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Abstract. Absolute and relative perturbation bounds are derived for angles between invariant
subspaces of complex square matrices, in the two-norm and in the Frobenius norm. The absolute
bounds are extensions of Davis and Kahan’s sin # theorem to general matrices and invariant subspaces
of any dimension. When the perturbed subspace has dimension one, the relative bound is implied
by the absolute bound. The relative bounds presented here are the most general relative bounds for
invariant subspaces because they place no restrictions on the matrix or the perturbation.
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1. Introduction. Absolute and relative perturbation bounds are derived for an-
gles between invariant subspaces of a complex square matrix A and a perturbed matrix
A+ F, in the two-norm and in the Frobenius norm. The relative bounds presented here
are the most general relative bounds because they place no restrictions on the original
matrix A, the perturbation E, or the dimensions of the subspaces. The bounds are
similar in spirit to Stewart’s bounds for invariant subspaces [15, 16] and, in the case
of normal matrices, they reduce to the sin theorem of Davis and Kahan [4, 5].

The bounds presented in this paper demonstrate the following.

1. Relative bounds for invariant subspaces always exist, for any non-singular
matrix A and any perturbation E (however whether the bounds are small
depends on the condition numbers and on the size of ||[A™1E||). In this sense
relative bounds appear to be no more special than absolute bounds.

2. When the perturbed eigenspace has dimension one, the absolute bound im-
plies the relative bound.

3. Absolute and relative bounds share the same subspace condition numbers,
namely the conditioning of the perturbed subspace basis and the conditioning
of an unwanted left subspace basis. This suggests that invariant subspaces
exhibit the same sensitivity to basis conditioning, in the absolute as well as
in the relative sense.

After defining the problem in Section 2, we show in Section 3 that the absolute
bound implies a relative bound when the perturbed subspace has dimension one. For
a perturbed subspace of arbitrary dimension absolute and relative bounds are derived
in the Frobenius norm in Section 4, and in the two-norm in Section 5. The paper
ends with a review of the literature in Section 6.

Notation. I is the identity matrix; || - || is the two-norm and || - || the Frobenius
norm; A* is the conjugate transpose of a matrix 4; and Yt is the Moore-Penrose in-
verse of a full column-rank matrix Y. The condition number with respect to inversion
of a full-rank matrix Y is x(Y) = ||Y|| |YT]|.
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2. The Problem. Let A be a complex square matrix with invariant subspace
range(X), that is,

AX: = X1 B
for some non-singular B;. The perturbed subspace range(X ) approximates range(X}),
(A+ E)X = XA,

for some A. Here A is a diagonal matrix and X has full column rank. The number
of columns in X can be different from that of X;, hence range(X;) and range(X) do
not necessarily have the same dimensions. The goal is to bound the angles between
the perturbed subspace range(X) and the desired subspace range(X;).

The sines of the angles between range(X) and range(X;) are determined from

orthonormal bases as follows. Decompose [9, §4.8] A = XBX !, where

_ (B1 B2 o o (Y
(2.1) B_( B2>, X=(X: X»), X _<Y2*.

Let the columns of @2 be an orthonormal basis for the unwanted left invariant sub-
space rqnge(Yg) and the columns of () an orthonormal basis for the perturbed subspace
range(X). The singular values of

sin © = Q;Q
are the principal angles between range(X) and range(X;) [8, §12.4.3], [13, §3].

3. A Single Perturbed Eigenvector. For a one-dimensional perturbed eigen-
space it is shown that the absolute bound implies a relative bound. The bounds are
expressed in the two norm. A .

Since the perturbed subspace X consists of only one column and A is a scalar we
write instead & and A, respectively. That is,

(A+ E)2 = \e, |&] =1

The principal angle between range(z) and range(X;) is 0 < § < w. The subsequent
absolute bound on sin# is expressed in terms of the separation between B and the
perturbed eigenvalue A,

abssep(By, 5\) =1/||(Bs — 5\1)71“-

Here, as in [15, §2] and in the alternative definition in [16, §4.3], the separation

between two matrices is based on the two-norm, rather than the Frobenius norm as
in [8, §7.2.4], [20, §1].

THEOREM 3.1. If abssep(Ba, A) > 0 then

E
sin 6 S KJ(YQ) %,
abssep(Ba, A)
where k(Va) = [Vall 113 . A
Proof. Replacing A by the partition (2.1) in (A + E)Z = A% and looking at the
second block row gives

(By — M) Yy'i = —Y; Ei.



Take norms and use the QR decomposition Y5 = Q2 Rs from Section 2,

sin 6
(B — A

Yol || > Y5 Ez| > —
[Fell

where [|R; || = [V . O

The above bound contains no explicit dependence on By or Bis. It only depends
on the conditioning «(Y2) of the basis for the subspace range(X2) and on Bs. This
suggests that a subspace in which we have no interest can affect the sensitivity of the
desired subspace. The condition number (Y3) does not exceed the condition number
of the similarity transformation, k(Y3) < k(X).

In the special case when A is diagonalizable one can choose X to be an eigenvector

matrix, and By = Ay to be a diagonal matrix. The separation abssep(Baz, A) reduces
to the eigenvalue separation

absgap(Az, ) = 1/](A2 = 1) 7' = min |\ - A

Thus, when A is diagonalizable Theorem 3.1 becomes [7, Corollary 4.3],

E
sin S H(Yg) %
absgap(Asa, A)

When A is normal, there is a unitary eigenvector matrix X, hence x(Y2) = 1 and
Theorem 3.1 gives the same bound as Davis and Kahan’s sin # Theorem Theorem [4,

§6], [5, §21.
The absolute bound in Theorem 3.1 implies the following relative bound, which
is expressed in terms of a relative two-norm separation between By and A,

relsep(Baa, A) = 1/||Ba(By — M) 7).

COROLLARY 3.2. If relsep(Ba, A) > 0 and A is non-singular then

A 'E
sin 6 S K,(YQ) Hi”A
relsep(Baa, A)

Proof. (A + E)@ = Az implies (A + E)i = #, where
A=3A"1, E=-A"E.

Note that # is an eigenvector of A + E associated with eigenvalue 1, and that A can
be decomposed with the same similarity transformation as A, A = X (AB~") X"
Applying the absolute bound Theorem 3.1 to (A + E)& = & yields

2]

sinf < k(Yy) ——————,
< w(T2) abssep(AB, ', 1)

where
1 1 .

abssep(;\Bfl, 1) = ——— = = = relsep(Ba, ).
’ IABy = D)7 [[Ba(B2 — A7




The absolute and the relative bound have the same condition number «(Y3).

In the special case when A is diagonalizable, one can choose By = As to be
diagonal and the relative separation relsep(Bas, ;\) reduces to the relative eigenvalue
separation

: o AZA
welgap(da. ) = 1/|Aa(Az 1) | = puip 222

Thus when A is diagonalizable Corollary 3.2 becomes

AT'E
sinf < k(Y3) ”7”A
relgap(Az, \)

4. Frobenius Norm Bounds for A Perturbed Subspace. Absolute and
relative Frobenius-norm bounds are derived for a perturbed subspace range(X) of
arbitrary dimension. .

The absolute Frobenius norm separation between By and A is

abssep(By, A) = min ||ByZ — AZ||.
2]l r=1
The bound below can be considered an extension of Davis and Kahan’s sin § theorem
[4, §6], [5, §2] to general matrices and invariant subspaces of any dimension.

THEOREM 4.1. If abssep(Ba,A) > 0 then

- E
|sin Oy < K(Y2) K(X) ﬂ
abssep(Ba, A)

where k(X) = || X|| || X1]]. o
Proof. Replacing A by the partition (2.1) in (A + E)X = XA and looking at the
second block row yields

By Z—ZA=-Y;EX,  where Z=Y;X.
Taking norms gives
IYVa[[ |1 Ellp [ X]| > [y EX||r > abssep(Ba, A) | 7],

where we have used ||AB|r < [[A|l [|B]#. The QR decompositions Y> = @2 Ry and
X = QR lead to

| sin ©]lr

Z\lr = |R;*"Q5QR||lp > —————,
17 = 155" Q3QRIr > 7 Sre e
where [[R, | = v}/ || and [R~"] = | X1]. O

Compared to the single vector case in Theorem 3.1, Theorem 4.1 also contains
the conditioning x(X) of the basis for the perturbed subspace.

When the decomposition of A in (2.1) is a Schur decomposition then Theorem
4.1 has the same spirit as [8, Theorem 7.2.4], [16, Theorem 4.11], and [17, Theorem
V.2.1], where the separation is between B; and Bs, rather than between By and A.

In the special case when A is diagonalizable one can choose By = Ay to be
diagonal, and the separation abssep(Ba, A) amounts to an eigenvalue separation [15,

Theorem 2.4], [16, Theorem 4.7]

absgap(Az,A) = min |A— A
AEA,NEA



Thus when A is diagonalizable Theorem 4.1 becomes

. - E
|sin O] p < K(Y2) K(X) __IBle
absgap(Asq, A)

For the relative bound we define the relative separation between By and A as

R 1
relsep(B2, A) = min - .
A€A || Ba(By — AI)7L|

THEOREM 4.2. If relsep(Ba,A) > 0 and A is non-singular then

, . |A'E
| sin O F < r(Y2) £(X) A7 Ellr_
relsep(Ba, A)

Proof. (A + E)X = XA implies X — A" 'XA = —A1EX. Replacing A by the
partition (2.1), multiplying by X ! on the left, and looking at the second block row
yields

Z-By'ZA=-Y;AT'EX,  where Z=Y;X.

The jth column is

(I -\ByY)Zj =Yy A'EX;.
Taking two-norms,

125l
[1B2(Ba = A1)~

Yy A EX) >

and summing up the squares of the two-norms for all columns gives
Y5 AT EX 3 > || Z]3 relsep(Bs, A).

Now extract sin © from Z as in the proof of Theorem 4.1. O
In the special case when A is diagonalizable, one can choose By = As to be

diagonal and the relative separation relsep(B2, A) reduces to the relative eigenvalue
separation
A A—A
relgap(Az,A) = min | |
xeAsded A

Thus when A is diagonalizable Theorem 4.2 becomes

1
sind < w(¥) (X)) —A_ElL_
relgap(Asg, A)

The absolute bound in Theorem 4.1 and the relative bound in Theorem 4.2 have
the same eigenvector condition numbers k(Y3) and k(X).



5. Two-Norm Bounds for a Perturbed Subspace. Absolute and relative
two-norm bounds are derived for a perturbed subspace range(X) of arbitrary dimen-
sion. The proofs in this section resemble the proofs of [10, Lemmas 2.3, 2.5].

The two-norm bounds require a stronger eigenvalue separation than the Frobenius
norm bounds: The perturbed eigenvalues must be strictly separated from the singular

values of By. The absolute separation is

. 1 ~ 1
absgap(Bs, A) = max  ———= — [All, =7 — Bl ¢ -
185 A

THEOREM 5.1. If absgap(Bz, A) > 0 then

5 E
|| sin ®|| S K,(YQ) I‘.Z(X) %
absgap(Ba, A)

Proof. As in the proof of Theorem 4.1 derive
By Z —ZA=-Y;EX,  where Z=Y;X.

Suppose absgap(Bs, A) %1” — ||A|l > 0 (the other case is similar). Then

~ B,
|YSEX|| = |B2Z — ZA|| > |B2Z| — || ZA|| > || Z|| absgap(B2, A).

Bound || Z]| in terms of || sin O] as in the proof of Theorem 4.1. O
The relative two-norm bound also requires a stronger relative gap,

relgap(By, A) = max {1~ | By Al 1= |A7 |1 1B }

THEOREM 5.2. If relgap(Ba, A) > 0 and A is non-singular then

- AT'E
I sin O] < k(Y2) k(X) ”7”A
relgap(Ba, A)

Proof. As in the proof of Theorem 4.2 derive
7 —By'ZA = -YyAT'EX,  where Z=VYyX.
Suppose relgap(By, A) =1 — || By || ||A|| (the other case is similar), then
1Yy A EX|| = (12 — By ' ZA| > |1 Z| — ||By ' ZA|l > || Z]| relgap(B2, A).

Bound || Z]| in terms of || sin O] as in the proof of Theorem 4.1. O

The absolute and relative two-norm bounds have the same eigenvector condition
numbers x(Ys) and x(X) as the Frobenius norm bounds. Since relsep(By, A) > 0 if
and only if abssep(Ba, A) > 0, the relative two-norm bound in Theorem 5.2 holds if
and only if the absolute bound in Theorem 5.1 holds. As in the previous sections, the

matrix separations reduce to eigenvalue separations when A is diagonalizable.



6. Existing Literature. In the context of absolute bounds, Bhatia, Davis and
McIntosh [3] prove siné theorems for normal operators in Hilbert spaces. Their
bounds are also of the form

sinf < ¢ ||AX — X B||/ absgap,

where A and B are normal operators and X represents a perturbed subspace of any
dimension. Determining the value of the positive constant ¢ amounts to solving a
minimization problem for functions in £; [2]. These bounds are also discussed in [1,
§VIL.3].

For diagonalizable matrices Varah [19, Theorem 2.2] shows that if || F| is suffi-
ciently small then

sinf < k(X)& || E||/ absgap.

For general, possibly defective matrices, Stewart [15, Theorem 4.1], [16, Theorem
4.11] derives a tan ® bound for the case when A consists of Ritz values and || E|| is
sufficiently small. And Ruhe [13, Corollary 1] bounds the sines of the angles between

range(X) and singular vectors associated with the smallest singular values of A. Here

2 _
n—s

o2 where s is the

absgap is replaced by the singular value separation /o o1

dimension of range(X).

In the context of multiplicative perturbations, where the perturbed matrix is
expressed as D1 AD>, relative perturbation bounds for invariant subspaces have been
derived for Hermitian matrices [6, 10] and for diagonalizable matrices [7].

In the context of additive perturbations, where the perturbed matrix is repre-
sented as A + E, relative bounds have been derived for Hermitian matrices. In [11,
Theorem 2.7] an asymptotic bound for a single eigenvector of a Hermitian positive-
definite matrix is derived in terms of the relative gap

A=A
min —— —

AR VAN

and the relative perturbation |[A~'/2EA~"/?||. A similar non-asymptotic bound is
derived in [12, Theorem 1]. It is extended to subspaces of arbitrary dimension and
unitarily invariant norms in [10, Theorems 3.3, 3.4].

The bounds in [14, Theorem 1], [18], [21, §2.1] hold for equally dimensioned
invariant subspaces of Hermitian matrices in the context of component-wise relative
perturbations and are expressed in terms of yet a different set of relative gaps.

In contrast to the bounds presented here, the existing relative bounds for additive
perturbations have the advantage of being invariant under congruence transformations
and grading. However, the bounds here are more general because they place no
restrictions on the original matrix A or the perturbation E. Also they are simpler
and easier to interpret than the bounds in [14, 18, 21].
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