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1. INTRODUCTION

l.l. Basis for the Present Investigation

In practice, there are many cases where sampling surveys are
carried out over time for the purpose of estimating certain population
characteristics which vary with time. In such sampling surveys carried
out on a series of successive occasions in time, a problem arises, dif-
Terent from that of single occasion surveys, which is concerned with
how to utilize the past information to improve the current estimate of
a population characteristic of interest.

. Specifically, the problem of utilization of past information con-
sists of two parts: one is the scheme for partial retention of units
in the sample after each occasion and the other is an estimation problem.

Many studies concerned with this problem have been done, Most of
these studies are devoted to

l., sampling with replacement of units at each draw,

2. a partial retention scheme which is repetitive but not

periodic,

3. an estimation theory emphasizing a composite estimator or a

regression type estimator.

However, regarding these past studies, the following points have

not received adequate attention:
| l. sampling is usually carried out without replacement at each
draw,
2. in a sampling design problem, 1t is necessary to investigate
the effect of the partial retention scheme whereby the units

are repetitive but not periodic,



e
3+ in an estimation problem, it is necessary to study the efficiency
of the estimators which bave been used, and
4y in order to increase the precision of an estimator in multi~
stage sampling, it is preferred that partial retention is made
of the first-stage units rather than the second-stage or
succeeding stage-umits,
This thesis will study the sampling problem on successive occasions
for estimating the current population mean where partial retention is
made of the first-stage units and the units are drawn without replace-

ment at each draw and with equal probabilities.

le.2. Nature of the Problem

The problem will be formulated as follows:

1, This.thesis will treat the sampling problem on successive
ocgasions where a sample is drdwn without replacement at each draw.
Therefore, in Chapter 3, variances and covariances for subsets oh any
occasion are derived according to the proposed saﬁpling schéme of par-
tial retention of units,

2, The sampling theory for two successive occasions provides a
basis for the theory appropriate to more than two occasions. There-
fore, in Chapter L4, the properties of four existing estimators (re-
ferred to as a general linear estimator, a modified composite estimator,
a composite estimator and‘a ratio type estimator) and the comparison of
their efficiencies are examined for the two successive occasion case.
In addition, to the four estimators, a symmetric estimator will be in-
troduced and its efficiency will be examined relative to the other four

estimators.



3¢ The esbimation theory obtained for two successive cccasions
under the proposed sampling scheme will then be extended for more than
two successive occasions. In sampling for more than two occasions; we
may consider a sequence of estimstors of the current population mean
corresponding to the number, i say, of previous occasions for which dats
are included. In Chapter 5, the properties of two selected estimators
from Chapter 4 and the determination of the peferred number of occasions
1 will be examined.

4, The idea of a partial rebention scheme is that a part of the
sample consisting of Pn units on occasion & is retained in the sample
on the next occasion o + 1, and the remaining part of the sample is
replaced on occasion @ + 1 by new units distinct from any previous ones
to improve the precision of an estimator. Hence, in this context, it
is possible to formulate & partial retention pattern where the same Pn
units in the first occasion sample are retained on all succeeding
occasions and the remaining Qn units (P + @ = 1) are replaced on every
occasione Baged on this new partial retention scheme, it may be possible
to construct an estimator which has smaller variance than other existing
estimators. The efficiency of this new eétimater, called a “‘complete"
estimator, and its comparison with other estimators 1s examined in
Chapter 6.

Assumptions which are made in this study are;

1. the population wnite are fixed on all occasions,

2+ the sample size n is comstant on all occasions, and

3+ the discarded fraction Q is comstant on all occasions.



In the theoretical development no assumptions are made regarding the
correlation pattern between the same unit values on different occasions.
A specifiic correlation pattern, due to Yates, was assumed for the em-

perical studles of the relative efficiency of alternative estimators.



2. REVIEW OF LITERATURE

The first study of sampling on successive occasions seems to have been
done by Jessen in 1942 [7]. For that investigétion, two sample sufﬁeys of
Iowa_farms were made on two successive yeafs. The first survey was done in
1938. The second survey in 1936 was an integral part of the first survey
in that 50 percent of the first sample was selected for re-enumeration and
the remaining_50 percent was replaced by a new sample. With this design,
Jessen obtained two independent estimatoré of the mean on the second occasion;
one was the sample mean based only on the new portion of the second sample,
and the other was a regression estimate based on the matched portions and
the overall sample mean of the first occasion. A combined estimator of the
second occasion mean also was obtained by weighing the two independent
estimates inversely as their variances. This was the first exploitation of
sampling on successive occasions.

A theory for sampling on more than two occasions was developed by
Yates in 1949 [14]. The estimator suggested by Yates is very similar to
Jessen's estimator. The only change is to use the weighted estimate for
the previous occasion instead of the single occasion sample mean in the
regression adjustment of the estimate based on the matched portion. Yates
aséumes that a given fraction of the units is replaced on each occasion,
that the variability on the different occasions and the-correlation between
successive occasions are constant, and that the correlation between units
two occasions apart is r2 s that between units three occasions apart is

3

r°, etc.



In 1950, the theoretical development on the estimator given by
Yates was completed by Pattersom [10]. He formulated the necessary and
gufficient conditions for an estimator of the current mean having a specific
recursive linear form of variates to be efficient. He also derived the
optimum weight for his linear estimator, the limiting value of the weight
and some other properties of his estimator.

In l95h; the Bureau of the Census (Hsnsen, et al.) [5] introduced a
redésign of the Current Population Survey, in which oné primary unit was
selected from a stratum with probabilities proportionate to the sizearihe
subsampling of the selected primary unit involved a scheme of partial
replacement or rotation of units at the last stage, in order to gavoid a
decline in respondent cooperation and to reduce the variances of sample
estimatés. A new estimator; the so called "composite estimate" was intro-
duced. It is éﬁcomposite of two estimates.b The first is the feghlar4ratio
estimate based on the entire sample fof month h. The second estimate
consists of the estimate for the preceding month plus an estimate of the
change from the preceding month to the present montho Under such a
sampling scheme, only the within first stage unit component of* variance of
the estimate is improved while the between first stage unlt vaeriance still
remains the same as in the regular estimate. It should be pointed out that
this composite estimator cen be identical with the Yates estimator in many
practical situations where the correlation between successive occasions is
fairly high. Another linear estimator, the so called "generalvlinear

estimator", was given for the infinite population approach for two occasions

in [5]. In 1955, Tikkiwal [13] developed ‘the saupling theory for k
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characters on each occasion from a finite populations, assuming a correlation
pattern slightly different from that of Patterson. The previous studies of
sampling on successive occasions have been limited to single character
estimators on each occasion.

Onate [9] in 1960, in developing multistage sampliné designs for the
Phillipine Statistical Survey of Households, adopted the same principle as
the U. 8. Current Population Survey redesign. Moreover, Onate developed a
finite population theory for the composite estimator defined in the redesign._

InAl964, Rao and Graham [12] further extended Onate's finite population
theory for the composite estimator to a specific rotation pattern which is
different from that treated in this thesis as discussed in Chapter 3. The
Raé and Graham rotation scheme applies when %=is an integer;, and also assumes
that a unit can return to the sample after having been dropped from the
sample. In 1965, Des Raj [2] proposed the selection of clusters with pro-
babilities proportional to size for sampling on two successive occasions and
indicated the application of the theory to double sampling.

Purakam in 1966 [11] studied multi-stage sampling on successive.occasions.
The sampling scheme consists of the selection of the first-stage units with
unequal probabilities with replacement at each draw and the selection of the
gecond stage units with equal probabilities but without replacement. A
partial replacement of first-stage units is proposed, which is the same as
that in this thesis. He considered four types of estimators for sampling on
two successive occasiohs, and also extended the estimation prbcedure to

three successive occasions. These four types of estimators are studied in

this work.



From the review of the literature, it can be seen that the "general
linear estimator' has still not been investigated for more than~two
occasion sampliné and may be more efficient; that the finite theory for
a composite estimator as given by Rao seems to be semi-finite in the
gense that the number of previous occasions is assumed to be infinite;

and that in most cases the correlation patterns are specified.



5. SAMPLING PROCEDURE AND BASIC RESULTS FOR
ESTIMATION THEORY

3.L. The Proposed Sampling Scheme

The following sampling scheme will be adopted throughout this thesis
except in Chapter 6.

Assume a population U consisting of N definable first-stage units on
o occasions: {L&} » 1=1,2;, .o N+ BEach uy contains Ni second-gtage
units. The sampling scheme is defined as follows:

1. Assume that a constant proportion @ (0 < Q < 1) of first-stage
units is to be replaced after each occasion, a preliminary first-stage
sample of size n + (@=-1)@n is selected from U with equal probability with-
out replacement of unit at each draw where N is larger than n + (@-1)Qn
for any @. The order of the draw for each unit is recorded.

2. The first-stage units which occur from order 1 to n constitute
the sample for the first occasion. Then ni second stage units are drawn
from the ith first-stage unit with equal probability and without replacement.
This.second=-stage sampling scheme is applied on every occasion.

3. The first Qun units are rejected and the next (1-Q)n units are
retained for:the second occasion. The retained units are supplemented by
the next set of Qn units which occurred from order n + 1 to n + Qn.

Thus, the required sample size of n first-stage units is maintained on

the second occasion with the assurance of having (1=-Q)n units matched with
those of the first occasion. The subsampling from the Qn first-stage.units is
done the same as on the first occasion. The second~-stege units originally

selected from the matched Pn first-stage units are also retained for the



oQn 3Qn (a-2)qn n+(a-2)Qn
1 Qn /’— n.- /:_ n+Q,nrn+2Q11 / {"(a-l)q‘n/ rn+(a-1)Qn
order of | 1 ottt +— } v e I § { ;
occurrence
oceasion
1 . .
[--Qn e Pn -J
2 ‘ L— Qn -+ Pn —J
3 - @ e Pn -;[
a=1 LQn ++ Pn -~
o < Pn »leQn ,.J,

Figure 3.1. Proposed sampling scheme

0T
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second occasion. On the third occasion, the next Qu units which occurred
from order Q@n+l to 2Qn are rejected while the other (1-Q)n units which
occurred from order 2@n+l to n+Qn are retained. The retained units are
supplemented by the Qn units which occurred from order n+Qn+l to

n+2Qn; This procedure is carried out in a similar fasﬁion for the succeeding
occasions. On the ath occasion, there will be (lmQ)n units which are
matched with the q=lth occasion plus Qn unmatched units which occurred

from order n + (@=2)Qn+l to n+(q=-1)Qn. Figure 1 may help to understand

the structure of‘the4sampling scheme.

3.2+ Derivation of Variances and Covariances for Subsets
of the Preliminary Sample in Uni-stage Sampling

In developing an estimation theory for the proposed sampling design,
the principle of minium variance unbiased estimation will be adopted.
Since we will be considering several classes of estimators having a linear
form of sample means, it is necessary before entering into the estimation
problems to derive general variances and covariances of means on any
occagion. The notation to be used is the following:

N = the number of first-stage units in the population on every
occasion.

n = the nunber of first-stage units in the sample on every occasion.

Nis the number of second-stage units in the ith first-stage unit.

n,= the number of second-stage units in the sample in the ith first-
stage unit.

N

ms Z n,6 = the number of the second-stage units in the sample
i=]
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Yaij = the value of the jth second-stage unit in the ith first-
stage unit on the ¢ occasion.
1\I:i.
Y .= 2 Y .. = the value of the ith first-stage unit on
ol 3=l Lo Ay
the @ occasion.
¥y,
¥ =4=1 & . ,
0 = = population mean on occasion ¢.
N,
z'lYaij
Yyi = J=L = mean of the N, second stage units in the ith
N,

1

first-gtage unit on occasion o.

The subscript 1 will also be used to denote the order of the first-

' stage units occurring in the various sub-samples according to the sampling
- Z¥ (y1 )4
scheme. Thus Y(a»-l)l = -—S%:-l-]-'-E = gample mean on occasion (@=1) of

the Qn first-stage units which were selected in order i = (@-2)Qn+l, ...,

(a-l)Qn .
.— 233{(ozm.l)i
Y(a-l)E = = gample mean on occasion (@=1) of the Pn first-
B

stage units which were selected in order i = (@=1)Qn+l, ... ,n+{=2)Qn.

Y .
Yal = pgl = gample mean on occasion ¢ of the Pn first-stage units

which occurred in order i = (@=1)Qn+l,...;n+{(a=2)Qn.

=Y,
Y(x2 = —é%-:* = gample mean on occasion @ of the Qn first-stage units

which were selected in order i = n+(@-2)Qn+l, ..., n+{a=1)Qn.

N ,
2 1 Z \2 h , .
ual =3 ig‘l (Yai - Ya) = variance among first-stage units on

. occasion ¢.
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N,
P = e (Y - ¥ )2 = variance of second stage units within
et = W 5 Voiy o

the ith first-stage unit on occasion «.

N
l = 22
c@z—l,a)l =¥ iil (Y(aml)i - Y(aml))(xdi” %x) = covariance between

first-stage unit values on the two successive occasions (@-1) and a.

N,
1 = .
°(a-l,a)2i = N; 321 (Y(awl)ij - Y(aul)i)(%xijm ixi) = covariance

between secohd-stage unit values (within the ith first-stage unit) on the
two successive occasions (Q=1) and Q.

In order to derive variances and covariances for subsets on any
occasions, the following two approaches can be considered:

l. By the definition of the preliminary sample as in 5.1, any sub-
sample of the preliminary sample is a random sample selected from the
population of N units. This approach does not ihvolve the notion of
conditional probability. Hence, the following lemmas 1, 2, 3, 6, 7 and
8 follow directly from the appropriate theorems for random samples selected
without replacement on a single occasion.

2. Since the sampling is carried out without replacement of units
at each draw, the sampie on the qth occasion is a random sample selected
from the population of N-(@=1)Qn units where (@-1)Qn units have been
discarded on ¢¢~l previous occasions. This approach involves the notion
of conditional probability. |

In dealing with the sampling problem on successive occasions, it seems
that the second approach is more natural than the first approach. Lemmas

4 and 9 will be derived by the second approach.



Lemma 1. The sample mean of the set of first~stage units which occurred

1k

from order (@-1)Qn+l to n+{@-2)Qn in the preliminary sample is an unbiased

estimator of ?a , that is

E(? al

1= Pn)sfa for all « ,

i = (@=-1)Qn+l, ..., n+(@=2)Qn.

Lemma 2. The variance of the sample mean Yal of size Pn on occasion @

is o
o )
7 ..ol ,N~Pn, for all « .

Vi) =5 G

Lemma 3.
= = v _ Ya-1,0)1 ,N-Pn
Cov (Y(aal)Q’ Yal) = 52 (N-l ) for all a.

Lemma k4. '

g
Mﬂ_ for all Q.

Cov (F(ga)z # Yoo) =~ ~W -1
Proof: ’

cov (Y

(a-1)2’ -fa2) = E cov (;f(as-l)Q" _Y‘ae/s) + cov E(f(a_l)a/s),

s
E(fae/s) where s = {’ui: i=1, «v.p (@-1)Qn} .

Consider E cov (Y(a-l)z’ Yag/s) .

Y . ZY .
cov (Y(o,'-l)E’ fae/s) = cov ( (%;ll)i' 5 le ) = cov(Y(a_l)i,Yai'/s)

;21' (F ()1 B (o1 )2 /8 ) (Y= By 0/e) ~eov(Y( 1y;5¥,/5)
= N-(o-1)Qn-1

/

(n-(a-1)qn) (N-(a-1)qn-1)



Therefore,

f cov (Y(y )17 Y. /8) = (Nm(a—l)%r:l).(awl)g_ri.

22 (Y 0)1" Bga1)1) /80 (s By /5)

, 85 1
N=(a-1)gn
*
Since . :i‘. (Y(a-l)i’ EY(a_l)i/s)(YainYai/s) =
cov (gesyprfur)
= _ N cov(Y(aul)i’Yai)
E cov (Y(y.1)e7 Ye/f) = - 7 WD
" Now . |
=Y . Y .,
cov E(?(a—l)E/S)’ E(fae/s) = cov ( ngg:igén P N-ao(g-l)Qn )
L
* G [2 cov (X(g4)1r%0) + iiiscov(Y(a-l)i’Yai)]
1 N- (=1 )Qn-1
® T-(a-lan - (lx\l - :L:n ) cov (Y(aml)i’yai)
(@-1)gn cov (Y Y )
(N-1)(N=-(=1)Qn) (@=1)i’"@i’ *
Hence ( )
cov (Y S g wcr{ 1
cov (?(a~1)2’ ?ae? == éa:l;x),l e - N?ni ot

*
The proof of this statement is given later.

15



16

* -

“Proof: g iz (Y(a_l)i~ Er(awl)i/s)(xaim EYai/s) =
N (N-2)* (N=(a=1)Qn-1)
(@-1)Qn. (N-(a-1)qQn).

cov(Y

(aml)i’yai) )

Consider two random variable Yﬂx=l)i’ %xi’ where 1 € U - S, then
Cov (Yax-l)i’ %xi) = E cov(Y(aml)i,%xi/s) + cov E(Yﬁxml)i/s)’ E(%zi/s)

Yon)! (@-1)gn! § ? (YGJ-l)i“EYwal)i/S)(%3i'E%zi/s)

_ (w-(g-1
' N,
N-(a~1)Qn

ZY01)1 ¥ )
N-(a-1)an ’ W((-1)an

+ cov (

Therefore

if (Y(a-l)i”’ m(ael)i/s)(yaim EYy1/s)

- NE(N-Q)!(N=(01==1) n-1)
(@=1)Qn. (N={x=1)qn).

cov (Y

*

(a-»l)i’Yai)
Hence, we can see the covariance between two disjoint sample means on two
different occasions has the same form as the covariance between two unit
values on a single occasion, except that the variance of %zi is simply
replaced by the covaraince between two unit values on successive occasions.
We also have the following relations between any two disjoint sample

means on different occasions.

o .
a-1 ol

cov (Y(a"“i)E’ Yae) s - N - 1 (l S i <a)
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(o}

= =y . Ja=ida
cov (Yguiyr Yp) =~ o1
c
= = a-i)ol
oV (Yo 12 ) == ~F o1 '
Lemma 5. 02
al

Cov (Yalg YaQ) = - ==  for everya .

This 1s a special case of cov (ikawi)l

In order to grasp clearly the nature of the variances and covariances

5 3&2) when 1 =0 .
between any two means on two occasions Q=-l, Q.; summary Teble 3.1 is
given below. This also holds for any two arbitrary occasions.

Teble 3.1l.  Varlances and covariances between means in uni-stage sampling

-1 1 -1 2 Tl Toe
b oi-&l(l\lﬂn) . dé“lzl - =1 1 - ofa-lZ»az].__
%a-])l Qn -1 N -1 N-1 N-1
o o o \
T a-1,1 N-Pn, (a-l)a,l,N-Pn) o _lo=1p,1 0
o-de Pn ‘N-1 Pn AN-1 -
= o1 (N-Pn (-1
Y —_— (w)
al Pn ‘N-1 N -1
T, a1 N-gn,
Qn =1

5.3, Derivation of Variances and Covariances
Multi-stage Seampling

So far, the variances and covarlances between sample means on any
pair of occasions have been considered for uni-stage sampling. In this

section, these same quantities are derived for multi-stage sampling.
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s 1 N
Lemma 6. Let Yal = il _ﬁ: ?Yaij

i = (@-dqn, ..., n+{a=2)an ,

then Yal is an unbigsed estimator of Ya
Fa) =
E Yal = Ya for all o »
~
Lemma 7. The variance of Yal of size Pn on occasion «a 1is
2 o
~ g
vy — a)l N"'Prl a;e
V(Yal) ==t (N-l ) + =2 for all «
where 02 1 N N2 6232i Ninni
a2 = w2 N =)
’ i=} i i
Lemma 8.
A A G( g
a a<dk,l ,N=Pn (@=1)a,2
Cov (f(a-l)e’ ) =~ ) for all o
where
g . N,-n
_ 1 (@-l)o,i i i
Sla-dn,2 = T2 Nﬁ n, (Ni-.l ) -
Lemma 9. 5
o
= = Qawlzzl
cov (Y(a-l)l’ Y(a-=l)2) = - for all o .

Proof: Let ﬁs défine a subset of the preliminary sample as follows:

s =f{u,s 1=1, 2, ceey (=2)Qn}
={u;: 1= (a-2)Qn+l,...,(@-1)qn]

i = (@=1)Qn+l,...,n + (@=2)Qn}

then

cov (Y(cx-l)l?(anl)e? = E Cov(?(aml)l?(awl)E/S'? +COV<E—Y-(Q—1)1/S”

ﬁ(aal)g/s'? .



First, cov (EYGx~1)1/SI s Efgz_l)g/s')

2
Fo-1)1  Fe-1)r G

& CoV an = N-qn ) from Lemma 5.
Ni
Second, cov (Y«x l)l (- 1)2/5 ) = cov (Qn «1 1)1
N.,
1 i '
Pn = ny m(a-l)i:j/s‘ )
N N,
i - i P '
= E cov (Q Z ni ZY(a-l)lJ’ Pn Z ni' z Y(a"l)l’J/S ,82)

N 1 Nil
+ cov (E EE L= o N (y1)i ’ EEm 2357 Y(g- l)ll /s’ »8y )

=0

Since, the first part is

cov (%1 g7 %@ 11 /s’ ’8, )= 0

and the second part is

zZZ
z%a-l)l z;yb 3)1 _ii '
cov ( 'y8 ) = BQn? Cov(%@_vi%?_yf/s ysz)
= 0
2
%1
cov (Ty 11%10) = - WX -

That is, the covariance between two sample means in multi-stage sampling
is the same as that in uni-stage sampling.  SBimilarly we can show for

multi-stage sampling that

) = - -1

cov (Y Y TR

-1,1 a2

19



cov

cov

cov

Table 3.2 gives

two means on any two

20

(o- -1)a,1
(Y(a 1)1 Y) = -]
= = °02¢ 1
: - A
(Y1 Yop) -1

- G@”l) &l

ﬁ(a-l)E’ Yo = T

the nature of the variances and covariances between

occasions for multi-stage sampling.

Teble 3.2. Variances and covaeriances between means in multi-stage sampling

o-n Yo-e Yo Yoo

2 P e g
peg "1 l/N"Q,l’l) a l, _ a-1,1 _ ia”hzl - g-hzl
-qn A N-1 ) N-1

o o

¥ a-1,1 (N-=Pn) -l 2 M(N-Pn)+%a—h 2 _ ?Ot-la,l
%@')2 Pn N1 N-1

ad

al

a2

%1 (N-Pn ) a2 %, 1
Pn F-1
2 2

( A
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4, ESTIMATION THEORY FOR SAMPLING ON
TWO SUCCESSIVE OCCASIONS

4,1, Introductory Remarks

A large number gf estimators of thg population»mean, g} s on oc-
casion “@ are available. The general estimation problem is the
problem of choosing an estimator which has good properties. More pre-~
cisely, our aim will be to choose ‘an estimator for which is unbiased
and has small variance. Ih fact; we have to restrict this thesis to
several classes of estimators which seem to bé efficient and practical in
general sampling situations. Namely, four classes of estimators, which
have been studied by others, will be considered for sampling on two
occasions in this chapter and two selected classes of estimators will
bé discussed for sampling on more than two occasions in Chapter 5. Finally,
a new sampling design will be proposed and, based on this, we will consider
a new class of estimators which might be more efficient than the estimators
discussed previously. This class of estimators will be examined in
Chapter 6. Hence, in 4.2, the optimum estimator for each of the four
classes will be determined over all possible values of @ and for
p>1l/2 . In h.i, the four optimum estimators will be compared. in
Section bk, the multi-stage sampling theory will be applied to the best
estimator selected in 4.3. Finally, in Section 4.5, a symmetric estimator,

which is useful for sampling on more than two occasions; will be introduced.
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4.2, Estimators and Their Properties
As mentioned above, the four classes of estimates to be treated in this
chaptef'are as follows:

class 1. Qeneral linear estimator

1Yp = 8lyy *+ bYy, + Y,y +dY,,

where a +b =0 c+d =1

class 2. Modified composite estimator

oY, = a(Yl+ Y- Y12) + bY,,
where a +b =1

class 3. Composite estimator
3% = a(Y + ¥, - Y12) + bY,

class 4. Ratio-type composite estimator

3
R = a(Y 7 ) + by,
12

Class 1 is due to Hansen, et al. [5]. Class 2, which is of a form similar
to the estimator given by Yates, is due to Cochran [1] when we take 2§i = ?i,
Class 3> is due ﬁo Hansen and Hurwitz [4] when we take 3§i = Yi . Class 4
is due to Hansen, et al. [4] and Purakem [11].

The following discussion will provide derivations of the variance for
each each estimator, the optimum estimator and its properiiés as well as the
optimum values of @ for given p. .

From Lemma 1, the estimators, lYQ’ 2Y 5, and EYé are unbiaged estimators

of Y2 o
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h,2.1l. A general Linear Estimator

First of all,Jlet us again draw the structure of our sampling procedure

for the first two occasions as follows:

Qn n n+en

order of -

occurrence e WV e PN e QN ——mf
lst occasion f— ; -

T Y12
2nd occasion b — t - /
-
Yél YéE

The sample for the first occasion is made up of the first-stage units
appearing from order 1 to n and the sample for the second occasion consists
of the units appearing from gn + 1 to n + Qn, such that the sample size n
is the same on both occasions. The first stage units occurring from order 1
to Qn are in the first occasion only and the sample mean ill is obtained
from those units. The first-stage units appearihg from Qu+l to n
constitute the matched part and Y,
first occasion. Y, is obtained from the same units on the second occasion.

21
These units appearing on draw n+l to draw n+Qn constitute the part of the

is obtained from those units on the

sample which replaced the @n units rejected after the first occasion
and §ég is obtailned from those units on the second occasion.

We wish to estimate f; according to our sampling scheme. A general

& & 9 s o
linear estimator of Y2 is a linear function of sample means; Yll’ le’ Yél’
Yoos Leges '

1Y2 = aYll+ bY12+ cY21+ dYéQ where, a +b =0 ‘c¢c+d=1.



® —

~ Variance of lYé: In order to derive the variance of 1Y2 s We can

rewrite lYé as

1Y mal¥y - Y) + oYy - Y0) + Y, o

o2

To simplify the notation, o 517 the variances between first-stage units

11’
on the first and second occasions respectively, will be written as d?, 02

except in Section L4.4. Then

v (,T, ) =a V(Y 12) ce(i?ﬂu ?’22) + V(1)
+ 2ac cov (Y 12, Yél 22) + 2a cov (Y §i2’ Yée)
+ 2¢ cov (Y Y- 22, )
' 2 N & 21\1"2 N %12 GFQEN
o =¥ Wiwpa "¢ WL wa " T-1fn "2 @n L
, +g§ (am ) (4.1)

The optimum estimator and its variance for given @ and p: We are

considering the optimum estimator of '?é among all linear estimators for
given values of @ and p . This has a practical meaning in many cases
where the replacement fraction @ is predetermined from costs or other

conditions. The optimum estimator for given values of § and p is the

estimator having aw,qwgiven by

= 2
1 3V(;Y) N % N %2
2 "3a - “°%F1 @wq °F1 wq =°
- 2 2
+ G
- }- aV(lYQ) - -a N 0'12 .o N 02 ) _‘]_!? _g— . 0 )
' 2 Tac §-1 Tn N-p nPq ~ 1 g@n



This yields

g,
=_,Elig_2__2_
19~ %1
_ P
2 2 °
1-Q7p
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Assuming that the variances on both occasions are approximately equal,

the following numerical table may help to graps the nature of the weights

a and ¢
w

.

w
Teble 4.1. Optimum velues of a eand c for .Y, (o= 02)
c, = welght of iél - §é2 on the second occasion (d=l-c)
qu 1 2 .3 b 5 .6 .7 .8 .9
6 |.90 .8L .72 .64 .55 46 .36 .26 .1k
7T (.90 81 .72 .65 .57 A9 k0 20 .17
8 .91 .82 .74 .67 .60 .52 .44 34 .21
.9 |.91 .8% .76 .69 .63 .57 .50 e .29
& = weight of Yil- Yie on the first occasion (b = -a)
N Q
{6 05 .09 .13 .15 16 .16 .15 .12 .08
7 (.06 .11 .15 .18 20 .20 .19 .16 .10
8 |.07 .13 .18 .21 24 .25 .25 .22 .15
9 | .08 .15 .20 .24 28 .30 .31 .30 .2k
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In estimating the second occasion mean, the effect of the first occasion is
quite small when p is less than .6 . This fact provides useful infor-
mation for developing a sampling theory for more than two occasions, where
it 1s understood that correlations between observations on the same units
many occasions apart are quite small. When the sampling is based on re-
placement at each draw, the optimum Valﬁes of a and ¢ are the same as
with the present result.

A~

Thus, a_ and c_ - can be estimated with a small bias by gw and c_

respectively:
8
T
Vo @Ry 5
-2 ,
W 1-g3r

The proof is given in the Appendix 9.1.

For those populations in which the distribution of the observations
85" Oy 8= 01
is similar on all occasions, the difference E e -E-—j;——— will

2 1

be small and the bias of QW is approximated by

B = Pe ~;g E (5= &+ 9?(r2~'p2)) (1 - (Sl- Ul?(se- gg)

l-Q2p2~ 1 ) 9¢ l-Q2p2 S o 9
2
. (sl cl)
2 N .
%
(Sl-' pl) (52- 02)
It can be seen that the bilas is maximum when B — =0
12
(s,= 0, )(s.~ 0,) (5.~ 0, )°
and the bias is reduced when E L l_ 2 2_ = E —;——4Lf- .
0.0 2
12 cl

The bias of gw is shown below for some values of p and n .
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Table 4.2. Maximum bias of ;w where P = .5, )= o,
\\\Eg\ 10 30 100 Sy
e
.7 .0159 .005k. .0016 .20
.8 .0201 0067 0020 2k
.9 .0256 ,0085 .0025 .28
2
A (sl" Gl)(sg" 62) (Sl"cl)
Table 4.%. Bias of a_ vwhen P = .5, 0.= 0., E =
W L 2 g, 0, 2
172 o
1
\\<E\\ 10 30 100 a
P . w
.7 0035 .0012 ;0004 .20
.8 .0033 .0011 .0003 2k
.9 .0023 .0008 0002 .28

The relative biag of 8&

to ¢
w

is less than 1% when n =

Table 4.4. Bias of gw when p = .5

On the average, the relative bias of QW to a_ is less than 5% when n = 10.

) 10 30 100 8y
.7 0042 001k L0004 | .57
.8 ,0022 0007 ,0002 .60

0007 ,0002 .000L | .63

The optimum estimator of ?; (within the general linear class)

is

1Yy = 8 ¥yt (L-a )Y ok e ¥+ (L-c )Yy
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and its variance obtained by putting a_s . in (4.1) is

2 2
V( ) ( ) N f_g p2 o (k.2)
17w N-1 nPQ 1= Q p
Other alternative forms are
2 2 »
d ) 5
2 ,l= N 2
= ( ) - (4.3)
n lﬂQgpe Ne N-1
(N~n)(£:ﬂef_) - 12 (4o k)
T 122 8y T-1 LW
2 2
2 o] 2
= (& )ﬁ;(l_-—iﬂﬂ-—) : (1.5)
1-g5p° n(1-q70%)

Each formula has its own purpose; namely, (M02) serves for comparison among
the four estimates which will be given in Section 4.3. Equation (L.L) gives
the comparison between this and the estimator of f; from a sample on the

second occasion only. As we can see, even neglecting the reduction factor

a
gfie in (4.4), the optimum estimator on successive -occasions is still
‘smaller than the variance of Y., on a single occasiono Equation (4.5)

2

gives a basis for comparison with sampling with replacement at each draw.

The optimum variance of Y. with replacement at each draw is given as

172
02 2
v (.T.) =_§.(L':Q&__) .
1"20pt n quapQ

Therefore, the further reduction in the optimum variance based on sampling

without replacement of units at eack draw is

__._QB____)
n(1l-Q )
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Au—n
V(lYW) can be estimated by V(lYW)

52 2 82
- 2 l-gr 2
VY) =5 1@21‘2) N

The proof is given in 9.1.5.
AN e -
From 9.1.3, the relative bias of V(lYW) o] V(lYW) when Q = .5 for

selected values of p and n is given below.

Teble 4.5. Relative bias of V(.Y ) to V(,Y. ) when @ = .5
: 17w 17w

n
p 10 30 100
T .0098 .0032 .0009
.8 . 0062 .0021 .0005
' _ .9 .00019 .0006 0001
- =
In practical applications, the estimate of .Y , ¥ is considered:

1w’ 17w’

T,o=ay, Yy v (), oYy, + (L)) Ypp

r~
o,

The variance of le is approximately the same as the variance of

]

as shown in the Appendix 9.l.h.

Optimum @ for given p: The optimum value of @ for given p can be

obtained by

2
n(-1)(1-650%) 4 0 7y o B2 .
.- - T V(Y,) =@ -2q+1 =0

Hence, Q

opt = 5 This is the same result as for sampling

with replacement at each draw. Consider the limiting value of the optimum §.
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Yhen p =1, the optimum § is equal to 1. However, when p approaches
Z2ero,

1n g, = 1 B A= - L

PO P20 2 /l-;é

Therefore, the optimum @ 1ie always larger than .5 for all values of p .

The variance of .Y, at the optimum values of @, a, and ¢ is ¢

172
2
RS P S Sy S S
1w n BT ol AR ) -1 2(1- /1-p? )

2
2 2
p S22 - P
N=-1
2(1- /lmpE ) . on(1- /1-p°)

This can be compared with the optimum variance for sampling with replacement

) . (k.6)

blmﬁm

at each draw, which is

2

P ,
2(1< /i-iP)

In order to have some idea of the optimum @ and the efficiency of the

_ A
V%) om =5

estimator relative to the sample mean on the single occasion (§é), Table

4.6 has been prepared. Here, for simplicity, the reduction terms in (4.5)

and (4.6) are neglected. The percent gain in efficiency of li% over Yé

is defined as

Var (?é) - Var (.Y

Var (li%)

The important result is that the optimum value of @ (discarded fraction) is
always larger than .5 for all values of p, and it becomes larger when the

correlation between observations on the same unit is higher. This implies
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Table 4.6. 'The percent gain of le over Y. and optimum Q

Q OptbGain at
P .1 2 o3 A .5 .6 o7 .8 91 Q opta
.6 {3.36 6.20 8.47 10.09 10.97 11.02 10.10 8.08 4.79{.55 1l1.11
<7 |4.68 8,69 12.06 1kh.62 16.22 16.65 15.66 12.89 7.88| .58 16.73
8 [6.15 11.7h 16.63 20.64 23,50 24.93 24,34 20,98 13.58| .62 25.00
9 |7.93 15.46 22.47 28.75 34.03 37.82 39.28 36.81 26.90|.69 39.50
5 18.92 17.63 25.98 33,89 41.11 L47.24% 51.45 51.94% L43.24 .77 53.33

that in order to estimate ?

correlation, the smaller the portion matched.

2

on successive

occasions the higher the

In fact, when the correlation

between the two occasions is high, the matched portion on the second occasion

provides approximately the same amount of information as it did on the first

occasion. Therefore, we can gain more information overall with respect to

the population values on the second occasion by taking more new units into

the sample onthe second occasion when p 1s high.

L.2.2., A Modified Composite Estimator

A modified composite estimator is a composite of two estimators. The

first is the sample mean based on the @n units selected on the second

occasion only.

The second is the sample mean for the first occasion, to

which has been added an estimate of the change from the first occasion to

the second occasion.

272

Y, = a(Yl Y

where a + Db =1

- Yle) + bY2

2

The form of the modified composite estimator is

.

As before, its variance and optimum properties will be considered.



Variance of oYy

oYy = aa(Y) = Yy5) + a(¥y

From Chapter 3 we have

V(

+ 2 a2Q cov (Yll

Y.:

+ 2a cov(Ygl

=aQ §3

2.2 N

Y

can be written as

272

2 P ey
T,) = Q7T - T,

- Y,) * Y

2 s
) + & V(YEZL

Xéz) + V(Y22

)

) +2 aQ cov(Y

Optimum estimator and its variance for given Q and p:

(B8 L v(,T,) =a(@E

da

Hence,

under 0o, ® 0, ,

a

a

W

W

2 2
o ~ 2Q 012) - P

P
>

22 2 2
QG + o 2Q012

P
QC+ 1 - 2%

2
%

=0

1

27 Yée)

32

o8
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Table 4.7. Optimum values of a for g, = g, )

2% (9

Q :
‘X 1 .2 .3 & .5 6 .1 .8 .9

.6 .90 .81 . TL .62 .53 43 033 .23 .12
.7 .90 .81 T3 .6l .56 AT 3T 27 .15
.8 .91 .82 < Th .66 '+ 59 51 A2 .32 .19
.9 .91 .83 75 .69 .63 .56 .49 o4l .28
.95 .91 .83 .T6 .70 .65 .59 o5k 47 37

The optimum values of & depend mainly on the value of Q and as the
matched portion P becomes large, a becomes large. The a has a

171

The optimum estimator of 2?; for given @ and p is

similar pattern to that of c_ of Y  in Table L.l1.

oy =a, (N + ¥ = 1p) + (1-a )Yy,

end its variance is

v(.T) = Ug%%g-wm?flé(e PEZS ) (4.8)
. nRg Qo + Oé - 2Q 10
2
or 32.(N“n) (Q;i + 0 = 2Q0, 02 RQ(EG = Ui) (4.9)

N-1 Q c§+ cg - 2Q2012 N-1 Q a F 02 - 2Q o5

Formula (4.8) will be used for the comparisons among our four classes of

estimates. Now, assuming o= 9, in (4.9) the optimum variance is smaller

than the variance of ié if p > %’. This follows because

g2+.l o 2@8 < 1
Q +1 ~2Qp
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if and only if

Q+1-2q0 <Q+1-20% ,
that is,

Q(1-20) < Q21 - 20) .

But this holds whenever 1 - 2p < 0 and in this case we also have

2p = 1
QP 1 - 265

> 0 for all Q o

Otherwise v(sz) > V(EEE) .

Optimum @ fér given‘ ps In order to determine the effect of an

approximate optimum @, assume 0= 0, . Then (4.8) can be written as

& 9222 2
Wi)=XL 2 (p. % ) . 2
27w N-1 nkQ Qaci + 02 - 2Q26 N=1
2 12
P Eariem 2 (10
: Q%+ 1 - 29 -

Hence, the optimum @ for given p can be obtained as follows:

(-ln & gy ) - (1-20)(@%+ 1 - 29 %) - (911-20p)(2a-400) .

N £ N S (QP+ 1 - 20%0)°2

which yields

QP+ 1 - 2% - 20% - 2p + UgPp>- 2¢°
-=2Q+1'Q2p ~2Qap + hQp - 8er2 =0
implying Q% (2p-1)2- 2q(20-1) + (2p-1) =0

Q°(2p-1) = 2q+1 =0 .
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Therefore,

Q - 1~ /2 ~2p

opt 20 = 1
Consider the limiting value of Qopt in the following casest when p =1,

optimum @ is equal to 1. However, when p approaches .5

= lim L
p-)¢5 2 2"'29

lim
P35

B
PO fp-
-

Qopt

When p =0, the optimum @ is equal to .L1Lk which is less than .5. Hence,

the optimum @ lies between .4 and 1, and is always larger than .5 when

P 2 5,
Table 4.8 gives the percent gain of 2?; over EE and the optimum
Q assuming 0;= g, and neglecting the reduction term in (4.9).

Table 4.8. The percent gain of 2?; over ?é and optimum Q (Gl= Oé)

Opt Gain at
P Q@ optaq

.6 1.8% 3.33 L.U46 5.21 5,55 5.45 L4L.88 3.80 2.19 .53 5.57
7 3.75  6.95 9.54 11.42 12.50 12.63 11.66 9.41  5.62 .56 12.69
.8 5.7F 10.90 15.36 18.94 21.42 22.50 21.72 18.46 11.73 .61 22.50
9  7.83 15.23 22.10 28.23 33.33 36.92 38.18 35.55 25.61 .69 38.19
.95 8.90 17.56 25.89 33.75 40.90 46.95 51.08 5l.h2 42.63 .76 51.69

e 2 .3 L .5 .6 T .8 .9

The percent gain of 2?; over ?; is defined as before

v(Y.) - v(.Y) 2p-1
8 2 ¥ . 100 =T-g(2p-1
v(zyw)
Here again we see that the optimum Q for the range of p considered, is larger

than .5 and is directly related to the correlation coefficient.
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h.,2.3., A composite Estimator 5?%

A composite estimator is of the same form as the modified composite

3%

estimator, but uses the sample mean on the second occasion Xé instead of

Y22 . Notationally,

R a('zcl + Ygls Y:Lz) +b Y,

where a + b =1 .

Variance of ? : Y can be written as

32" >2

Y = a(QYll+ PY ?’21 ) + (1- a)(PY21+ Q )

= 8QY);~ aQY + (1-q + 8Q)T, + (@-aQ)¥,,

=T, + eQ(Y);- ¥ip) + (Q-20) (Y5 )

o2 2 02
2 2 N-Pn 22 N 1 %
V(EYQ) TPT'n'(N_l)'l'aQﬁ'nﬁ"I-(QaQ) Nlnm
2
= EaQ —l\T_ 5_1.2‘ - E(Q‘QQ,) —yx—- + EEQ(Q Q) I‘ 12
N1 Po N-1 Pn N1 P
bR
2 N-Pn 22 N 1
=E(’1€T)+3Qﬁ’:f“nﬁ5(0§+a§mmolg)
2
ag
e N B A2l (4.11)
- 2aQ N-1 nPg 9, = Q TT nhg
2
512_ Nn)+ m(0_2+02n2 ) QEP—N—-S}.?_
n ‘1) YR [T oopq 'Ot % " 2Q0p) - 26Q°F T 1Ry

The variances and covariances needed in V( ) are as follows.

T LT o i
V(Y - Yp) = 55 5



value of a 1s obtained as

under the assumption

V(Yoo Tp)

Cov(Yll~ Y

Cov(Yél, Y.

12’

- ¥

o

N-1

ooy

oo™

Lo

12)

&t

]

N Y12

) = —
21 N-1 Pn

G

-N 12
=N-1 Pn

2

-2 2

N-1 Pn

Cov(YQl, 122- Yzl) =

Optimum estimator and its variance for given Q and p:

9

12

L

a8

W

'y

2
Ul + og = 2Q012

2(1-Qp

Table 4.9. Optimum values of a for BYé (cls aé)

7

The optimum

Q

. .1 .2 .3 Rt .5 .6 T .8 .9
.6 .29 27 .26 24 21 .19 .16 .12 .07
T .3k .33 .31 .29 27 24 .21 .16 07
8 .39 .38 3T .35 .33 31 27 .22 1k
.9 45 bl 43 k42 41 <39 .36 .32 24

1.0 .50 .50 .50 .50 .50 .50 .50 .5 .50

In contrast with the
is always less than

occasion, Y;, dominates the estimator

optimum values of a for 2?; in Table h.7, aw

.5

3%

o

for

3%

This implies that the sample mean on the second
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The optimum estimator of f; in class 3 is

Y = aw(yl+ Y - Yle) + (1~aw)Y2

3w 21
and the variance of 5?; for given g and p is
2, 2 2 22
+
.y ) cg (Eﬁfﬁg N QE_ 02(61 o - c ot P2 cl) o (h.12)
3 N-1 N-1 nPg 2 O,2 - 2Qg
' l 2 12

Since N-Pn = (N-n) +n0Q , N = (N-n) +n , we can rewrite V(BTQ) ass

2 2 2
v(,T) =2 (&R P T = (4.13)
3y 2. 2 NI 2, 2 °
1 + 02 - QQGlE ,cl + 5~ 2Q012
2 2 2
N dg o) (1-Fge”) + o - 2o, "g
=57 o ( ) - . (4.14)

N-1
"i ¥ "g - 2Q0y,

From (4.13), we see that the variance of Y is smaller than the variance -

3w

of Yé 3 because (L - PQpe) <1l .

Optimum @ for given p: From (4.14), the optimum @ is obtained as

2 22
e . = to% L / + BF - 20, (d +
opt lo : °

In order to determine an approximate optimum @, assume cl= cé

+ /4= lbp 1= /1-p
Q= 2{3 = 0
1 = /l=p

vt Q'opt v P
Consider the limiting values of the optimum Q. When p = 1, optimum @ is

equal to 1, and when p approaches zero,
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=

PO fi-s

limQ ., = lim

pP>0 pe pro 2 [l-p

Hence again the optimum @ is always larger than .5 . Table 4.10 gives the

percent gain of 5YW over i; and optimum @ values, assuming 0= 0, and

neglecting the reduction term in (4.13).

Teble 4.10. Percent gain of ?% over Y, and optimum q (cls 02)

3 2

Q o .
pt Gain at
o .1 .2 .3 o4 .5 .6 o7 .8 .9 Q opt Q

1.75 3.38 4,83 6.02 6.87 T7.23 6.97 5.86 3.65| .61 7.23
2.42 4,77 6.96 8.89 10.40 11.28 11.22 9.78 6.33| .64 11.38
3.23 6.49 9.69 12.73 15.38 17.32 18.02 16.58 11.46 | .69 18.01
L,17 8.58 13.18 17.90 22.56 26,79 29.84 30.11 23.73 | .76 30.50
.95|4.69 9.78 15.27 21.16 27.36 33.64 39.43 43.02 38.88 | .82 43,59

.

O O ~3 Oy

oo

The percentage gain .Y over Y. is

3w 2
Y) - v(,Y ) 2
G(%) . e _V(“ R
| v(5¥,) " 2(1-Qp)-PQp

The optimum values of Q are always greater than .5 and directly related

to the correlation coefficient.

L.2.4. A Composite Ratio Estimstor h§é

The composite ratio estimator is also a composite of two estimatdrsn
The first is the sample mean based on the n units selected on the second
occasion only, and the second is the sample mean for the first occasion

multiplied by the ratio of the means for the first occasion to the second
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occasion for the matched units only. This estimator is a biased estimator

of f; , and somewhat different from the previous three unbiased estimators,

Y,

- - 21 -
L!_Yega(Yl 3 )*bYa
12

where & + b = 1 o

The bias 1s given in the Appendix 9.2.

The variance of M§é is quite complicated. An approximation of the

variance of hié seems to be useful in practice. Thus,

y:%2 Nny . 22 N 1 22 2
V1) 2% (D) v 9w g (R + % - 2Rog,]
N1 .2
- 28R 7 g W0y, (4.15)
where R = ﬁé .
b1

The derivation is given in the Appendix 9.3.

Notice that v(ﬁ'e) & V(3§2)) if R=1 . That is, if the population
means for both occasion are the same, then variance of the compbsite
estimator is approximately the same a&s that of the composite ratio

egtimator.

Optimum estimator and its variance for given @ and p: As before,

the optimum value of a is obtained from

SN':LEEE L vy 2 ; ¢ - o =
12 da V(hYg) = a [K "i * "g 2R0),] - RPoy, =0

PRle

a =
W 22 _
R oy 4 ‘% eRo; 5




L1

Again, the optimum value of a is the same for both estimator 3?2 3 )_:Ynz

if R =1. The optimum estimator of hc??p is

o

.fsa(?i%)+(’ma)?’
Loty Wil ? w2
12
and its wvariance is
& > 2
- . 2 N=-n R N 12
' V(LLYW) T N~l) T 22 QPQ N-1 n (4.16)
) ) R cl + 02 - 2RQ012
2 2 2 2
. "S Nep, (1P FQ)E 01+ o - 2RQ0, B30, 5 )
= a FD 72 5 )-8, Fo1 (4.17)
» R o] + 0y - 2RQ,012

or

°

Since 1 - pEPQ < 1, we have

v( hﬂfw) < V(mfg) for all values of P, p

Oy =9, to simplify

Optimum @ for given p: Under the assumption that o

the computation, the optimum value of @ is given by

(RP- 2R°Q) (BP+1 - zmp)cﬁ + (BPQ - RQQE)QRQUJQ_ =0

implying (1 - 2Q)(R°+ 1 - 2Rap) + Q(1-Q)2Rp = O

which is
Q,22Rp - eq(1+32) + (1+R2) = Q

! Q- 2(148) + [M(1+R)2 - BRo(1+F)
' ' L4Rp

Therefore, the optimum @ is

_ (W) - [ - ere(1F)

Q'opt 2Rp
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If R=1, then

1 = [l
Qot = =

opt o}
which is the same as for the estimator 5?% » So far, we have investigated
approximate properties or the composite ratio estimator. Moreover, we have
found that both the composite estimator and the composite ratio estimator
have the same properties when fa = ?; with respect to the variance, the

optimum weight a and the optimum discarded fraction Q .

4.3, Comparison of Estimators

In 4.2, we have investigated the properties of four classes of
estimators. Now, it is necessary to compare the efficiency among these
four estimators. In fact, it was already found that e general linear
estimator is the best among the four estimators compared to ?; .

In this section, if we express the four estimates in the following
form, then we show that the general linear estimator is indeed a general
form for the four estimators, and is the best among our four classes of
estimators. Let

o s e il

Y =a¥.+b.Y. +c.Y . +d.Y vwhere a.+ b,= 0

172 1711 Y112 1721 L2z 171
cl+ dl= 1
then = = .5 = = _
gésa@l+YmiYm)+b%2 a+b =1

a(P'y12 QY + Y- Yle) + (1«a)¥22

aQ¥, |- aQY, + a¥,, + (1~a)¥é2

s ot = =

= ayYy t byl o+ ety dY,
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where a2+ b2= 0, c+d,=1,

a2+ ch
This estimator has an additional restriction over the general linear
estimator. Hence, the class 2 type of estimators is a subclass of the
class 1 type of estimators.

BYQ =a (Yl+ Y- ‘Yle) + bY, a+bs=1

a(PYp* QY 1+ Yo - Y5) + (1-a)(PY,y)+ QY |

= = VT 4 aT
aQ,Yll aQYl2 + (1 bQ)Yal b«QY22

= a5Y11+ bin2+ 05Y21+ a5Yé2
where a5 = aQ c5 =1 - bQ s
= E =
where a5+ b5 0, c5 d3 1
x.'bg
37 5= Q

This estimafor has an additional restriction over the general linear
estimator. Hence the class 2 type of estimators is a subclass of the
class 1 type of estimates. A composite ratio estimator 1s the only
estimator which does not belong to the class of linear unbiased estimators.
But under some restrictions on the observations, we can reduce the
composite ratio estimator to a linear estimator which is a special case

of the general linear egtimator.

Y
Lf-Y2=a(Ylo:f )+bY2
22
- P, ‘i‘gl A . pa—
= a(PYl2 + lel) _;m +Db (PY21+ Y22)

12
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Y.¥
= a(PL,, + Q —]{—21—) + bF,, + bﬁﬁf22

Y0

Y .Y
11721 = -

= aQ (= )+P’Y21+bQY22 .
Yo

From Appendix 9.2

Y70 . _ _ _ _
3{-12 = Y2(l + OY) + AT, + AYllAYel)(l - AYle)
- o o— == 2
. Y% (- 1)
pP 7

Ignoring the cross product terms

=<

Hence

Y, =8 (L, + R(Y,- T)) + (T~ L) - BT - ?l) +.Pfyl) + FI, +b Y22

= aQ,RYll - aQRY,, + (1 - bQ)YQl + DAY,

=afy *hYo ro¥yy ¥,
where

a)++b)+=0, C)++dl+=l

duR"’bquR
This estimator has an additional restriction over the géneral linear

“estimators. Hence the class 2 type of estimators is a subclass of the class

1 type of estimators. Also, if R=l, hﬁé 1s the same as 3§; .
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In conclusion, the class of lié is a wider class of estimators among
the classes under consideration. Hence the optimum estimator in this wider

class should be uniformly better than any of the others.

b4, A QGeneral Linear Estimator in Multi-stage Sampling

In the previous sections, we observed that a general linear estimator
is the best among the four classes of estimators for estimsting the
population mean on the second occasion when uni-stage sampling is used.
Therefore, a theory of estiﬁation for multi-stage sampling on two occasions
will be developed only for the general linear estimator class.

A

A general linear estimator l?é for multi-stage sampling is defined

as

2 a & a ry
1¥p = 8Yyy + by el +dYy,
N .
where Yij is defined as in Lemma 6, Chapter 3.
Unbiasedness of lY;: From Lemma 6

2

E1Y=§?
2 =1

Variance of 1Y2:

a 2 & & a
V(l ) - o° V(Y = Yp) + et V(T - Tpp) + V()

A a A & .
+ 2ac cov (Yllm Y Y21 22) + 2a cov (Yil- 2Py Y22)

A
22} )

For multi-stage sampling, the variasnces, covariances are as follows:

3

2
+ 2¢c cov (Yél
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V(Y- Y),) = V(Y ) ¥ V(Y:La) cov (Yll 12)
2
I SRS "::EL,z
N1 nRg T nhg
2 2
cov (Yll le’ Y- Ypp) = cov (Yll 21) - cov (112 21)

. %2 %2
F-1 Pn Pn

Fa¥ Y al
cov (Yp)= Ypps Yy5) = cov (3, 21" 22) - V()

2 2
_.n % %
N-1 Qn Qn ‘
-Therefore
02 02 0’2
&, _ 2, N ‘L1 1,2y 2,8 %21 %2
V) e (g Ee tm) te Ga om TR
2 2
o3 o : g o
- N "l2,1 12,2y N 2,1 2,2
2ac (Nwl 5=+ ) - 2¢c (an o + )
62 2
2
Optimum a, c: To deternn,ne the optimum weights, we proceed as follows:
02 2 o g
0 2 N 1,1 l,2 12,1 12,2
52 VoN) =g ) - c (fr Bt ) =0
2
2 (3 = -a(l ARL, 2122y (N "g,)s N °241+°2,2 ‘
oc ‘172 N-1 Pn Pn N-1 nPFQ N~-1 Qn Qn
=-2 N-1
Let us denote_' 1 = di,l + N O;JE“,Q
- N-1
%2 % 92,1 ¥F %12,
-2 - N=1
= + .
% °§,1 N "g,e
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Then, the optimum equations are:

) -
e A - R

nPQ Pn

- - -2
- "g %

Pn "W " @Qn
vwhich yields 8y Cs the optimum values of a, ¢

L o e% e
W =2-2 2=
9% - Q "ie
22 (4.20)
. - o 2P
w 2= P
73, - &,
In order to estimate a, and 2 let us define the following
2 S .72 ~ N 2 _Ll.X
811" B(Yy - 1))7 , where Y= 2 I Yy, 0, Y) =2 E L EY
1 J J ni J
2 _N-1 2 | . =2
thus sl = T sl.l is an unbiased estimator of ol » Dbecause
2
B[22 1,2 Sl (Ni' ni):,
N 1.1 =n i n, Ni

is an unbiased estimator of cﬁ 12 where

(Y. .- ¥..)2 Y
2 1ij” "ij = 1ij
f1.21 © n, - 1 > Ty TR
i i
and o
6 =i "L.21 (Ni~ n-) is an unbiased estimator of o
1.2 n i Ni Ni 1.2 °
Similarly,
-2 N-1 2 \ -2
§2 = 5 85,90 which 1s an unbiased estimator of A
-2 N-1 2 . . . -
85 = N 512.1’ which is an unbilased estimator of %0 .
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Then, a and c, can be estimated with bias by a  and ¢ ;

- =D
81p 85 M

W 5252 ~ Q2§2
1%2 12

=2 =D
sls2 P

W =l =2 -
5152 " 978y,

e D)
]

Hence, the optimum estimator is

A & Fa) Fa) Fa
15y =8, Yy TR, e Xy Hd T,

where a_+b. =0 , c¢_+d_ =1 .
W W w w

The variance of this optimum estimator is from (4.23) and (4. 24)

£ P 2 PR

W8y -2 (ngn)+22ul\l > 1%
: T ) .
1'% = @Q N-1 nPq (°§°§~Q2°§2>
2
N ﬁ N % 1°§P2 °§.1
L Qu " N-1 nRg (wl-ag - Q‘QEJE.Q ) N-1
Q2 =2 -2
_ N ﬁ(loéchlz) i %.1 :
§-1 n 2=  o- -1
"i 2 12)

a
In order to compare V(le) with the variance of a sample mean of size

n on the second occasion only,

2 2
V(§)=°§.1_(N—n)+°§.2 _n %2 %a .
2 N-1 “N=1 n N-1 n Nal
Since
o= 2
"ie Q12
I
1% - Q
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2 . oA
V(lxw) is smaller than V(Ya) .

The optimum value of @ for given p 1s obtalned as a function of

4.5. A Discussion of a Symmetric Linear Estimator

So far, we have considered the four classes of estimators of ?; for
samples on two successive occasions. Those estimators have been studied by
others based on sampling with replacement at each draw. In this section; a
so called "symmetric linear estimator' will be introduced and discussed.
This new eétimator will be connected with the theory of estimation for

samples on more than two successive occasions.

4,5,1. A General Discussion

The four classes of estimators discussed in the previous sections are

linear combinations of Yll’ Yl2’ Y2l and Yég

defined according to a different set of coefficients. However, if we

» and each estimator is

observe carefully, they have a point in common. Namely, the units in the
sample of size n + Qun are partitioned into three sets;, and each sample mean
is based on one of the three sets. One is the set 8y which consists of
those units belonging to the first occasion only. Second, is the set Sy
of matched units belonging to both occasions. Third, is that s5 of those
units belonging to the second occasion only. Then Yil i1s based on 815

le and Y21 are based on Sp7 and Y22 is based on 85 » as mentioned in
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4,2. Each estimator is distinguished only by different coefficients of
i}Ewi)j , as mentioned in k.3.

It is not necessary, however, to confine the partitioning to three
sets. In fact, we can form a large number of linear combination of:ﬁggi)j
by partitioning the first sample arbitrarily into two sets (or more than
two) and by partitioning the second sample arbitrarily into two or more
seté. The following two estimators will be discussed, among the possible
many estimators.

Let us partition the first sample of size n into two sets, where the
first @n unite are denoted by the set 81 and the remaining n - Qn = Pn
units are denoted by the set 8y o Also, let us partition the second
sampie of size n in the same manner as the first sample, denoting the first
Qn units in this sample by 85 and the remaining Pn units by 8 We note
that if all the n + @n different units in the two samples are numbered
serially from 1 to n + @n, then 85 consists of those numbered @Qn + 1 to
n, s3 consists of those numbered @Qn + 1 to 2gQn and S), consists of those
numbered 2Qn + 1 to n + Qn . Figure 4.1 may make this pattern clear.

Based on this symmetric partition of a sample, each sample mean §k2'i)-
can be computed and a linear combination of these four §k2-i)js is also
an estimator of §; . Iet us call this estimator EYé .

In contrast with , we can construct another linear combination based

52
on the pattern in which n, Pn are interchanged as in Figure 4.2. Let us

call this Y2 « Since both 5Yé

pattern of partitioning of a sample, we call them symmetric estimators.

and 6§é are based on a symmetric



order of
occurrence

1st occasion

2nd occasion

Figure k4.1l.

order of
occurrence

lst occasion

2nd occasion

Figure k4.2.

1 Qn n  2Qn n -+ gn
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Sl S

2
[ e e

S5 84
e e

A symmetric pattern for 5§é

¥
g
8

n + Qn

S S

Ill 1
e ol @n

85 Sh

- Pn —fe— @n —-l

A symmetric pattern for .6§é



We can see the symmetric patterns for 5Y2, 6§é are different from

that for lié (or the other three). The estimates 5§é

the same as the general linear estimator lié only when P and @ are

and 6§é are

equal. Since we are interested in a symmetric estimator in developing
\

the theory of estimation for more than two occasions, the properties of

5?; and 6§é will be investigated in the next step.

Bince the optimum value of Q is always larger than .5, the following

analysis will be confined to values of @ larger than .5.

4.5.2. Symmetric Linear Estimators and Their Efficiency

l. A symmetric linear estimator 5§é
As mentioned previously, a symmetric linear estimator 5?; is & linear
combination of sample means ngi&ﬁhich are based on the partitioning pattern

described in k.5.1.

5?2 =a 'fll + bYlE *e ¥, +d ¥,
where a + b =0 c+d =1
anq 5Yé is an unblased estimator of f; .
The variance of ,Y.: .Y. can be rewritten as

52 572

5Y2 =aY, +bY, +cY,, + dY22 = a(Yll=- Yle) + c(Y21-= YEQ) + 122

- Dy - O e - -
V(5Y2) = g v(yll- xle) +c V(Yel- Yee) + V(Y22>

- Yop) +2e (Y- Yoo, Y0)

+ 2ca cov (Yll- Y00 Yoy
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.

where V(Yll~

Y= Yo Tp- Top)

cov (Yp,- ¥y

Y Y22)

cov (Y2 op

1"

Optimum estimator and its variance for given @ and p

N-1

3 v T o P )
= = 33 V(.Y.) = ad] - cPo;, =0

572

(N-1)nPgQ o) - 2 2 _
TR Y V(5Yé) - aPoy, + cd, - Qoy =0
In matrix form, AR =g
2
% =Po, a 0
A2= P = q =
2 = 2
mPUlE 02 c Qcé

22 2
gl = &E (1 -Fo°) .
Solving for a and c¢ , we have

%

a =
W 2 o
l-nglE 1

¢, =~
W
l=P2pl2

Hence, the optimum estimator of ?; in this class is

sly =8, (= Yo + e (Yo = Ypp) + Yoy

and its variance is



poo 2 2 2 o
V(Y ) = Ak f-?-ﬁg'i ST LI =— (MPn)
oW (1-=1=2912 ci (PR WL o P o
2 p 2
(1-8P7)2 V1 R 1% TR
o 2
15} g, 2
- _2 (N-Pny, N 2 Q
-2 ) . , (4.21)

N-1 nPFQ (1=P2p2)
This is the variance of the optimum estimator 5?% for a given value of
p when the sampling is carried out according to the proposed scheme described
in 3.1.
2. A symmetric linear estimator 6Té
This estimator is also formed according to the partitioning pattern

described in 4.5.1 -

— - + — — —
6Y2 = aYll bY12 + cY21+ dYéE
where a +b =0 c+d =1 .

This is also an unbiased estimator of ?; .

The variance of 6Yé:

— D e am D e o —
V(6Y2) = g V(Yll- 112) + e V(Y21~ Yeg) + V(Yee)

+ 2ac cov (Yll le, Y2l 22) + 2¢c cov (Y - Yons YéE)

where cov (Yll Y12, Yél Yég) = cov (Yll 21) - cov (Y12 21)

_ 2 12 Nny
N-1 Qn

cov (¥ Y01~ Yee’ 3?2:2



Optimum estimator and its variance for given Q and p:
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M a v = 2 - =
o a5 Viglp) =80 - cPo, =0
(N-1)nPQ 3 = 2 __p
o Y V(6Y2) -aPo,, + cd, = Poj
In matrix form AP =g
‘ 2
o - Poy a 0
A, = P = g = .
2 X 2
- 2 ¢ P
P012 % 2
Solving for a and c¢, we have
I
Vo1t 9
e} = ———-?—n—-:;
\ W 1~=P2p2
The optimum estimator of '3?2 in this class is
el =8y (g7 Yyp) +e (Y- Tpp) + ¥
and its variance is
2 2
V(6? ) = QQPLL dg N Ul + P2 N dg + 62" (N~Qn)
58 2 N-1 2.2 N-1 N-1
RS e - "R (PR R an
2 o
_, o v %2 _,_F v %
> 28 N-1 2\ N-1
(L-P"p%) niq (1-F7o°) e
02 Nﬁn N P2 Gg
= an ) - Fa 5. nhg (k.22)
, (1-F70%) S
N °§ P '
= L 2 (p.-E— b2
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3. Efficiency of the symmetric estimators.

Let us consider efficiency of the estimators 5?% and 6§; .
11, versus 5Yé: From (4.2) and (4.21), we have
V(Y) %(Nﬂn)wl\]dg Pz SN Cﬁ(PmP2 )_og
Qn ‘N=-1 N-1 nBQ - le2p2 N=1 nPg l-Q?pe N=-1
2 P . 2 2 (b.2k)
Ty o2 Nan N 2 _g N g
vst) =5 (T - w1 ng I = @ - Q 7 (4:25)
Therefore, lYé is better than 5Y2 if
P2 2
Po —Spp>a- —dg
1 - Q% 1-Fp

which implies

Q(1-Fp%- Q)(1-6%0%) > P(1-6%0%- P)(1-P5p°)

0>pRptP-a) .

This 1s always true when Q > P . Therefore, lié has smaller variance

than 5Y2 wvhen @ > P .

lié Versus 6§é: From (4.2), (4.22), we have
V(I ) = = e - 2 ’ ¥ :
W Qn N-1 nBRQ (l_P2p2)

Therefore, Y. has smaller variance than éf if

172 2
A
2
10202 —

which implies 1 - Q7p° <1 = Fp° , oC(P-q) <O .

This is true when Q@ > P .
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5?; versus 6§;: Now we consider the efficiency between the symmetric

estimators. From (4.23) and (k.25),

5Y2 is better than 6Y2 if

P &
Po —d— g -
leEp2 ' lmnge

This yields O > Ppa(P~Q) vwhich is true if Q > P . Therefore, has

5§é
smaller variance 6?; when Q > P . 1In conclusiong 1§ is uniformly
better in the least variance sense than 5?; 3 6?; for all values of p
and Q > P . The important fact is that the general linear estimator based
on a complete matching pattern has smaller variance than a general linear
estimator based on an incomplete matching pattern for estimating f; on

successive occasions. Also is better than 6§é when @ > P .

52
Because of the symmetric formation, it seems that both estimators are
equivalent. However, we observe that the efficiency depends on the @ value.

Table 4.11 gives a summary of our analysis. Relative precision is

defined as -
v(,Y,)
R-P(%) = - 1“? + 100
(N 2
To avoid complexity, we ignore the ﬁ%I; term in each variance.

Table 4.11. Precision of the estimators

lYE

2¥é, 5¥é’ 5Y2 and 6Y2 relative to

Q .6 7 - .8 .9

Y — — — om= . puu—, Py s pa— —y . oy a— . sy
2\{ 2 2Y2 5Y5 5Y2 6Y2 23‘2 ;:sYe 5Y2 6Y2 2Y2 5Y2 te 6Y2 2Y2 5Y2 _ 5¥2 6Y2
.9% .98 1.00 .96|.94 .98 1.00 .95/.95 .99 .99 .96|.97 .99 .99 .97

P

6 1.95 .97 .99 .94|.95 .97 .99 .92{.96 .98 .98 .93| .98 .987 .99 .96
g .97 .95 .98 .91|.97 .96 .97 .88|.97 .97 .96 .90|.98 .985 .97 .93
5 .

.98 .94 .97 .87{.98 .95 .94 .8%|.98 .96 .93 .87|.98 .98 .94 .88
.99 .92 .93 .81[.99 .93 .88 .74].99 .95 .85 .84{ .99 .98 .85 .79
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Figure 4.3 shows the graph of Teble 4.1l1l. From Figure 4.3, we may point

out that when Q > P, 2Y is superior for high values of correlation

(E:Eﬁ’ p > .75), 5?; is superior for low values of correlation

(p € .75) and 5Y2 is dominated by either ng or 5Y2 « The worst

in the domain of Q > .5 is 6?; .
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RP Q= .6 RP Q=.7
1 1 1
1.0 1.0 5
i 5 - 3
9k 5 9
5
8 6 8k
B " 6
1 L 1 A .| p ) - i 1
5 6 7T .8 .9 5 6 T 8 9
RP Q=.8 RP Q=.9
1.0 F ; 1.0} 1
-9r or
.-~ \ 5 i
' 6
8k 8t
6
| .
L L 1 p [l g
5 .6 7 8 .9 5 6 7 8 9

Figure 4,3, Prec1i}on of the estimators 2%3, 5Y2, 5Y2 and 6Y2 relative
to 1Y2
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5. ESTIMATION THECRY FOR THE SAMPLING ON
MORE THAN TWO SUCCESSIVE OCCASIONS

5.1, Introductory Remarks

We have seen, in Chaﬁter 4, the estimation theory for two occasions
based on the proposed sampling scheme in 3.1l. The conclusion obtained
there is @hat»the general linear estimator is the best among all estimators
under coﬁsideration in this thesis. Accordingly, it is natural to develop
the general linear estimator for sampling on more than two occasions based
on the proposed sampling scheme.

A general linear estimator for more than two successive occasions will
be defined as follows: Suppose the total of n + (@=L)@n units in the
sample for o occasions is partitiomned into disjoint sets such that each
unit in a set appears in the sample together with the other units in the
same set. Applying this partitioning method to the samplé under the
proposed sampling scheme, there are oq+(Q-1) disjoint sets if %ﬁis an
integer or [éﬂ + 1 + 2(a-1) disjoint sets if é°is a fractional number,
where [éﬂ is the largest integer less than %=u Thus the general linear
estimator as defined here is a linear combination of §@1=i)j
(1 =0,000, -1, 1< i%) which is the sample mean of the jth set

on occasion Q=-i.

1y = f ? %-1 (-1

where I a O when 1 #0

7 Clam1); =

=] when 1 =0
It is suspected that, with the proposed sampling scheme, this estimator
has smaller variance than any other linear unbiased estimator. This

contention will be demonstrated by an example later.
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However; the process of finding the minimum variance unbiased estimator
which belongs to this class is lengthy and complicated especially when @
is small. The estimation process becomes simpler when the sample on each
occasion is partitioned into just two sets, thus involving only a small
number of coefficients. In fact, the symmetric estimator in M,5 is this
type of estimator.

Therefore, as in the discussion in 4.5, we will study the symmetric
estimator and the modified composite estimator for more than two occasionsa
Actually, the symmetric estimator 1s also a kind of a general linear
" estimator, based on a symmetric pattern of partitioning a sample, and its
efficiency was fairly good for .5 < p <. .75 in the two occasions case.
The efficiency of the modified composite estimator was also good for the
values of p larger than .75. In 5.2 and 5.5, some properties of the
symmetric estimator and the modified composite estimator will be investi-
gated, and then comparison between these estimators will be carried out
in 5.4. Considering that the optimum values of § on two successive
occasions in 4.2 are always larger than .5, the estimation theory for both
estimators treated in this chapter is confined to the region of @ larger
than .5. The numericsal analysis in the following chapters was performed

by an IBM 1620 computer.

5.2. A Symmetric Estimator and Its Properties

A symmetric estimator on the ath occasion Y s of zx s as an extension

>

of in 4.5, is defined as a linear combination of the sample means

Y.
572
Y(a-i)j (L =0, vouy a-1, §=1,2), where Y(a=i)l is the sample mean of
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Figure 5.1. Formation of 521
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Qn units appearing from order (@-i-1)Qn + L to (@-1)Qn on the (@~-i)th
occasion and f(a 1)2 ig the same meén of Pn units appearing from order
(@-1)Qn+l to n+{a=-i= l)Qn on the (o-i)th occasion. Figure 5.1 shows the
formatlon of 5Ya .
Let i denote the number of previous occasions used in estimating the

population mean 'J={ on the ath occasion. For each 1 there is an estimator

of ¥ . Let us denote thls sequence of estimators by { } and =
(07 5 a : 5 aa i

. Then, an estimator of Y o’ using all @-1 previous occasions, can be

5%,
written

a-l a-1 a-1

Y=>:aY +sz §'+za(y
S e (a-i)1 im0 (@=i)2 ~ "2 Pt

where ad+bo=l’ a; +b, =0, i‘#o .

(@-1)1" Y(g-1)2) ?

S5

. Unbiasednesé of .Y : From Lemma 1, 5'% is an unbiased estimator of
the population mean on the ath occasion, i.e.,

- =
B %y, =%

Variance of .Y : The variance of _Y is

PR 5.

— -— a-1 2 —
V(.Y .) = V(Yae) + I &) V(Y

=0 (a-1)1" Y(a-i)z

+2 I a, cov(Ye,Y

)+2 z a.a,
i7J
i=o

(@-1)1 ~ (a 1)2 1<)

(-1 Ya-1)e? Ya-3)1” Famgde)

‘From the lemmas in 3.2, each variance and covariance in V(5-fa) is as follows:

ov(Y

oe
(T,) =— =E®. vT

(@-1)1" Ya-1)2) = V(Y(a-i)l) * V(?(a-i)e)

. - - - = . . N 02_,
- 2cov (Y(a-i)l’ Y(a—i)z) = N__Qr_l ) + Q=1 (N-Pn) +2 & 11 =ﬁ:f nng



6k

0'2 0'2
= T T oy . s y..0@a _% n§-Pn
Cov (Ypps Y17 Yoo °°V(a2 al) V(¥yp) F1 "B G )
= -3 f!,
T-1 Pn

cov (Y 0? Y(a 11 (a~i)2) = cov (Yae’ %awi)l) - cov (Y 07 }%a 3)2) =0
fOI‘ all i glg 2’ coog a"’l

Cov (gan™ Ya-1)2) ia-g)1” Ya-32) = %" Tgeryr T(aogyn)

v Qlg-n)er Tapn) = g Tomspe)

-+

2oV Fget)pr Y(amg)e)

o
- . N T(e-i)(a-j) e .
TNl Qn i og=1+1

= 0 otherwise o

Since, cov (Y

ol” Yaer Y(g-1)1" Y(aml)E) =cov (Y, ¥

(o= 1)1)

- cov (Y o Y(a 1)1) - cov (Y 1 Y(aﬂl)e)

) = - a(a»l) %a(a-1)
(@=1)2 N-1 ' F-1

+ cov (YE’ Y

%o (o-1)

meov (T ¥ya)) “ Fo1
' =Y oY
~ Q Q-1)
where, cov (Y L Y(a 1)2) = cov (Qn > “pn /

Q-P) 7

(5 Yall+ 3 ‘wie’ Y(a-1)2!

L %(a-1) o N-gn o (=1)
N -1 N-1  Qn .

= CcOoVv
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Where, Y, is the mean of those units appearing from(x-1)Qn+l to n(a-2)qn

all
on the athvoccasion, which is the matched portion with the a=1 occasion.

Also, .fala is the mean of those units appearing from n+(@=2)Qn+l to

(¢-1)Qn on the ath occasion, which is the umnmatched portion. Therefore,

the varilance of 5Ya' is
VT, ) -2 (kBny OG0 2 1 o
5C. Pn ‘N-1 1 i N-1 nPQ
=0
- 2g ..E_ i;. -2 % a.a. N a(a'il(a‘i“l)
o N=1 Pn i7i+l N~1 @n

Optimum estimator and its variance: The optimum value of a:.L can be

obtained as ususl

oV ooy & |, X a |, N afcx—l}
a, o N-1 nPQ N-1 Pn %1 ¥1 Qu
LA Gt _ oo X _ %(a-141)(a-1)
ay i N-1 nPgQ i-1 N=1 @n
((2
N e-do-i-1) _
- 2 ai+l N“l Qn O B j. = O’ l’ O0.0, C‘-a
2
da -1 -1 N-1 nPgQ -2 N-1 @Qn ’

which can be written in matrix form
Ag=c ,
where

(a 1° Byp? o.o,a)

¢' = (0, 0, +.u, Qog) '
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P R I = - 1 %o
N
Oﬁ '"Pgle O O 0 . O O O &aml
-Pgle gg “”P0‘25 0 e o » O O O aama
0 -Pg e «Pg 8
A - 25 P35 "Fops -3
a . '] ® 9 . o o ® L2 L
. [ 2 . L} ) * O O o L]
0 0 : . -Pa ¢ _ -Pg o |a
(@=2)(@=3) a-2 (=102 2
0 0 . O Pyee Ga Phpo o,
\ O O . . 0 O "“Pga (a "'J) U§ ‘ / ao

Since A is nonsingular, A has a unique inverse. The solution vector & in

. =1
d, in A (gl dy oo dcx)° In order

to find d  and @ = Alg ; let us start from i = 1.

Aa = ¢ requires only the last column

(i=l). When the number of previous occasions is one, the matrix A2 is

2 ' .
%-1  Fha-1)
A2 = 02 .
“Pha-1) %
=1 adj A d21
By a well known theorem A ™~ = 5 and the last column 4, =
A =2 d22
in A;l is
Po
Gy = TR
) 2
Q=1

dop = [A,]
were gl = € G - Py - Bt

0
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PP la-1)

a 2

67

PP la-1)

1 = 1 Pzpe(a.,l)

gi & 2 '
ince a =
=N a = aEQU we have

Hence, the optimum estimator éf

V(5

Letting o) =

(i =2)

]

alw _

when

a Y

5Y041W = %ol

)=£<N’P’1> -

0’

. N

= 21“2 = % (a-1) T%;T = Pa(a-1) T cr 1 (1-PRE 3 l))
ala-

(5.1)
(leep%aml)a)
and its variance are
bW ?ae + alw-Y:a~T;i+ blwig-e)a (5.2)
. 2 . 2 £

2 Q N o=l
" o

2

o
5% T-1 nrg
1-F fa-io

(1- 2 2) -1 nPQ

dé | 2 dgz PEQL2 N ala-1)

- Q N - 2p
(1-pPp7) N1 R Ca-1 (1-PFp2)2 N-1 nFe
;2?1 (an) - NNl 0§ Qi ' (5.3}
nke (l"Pzpa(a.,]_))

'Pep a(c-1)

N

o+
T - 2 -
V(5¥a1w> ~ N-1 nPQ @-q 5"1

i1 =2, the matrix A

s We have

2 )__o_z_

is

>
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- P 0 h
-2 "Fa-2)(a-1)
Ay = Fo(q-p -1 “FO (1)
o 2
0 -Pc(a'l )a Ua
N /
-1

Also, the elements of d, in A are

5 >

1
4z = TaT P (@-2) (a-1) %1

d =

23 P G(a-l)alA5.ll

7]
R [

a5 =TT 150

3
where A; ) 1is the upper-left 1 x1 matrix in As3 ‘AE.l‘ = 02_2
A5-2 is the upper-left 2 x 2 matrix in A5:
o~ -Po
a-2 (@-2)(c~1)
la; S| =
5.2 .
~Po
(C{-EXI-]) og_l
2
o P2 )
Hence, a, = P2Q PSPV - P o = 'Qp(a-EXx-l)p(a-l)a’
2w (@-2)a-)) (a-l)x |A5| A,
o o g o
. 2g-le’e 2 o Pla-2)X-1P(a-1)o
2 g )
%-2%1% a-2 E
A, .| g P
- 3.1 Q (@-1)c
U TR e % AT T Mo "o (5:4)
145 | by
5.2 .2
a = Q,0'2 =Q s
ow o \Aj‘ O
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where are defined as the determinants of the correspondi
, 2 1Y ng

correlation matrices to A,, &

e
|
t PP (g-2 Yor-1) °
8 = | BP(gep)u-1) 1 PP (q-1)a
0 ‘“Pp(aml)a 1
A5 = 1 NPp(a"Qxx"l)
2
PP (g2 Jy-1) 1
By, =1 .
Hence the optimum estimator Y and its variance are
) 5 azw
5w = ifo 8w Y(q-1)1 ¥ 2 i Yaei)2 (5.5)
2 2
V(T )_é (NBmy 252 n °§ + PP ccex Pl@a-l)a N °§--_
5w’ " Bn N1 Q N-1 nPg 2 2 N-1 nPq
-1 23
2 2 2 2
e Pl-2k-F@-l) N "§=2 - S0 N %
> Q 2 5 N-1 nRg K, ¥1nrg
-2 55
_ 2P2Q2 Agoa % Pala-1) N %a(o-1)
g N-1 nPg
A5 -1
& 2 s
L2 o Pla-2Ya-P(@-1)a N ‘(a-1)o-2)
-2Pq 5 N1
c o] A npq
a-1"a-2 4
&~ F 2
‘o (N-Pn N ‘o @ e 2
= B G0t RO 5 (& PE"(cM)a. e

A

4
+F QEP%ameya:)"é_;u - 28, Bye 2F %.epg(a-l)"
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2 b 2
- 205 sfnia1)” P P2l )

Since A3 = A3-2 - qug(aml)g we have

e E 2
] o N=Pn N o G %
V(5Ya2w) (F ) - ¥ nhg 2 s P p(% ap?t P p(a -2 Y= J)p(a=1)a)
3.2
1 2 2 L 2 2
Letting 5¢2 = -A-E— (A3'2 = P2p(a°’l)a + P p(a«»QbJ/)p(aﬂl)a) 3
3
we have
_ 02
V(5Ya2w) e e @-a b«>2) (5.6)
(1 =3)
Similarly, the optimum estimator 5?04 W and its variance are as follows:
3
- 3 3
5Ya5w = iio 84 Y(a in’ iz byy ¥ (a 1)2
where ' |
A
4,0
B3y = QPEU(& -3 -3’ (a -2 Ya-J) (awl)afz |A1+|

- T

[0
b 25

‘Au
2w Qpeo(aﬂbﬂl)“(aml)a"g T';T"" pr(a«eb (- 1)a ?—li'—l-:

-2 24
14, ol o A
- 2 _ Q L,2
8y =QF °(a-1)a°§ &, ¥ Pa-1)a o B,
LY By,
8, =9 % ths Q;g:é‘ ’ | (5.7)
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where
% P (-3 Y2 0 0
2
A ) T B o Papk) O ;
° P (g2 Y1) °§1 P (a-1)
2
0 0 "'PO’a (a“l) Ga
02 -Pg 0
o-3 (-3 )Y-2)
o
4,5 | = P gasr) -2 “PO(y-2 Ya-1)
: 2
© P42 Yu-1) -1
2
%a-3 P43 Yu-2)

P
"P(a-3Yau-2) e

L %-3
where Ah’ Ah Lei are defined as the determinants of the corresponding
correlation matrices. Hence, the variance of the optimum estimator 522 W

) . 3

is
2 2 2
V5o -m ) - Frmm 2 22 (Ah 5 P og 0182
2 2 e
- e a(a- 1)p(a=l)bn Mo pa(a-l)‘b-lb~2>°<a-2b-3>> ’
et oy === (0 5 Prhaa)h ot P Plan)et g

&)y

Pty (1) (-1 o~ (a2 -3



T2
then
o~
L

2
g
L (g - -
N-1 nPQ (Q« - Q 5¢3) Nol o (5.8)

(1 -1)
Let us consider a general case where the previous number of occasions from
the ath occasion is i - 1 . Then the variance and covariance matrix for

the optimum solution of a; is the matrix on the following page. The

last column in A, d; » is the following:

i-1 1
dpy = P Y(a~1+1) (@-142) “(@~1+2 ) (a-1+3) """ (a-1)a TA:]'

l

1-2
by =F  fa-142) (@145 (a-143) (@-1+1)

b 7t

d,, =P 0q o \T s . 14, .|
3i G-i+3) (@-i+k) " (@-i+l)(@=i+5).00 @ 1.2

: s oo T

' |4, i-3-1]

= pd
%-301 5T Yamp)e-34f(@-a41) (@-g12) 7 -l (4T

: : o]

421 = ¥ (@10 Ail
!Aioi_zl

%1 TP TA]

1451

where Aié is the upper~left Jj x j matrix in Ai .
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Since the solution vector a = ng g_i, we have

.=Qd=QP : Cveee G avge y 1
81w 9% | (ewifl)(awm)“(awm)(a~1+3) %-2)(0-1)% M
1.1 0‘
=qF p(a-i+l)(a"1+2)p(a‘=l+2)(a i+3) fa-1)a o i1
| o 1]

812w Q"?d (a~i+2)(a-=-i+5) "(a-»l)a“é lA::L,L!

= QPi-2 cee P Ga Ai'l

Qa-i+2)(a-i+3) (a=1)x T i40 a;

Q°2d QP c(a i+5)(a=1+1+) (a-i+h)(@-145) ***%(a-1)a

= api=3 ' 8.0
P P (q-143) (@-1+4) ** Pla-l)a g E-
.o . Q- 1+3 1

o

=Qo’2

, |A,
8 =Qfo o 2 i 3‘
2w

2
(@2)1)’e1) % -, TIET  T¥ Pe2)@) ek

% 2ie1-3
O~z 84

. 14; (1.0)] % Lia-2)
HQPG(a-l)aocax a1 = PP (g1 ) 9,1 b

s =qd Ry B

ow o !A! "QA

1

where ALA, 3 are the determinants of the corresponding correlation

¥i

matrics to Ai’Ai-j « For example

% - J)l oL Ua=3) (@=3+1) “(a=3+1) (a=g+2)°* * *(a-1)a

o

l'_T'

Ai'i"u"l‘
lA.i
€L

(5.9)
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PP (a-141) (q-i42) °
- R o
P(@-i+1) (@-1+2) 1 “PP(q-142) (r-1+3)
O g | B ﬂ
| PP(q-142) (q=1+3) 1
O O ° ) .
0 0 R
0 0 o
O O o . »

"PP (@-i+3) (@=i+k4)

0 0
0 0
0 0
FPas)ae) O
Py (an1)
"FP(a-2) (a-1) 1
0

PP la-1)a

0

PP (g1 )a

1
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Hence, we have

v(.Y ) =

5 ai-lw

+ Pz(l-l)

- 2P2p02c (o

- ppPi-1) 2

Since

simplified.

o A

(NmPn)

2
N % ¢ .2 2 2

4 2 62
*Ee (a»-l)"(a :L)<a~2) (1~ 5) * ey o (ce- 1)°(a~1)(a~=2)"(a~2) (@-3)

2

iei-k

2

+ L

cee + Pg(lnz)

ml)Ai .

N-I npg )2 Byia® Fega-1)81-1-2
1 ,

2

+P2 20 .Az.

fafa-1)"" "Ro=j+da=3 ) 1o1=g-1

2 2
a(a :L)' " p(cz«-:v+5)(cx:==i-=+-2)

24,4,

Pa(a-1)°"" ‘bwl-va)(a 1+l) 17111

L o 2
11845207 2 P Py(g-1)P(q-1) (a-8" 1 1201 - 1-3)
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- 287, (o 1)°(a 1) (a- )p(a 2)(@-3)"1.1-3% 14

- 23 2

101-3-1811-

Pa(a-1) " p(a~a+e)(a J+l)p(a J+1)(a-3)

(-

... - ppR(12) 2

Cala-1) “*° p(a~i+5)0:—1+9 1.2
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i-i
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i
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= A
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lnlm
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- P p(a=2)(a 5)8 .44
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76



7

= )___Ug(N-Pn)gl\I °c2x Q2 2 PP G
5a, W "B W1 N-1 nfg Bie1-17 Fhy(aafii-e

2) 2 2 2 (3) 2 2 2 2
+ 2 .)?a(aml)‘(aal)(awz)Ai,iwi" ¥ )"a(a=1)p(a=1)(a«2)p (a-2) (-3 1.1-k
2 A2
Toeee -l)JPE(J) a(a l)p(cx 1)(@=2) " "° p(a==3+l)(a=3) iei=j=1 *°°

i-12(1-1) 2
1) Pz(l )cx(a~l) vee p@m1+2)(o:o=1+l)

>
g 2 .
% mPny o n % @8 \dpi2 2 2
B (W1 ) " Frnmg 5 & (LFTReay e Raege)(ae) Biaamg-1)
’ i

_ 1o \dRde 2 2
Letting 5% =3 (2 (-1)F 0y (g1 *o p(a~j+1)(a~j)Ai,i~,j-1) ¥
1

We have
= N °§ 2 %
Wsty o *FTam @79 5%) w1 (5.10)

20

(1 = - 1)
In order 'Eo obtain the variance of the optimum estimator of fa 5
using -1 previous oécasions, let i =0~ 11in V(5 o, w) .

o o -
2 S G,

[0
V(5 aw/  Pn N-1 =~ N-1 nPQ A2
v » Jq)
2 )

2 A
p(a-j+l)(a°°j) Q-j-1

, IR A=
Letting 5¢a“’l 2 ( z ( l) P2 a(a l) ﬁccp(a J+l)(a’“J) - J+l) J

we have o
Qa
(5.11)
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Relationship of percent loss of precision to number of previous

occasions included in estimator: Since the estimator 52& makes use
’ i

of the information from 1 previous occasions, the sequence of variances

of 521 is asymptotically decreasing as 1 increases. Hence, it is
i

desired to determine the relationship of the loss of precision to the
number of previous occagsions included in the estimator.
Under the assumptlon  p@xwi)(ami+l)g py; Table 5.1 provides percent loss
of precision of an estimator 521 when 1 previous occasions are used in
_ i
estimating ix « The percent loss of precision is defined as

V.Y, ) - V(.Y ) 8.~ 5. .
I = 570y 5. . 100 & & Q-1 ,
* 7 T fa-l
v(5¥a)

where
6, 2Q ~ Q,2 %, in (5,10) .
i i
Assuming « = 8, loss of information of more than 5% arises only
when Q = .5, 1 =1, 2 and when Q > .6, i = 1. Therefore it is concluded
that the estimator using one previous occasion has almost the same efficiency
as the estimator using seven previous occasions over all @ larger than
6. When @ = .5, two previous occasions is preferable. Table 5.2
provides the optimum weights of the estimator using one or two previous
occasions in estimating i} . The values of 8 attached to the sample
mean i&l in (5.2). (5.5) are relatively higher than the values of 8, for
the previous occasions, and 8., %oy 8Te rapidly decreasing. Since a . is

directly related to p and @, the sample mean i&l dominates the estimator
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Table 5.1. Percent loss of precision of 5¥a

Q B .5 i
Il zé 15 Ilb 15 I
5 55 .03 .00 .00 .00 .00
6 1.37 . .15 .01 .00 .00 .00
07 3025 054 L 009 ool eOO 000
.8 T7.93 1.95 .48 .12 .02 +00
.9 22.78 8.56 3.26 1.22 43 .12
Q = .6
.5 T.30 .01 .00 .00 .00 .00
.6 .70 .04 .00 .00 .00 .00
.7 1.52 14 .01 .00 .00 .00
08 5015 ol"l .005 ) .OO eOO uOO
.9 6.55  1.17 .21 .03 .00 .00
Q=.7
5 .13 .00 .00 .00 .00 .00
.6 <30 Noxl .00 .00 .00 .00
T .61 .02 .00 .00 .00 .00
.8 1.17 0T .00 .00 .00 .00
.9 2.14 .18 Noxl .00 .00 .00
Q= .8
5 .0k .00 .00 .00 .00 .00
.6 .09 .00 .00 .00 .00 .00
.7 .18 .00 .00 .00 .00 +00
.8 .32 .00 .00 .00 .00 .00
09 c55 ool .OO ooo oQO oOO‘
Q =.9
5 .00 .00 .00 .00 .00 .00
06 oOO - oOO 900 .OO 900 oOO
.7 .00 .00 .00 .00 .00 .00
.8 .00 .00 .00 .00 .00 .00
.9 .00 .00 .00 .00 .00 .00




Tsble 5.2. Optimum values of a, in _2; _
5ch W | 7% 5Ya W
Q=.5 L Q= . 2
a, 3,

o) < _ aow 1w _p\{ fow a. Boy
5 <533 - L.133 .5 .53 142 .035
6 .549 .164 .6 <554 .182 054
o7 569 .199 o7 581 231 .081
8 595 238 .8 617 294 117
.9 626 282 .9 .670 378 170

Q = ,6 Q &=
.5 .625 125 5 626 .130 026
.6 636 <152 .6 .639 .162 .039
T 651 182 T 655 .199 .055
.8 .668 213 .8 BTT 241 077
.9 689 248 .9 < TOk 291 .10k
Q=.7 Q=
5 .TL6 .107 .5 .TL6 .109 .016
.6 .T23 »130 .6 .24 .13k 024
.7 732 2153 T - T33 161 .033
.8 .Th2 178 .8 . Th5 .189 045
.9 <755 .203 .9 - 759 221 .059
Q = ,8 Q =
.5 .808 .080 5 .808 .081 .008
.6 811 .097 .6 811 .098 011
.7 815 J11h .7 .816 116 .016
.8 .821 131 .8 821 A3k .021
.9 826 148 .9 827 153 027
Q=.9 Q =
5 .902 .05 .5 | .902 0L5 .002
.6 .903 054 .6 .903 054 ,003
T . 904 063 T ~904 .063 .004
.8 .905 072 .8 .905 072 »005
.9 .907 .081 .9 | .907 082 .007
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¥ when p and § are high. Next, the percent gain of _ Y and
50y | 5oy
Y v i d d i , ‘ © °
5%32 over '%x is presented in Tabie 5.3
Table 5.5. Percent gain of 5211 s 5Ybé over %1
o= over Y
Y (o
e
N e Q=.6 Q=7 Q=8 @=.9
5 7.14 6.66 5.67 .21 2.30
6 10.97 10.09 8.47 - 6.20 3.36
T 16.22 C1kh.62 12.06 8.69 L.63
.8 23,52 20.64 16.63 11.74 6.15
9 3L.03 28.75 22,47 - 15.46 7.93
Y  over Y
o0,
A Q
.5 7.69 6.97 5.31 L.25 2,351
.6 12.3%2 10.82 8.79 6.30 3.37
7 19.36 16.20 12.72 8.88 k.66
.8 30.76 23,94 17.91 12.09 6.19
.9 51.59 35.57 24,86 16.08 8.00
The percent gain of 5?1 is very high when @ is near .5 and it in-
1
creases as p Increases and as @ approaches .5. This can be under-
stood because when @Q = .5, Rix is equivalent to the general linear
~
1
estimator, and 5¥&2 is g slight improvement over 5Ydi .

The efficiency of the general linear estimastor will be demonstrated
by an example.

When we assume Q@ = 3 and @ ﬁ=%~, the optimum estimator Y is

175w

¥, =Y +a'¥
173y < 33 taLl



where

Y ~ [ - 2 ]
85 9 = Lo .
2
b5w 9 = 109 + 2p
LI 3p
2% by | = S | e - 20’
27-24p"+hp 5
alw 8]
2
b
L lw A \p o
T .7 |
T3 = Y33
T, -1
T3p ~ *33
Yo1 = Y3
L o=] Y "3
T 7 Y3
| Yp - 15 |
and the variance of Y is obtained as
175w
i
=\ _. N °22 . n 18-1hp"+ 20"
V(lyﬁw) =3%T % 1 - E 2 L
' ' 27-2Up“+hp
Thus 02
sy B .
V(lYBW) == = (.312) when p = .5
GE
=28 2 =
T —= (.218) when p = .9 .
From (5.6)
02
= _ 3N ) i =
V(5Y5w) = = (.31k) when p = .5
' o
) =
- = (.261) when p = .9
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The relative efficiency of 5¥5w to lY§W is 994 when p = .5 and .839

when p = .G. -

5.3. A Modified Composite Estimator and Its Properties

A modified composite estimator recursively defined is

amac e=n

ola. = aa(zyw-l.* Ty~ Y(aml)a) + (l“aa)Yae

where, is the sample mean on the aalth occasion based on the matched

Y(awi)a
portion for both the amlth and ath occasions. In the formula, the term

2Ycz-=l. 1 2 is defined Jjust as is EYa,°

The variance formula of 2?04 changes form rather drastically as the

s an estimator of §am

discarded fraction @ varies over the value of .l, .2, .3, .4 and a value

larger than .5. In 5.3.1, the variance of .Y  will be derived for @ 2% .

2.
In 5.3.2.; the variance of 2?a will be derived for @ 5% o
2
. - 1
5.3.1. Properties of 22{0. when @ 2 5
In order to find the variance of .Y s let us start from a. simple

2%,
case, that'is, a=2.
(@ =2)
oYy =ay (Y + Xy Vo) + (1 - 8,) Yy

=Yoo - ety Tp) + el ¥pp)
This was already found in 4.2.2. Hence from (4.8) the optimum value of

a. 1is

2 o
P o
&y ® T2 22 >
02+aal~2Q012



8

and the optimum estimator Y. and its variance are, from (4.9)

272w
oloy = 8o oYy * Yy = Ypp) (L ay )Y, (5.13)
- °§ N - @n N °§ Pz“i
V(Y )g..... ___Q_ -
22w’ “Qn N -1 N-1 nPg 2 ., 2.2 2
02+ch-=2Q012

Hence, if the number of previous occasions from the ath occasion 1s one,

i.e., i =1 then,

) 02 2 P2 2
L 2t @ %17 2@ Y(a-1) :
(a~3)
o¥s = 3( Y + Y5 f‘YQB? + (1-a5?Y52 and
substituting 2?; given in (5.13)
2Y5 = a; [Yég + ae(Yélw Y22) + agQ(Yllw xle) + (251- Y23)] + (l=a5)Y32
= T, +a ( ¥,- Y32) + a5(1é2 o5) *+ 85 a, (¥~ 1)
+ a 58 Q( 12)
( )=V(Y)+a V(¥ - ¥ >+a V(Y- ¥ )+%a V(T - §,,)
+ & s Q, V( ) + 2a cov(Y 2,Y51 ) + 2a5cov(Y s o™ 25)
+ 2aza,c0v (Y32,9 Y~ Y22) + 2a§a2Q cov (Y52, ¥,- Yle)
2 P, - . —
+ 2&15 cov (YEl 32, Y- 25) + 2a5a2 cov (Y51~ Y32’ Y- Y2-2)
e 2 i j— i —
+ 2a5 8,Q cov (¥ 51 52, Yle) + 2aga, cov (Yee- Y25,Y21,.- T,
22 -
+ 2a5a2Q, cov (Y. op” 23’Yll 12) + Qa‘3 a_q cov (Y Y22’Yll 12) .

)
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Figure 5.2 may help in the derivation of variances and covariances,
where sample means and thelr sizes are indicated. The variances and

covariances in V(2§5) are as follows:

' ae
I =_.1_\7_ -
V(Y51 ) )
2
T -5 = (%P 7 Py .7 1y =8 2 (.
V(Yo Ypz) = VOG= Yoo + T Yps = Yp3) = {7 75g (@°F)

The proof is given in the Appendix 9.4,

L= N o5
cov (Tpp0 Typ= Tp) = - 57 gf-

g
= cov Y. cov ¥, T, = = E%% (P-q)

cov 11 22" 31723  N-1

(Y50~ ¥aps Tppm T5)

The proof is also given in the Appendix 9.5.

cov (Ty1- Tops Ty ?22? = 'f\gi" g‘i‘é’
cov (T3~ Typs Yil” I,) =0
cov (?ées §;5, iél §;2) =0
cov (D= Yoo Ty 1= Tp) == iy ";%;g‘
Hence .
’ 2
+ agagQ,E ﬁ‘l'f‘f gi; - 2a5 %Q}'ﬁ + 2a§ ﬁ%:n%% (P-Q)

Optimum estimator and its variance (0 = 3): The equations for the

optimum values of a, are



(g-P)n  (@-P)n - -
size /‘/ . (QI;P)H /‘(} i)n
e[ i I s |
~—Qn —»le Qn |-— Qn-—st= Qn —f
| T n
1 i 1
s X
” I Yzl 22‘
Yoo T3
3 "] Y |
SN
fe2)1 Ya-1)e|
a-~1 D —
‘ Y(oz-»l)(cz-_:}_-) Y!a:_l)a
o Ya»Li. Yoz2 !
Figure 5.8. Formation of E-fa when Q > %

98
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(N-1) nPg 3

.2 . N aa2

= 22 2 .
V(QYB? =a, (o‘g +@°d - 20%,) - Po,; = 0
(N-1) 0P 3 o %y . 2 e n2( R 4 BB pp2. )
2 sa; V(o¥3) = 25 [ + ohla-®)+ a3(d] + acE- 2a%,)

N o8y

- 2'023(Q~P+a21’)] - Po§ =0 .

From these,

a, = "% (5.15)
2w 02 P QQG?_ _ 2Q2012 :
3
e G+ G@-P) - g, Po,5 20,5(a-P)
Substituting &, and a5, in 23?5 and v(e'f})r, we have the optimum
estimator EEBW and its variance:
2
v(,Y5,) ’;?1 (gﬁn) - lel :E’Q ey
L % (p-a,) - ;% n C (5.26)
The proof is givén in the Appendix 9.6. Hence
A -
V?e.faéw?' . é% (.E_ii&) - '1\71-% %5 P
(av=lt)
o | o0, =ay (¥ + 1= Tg) + (1 - 3)7),
or .
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o¥y = Yp + (Y- V5) + 8y (Ygp- Yy)) + 8)a5(Y5 - Yyp)

+ auaB(-Y-QE- ?25) + &858, le- YQE) + ahaBaEQ'(-Y-ll- le).
The necegsary computations of variances and covariances for the derivation

of V(Q.Y-h) were given in the previous case @ = 3.

s 22
V( Yh)‘an""( )+athnPQ+a)+NlnPQ(Q—P)+aha3'N-l_’

£ £ 2

22 N % c22 N % 2220 8 9
a8 3'?@“1“?) * 8838 N1 nrg T %4%3%9% §-1 TRy
2 3% v2 e 234 oy pe2, N T3k

4 F-1 Qn 4 §-1 ohg \P-R)- 2885 T an

22 N %3 22 N %3
+2a)+5--:rnm (P-q) = Eahaja.ﬁ:an'

2222 N J2

zaha QNl nPQ .

Optimum estimator and its variance (o = ll-) The optimum values of I

a, and ah are obtained as follows:

3

Po
a = 22

2w 2 2
a§+Q021-2Q0

= Po h/[a + (Q-P)+%w02+ 8 20_2 + 2¢ 5(P-Q)

3y
I ¥ 62 202 2 | ES?}_
. ""eqeiz?q x za Q ” 12} since o, + @ 0~ 2Q70,, = o

. 9054 .
a .
3w -2 - -
o5 + og(Q-P) - a2wl°c:25 2023(Q P)
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2,2 22 2
8., = Pcrh/[qh + off;(Q-P) + a50§ + a20§(q-P‘)

02 + aea c2 + 20 h(P-Q) - 2aPoy,

+ 2a3625(P-Q) 2335e321’025 Eaga Q2012]

From a and a

2w - Sw

2
Pah

8y =
-20. h(Q-P) ~2a5Po

3k

2
o+ c%(Q-r) + 331’“34

.
PO'L’_

(5}17)

oi"+ 5‘;(@”??'85,,1’051;'2?51,(@'?)

The variance of Y, becomes
2% hw

A

A
V(E?hw? "Q—g (E-ﬁé) B 'ﬁgf_n:d Pahw (5.18)
e 2

l L
Nlnm(P Pauw)'ﬁlT

(@-5)

X -a(Yth Y45)+(1

2% 51 ag )Y

#5/ 52

=Yt a5(251- 252) + a5(Y,+2- Yhs) + 'a5a)+(Y,+l-= Yhz?
+ oy (Tpm T5) + agoas(T5- Top) + ety Tp5)

+ 858,858 ( Y22) + a5aha5aaq (Yll" Yle)
With the same argument as for 2?1+w > the optimum estimator and its variance

are as follows:
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Pc2 3

a.. =
D - ) 5
og +Q "i" 20% 0

' PG‘B’-& |

“Bw c +05 (Q,-P) aaﬂP GQB(Q-P) 7
| (5.19)
.. P°h5
b oﬁ + (Q P) '954?(’51; -20 ).;(Q P)
ch
a = -
M e (a-P)-a,po, s 20,5(0E)
e e %o
ots) =g (1) - w1 e P - (5:20)
. 0_2 ) 02
= N-1 % (P_P’a5w) - .ﬁ%
C) |

Finaily, for any finite number &, an estimator of ?a is

oY, =gl t Yal"X(a-l)a) * (1-25 )%

=Yoo * oY) + aa(T(a-l)a (a l)a) * %t 1(Y(a 1)1'§(a-l)2)

* aaaafl(y(a-l)e Y2) -1 * %afu-1%- a(Y(a 2)1 Y(az-e)e)

T AyBya1 v aa-i+l(Y(a-i )2~ %a—i)(ac—i+l)+ Sala-1°° "Bq-i

‘(Figei)™ Yigmi)2)

e

°



+ aao ° oa a (fel ) +. a
_ a-2
i=l
Q-2 (
+ X a.a cae a Y
1m @Ol

a8, Q(Y 12)

2a

91
+-a0(Y)) - 12)

=5t aa(Yal" Yol ¥ B 8yl geeay 1+1(Y(a-;‘ih' Y(a-ib:-i-;-])?

@-11” Ya-t)e?

The variance of Y is given in Appendix 9.7. The optimum estimator

and its variance are found as before. That is

. Po,
2w d22 ; Qzaa - -
.a, = anu '
3w g§ +'dz(Q-P?-EUEB(Q—P)-aEW,1!025
Pa. ..
T - 1a41) (5.21)
O+ (QP)-2oy () (QP)-gy POy 1y |
‘, 159,5,...,&-1)
2
. _ qu |
- ‘e +62 (Q P)-2¢, a(a- 1)(Q -P)- ?a 1) a(a-l)
and 5 - — : _
o 02 A
N’ Q N - o
V(aaw) Qn N-l ) - F-T ﬁpaaw NlnPQ(P Pe ) jor - (5-22)

Relationship of percent losgs

of precision to number of previous

occasions included in estimator:

the maximum Q- was chosen equal

For a managerable numerical analysis,

to 5. It was also assumed that
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2 : A . : .
Ua—i = 0 and p(a-i)(E-i+l) = p for every occasion. Table 5.4 provides
percent Fl.oss Of, precision of an estimator 2Yai when 1 previous occasions

are used in estimating -?o: and the optimum vaelue of ai in 2Y R
2
The percent loss is defined as before, i.e.,

oL V(EYa.w) - V(EYa w) M~ M

: L o i 4

Ii = — 100 = M
V(EY%W). L

where M, =P - Pa iﬁ (5.16), (5.18). From this numerical analysis,

it may be seen that undei' mos‘l; conditions the preferred n_umber of previous
occasions is two. In Table 5.4, the optimum weights of the estimator of

' fa using two previous occasions are given in the following form. The

estimator .Y can be written as
2 oz2

22% = aa(EYal + Yal~ - - Y(a_l)a) + (l-aa)Yae

= fczE * aa(-fal- Yae) + aa(%-l)e' .f(a-l)a)

* a1 T gy Yige1)2) et 1Q(Y(a 2)1 Yo 2)e)”

The coefficients can be denoted

and a a(a l)w (aa_e )W s

fav® (a-1)w = (aa-l)w
From Table 5.4 it can be seen that aaw » the weight of the estimator
(2Yal + Yal - Y(a-l)a) 5 18 increasing directly related to p and in-
creasing as the matched fraction P approaches .5. The weights attached

to the difference on occasion -1 and -2 are repldly decreasing.



Teble 5.4. Percent loss of prec:.sion of 2Y ) a{lg qp‘F:JF.I!}Pm Y&}}le Of ‘aa,

vhena = 3
Q= .5 , _
I, o 7
p ~ 4O v I (oyp)y (aa-l)‘w aw_
5 6.75 .5k .03 5 . .066 133 533
6 6.56 .TL .07 6 - .087 J1Th 552
T 6.64 1.07 .15 T 12 - .225 578
.8 9.63 2.26. 45 .8 LUk .289 615
.9 21.89 T. bl 2.06 :
Q = .6 |
o5 | 1 2.99 .12 .00 5 049 .083 416
6 2.80 .20 .01 .6 .069 <115 445
o T 3.40 . .38 .03 ‘ T 094 157 482
.8 6.22 1.11 o17 .8 .130 217 +533
.9 17.32 | 4?97 ©1.19 <9 184 307 607
Q=7 |
.5 1.02 .02 .00 .5 0% .0M6 306
.6 1.06 .0k .00 .6 04T 067 «339
T 1.56 STl .00 .7 .069 .099 .382
.8 3.55 i .02 .8 105 150 b2
9 12.08 2.7k 53 .9 : 166 23T - .535
qe.8 | | | |
.5 25 .00 .00 5 .016 020,202
6 . .29 .00 .00 .6 025 031 231
T 54 .01 .00 o7 .0l1 +051 272
.8 1.5k } .10 »00 .8 069  L086 334
.9 6.65 1.03 o1k 9 W130 - 162 huo
Q=.9 | .
5 <02 . .00 .00 5 .00k  .005  .100
.6 .03 .00 .00 ) 007 .008 .119
o7 .08 . .00 .00 .7 013 015 .148
«8 5 .00 .00 .8 027 .030 <197
.9 .9 068 075 .296

L.gh .13 .00



is presented in

Rext, the percent gain of and Y over Y
’ 2 oy 2 a2 o
Table '5050
Table 5.5. Percent gain of 2Yai R 2Ya2 over Ya
2Yal over Ya
;qg\\ .2 .3 b .5 .6 .7 .8 9
55 : Oo Oa_’ Oo Oo Oe Oo Oo O'o
6 3.33 4,46 5.21 5.55 5045 4.88 3.80 2.19
7 6.95 9.54 1l.42 12.50 12.63 1l.66 9.41 s5.62
8 |10.90 15.36 18.9% 21.h2 22.50 2l.72 18.46 11.73
.9 | 15.23 22.10 28.23 33,15 36.92 38.18 35.55 25,71
2Ya2 over Ya
Q
| :;\\\ o2 o3 ok .5 .6 T .8 .9
5 0,00 0.00 0.83 T.1h 2.85 0.99 0.25 0,02
.6 0.8 2,96 6.39 11.68 8,19 5.95 h,11 2.23
T 7.06 10.49 1k.20 18.70 16.02 13.28 9.98 5.TL
8 [15.06 20.89 . 25.81 30.18 28.69 25.49 20,15 12.08
9 25.60 36,0k Lh.65 51.26 53.05 50.73 43.08 27.97

The percent gains of both estimates increase as p increases and @

approaches .5.

O -

5:.%.2a &operties of 2Ya2

when @Q <

Let us start froma = 3 to dérive the optimum estimator EYa - and
' 2
its variance when @ < %

(@ = 3)

An est::.mator of ?

3 which belongs to the modified composite class of

estimators is

ok



oYz = 85(pY, + Ygy = Yoz) + (L-ag)Yy, (5@3)
or,
oYz Yoot a5(Ty) Tz )+ aza, (Y- 22)+a Q(Yil 12)
+ 35(Y22 ¥é3?
Figure 5.3 is drawn according to the formation of ei; when
1 1 ‘
3SQ=3
Variance of 2Y3:
£ e ;
EJLJL e, N 2 _ . 222 N 1
(o¥s5) = &% ( ) +* 8 T meg * %% WoT neg T %2%% For ng

P g 0.5 oon
coe B L2, N %23% o2 028 %3 pg
283 %1 qu ~ 2% NI P %aﬁg.fn-lnm'i%g
-2 zaEQE_ILf;a s2 LBR 2 .0 w % P-g
83%% N-1 nPg © °3 N-1 nPg 2 3% N-1nRq P
. _
+ 2 o2a N ‘12 pg

The derivation is given in Appendix 9.8.

Optimum estimator and its variance (@ = 3): The optimum values of

ai can be found as follows;:

oy +(P-Q)9 oo’ (P-0)o, 507 (PQ) o,

2
2+Qz°§"2Q 015)

(N-1) 0B B o 7y o 2 22 2 5
ZRN T V(x¥5) 23 [°§ + aa<°§+ Q 0, -2q “12) 25 (€0

- EF + ey - EEe,) + EOE] - 2 w0

95



(P"Q)n (P,‘QQ)n

: (P-Q)n
ol el

size ' " Y
%f_ L—Qn-'l L—Qn——-én—»-—@p—-| R

N | fin 2
2 RS | Yo l
| T,
3 | | e
Y., |
¥,
T Y,
T ko
: S
. ' Y)_;5 L} J ']
| Tm | Yo

Figure 5.3%. Formation of 2-Y-a ~ when @ £ ,i';
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From a2w 3 |
2
Po : ' -
= 2 . (5.24)

a
v cr% - agw(c§+ Qeci- 2Q2012) + (P—Q,)cg

\ . . s 1 1
This provides the optimum estimator 2Y5w of Y§ when 3 @<L 5 thus

V(E:%) can be rewritten as

a
V(e"f}) --é%- (%E‘%&) + % ﬁﬂ— - [c% + ag(o’g‘ﬂeci-EQeale?

+ (PQ)E - 2 ;?2‘ (Q2°25+ f(P'Q” * (P'Q)°2 ﬂl 2]

-2 Pa_ Ug
3 N-1 nkq )
From 8y s an » we have
V(T )=°? (8 4 o2 I T a2 (Er QP 20%0 )
2%3y/ T Qn ‘N-1 3% N-1 kg L% Zow 12
. 5
+(E—Q)02:] -QP%NN_—fnm
A A
=2 (38ny X 5 p,
Qu ‘N-1 N-1 nPQ = 3w
| 2 .2
S NN L3
* FL nPQ(P Pa3) 5 .

When Q = -]= s this result is identical with the result of V( ) in

(5.16) when -é-S_Q <1 . Hence

2 P
- N Ga (P - P a
V(EYaaw) "§1 nPg N aaw) TNl T (5.25)
The percent gain of Y over Y when Q< L is given in Teble 5.5.
2 a2 o -2 _

It can be seen from the table that the percent gain is decreasing rapidly

1
when Q‘_<_.2 .



Table 5.6.

Comparison of 2Ya with

50
Q=.5 i | i
P /8 M/%, M/ /),

5 1.0714 1.0051 1.0004 1.0000
.6 1.0513 1.0057 1.0006 1.0001
T 1.0331 1.0056 1.0009 1.0002
.8 1.0173 1.0045 1.0011 1.0003
.9 1.0052 1.0022 - 1.0009 1.0003

Q= .6~
5 1.0666 1.0401 1.03%89 1.0388
.6 1.0439 1.0242 1.0228 1.0227

C T 1.0177 1.0016 <9994 . 0992

.8 9848 .9631 <9575 .9563
.9 .9403 .8859 .8622 8535

Q= .7 ,
5 1.0567 1.0477 1°ou75 1.0475
.6 1.03k42 1.0268 1.0265 1.0265
T 1.0035 .9950 -9942 .99k2
.8 9581 +9395 9365 9361
9 .8863 .8283 8119 8077

Q = .8
5 1.0k21 9600 .9600 9600
.6 1.0230 .9789 .9790 .9790
T .9934 .9900 .9898 .9898
.8 932 .9329 .9320 +9320
.9 8517 8113 .80k43 .80%2

Q=.9 _
<5 1.0231 ~97TTL 9TTL 9TTL
.6 1.011% .0888 .9888 .9888
.7 .9906 .9900 -9900 .9900
.8 <9500 OUT5 OLTY S OWTh
.9 .8591 8439 8428 8heT




5.4. Comparison of a Symmetric Estimator and
a Modified Composite Estimator

From a comparison of Table 5.3 and'Téble 545, it can be seen that the
symmetric estimator over 1 = 1.2 is better than the modified cémposite
estimator when p and @ are relatively small.

iﬁble 5.6 gives another comparison betweén these twerstimators by
using & ratio of the two variances. From Table 5.6, the same conclusion
as the abqye is obtained. That is, the symmetric estimator is better
'-than théﬁm;dified composiﬁe estimator when p and @ are small. How-
ever, another interesting fact is that the relative efficiency of the
modified composite estimator increases as thé number éf previous occasions
' inéreases° Even when Q 1is ,5, both estimators have the same precision
if the number of previous occasions used in estimating gx is more than

three.
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6. ESTIMATION THEORY FOR A COMPLETE ESTIMATOR

All studies in the previous chapters are based on the proposed
sampling séheme described in 3.1. In fact, the aim of a parfiai retention
policy in successive sampling is to improve an estimatoi:ﬁ# using previ;£s
informatidn in estimating the current population meaﬁ. Based on fhis
general principle,ra new alternative sampling scheme will bé congidered
in this chapter. B

It hés élready.been observed that the general linear estimatorvis,most
efficlent on two occasions. This eStimatbr was formed in the following
way. Thersample of n+Qn units is partitioned into,disjqint'éets and the
estimator is a iinear combination of sample means based on those disjoint
sets. To extend this ides for more than two occasions; a new éampling
schéme has been devised. In 6.1, this new sampling'scheme and a retention
policy baséd on this scheme are introduced. In 6.2 the complete estimator
based 6n_this new scheme and its properties will bé discussed. In 6.3 ‘
comparisons of this new estimator with the two pfevious,estimators wiil

be examined.

7 6.1, A New Sampling Scheme
The new sampling scheme retains fn first-stage units from the first
_ océasion in the sample for every successive occagion; the remaining:Qn
units in the éample_are replaced on e&ery occasioﬁ.bjl
The sampling scheme and the retention scheme are defined as follows.
Assume the population U consists of'N,firét stage_units ona
occasions {ﬁi}, 121, 2, eeoy No 1In eacﬁ_ﬁi, there are Ni'éecond-

stage units.
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1. As with the proposed sam;lingvscbeme in 3.1, draw from U a
preliminary firsf-stage sample of size n + Qxel)Qn with equal‘probabilities
without replacement of units at each draw. Recérd the order of each unit.

2. The first stagé units which occurred from order‘l t9 n consti-
tute the sample for the first occasion. Then dréw n, sécond-stage units
as in the previous sampling scheme described in 3.1.

3. Retéin the first Pn units for the second occasion and reject the
next Qn units, éupplementing the retained units by the}ﬁext set of Qn
units which occurred from order n+l to ni#Qn. Thus the sample size of n
first stage units is maintained on the second occasion, having the first
Pn units matched with those of the first occasion. The second stage units
originally selected from the matéhéd Pn first stage units are &lso retained
for the secpnd occasion. On the third oécasionrretain sgain the same first
Pn units and reject the Qn units which were used as replacementsron the
second occasion. Supplémeht the retained units by Qn units which occurred
from ntQn+l to n+2Qn iﬁ‘the sample selection. Thus the;first Pn units are
matched ﬁith those of the first and second occasions. Repeat this procedure
for the succeeding occasions. On the ath occasion, there ﬁill be retained
the first Pn units, which are matched with those of all previbus occasions,
and Qn ﬁnmatched‘units which occurred from order n+@2)Qn+l to n+(a-~1)Qn.

Figure 6.1 illustrates this scheme.

6.2, A Compleﬁe Estimator and Tts Properties

Accbrding to the new sampling scheme, the compléte estimator of ix,

denotéd by ?&, is defined as a linear combination of sample means which

7

are based on disjoint sets on each ith occasion.
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Figure 6.1. New sampling scheme
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a-1
X = I &y Y + Zb Y »
e (= 1)1 i (o= 1)2

where ao+ bos 1 ai+ b'i— O forallis=sl, 2, «se, a-l,

or _ a-l

7Ya' = i‘ae + ifo ai(.f(a_i)l- ?(0-1)2) ) (6-1)

Hence, its variance is

a-1

V$7Ya_.n) = V(Y 2) + z: 8 V(¥ (gai)1" (a-i)é)

+ 2a cov (Y , ¥ " Y ) +2 2 88, cov (Y(a 1)1 Y(a 1)2,‘.[(“_3)1

2 2 -
%, o )eslm %t 2N % ._N_fq
(=g )2‘ ~ Pn N-1 imo 1 N-1'nPQ o N-1 Qn
a2 o N
N Y(a=1)(e-3) _
+2 I 8:8; FT “Pn (6.2)

From Lemma l, {;his estimator is an unbiased estimator of '?a

Optimum estimator and its variancé: In order to find the optimum

estimator of fa uging all @-1 previous occaéions » let us start from the

simplest case. When =2 the optimum e’stiﬁator* 7?2 is the same &s lYE

in 4.2.1.
(a-3)
‘I‘he estimator is

7Y38a0Y51+bY +a¥ . +Db.Y. +8Y _+b Y

032" f1721” Prtee” "2 Pel12

= T, *e (le sz)» + al(Yal- 222) + a, (Yll Yle) .
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Hencey,
o2 2 = 2
g g
W(T) =2 @@, 28 3 2% owN %
73 Qn ‘N-1 o N-1 nPQ 1 N-1 nPQ 2 N-1 nPQ
N °§ N %3 N %3 N %2
TR ORI TR T B T %% NI B 2% FT R
(6.3)
The equation for the optimum value of ay is
A3 a=c P
r' — — —
where U?- Qo chB [ & o 0
A = a = C = L
3 e = a - 0
Qo , 9% 7Q623 | 1 .
: P2 |
%13 Q,025 o% ] | &, | 1 ]

Let us denote the cofactor of an element of the ith row and jth column
in A3 by Aij" and also denote the miror: detex*minantudflgan:..‘e_lemeni:*,of:sthe ith
row ghd g‘thﬁ colimniin the corregponding ,-c:orrelat;ign:.;mgtrixxgf:,;g% b:?’.A 13°

Expressing explicitly,

o Q Pio QpB Qplg pr
A31' 020103» . Aﬁl = N a
. 1 Q05 1 a0, 5
Agp= ""’i“a"z» | b=
| L Qe 1 Q10
? W 1 W L




S R P T 1 Qe Qepsf
‘Aj\ = oidga% _ A5 =
ot Qo3 W 1 Qo) -
y5 A3 1 Q3 Pz 1

Then, the optimum value of a; is
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(6.4) -

Hence, the variance of the optimum estimator 7§3w is obtalned as

02 A
N-@n N 3 P? 2 _ 2
V(X 5w) (N~l ) = ¥1 o 2 (85 53~ B3p = Bz *+ 28p1 50, 50 25) .
3 ,
From this, the variance of ﬁhe optimum estimator 72&@“ » using two
Previous occasions in estimating 'izl, can be reduced to
= 2 2
V('TYaew) ( ) N 1 nI’Q 2 (A Bsp= B3
o . 5 _
* 2 (g2 )(a-1) 5105
02 02 | |
a

where
1,2 .2 .2 | ,
Vo = e (855- 855 Bg+ Eqp(a-z)(a-l)ABI 32)
3 - -

and the correlations in WE are defined appropriately.



&x=h)

'Ihe estlmator is

where Aij 's are defined as ina = 3.
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79 = Yo + 8, (T = Do) + &g (T - Tip) + 8, (T - Tppdtes(Yy le) ;
and its variance is
2
| 3 A, ¢
T 4 (N-qn 2 N _h-i N4
Vi) =g )+ if_fo & F-1 o -~ %% T an
2 g .
N _(b-1)(k=~3)
+2 % aa (6.6)
N <j i) N-1 Pn
The equation for the optimum 8y is
Aya=¢c ’
where
- . : . -
cri Q012 Qa 13 Qa : ra5 0
b= |Qo, 4 'Q5 Qo | &= |8 | c=0
Q°51 chﬁ Q,OB Q°3)+ 8y 0
RURY '“‘Q‘A’ha Qo3 oi = L8 _Poﬁ -
- Hence, the optimum values of the a, are obtained as follows.
o mokp i
o a A,
o, A
L b2
&a 8 m— P — (657)
2w Ul A)-I-
"
alW 1 A)+
A
L
8w P 'Y ’
"
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The variance of :the optimum estimator of %§Lw can be obtained as ..

follows.

4 on % P 2

= 2 2 2
(Y *a5 " FT (Bt By5m Bip- By

- 2“?5&%&“&3* 2Q912Ah1Ah2)

% .

AT T )

Hence, the varilance of 7%1

5W
02
o= Q N [+
V(7Ya3w-) *Qn "W nPQP2 LT

where the correlations in W3 are defined appropriatély.

(a=5)
The estimator is
i ,
Y =Y _+ & a, (Y, - )
75 " 52 T o, 1 (-1 (5-1)e

and its variance can be obtained from (6.2).  gf‘

By similar methods, the optimum values.of a .

(6.8)

N . . »"‘ e
N S

are obtalned as follows.

(6.9)
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= P =22
aow 'PA5'

and the 'Variance of the optimum estimator -7-Y-5W is
: 2 3

% & 22

V('{ 5w) Qn (N-l ) - ¥1 R 2 (555 Bsy
] 45

- ,A53

2

2
= Bop - 85 AAeyshghss 2"‘"25"52”‘53 |

- 2Q913A51A55 + 290,058 52)
Hence, the variance of .Y is
W) = o (N=l ) - T Y | ENCED
()
‘The estimator and its variance are giVen in (6. l) and (6 2) ‘I'l_ie

optimum value of a 1 is as follows.

A
a=-1 1 al
8 . = (-1) 2p A
q-lw clca Aa o
( )a-2 1 Aa2 02
a s (=] ———— o P
Q=2W Y o‘ao'a Acx q
. i -1 Aa(a-=i) 2
Biw * (-1) g .ag. A Po
a-ic ‘o
-aaws cl g fiﬂl?ae
a2 a
A
8 = - : Aa(a-l) P P
i -1 w a
A
oY
E‘ow =B 3
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‘ and the variance of Y?a.w is
e -l
= N % ﬁ_ 2 2
V('?Ya.w) ( ) ¥-1 nkq A2 (Aoa iZ. 4 (a i)
X S |
S -2 Q=1 S S
Cyigel , O0F o RAEEI
P2 3B ) e e ae-g)

Relationship of percent loss of precision jto number of previous

occasions included in estimator:  In the following numerical arialysis 3

the assumptions are 02 ;= 02 and p(a i)(a-i+l) =p , p(a-i)(a-i-l-e)-pe’
seey Ffor all 1 . Table 6.1 provides the percent gain of an estimator
7?01 when i previous occasions.are used in estimating fa .
In Teble 601, percent loss of precision decreases ra:)idly from
'T'.L to 12 and it is less than 5% when the numbéf of previoue' ocoesions is
. two. From this analysis, it may be inferred that ther prefei'red rnumber of
previous occasions is two, over all values of @ larger than .2 °
" In Table 6.1, the optimum weights of the estimator using two previous
occasions vin estimating Y5 are given. The valu_ee Of,ao for Yﬁl are
relatively high, and the values of a - for previous occesions rapidly
decreasef The optimwﬁ value 8w increases as the matching-fxfectioh?
and correlation coefficient increase. .
Next ’ percent gaio of 7-%1 and 7%.2‘ over Ta is vpre'sem;ed: 3_n
Table 6.2. :

The percent gain is directly related to the correlation coefficien’c
and it is observed that for both cases the maximum value of the gain is

attained when Q 1s near .5.



Table 6.1l Percent loss of precision of 7?& and optimum values of

N

ai in TXab
S Q= e2
I I, I
N : 2 3
S| 273 a3 .01
o6 LT3 olth .08
o7 8.18  1.31 32
o8 | 1456 3,58 1,10
-09 | 27.T5 9465 3458
Q= o3
o5 3427 +10 0L
ob 5455 37 «05
o7 9.48 Lolh o2
08 | 16.90  3.35 o1
o9 | 33045 9,09  3.k3
Q= b
S| Bl 07T .00
«6 5067 25 03
oT 9053 o8k o1k
o8 | 16,98 2.66 .63
9 | 34,82 9,08 2.8
Q=5
B | .24 03 +00
b | 526 o5 0L
o7 8.68 52 0T
o8 | 1541 1.83 +36
W9 | 32465  T.2h 2,01

{table 6.1 continued)

670

;Qé?': Aoy f—Alw Aoy
S| <809  LOTT 032
6 | LB8Lh 092 04T
T 821 «105 2065

- o8| o830 0118 <087
o9 | o8 131,112
o5 | oTI8 101  L038
6| JTRT J120 056
S| WTHO 138 L079
8| o758 156  .108
9 | 78 172 o1k3
o5 | o627 - L1LT 0039
6| JBh2 139 L0358
oT | o661 o161 208l
<8 .688 182 o117

29 | 725 .202 .62

Ry 535 1+ L1225 <035
6 | o554 L150  L05k
o7 | 581 W75 L08L
8 | o6IT 200 G117
o9 o225 4170
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‘ (Table 6.1 continued)
Q= .6 ]

' Wl n B 5
W5 | 2663 0L #00
o6 3693 00T «00
o7 5092 27 02
8 9.29  1.06 .18
9 | 18,51 5,05  1.22

Q=T

5 2.26 +00 200
6 | 346 .02 »00
o7 5438 +10 000 -
8| 9.24 0 M8 .05
o9 | 20,69 2,89 57

. Q = .8
o5 157 00 - L00

. 6 2,31 00 200
o7 3.42 0 W02 «00
8 5659 o13 00
o9 12.59 lel3 .16
-q=.9
5 |- 0,81 <00 s00
o6 1.13 «00 00
o7 Le57 00 <00
«8 2630 01 +00
9 hoTh ol5 0L

W -Alw‘ Ao
o5 | WhbL 0 123 029
o6 | JuBM. (150 . LOUG:
oT | o495 178 4070
o8 | o5BL  .207  L108
09 | 610 - 239 167
%) o343 - L112 «020
o6 | o367 J140  L033
o1 | 402 170 L054
8 | Jush .zoh 088
o9 | o540 2k 52
5 |-.238 090  Lo1L
o6 | «261  L116  .019
o7 «295 146 «033
o8 | o349 o184 «060
o9 | WMMT 235,120
5| W25 L5k 003
6 | o141 L0T2  .006
T | W66 W097  W012
o8 «210 o133 0025
9 | o0k a9k " .064
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Table 6.2, Percent gain of 7%}1., 7%12 over Y,
7?;1 over .Y-a
Q . .

o 2 .3 ok o5 6 o7 ,8 .9
.5 .21 5,67 6.66 7.1k 7,05 6.36 4.99  2.90
.6 6.20 8.47  10.09 10.97 11.03 10.10 8.08 4,79
T 8.69 12.06 14.53 16.22 16.65 15.66 12.89 7.88
.8 11.Th 16,63 20.64 23,52 25.93 2k, 34 20.98 13.58
<9 15.46 22.47 28.75 34.03 37.82 39.28 36,81 26.89

ij over -Y.a

o .2 05 Ae)'" 05 .06 07 ‘08 o9

5| k93 6.45 7.36 7.69 .42 6.56 5.07 2.91
6 7.99 10.24 11.75 12,32 11.96 10,64 8.30 4,82
.7 11.88:  15.77 18.27 19.36 18.99 17,08 13.51 8.00
.8 17.77 24,07 28.45 30.76 30.80  28.31 22.95 1h.01
.9 26.&9_ 37.20 L45.73 51.59 54,09" 52.31 W 8k  29.39

6.3, Comparison of & Complete Estimator with Two

Previous Estimators

~The comparison of the estimatbrs will be achieved in two parts. The

first part is the comparison of the complete estimator with the two previous

estimators for i from 1 to 4 and § 2:%*.  The secon& part is thebcomparison

of the complete estimator with the modified composite estimator over all

Q when 1 =2,

This is because it was determined in 6.2 that the

preferred number of previous occasions for the complete estimator is two,

for all values of Q.

The first part, the comparison of the complete estimator with two

previous estimators, can be made from the tables of the percent gains

of the estimators over §& in Table 5.3, 5.5 and 6.2. From these ..

s e e
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comparisons, it can be seen that the complete estimator is best among the
three estimators when p and @ are larger than .5. Based on these tables,

Figure 6.2 shows the precision of 2?‘ and

Y Y
2

%" 59, Toy
Tables 6.3 and 6.4 provide another comparison of the complete

relative to %x.

estimator with the other two estimators by means of ratios of variances

of the.estimators. . The ratios are defined as follows, ignoring E?&’ in

the variance of each estimator:

v(.Y, )
2% 5
wr) %
ey’
v(,Y, )
2y’ M
V(T ) BT
’7 o, »
where C, =P - By, in (6.5)(6.8), (6.10) .

From Table 6.3, for all i, the complete'estimatér is better than
the symmetfic estimator for values of p and Q larger than 5. It is
’ . 4
interesting to note that when Q = .5, the two optimum estimators ha;e
exactly the same precision regardless of the number of previous oCcésions°
Thisg means_thatvﬁhen Q@ = .5 the general linear estimator based on the
proposed sampiing scheme in 3§l”has exactiy the same preciéibn as the
complete estimagtor based on the new sampling scheme, regard;ess of ‘the

nunber of previous occasions used in estimating the current population

mean ix o Also, the ratio increases as p and 1 , the number of previous
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Figure 6.2. Precision of the estimators 21’&2 s 5Ya2 ‘and’ '¢Ya2 relativg to Ya



Table 6.3.

Comparison of

X

5%1. with
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i .7'qi
— 9=:3
o sl/cl 52/02 s3/03 sh/cu
5 1.00 1.00 1.00 1.00
.6 1.00 1.00 1.00 1.00
o7 1.00 1.00 1.00 1.00
.8 1.00 1.00 1.00 1,00
.9 1.00 1.00 1.00 1.00
Q=_.6
o5 1.00067 1.0042 1.0042 1;ooh2
.6 1.00854 1.0103 1.0105 1.0105
o7 1.01L7T7h 1.00239 1.0251 1.0253
.8 1.03550 1.0554 1.0610 1.0623
.9 1.06811 1.1365 1.1684 1.1806
Q=-7 A
o5 1.00650 1.0070 1.0071 1,007
.6 1.01503 1.0170 1.0171 1.0171
T 1.03211 1.0387 1.0394 1.0395
.8 1.06613 1.0882 1.0821 1.0927
.9 1.13728 1.2198 1.2458 1.2528
| g =.8 , ,
5 1.00757 1.0075 1.0078 1.0078
.6 101772 1.0188 1.0188 1.0188
T 1.03866 1.0424 1.0426 1.0k27
.8 1.08269 1.0966 1.0979 1.0980
.9 1.18491 1.2477 1.2596 1.2617
Q=.9 _
.5 1.00581 1.0058 1.0058 1,0058
.6 1.01384 1.0140 1.0140 1.0140
T 1.03107 1.0319 1.0319 1.0319
.8 1.07000 1.0736 1.0737 1.0737
.9 1.17573 1.1980 1.1998 1.1999



Table 6.4. Comparison of 2Yo‘i with 7Yai
. Q= .2
P M /Cy M,/C, M,/Cs N
5 1.07142 1.005L 1.003 1,0000
.6 1.05134 1.0057 1.0006 1.0001
o7 1.03311 1.0056 1.0009 1.0002
.8 1.01729 1.0044 '1.0011 1.0003
.9 1.00525 1.0021 1.0009 1.0003
Q=6 .
.5 1.07058 1.04hk - 1.0433 1.043%2
.6 1.05289 1.0348 1.0335 1.0334
o7 1.03574 1.0256 1.0245 1.024k4
.8 1.01987 1.0L64 1.0160 1.0159
.9 1.00655 1.0069 1.007h 1.0077
- e=.1
5 1.06363 1.0551 1.0549 1.0549
6 1.04979 1.04k42 1.0440 1.04k40
T 1.03578 1.0335 1.0335 1.0335
.8 1.02155 1.0225 1.0228 1.0229
.9 1.00797 1.0104 1.0115 1.0118
Q = .8 .
.5 1.04999 1.0480 1.0480 1.0480
.6 1.0k1ep 1.0ko2 1.0402 1.0402
.7 1.03183 1.0320 1.0321 1.0321
.8 1.02129 1.0231 1.0233 1.0234
.9 1.00931 1.0122 1.0131 1.0132
g =.9 SV
5 1.0290% 1.0288 1.0288 1,0288
6" 1.02541 1.0253 1.0253 1.0253
T 1.02143 1.0216 1.0217 1.0217
.8 1.01652 1.0173 1.0173 1.0173
.9 - 1.00943 1.0110 1.0112 1.0113
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occasions, increasse. It also increases as Q lncreases, but decreases
when -Q approaches 1. Therefore, the symmetfic estimator is good when
'Q is near .5 and p is close to 5.

From Table 6;ﬁ, for every i, the complete estimator is beﬁter than
the modified composite estimator over the values of p.and Q under éohsidern
ation° The ratio.. decreases as p increases. When vQ .is .5 or .6, the
ratio decreasés as the number of previous occesions increaées. However,
wheh Q> .7 p> .7, the ratio increases as the number of previous
occasions incréasesa This means that the modified composite estimator is
good when p 1s high, and when the number of previous occasions is larée.

In conélusion, the complete estimator is the best among the three -
estimators for all i .

Finally, it may be useful to observe the number of previous

occasions required in the estimators 2?; or .Y such that the estimators

) 5.,
i i
have the same precision as 7%1 . Table 6.5 provides the values of
4 5 S '
Si’ Mi’ Ci for this purpose.

From the table, the complete estimator‘using.only one previous
occasion is even more efficient than the symmetric estimator using seven
previous'occasions when @Q 2}6. AlSO‘Mu is larger than 02 when Q,Z_.6
except for the points of p and Q marked ¥ . This implieg that ther
complete estimator using ﬁwo previous occ;sions is more é:ficient than the
modified éomposite'esfimator-using more than two previous occasions.

In the second part, the complete estimator will be compared with the
‘ﬁodifried composite estimator for all values ‘of. Q, 2<Q< 1, when 1 = 2.

Since the prefefred number of previous: occasions for the complete
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Table 6.5. Values of Qi, M, and Ci

i

qQ=.5
s 1 5) 5y S5 Sy C e 57
.5 2333 2321 .2320 .2320 | ;eiéo
6 2252 2225 2222 2222 . .2222
T 2150 .2094 .2084 .2083 : : .2083
.8 .2023 .1911 .1884 1877 1875
.9 1865 .1649 .1568 <1537 .1519

Q= .6 . e
o5 2249 2243 2243 2243 »22U3
.6 2179 2165 2164 2164 _ 22264
T .2093 2065 2062 2062 .2062
.8 .1989 «1936 1929 .1928 .1928
.9 .1863 1770 °1753, 50 .1749

Q=_.7 | .
o5 .1987 21984 - ,1984 .1984 o e .1984
.6 1935 1930 .1930 .1930 .1930
T 1873 .1863 .1862 .1862 . .1862
8 | .1800 1781 1779 -L779 1779
.9 <171k .1681 1678 L1778 o .1678

g =.8
5 1535 .1534 1534 1534 e e e <1534
.6 +1506 .1505 - 1505 .1505 .1505
T 1472 1469 .1469 .1469 1469
.8 <1431 k27 1h27 .1h27 1h27
.9 .1384 .1378 .1378 .1378 L1378

Q=9 | .
5 .0879 .0879 .0879 .0879 o s e 0879
.6 .0870 .0870 .0870 .0870 ' .0870
T .0860 .0859 .0859 .0859 .0859
.8 0847 0847 0847 0847 - 0847
.9 .083% - .0833 0833 .0833 - ,0833

(Table 6.5 continued)



 (Teble 6.5 continued)

Q=3

P N% M5 M, "
5 [.2333 2321 .2320"
.6 [.2238 2eok*  ppoo¥
.7 |.2106 .2086% .2083%
.8 [.1920 .1886%  .1877*
.9 |1652 .1570% .1538-
Q= .6
5 12333 2330 2330
6 2218 2213 2213
.T [.2068 .2061 .2060
.8 1864 1847 ,18uu*
.9 [-1568 -1511 .1493
— Q=7
5 [.2079 2078 .2078
.6 .1981 .1981 .1981
T 1853 .1851 1851
.8 1673 .1666 <1666
.9 1393 .1363 .1355
q,=’,8
S 1595 «1595 <1595
6 1536 «153%6 .1536
T |ol4sh <1454 - L1454
8 1331 .1330 1330
.9 [1118 .1108 .1106
Q= .9
.5 0899 .0899 .0899
.6 |.0880 .0880 .0880
.7 0851 - .0851 .0851
.8 |.0802 .0802 .0802
.9 0703  .0703 .0703

Q=5
C, G '05

2333 2321 2320
.2252 2225 2222
2023 .1911 .1884
.1865 .1649 .1568
2241 2234 2233
.2161 2143 21hp
2057 .2016 2011
.1921 . 1834 .1818
1741 . 1557 1500

Q=7 .
19Tk .1970 .1970
.1907 . 1897 1897
.1815 .1793 w1791
.1688 .1636 .1629
1507 1378 1347

Q=.8 |
L1523 1522 1522
1480 L1477 © L 1hTT
L1417 .1409 . . 1409
W1322 .1301 21299
1169 .1104% 21093
_ 4= ,9 _
087k 0874 0874
.0858 .0858 .0858
.083k .0833 +0833
L0792 .0789 0789
.0709 0694

0695
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estimator is two, for all values of Q, it is sufficient to consider only
the compérison of the estimgtors when i=2,

Table 6.6 gives the ratio of the variance of 2?; ~ over the variance

. ol 2 '

o T,

Table 6.6. Comparison of 72&2 with 2?;2 when @ > .2

V(eYag)/V(7Ya2) = M,/C,

¥ .3 A5 6 .1 .8 .9

.5 | 1.0947  1.0040 1.0647 1.0051L 1.044h4 11,0551 1.0480 . 1.0288
6 | 1.0691 1.0706 1.0503 1.0057 1.0348 1.04k2 1.0402 1.0253
.7 | 1.0450  1.0477 1.0356 1.0056 1.0256 1.0335 1.0%20 1.0216
8 | 1.0235  1.0263 1.0209 1.0044 1.,0164 1.0225 1.0231 1.0173
.9 | 1.0070  1.0085 1.0074 1.0021 1.0069 1.010% 1.0122 1.0110

The ratio is larger whén o) is small and Q is away from .5, This implies
that when 1 = 2 the coﬁpléte estimétor is uniformly better than the
modified'composite estimator for all Valueé of Q and p. The same conclusion
can be observed by comparing Table 5.5 and Table 6.2.

In summary, the complete estimator is chosen as the best estimator
Vamong the three estimators. The modified éstimator ié_generally better
“than the symmetric estimator, even though the symmetric estimator is

better than the modified composite estimator for somevregion of p and Q.

6.4. A Complete Estimator in Multi~stage Sampling -

The theory of the complete estimator in multi-étage sempling will be
developed for the estimator of ?a defined in (6.11), using two previous

occasions.
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Fi
+ b Y
(a 2)2

(6 .11)

Fa¥ fal a
7Ya2 = aOYal“‘*‘ bOYaE + a Y(a l)l+ b Y(a"‘l)2+ 8 Y(a-2)l

vhere, ao+ bo = 1 a,+ bis c - i=1,2

A
Yﬁz-i)j is defined in Lemma 6.

By Lemma 6 is an unbiased estimator of gx’ i.e.,

572

=

E =¥
a,AO

g

7

In order to derive the variance of 7%1 ; let o =3, Then
. ) ,

L
>

a a & o fa)
5. = Isp + 8y (Ty= Typ) AR SURENCA L),

Y

A a 5 A a4 o & 4 : .
V(gts ) = V(¥zp) +a V (Y5 = Y0) + &) V(Y - ¥22) +a V( - Ypp)

a2
Y

-] M

) + 2a,cov (Y32, 1™ Yoo
& & a2

)
A g A
+ 28, cov (3? Yll Y_le) *+ 28,8y cov (Yg1- Yoy Y0 = )

+ 28, cov (Y32, 31

A" oa

& o
+ 28 &, cov (YBl Yaps xll ) + aalaecov( 517002 Yll 312)0

By analogy with L4.4., and by Lemma 7 and’8,

o o &
& & 2 v %51 5o _ n
cov (332’ Yz - Y52) =" %1 Qo Qn g T 5%
2 ' ‘
d o2 2 A
501 N‘Prl '__5»2 j l 202 5111
V(le .32) ) et e 7 () + qn Y2

1]
fla ?
" Ei\'"% 'y

Oz o g
L oz W %3

9' ¥ ) = N 23 1
N~l1 Pn - Pn: Nel Pn "

cov (Y51 Yaps Yel (oo




p4

:;
y =23
12 N=-l Pn

Similarly, cov (le 52, Y-

where, 52 are defined as in 4.4 and Lemma 7

O(3-1).1 (3 1)(5—3) 1

and 8. Hence,’

s %Ba e 1 %5 2x %
V(gts,) = 28 ( )+ +ao F-1 npg T 81 §-1 npq
2 N .‘12;_ B %
T8 FT nRg " % T-Tqn T %% F-1 Pn
voaa L 2B hpaa L 22
28,8 F-1 Pn 1% §-1 Pn

From (6.4), the optimum value of a; 1s as follows.

A
1 -
aQw = |A5! Po?
A
R0 o
'alw = - TéT-A3 P6§
A, 2
aow = Fé?— P 3

where |A5| and the cofactors are defined in (6.11). Hence, the variance
- of the optimum estimator 7Y3 , in multi-stage sempling is
- - Eu .
W) m 2 e 2t R T (a8
73w’ ‘N-1 N-1 nPQ A |2 33
- 2 - 2 - .
- 7 Aspp - % Ayy) =2 g, Ayt Ay, )
Therefore
F 2
& C.l N—Qn N o P 2
Yt w) =@ ( ) + Qn §-1 nPq 5 (A
2" . lABl .
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where the cofactors are defined appropriately.
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T. SUMMARY AND CONCLUSIONS

T.l. Summary

Iﬁ this thesis; estimation theor& for samples selected on successive
occasions is treated with multi-stage sampling without replacement of
units at each draw. ' Two designs were studied: (1) the proposed design
which ls a traditional scheme and (2) a new desigﬁo Theory was developed
for the two different designs as foiléws: |

1. Since, for & population changing over tiﬁe, variances and covariances
between variates of subsets (specified by the design) on ahy.two different
occasions are fundamental quaﬁtities, sevgral lemmas'for obtaining these
variances and covariances were derived.

2. Estimation theory for samples selected on two successive occasions
provides a basis for the theory appliceble to more than two occasioﬁs.
Accordingly, the properties of foﬁr classes of estimators ana comparisons
among them have been discussed for the two successive occagions case. It
was found that the percent gain of each estimator over the simple estimator
6f iz increased as p increased, énd the gain always attained a maximum
when @ > .5, In othér words, the optimum value of @ for each estimator
was- always larger than .5.

Comparing these four estimators, the general linear estimator was
uniformly the best when 0 <Q < 1, p > .5, and the modified composite
estimator was the next best when OV< Q<l, p>» .7

In gddition, the symmetric estimator has ﬁeen discussed for the two
successive occasions case. Next to the general linear estimator, the

symmetric- estimator and the modified composite estimator were found to
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be more efficient than the other estimators studied. The symmetric estimator
is preferred when p < .75 and .5 <>Q < of; the modified composite estimstor
is preferred ﬁhen §v> <75 and Q@ 2 «7T.

3« When sampling on more than two occasions with the:proposed design,
the optimum form and properties of the general linear estimator are
difficult to determine. Hence, the symmetric estimator and thé modified
' composite estimator have been discussed for sampling on more than two
occasions.

The percent gain of each estimator dver the sample mean for a single
occasion increased as p and 1 increased. Also the optimum value of Q was
close to 5. The preférred number of previous occasioné i was determined
to be two for both estimstors.

The symmetric‘estimator is preferred when @ and p are small and the
modified coﬁposite estimator is preferred when p is iargeo However, the
modified composite estimator is generally bettef than the symmetric
estimator when i is large. |

4. It has been seen that neither the symmetric estimator nor the -
modified composite.estimator is uniformly better than the other. The
properties of ‘the complete estimator have been investigated for the new
design for values of p » .5 and 0 < Q < 1. The preferred number of
previous occasions waé again twooi The complete estimator was found to be
definitely better than the previous two estimators (proposed design) for
any given value of 1 when @ 2 5. When 1 =2, the completevestiﬁator
is uniformly better than the modifiéd composiﬁe estimator for all values

of @ and p 2 5. Moreover, the complete estimator, using only the



126
information aveilable from one prefious oécasidn, is preferred to the -
symmetric estimastor using data from two or more previous occagions and the
complete estimatbr using two previous occasions is preferred to the modified

composite estimator using data from three or more previous occasions.

T.2. Conclusions

Estimation theory is concerned with choosing an estimator which has
a smaller variance. From the results derived in this thesis, it has been
shown that, for sampling on two successive occasions, the general linear
estimafor as defined herein and based on the proposed design haé a8 smaller
variance than the other estimators studied for the same design. For
sampling on more than two occasions, the complete estimator based on the
new design has a smaller variance than the symmetric estimator or the
modified composite estimator based on the proposed design.

This indicates, as suspected in this>thesis since the complete
estimator is the general.linear éstimafor (defined in Chapter 5), that
the complete estimﬁtor has a smaller variaﬁce than any other.liﬁear
unbiased estimator. This result, if valid,.coincides with the theorem
given by Ecklér [3] for sampling with replacement.

o With respect to the effects of the sampling design, the new design
. has the following advantages: o |

(i) when the complete estimator (as the general linear estimator)
is iﬁcérporated with the new design, the number of the coéfficients to
be defermined, in order to find the optimum estimator, is small.

(2) the variance formula of the complete estimator derived in this

thesisﬁis valid for any value of Q. However, the variance formula of -
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the general linear estimator under the proposed design changes when the

discarded fraction Q varies.

T.3. Recommendation for Future Research

Regarding the new desigﬁ studied in this thesis, two poiﬁts are ﬁoted:

(1) the first-stage units are.selected with equal probabilities ﬁithout
replécément, |

(2) the second~stége units within the matched first-stage units are
retainéd in the sample for .all successive occasions.

However, the following design for sampling on successivé occasions is
more general and is suggested as worthy of future research: |

(1) a partial retention scheme for the first-staée units is carried
out in’accordance with tﬂe new aesign, where the first-stage units.aré‘
selected with probability proportionalAto size, and

(2) a partial retention scheme such as used in the proposed design in
ﬁhiéAtﬁesis or the rotation scheme in the C.P.S. redesign is applied to
'~ the second-stage units within the matchéd first-stage units under‘fhe new
design.

It is considered advisable fo meke a study of the properties and the
efficiency of the complete estimator in comparison with alternative
estimators for.the suggested design. Some compariséns of‘the efficiency
of the suggested design also should be made Vith alﬁérnative sampling

designé.
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9. APPENDICES

9.;. Estimgtion of & , c_ and V(le)

9.1:1. Estimation of a

The optimum weight of &
o]

2
g _= ——
W l-Q2r2 ql
is estimated with small bias by
s
s aBr_ 2
Vo195t By
Proof's
. ; 5 can be expressed as follows:
1=~Q°r :
- 2 2 2 2 -1
——5 = (p¥r-p) [10%"+ 1 - Q (1-q )]
l-q@r . ‘ o

:Q.E‘.)_ (1+£‘§2?[1-9__Lr_:&).]

2,2 2
81 nce Q_LI;;P_.)_ <1

2

l-Q p

| 2,2 -

4 2 2 = —'g_ (l + "_E)(l +QL(r g ) 1(1‘ g ; + cco) *
1-qr l-Qp 1-0%% - (l-Qp) .

Also .
, 2
2o, raley) lha)l
85 9 % 9 2% - F '
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Therefore,
5 g 2.2 2
r - o 2 r=p (x=-p%)
M 25 5 - ™ T 77 0‘(1+p~+g,22.
Qr 1 1@~ 1 ) 1Q7p
o e N - 202 2y
. 52-,?2 +: (r 9?(52 02) . Q (r"-p )(32 0’2?
L% P % (19%%) o,
nmo (ee)(epme) @GR (egy)
oy p 9y (l-Qapa)Gl
(5,0  (z-p)(s;-0)0°  QF(P-%)(s;-0,)°
+ = -

2 5 2 +(1-Q2§2) 624-.)

1 . 1 1l

Since, under the assumption of normality,

E(s) = o + O(}-)F'a - -f—
o n’ 2n )_m‘a

2 2,
CE(r) = p(1 - FE-+ 0 (£5)) = p - B 4 o(y)
O, n .. n .

B(:?) = o2 + 22

. n.o.

to the order 1—2- s the expectsaition. is

1-95% BT 1957 A n

with bias = E(R) ;

n
- r_ % P % 1
BR — 5) "R —5p 5F+EEN (%)
T ey - e - -
e EOEA) 2% Bra ) | (Ba)Ge)

where R = — - o -
1-Q°p 2 1 ai . 9%
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9.1.2. Estimation of C,W

The optimimiweight of C

C = P
2
W 1-q p2
is estimated with small bias by - S S
A P
¢ == .
W l-Qere
Proof: As in 9.1.1,
b, 2
1 R Ca - N M €0 )
57 = —zp 1+ 22 2oy Tl
1-Q°r 1-Q%p" 1-Q%p° (1-Q%0")
Hence,
2, 2\2
«._22_.2. = -%? with the bias = & 152
1-Q°r 1-Q%p (1-9%p°)n
to the order 5 -
n
9.1.3. Estimation of v(le)
The variance of le “
N "g *l-:QgA '?, °§_
V(:L W T (1.@2;,2) - F.r 1s estimated approximately
by -
2
A s 2 8
= 2 (1-Qr 2
V(T =5 (1 52 "§ ¢
- . A-Q7r
Proof's
1-Qr® |
55 can be expressed as follows:
1-Q r '
1 2 1 2 Q(rE_DE) Qa(re_ﬂ- QB(rQ—pE).Q T
'jr_'z ) = 'ﬁe—"e (l o N + "‘oo-)o

195 1%t T 1® 1% (1007157
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Since the bias is small for large n,

A 82 - 82

V(I)= 2 (er_y . 2

»1 wﬂ n l-Q2r2 N

S
) Y& Q 1
with bias = == (1—'0'5—%) Q(lnp L 27 " T2

1-Q%°. 1Q%°  1-Qp
to the order ig . ' ' /

9.1.4. Variance of Y

VT, # VGE)

~

Proof: In h.e.l,‘rlik was defined as

~ A . - n _
15y =8y (Y- Yp) v e (Y- Do) + Yy

~

By substituting aw and aw 5 l§§ can be written as follows.

8,.=0, S,=

= o "2( 27% 5179 )T )
Y gm '_l+__'_""'"——"+ +-00_Y - Y
1w l_Q?.B 9y v 9, o o] A 11 "12
‘ 2,2 2
* Pe z (1 +Q‘_L2_%’l+’")( ) + Yo
1-Q7p 1Q"p

= , L
= le + (Remainder R) + O(na) »

where the remainder R is

[e) 8.=~0 S"O'
R=R —5 E?'(eaa - la +—E)(11 12)
1-Qp 1 2 L
2,2 2

* ;1".11.(;_5.)_% (Y- Yae?v .



Then the variance of the remainder R is
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12)

V(R)

e )"’?

P2g292 "g [’(52-%)(?11-- T,) Vs 1)(Y11

1

V(r;p)(?ll" Tp) 0 covl s,-0,) (T - 12) (s~ 1)(Y11 12)]

o ' ‘ 9 %

cov [s )(Yll Yle) (r-p)(Yll 12)]
p aé

+ 2

-2

~

L

. E zzn VLG )(Yll Tpo)]

(1-Q%p)

Per, a (5,-0,) (5= Tp), (27 p)(

ol (s-0) (T~ Do)y (=) (Fp- )]
- - p l oo

22)

o 2
+ 2 cov
(e )3 [ %

= = 2 2y = =
. cov (sl-oi)(Yll- Yla),(r -p )(Y21 Yéa)

%

| covlz-p) (@~ D), (Poe?) T - Tp) ]

Consider the variances and covariances in V(R) for large n.

1. V(S_e"’e)(Yll' Ylg)
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Let u= 8y~ o,
W=ty e o
then by Taylor's theorem

u.w=Eu.Ev+ (u~ EuEw + (w-Ev)Eu .
Since Bw =0 , ~ u.w = w(Eu)
2
and  V(u.w) = V{w)(Bu)® .
Now, » ’ -
Eu = B(s.-0,) = 0(%)
e 2 n

. N a?. 1 . 1
V(uw) =57 g O(n). s Whlclh is neglig;ib e.

2. Vlr-p)(¥yy- 1)
Bimilarly, let u = r-p

wsY =Y .

1l 12
Sincé Eu = E(r-p) = 9-(%55)- + 0 (;'2") P
, N n
V(r p)(Yll T,) - lel i (l"p )2 , which is negligible.
3, Covariance of (52-02)(T11 Y‘E)’ (r- p)(Yll 12)
Let . u=s,- 0,
vt Y
 xmrep, \‘
then , wyew = w(Eu) = (Y ) . 0 (—)
. ] ) 2
e = w(Ex) = (@ - ) 91-1-'2'—5-1 : )
Hence, cov (u.x;r , ;t‘x‘w) = (Eu)(Ex) V(x) = O(-) p(1-p%) N %

2n _ N=-1 nPQ “
which is also negliglble.
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I V(re-p2)(Y21=- T,)

Let u = r2- p2

then
242
S w = w(Bu) = (T~ -Y-QQ) (1‘:%1)—
(1_92)14- N Eé

C V(uw) =
o n2, N-1 nPQ  °

which is negligible.

Similarly, the others also can be proved to be negligible.

Hence, for large n ,

VT EVOE)

9.2. Bias of I.LYQ

Y,

= = ‘= _
hye"a(Yl"? Y+b ¥ where a +b =1
2
12
_ o Iy - o
= a(PY, + lel) == + b(PL,,+ Q,Y22)
o T ) A
12
Y..¥
21, .= -
= aq (<22 + FT, + 24T, — (9:1)
T 22
12
.. ¥
EY, =eq E-+—22 + (Paq) ¥,  (From Lemma 1) .
s = Y12
T11°¥
Now consider E (===——=<) ’

Y12

which can be written as follows:
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BB - 2R a0 waTy) —2
T, ¥, (1+AY12)
where —
Y., - ?i
Ay, = —=—=
ij Y,
1
(oY, )
= Y (1 + AY. .+ AY + AY )(l AY, + —i2_ )
11" %21 11,8 21. 12 e
1+AYl
‘ . T B4
Since 1 + AYll-- ;%i~ s '_} - _}
T T, T,
T, ?21 R (Y12 1)2
= & Y (1+AY. 1t AY .t AYll 21)(1 A‘.{le) + o (9.2)
¥ I g2
12 12
(Y11°Y21) -f s cov(¥y, ¥ 21) _cov(¥, ¥ 12) _cov(¥pYp)
° Y 2 b4 B §e
2 - : 12 1 | 1*2
- = s 2
cov(¥), ¥,,,7,) 0,0, @m0 |
. ? .T + E L ? ° (9“3)
1 2 Y 1 ,

This gives the bigs of h§;

9,3, Variance of hXé

We are considering the approximate variance of hié .

=y 22 N 1 .22 N1 o2
V() &7 g gy (el o - 2Rp) - 2eR <y g REoy,

2
62 (N“‘n)
n Nul

©



Proof:
As before,
.. ¥
I, =aq =2 + BT+ QT -
110
Then,
= Y 22 =
V(,T,) =& v(ll ) + PU(T,) + (1-a)7Q7V(T,,)
2 22
e Y
Y.. Y Y,
+ 2aQP cov ( 1L 21 ) +2a(l-a) Q cov (- ll £l s .Y22)
RSY Yy
+ 2P(l-a)Q cov (YEJ.’ )
Yy 11 -21 = —11?21 =
Let us consider V (—-—-ﬂ, cov (=== 121) -Tf-—-, Y22) .
Y, 12 '
c— — 8 - . !
e, e v(T,) v(Ey)  cov(¥)Y,) V(YlQ)
1) v (=== & ¥, = + ‘?—-—4-2 —= + 2
: Yo - 1 > 4% 1
cov(¥y,, ¥5) cov(Y,;,¥,,) ]
-2 £ -p — 22
1 : RIS
. A
s XA N G2, GS (B=Bn,
| e T-1 nRg N-1 Pn T Pn ‘B-l
Proof: As (9 2), we can write :
Y
“11t21 Y
= Y (1+AY 1t AY21+ AYll 21)(1 AYle)
T
12 |
- - 2
.Y, (F- %)
., %
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L
= £ (1407, + 8T, + 0T AT - AT - AT, AT, - 4T, AT,
72
- 4T, A7, 4T ) + T,%, (- 1)
1187, AT = P .
12 1

If we neglect all moments higher than the second in the wvariance of

Y1170
Y2

then we have the above result.

YllY2l - = -
ii) cov (——Y_—- R Y21> %V(Y ) + R cov (Yle, 21) - R cov (Yzl’ Yle)

12
2 N . =
b o , Y
"‘TP% (Ni"n) - Rl\flf'% where R =;§
[ ] Yl
Proof': o _ o
Y. X Y .Y Y.Y
11721 = 11721 11721, . =
cov (===, Y,,) =E (—=°) -E () EY, .
SRAT 110 Y10
Since, 2
Y. .Y 2
11721
= = (14T + AT, + AY11A§§1+ 20T,
12
—2 -— =
Y. Y. Y -%Y 2
+ 207, 0T )(1 -0T, ) + -
| e N
and if we neglect all moments higher than the second, then
.5, | 2 V(Y ) cov(¥y,,Ypy )  coviYyy,Y,p)
E—=== &2 ¥, (1+ = + 2 === - &
Y12 : 2 1% 1
s cov(YZl, Y12) )
EX
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Y. Y
E L2l is given in (9.3) .
P
Hence
1Yo o, 2 21) °°"(Y11’ Yy) cov(¥; 1,7, ,)
cov (=== 21)? l+ # = —
12 | 2 R 1
s c0j(Y21,Y12) L. cov(Yll, l) . cov(Yll’YlQ) . cov(YEl,Yla)
AR pER g 1R

. V(Y ) cov(Y, . ,Y..) cov(Y..,Y..)
. ,}g[ oY) 217"10 ]

+
- —
?g v, LY
"g N-Pn ¥ 12
* 5 FT) "RET m .
YT o
1% = . - >
iii) cov ( Sk Y22) & cov (Y ) = - oy .
12 :
Proof'; _ _ - - - -
7.7 7.7.% T T
11501 1101 Y00 11%1 _ =
cov (==, Y,,) =E (T=5) -EST=EY,, ,
- X, : 110 Y10
gince
-— - = — = = =
Tatate (Gt Y, Yl)(Y2+Y21-Y2)(Y oo~ 1)
r— = — o=
Yo C(r Y- )
?2 T
- (1+AY )(l+AY )(1+AY )
7 l+AY12

? (1407, +AY21+AY11AY21+AY T 8T

+ AYElAY22+ AYllAYEalAYQQ AYl AYllAYlE
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- Y, O, - O}, A, AT, - AT AT - AT AT AT,

T 07 ) + 1YY (Yle"fl)e

21722 7 ‘ g . ‘
12 1

AY2 1AY22AY12 AY AY12A

cov(ﬁ(:Ll 21) cov(Yl:L 22)
77 £

.Y ¥
(113122)% ?2(1_'_
A4
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Hence, if we neglect all moments higher than the second,
cov(%y Tp)

Y12
Ceov(fTyy)  eov(@yTp)  cov(TYp) )
=2 : = = J
Yl Yl§2 Yl§2
¥.Y
and E (-—]-%_-?-J-'-) is given as in (9.3)
Y12 . ,
Therefore,
cov (Yllya:L ¥, )= cov(¥.., ¥..) .
¥ 2 Teel . 21’ 22
12 ’
Finally, - _
V(lje)fae[V(llel)d-V( )~=2cov(1121- )]
. . Y12 A
. TR

ll 1=
2 21) - Q cov(
T,

-2a[QV(Y )wPQcov(
Y12
) + 2PQ cov(Y. o1 22)

l\)

'+PQcov(2122)]+P2V( )+ &8,

mop+ oF] - 2

22 N
=a4q F—TH’I?&[RQ“l NlnPQ %0
2 .

2 (&g

o W
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9.4, Variance of Yon- Yé5

- L
in V(EYE) vhen Q > 3

Referring to Figure 5.2 in 5.3.1. iéz can be written as a linear

combination of Yéo and Yé5 s Where YQO is a sample of mean size (@-P)n

based on those units which come in a sample on second occasion only. Then

¥ = i~ ((0-P)n T = Q__P: +B2F
Yo & ((@-P)n Yoot Pny ) Q Y, 23
- - - = Q;P, wwa

and Yop= Yoz 3 (Y Yoo ¥ 3) .

‘The variance of Yéo- 225 is

VCEQO 5) = V(Y O) + V(Y 3) 2 cov (T 0 25)

2
02 (N ann) - == ( ) D 32_
@P)n -1
= j'_g.
N-1 (Q-P) Pn ’
Therefore
| T T N _2
V(Yoo Yo5) = o7 g (@-F) -
9.5. Covariance (le ¥5 Y21 5) in V( ) when @ > —»

Again from Figure 5.2 in 5.3.1
cov

(Yﬁl 52, Yo" Y25) cov YBl o™ COV Y§l 23 °

Now consider cov (Yzl, Yée) .

Since
7 =9P7 ,Pg
Yee 3 Yoo Q Y, 23
= Q-P = Ps
cov (Y ) cov (Y5l, a2 Yoo + 3 Y23)
=-9——2 P 22 (NEnm - 223 N-an
N-1 Q Pn  ‘N-1 Qn N-1 °
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Hence
T T.)-2504n 23 IPn
cov (Y51 32, Y Y25) SN e G )
g
= . 22
FT g (FQ) -
9.6. Variance of £5w when _>_%'-
02 o
Ngny N 3
V(o 5w) = G - w1 nhg sy
Proof:
In 5.3.1,
= -é 2 N 1 T2
V(Y ) ( )+5 lnPQ[Bo(QP)E(QP)o‘eE
+ abdP+aSQlat~ 262Q°0, = 2a_P ]-2 ._N..Eii
850180 01 28,Q 015 28 Poy5 |- 285 §T IRy
From (5)
2(0'24'20'2-220'):2.202.5- P
Boyllp + Q70 - 2Q70y,) =ay, ey w23
Po?
- - - R = -}
“% + 0'2 (@-P) - 8, Pd ;- 20,5(Q-P) o
Hence
2*3w/ T @Qn ‘N-1 7 7 N-1 nPq "~ 3w
A . = = 1
9.7. Variance of 2Yoz and QYaw vhen @ > 5
From EYQ in 5.3.1,
2 2
% ° a-2 2.2 2 e °§ -

)% any, 20 % ]
VoY) =g )t TIam 2 fafa-1 0t -4 1 R (@-P)

- -



-2 > o
fOp a2 Mo 2 22 N
. a °°° “a-i N-1 nPQ *Tt 2% N-1 nPRQ
i=l
Pae Pa
sog L0 _ o2 N a-l) (@-P) - 28°a alg-1) N
o N-1 nPQ a N-1 nPQ aa-1 nPQ  N-1
S0 22 N (a-l)(a-a)fq_P) - pa2:? 2 N P9g-1)a-2
o a-l N-1 nPQ \ o a-1 a-2 N=-1 nPQ

. nPQ
g Po
2 N 2 2 2 N 2
~28  oee a5 Nl —nP-% (g~-pP) - 2aa cew 8282 F:ITP%
g
2.2 N 12
- 28 con aEQ 'ﬁ.‘:i‘ ﬁ
e
a (N-Qn N I 2
Qn (N-l )+ FoT g %o {ag * G 1(@-P)-2 g ala- :L)(Q""P)'eac:t«-:LP‘T
o .
* e (G * e (Q-P) - 200y ) 1y (@-P) = 28, SPI(y ) Yy)
2
e [Ge * "2-5“’*"’) "2 9y oy QP) - 28y POy oY)
2 2
+ 8y [o + 0, (@-P) ~ 20,5 (Q-P) - 2 a2P623
2
2 N %
e [ rdfan) - edfo]] o T e i e -

gaz a S J_L(___)_-1+l -3 (@- P)-Za 2. .88

-1 °°° 8qei+l N-1 a-1+1%-1

PCJr(ct-i+1 Y(@-1)

1hL

N
N-1

a(a-1)
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The partial derivative of V(Ei;) with respect to a provideé the optimum

i
value of a, inh(5f21)a
3 ( ) a- = , P923
3&2 aw P + Q202- 2Q20
: 2 1
2 : o
aa V( ) = ai(":aL*"i-l(Q'? )'2°i,i-l(Q"P)'ai-lpc’i,i-f;'r"i,iﬁul' 0
o 1(i+1)
iw
°2+"2 1(Q“P)'2°1( 1)(Q'P)'a(i 1w P94 (1-1)
| Pa2
aaT V(2§a) R ’
@ =7 -1 (@°P)-25 a(a- )(Q )2 (1 W% (an1)
Substituting &, in V(2Y ), we have
WI )= ( ) N f;.._ Pa
2o’ N-1 aw =

9.8. Variance of Ys when @ < %-;‘

Referring to 5.3.2, the variance of 2?5 is as follows.

V(rafi) = V(¥, ') * 32 V(T - Tpp) + EBazv( 21" afae) + agagqav( T,-1,)

+ 2a5 cov (Y52, Y51 32)+23 COV(YBE’ 01" 22)

+ 2&58.29, .COV(Yj 1 32} 21 22)

2’_Y11' Y2 )+2-a232°°v(y5

2.2

+ 2a a,Q cov )+2a3 Q cov(Y, 51 YQE,Yll Yla)

(Y5~ Typo¥py- T,

V( 0" 23) + 28 cov(Y 22 Y25)+2a cov(Y, Yo" 25, 31-Y32)

+ 2a2 'iig)A

5a2°°"( o Yp5s Yo 22) +2a3a

3 2Q cov( - Yéj’Yll
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. Wwhere EB
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g
N 23
L. cov (Y5 -¥y5,% - 22) *“NI® P
cov (Y 3" 32, 21 22) = cov 51Yél cov Y51 o

Thus, Yfl can be written as & linear combination of Yﬁll and Y§12

11 is the matched portion on the first, second and third‘occasions.

Also Y312

Similarly for Y

is the matched portion on the second and third occasion only.

512 Yéll is the matched portion on the first and second

occasions only and Yélé is the matched portion on all three successive

occasions.

Now cov (Y3l 21) = cov (--'—Ot— QY % + AEC 'f

. b o e =
cov (¥ 22) cov (5 Y51 * P a2 Yop)
..Pq %3 + 2 i@é(“ )
P W1 TP @ ‘F1
g
23  N-Pn
= % ) -
Therefore,
[+
= = y_ N %3 g
cov (Y3 =¥zp, Yo1= Ypo) = F7 Fn'z P
(Pg) 2
2. V(Y 25).% ﬁm o
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This is obtained from 9.4 by changing (Q-P) to (P-q). Next, consider

cov (¥, 00" 25’ 21 22)

) =,COV Y ¥ _-cov Y23 01" COV Yé2Y22+ con25 -

3. Cov(F, 22"~ 25’ 21 Yoo 22721
where
ceov BRF . +8F &7 PRy
Cov(¥y ¥, ) =cov (Fr Yy, + 0 E T + 75 Yo )
> 2
= (?i) Q (Q)Q UL _(Pj,l__@_ (N" P-Q )n )
2 N- P T2 & N - 1
2 2
Lar0) %2 M B g i
2 ¥ N-1Pn \ P -1
02 O'2
T T Y. (BQ) 2 .9 2 N-gn
Cov (Ypp¥ps) PRI TP @n 1)
' 2 A P
. .2 _(PqQ) 2 . Q_2 (B-gn
<o Cov ( o Vo5t Vo) T - ¥ C PRI TR o )
- 2
N "g PQ °§ N % p-g
“"F-1Pn P N1 - °"N§1 nwhg P

The following relations can be obtained easily.
o

T _ v _ N pPq 13
Cov (Y- Yps Y3~ ¥pp) = - 53 2 7
ov (T.-T.,T.-T )=-L 22
21 22’ Tll 12 N-1 Pn
Cov (YBl 32, 22- Y25) =0
T -V .V -7 = P
Cov (Ypo= Yoz Y3~ Ypp) = F1 Pn =0
Substituting those values in V(2Y5) gbove, we get the variance of 2?5

given in 5.3.2.



