ABSTRACT

KENNEDY, SCOTT MATTHEW. Enhancements & Modeling of Shape Memory Alloy
Morphing Actuators. (Under the direction of Dr. Edmon Perkins).

Shape memory alloys possess many attractive properties for use as an actuator in robotics
systems, such as a high strength-to-weight ratio, low cost, small form factor, and a self-sensing
ability. However, this material is limited due to the hysteresis of the material, slow operating
frequency, and limited deformation. To overcome this, shape memory alloys can be coupled
to other materials resulting in morphing structures capable of large deformations.

This dissertation investigates the static and dynamic modeling of several shape memory
alloy actuators, including linear actuation, single-sided unimorph actuators, and unimorphs
in a series configuration. Additionally, the self-sensing ability of unimorph actuators is in-
vestigated by using voltage readings directly from the shape memory alloy. This dissertation
discusses the following contributions: 1) Static deflection model for shape memory alloy uni-
morph actuators, 2) Construction of a hybrid dynamical material model for shape memory
alloys, 3) Construction of a coupled hybrid dynamic shape memory alloy unimorph model
accounting for dimensionally-varying structures, and 4) Formulation of a machine learning
based approach for a self-sensing unimorph actuator.

Robust dynamic modeling and application of the self-sensing ability to these morphing
shape memory alloy actuators remain under-explored compared to linear shape memory
alloys. In this dissertation, different architectures of shape memory alloy actuators are dis-
cussed including standard linear actuators, single-sided constant and varying cross section
unimorphs, and a series combination of unimorphs. A thorough study on the effects of varying
dimensions and actuator configurations shows that the dynamic response of these morphing
structures can be modified for a specified application. The developed model predicted the
dynamic response for the experimental actuators. The series combination actuator demon-

strated large deformations while moving a payload mass compared to linear shape memory



alloy actuators. Furthermore, a self-sensing theory with machine learning assistance is shown
to be able to predict the configuration of a unimorph actuator by using only voltage mea-
surements from the material. Advancing these models and the self-sensing ability can make

these actuators viable candidates for a variety of fields in soft robotics and medical devices.
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Chapter 1

Introduction

1.1 Problems of Interest & Objectives

Actuators, such as electric motors, internal combustion engines, and hydraulic actuators,
have traditionally been used in robots to allow them to move through and manipulate their
surroundings. However, these traditional actuators typically exhibit miniaturization prob-
lems, low power-to-weight ratios, constrained motion, and a lack of customizable actuation.

Soft actuators, such as ionic polymer-metal composites, shape memory alloys, shape
memory polymers, pneumatic artificial muscles, dielectric elastomers, carbon nanotubes, and
many others, have been developed as micro-actuators due to their excellent performance at
small scales [2, 3, 4]. These various types of soft actuators produce linear or bending motion,
and can be implemented into structures that are capable of emulating the movements of
biological organisms (e.g., a human hand [5], a human ear [6, 7], or a caterpillar [8]). Many
of these actuators perform well in aqueous environments, leading to the development of
biomimetic underwater soft actuated robots (e.g., a jellyfish [9, 10, 11], a turtle [12, 13], and
a cuttlefish [14]). However, these materials are understudied and exhibit complex dynamics
compared to traditional forms of actuation and are therefore not widely used in the field of

robotics.



The research objectives are 1) to model the deformed configuration of SMA
unimorph actuators, 2) to modify the geometry of an SMA bending actuator
in order to achieve a desired deformation path, and 3) to develop a robust self-
sensing scheme in order to calculate the current deformed configuration of an
SMA wunimorph actuator. This work is expected to enhance research and technology
in the areas of soft robotic design, biomimetic robotics, and deformation of highly flexible
structures.

The literature review is presented next, which is adapted from [15, 16, 17, 18].

1.2 Literature Review

The field of soft actuators is quite broad, so some of the most important types of soft actuators
are first discussed. Ionic polymer-metal composites (IPMC) are composed of an ionically
conductive membrane between two electrodes. The membrane contains the electrolyte, and
upon application of a voltage, cations move from the anode to the cathode resulting in
swelling of the cathode and a bending of the actuator [19, 20]. Dielectric elastomers (DE)
are similar to parallel plate capacitors with a compliant dielectric material between two
electrodes. When a voltage is applied to the electrodes, a resulting electric field creates an
attracting force between the two electrodes causing the dielectric material to decrease in
thickness and increase in length and width [21, 22, 23]. Pneumatic (McKibben) actuators
consist of a deformable tube surrounded by a braid of in-extensible fibers. When the pressure
of the tube is raised and lowered, the actuator contracts and extends, respectively. Recent
research has looked into developing pneumatic actuators with more modes of movement
outside of the traditional contraction and extension. PneuNets are pneumatic actuators that
are molded with internal cavities that inflate when pressurized, which causes the actuator
to move based on the configuration of the networks allowing for more customization of the

actuation movement [24]. 3D printed molds can be used in order to customize the shape and



movement of the actuator. This technology has been used to create grippers [24], crawling
robots capable of maneuvering around objects [25], and tentacles [26]. The properties and
movements of these actuators are dependent on the internal configuration of the channels
and the materials used [26, 27] and have been shown to be able to achieve over 10° cycles at 2
Hz actuation [28]. Hydraulically amplified self-healing electrostatic (HASEL) actuators aim
to overcome the disadvantages of both dielectric elastomers and pneumatic/fluidic actuators.
HASEL actuators consist of a dielectric fluid sealed inside an elastomeric shell with part of
the shell covered in electrode material. With this configuration, all of the fluid for actuation
is stored locally and not supplied by an outside pump/compressor. When the activation
voltage is applied to the electrodes, the electrodes are pushed together causing the fluid to
move into the unactuated part of the elastomeric shell (the portion not covered in electrodes).
This causes an increase in hydraulic pressure and a resulting deformation of the shell [29].
This idea was expanded upon with the Peano-HASEL actuators. Peano actuators use the
contraction of a tube when it is inflated in order to linearly contract. These tubes are lined
in series to increase the overall contraction of the system [30]. The Peano-HASEL actuator
applies the HASEL actuator configuration to the Peano design of many tubes in series [31].
However, these actuators still require high activation voltages, which are not desirable for
mobile robotic applications.

Shape memory alloys (SMA) are metal alloys that can recover strain through a phase tran-
sition. This phase transition can be initiated by increasing the temperature of the material
(i.e., the shape memory effect) or increasing the stress on the material (i.e., the pseudoelastic
effect) [32, 33, 34]. The most common SMA material is nitinol (a nickel titanium alloy). SMA
actuators have many advantages, such as low cost, high strength-to-weight ratio, small form
factor, and the ability to self-sense its length [1, 16]. Since the strain recovery is a property of
the material and the alloys that exhibit this property also possess high strength-to-weight ra-
tios, these materials have often been used as micro-actuators [35]. Recently, it was also found

that a shape memory alloy actuator can be used as a physical reservoir computer, which can



predict its own future state [36]. However, SMAs also have several drawbacks, such as com-
plex modeling due to the hysteresis between the forward and reverse transformations, low
strain recovery in order to maintain high cycle life (4-5%), and low operational frequencies.
Various functions have been used to model the phase kinetics of SMAs, including linear
[37], square root [38], cosine [39, 40, 41], exponential [42, 43|, and Richards [44] functions.
Recently, a hybrid dynamical modeling approach has been used to determine the transition
direction of the material with the use of a modified form of the Miiller-Achenbach-Seelecke
model to describe the phase of the material [45, 46].

In order to overcome the small strain recovery and low operational frequency range,
an SMA can be implemented in a unimorph or bimorph configuration [47]. This type of
morphing actuator couples a passive material with an active material (in this case, an SMA
wire). The unimorph has an active material only on one side, whereas the bimorph has
active material on both sides. The SMA is pre-strained and then anchored to the ends of the
passive material at a certain offset. Upon heating the material, the material will transition
and begin to recover the strain. This imposes a bending moment on the passive material,
which results in a bending motion of the whole structure. These actuators can achieve large
levels of deformation from the neutral (resting) configuration of the structure [15]. These
morphing actuators have been used to replicate the motion of biological structures, such
as aquatic animals [48, 9, 49], human fingers [50, 5, 51, 52|, and medical devices [53, 54].
Additionally, bimorph SMA actuators have been shown to be able to increase the operational
frequency range of SMA actuators by leveraging the resonance frequency of the passive layer
[55, 13] as well as create micro-positioning systems [56]. The deformation profile can also be
altered by combining these actuators in series with the SMA wire alternating sides [57, 58].

Nonlinear beam models are required to accurately model these structures due to their
high deformation capabilities. These models are then coupled to the SMA material model in
order to calculate the configuration of the entire structure. Various methods have been used

to dynamically model the morphing structures, including the transfer matrix approach [10],



the shear-lag model [59], and FEA methods [60]. Previously, the Cosserat method has been
used to model highly deformable structures [61, 62, 63, 64] and tendon actuated structures
(65, 66, 67].

The final major impediment of useful SMA actuators is sensing and controlling the cur-
rent configuration of the structure. External sensors that measure strain, displacement, or
temperature can be used to sense the configuration, but these add additional cost and com-
plexity that negates the benefits of its small form factor. As an alternative to external sensors,
the material’s electrical properties can be used to “self-sense” the strain [68, 69]. The rela-
tionship between stress, strain, and resistance in an SMA linear actuator at various amounts
of prestress has been previously investigated [70]. The relationship between the resistance
and strain of an SMA linear actuator at various constant stress conditions, including the
effects of stress on the resistivity, has also been studied [71]. Polynomials have been used to
fit the experimental data to relate the resistance to the strain of a SMA linear actuator for
a feedback control system [72]. The resistance and strain relationship was also used to track
and control the tip displacement of an SMA embedded composite beam [73] and a flexural
finger [74]. Additionally, a hysteretic recurrent neural network with a temperature observer
was used to control the bending of flexible beam [75].

While these methods show good results, the relationship between the resistance and strain
is not only a function of the phase. Thermal and stress conditions also affect the electrical re-
sistivity, even though the phase is the dominant factor; it is often assumed that the hysteresis
in the resistance-strain relationship is sufficiently small. Therefore, these resistance-to-strain
sensing techniques are only accurate for known external conditions (i.e., stress is applied to
the material), and they cannot be generalized to SMA actuators under unknown stress and
temperature conditions. To overcome these complexities, a dual voltage measurement with
a sliding probe was used to estimate the SMA length for use in control systems [1]. This
method showed good results across different stress states of a linear SMA actuator with no

knowledge of the phase fraction, temperature, or stress state of the material.



1.3 Outline

This dissertation is organized as follows:

e In Chapter 2, the maximum deformed configuration of a shape memory unimorph is
studied and compared to a steady state beam model derived from Cosserat theory.
Modeling the beam as a material line connecting its individual cross sections, the
force produced by the shape memory alloy is applied as a boundary moment at the
tip of the beam. This model is compared to experimentally built unimorph actuators.
These actautors consist of a spring steel base material with adhered offset holders to
constrain the SMA wire at a certain distance from the beam. Four different length
actuators are tested by adhering reflective markers on the side and recorded with a
high speed camera and processed with MATLAB image processing. The model is also
compared to simulations of the beam to verify the applied moment boundary condition
for the shape memory alloy. These results show that the Cosserat method is capable of
modeling these types of morphing structures and give insights into the design of these

structures. This work is adapted from [15].

e In Chapter 3, the dynamic response of shape memory alloy linear and unimorph actu-
ators are studied. The shape memory alloy is implemented in a hybrid dynamic system
in order to capture the hysteretic response of the material by using the derivatives of
the stress and temperature states. The state equations for stress and temperature are
derived and added to the continuous phase kinetic equations. This model is then veri-
fied by comparing the calculated response to the experimental response of linear SMA
wires with various input electrical waveforms and unimorph SMA actuators with a steel
base material and different offset distances between the SMA wire and base material.
This study showed that the formulated model produced accurate results compared to

the experimental response of the actuators. This work is adapted from [17].

e In Chapter 4, the previous formulated model is adapted to incorporate varying di-



mensional properties of the base material as well as a series combination unimorph
actuator. Varying the dimensions of the base material allow for designed deforma-
tion characteristics, such as end effector location, deformation path, and maximum
deformed configuration. The prototype series combination actuator consisted of two
unimorphs adhered together in a series fashion. The SMA is routed such that it is
on opposite sides of the unimorphs. This actuator was experimentally tested with two
different payloads to investigate the effect of a payload weight on the deformation
and robustness of the model. The model accurately calculated the response of the
3D printed actuators during the martensite to austenite transformation and the series

combination actuator for different payloads. This work is adapted from [18].

In Chapter 5, the self-sensing ability of unimorph actuators is explored. The theory
behind self-sensing using voltage measurements at known locations is first derived for
linear SMA actuators. A variety of voltage combinations and positions are experimen-
tally tested and the corresponding lengths are compared to high speed camera data.
The resulting data showed that the theory is correct but large known distances need
to be used. Since that is unrealistic for a unimorph actuator, this theory is paired
with a machine learning algorithm to improve accuracy of the measurement during
undesirable conditions. A prototype self-sensing unimorph actuator is built that al-
lows voltage measurements to be taken at known locations. Three different electrical
waveforms were supplied as inputs into the SMA wire for activation while a high speed
camera recorded the movement. A variety of machine learning algorithms were tested
to determine the optimal one with the voltage measurements from the SMA wire used
as inputs into the algorithms. Overall, a Random Forest Regression producing the best

result in terms of predicting the actuator motion. This work is adapted from [16].

In Chapter 6, concluding remarks and future directions are discussed. This dissertation

provides a comprehensive SMA model for use in a variety of morphing actuators. This



model allows for the design of actuators for a targeted goal, thereby expanding their

use in various robotic fields.



Chapter 2

Cosserat Modeling of Shape Memory

Alloy Morphing Actuators

In this chapter, a static Cosserat model is developed to model the maximum deformation
of a unimorph shape memory alloy actuator. The static equations of motion are derived
with the shape memory alloy modeled as applying a moment to the beam tip. This model is
verified against experimental actuators of various lengths. Deformation data is collected via

high speed camera and reflective marker tracking.

2.1 Geometrically exact beam theory for SMA uni-
morph actuator

In geometrically exact beam theory, the three-dimensional structure is characterized by a
line deforming in space provided that the aspect ratio (i.e., length to diameter) is sufficiently
large. The material line, often called the Cosserat curve, can be any smooth line that connects
all the cross sections of the beam. However, the line is often chosen as the line that connects
the centers of mass of each cross section, which leads to a simplification of the equations

of motion. It is assumed that the cross section at any given material point along the curve



remain rigid in the system, which means that the position of individual material points in
the cross section remain unchanged relative to each other during deformation [76]. In this
work, due to the aspect ratio of the SMA and the passive structure, it is assumed that the
structure is neither shearable nor extensible. Therefore, if the position of the material line is
known, the configuration of the three dimensional object is also known in its entirety.
Every point along the material line is described by a position vector, ¥(s;t), which is
parameterized by the initial arc length parameter, S, which spans from 0 to L (the length
of the rod), and time, t. Since the actuator to be tested in this study moves in a single
plane, the theory is simplified to its two dimensional form. The configuration of the rod in
Euclidean space with mutually orthogonal unit vectors, i and j, can be described as:

~ ~

F(s;t) = x(s;t)1 +y(s; b)) (2.1)

Both X and y are functions of both s and t, where X and y describe the position of the
material line at S and time t. In order to determine the deformation of the structure, it is
convenient to attach a coordinate frame to the material line of the beam. This orthogonal
coordinate frame consists of two unit vectors for the two dimensional representation. Because
the beam is assumed to be unshearable, the unit vector & is normal to the cross section at
S, & is equal to the unit vector of the tangent vector, d¥=ds, and b is orthogonal to &, as
shown in Figure 2.1.

The local coordinate frame is related to the global coordinate system through the follow-

ing rotational transformation using equations (2.2a) and (2.2b).

~

a(s;t) = cos( )i +sin( )j (2.2a)

~ ~

b(s;t) = sin( )i+ cos( )] (2.2b)

Here, (s;t) is the angle between & and i, which is also a function of s and t.
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Figure 2.1: SMA bending actuator in the initial configuration (a) and deformed configu-
ration (b) showing the global and local coordinate system used for the modeling and the
associated variables.
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2.1.1 Equations of motion

The general equations of motion per unit length for a Cosserat rod are constructed by

performing a force and moment balance on the system [61]:

Ag + = A‘Ftt + IE)tt (233)

ms + FS n+ IR - IB Ftt + JB Btt (23b)

The subscripts of the variables denotes partial differentiation with respect to the variable in
the subscript. The vectors T and Ik represent the external force and moment vectors per unit
length applied to the system, respectively. The internal force is represented by the vector,
A, and the moment is represented by the vector, M. The density of the material is , while
A, I, and J represent the cross sectional area, mass moment of inertia, and area moment of
inertia of the beam, respectively.

For a beam undergoing planar motion in two dimensions, the internal force and moment
vectors can be decomposed into components in the local or global reference frame of the

beam, & and b. These vectors then have the form shown below:

~ PN

A(s;t) = Ny(s;t)i + Na(s; t)j (2.4a)
= N(s;t)a+ H(s;t)b (2.4D)
m(s;t) = M(s; )k (2.4¢)

Here, N is the force in the & direction, and H is the force in the b direction. Since the beam
is assumed to be inextensible and unshearable, N is the axial force, while H is the shear

force. The quantity M is the moment about the k direction.
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2.1.2 Full model with continuous SMA force

The goal of this study is to model the maximum deformation configuration of an SMA
embedded unimorph actuator. Therefore, the time response of the actuator will not be cal-
culated, and the time derivatives in equations (2.3a) and (2.3b) will be set to zero as the
system will be assumed to be static in its maximum deformed configuration. The equations
of motion are then modified to include the spatial derivative of the force produced by the
SMA actuator and the cross product of the position vector spatial derivative and the SMA

force vector.

As + |Esma;s =0 (2.5a)

ms + Fs n + Fsma;s Fsma — O (2-5b)

Since it is assumed that & is the unit vector in the direction of d¥=ds and that the SMA
wire is held parallel at a constant offset to the material line of the beam for this study,
Fsma = Fsma@. The magnitude of the SMA force is constant, but the direction changes
spatially as the beam curves (i.e, as  changes). It is also assumed that no external forces,
such as gravity, are acting on the system.

In order to model the force generated by the SMA wire as a continuous force throughout
the length of the beam, the location of the SMA wire at every point, S, needs to be known.
The SMA position vector can be related to the configuration of the beam by the angle, |
and the SMA offset, d:

~

Foma(X)Y, ) =F+db (2.6a)

= x dsin( ) i+ y+dcos( ) j (2.6D)

In order to solve the static equilibrium equations, boundary conditions need to be specified.

13



The boundary conditions for this model are as follows:

x(0) =0 (2.7a)
y(0) =0 (2.7b)
(0)=0 (2.7¢)
N1(L) = Femacos( (L)) (2.7d)
No(L) = Femasin( (L)) (2.7¢)
M (L) = qdFsma (2.7f)

The number of wires, ¢, the offset distance of the wire from the material line, d, and the
force from the SMA, Fsma, all affect the moment, M. This set of equations can be solved for

the kinematic unknown,

2.1.3 Pure moment case

For the following discussion, the assumption is made that the force of the SMA is negligible
as compared to the moment that it applies at the end of the beam. Using this assumption,

the equations (2.5a)-(2.5b) can be further simplified:

R =0 (2.8a)

Integration of equation (2.8a) shows that the internal force is constant throughout the rod:

The Euler-Bernoulli constitutive relation is also assumed throughout this paper, which is

14



shown below in equation (2.10):

M=EJ, (2.10)

Here, E is the elastic modulus of the passive material. Using this relation and substituting

equation (2.9) into equations (2.8a) and (2.8b), the following differential equations are found:

Ms Niys + Noxs =0 (2.11a)
M=EJ (2.11b)
Xs = cos( ) (2.11¢)
Ys = sin( ) (2.11d)

This is a fourth order system with unknown parameters N; and N,. In order to obtain a
solvable system of equations, equation (2.11a) can be integrated with respect to S, resulting

in a set of third order differential equations:

M Npy + NoX + M, = 0 (2.12a)
M=EJ (2.12b)
Xs = cos( ) (2.12¢)
Ys = sin( ) (2.12d)

Again using the assumption that the force of the SMA is negligible as compared to the

moment at the end of the beam, the boundary conditions (2.7a)-(2.7f) can be written as:
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x(0) =0 (2.13a)

y(0) =0 (2.13b)
0)=0 (2.13¢)
Ni(L) =0 (2.13d)
N,(L) =0 (2.13¢)
M (L) = qdFema (2.13f)

For this simplified system, an analytical closed form solution can be obtained. From
equation (2.8a), it is known that the internal reaction force in the structure does not change
with respect to S. Along with the boundary conditions in equations (2.13d) and (2.13e), the

internal reaction force can be written as follows:

Ni(s) = 0 (2.14a)

N,(s) = 0 (2.14b)

Using this relationship with equation (2.11a), it can be determined that the internal
reaction moment also does not vary with respect to S and is constant throughout the beam.
Combining this with equation (2.12a), it can be shown that the internal reaction moment is
equal and opposite to the moment boundary condition. Equation (2.12b) can be integrated

and solved for using the boundary condition, (s=10)=0:

_Ms

= =3 (2.15)

Using the relationship shown in equation (2.15), equations (2.12¢) and (2.12d) can be inte-

grated in order to solve for X and y as functions of s:

16



EJ . Ms

X(S) = V S11 E (216&)
EJ Ms EJ

The two models presented in Sections 2.1.2 and 2.1.3 were solved using parameters from
the experimental actuators tested in this work. The model from Section 2.1.2 was solved
numerically using Mathematica, and the analytical solution (equations (2.16a) and (2.16b))
were both plotted in Figure 2.2. Thus, the assumption that the force of the SMA is negligible
in comparison to the moment it imparts at the end of the beam seems very reasonable. For
this reason, the equations presented in Section 2.1.3 will be used to model, in conjunction

with the force from the SMA as calculated in the next section, the experiment in Section

2.2.

2.1.4 Shape memory alloy force

In order to solve for the maximum deformed configuration of the system, the force being
produced by the SMA wire needs to be calculated. The state of an SMA material is dependent
upon the temperature, stress, current phase fraction, and direction of the phase transition
of the material. The SMA’s one dimensional constitutive relation developed by Boyd and
Lagoudas [77, 43, 47] will be used to relate the strain of the material to the stress. Therefore,
the force of the actuator can be calculated with the cross sectional area of the SMA wire.

The constitutive relation takes the form:

— Egmna™® (2.17a)

— Esma " untransf T TO (217b)

The stress is equal to the elastic modulus of the SMA material multiplied by the elastic
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Figure 2.2: Comparison of continuous SMA force model and pure moment model, using
actuators of nominal lengths: (a) 66 mm, (b) 107 mm, (¢) 125 mm, and (d) 135 mm. The
green dashed line represents the solution of equations (2.5a)-(2.5b) with boundary conditions

(2.7a)-(2.7f), while the black solid line represents the closed form solution given by equations
(2.16a)-(2.16b).
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strain, "¢, of the SMA material. The elastic strain can be decomposed into three different

strains: 1) the total strain of the SMA material in the current configuration of the actuator,
" 2) the transformation strain, ""@T and 3) the strain produced by thermal expansion or
contraction. As will be described later, it is assumed that the configuration of the wire is
the same as the host structure with an offset of a distance, d. This assumptions enables the
calculation of the strain from the current configuration. Typically, the strain resulting from

thermal effects is neglected, since it is significantly smaller than the other two. Thus, the

equation simplifies to the following:

= Esma " ntransf (2.18)

The total strain, ", is a function of the length of the SMA wire in the current deformed

configuration of the actuator:

"o I—sma I—

nprestrain 2.19
— (2.19)

Here, Lgma is the current length of the SMA wire in the deformed configuration, L is the

length of the undeformed beam, and "Prestrain

is the prestrain imposed on the wire before
being routed into the actuator. Using the closed form solution used previously (equations
(2.6b), (2.16a), and (2.16b)) and the assumption that the SMA wire is held at a constant
offset, d, from the beam, the functions for the X and y positions of the SMA wire at every

point, S, can be formulated as follows:

Ms EJ

Xsma(s) = Sin g V d (220&)
Ms EJ EJ
ysma<s) = COs g d V + V (2.20b)

The material properties, E and J, are material properties of the beam, while M is an

unknown parameter. The length of the SMA wires based on the deformed configuration of
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the beam can be calculated as:

Z.q
Lsma = ) XZmas T Y2masds (2.21a)
M Ms EJ
Xsma;s(S) = g COS E V d (221b)
M . Ms EJ
ysma;s(s) == E S1n E d V (221C)

Here, Xsma:s(S) and Ysma:s(S) are the spatial derivatives of the X and y functions of the SMA
wire with respect to S. Therefore, the length of the SMA wire can be calculated as:
Md

Since the stress on the SMA is changing as the material transitions, the wire cannot
recover its entire prestrain as the material follows a loading path on the material stress-
strain curve [53]. The "'t term in equation (2.18) accounts for the part of the prestrain
that remains unrecovered during the transformation process. The amount of this unrecovered

strain is related to the stress that the passive material imposes on the SMA material as:

Fsmad2
EJ

ntransf __

(2.23)

This yields the following equations to determine the maximum deformed configuration of

the SMA embedded beam:

EJ Femad
X(s) = F g sin Em; s (2.24a)
EJ Femad EJ
_ 9.24h
YO = 5% E3 S TE.4 (2:24b)

The force in the SMA wires, Fsma, is calculated by substituting equations (2.19), (2.22), and

(2.23) into (2.18) and multiplying by the area to get units of force:
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= + uprestrain (2.25>

1
I:sma = Zlquma nga

Here, Dgma is the diameter of the SMA wire, and Egma is the elastic modulus of the austenite
phase of the SMA. In order to account for the two wires running the length of the beam, the
cross sectional area in = F=A will be A = 0:25q D2, as in the leading term of equation

(2.25).

2.2 SMA unimorph actuator design, fabrication, and

experiment

2.2.1 Design and fabrication

Four SMA actuators were designed and fabricated using a unimorph structure to achieve
high deformation motion. The active layer of the actuator consists of a 100 m diameter
SMA wire (Flexinol, Dynalloy, Irvine, CA). The passive layer is composed of 1095 spring
steel with a rectangular cross section. A 3D printed structure was adhered to the spring steel
with cyanoacrylate glue to fix the SMA wire at an offset from the resting configuration of
the beam as shown in Figure 2.3. These structures were printed using a Formlabs Form 3
(Formlabs, Durham, NC) using the high temperature resin to ensure that the structure did
not break during heating cycles of the SMA. The open structure limits friction induced onto
the SMA wire and parasitic heating or cooling effects from the passive layer.

The SMA wire is routed from the fixed end to the free end, then it is looped back to the
fixed end; this allows all the electrical connections to be placed at the fixed end, as shown
in Figure 2.4. This ensures that no electrical wires or connections affect the deformation of
the structure. Actuator parameters and material properties of the passive metal and SMA

wires used in the model are shown in Table 2.1.
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Figure 2.3: 3D model of SMA unimorph actuator with passive steel beam and 3D printed
offset holders constraining the SMA wires (shown in blue) to the beam.

(a) Top view

(b) Side view

Figure 2.4: Picture of SMA unimorph actuator from (a) top view and (b) side view. The
electrical leads can be seen on the left end of the beam. Reflective markers used for the
motion tracking can be seen along the length of steel, as well as the SMA routed along the
length.

Table 2.1: Material properties and parameters.

Property Value | Units
Elastic Modulus 200 GPa
Austenite Modulus | 70 GPa
Width 12.7 mim
Thickness 0.1016 | mm
SMA Diameter 0.1 mim
Offset 1.2192 | mm
SMA Prestrain 4.25 %
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2.2.2 Experimental setup and processing

An Edgertronic SC2+ camera (Sanstreak Corp., San Jose, CA) was used to collect kinematic
data at 200 frames per second to track circular markers at increments approximately 10
mm apart to approximate the movement of the actuator as seen in Figure 2.4b. The SMA
actuator is realized as a cantilever, with one end fixed and the other end free. The actuator
was positioned so that it hung vertically with the free end pointing downwards; it should
be noted that the effects of gravity were neglected. The SMA wire was heated by running
a constant 0.2 mA current through it. The 0.2 mA current was selected based on the SMA
specifications to actuate the wire in approximately 1 second. Since the purpose of this study
is to investigate the maximum deformation of the actuator and not the time response, the
current was left “on” to hold the SMA actuator in its maximum deformation configuration
until the camera capture was completed; a representative time history of the free end of an
actuator is shown in Figure 2.5 along with the initial and deformed configuration of a 135
mm actuator in Figure 2.6.

MATLAB was used for image processing to calculate the maximum deformation configu-
ration of the actuator with respect to its initial position. The first (initial) and last (maximum
deformation) frame were used for processing. In the initial configuration, equation (2.16b) is

modified to include an unknown parameter, Mgap:

y(s) = cos + (2.26)

This Mg, term is the small moment applied to the passive layer from the fabrication process
of connecting the SMA wire, which is used to account for any initial bend in the experimental
actuator. The resulting curve fit of Mg was added to the moment created by the SMA
wires to determine the final deformed configuration. This was done to mitigate any errors
introduced from placing the markers relative to the midline of the beam as well as taking

into account the initial configuration of the beam. The experimental data was also compared
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Figure 2.5: A representative time history of the free end of the 135 mm length actuator
during the experiment.
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Spring Steel

Figure 2.6: The initial (a) and deformed (b) configuration of the 135 mm actuator used in
the experimental setup. Power supply connections shown at the fixed end of the actuator.
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to an ANSYS Static Structural simulation. The calculated moment, M + Mgy, was applied
to the free end of the beam with a fixed support on the fixed end. The ANSYS simulation
used beam elements with an element size of 0.1 mm. An iterative solver was used with large

deflection option enabled.

2.3 Results

Four actuators of various lengths (66, 107, 125, and 135 mm) were fabricated and tested
to compare with the model equations (2.24a)-(2.25). The experimental results, Cosserat
model, and ANSYS simulation results are shown in Figures 2.7 - 2.10. The mean squared
error (MSE) between the markers of the experimental actuators and the Cosserat model, for
both the initial and deformed configurations, are shown in Table 2.2; the MSE between the
markers of the experimental actuators and ANSYS simulations are compared in this table

as well. The percentage error was calculated as I_'V'ng'fh 100%.

Table 2.2: Mean squared error (MSE).

Length | Initial MSE | Cosserat Deformed MSE | FEA Deformed MSE
66 mm | 2.76 10 ®> mm | 0.0702 mm (0.1% error) 0.0707 mm (0.1% error)
107 mm | 6.95 10 * mm | 2.15 mm (2.0% error) 2.12 mm (2.0% error)
125 mm | 1.78 10 3 mm | 2.93 mm (2.3% error) 2.95 mm (2.4% error)
135 mm | 2.89 10 # mm | 3.59 mm (2.7% error) 3.63 mm (2.7% error)

The FEA results agree with the model results using equations (2.24a)-(2.25). Differences
between the assumptions made in the modeling and the experimental actuators likely result
in the error shown in Figures 2.7-2.10. The model slightly overpredicts the deflection in all
four cases. This overprediction is likely because the model presented in this work assumes
that the SMA wire is at a constant offset from the midline of the passive beam. However,
the wire is only held at this offset at discrete increments along the length of the beam,

resulting in a piecewise linear representation of the assumed curvature. Therefore, the model
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Figure 2.7: Comparison of experimental results of actuator with a length of 66 mm, Cosserat
model, and ANSYS simulation. The Xs and Os indicate the position of the point markers on
the actuator in the initial and deformed configurations, respectively, while the black dashed,
black solid, and green dashed lines represent the initial configuration of the model, deformed
configurations of the model, and ANSYS simulation results, respectively.
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Figure 2.8: Comparison of experimental results of actuator with a length of 107 mm,
Cosserat model, and ANSYS simulation. The Xs and Os indicate the position of the point
markers on the actuator in the initial and deformed con gurations, respectively, while the
black dashed, black solid, and green dashed lines represent the initial con guration of the
model, deformed con gurations of the model, and ANSYS simulation results, respectively.
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Figure 2.9: Comparison of experimental results of actuator with a length of 125 mm,
Cosserat model, and ANSYS simulation. The Xs and Os indicate the position of the point
markers on the actuator in the initial and deformed con gurations, respectively, while the
black dashed, black solid, and green dashed lines represent the initial con guration of the
model, deformed con gurations of the model, and ANSYS simulation results, respectively.
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Figure 2.10: Comparison of experimental results of actuator with a length of 135 mm,
Cosserat model, and ANSYS simulation. The Xs and Os indicate the position of the point
markers on the actuator in the initial and deformed con gurations, respectively, while the
black dashed, black solid, and green dashed lines represent the initial con guration of the
model, deformed con gurations of the model, and ANSYS simulation results, respectively.
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overpredicts the moment on the end of the beam, as well as the strain and de ection. This
is also supported by the FEA results, wherein the same moment was used as the boundary
condition and the results are also overpredictions. If the number of wire support structures
were increased, the curvature of the SMA would more closely match the model, resulting in
a better approximation of the moment on the end. Along with this assumption, dimensional
tolerances of both the manufactured beam and 3D printed o set holders could also cause error
between the model and experiment due to the millimeter scale of the parts used. The results
show the importance of the initial (resting) con guration and taking the small moment
created by the fabrication process into account for modeling the maximum deformation.
Without the addition of the M¢,, term to the moment created by the SMA wire, the errors

for each length would have been larger.
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Chapter 3

Hybrid Dynamical Modeling of Shape
Memory Alloy Actuators with Phase

Kinetic Equations

In this chapter, SMA phase kinetics are applied to model the dynamic response of an SMA
material as a linear actuator under a constant mass. Due to the hysteretic and directional
dependency of SMA material, a hybrid dynamical approach is chosen to model the mate-
rial behavior. The equations of motion are derived along with the governing heat transfer
equation for the SMA material. This dynamic SMA material model is also coupled to a
dynamic Cosserat beam model to simulate the dynamic response of morphing SMA actua-
tors. Visual markers are attached to experimental linear and morphing SMA actuators while
electrical current input data is also recorded. The model is compared with the response of

the experimental actuators, which shows good performance.

3.1 Methods

For ease of reference, Tables 3.1 and 3.2 provide lists of the relevant system parameters.

These are discussed in detail in the following subsections.
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Table 3.1:

Summary of SMA and other material properties.

Symbol Description Value Units
Acs Cross sectional area - m?
Co Speci ¢ heat 836 | J=kgK
d Diameter - m
do Initial diameter 0.1 m
E Elastic modulus - GPa
2 H Latent heat of transformation 20800| J=kg
< S I ~ Length - m
S E lo Original length - m
"< T Temperature - C
o Density 6450| kg=m®
" Strain -
"t Max transformation strain at 0 Pa 0.044 -
Poisson's ratio 0.33 -
Phase fraction - -
Stress - Pa
AL Beam cross sectional area 1.295e-6 m?
Bab Material damping coe cient for ext/shear 0 Ns
By Material damping coe cient for bending le-5| Nm?s
EP Beam elastic modulus 200 GPa
GP Beam shear modulus 80 GPa
J Beam area moment of inertia| 1.123e-15 m*
Kab Material spring coe cient for ext/shear | Eq. 3.41a N
Kk Material spring coe cient for bending | Eq. 3.41b Nm?
% P Beam length 100 mm
= % M Beam internal moment vector - Nm
S E A Beam internal force vector - N
@ % q Beam local velocity vector - m=s
o R Rotation matrix | Eq. 3.29 -
* Beam position vector - m
tP Beam thickness 0.102 mm
H Beam local curvature vector - 1=m
wP Beam width 12.7 mm
Angle of beam relative to thel' axis - | radians
b Beam density 7850| kg=m?®
= Beam stretch vector -
+ Beam local angular velocity vector - 1=s
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Table 3.2: SMA transformation direction and phase fraction dependent values, where \A"
indicates the parameter/value used for the transition from martensite to austenite and \M"
indicates the parameter/value used for the transition from austenite to martensite.

Pzrametl\(jlr Description A Value M Units
Ea Em Elastic modulus 80.9 44.6 GPa
Ca Cwum Stress in uence on temp. 6.6 8.5 MPa= C
eAD eM 0 Reference electric resistivity 70.7 76.9 cm

oA em | E ect of temp. on electric resistivity | 0.034 0.134 cm=C

Ag Mg Transition start temp. at 0 Pa 68 - C
A M Transition peak temp. at 0 Pa 76.6 50.1 C
A¢ M; Transition nish temp. at 0 Pa 78 - C

A M Distribution skew parameter 16 1 -

Kao | Kmo Growth rate parameter at 0 Pa 0.15 - 1/ C

Ka Y Growth rate parameter Eq. 3.8 0.5 1/ C
0 SMA phase fraction history variable| Eq. 3.11| Eq 3.12 -

3.1.1 SMA Material Modeling

The modeling of an SMA material consists of two parts: the constitutive equation and phase
kinetics equations. The constitutive relation relates the stress and strain of the actuator,
while the phase kinetics equations describe the evolution of the phase fraction of the material.
Tanaka et al. developed a constitutive relation for SMA materials that relates the stress and

the strain as [39]:

= E" E" (3.1)

where is the stress on the material E is the elastic modulus of the SMA material,'t is
the maximum transformation of the SMA material, and is the martensite phase fraction.

The elastic modulus of the material is calculated using a series model for the material:

E = (3.2)

1
1
Ew T Er

Evm and E, are the elastic modulus of the marteniste and austenite phases, respectively.

The derivative of the SMA constitutive relation (Equation 3.1) can be taken, which results
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_=E"+E" E"'_ E" (3.3)

The time derivative of the strain is related to the velocity of the endpoint of a single SMA
wire as:

v =l (3.4)

While this constitutive equation is commonly used, there is a wide variety of phase
kinetics equations used in order to describe the amount of the material in each phase. Zotov
et al. developed a phase kinetics equation based on the generalised logistic equation (the

Richards equation) for the martensite to austenite transformation [44]:

= ° (3.5)

Gurley et al. extended this to include the austenite to martensite transformation in the same

form[1]:

1
— 0 + (3.6)

T
. M
1+ MekMTCMM

whereT is the temperature of the material A and M is the temperature of max transforma-
tion at zero stress for the transformation to austenite (A) or transformation to martensite
(M), respectively, and o is a history parameter that indicates the extent of transformation
when the system switches directions of transformation. The parameterand k determine the
transformation distribution and growth rate of the material, respectively, with the subscript,
A or M, dictating the parameter for the transformation to austenite (A) or transformation
to martensite (M), respectively. The rate of change of the phase fraction with respect to time

can be expanded using the chain rule:

= —11'_+ — (3.7)



This expansion allows for the application of stress- and temperature-dependent phase
kinetic parameters (;, ki, wherei isM or A). For the SMA material used in the experimental
part of this study, the width of the austenite transformation band linearly increases with
increased stress [78]. Therefore, a stress dependent distribution widky Y will be used for
the model:

Kp = kAO (Af As) (3.8)

A A + 1 1
f S Ca Cas

Cas is the in uence of the stress on the starting temperature of the austenite transition.
All other parameters are assumed to be constant. Using Equations 3.5 and 3.6, the rate
of change of the phase fraction with respect to temperature and stress for each transition

direction can be calculated using the following relations, respectively:

A+l

S—T: knoe AT A e T Ao vy (3.92)
d k A+l
i c % L S S X
A A
M 1
3—T=kM(o e TM oo yd T Mo v (3.9¢)
M *+1
3_: CkM(o D TM a e TM g g (3.9d)
M

The rate of change for the elastic modulus in Equation 3.3 can be expanded in a similar
fashion to Equation 3.7 with an additional term representing the derivative of the elastic

modulus with respect to the phase fraction from Equation 3.2.
@
E=— —T+ — 3.10
@’ @- (840

The direction of the transformation (i.e., the austenite to martensite transformation or
the martensite to austenite transformation) is based on the material's rate of change in

the stress-temperature domain relative to the transformation boundaries. For example, if
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the temperature is increasing and stress is constant, the material can only transition from
marternsite to austenite. Therefore, the direction of transformation in the material model is
determined by the conditional equation:

8

3 T =>0 ) M! A

3 T <0 Al M

: = ) !
Upon switching directions of transformation, the history variable, o, undergoes a discrete

jump to preserve the continuous phase fraction functions. Equations 3.5 and 3.6 are solved

to nd the history variable that would result in the same phase fraction for the opposite

transformation:
8 1=
E 1+ MekM(T M =Cwm) M
i I
_ (L+ y&u(T M =Cy))l=w TM1 A (3.11)
O_E 1+e Aka(T A =Cp) 1=
if Al M (3.12)

L (L+e aka(T A =capyFa g

To be concise, the subscript®\ and M indicating the direction of transformation will be

dropped moving forward.

3.1.2 Heat Transfer Modeling

The governing thermal equation for an SMA actuator heated through ohmic heating and

cooled via passive free convection can be modeled as:

d(A ) dl
T Asg (319)

1 | 1
“d¥dc,L= 512 hed (T Teg)+ >d3d H-
4 cs 4

wherec, is the speci c heat of the SMA material,l is the input current, h. is the convection
coe cient, Tg is the temperature of the environment, H is the latent heat of transfor-

mation, and T refers to the time rate of change of the temperature. The rst term of the
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equation is the input energy into the system. The electrical resistance of the SMA material

can be calculated as:

e= emt(1 ) eA (3.14)

where the resistivity of each phase is calculated as [78]:

eA= ea0ot eal (3.15)

eM = emot em T (3.16)

The second term,h. dl (T Tg), is the heat loss due to convection. The convection
coe cient, hg, is dependent on the uid properties of the surrounding air, the characteristic
dimension of the SMA wire, the temperature of the SMA wire and the surrounding uid,
and the orientation of the SMA wire (i.e., the wire is horizontal or vertical). The properties
of the uid are calculated at the Im temperature, %(Tsma+ Tuq ). For free convection, the

convection coe cient is [79]:
— NULckair

h
c L,

(3.17)

whereNu__ is the Nusselt number for the characteristic lengthl(.) and k,; is the thermal
conductivity of air at the Im temperature. As free convection is governed by the uid ow
around the material, the wire's orientation must also be considered. For a vertically oriented
thin wire (as is the case for the linear SMA actuator in this study), the characteristic length

is the length of the wire () and the Nusselt number can be calculated as:

4  7RaPr ! , 4@72+31%r)]

Nu = =
YT 3 500+21P1) 35(64 + 63Pr) d

(3.18)

whereRa, is the Rayleigh number with characteristic length|, and Pr is the Prandtl number
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calculated as [79]:

Pr= -2 (3.19)
alr
3
Ra = 9 (T Te)l (3.20)

air

where ,; is the kinematic viscosity, ,; is the thermal di usivity, g is the gravitational
constant and is the thermal expansion coe cient of air. All uid properties were linearly
interpolated from published data [79]. However, the wires in the morphing SMA actuator

change angle with respect to the vertical during actuation. For inclined thin wires, the Nusselt

number relation for an inclination angle of 0 85 from the horizontal [80] is:
2 33
—=In 1+ 3.21
Nugy C (Grg4Pr cos )" (321)

wheren and C are intermediate variables, andsr 4 is the Grashof number with characteristic

length, d:

N=0:25+ 1 (3.22)

' 10 +5(Gr4Pr)¥*" '
0:671

C=+ — i (3.23)

1+ (0:492=Pr)®®
3
Gry= 90T Te)d (3.24)

air

It is important to note that the characteristic length of these relations is the diameter
of the wire, d, as shown in the subscript. For wires at inclination angles of 8% < 95
from the horizontal, the vertical wire relations in Equations 3.18-3.20 hold. The third term in
Equation 3.13, 025d 2l H _, comes from the latent heat stored during the transformation

between the phases. The fourth term is the power output of the SMA wire. The power output
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can be written as the time derivative of the force multiplied by the length change [81]:

dW _ d(A ), dl

. gt + A es gt (3.25)

3.1.3 Hybrid Dynamical System

The SMA material model is implemented as a hybrid dynamical system. This framework
allows a system of continuous (temperature and stress) and discrete (phase fraction history
variable and mode) states to be solved with a set of conditionals relating to the direction of
transformation. The hybrid model implemented in this work capitalizes on the continuous
nature of the phase kinetics presented in Equations 3.5 and 3.6 in order to have only two
\modes" of operation M ! A and A! M) with the switching conditionals described by
Equations 3.11 and 3.12.

The continuous states (temperature and stress) are solved using Equations 3.26a and
3.26b. When the system \jlumps" to the other \ ow" (i.e., the SMA changes its direction
of transformation), the discrete state variables (the phase fraction history and the current
mode variable) \jump" to their new value. The phase fraction history value is calculated with
Equations 3.11 and 3.12, while the current mode value is dictated by the new transformation
direction. The mode variable is used to determine the correct phase kinetic equations to be
used in Equations 3.5 and 3.6 and the correct material properties.

For the case of an SMA actuator in a linear con guration with a constant mass providing
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the bias force, the system of equations are:

h [

_ BVt o= 2212 hedl (T Te) "lo%e AV (3,263
- 1 "E + E"t + E "t ﬁ(l H "lo) '
I 2 n dA n
= hedl (T T | 0% A V+( Al H A"l
T = A e dl ( ) 0 dt V(A cs'lo) (3.26b)
|Acs T
X=V (3.26¢)
1
V= _(mdg A cs BV) (326d)
Mgy
where and 1 are intermediate variables and de ned as:
="E ¢+ E"'¢ "'E 7 (3.27a)
T= Cp H t (3.27b)

E indicates the derivative of the elastic modulus with respect to, 1 indicates the derivative
of with respect to temperature, and indicates the derivative of with respect to stress.

The time derivative of the SMA cross sectional area is:

dAcs

\Y} 1 Vv
—  Zd?
dt

—9 42 2 v
=20 b 270 I

(3.28)

where is the Poisson's ratio for the SMA material.

3.1.4 Dynamic Cosserat Model

To model the morphing SMA structure, Equations 3.26a and 3.26b are paired with a dynamic
Cosserat model for the passive beam. To be concise, subscripts indicate di erentiation of the
variable with respect to the variable in the subscript (i.e.# indicates the derivative of the
position vector, +, with respect to time, t). Complete derivations for the 3D formulation of
these equations are presented in [65, 66, 67] with 2D simpli cations presented below. The

Cosserat method begins by modeling the structure as a material line connecting the center
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of mass of each cross section along the length of the beam. The location along the material
line is described by the variables 2 [0;1°]. The global coordinate system is de ned by/\["),

and the local coordinate system is de ned bya’f) with the angle, , de ning the rotation
matrix, R, between them such that:

2 3
cos( (s;1)) sin( (s;t)) O
R(s;t) = E %

sin( (s;t)) cos((s;t) O (3.29)

0 1

Figure 3.1: Schematic of SMA morphing actuator in an arbitrary resting and deformed
con guration. Global (1) and local (a;ﬁ) coordinate systems are shown along with the
positional vector, ¥, and the angle, (s;t) that determines the rotation matrix, R(s;1).

The position of the material line is:
£(s;t) = x(s;t) T+ y(s;t) + 0K (3.30)
The movement of the actuators tested in this study are all in a single plane. Therefore,

42



the third unit vector for the global and local coordinate systemsﬁ, are parallel for the entire
time, t. Figure 3.1 shows both the local and global coordinate systems used for the dynamic
beam model. The spatial and temporal rate of change of position is calculated via the stretch

vector, ~, and the local velocity of the beamg which are given by:

T
s = R~=R 1 2 0 (331)

T

Additionally, the derivatives of the rotation matrix are given by the skew-symmetric
matrix (indicated by S()) of the local angular velocity vector,+ = ! 5k, and local curvature

vector, 4= Usk:

R, = RS (+) (3.33)

Rs = RS(4) (3.34)

The equations of motion per unit length for a planar beam with no external forces or

moments are:

As = A LR (3.35)

m=@RPJ+ £ A (3.36)

The internal force is represented by the vector, and the moment is represented by the
vector, m. The density of the material is °, while AL and J represent the cross sectional

area and area moment of inertia of the beam, respectively. The derivative of Equation 3.32
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can be substituted into Equation 3.35, giving:

A= PALRIS(+) g+ 4] (3.37)

ms= PJR+ + A (3.38)

A Kelvin-Voigt material model is used for the constitutive relation of the passive material.

This method models the material as a spring and damper with a coe cient for each.

A= R Kab ~ =0 4 B.ap—t (339)

m= Ky, uz U + Byuy (3.40)

where ~° and u§ indicate the initial stretch and curvature of the beam, respectively. The
subscripts \ab" and \k" indicate the spring and damper coe cients for shear/extension
and bending/torsion, respectively. For the planar beam in this study, these coe cients are

calculated as:

Kan= EPAP;GPAL;0 (3.41a)

K= EPJ (3.41b)

Since the beam is assumed to move in a plane, torsional e ects and properties are not
considered. It should be noted that these quantities refer to the beam indicated by the
superscript and not the SMA material.

In order to solve the system of equations, a backwards di erentiation formula of order

(BDF ) is used to approximate the time derivatives of the stretch, curvature, angular
velocity, and linear velocity vectors [66]. This approximation over the time step, t, takes

the form of:

(

G0 = gD + g1 D+ o= 2+ dyg Y (3.42)
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where:

15+
G t(1+ )
C1:—2
t
6 = 05+
t(1+ )
d]_: 1+

(3.43a)

(3.43Db)

(3.43c)

(3.43d)

The time approximations allow for a system of ordinary di erential equations in the space

domain to be solved using Euler's Method, where the set of equations describing the spatial

derivatives are:

Ghs
Cbs

us

= 1CO0S 2> Sin

= ,sin + ,cos

= PAP [(q !s)cos (g !sw)sin ]
= PA% (e 'sm)sin + (o ! 30)cos ]
=PIl noXxs+ nyys

= Uzt

= gt Uusp+!so

2 U+ !3 1

m+ Kgud  Byusn =(Kk + GoBy)

(3.44a)
(3.44b)
(3.44c)
(3.44d)
(3.44e)
(3.44f)
(3.449)
(3.44h)

(3.44i)

If the beam is assumed to be incompressible, the stretch vector;;[ ,], reduces to [10].

The velocity of the SMA wire can be calculated by the dynamic beam model and used as an

input into the SMA material model. The position of the SMA wire at every points can be

calculated as:

foma = £+ hb
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whereh is the distance that the SMA is o set from the material line of the passive structure.
Equation 3.42 can then be used to approximate the velocity of the SMA wire and used
in Equation 3.26a and 3.26b. The dynamic Cosserat model replaces the linear velocity and
acceleration equations (3.26¢ and 3.26d) to solve for the morphing actuator. The SMA hybrid
dynamical model is implemented via a moment boundary condition at the tip of the passive
material:

m(s= 1= A sh (3.46)

where is the number of SMA wires attached to the beam. MATLAB's \fsolve" function was
used to iteratively solve the system of equations over a discrete time stept. The Hybrid
Equations Toolbox was used to implement the SMA material model in MATLAB for both

the linear and morphing actuator [82].

3.1.5 Experimental Setup

Figure 3.2: Experimental metal SMA morphing actuator with 3D printed o set holders.
The electrical terminals appear on the left side where the screws anchor the ends of the
SMA wire. The o set holders are positioned every 10 mm along the length of the beam. The
SMA is routed to allow all electrical connections at the xed end of the beam. The actuator
is symmetrical about the&*axis.

Flexinol (HT) 0.1 mm diameter SMA wire (Dynalloy, Irvine, CA) is used in the experi-
mental testing of this work. Di erential scanning calorimetry (DSC) experiments show the
zero stress peak transition temperatures for this material are 50@ and 76.6C for the
austenite to martensite transition and martensite to austenite transition, respectively [83].

For the linear actuation experiments, the SMA wire is crimped (using crimps from Dynalloy)
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at both ends. One end is anchored in place, while the other end has the bias mass attached to
the crimp. The unstrained length of the SMA wire used for the linear experiments was mea-
sured as 272 mm. For the morphing actuator, the passive material is 1095 spring steel (shown
in Figure 3.2). The SMA wire is held at an o set from the passive material by 3D printed

\o set holders". These o set holders are adhered to the spring steel via cyanoacrylate glue
at intervals of 10 mm. The o set holders are printed with the Formlabs Form 3 (Formlabs,
Durham, NC) using their \High Temperature" resin to ensure that the o set holders will

not deteriorate when the SMA is heated. These parts are printed at the maximum resolution
(layer thickness of 0.025 mm) to ensure accurate printing of the designed parts. The SMA
wire is prestrained and then fed through the o set holders. To limit the e ect of electrical
wires on the motion of this bending actuator, the SMA wire is routed from the xed end to
the free end and then back to the xed end, as shown in Figure 3.2. The ends of the SMA
wire are then anchored with screws and crimps. These crimps serve as electrical terminals
to connect the power supply during testing. Two SMA unimorph actuators were built and
tested with an o set distance of 0.675 mm and 1.00 mm between the SMA and the midline
of the beam. The SMA actuators have all of the same attributes expect for the o set of the
SMA wire from the beam.

An Edgertronic SC2+ camera (Sanstreak Corp., San Jose, CA) is used to record the
movement of the actuator for both the linear and bending actuation at a frame rate of 100
Hz. Re ective markers are adhered to the actuators in order to track their motion. For the
linear SMA actuator, the re ective makers are placed on the ends of the wire in order to
measure the length of the SMA wire during testing. For the bending actuators, re ective
markers are adhered on the side of the actuator at the locations of the o set holders. These
markers are used to track the con guration of the actuator at locations of approximately 10
mm (as shown in Figure 3.4). An N6705C DC power analyzer (Keysight, Santa Rosa, CA)
was used to supply the input power to heat the SMA wire. This power supply also has a

built in waveform generator and data logger. The waveform generator was used to test the
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Figure 3.3: Experimental setup of morphing SMA actuator. The camera is positioned in
front of the SMA actuator with the SMA actuator pointed downwards. The Keysight power
analyzer feeds the programmed current waveform to the actuator and records the current
output simultaneously.

results for a variety of input current waves for the linear actuator. The data logger recorded
the current output of the device, which is then used as an input for the dynamic model.
Visual markers were used to sync the power data with the visual data from the camera. The
camera begins to record and then the input waveform is started. When the waveform begins
recording, an LED light is triggered \ON". The LED is in view of the camera and used to
sync the start of the input power data with the frame from the high speed camera at which
the input waveform began. MATLAB's Image Processing Toolbox was used to process the
visual data from the camera and calculate thex and y positions of the re ective markers
attached to the actuators at every frame.

For the linear SMA actuator experiments, a xed width step function (10 second pulse
width and amplitude of 160 mA), a 4/5 cycle sine wave function (40 second period), and
trapezoidal function (8 second rise time, 10 second hold time, and 8 second decline time)

were implemented as current waveform inputs to the system with a maximum current for
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Figure 3.4: Sample pictures of experimental morphing actuator movement during the
martensite to austenite transformation.

each waveform set to 200 mA which is described by the manufacturer as the maximum safe
current for the diameter wire used. The minimum current was 38 mA which was the lowest
current the waveform generator could produce while in operation. For the two SMA morphing
actuators, the same xed width step function was input to both actuators characterized by

a 60 second pulse width and amplitude of 160 mA. Additional simulation parameters used

for the model are shown in Table 3.3.

Table 3.3: Summary of simulation parameters.

Symbol Description Value Unit
B Damping constant for SMA actuator 0.1 Ns=m
g Gravitational constant 9.81 m=s
h SMA o set from beam midline 0.675/1.00f mm
hc Convection coe cient Eg. 3.17 | W=m?K
I Input current to SMA wire - A
Mgy Bias dead weight mass for linear SMA  0.057 kg
N Number of spatial beam nodes 101 -
Te Environment temperature 21 C

t Dynamic beam time step 0.05 S
% SMA velocity - m=s
X SMA displacement - m

BDF coe cient 0:2 -
number of SMA wires 2 -
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3.2 Results

3.2.1 Linear SMA Actuator

The hybrid dynamical system (represented by Equations 3.26a-3.26d) was applied to a linear
SMA wire with a constant bias mass oriented vertically. The parameters used for the linear
simulation can be found in Tables 3.1 and 3.2. Figure 3.5-3.7 show the input current and
output strain from the dynamic model compared with the experimental strain for all input
functions tested. To assess the accuracy of the model, the root mean squared error of the
SMA strain was calculated with the following formula:

S

|-,L n

n 2
RMSE = i=1 exT_ model) (3.47)

wherelL is the number of experimental data points. Table 3.4 shows the root mean squared
error (RMSE) calculations for all input waveforms that were tested. The largest error oc-
curred for the trapezoidal waveform with an RMSE of 0.0032. Since the initial length of
the SMA wire is 272 mm (for a maximum length change of 11.97 mm), these error calcu-
lations correspond to 0.79 mm (6.60%), 0.76 mm (6.35%), and 0.87 mm (7.27%) for the
step, sinusoidal, and trapezoidal waveform, respectively. The largest errors occurring during
the transient response when there is seemingly a phase shift between the experimental data
and model results (ex: rst cyclic motion in Figure 3.7). The model assumes that free con-
vection is the main thermal loss during the austenite to martensite transition and that the
environmental conditions remain the same. The wire used in the experimental section of this
work has a relatively small thermal mass so di erences between the assumed and actual uid
temperature (Tg) or inaccuracies in the equations used to calculate the convection coe cient
could result in these errors. However, the model does accurately describe the motion of the

wire with similar accuracy across a variety of electrical input signals.
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Figure 3.5: Hybrid model results showing the input current for the xed width step function
waveform (recorded by the power supply) and output strain plotted beside the experimental
strain values.

Figure 3.6: Hybrid model results showing the input current for a programmed 4/5 cycle
sine wave pulse waveform (recorded by the power supply) and output strain plotted beside
the experimental strain values.
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Figure 3.7: Hybrid model results showing the input current for a programmed trapezoidal
waveform (recorded by the power supply) and output strain plotted beside the experimental
strain values.

Table 3.4. Root mean squared error calculations for linear SMA actuator strain values

Input Waveform RMSE

Step 0.0029
Sinusoidal 0.0028
Trapezoidal 0.0032
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3.2.2 Unimorph SMA Actuator

Figure 3.8 and 3.9 show the current step waveform used as the input to the actuator along
with the X and Y position of the end point of the beam (end e ector position) for the
experimental actuator and the model results. Additionally, the end e ector error (EEE)
along with the root mean squared error (RMSE) of the con guration of the beam at each
time step is shown. For the 0.675 mm SMA o set actuator, the RMSE of the end e ector
is 3.39 mm (3.39%) and the mean RMSE of the con guration is 1.34 mm. For the 1.00 mm
SMA o set actuator, the RMSE of the end e ector is 4.19 mm (4.19%) and the mean RMSE
of the con guration is 1.42 mm. Figure 3.10 shows the experimental maximum deformation
of the two actuators compared with the model results.

The model shows good accuracy for the maximum deformation con guration with the
largest errors occurring during the onset and removal of the applied current for both actuators
tested (as seen in the error plots of Figure 3.8 and 3.9). These intervals are where the
temperature of the SMA wire is rapidly changing resulting in a high rate of change of
the material phase fraction. Additionally, the beam likely a ects the uid ow over the
SMA wire during cooling, which thereby decreases the amount of convective cooling. As the
model does not take this uid ow into account, the wire's rapid cooling likely causes these
spikes in the error measurement for both actuators. There is also a distinct di erence in the
experimental actuator response between the rst cycle and the succeeding cycles where as
the model predicts a relatively similar transient response for every cycle. Contact thermal
energy exchange or any initial slack in the SMA wire could cause this initial variance in
the transient response which are not taken into account in the model presented here. After
the rst cycle, the initial slack would be absorbed and explain the identical nature of the
following two cycles.

After the initial steep transient response, there is a gradual increase in the bending angle
until the current input is removed. The model presented here does accurately capture this

transient behavior. The reason for this section of the transient response is unknown to the
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authors and requires further investigation.

3.3 Conclusion

Shape memory alloys display many desirable characteristics for use as actuators. However,
limited strain and complex dynamics due to their nonlinear and hysteretic motion have
limited their usability. Coupling an SMA to a passive material in the form of a morphing
actuator allow for high levels of deformation for a wide range of use cases. As they are
composed of an active shape memory alloy wires that exhibits hysteresis and a passive base
layer that undergoes large deformations, the modeling of these bending shape memory alloy
actuators is di cult.

In this paper, a hybrid dynamical model for shape memory alloy morphing actuators
was described. This model couples an advanced shape memory alloy material model with a
dynamic Cosserat nonlinear beam model. MATLAB is used to simulate this hybrid model.
The results of the model are compared with experimental actuators with two di erent SMA
o set distances. The hybrid dynamical model predicts the experimental actuator's states
with good accuracy with an average root mean squared error of the beam con guration of
1.34 mm and 1.42 mm for the 0.675 mm and 1.00 mm SMA o set actuator, respectively.
Often times, the location of the end e ector of an actuator is the most important aspect.
The model presented here resulted in a mean root mean squared error of 3.39 mm and 4.19
mm for the 0.675 mm and 1.00 mm SMA o set actuator, respectively. This comprehensive
model for shape memory alloy morphing actuators is a valuable tool for both researchers

and practitioners that
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