use the forward Euler method. The new

lagrangian location in this case as follows:

~X n+1
k � ~X n

k

�t
= ~U n+1

k

~X n+1
k = ~X n

k +�t ~U n+1
k +O (h )

(3.13)

This method is not very efficient and causes problems when the immersed boundary is stiff

i.e. the parameter in equation 3.5 is a large number. A larger time step can also be used if

we solve for the new location of the immersed implicitly instead.The new location when

obtained through equation 3.13 overshoots from the exact location resulting in greater

forces in the next time step. The implicit method presented in equation 3.15 was proposed
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in [8] for Stokes flow and was later implemented for Navier Stokes equation in [6].

~X n+1
k = ~X n

k +
1
2
�t
�
~U n

k ( ~X
n
k ) + ~U

n+1
k ( ~X n+1

k )
�

(3.14)

This means that the distance the immmersed boundary point moves is determined by the

average of its velocity depending upon its previous location and its velocity depending

upon the new location. This forms an implicit system of the form:

g ( ~X n+1) = ~X n+1� ~X n � 1
2
�t
�
~U n ( ~X n ) + ~U n+1( ~X n+1)

�
(3.15)

Normally, this equation will be solved through a Newton like method over a number of

iterations to get to g ( ~X n+1) = 0. The Hessian matrix for Newton Method would be:

H ( ~X n+1) = g 0( ~X n+1) = I � 1
2
�t U 0( ~X n+1) (3.16)

A Newton Method, if applied to equation 3.16 will require that the three elliptic equations

be solved at every iteration and then a (2Nb x2Nb ) system for the Hessian matrix be approx-

imated through finite differences. The finite difference approximation will require that
~U is evaluated a further 2Nb times. This will require a lot of work. This is the reason for

implementing a quasi Newton method that will maintain an approximation to the Hessian

matrix in the first iteration and will then be updated by a rank 2 update.

3.7 Quasi Newton Method

The exact Newton method aims to get the minimum of a function by calculating the point

at which its gradient is zero. Suppose, we want to solve:

(P :) min f (x )

x 2 IRn
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At x = x̄ , f (x ) can be approximated by:

f (x )⇡ h (x ) = f (x̄ ) +r f (x̄ )T (x � x̄ ) +
1
2
(x � x̄ )t H (x̄ )(x � x̄ )

Which is the quadratic Taylor series expansion of f (x ) at x = x̄ . Herer f (x ) is the gradient

of f (x ) and H (x ) is the Hessian of f (x ). This quadratic function h (x ) can be minimized by

rh (x ) = 0. Since the gradient of h (x ) is:

rh (x ) =r f (x̄ ) +H (x̄ )(x � x̄ )

rh (x ) = 0

x � x̄ =�H �1(x̄ )r f (x̄ )

It has already been explained in the previous section that it is cost prohibitive to even

approximate the Hessian matrix above. The motivation here is to show how any type of

Newton’s Method can be adapted for equation 3.15. For any implementation of Newton’s

method, the idea is to find x for whichrh (x ) = 0. In the case of equation 3.15, the term

g (X n+1) is treated asrh (x ) to find the corresponding updates.The Rank 2 Quasi Newton

Method applied here aims to get g ( ~X n+1) = 0. Therefore, in the actual implementation, the

iteration is designed in the following manner:

Step 1: Make an initial guess at ~X n+1. Set I = 0

~X [0] = ~X n

H= I

Where H is the Hessian matrix and I is the 2Nb x2Nb identity matrix.

Step 2: Calculate ~U ( ~X [I ]) using ~X [I ] = ~X [0] for the first time. This will involve calculating

velocity vector ~u [I ] (intermediate velocity) and then interpolating.

Step 3: Evaluate g ( ~X [I ]) using equation 3.15

g ( ~X I ) = ~X [I ]� ~X n � 1
2
�t
�
~U n ( ~X n ) + ~U n+1( ~X [I ])

�
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Step 4:

If ||g ( ~X [I ])|| ✏ Then ~X n+1 = ~X [I ]

where ✏ is some small tolerance and the present time step is over.

Else ~X [I ] = ~X [I+1], I = I +1, Go to Step 2

For which the BFGS Rank-2 update needs to be calculated:

Rank-2 Update of Hessian Matrix

~s =Hg ( ~X [I ])

~X [I+1] = ~X [I ]� ~s
~y = g ( ~X [I+1])� g ( ~X [I ])
~b =H~s

a= 1� ~y
T ~b
~s T ~y

H=H+ ~s (a~s t + b T )�
~b ~s T

~s T ~y

Once the Hessian matrix is updated, the algorithm goes back to Step 2 until the tolerance

is met.

3.8 Volume Conservation

One of the biggest problems with any immersed boundary code is the preservation of

volume (or area in two dimensions). For the membrane problem, at high Reynold’s numbers

⇠ 100, the implementation of the algoritm described above results in a shrinking membrane.

It seems as fluid is constantly leaking from the membrane and the final shape of membrane,

though close to a circle, has a much smaller volume than the reference configuration

discussed in section 3.2. This is a well known problem associated with immersed boundary

methods. The problem arises because the divergence operator, which is projected upon
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the velocity field in eulerian grid, does not act in the same predictable manner on the

lagrangian grid. The choice of discreet divergence operator is also important here. For

the divergence operator used in equation 2.10, the volume conservation problem is quite

strong. The divergence free velocity on the eulerian grid does not remain divergence free

after the interpolation to lagrangian grid.

Peskin and Printz [13] resolved this by modifying the divergence operator based on the

choice of delta function used in the interpolation. The approach used in this work uses

the method proposed by Newren [10]. The idea is that instead of modifying the divergence

operators on the eulerian grid, the divergence free condition is applied to the lagrangian

velocity itself. The continuous divergence equation on eulerian grid is:

r ~u = 0 (3.17)

In weak integral form: Z

⌦

r ~ud V = 0 (3.18)

The volume conservation inside the membrane denoted by ⌦= from figure 3.1 is what we

are interested in. Thus, Z

⌦=

r ~ud V = 0 (3.19)

Applying the divergence theorem,

Z

�

~u . ~nd S = 0 (3.20)

Where ~n is the outward normal to the immersed boundary. Since this last equation lives on

the boundary, ~u can be replaced by lagrangian velocity. In discrete form,

NbX

k

~U . ~nk�Sk = 0 (3.21)

�Sk is a representation of the arclength of the boundary. It is important to distinguish it

from�~sk that was used in calculating forces because that depended upon the reference

configuration and was a measure of how much the membrane is stretched to calculate
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forces. Since the lagrangian points on the boundary do not remain equally spaced, an

accurate way of enforcing equation 3.21 can be obtained by minimal effort. First,

~tk+ = ( ~Xk+1� ~Xk )

~tk� = ( ~Xk � ~Xk�1)

�Sk+ = ||~tk+ ||
�Sk� = ||~tk� ||

(3.22)

Where�Sk+ and�Sk� measure the arclengths ahead of and behind a particular lagrangian

point respectively. Thus,

�Sk =
1
2
(�Sk+ +�Sk�) (3.23)

A normalization of equation 3.22 will give localized tangent vectors just ahead of and behind

the lagrangian point. The tangent vectors at lagrangian points will be a weighted average:

~⌧k+ =
~tk+

�Sk+

~⌧k� =
~tk�

�Sk�

~⌧k =
�Sk+ ~tk� +�Sk� ~tk+

�Sk+ +�Sk�

(3.24)

Note, that the weighted tangent may not be normalized. Further, from the dot product rule:

~n =

Ç
nk ,x

nk ,y

å
=

Ç
⌧̂k ,y

�⌧̂k ,x

å
(3.25)
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Where ⌧̂ is the normalizef form of ~⌧.Going back to equation 3.21, all terms have now been

defined. Enforcing it requires:

M =

NbX

k

~Uk . ~nk�Sk

NbX

k

�Sk

~Uk = ~Uk �M ~nk

(3.26)
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3.9 Algorithm

Since the computer program for this work requires that a number of different scripts to

work together, it is pertinent to sketch a pseudocode for the overall algorithm. The details

of calculations have already been explained.

Algorithm 1 Immersed Boundary Algorithm Rank-2

1: Create a Rectangular Mesh ~x  (x , y )
2: Store Lagrangian Coordinates ~X  (X (✓ ), Y (✓ ))
3: Set d t ,⌫

4: Initialize ~u , tn

5: Initialize p : p⌦� > p⌦+
6: Average ~u to lagrangian grid ~U

7: for time t = 0 : tn do

8: ~X [I ],n = ~X n

9: ~U [I ],n = ~U n

10: I = 0 and H(2Nb x2Nb ) = I(2Nb x2Nb )

11: while g ( ~X [I ],n ) � ✏ do

12: Solve Navier Stokes using X [I ],n , u n , v n , p n

13: U [I+1] u n+1,[I ]

14: Use Rank-2 update:

15: ~X [I+1] ~X [I ] + s

16: H  H+ Rank-2

17: I = I +1

18: end while

19: ~X [I ],n+1
b = ~X [I ],nb + 1

2 (U
[I ] +U [0])

20: U n =U [I ]

21: n = n +1, tn = tn +d t

22: end for
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CHAPTER

4

NUMERICAL RESULTS

This chapter has been structured into three parts. The first part presents solutions for the

membrane problem using the Immersed Boundary method employing the Quasi Newton

method for updating the position of lagrangian points ~Xb . The second approach uses two

sets of lagrangian points. A small set of lagrangian points is used to implicitly update the

location of lagrangian boundary while a dense set of points is used to calculate forces

and velocities. Cubic splines are used to get a dense set of points for interpolating forces

and velocities. The third part incorporates the volume conservation approach detailed in

Chapter 3. The scales used in figures throughout this chapter have been kept consistent to

highlight the distinctions between these approaches. The test problem involves a closed box

of length 2 (⌦ : [�1, 1])with Drichlet boundary conditions ~u = 0 imposed on the boundary

⌦�. The initial shape of the membrane is an ellipse with a = 0.75 and b = 0.5. The pressure

inside the elastic membrane is greater than the pressure outside (p⌦� > p⌦+=0). As time

advances, the membrane shall come to an equilibrium shape of a circle with radius r =
p

a b .

Ideally, the volume of this pressurised membrane shall remain constant throughout the
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time advancement because of the incompressibility of the fluid.

4.1 IBM with Quasi-Newton Update
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Figure 4.1 Immersed Boundary Method with a Rank-2 Update
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The solution is obtained on a 128x128 eulerian grid with Re=100. Figure 4.1 shows the

membrane location at different time intervals.The number of lagrangian points Nb is 256.

Generally, the number of points is taken such that the arclength between two adjacent

points (�s ) is ⇠ h . The time interval�t is h 2 at the start and is later increased. The time

interval �t can become quite small while implicitly updating the immersed boundary.

Figure 4.2a depicts the pressure within the domain. As expected, the discontinuity at the

immersed boundary is smothered somewhat because of the use of discrete Dirac Delta

functions. Further, figure 4.2b depicts the shrinking volume of the pressurised membrane.

It is also apparent in figure 4.1f that the area of the circle is smaller than the initial ellipse.
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Figure 4.2 Pressure and Volume loss

4.2 Coarse Lagrangian Grid

As mentioned earlier, two different sets of discrete points are used for the lagrangian bound-

ary. A sparse set of points is used in marking and updating the boundary in the implicit

Quasi Newton update while A dense set of points is used to calculate force densities and la-

grangian velocities. The problem is again run at Re=100 on a 128x128 grid. For comparison,

the dense set of points used in delta functions is 264 which is again of the order of ⇠ h . The

sparse set of points is three times smaller than this. Cubic splines are used to interpolate

the dense set of points from the sparse set of (marker) points. Again, as shown in figure 4.3,
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Figure 4.3 Immersed Boundary Method with a Rank-2 Update using Cubic Splines to get Two Sets
of Lagrangian Points
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the membrane assumes the shape of a circle albeit with a reduced area. Figure 4.4b depicts

this shrinking of the membrane over time.
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Figure 4.4 Volume loss and Pressure

4.3 Volume Conservation

The third approach used in this work builds on the second approach by incorporating the

volume conservation method described in chapter 3. The same set of variables is used with

Re=100 on a 128x128 rectangular eulerian grid. The number of markers used for implicit

update is again three times less than the number of points used to calculate forces and

velocities in delta function formulations. The dense set has 132 points. The shape of the

membrane for different time steps depicts that volume is almost entirely conserved till

equilibrium is reached. There is still some volume loss after a large number of projections

but most of that loss occurs after the shape of membrane is very close to a steady state

equilibrium position. For instance, the net loss in volume after t = 0.7 for the second method

above is ⇠ 20 percent which reduces to ⇠ 3 percent after using the volume conservation

approach.
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Figure 4.5 A Volume Conservation Approach in Immersed Boundary Method with a Rank-2 Up-
date using Cubic Splines to get Two Sets of Lagrangian Points
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Figure 4.6 Volume loss after the same Time and Number of Projections as in the first Method

4.4 Mesh Refinement for Lagrangian Points

This section presents a mesh refinement analysis for the smaller set of Lagrangian points.

Table 4.1 presents the levels of mesh refinement. In the absence of an accurate solution,

the mesh refinement has been done by comparing the solution to a finer mesh of n = 256.

The parameters have been kept consistent to make this comparison. The last term in table

4.1 is the dense set of Lagrangian points. These calculations have been done at R e = 100.

Table 4.1 Mesh Refinement Levels with Parameters

S.# h Time Step Nb 3Nb

1 2/32 3.9⇥10�3 22 66

2 2/64 9.76⇥10�4 44 132

3 2/128 2.44⇥10�4 88 264

4 2/256 6.10⇥10�5 176 528

Table 4.2 shows the mesh refinement analysis for the Lagrangian boundary position in

x and y directions. It is clear that the errors get reduced as we start to move towards finer
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Table 4.2 Convergence Rates for Xb and Yb

S.# ||XN �X256||2 Ratio ||YN � Y256||2 Ratio
p

E1/E3X

p
E1/E3Y

1 0.0546 – 0.0482 – – –

2 0.0274 1.9928 0.0272 1.7720 – –

3 0.0070 3.9033 0.0069 3.9570 2.7890 2.6480

meshes as expected. The order of accuracy is O(h) as expected at the immersed boundary.

4.5 Conclusions and Further Work

Figure 4.4b shows the reduction in volume when two different sets of Lagrangian points

are used. It is clear that the second method moves much faster in time because the Quasi

Newton Method has a smaller number of points to implicitly update. Hence, the reduction

in volume at time t = 0.97 for the method with cubic splines is much less than the method

that does not use two different sets of lagrangian points. The volume reduction is depen-

dent upon the number of projections performed. Volume reduction with Newren’s[10]
proposed change makes the decrease in volume for the same number of projections almost

nonexistent. A mathematically more robust immersed boundary method from a volume

conservation point of view is the one proposed by Peskin[13].
This work can further be expanded to three dimensions easily. Further, similar work can

also be expanded to inelastic bodies. A major problem with immersed boundary methods

for inelastic bodies is the stiffness of the matrix because of large Hooke’s Law coefficients

which leads to quite small time steps. Techniques like Colonius and Taira’s[1] Immersed

Boundary Projection method resolve this issue and thus are able to use larger time steps.
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