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1. STATEMENT OF THE PROBLEM

1.1 The Use of PPS Non-replacement Sampling

The theory of sampling with probabilities proportional

to size (PPS sampling) was introduced by Hansen and Harwitz
(1943). The technique permitted the use of an unbiased

ratio estimator of a population total,

The Hansen-Hurwitz estimator for the population total when
using their probability replacement (pr) design may be

written as

t{sipr) = n-tX(+) 211’[»5(03 VX(s(u) ]
u=
where
N
X(¢) = s X(i),
i=1
S = [8(1).,8(2)pc0wos(n)], a sample of n not
necessarily distinct elements from a sampling
frame of N elements selected with probabilities
proportional to X(i) and with replacement after
each draw,
X(i) = a positive-valued variate associated with the i-th
element in the universe, and
Y(i) = the variate of interest in the sampling

investigation for the i-th element in the

universe,
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The sampling frame is obtained by dividing the
population sampled or universe of interest into N parts and
calling these parts sampling units. The population sampled
should correspond as closely as possible with the target
population, i.e., the population aibout which information is
desired (Cochran, 1963, pp. 6-7). For the purposes of this
study, further consideration is limited to the elements in
the sampling frame. These elements are identified by their
labels, i=1,2,000.,N. The labels of elements in a particular
sample, s, of n sampling units drawn from the sampling frame
of N sampling units are denoted by s(u), u=1,2/00..,n, where
each label s(u) corresponds to one of the sampling unit
labels 1 through N depending upon the particular sample, s.
To this extent the labeling of frame elements by i=1,2,c..,N
and of sample elements by s(u), u=1,2,...,0n, Wwill be
enployed interchangeably with the understanding that the
label i refers to the i-th sampling unit in the sampling
frame and that the label s(u} refers to the u-th sampling
unit in a particular sample, s, and also corresponds to one
of the labels, i.

Assuming the values of X(i) are known for all R
elements in the universe, and the values of Y{i) are
reasonably correlated with the values of X(i), the PPS
sampling procedure and the associated estimation procedure
can effectively reduce the variance of estimates in

comparison with unbiased simple expansion estimates used in
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conjunction with simple random sampling. In addition, the
use of PPS sampling with the ratio estimation procedure
avoids the risk of estimation bias associated with ratio
estimation applied to simple random sampling designs.

The Hansen and Hurwitz PPS sampling scheme is often
referred to as PPS sampling with replacement or probability
replacement sampling. The special case of stratified
sampling with one element selected with PPS per stratum nmay
be considered as a PPS non-replacement sampling scheme. One
disadvantage of the one element per stratum PPS sampling
scheme is that it does not allow for unbiased variance
estimation., When sampling error estimates are required with
such designs, a collapsed stratum approach is commonly
employed; the method involves treating two similar strata as
if they were one stratum and using the with replacement
sampling variance estimation formula within the enlarged
stratum, The collapsed stratum approach is generally
assumed to overestimate the true varianceo

A theory for PPS non-replacement sampling for within
stratum samples of two or more elements was presented by
Horvitz and Thompson {1952). The unbiased estimator within
Horvitz and Thompson®s class two of linear estimators for
probabilityvnonqreplacement (pnr) designs has come to be
known as the Horvitz-Thompson estimator and is of the form

n
t(sipnr) = S1Y[S(ﬂ) 1/P[s(u) ]
u=



where

P{i}) = probability that the i-th element is included 1in

the sample.
In practice, the P{i) are usually determined so that
P(i) = nX(i}'/X(%).

This choice of P{i} makes the Hansen-Hurwitz and
Horvitz-Thompson estimators appear alike; however, the
elements in the sample are always distinct when
non-replacement PPS sampling is enmployed. Horvitz and

Thompson presented a formula for the variance of t{s]pnr)

under PPS sampling without replacement given Dy

N
V{t(siprr) ] = 5 ¥2{i)[1-P (i) J/P (i)
i=1
N N
¢ $#§ Y Y(F PG -PE P VIPWIE(D Ts
1#]

vhere
P(ij) = the probability that the i-th and j-th units are
both included in the sample (or the pairvise
probability for the i~th and j-th anits).
They also presented an unbiased estimator of this variance
for designs with al) P(ij)>0, namely
n

v(t({sipnr) ] = S1Y2[5(u)]I1°P[8(u)]}/92{31u)]
u:

nn
-5 s{Y[s(u) /P[s(u) JHYI[s(v) )/P[s(v) J}e[s(u),s(V}]
u#v
vhere

vi{ij = [P(L)P(H-PLJ) VR -
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Yates and Grundy {1953) presented an alternate
expression for the variance of the Horvitz-Thompson

estimator, namely

N N
Vit(sipnr)] = S S W(ij)P?(iJ)
idj
vhere
W{ij) = PP (JH-P{ij..,
and

D(ij) = Y(i)/P(D)-Y(3)/P(D)-

They also presented an alternate variance estimator which
may be expressed as

nn

vit(sipar) ] = S S w[s(u),s(v) ID2[s(u),s(V)]

ulv

where
w(ij) = W{EJH/P(L])-

Other probability non-replacement schemes employing
other unbiased estimators have also been developed, e.9g.
Midzuno (1950), Lahiri (1951), Narain (1951), Raj (1956b),
Murthy (1957), and Rao, Hartley, and Cochran {1962). Since
the objectives of this research are restricted to the stady
of properties of the Horvitz-Thompson estimator, these other
methods will not be reviewed here. A thorough review of

general probability sampling procedures and the use of

different classes of estimators is given by Koop (1963).



1.2 Existing Criteria_ for Pairwise Probabilities

Many schemes exist for probability non-replacenent
sampling which yield the same set of selection
probabilities, P{i) . Different variances of the
Horvitz-—-Thompson estimator are obtained empirically due to
different resulting values of the pairwvise selection
probabilities, P{ij}. Horvitz and Thompson (1952, p.676)
recognized the problem of the choice of the P(ij} and posed
two related problems: (1) to determine the pairwvise
probabilities which minimize the variance and (2) to devise
selection schemes which achieve the desired pairwvise
probabilities. Several other <criteria have since been
developed in the 1literature and sampling schemes which
satisfy these criteria have been proposed.

Raj (1956a) assumed a straight line relationship
between the Y({i) and the X{i) and sought to minimize the
variance. Under his assumptions, the variance was minimized

by minimizing

Pj)/LP i) P(]) )

b 0 2
. =

#
Raj employed a linear programming approach to solve for
optimal P({ij} subject to :he constraints

P(if) 2 0,
and
N

S P{ij] = (n-1)P(i).
j#i
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He considered samples of size n = 2 only. The solutions
achieved by the lIinear programming procedure permitted some
P{(ij) to be zero; as a result, an unbiased estimate of the
variance could not be obtained from the sample lata.

Hanurav (1967) proposed several requirements for
optimum sampling strategies, Four of these requirements
involved the pairvise probabilities:

(1) P(ij) >0,

(2) P{ij)s P(D)P(D),

(3) P(ij)/fp(i)p(j) ]} 2 Cc and C > 0, and

{4) the value of P(ij) is computable from a simple

compact formula.
Hanurav®s first three <c¢onditions uway be summarized by
requiring that all P(ij) satisfy
CP{(ijP(j) < P(ij) < P(i)P(]j)
where
0 <C £ {(n-1)/[{n-P(i) ]
for all i. A somewhat stronger, but simpler, constraint on
C may be stated as
0 €£C £ (n—-1)/n.

Hanurav®s first requirement is necessary for unbiased
variance estimation. The second requirement provides the
set of sufficient conditions for the non-negativeness of .he
Yates--Grundy form of the variance estimate. The third
requirement protects against: a large variance for the

variance estimate itself. The fourth tequirement is for



convenience only.

Brewer {1963, p.7) obtained a convenient formula for
the P(ij) for samples of size two and suggested a way of
achieving these P{iij} in practice through appropriate choice
of selection probabilities at 2ach draw. Brewer’s formula
may be written as

P(ij) = KP()P(IEL1-P (i) 2+ [1-P(]) ]~?}
where K is constant in i and j and may be expressed as
N
K =(2¢5 P(k)/N[1-P(k) ]}t
k=1
Brewer developed his formulation in trying to model
systematic sampling when units are arranged in random order.

Durbin (1967) obtained the same formulation for P({ij)
in trying to develop sampling schemes with these properties:
{1} strict PPS sampling, {2) simple calculations for sample
selection, and (3) calculable P(ij)-

Sampford (1967) presented some methods of selecting
sapples of size greater than two. For samples of size two,
Sanpford®s general procedure produces the same values of
P{ij) as those obtained by Brewer and Durbin. Calculation
of the P{(ij, for samples greater than two requires computer
or special tabular procedures. Sampford also showed that
his method would yield P(ij) that satisfy Hanurav®s second
requirement and would, therefore, not allow negative

variance estimates.
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Jessen (1969) presented four methods of generating
feasible samples for probability non-replacement sampling.
Jessen®s method three guarantees all noazero pairwise
probabilities. His method four, which is applicable to

samples of size two only, determined the P(ij) approximately

as
P(ijf) = P(D)P(F) ¥
where
NN
W= 1/[N(N-1)] S S W(ij).
i#j

Jessen adjusted these approximations numerically to satisfy
the constraints
S P(ij) = (p=NHP{i).
j#i
The selection of P{ij) in method four by Jessen wvas
based on the desirability of stabilizing the W(ij) in the
variance formula for the Horvitz-Thompson estimator. Jessen
showed, that wunless all the P(i) are equal, it is not
possible for all W(ij) to equal W. Jessen proposed the
criterion >f minimizing
N N
S S Wiy
i#]
as a measure of "goodness of fit" of the P(ij), but he did
not attempt to obtain an exact solution subject to the
constraints on the P(ij)-

Rao and Bayless (1969) examined ‘the stability of
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population total estimators and .-of variance estimators for a
number of sampling schemes including several which wutilize
the Horvitz-Thompson estimators The approaches used
included empirical comparisons based on a number of
different finite populations and comparisons based on
expected variances under ‘a superpopulation model.

Dodds and Fryer (1971} studied parametric solations for
the P(ij) as a generalization to the sampling scheme
proposed by Brewer for samples of size two. For 2ach of the
three general parametric schemes, the algebraic solutions
for the P(ij) produced valid probabilities over a limited
region of the parameter space. Dodds and Fryer examined the
problem of choosing parameters empirically and through a
superpopulation model. Using a superpopulatior model with a
nonzero intercept, Dodds and Fryer arrived at the same
general criterion for minimizing the expected value of the
variance as had been proposed by Raj (1956a) . The
parametric representation of the P(ij) allowed Dodds and
Fryer to approach the minimization problem by varying the
values of the parameters. In testing their approach, they
found that the solutions obtained in each case tested vwere
on the boundary of the acceptable region of the parameter
space. They also noted that the 1limitations on possible
pacrametric solutions were directly related to the relative
values of the minimum and the maximum size measures of the

population sampled.
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1.3 The Varjance of a Fisnite Populatjon Parameter

In the strictest sense, the only parameters of a finite
population are the actual values of the observable
characteristics of all of the N auanits in the population.
The frame of inference normally issumed in sampling theory
is limited to the finite population itself. This 1is in
contrast to many other areas of statistics where inferences
are based on assumed distributions for hypothetically
infinite populations.

The strict interpretation of finite sampling theory
makes it very difficult to compare alternate sampling or
estimation schemes. The only valid methods of comparison
must be based on full knowledge of the entire population;
this is not useful for planning or design purposes since
sampling would be unnecessary if the researcher possessed
full knowledge of the population parameters in advance of
sampling. Furthermore, knowledge about one particular
finite population asay not be assumed to be characteristic or
typical of other finite populations. Following this line of
reasoning leads one to .:onclude, as did Godambe {1955}, that
for finite populations there does not exist any uniformly
minimum variance estimator.

Practitioners, 4ho are responsible for the development
of efficient  if not alvays optimal, sample selection
schemes and estimation procedures, Rnust make several

assumptions or guesses about the properties of the
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population being sampled and then use these assumptions as a
basis for choosing a particular sample design and a
particular estimation procedure.

When considering PPS sampling procedures as a possible
option, it is wuseful to write the characteristics to be
observed as a function of some nmeasure of size which is
known for all elements of the population plus a deviatior or.
error term., Further assumptions can then be made about the
error terms with respect to their expected values, their
variances, and their covariances. Such models for the
characteristic values to be observed in a sample survey have
been called superpopulation models or hypothetical infinite
population models.

Cochran (1939, pp. 494-497} developed an early form of
the superpopalation model in considering vays of improving
sanple-based astinrates of timber volume by obtaining eye
estimates for all plots in the universe studied and using
the sample plots to estimate the relationship betueen eye
estimates and actual measurements. Smith (1938, pp. 4~-9),
Jessen (1942, pp. U4u4-48), and Mahalanobis (1946, p. 368,
used model approaches to study optimum plot or sampling unit
sizes for studying crop yields and other agricultural
statistics. The concept of superpopulation model was used
by Cochran (1946) in studying the properties of systenmatic
samples; by treating the entire finite population as a

sample from a hypothetical infinite population, Cochran wvas
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able to construct and interpret correlograms based upon the
finite population data.

Superpopulation models have since been used extensively
in the finite population sampling literature. Several of
the studies discussed above were based, at least in part, on
consideration of superpopulation models. Included in this
group are Raj (1956a), Hanurav (1967), BRao and Bayless
(1969), and Dodds and Fryer (1971).

In most cases, the superpopulation models have been
used to study properties such as the expected value of the
variance or the expected value of the variance of the
variance estimator. Both of these cases involve the
construction of finite population parameters as a function
of all the wunits in the finite population and using the
superpopulation model to obtain the expectec value of such
parameters over all hypothetical populations as generated by
the model. Consideration of these superpopulation expected
values has not provided any direct optimization criteria for
the values of the P(ij) under the usual superpopulation
model assumptions.

The approach taken in this research has been to use the
superpopulation variance of the variance of the
Horvitz-Thompson estimator. Minimization of this
superpopulation variance under appropriate assumptions does
lead to a direct solution for the P{(ij). Some justification

for this approach has already veen jiven by Jessen (1969, p.
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191):

"The ten schemes selected from the literature and:
the two introduced here vary widely in their
variances of estimated totals, Y, when applied to
different populations, It would: be helpful to
have some studies describing the nature of
populations met or likely to be met in practice.
Until more is known about natural populations it
may be wise to favor_ those methads whose accuracy
is least sensitive to population characteristics.”

il Ao R S S S il AR R X ORI

(Onderscoring added).

A reasonable superpopulation model 1is proposed in
Chapter: 2. Under this model, it 1is shown that the
superpopulation expectation of the variance of the
Horvitz-Thompson estimator is not a function of the P(ij)
[{This result has previously been shown by Godambe (1955, p..
276) J. It will further be shown that the superpopulation
variance of the variance of the Horvitz-Thompson estimator
is a function of the P(ij). Minimization of this
superpopulation variance by proper choice of the P(ij) is
proposed as the means to protect against unusually large
variances of the Horvitz-Thoampson estimator occurring as a
result of the particular realization >f a finite population
from the distribution of all possible finite populations

represented by the superpopulation model.
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2. THEORBTICAL DEVELOPMENT

2.1 The Basjc Superpopulation_ MNodel

2.1.1 The_Functional Relatiomship Between Y (i) and X (i)

The model considered most relevant for study of the
Horvitz-Thompson estimator and probability non-replaceament
sampling is

Y(i) = BX(i) + e(1i)
vhere

an unknoun constant, and

o
L

e(i) = the error term which measures the deviation from

the model.
As pointed out by Horvitz and Thompson (1952, p-669)
t {(sipnr) ¥ill have zero variance if P(i) 1is exactly
proportional to Y(i) for all i. The proposed model is
designed to take advantage of this possibility. By making
the P(i) proportional to X(i), a nonzero variance of
t(s{pnr. occurs only if some of the e(i) are nonzero.
suppose one believed that a limear model with a non-
zero intercept was more realistic for the population to be
sampled. Such a model may be written as
Y(i) = A + BZ(i) ¢+ e(i)
where A and B are both unknown but nonzero constants and
2(i) is a measure of size. Use of the Horvitz-Thompson
estimator and probability non-replacement sampling with P (i)

proportional to Z(i) would not provide the opportunity for a
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zero variance of t(sipnr) even if the e(i) were all zero. A
zero variance would occur with the e(i} equal to zero only
if the P(i) vere exactly proportional to [B&/B + Z(i) ]o
Unless one wishes to rely upon an extremely fortuitous set
of error terms, e(i), to rescue the design and estimation
plans from producing a large variance of t{s{pnr), it
appears more appropriate to dse the no-intercept model

Y(i) = BX(i) + e(i)
vhere

X(i) = a/B ¢ Z(i).
To define X(i), it is not necessary to kxnow A and B
individually, but only their ratio. Even a poor guess
should lead to a better design than one that sets the P(i)
in such ’a way that the principal advantage of PPS saapling
cannot be achieved.

In summary, the premise put forth here is that if one
uses the Horvitz-Thompson estimator in conjunction with
probability non-replacement sampling, the broper course to
follow is to set P(i) exactly proportional tc some known
X(i) vhich is believed to be approximately proportional to
Y(i)- If the no-intercept model does not present a jood
approximation of the Y(i) to X(i) relationship, the proper
course to follow does not involve a magical choice of P{ij)
to compensate for this shortcoring. It does involve the
selection of some other variate as a measure of size. It

should be noted that X(i) could be defined as a function of
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several other known variables,

Consideration of an intercept model can be defended in
the instance of mnmulti-purpose sample surveys for modeling
the variance of estimates associated vwith some 1less major
purposes of the survey. The choice of the P(i) and P(ij)
should probably still be based on some known variate, X(i),
which fits the no-intercept model for the particular Y (i)

that is associated with the major purpose of the survey.

2,1.2 Assumptjions about the Error Terms

Suppose that the sampling statistician assumes the
no-intercept model and utilizes as much information as is
available to him to construct X(i) approximately
proportional to the unknown Y(i). The following assumptions
about the error terms appear reasonable in the pre-data
collection stage of the sample design process:

(1) Be(i) = 0 for i =1,250c00Ny

(2) Ble(i)/X(i) )2 = s2(i) (finite) for i = 1,2,0000N,p

and

{3) the error terms are independent.

The assumption of independence is not unreasonable if
the X (i) are properly chosen and if stratification is used
to its fullest extent consistent with requirements for the
estimability of the variance. For most applications where
PPS sanmpling is applied, deep stratification is also

utilized.
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If one first assumes that the value of B is fixed and

that the error terms sum. to zero over the N nopulation

elements, then the independence assumption is erroneous.

Prior to sampling, however, B:is not known and cannot be

estimated. In this a priori sense, independence of error:

teras may be assumed as an indication of complete lack of
further knowledge about the Y(i) given the X({i)-.

2.2 The Superpopulation Variance of the-
Finite Po atjon Varjance

A particular ouatcome of the superpopulation model may
be represented by an N-dimensional vector of erxor terms and
designated as e. The transpose of e may be written as

[e(1).,e(2),e(3)vescpe(N) ).

For brevity, the Horvitz-Thonmpson estimator will be denoted
by t(s) and its variance for a particular finite population
(ise-., for a particular e ) vwill be denoted by Vt(s)l e 1.
The e indicates a particular sasmple of N error teras
selected from the hypothetical superpopulation, The s
indicates a particular saample of n elements selected from
the finite population of N elements.

In the finite population sense, the variance is
computed over all possible samples s. The finite population
variance is still a function of the error vector e. It is
reasonable under the model to consider taking the
expectation of V[t({s)| e ] over all possible outcomes e

The finite population variance for the Horvitz-Thompson



19
estimator may be expressed in terms of the superpopulation
model by selectively substituting nX(i)/X{¢) for P(i) and
BX(i) +te (i) for Y(i) in the expression given in Section 1.7..
After some simplification this yields

N
n2x-2 (+) V[t (s)| e 1 = S [Bee(i)/X (i) 2P (1) 1-P (i) ]
=1

: §

NN
+ §#§ [Bee (i) /X (i) }[B+e (J) /X (F) A P(iJ)~-P(i) P(]) ]-
i

After collecting terms in B2 and B, this expression becones
R N N

B2{ S P(i)[1-P(i) ] + S S [P(ij)-P(i)P( 1}
i=1 it3

N
+ B {2 s [e(iy/X(1))P(1)[(1-P(1)]
i=1

NN

+ S S [e(i)/x(i) XP(ij)-P(1)P(] ]
i#j

NN
+ S S [e(d)/x(3 APEI)-P(1)P(F) 1}

i#9
N
*151[e(i1/X(i)]29(1)[1-9(1)]
N N
+ §#§ [e(i)/K(i) e P /XN APENH~-PEIR( I-
1

After noting that
N
s [PEAD-PHIP(H ] = -P()[1-P(1) ),
j#i

the expression simplifies further to
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N
n2x-2(+)¥[t(s)l e ] = 51[9(1)/1(1)]29(1)(1‘9(1)}
i=
N N
+ S s [e(i)/k(i) He (G /2 (P APGEN-PE)P(I) ]-
i*9 .

Given the assumptions about the error terms, e{i), as stated
in Section 2.1.2, the superpopulation expectation of the
variance is simply
N
EV[t(s)| e ] = n*212(+)ii19(1)[1-9(i)]sz(i)c

Under the assumed model, the expectation of the variance is
not a function of the pairwvise probabilities and does not,
therefore, provide any basis for selection of the pairwvise
probabilities.

Since the particular choice of pairvise probabilities
cannot be used to reduce the expected variance, another
criterion must be developed. Intuitively, the sanpling
statistician should want to protect against an extremely
large variance. To protect against a large variance
occurring most of the time, the sample design should produce
variances that have a tight superpopulation distribution
about their expected value. This intuitive criterion
suggests minimizing the superpopulation variance of the
finite population variance; this variance may be written as

Vivit(s)t e 1} = B{V2[t(s)| e -1} - B2{V[t(s)| e ]}
Using the results obtained above, the square of the

variance, V2[t(s)| e ], may be represented as



21

N
nex=¢(4)vVet(s)t e 1 = { S [e(i)/X(i) PP{i)[1-P (i) ]}

i=1

NN
*-[i's [e(i)/X(i) Me(d)/X(J) NIP(i))-P(I)P(F) ]}
*3

+ 2{ s [e(i)/x(i) J2P(i)[1-P(i) ]} x

0w

i=1
N N . i . .
{ g S [e(i)/x(i) Je(F)/x(J) HPEH~-P@E)RP(F) 1}
*]
The third term, or the cross product term can be seen to
have a zero expectation under the assumed superpopulatjon
model. After expanding the first two terms and noting which
terns in the products have nonzero expectation, the
superpopulation expectation of the squared variance,
BV2[t(s)| e -], may be represented as
N
BV2[t(s)t @ ] = n=*X*(+)[ S BEle(i)/X(i) J*P2(i)[1-P (i) ]2
i=1
NN
+ 5SS s2(i)s2(JHP(LP(NL1-P) N 1-P(F)]
is]
N K
+ 255 s2(i)s2(J)[rP@EH-P(I)P(]) )2}
i

It must be further assumed that Efe(i)/X(i) }J* exists and is
finite.

The square of the superpopulation expectation of the

variance, E2V{t(s)}{ e ], may be written as

]

n=eX* (+) {
i

st {i)P2(i)[1-P(1) }?
1

E2V[{t(s)| e ]

=
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N N
+.5 s s2(i)sz(jHp(i)P (N[ 1-P() A 1-2(F) 11-
i#j
Combining the above results for BV2[t(s)!{ e ] and
E2¥{t(s)! e ] to obtain the superpopulation variance of the

finite population variance produces

nsX=* (+}VVft(s) | e

|
~]=‘Si{3[e(i)/x(i)}“S‘(i)}Pz(i)[1'9(i)]2
1=

N N
+ 25 sz2(i)s2(HIPLIN-P)P(I) )2
i+#j
To minimize this variance by choice of P(ij', it is only
necessary to consider those terms in the expanded form that

are a function of the P(ij). This approach reduces to

ainimizing

"P(i)P(J) - P(iF )2s2(i)s2(J).

0=
=

or, in more compact notation
| N N
S s W2(ij)s2(i)s2 ().
i#]

If the s2(i) are constant over all elements, i, this

criterion reduces to the one suggested by Jessen (1969).

2.3 The Algebrajc Solution for Optimal Values of P(ij)
The solution for the P{ij) nmust satisfy the set of
constraints
N

s P(if} = (n=MP(i).
j#i
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In terms of the W(ij), these constraints are eguivalent to
requiring that
N
S W(ijy = P(L)[1-P(1) )-
jei
The method .of Lagrange multipliers may be used to
obtain the constrained solution for the W({ij) and

subsequently for the P(ij). The function to be minimized

may be written as

N N
PEW(iJ) K(i)si#j} = s s'W2(ij)s2(i)s2(])
i#§
N N
-4 S K(i){ S W(Lj) - 'P(L)[1-P(i)1}-
i=1 i

In the above, the K(i) are the Lagrange multipliers. Taking
derivatives with respect to the W(ij) and setting them equal
to zero as a necessary condition for obtaining a ainimum
produces N(¥-1)/2 independent equations of the fora
WEid) = s-2(i)s~2(J(K(1) + K(D) }-
Taking derivatives with respect to the K(i) and setting then
equal to zero yields N additional equations of the fora
y -
jiiﬂ(ijr‘= P(L)(1-P(1) ).

The entire process yields a set of N(Ne1) /2
sinultaneous equations. The number of equations to be
solved initially can be reduced by applying the second set:

of egquations to the first set to obtain ¥ eguations in K(i)

only:



24

N N
P 1-P(i) Js2 (i) = K(i) S s™2(j) + S K(3)s~2(J)
j#i j#i
N ¥
= K(i})[ S s—2(jJ) - 2s-2¢i} ] + S K(jis~2(3 -
j=1 4 1

This set of equations may be represented in matrix
notation as
c =M K.
The Nxt vector, c, has elements c(i) defined as
c(i) = P{iy{1-2'1) Is2 (i)

The Nx1 vector k is the vector of unknown Lagrange
multipliers, K(i). The NxN matrix, ¥, may be represented au
M=0D+ 1 bt
where D is a diagonal matrix. The diagonal elements of the

matrix D may be expressed as
a(ii) = st1) - 25-2(i).
The term S¢1? js defined as the following saum:
N
S€1r = 5 s-2({k).
k=1
The vector 1 consists of N ones. The vector b has elements
b(i) = s—2(1).
If the two sums S(2) and S¢3? are defined as
N N
S12) = § H(k)d~! (kk) and 5¢3) = S b(k)c(k)da-* (kk),
k=1 k=1
and if S¢2> ¢ -1, then, as is shown in Appendix 8.%, the N

simultaneous equations in K(i) have solutions given by

R(i) = @-3 (ii)[ (i)~ (1 ¢ SC2y)=rgt3r ],
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Having obtained algebraic solutions for the K(i), the
algebraic solutions for the W(ij) may be obtained by
substituting the solved K(i) values in the first N(N-1)/2
equations, namely as

W(ij, = s—2(i)s~2(J)(K(i) + K(J)}-
The P(ij) may be obtained as
P(iji= P(L)P(H) -~ W(i])-

To be valid solutions in the sense of yielding a
probability sampling design, all of the P(ij, must satisfy
the conditions

0 £ P(ij) < minimum{P(i).,P(J)}-
These may be called the "weak constraints®,
An even stronger set of constraints on the P(ij) was
considered in Section 1.2, namely,
Ce(i)P(J) = P(ij <= P(i)P(J)
vhere
0 <C < (n=1)/n,
These may be called the ¥“strong constraints®,
The methodology for adjusting the solutions to satisfy

either of these constraints is given in the next section.

2.4 Adjustment Peocedures
2.4.1 Geperal Approach
The phenomenon of adjusting algebraic solutions to
optimization problems to fit reality is not foreign to
sampling theory. Neyman allocation in stratified sampling

has been known to allocate more sampling units to a stratum



26
than exist in that stratum. The corrective procedure
{Cochran, 1963, p.103) is to enumerate the overallocated
stratum, adjust the cost or variance functions, and proceed
to allocate the remainder of the sample to the remaining
strata. It may then again occur that the sample allocation
exceeds the size of some strata and the procedure becomes an
iterative process which ultimately terminates after
prescribing full enumeration to a number of strata and.
allocating the remainder of the sample in an optimum vay.

Three alternative methods for adjusting the P{ij} when
the algebraic solutjons fall outside of prescribed boundary
values are discussed below: (1) constrained wminimization,
{2) compensating additive adjustaments, and (3) sampling unit
re-dafinition. The choice of adjustment procedure from
among these three alternatives depends upon the nature of
the assumed variance model for the particular application,
the population size, and other design options available to
the sampling statistician. This topic is treated further in.
Chapter 4 when specific applications are discussed.

Al} three adjustment methods may be handled as wuethods
for adjusting the W(ij) rather than the P{ijj. The "veak
constraints® way be stated in terus of the W(ij) as

PP (j)~minimum{P (i), P(j)} < W(ij) = P{iyB{§) .
The woak constraints, of course, do allov negative values of
#{ij) and ,therefore, negative variance estinst. s, Lhe

wgtpong consiraintsY may be stated in teomw of tio Ll av
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0

A

W({ij) £ (1-CO)rP{1)Pr(J)

where 0 < C £ (n-1) /n.

2.4.2 Method 1: Constrajned Mjinjimjzatjon

Method 1 is the most direct approach to obtaining a
near optimum solution when some of the initial solutions for
the W(ij) fall outside the intervals determined by the
prescribed constraints.

For discussion purposes, the particular set of
constraints employed may be written as

L{ij} < W(ij = U(ij)
where L(ij) and 0(ij) are the prescribed 1lower and upper
bounds, respectively, for the W(ij}.

The first step of the Method 1 procedure is to check
all W(ij) solutions against their lower bounds L({ij -
suppose r solutions fall below their respective lower
bounds. The corrective action prescribed by Method 1 is to
set the r associated values of these W{ij) at their lower
bounds and obtain an optimal solution for the remaining
W{ij). 1In terms of a constrained minimization, this amounts
to considering the additional constraints

Wligk),j(k) ] = L{i(k}.,F{k) Jo k=1,2, .00y
in the general constrained minimization problem considered
earlier.

The second step of the Method 1 procedure is to apply

the methad of Lagrange multipliers to minimize
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N N
S S W2{ij)s2(i)s2(]j}
i#j
subject to
N
S W(ij) = P()T1-P(1) ],
jis

for i=1,2,....N, and
Wi(k),J(k)] = L{i(k),jtk) ]
for k = 1,2,.000¢F

This may be done by minimizing the function

NN
Fla(ij) ,K(i):i#j} = S S W2(ij)s2(i)s2 (3}
i#)
] N
- 4 S K(i){ S W(ij) - p(i)(1-P(i) ]}
i=1 J#i

r
-4 S1K(N*k){ﬁ[i(k)aj(k)] - L{i(k),3(k) ]}
K=

The expanded minimization problem novw involves N¢r Lagrange
multipliers, K(i), rather than the ¥ used in the initial
algebraic solution given in Section 2.3, A necessary
condition for obtaining a constrained minimum of the
objective function is that the derivatives with respect to
the W(ij) and K(i) be set to zero by appropriate chaice of
W(ij) and K(i). This process yields N(N-1)/2 independent

equations in the W(ij of the form

W(ij)=s~2 (i)s~2(J) (K(i)+K(J) ¢ S K(N¢k)I[ki(ij) 1}

*
Hwn
—

where I[k{{i§) ] = 1 if [i({k),J(k} ] = (iJ) and Lfkjf{ijl} = O
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in all other cases. Setting the derivatives taken with
respect to the K(i) at zero yields N equations of the form

N
S W(ij) = p(1)I[1-P(1) ]
j#i
and r equations of the form
Wi(k),3(k)]) = LLi(k), (k) ]
The total set of N(N-1) /2 + N + r equations can be

reduced to N+r equations in the K{(i)

N
s2(i)p)[1-P(i) ] = K(1) S s~2(3
j#i
N N o
+ 5 K{j)s=2(j) ¢ S S K(nek)I[kI(i)) ]
jAi Jti k=1

for i=1,2,..-..N, and
s2(1(k) 1s2[ (k) JLLi(k) ,J(k) ] = K[i(k) ] + K[ j(k)] ¢ K(N¢k)
for k = 1,2,0400F0

No analytic or pattern matrix approach has been
obtained for solution of these simultaneous equations. If
N¢r is not extremely large, a numerical solution can be
obtained through use of standard matrix inversior procedures
employed with electronic computers. The method is therefore
limited by the accuracy of computerized matrix inversiom
procedures.

Given that solutions for the K(i) are obtained, the
solutions for the W(ij) may be obtained directly by
substitution of the K(i) in the first N(N-1)/2 egquations

obtained above.
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The third step in the Method 1 procedure is to check
the adjusted solutions for W{ij) against their upper bounds,
U(ij} . Suppose s solutions fall above their respective
apper bounds. The prescribed adjustment procedure is
analagous to that prescribed above for adjusting W(ij) to
stay above their lower bounds. In terms of the constrained
minimization, s additional constraints of the form

Wi(k)o3¢Ck) ] = O[i(k),i(k) ],
for kK = 1,2...-,S are added.

The fourth step is to repeat the constrained
minimization procedure with the s additional constraints
included. As before, numerical solutions can be obtained
for the ¥N¢re¢s values of the Lagrange multipliers, K(i).
Thece may then be used to solve for the W(ij) directly.

At first glamnce, it iay appear unnecesséty to consider
the 1lower and upper bounds separately. In most cases,
constraints recognizing both upper and lower limits could be
added to the minimization problem in one step. The
exception occurs when for some particular i (after ordering
W(iJ) in ascending order of size),

W{ij) < L{ij

i}

for j 1,2,0020K, and
W{ij) > U{ij}

k+1 ,k¢2,. ..N, 1In this particular case, setting

1]

for j

(]

for j 1,20~...k;2nd
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W{.j) = 0(1i3j)
for j= ke¢1,k¢2,...,N, will usually violate the constraint
N
S W{ij) = P(1)[1-P(1) ]
jAi
By handling the lower and upper bounds in two steps,
occurrence of this probler is avoided.
The entire process >f checking solutions against the
prescribed oounds and adding equations to the linear systenm

is repeated iteratively until all W(ij) fall within their

upper and lowver bounds.

2.4.2 Method 2: Compensating Addjtjve Adjustments

Method 2 may be applied without accuracy limitations of
computer matrix inversion procedares. The method treats one
W(ij) at a time as follous. Suppose W({ij) exceeds the

prescribed upper bound, j.e-,

t

Wiy - o@ip a
and a>0. Corrective adjustments may be made in the W (ij)
without violating the N constraints
N
S W{ij) = P(L)[1-P(1) ).
j#i
The recommended procedure is 2
(1) adjust W{ij) by -—a,
{2} ‘adjust W{ik) by +a/ (N-2) for k#i or j,
(3) adjust W({jk) by +a/(N-2) for k#i or j, and
{4) adjust W{kmj by ~2a/f (F-2) {N~3) ] for k#i or J and

w#i or .
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If several W({ij}) must be adjusted, they can be handled
individually in an iterative fashion. Since the adjustments
for different W(ij) may tend to work against each other in
the iterative process, it is reconmended that the the
iteration continue until sufficient numerical accuracy is

obtained.

2.4.4 Method 3; Sampling Unit Re-Defimition

Under some common superpopulation models, negative
algebraic solutions for the W{ij) are associated with pairs
of sampling units, i and 4, that have muct smaller measures
of size than the remainder of the population. In many
applications, PPS non-replacement sampling is applied at the
first or second stages of multi-stage samples. In these
applications, the primary sampling units may generally be
formed somewhat arbitrarily, and their definition is within
the control of the sampling statistician. This suggests
that the problem of negative W(ij} be treated by adjusting
the structure of the sampling frame by combining two or more
small sampling units into one larger sampling unit or by
combining small sampling units wvwith any other adjacent
sampling unit.

Some side effects that might be expected as a result of
this adjustment procedure are (1) to increase the expected
cost of data collection since the subsegquent stages of the
sample are drawn from larger first stage units on the

average, and (2) to decrease the variance of the estinate
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due to more dispersion of the ultimate sampling units across
the entire population.

Method 3 is the simplest method of the three suggested.
Its general effect is tao 1limit application of PPS non-
replacement sampling to populations where the inequality of

the measures of size is not esxtreme.

2.9 Some Compents on_the Chojce of Constrajnts
As noted earlier, requiring that
P(ij) < P(1)P(])
guarantees that all terms in the Yates-Grundy form of the
variance will be non-negative and the Yates-Grundy variance
estimator also will be non-negative for all possible
sanples.
The initial form of the strong constraints was
discussed in Section 1.2 and was stated as
CP(i)P(3) < P(ij) < P(i)P(])
for .all P(ij) and some small C>0. If one considers the
left-hand part of the inequalities and sums both sides over
j not equal i, the result is
CP{(i){n~-P(i) ] € (n-1) P{(1)
for all i, or after factoring out P(i) and dividing by [n-
P(i) ],
C € (n=1)/n-P(i) ]
for all i. If a single value >f ~ is to be used, it must be

less than the minieum value over all i »f

(n~1) /[n-2 (1) ).
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Setting C less than or equal to (n-1)/n satisfies this
requirement for an upper bound of C.

If the strong constraints are applied with C set at
(n=1) /n, some immediate effects on the finite population
variance and variance estimates may be noted.

Stating the constraints in :erms of the W(ij} gives

0 € W(ij) < P(i)P{(]J)/n
The right hand term may also be expressed as
nX (i) X(j) 7X2(+) . The variance of the Horvitz-Thompson
estimator for designs employing this constraint will then be
bounded above by
| :
[n/X(+) 125 'SX (i) X(J) D2 (i])
i#j
vhere
D(ij) = Y (i) /(i) - Y(3' /P(J)
or equivalently
D(ij) = [X(+)/n])[Y (i) /X (1) ~ (3 7U(P ]

This upper bound is exactly equivalent to the variance of
the total estimate for the standard Hansen~Hurwitz
probability replacement design. This particular form of the
variance for probability replacement sampling is developed
as an analogue to the non-replacement form by Kendall and
Sstuart {1966, p. 177).

The same constraint on the P(ij) may be expressed in
terms of coefficients, w({(ij}), of the Yates-Grundy variance

estimator by first noting that .
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w(ij) = P(i)R(J)/P(ij) - 1.
Then the effects of the constraints on the w{ij) can be
noted in the following steps:
(n=-1P{i)RP(j)/n < P(ij) < P()P(J),
/{P(L)RP(H ] € 1/2(if) < o/ (a-N)P(L)P(F) ],
1 < P()P(F)/P(iF) € n/(n=-1),
and
0 € w(ij) € /(n-1).
The variance estimators for designs employing this
constraint will be bounded above for each sample by
nn
(n=1)—=1tS SD2(ij).
i<j
This expression is axactly equal to the variance estimate
for the Hansen-Hurwitz probability replacement design wher
applied to samples of distinct elements (Kendall and Stuart,
1966, p. 17N .

It may then be concluded that application of the strong
constraints with C equal to (n—-1)/n will produce desigas
with variances and variance estimates that are never greater
than those that would be obtained under probability

replacement designs.

2.€¢ Supmary of _hapter 2
In this chapter, a basic superpopulation model is
proposed. The relationship of the Y(i) to the X{i) in the

stated model is one of direct proportionality plus an error

term. Assumptions about the error term are very jeneral
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requiring only that the errors have zero expectation and be
independent. The expectation of the squared error terms is
left unspecified but must be finite.

The criterion of minimizing the superpopulation
variance of the finite population variance is proposed and
the methodology for obtaining algebraic as well as realistic
adjusted solutions is presented. The choice of criteria for
setting limits on the algebraic solutions is discussed and
some of the implications on the variance and the variance
estimator are shown.

It should be noted that the solutions for the pairvise
probabilities, P(ij), are obtainable for any sample size n
and are not limited to solutijions for samples of size two.
1t a saaple of size two is desired, ¢*he pairvise
probabilities actually completely specify the sample design.
If a sample of three or greater is to be selected fror a
stratum, a further challenge must be met. This challenge as
identified by Horvitz and Thompson is to devise the
selection scheme which achieves the desired pairvise
probabilities. This general problem for samples of size

three is addressed in Chapter 3.
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3. STRATUM SAMPLES OF SIZE THREE

3.1 Need and AppEgach

Although many survey designs which employ probability
non-replacement sanmpling also employ stratification to the
extent of selecting two sampling units per stratum, it does
appear desirable to have available the option tu select more
than two elements per stratum in some cases. As an example
if the total sample size allocated to a specific population,
such as a region, is an odd number,6 it is not possible to
form strata which permit the selection of two sampling units
from each stratum. If a stratum is established with an
allocation of one sampling unit, the old problem of
nonestimability of variance must again be faced since sonme
of the pairvise probabilities will then be zero. Foraming
one stratum with an allocation of three sampling units and
the remaining strata with allocations of two sampling units
permits the use of a maximum degree of stratification in
conjunction with estimability of the variance for all odd
sample sizes greater than or equal to three.

In this chapter a method is developed for obtaining
three-wise probabilities, P(ijk), which preserve the optimal
values for the P(ij) as determined by the procedures
discussed in Chapter 2. The general approach taken is
somewhat analagous to that used inm Chaptexr 2 in that an
objective function based omn the superpopulation wmodel

assumptions is minimized subject to certain cunstraints.



38
The natural selection of the objective function turns out to
be the superpopulation variance of the finite population
third moment of the estimator.

3.2 The Superpopulatjon Varjance of the Third Moment
of the Horvitz-Thompson Estimator -

Proceediﬁg as in Chapter 2 and assuming that a
particular finite population has been generated by the
superpopulation model by generation of the error term
vector, e, an expression can first be obtained for the third
moment of the Horvitz-Thompson estimator as a function of e.

As shown in Appendix 8.2, the finite population third
moment of the Horvitz-Thompson estimator can be expressed as

. _

H,[HS) i 2 ] =‘121[”i, ZP(i) PBP(i)[1-P(i) ) 1-22 (1) ]

NN
-3 s's [Y(1)/P(1)12[Y(F) /R(H) W 1-2R (1) JW (ij)
i#d
N NN
¢ § 5SS [Y()/P{i) XY (IR (I T (k) /P (k) JQ(iik)
ixjnk
vhere
Q(idk) = P(ijk)=P (i) P(J) P (k) ¢P (i)W (FK) +B (J) W (ik) ¢P(K) W (ij).

The third moment may be expressed in terms of the
superpopulation model by selectively substituting nX (i) /X (#)
for P(i) and BX(i)+e(i) for Y(i). After some simplification
and cancellatjon of terms in B3, B2, and B, this yields

[24i) 7k (i’ J3p(i) 1-p(i) J[1-2P(i:]
\

1

Hln=z

nIX-3(4) 8 [t(s)1 e ] =
3
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N N
= 35 s[e(i)/X(i) 2[e () /7X{3) L 1-2P (1) W (i])
i#]
N NN
+ S S S[e(i)/x{i) Me(d) 7X(j) N elk) /X (k) JO(ijk).
irjzk

Given the model assumptions stated in Section 2.1.2,
the superpopulation expectation of the third moment of the
Horvitz-Thompson estimator is simply

EM [t(s)]l & ] =

| X 3

={K(+)/n]3ii13{e(i)/X(i)]39(1)[1=P(i)]{"29(1)]o
If it could be further assumed that

EBle (i) /X(i) )® = 0,

as is the case if the e{i) are generated from the normal
distribution, then the superpopulation expectation of the
third moment of the Horvitz-Thompson estimator would be
zZero. In any case, the superpopulation expectation of the
third moment is not a function 3f the P(ijk).

Since the expectation of the third wmoment is not a
function of the P(ijk), the best that the sampling
statistician can hope to do is to protect against a large
third moment [in absolute value) by choosing the P (ijk} to
minimize the superpopulation variance of the third noment.
This variance may be expressed as

VHg(HSH g )= Elﬂait(s)'t e ]- Bﬂsit(s)& e 112

or in terms of the wodel parameters as
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N
[X(+}/ﬂ}°‘Vﬂ3[t€S)i e ]=3{529(i)/x(i)]39(1)[1°P(i)][1‘29(1)]
1=

N
°MS1E[e(i)/X(i)]39(1)[1°P(i))[1~2P(i)]
i=
N N
°3§¥§[e(i)/x(i)]z[e(j)/x(j)][1—29(1)]H(ij)
i
NNN
+3 S S[e(i) /X(i) Y e(F /X(JF) N e(k) /x(k) JO(ijk) }2.
i#§hk

It must be assumed that the first six moments of e (i) /X(i)
exist in order to consider the above expression
meaningfully. The terms associated with the first three
sums and their cross products clearly do not involve any
P(iik). Cross product terms of the terms in the fourth sum
with terns in the first three sams clearly have zero
superpopulation expectation due to the independence
assumption and that one or amore of the terms e(i)/X({(i),
e(j)/x(j), or elk)/X(k) will aippear after the expectec value
operator with a power of 1 and wili thus have zero
expectation.

For the purposes of minimizing the variance of the
third moment through appropriate choice of the P(ijk), it is
sufficient to consider only the term.

N NN
lgfgti[e(i)/x(i)][e(j)/x(j)][e(k)/x(k)]Q(ijk)}z

vhose expectation ander the assumed model is
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N NN

S S Ss2(i)s2 (J)s? (k) Q2 (i3k).
ifjeK

3.3 The Algebeajc Solutjon for the P(jijk)

3.3.1 The General Solutjion

The solution for the P(ijk) must satisfy the set of

constraints
N
S P(ijk) = (n~=2)P(ij)
k#i or j

In terms of the 0(ijk), these constraints are equivalent to

requiring that

N
S o(ijk) = R(ij)
k#i or j

vhera
R{(ij) = 2{1-P(i)-P(3) IW (ij’ -
The method of Lagrange multipliers may be used to

n the constrained solution for the Q{ijk) and

el

obta
subsequently for the P{ijk). The function to be minimized

may be written as

NNN
PQ(ijk) ;L(ij)zi#4#k}=S S S s52(i)s?(3)s?(k)Q2(ijk)
i#g#k
N N N
- 65 S L{ij)[ s o(ijk)-R(ij)]-
i#j k#i or j

In this problem, the L{ij) are the Lagrange mamultipliers.
Taking derivatives with respect to the QO{ijk) and setting

them squal tc zero as a necessary conditior for osbtaining a
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minimum produces N({N-1) (N-2)/6 independent equations >f the
form

Q(ijk) =s—2(i)s—2(j)s—2(k){L{i])+L (ik)¢L(3k) }-
Taking 3erivatives with respect to the L(ij) and setting

them equal to zero produces H§(N-1) /2 additional equations of

the form
N
S Q{ijk) = B(ij)-
k#1 or i

The entire process yjelds a set of (N-1)N(N+1)/6
simnultaneous eguations, The number of equations to oe
solved initially can be reduced by applying the second set
of equations to the first set to obtain N(¥-1) /2 equations
in the L{(ij) only:

N N

R(ij)s2(i)s2 (J)=L(ij} S s=2(k)¢ S [L(ik)eL(Jk) Js~2 (k)
k#i or § Xk#i or

N N
=L (i§)[S€22-25—2(i)-25-2(j) I+ S L(ik)s-2(k)+ 3 L(jk)s~2(k).
k#i K#)

These equations can be expressed in matrix notation and
a numeric solution is theoretically obtainable for the L{ij)
and therefore for the entire system of equations. Since
N{N-1)/2 will usually be oxcessively large for the use of
numeric matrix procedures, the general solation will not
ordinarily be useful to the sampler. The problem that
remains to be solved is to obtain an analytic cepresentation
of the solution for the L{ij) under the general

superpopulation wmodel.
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3.3.7 & Sometimes Optimal Solution

Although an analytic general solution appears
intractable, an analytic solution is obtainable if s2{i) is
constant over all i. This does not require the use of the
same assumption in computing the P{(ij)., since the values of
the P(ijk) are constrained to satisfy the P{ij)} solutions
regaréless of how they were obtained. The solution obtained
for the P(ijk) will be optimal in the sense of minimizing
the superpopulation variance of the third roment of t(s)
only if the s2(i) actually can be assumed constant, bu?
usable solutions may be obtained even if the equal variance
assumption does not hold. It should be noted that the
cptimal properties of the P{ij) are preserved.

If the s2 (i) are constant, the N(N-1) /2 equations 1in

the L{ij) becone

N N
R(L§)=(N-4)L(if)+ 5 L(ik)*+ S L{jk).
k#i K#3

This system of equations may Je represented in matrix

form as
r=HUY .
The WN(N-1)/2 x 1 vector, E, has elements B[k (ij} ] vhere each
k is associated with the pair of labels (i<j) by the
relationship
X(ij) = (i-VN - i(i-1/2 + 3~ 1.

g is an N{8-1} 72 square matrix. The elements of H are

defined as
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h{k(ij)k(ij) ] = ¥N-2,
hk(ij) k(i3*)] = 1,

h{k(if)ok(@*H) =1,

]

and
h{k{ij), k(i*'j*)] = O,
vhere i%#i or j, j°#i or j, and i°<j?. The vector ‘v is the
vector of unknown Lagrange multipliers also indexed by
k(ij).
The inverse of H. can be obtained by defining the

elements of H-t as

h=[k (i) k(ij) ] = a,
h=(k(if) . %X (13%) ] = b,
h=(k(ij) k(i*j} ] = b,

and
h=(k(ij} . k(i*3") ] = c,
with i* and §° limited 21s in H.
If the product of 4 and H-t is then set equal to the
identity matrix, three equations in-a, b, and :c are obtained
as follows:

(N=2ja + 2(N-2)t = 1,

i

a + 2(8-2)b + (N-3}c 0,

and

i
(=]
°

4b + [ (N-2) +2(¥-4) ]Jc
These equations may be solved to obtain
a = (IN2-18N+26) /[ 3 (N-2) {(N-3) (§-4} ],
b = - (38-10) /[ 6 (N-2} (N~3) {N-~&} ],
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and

]

c = 2/[ 3(N-2) (N-3) (N-4) ].
It may be verified by computing HH-? = I that this approach
does produce the inverse >f H. Solutions for the L(ij) may

then be obtained by ~omputing

After some simplification, the individual solutions for
the L(ij) may be writtem 1s

L{ij) = [3¢(N=2) {(N-3) (N-U4) T-2{3(N-2) (N-3)R{i]j)

N N N N
- 3(N-2)/2[ S B(ik)¢ S .(jk) ] + S S R(k1) }.
k#i kK#j k#l

For this special case, the solution for Q(ijk) may be
written simply as
Q(ijk) = L(ij) + L(ik) + L(jk)-

Given the Q(ijk), the solutions for the P(ijk) are
P{ijk)=Q(ijk) ¢+P(i) P{F P (k)-P (L)W (k) -P(J) W(ik)-P(kK) W (ij)-

These solutions are algebraic solutions only and may
not be valid probabilities in some cases. The minimal
constraints on these solutions should be that.

0 € P(ijk) € minimum{P (ij} P (ik) .P{jk) }-

The methodology for adjusting algebraic solutions that

do not satisfy these constraints is given in the next

section.
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3.4 Adjustment Procedures

Technically, the three approaches discussed for
adjusting the P(ij) in Section 2.4 can be adapted to adjust
the P({ijk). Method 1, constrained minimization is
considered feasible only for small populations when the
general matrix solution approach is applied in obtaining
algebraic solutions; it requires nuperical inversion of a
matrix with dimensions greater than N(N-1) /2.

Methad 2, compensating additive adjustments, may be
applied iteratively. The steps required to adjust P(ijk) by
a factor "a" are:

(1) adjust P(ijk) by a3

(2) adjust all probabjilities of the form P(ijk*),

P(if*k), and P(i*3k) by -a/(N-3);
(3) adjust all probabilities of the form. P(ij®k°),
P(i*4k°), and P(i®j°k) by ¢2a/[ (N-3) (N-4) }; ‘and
(4) adjust all probabilities of the form P(i*j'k*) by
-6a/[ (N-3) (§~8} (N=5} 1,
where sampling unit labels within each parenthesis are
distinct, and i'#i or § or k, j%#i or j or k, k°#i or j or
k. Tests of this method indicate slovw convergence of the
algebraic solautions to acceptable solutions unless the
initial algebraic solutions have only one or two values
outside the acceptable range.
If it makes sense to combine small sampling urics into

larger units in the particular application, Hethud 3,
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sampling unit redefinition, may be applied. This method is
strongly recommended as a means of obtaining acceptable
P(ijk) since the other two methods are either numerically

difficult or slow to converge.

3.5 Summary of Chapter 3

The theory developed in Chapter 2 is extended in
Chapter 3 and applied to the problem of obtaining sample
designs for samples of size 3 given that the unit
probabilities, P(i), and the pairwise probabilities, P(ij),
have already been »btained. A general numerical solution is
suggested based on arbitrary assumptions about the variance
of the superpopulation model error teras. A specific
analytic solution is obtained under a special case.
Adjustment procedures for handling nonprobabilistic

solutions are discussed.
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4, APPLICATIONS

4.1 General Approach for Algebraic Solutjons for P(ij)

This section summarizes the steps that must be taken to
obtain algebraic solutions for the P(ij). The sampling
statistician must first decide upon the error nmodel he
believes best represents the population sampled and the
variablie to be observed; i.e., he must define the function
s2(i) for each element in the population sampled. As noted
in Section 2.1.2,

s2 (i) = Ble(i)/X(i) )2 = X~2 (i)Be2 (i)
Once having defined s2(i) in some manner and the unit
selection probabilities, P(i), as
P(i) = nX(i)/X(%),
algebraic solutions for the pairvise selection
probabilities, P(ij), may be obtained by computing the
following (These terms have already been defined in Chapter

2 and are presented here for summary purposes only)

N
Sty = 5 s—2(i),
i=1
N
S€2) = § s=2 {i)/[StVr-2s-2(i) ],
i=1
N
S€3) = 5 P(i}[1-P (i) WISELI-25-2(i) 1,
i=1

K(i) = {P(i}[1-P (i) )s2 (i)~SC32/[1+5C2) J}/[S 1I=2s72(i) )
W(ij§) = s~2(i)s-2 (] [K(1) *K(]] Jo

and
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P(ij) = P{i)P(J)-W({ij)-
Some model specific soiutions for the P(ij} are noted

in the following sections.

4.2 Appljcatjons With Some Specifjc Error Hedels

4,2.1 Expected Squared Brror Proportional to the Measure of
Size

If the sampling statistician assumes that the
superpopulation model squared error terms have expectation
proportional :to the measure of size, X(i), this assumption
may be written as

Be2 (i} = kX({i)
where k is a positive constant.

This model has a particular appeal for sampling designs
atilizing wmulti-stage sampling and somewhat arbitrarily
formed primary sampling units. Suppose primary sampling
units i and j are adjacent to each other and for some reason
may be treated more conveniently as a single combined
primary sampling unit with a nev size measure X{i?} wvwith

X(i*) = X(i) ¢ X(j)-
Under this particular superpopulation model, it makes sense
to combine primary sampling units and still ‘assame that the
error model applies, since
Eez (i9) =kX (i) =kX (i) ¢kX (j) =Be2 (i) +Be2 () .

For computational purposes k may be assumed to be 1

since it appears is a factor in both the numerator and the

denominatey of the final soiutions for the P{ij). The
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intermediate computational values computed assuming this
model redyce to the following:

s2 (i) = X~ (1),
SC1> = X (+),

N
s€2) = s X(1)/[X(+)-2X (1) 1,
i=1

s¢3) =ig1P(i)[1’P(i)]/[X(+)‘2X(i)].
K(i) = {n[1-P(3i) /X (+)-SE3/[1+SC2J/[ X (+)-2X (1) ],
W(ij) = X(1)X(F{K(1)+K(D) },
and
P(ij) = X{i)X(J){n3X-2(+)-K(1)-K(])}
= X{i)X(j){n2X-2(+)-n[ 1-P (1) X~ (¥)[ X (+)-2X (1) ]!
= n[1-P(J) Xt {+#)[X(+)-2X(]) I}
* X (D) X(F) S 1+SC2) 71 {[ X [+#)-2K (1) 17 +[X (+)-2X(F) T }.
For  samples of size 2 (n=2), the first term in
parentheses 1is equal to zero, and the formula for P (i)
correspands to that given by Brewer and cited in Section
1.2. This can be seen by noting that the following hold for
n=2;
N
5€2) = (1/2) s P(D)/[1-P(1) ],
i=1
S(3) = px-t(+),
and
[X({+)-2x(1) ] = X(+)[1-P (1) ].

The first term in parentheses in the formula for P(ij) then
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becomes
UX=2 {+) =202 (+)=24—2(+) = O,

The second term in tho axproessiocn for P(ij) becomes
N
PR (NEL - @) 2l -0 ) I7 2+ s P(X) /D 1-P(k) ]} T,

This particular solutiocn not snly satisfies the constraints
E{iny > G,
bnt also satisiies
W(id)y > 0
ax can be shown by noting that
N N

{2+ 5 P(k)/T1- (k) Jp PR (D) PUT) {2+ 5 P (k) /[ 1-P(x) ]
k=1 k=1

E
—
[N
e
~—
i

= [1=p(i) )7t - [1-P(3) 71 ).
The t=rus in the first parenthoszos is ciwzarly pesitive cince
all the terms in the summztiocn are rositive. The term in

the second rarentheses can be wiitten as

73

2+ 5 P(K)[ 1-P (k) 17140 (1) [ 1=P (1) F1+¥ (1 [ 1-2 (§) T°*
k£#i or

~(1-P (1) 7=[1=-p(F) T** = S P(K){1-P (k) }?
k#1 or 4

3
and is therefore alsc seen to be a sum of all positive
torms,

For samples of size greater than 2, the algebraic
solutions  for  P(i3j) corntinue to be positive as can be seen
by re-sxamining the formula for P(ij). The <first term 1in

parentheses beccmes positive as can be seen by writing it as
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RX~2Z (#) [n~-[ K (¢} =nX(§) J{X(+)-2X(i) )¢
=[X(¢)-nX(J) J{X(+)-2x(F) I~ }.
For n>2, the teras
(X(¥)-nX (i) J{x(+y-2X(i) I < 1
and the entire term is bounded below by
nX-=2(+) f{n-2}
wvhich is positive. The second tera of the formula for P(ij’
can be seen to be positive for all n because all its
components are positive. The value of n is of course
limited in any case by the constraint that
P(i) <1
or equivalently that
n < X(+)/X(1)
for all i. This general constraint applies to all PPS
schemes. [In practice, sampling units with X (i) exceeding
X(+)/n are generally sampled with probability one: in aulti-

stage sanmples, they are treated as self-representing

strata. ]

4.2.2 Expected Sguared Brrog Proportional to the-Squared-

Another raasdnable model to assume ip certain cases is
that
Be2 (i) = kX2(i)
vhere k is a positive constant.
An example of a sampling problem where this model

zppears to apply involves a recent study on the regional
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destinations of import shipments passing through certain
port terminals. The measure of size, X(i), employed in the
study was the dollar value of z2ach shipment which could be
obtained by applying standard conversion factors co tonnage
figures which were available in a computerized file. The
data on the regional destination of the import shipments did
not appear on the computerized file, but could be obtained
by searching additional paper copy files created at the time
of delivery. BEstimates of regional dollar values of imports
wvere to be based on a sample of items selected from the
computerized file listing. The observations, Y(ri), defined
as the dollar value of imports to each region, r, could be
modeled as

Y(ri) = B(r)X(i) ¢+ e(ri).
The values of Y(ri) were assumed to take only two possible
values: Y(ri) = X(i) with probability B(r) and Y(ri) = 0
with probability {1-B(r) ] Under these assumptions,

EeZ2 (ri) = B(r)[ 1-B(r) JX2(i).
For a particular regional estimate, the model fits with k =
B(r)[ 1-B(r) 1.

FPor computational purposes, k may again be assumed to
be 1 since it appears as a factor in the the numerator and
the denominator of the algebraic solution for P(ij) . The
intermediate computational values assuming this model reduce
to the following:

s2(i}) = 1,
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sS€r) = N,
S€2) = W/ (§-2),
N

S$€3) = (N-2)-t S P(i)[1-P(1) ],
i=1

K(i) = (3"2)*‘{P(i)f1“9(i)]°(2(5“1)]“‘ig’P(i)["P(i)]}o
H(if) = (F-2)-{P(i)[ 1-P(i) J¢eP (M 1-R(F) ]}
. ,
- (N-1)~=t (§~-2)~-t S P(i)[1-P(1) ]
i=1
and
P(ij* = p()B(P-W(if .

In practice, algebraic solutions using this particular
model ére more likely to fall oatside the acceptable range
specified by either the weak or the strong constraints than
vith the praeviously discussed model.

As noted in Section 2.2, the criterion function
minimsized wvwhen using this model is the one suggested by
Jessen, namely

NN

S S W2(ij)-

i#y
Jessen applied his method & to the problem of selecting a
sapple of 2 from a a population of 4 elements vith size
measures i, 2, 3, and 4, respectively. Table 4.2.2.1
compares three of his approximate solutions with the exact
algebraic solution. Jessen's approximations to the 4(ij)

were in most cases within rounding error of the algebraic
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solution and all came very close to obtaining the minimam

value of the criterion function.

rable 4.2.2.1 Comparison of algebraic solution with Jessen'’s

Method 4
L Jessen®s Method 4 Algebrair

Item Iteration 1|Iteration 2| Iteration 3 | Solution
H{13) cccoae .07 -06 -.08 . 0666667
W(28} ccoqe-e .02 -03 01 .0266667
W({23) cocoac - 10 .11 - 09 - 1066667
W(Z‘n g0 oc 007 006 008 00666667
H(34) cacoae <07 - 07 Q7 - 0666667
NN
S SW2(ij) o. -0300 - 0300 -0308 - 0298667
i<y

4.2.3 A _Generalization

The two specific error models discussed above can be

considered as special cases of the more general nmodel
Be2 (i) = kX7(i)

vhere k and g are constants. The value of g is generally
considered to be between 1 and 2 as noted by Rao, Hartley,
and Cochran (1962, p. 486) and Cochran (1963, p-. 259 .
Bayless (1968, pp. 96-104) obtained maximum likelihood
estimates of g for temr large natural populations and
concluded that values of g between 1 and 2 appear plausible.

The computational values required for obtaining
algebraic solutions which are optimal under this general
nodel do not simplify to any great extent. It may be noted
that (assuaing k=1)

g2 (j_, = X(ES‘H*’Z)(i)
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in the general notation presented in 3Section 3.1,

4.3 A_Mixed Error Hodel

A typical use of PPS sampling involves estimation of a
population total for a population with a particular
attributes Generally the size measure, X(i), is based on a
previous estimate or ICensus count, es4g., the total
population of a county in the most recent decennial census.
At the time of the survey, the actual population size is
generally not known or the primary interest msay be in a
special subpopulation, e;9., all married females 15-35; the
population size at the time of the survey may be denoted by
M(i).

The special attribute is possessed by Y (i) of the M(i)
population elements; if M(i) is the number of females 15-35,
Y(i) might be the number of females 15-35 that have had a
live birth during the previous calandar year.

A superpopulation model could generate the #(i) and
Y(i) numerically in two stages as follows. At the first
stage, the superpopglation model generates M({i) ([>0] and
B(i) [O0sB(i)€1). The values M(i) and 3(i) are then used as
the parameters of the binomial distribution which generates
the Y (i) at the second stage.

The superpopulation model may be written as before as

Y(i) = BX(i) + e(i)-
The error term can be partitioned as

e(i) = e{li) ¢ efzi}
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where
e(1i) = X(i)[B(i)M(i)/X(i)-B]
and
e(2i) = [Y(i)-B(E)IN() ).
Under this model, the squared error term has
expectation
Be2 (i) = Be2(1i) + Ee2(2i)
with

Ee2 (1i) = X2 (i)E[B(i)n(i)/X{i)-B}3,

and
Be2 (2i) = M(i)B(i)[1-B{i) J-
It may be noted that if M(i)y=X(i) for i=1,2,.00.N, then
Ee2 (1i) = X2 (i)E[B(i)-B)?
and

EBe2(2i) = X(i)B[(B(i)[ 1-B(i) ]}.
This particular model specializes further for two cases:

(1) B(i) = B for i=1,2,000 0,8, and

W

(2) B{i) 1 for BN of the sampling units and B(i) = 0
for the remaining (1-B)N sampling units.
In the first case, Ee2(1i) = 0, and the total expected
squared error can be expressed as X(i) multiplied by a
constant,
Ee2 (i) = X(i)B(1-B)
In the second case, Ee2(2i) = 0, and the total squared error

is a fuanction of X2 (i},

Ee2 (i} = X¥{i)B(1-B).
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Both of these special cases have been modeled in the
literature and are discussed in 4.1.1 and 4.1.2 above,

4.4 General Approach for Algebraic Solutions for the
B(ijk)

As discussed in Chapter 3, a general solution which

minimizes the superpopulation variance of the third moment
of the Horvitz-Thompson estimator for any assumed values of
Be2(i) is obtainable theoretically but reguires a numeric
solution to N{R-1) /2 simultaneous equations. The
theoretical general approach is not recommended since it
does not appear practical even with the availability of
present day computers.

The recommended procedure for most applications is the
one discussed in Section 3.3.2. The computational values
required for this procedure, given the P(i), P(ij), and
W(ij) have previously been determined are

R(1)) = 2[1-P(1)-P(J) W (i]),
L{ij) = [3(N-2) (N-3) (¥-4) J~t x

N '] NN
{3 (N-2} (N-3) R(i§) =(3/2) (§~2)T S B(ik)+ S R(jk) J+S SR(k1)},
kei K5 k#1

Q{ijk) = L(ij) ¢« L(ik) + L(3k),
and
P(ijk) = n(ijk) e (i) P(J) P(k}-P(1) ¥ (Jk) =P (JyW(Lk)~P (k) H{iT).
in the case of Ee2(ij=kX2{i}, this sclution is optiral

in the sense discussed above.
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4.5 Application of Adjustment Procedures

4.5.1 Adjustment of the P(ii

The adjustment procedures for the P(ij) are discussed
in detail in Section 2.4 and cannot be further summarized
without omitting essential aspects. Some conmments on the
choice of adjustment method for applications may be
appropriate. Method 3, sampling unit redefinition, is the
simplest to apply and also may have the added effect of
reducing the superpopulation expectation of the variance.
Method 1, constrained minimization allows the user to
satisfy the prescribed constraints exactly; some initial
exparience in applying this method indicates that the
limitations on accuracy of matrix inversion procedures
precludes the use of this method except for very small
populations. If the user sets the upper and 1lower limits
for the P{ij) within the bounds required for the solutions
to be valid in a probabilistic sense, these arbitrary bounds
can then be satisfied approximately using Method 2,
compensating additive adjustments. The accuracy of the
approximation may be controlled by the criteriz used to stop
the iterative process. The accuracy of solutions obtained
by Method 2 is not seriously affected by the size of the
population being sampled.

After applying either Method 1 or HMethod 2, it |is

advisable to test whether the adjuste¢ probabilitizs still

satisfy the constraints
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N
S P(ij) = (n~NHP(i).
jEi
This is particularly important in wusing #ethod 1 and
provides a warning that the matrix inversion process is not
working satisfactorily. A possible compromise to follow is
to use Method 1 to satisfy the prescribed constraints
exactly and to shift to Method 2 whenever the solutions so
obtained for the P(ij) do not satisfy the test of accuracy
stated above.
It may be noted that Method 2 may be applied to any
initial array of numbers, T(ij), that satisfy for each i
N
S T(ij) = (n-HP(i)
jei :
and that the properly adjusted array may then be used to

specify the pairvise probabilities, P(ij), of a probability

nos~replacement design.

4.5.2 Adjustment of the P(iik)

Adjustment procedures for the P(ijk) are discussed in
Section 3.4. These procedures must be used with care;
checks of the adjusted probabilities to determine coumpliance

with the constraints

H
S P(ijk} = (n-2)P(ij)
k#i or 1

shotid be performed after either of the first two ad-iustrent

procedures are applied.
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5. SOME EMPIRICAL COMPAHISONS

5.1 General Approach

Two general gquestions cannot be ansvered directly by
examination of the theoretical development in the preceding
chapters. The first gquestion is <concerned with the
sensitivity of the superpopulatiop variance criterior to
poor or wrong initial assumptions about the error structure
of the population to Le sampled. The second juestion is
concerned with the effects »>f the choice of constraints on
the superpopulation variance criterion and on other
statistical properties such as the stability of the variance
estimator.

An attempt vas made initially to study these issues
solely on a simulation basis by generating 1 large number of
small populations through the 1ise »f a probabilistic
superpopulation model. Since in most applications the
values of the Y(i) are non-negative, a one-tailed
distribution was considered most appropriate and *he
lognormal distribution was utilized to generate rgsalistic
Y(i). The problem encountered with this approach was
apparently that the higher order moments of the jistribution
could not be satisfactorily reproduced through the digital
computer simulations methods used.

An alternate approach +4as then attempted Jshicht utilized

the binomial distribution and both theoretical and empirical

simulation results could be obtained.
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The remaining sections of this chapter include
descriptions of the populations studied and the designs
considered, and a discussion of the theoretical and
simulated properties of the variance and of the variance

estimator.

5.2 The Ponulatjons Considered

Two special superpopulation models with expected
squared errors proportional to X(i) and X2(i), respectively,
can be simulated through the use of independent Bernoulli
trials. Both cap be expressed in terms of the general model

Y(i) = BX(i) ¢ e(i).

In the first population considered, designated as
Population 1, the Y(i) weré generated from the binomial
distribution with parameters é and I(i). OUnder this model,
the error term has second and fourth moments

Be2(i) = X(i)B(1-B),
and
Be* i) = 1(1)8(168){1+3[X(i)°2]8(1-8)}.
respectively. These theoretical results could be applied
directly into the formulas for EV[t(s)! e ) and VV[t(s)l ¢ ]
as shown in Saction 2.2,

In the second population considered, designated as
Population 2, each Y(i) was generated on the basis of a
single Bernoulli trial vith probability of success B. The
Y(i) wvere assigned the values ¥(i) for a successful trial

and a value of zecro for an unsuccessful trial. fh: second
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and fourth moments of the error terms under this mode! are
Be2(i) = X2(i)B(1-B),
and
Ee4 (i) = X*(i)B(1-B)[ 1-3B(1-B) ],
respectively.

In 2 single simulation run, each superpopulation model
generated 100 finite populations of size ten. For each
finite population, the variance, V[t(s)| e ], vas evaluated.
An estimate of VV[t(s)| e ] was obhtained on the basis of the
sanple of 100 €finite populations  generated by the
superpopulation model. The entire process could be repeated
with a different initial random number to obtain independent
estirzates of VV[t(s)| e ] and allov for evaluation of their
precision.

The size measures, X (i), vere the same for all
populations and wvere equal to the numbers one through ten.
The value o2f 8 vas arbitrarily set at 0.2 to onbtain a
somewhat skewed distribution of errors.

A single simulation experiment may be considered as
replication of a single population 100 times, but may also
be considered as the simulation of a single population with
100 strata, all of which have the s5ame underlying

superpopulation model.
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5.3 The Desjqns Consjdered

Twelve designs were considered in the empirical stady
based on four sets of assumptions about the squared error
terms and three choices of restrictions on the final
solutions for the P(ij). All the designs involved samples
of size 2.

The assumptions about the squared error teras employed
in obtaining algebraic solutions were that the expected
squared error terms were (1) constant, (2) proportional to
X{i), (3) proportional to X2(i), and (4) proportional to
X3 (i) ..

The constraints applied to the initial algebraic
solutions may be stated as:

(1) 0tP()P(J) < P(ij) < minimum{P(i),P(j)},

(2) - 01P(L)P(J) < P(ij) < P(i)P(j),and

(3) -50P(i)P(J) < P(ij) < P(i)P(]) -

The choice of € = .01 in the first ¢two sets of
constraints is arbitrary but intended to be a very weak
constraint which still preserves the non-negativeness of the
P{(ij) and, therefore, the estimability of the variance. 1In
general the chaice of C bounds the coefficients, W({ij), of
the VYates-Grundy form of the variance by (1-CiP(i}F(j) and
coefficients, w(ij), of the VYates-Grundy form of the
variance estimator by (1-C)/C. Therefore the uppei bounds
for these coefficients under constraints {1) and (2) are

W{ij) <€ 99 {(D)P{(F).
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and
v(ij) < 99.
The upper bounds for these coefficients under constrain! (3)
are
W{ij) < .50P(1)P(F .,
and
w({ij) < 1.

Choice of upper bounds for the P(ij) affects lowver
bounds for the W(ij) and w(ij). Under constraint (1),
negative values of W(ij) and w(ij) are possible. They are,
hovever, bounded below as

W(ij) 2 - minimum{P(i)[1-P(j) ), P[P (i) ]},
and
v(ij) 2 - miniwmunm{ 1-P(i), 1-P(Jj) }.
Note that in no case will the values of W(ij) and w({ij) be
less than negative one. Under constraints (1) and ({2), the
values of i(ij) and w({ij) are bounded below by zero.

The designs used in *he =2mpirical study are identified
by two-digit identifiers in Table 5.3.1 and will be
referenced by these identifiers for: K discussion purposes.
The actual values of P(i), P(ij), W({ij). and w(ij) are
catalogued in Appendix Section 8.3,

Designs (01) and (02) are identical since the initial
algebraic solutions satisfied both constraints {1) and (2).

The same is true for designs (11) and (12).
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Designs (01), (02), (11), (12), and (21) wvere obtained
directly from the algebraic solution. Adjustments to meet
the design conastraints were achieved by Method 1,
constrained wminimization (described in Section 2.4.2), for
designs (03), (13), and (22); and by Method 2, compensating
additive adjustments (described in Section 2.4.3), for

designs (23), (31), (32), and (33).

Table 5.3.1 Design -identifiers

Assumed amodel Constraints applied to the P(i) -
for design [(OTP(i)P(3)SP(iJ)] 0P (i) P ()< [.50P(i)P(j)<
purposes SNin(P(i) ,P(J) I [PEANSP(L)P(J)|P(Lf) <P (i) P (])
Be2 (i)=Kk .que (o1 (02) (03)

Be2 (i)=kX (i) (1 (12) (13)

Be2 (1)=kX2 (i) . (21) (22) {23)

Be2 (i) =kX?3 (i) (31) (32) (33)

5.4 Jengsitivity of the Criterion Functjom to Desjagn
. Selection

The theoretical values of the saperpopulation variance
of the finite population variance, VV[t(s)}| e ], were
evaluated for each of the 12 designs and the tvo
superpopulation models. The results are recorded in Table
S<4.1. It may be verified that the 1lovest value of
V¥[t(s)} e ] in each column coincides with the design

assumption that fits the true model of the population,
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Table S.4.1 Theoretical superpopulation variances of the
finite population variance

Assumed model Constraints applied to the P({(ij)
for design [0TP(1)P(J) <P (ij) -01P(1)P(§)< [.50P()P ()<
purposes | SMin{P(i),P(J) J|P(iJ)SP(i)B(F) | P(ij) <P (i) P(])
True model: 32e2(i) = . 16X (i)
EBe2 (i)=Kk cacoa 288.68 288,68 288,26
Be2 (i) =kX (i) 287.95 287.95 287.96
Be2 (i) =kX2 (i) 292.81 289,17 288,14
Be2 (i) =kX3 (i) 305.58 291,20 288.28
True model: EBe2({i) = .16X2{i)
Be2 (i)=Kk ccee 9,686.55 9,686.55 9,08/7.80
Ee2 {i) =kX (i) 9,692.67 9,692.67 9,690.36
Ee2 (i) =kX2 (i) 9,664,048 9,671.54 9,683.12
Be2 (i) =kX3 (i) 9,728.40 9,689.40 9,685.03

As more restrictive constraints are imposed on the
P(1ij) by the design specification, two things happen:
(1) the minimum achievable value of VV[t(s)| e ]
increases; and
(2) the difference in VV[t(s)}| e ] between the best and
the worst design (under the particular set »of
constraints) decreases,
These phenomena may be observed in Table 5.4.1 by comparing
the left column {least restrictive constraints) with the
middle column (moderately restrictive) and the right colunmn
(most restrictive).
Probably, the most interesting aspect of Table 5.4.1 is
that the expected increase in VV[t(s){ e ) due to using the
poorest design of the twelve instead of the best design is

only about 6.7 percent under the first populationz model and
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less than 0.7 percent under the second population model.

Considering VV[t(s)| e ] as a 1loss fanction, a
proportionately smaller 1loss is incurred by assuming for
design purposes that the expected squared error - is
proportional to X (i) when in fact it is proportional to
X2 (i) than by assuming that :he expected squared error is
proportional to X2(i) when in fact it is proportional to
X(i). If this is a general phenomenon, a smaller risk is
taken by assuming that the squared error teras are
proportional to the X(i).

Based on Table 5.4.1, the design strategy which
minimizes the maximum possible loss is the one that imposes
the most restrictive constraints (right column in the
table).

I£ may be noted that if in the true model, the expected
squared error is proportional to X2 (i) (bottom half of Table
5c4.1), the sample designs which assume a constant expected
squared error, come closer to the optimum than those that
assume proportionality to the X(i). The minimum value of
VWit(s})! e ] is, hovever, achieved under the correct model

assumptions.

5.5 Bffect of Desjgn 3electjon on the Jarjance Estjmator
For samples of size two, the commonly used fates-Grundy
variance estimator is
vit(s)| e J=w[s (1) ,s(2) HY¥[s(1) VP[s(1) }-¥[s(2) }/P[s{2) ]}2

where
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w(ij) = [P(L)P(J)-P(Lij) J/P(i])-
The finite population variance of this estimator is
N N
Vivit(s)l e ]} = s se(ij)v@PHlY@)/2p1)-¥(3)/2(H 1*
i<y
- vV2{t(s)l e ]

To study the effect of design selection on this
variance estimator, the superpopulation expectation of this
variance was examined., Based on the derivation of
EV2[ t (s) | e ] in Section 2.2, the superpopulation
expectation of the finite population variance of the
variance estimator may be expressed as

N N
EBV{vlt(s)l e ]} = S sW(ij)w(ij){B[e(i)/P (i) ]}*
i<j
+ E[e(J)/P(3)]1* + 6E[e(i)/P(i) J2E[e(J)/P(]) 12}
N N
~ 2S SE[e(i)/P (i) J2E[e (J)/P(J) 2P (L) P(H)[1-P(i) H 1-P(F) ]
i<j
NN
- S SE{e(i) /P(i) )2E[e(J)/P(]) J2H2(i]j)
i<j
N
- S E[e(i)/P(i) J*P2(1)[1-P (1) }%.
i=1
This theoretical value of EV{v[t(s)]| e 1} was computed for

each of the 12 designs and the two superpopulation models

considered. The results are shown in Table 5.5.1.
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Table 5.5.1 Theoretical superpopulation =2xpectations of the
finite population variance of the Yates-Grundy
variance estimator :

Assumed model Constraints applied to the P(ii{m
for design [Q1P(i)P(J)SP(ij)| -O1P(i)P(F) € | -SO0P(i)P(j) <
purposes SMin{Pi) ,P(J) } |P(AJ)SP(i)P (5} P(if)sP(i)P(])

True model: Be2(i) = . 16X (i)

Be2 (i} =k caqoe 4,647 4,647 3,979
Be2 (i} =kX (i) 4,014 4,014 3,944
Be2 (i) =kX2 (1) 35,252 7,735 4,410
Ee2 (i) =kX3 (i) 393,893 27,701 4,468

True model: Ee2(i) = .16X2 (i)

Be2 (i) =k ccoo 72,003 72,003 66,285
Be2 (i) =kX (1) 62,815 62,815 62,826
Be? (1) =kX2 (i) 170,775 81,915 65,037
Be? (i) -kX3 (i) 1,549,399 166,684 66,517

On the basis of Table 5.%.1, designs based on an
assnmed squared error proportional to X(i) are clearly
superior in terms of the EV[{vt(s)t e ]} criterion >ver any
of the other designs considered. With one exception, the
valne of BV{vit(s)| e 1} decreases with increased
restrictiveness in the P(ij) constraints. Designs which
perait negative values of the W(ij) [designs ([21) and (31)]
are clearly inferior to the others. Designs which constrain
the values of w(ij) between 0 and 1 [designs (03), (13),
(23), and (33) ] control BVfv{t(s)l e ]} effectively under

either superpopulation model.

5.6 Compagkison of Theoretical and Sjmulated Results
Pive sets or replicates of 100 populations vere

generated under each of the two supecpopulation zsodels.
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Bach of four designs were applied to each population
generated. only designs (01), (11), (21), and (31) wvere
used in the simulation experiment; these designs utilize the
weakest set of constraints on the P(ij) and should exhibit
the largest lifferences between model assumptions used in
specifying the design. The values of VV[t(s){ e ] and
BV{v[t(s)} e } were estimated for each replicate-design
combination, The individual estimates are showun in
Table 5.6.1 for VV[t(s)} e ] and im Table 5.6.2 for
Bifvit(s) ]I e }-

Table 5.6.1 Simulated superpopulation variances of the
finite population variance, VV[{t(s){| e ]

Assumed model Simulated values
for design Rep Rep Rep Rep Rep
purposes 1 2 3 4 5

True model: Be2(i) =.16X({i)

Be2 (1) =k cogcee 205,737 298.88 290.70 377.68 289,11
Be2 (i) =kX (i) .. 205.37 307.94 292,21 377.87 290,49
Be? (i) =kX2(i) . 204.36 305,16 285.84 364,67 289.46
Be2 {i) =kX3(i) . 202.48 319.36 291.16 384.21 295,34

True model: .Ee2{i) = .16X2(i)

Be2{i) *k cccoce 9,119 9,097 9,718 8,365 7,296
EeZ {i)=kX (i) .. 9,150 9,134 9,850 8,422 71,461
Ee2 (i) =kX2 (i) - 8,923 9,234 9,812 8,465 71,228
Ee? (i) =kX3 (i) . 8,798 9,645 9,956 8,532 7,055
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Table 5.6.2 Simulated superpopulation expectations of the
finite population variance of the variance
estimator, EV{v[t(s) ]l e }

Assumed model Simulated values
for design Rep Rep Rep Rep Rep
purposes 1 2 3 4 5

True model: Be2(i) = .16X({i)

Ee2 (1) =K o90900 4,186 4,763 4,577 5,588 4,533
Be2? (i) =kX(i) .. 3,661 4,446 4,139 5,074 4,136
Re2 (i) =kX2 (i) . 32,410 32,228 38,381 37,634 29,922
Be2 (i) =kX3(i) . 361,358 396,480 430,837 387,926 325,830

True model: Re2(i) = .16X2(i)

BeZ (i)=Kk coguwe 72,142 74,077 66,724 76,873 72,198
Be2? (i)=kX(i) .. 63,395 64,189 59,229 67,605 64,024
Be2 (i)y=kX2(i) . 172,899 181,938 150,664 178,601 162,641
Be2 (i) =kX3(i) . 1.58x10® 1.62x10¢ 1.35x10¢ 1.60x108 1.47x106

Table 5.6.3 Analysis of variance of the simulated values of
Vv[t(s)t e ) from Table 5.6.1

Degrees oﬁgzez(i) = .16X(1) | BeZ(i) = -16X2 (i)
N

soutce freedon Mean square [F-ratio Mean squace{r-ratio
Replicates 4 14,977.68 652.054 3,826,240 122.821
Designs . 3 67.21 2.926 9,460 -304
BLCOL ‘engo . 12 22.97 31,153

Total ... 19

From an examination of the data in Table 5.6.1, it may
be concluded that (1) no dramatic differences in the
criterion function occur due to choice of design, and (2)
vhile the theoretical results cannot be rejected, somewhat
different results may be obtained for any set of 100

populations generated by the same superpopulation modal. &
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tvo-way analysis of variance (Table 5.6.3) of the data fron
each true superpopulation model indicates that large
significant differences exist among replicates, and that
significant differences among iesigns cannot be detected on
the basis of this experiment.

The simulated data on the expected variance of the
variance estimator {(Table 5.6.2) exhibit the same pattein »of
differences shown in the theoretical results, One may
conclude that the properties of the variance estimator will
be strongly affected by the choice of design in any given

set of populations generated by the superpopulation model.
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6. SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

6.1 Summary of Besearch

The problem of controlling the pairvise probabilities,
P(ij), in probability non-replacement sampling has existed
since the development of a general theory of probability
non-replacement sampling in conjunction with *he use of the
Horvitz~-Thompson 2stimator {Horvitz and Thompson, 1952). A
number of researchers have treated ihe subjéct directly or
indirectly including Raj (1956a), Hanurav (1967), Brewer
(1963) , Durbin (1967), Sampford {(1967), Jessen (1969), Rao
and Bayless (1969), and Dodds and Fryer (1971). Sone of
these aprroached the problem through a superpopulatior ‘model
and exaained such criteria as the superpopulation
expectation of the variance of the Horvitz-Thompson
estimator or the stability of the variance estimator.
Jessen posed an intajitive criterion which relates most
closely to the approach followed inm this research, but he
did not solve for optimum designs directly.

A general superpopulation model with size measures
defined to potentially achieve the principal advantages of
probability non-replacement saapling is described. Under
this model the superpopulation expectation of the variance
is not a function of the pairwise probabilities, P(ij). The
criterion employed in seeking optimum designs is the
superpopulation variance »>f the finite populdtion variance.

A general solution for the P(ijf) in terms of the variances
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of the error terms in the superpopulation is developed.
Although the solution can be generalized to any sample size,
n (within certain restrictions), the problem of choosing
three-wise to n-vise probabilities may still be difficult.
A method for obtaining three-wvise probabilities, P(ijk),
consistent with the pairvise probabilities, P(ij), 1is
discussed. Both a general and a specific solution are
presented.

The general methodologies developed for specifying both
the P(ij). and the P(ijk) are based on algebraic solutions of
linear systens. These solutions may occasionally yield
namerical results not consistent with the requisite
properties of probability functions. Procedures are
developed for constraining or adjusting the algebraic
solutions to occur.  within specified bounds. These
adjustment procedures may also be used to impose more
stringent constraints on the acceptable solutions for the
P(ij); the application of these stringent constraints can be
used to control the range of values of the coefficients
appearing in the sums for the variance and the variance
estimator.

Specific solutions under‘ some alternate assuamptions
about the error tarms of the superpopulation model are
discussed.

The results of an empirical test of tuelve different

designs applied to two different superpopulation wodels ave
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reported. The superpopulation variance of the variance is
found to be a relatively flat function over the designs
considered, although the ainimum value can be identified.
The superpopulation expectation of the variance of the
variance estimator is also evaluated and found to vary much
more widely over designs and particularly as a function of
the constraints applied to the algebraic solutions of the
P(ij).

Both the theoretical and empirical results support
adoption of :the proposed procedures for obtaining algebraic
solutions for che P(ij) as a means of controlling the
superpopulation variance of the finite population variance.
In 234ition, the superpopulation expectation of the variance
of tha variance: estimator may be controlled by adjustment of
the algebraic solutions to satisfy the strong constraints

with the factor, C, set at (n-1)/n.

6.2 Recommendations for Further -Staudy

The present research uncovered a number of topics which

may warrant further study. These include:

(1) development of more general methods of handling
within~stratum samples of size three or greater;

(2) investigation of alternate adjustment procedures
including methodology for obtaining more rapid
convergence of iterative methods;

(3) investigation of the possible use of the

superpopulation expectation of the variance of the
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(3)

(6)
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variance estimator as a criterion function for
generating the P(ij);
development of 2ficient computer procedures for
generating finite populations from assumed
superpopulation models as a means of studying
complex sample design problems;
development of and application of estimation
proéedures to estimate the parameters of
hypothetical superpopulation models or to test the
applicability of superpopulation models to finite
populations; and
study of other superpopulation models and other
size measure configqurations to determine if the
criterion function is as flat in the region near

the optimum as was shown in the empirical study.
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8. APPENDICES

8.1 Pattern Matrix Inversion

Consider the set of ¥ simultaneous equations
c =M1k
where k is an Nx1 vector for which a 3o0lation is sought, and
M is an NxN matrix. If M ~ap be represented as
M=0D+ 1-bt
where D is a nonsingular diagonal matrix with diagonal
elements 4d(ii), 1 is an Nx1 vector of 1°'s and b is an Nx1

vector with elements, b{i}J, then if S(2) jis defined as

S¢2) = 5 b{i)d-1(ii),
i=1

and
sc2) ¢ -1,
M-1 can be written as
M-t = D=t - (14SC2))=1 .34 y*',
The elements of *the vectors u and v are

u(i) = /4@y,

and
v({i) = b(i)s4(ii),
respectively.
The proof is given by showing that M-iM = I,
M-8 = [D+ 1 b® ] [D-2-(145¢2))~1 y v' ]
= I+« 31 b¢ D=t - (1¢5-2))~3[D y ¥" ¢+ 1 b* u y" ]
Note that
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Du-=1,
and
D=t b = ¥.
Therefore,
{ Duyy®+ 1Db® gyt ]= (1+3¢2) 7 b D=8,
and

M~%N = I ¢.1-b% D=2 ~ {1 bt D-1 = I
If the elements of c are lesignated as c(i) and k as
K{i), the set >f solutions for the K(i) may be written as

k = (Dt - (1+sC2))~2 g y* ] ¢,

or
K(i) = A=t (ii){ c(i) - (1¢S(2)) -15:3)}
vhere
N
(3 = y¢ ¢ ’iz1b(k)c(k)d-i(kk),

A somewhat more general form of this pattern amatrix

invarsion is given by Graybill (1967, p. 170).

8.2 Ihe Ihird ¥oment of the Horwvitz-Thompson Bstimator
The third moment of the Horvitz~-Thompson estimator may
be written as
E{[t(s)-T]31 e } = B[t3(s)| e ]
- T3 ~ 3TV[t(S)} e J-
For economy of notation and convenience in subsequent

derivations, the substitution Z(i)=Y(i)/P (i) is used pelow.

The cube >f t(s) may be vritten as
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n
t3(s) = { S Z[s(u) }}3
u=1

n nn
= 511(5(0)] + (3/2)s s Z{s(u) 1Z[s(v) W 2[s(u) J+2[s (V) ]}
= u#v

n
3

n
+s z2[s(u) J2[s(v) J2[s(Q) I
u

< ns

#viq

The expectation of t3(s) over all samples s of size n

1s
N
E{t3(s)t e 1 =5 23(i)P(1)
i=1
NN N NN
+(3/2)S SZ(L)Z(F)L2(i)+2(F) IP(ij)+S S SZ(i) Z(3)2(k) P(ijk).
i] i#j#k

The cube of the population total, T, for a given finite

population, e, may be written as

N
T3 = { S z(i)p(i)})?
i=1
N
= 5§ 23 (i) P3 (i)
i=1
NN
¢ (3/2)s §Z(i)2(3)[2(1)9(i)+Z(j)9(j)]P(i)?(j)
is
N NBK
+ S 'S SZ(i)Z(J)2Z(K)P(i)P(J)P(K).
igjek

The variance as given in Chapter 1 may be restated as

N
Vit(s)t e 1 =s z22)p(i)(1-P(1)]
i=1
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NN
=S SZ(i)Z(IW(ij)
i#j
where

W(ij) = P(i)P(F)-P(iJ).
The product of the population total and the variance
may be expanded as
| N
TV[t(s)t e ] ='S1Z’(1)P=(i)[1—9(i)]
1=
NN
*(1/2)§#§Z(i)z(j){z(j)[1-9(3)]*Z(i)[’°9(i)]}P(i)P(j)
i
N N
=S SZ(L)Z(PLZ(i)P(I)+Z(FP(I) WL
i#j
N XN
-(1/3)8:s sz(i)z(Jz(x)(P(D)W(Ik) +P (W (ik) +P (k)W (i]) ].
irgsk
Substituting the above results into the initial
expression for the third moment yields
N
E{[t(s)-T7}3) e ] ='Siz3(i)9(i)[1-2(i)][1—29(1)]
N B
= 35S S22(i)Z(P T 1-2P (1) W(id)
i#5

N NN
+S S SZ(i)2(3)2(k)Q(ijfk)
i#jrk

where

Q(L3k) = P(ijk) =P (i) P () (k) +P (i) W (k) +B (3) W (1K) *P (k) W (i3) -
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8.3 Sample Desiqns Considered jn the Empjrjcal Study

The twelve designs studied in Chapter 5 are documented
in this appendix. All 3esigns were based on the same set of
size measures, X(i), and selection probabilities, P(i), as
shown in Table 8.3.1. The pairwise probabilities for each
of the designs are shown in Tables 8.3.2 +through 8.3.11.
The coefficients or weighting factors, W(ij) and w(ij).,
employed in the Yates-Grundy forms of the variance and the
the variance estimator, respectively, also are displayed in
the tables.

Probabilities and weighting factors shown in the tables
are rounded to six decimal places. In - conducting the
empirical comparisons, all computations were performed by
coaputer in double precision arithmetic, and all
intermediate results vere stored in double precision arrays

vithin the computer.

Table 8.3.1 Size measures and selection  probabilities

e

0.036364
0.072727
0-.109091
0. 145455
0-181818
0.218182
0.254545
0.290909
0:327273
0.363636

COWXLNRARNEWN =
CQOWXLdRDANEWN

e
-
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Table 8.3.2 Pairwise probabilities and weighting factors for
designs {01) and (02)

(=1

J

P(ij)

LCOXNNNOONOTONVNUVVNNUNEEEEFETWWWWWWWNNNNNRNRDN b b b od b s b

b

b

-

b

-

—

-
ST ROV NOVWETNNANOOVOLNONNOOVX NN NTOVONANEWOOUONNNE WK

-
[wl -

0.002145
0,002982
0.003660
0.,004181
0.004544
0.004754
0.004814
0.004738
0.004546
0.,005681
0.007062
0.008186
0.009057
0009687
0.010097
0.010331%
0.010480
0.010181
0.011978
0.013484
0.014725
0015751
0.016658
0.017651
0.015539
0.017800
0.019834
0.021730
0.023660
0-.025989
0.022009
0.,025021
0.028045
0,031352
0.035508
0.030347
0,034775
0.039832
G.0L6334
0.,042101
0.049330
0.05874u8
0.060293
0073303
0.091079

|

W(ij) | w{ij)
0.,000500 0.232917
0.000985 0.330352
0.001629 0., 424987
0,002431 0581410
0.003390 0.745904
0,004503 0947170
0.005764 1.3197225
0.,007163 1512023
0.008678 1.909042
0.002253 0.396663
0.003516 0.497896
0.-005037 0.615302
0.006810 0.751926
0.008825 0.911057
0.011060 1.095315
0.013470 1.303807
0.015966 1.523459
0005687 0.558556
0.007857 0.655937
0.010317 0.765155
0.,013043 0.885788
0015985 1.014859
0,019044 1. 143257
0.,022018 1. 247396
0.010908 0.701980
0013936 0.782941
0.017191 0.866750
0020584 0.947277
0.0239413 1.011935
0.026904 1.035222
0.017660 0.802402
0.,021260 0849703
0,02u848 0.885995
0.028152 0.897958
0.030608 0.861985
0,025191 0.830094
0.028696 0.825189
0.,031573 0,792659
0.033005 0.71233S
0,031949 0.758854
0.033976 0.688753
0.033814 0575589
0.034913 0.5790¢62
0.,032u83 Q08433
0.027929 0306852
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Table 8.3.? Tairwise probabilities and weighting factors for
design (03}

i i 1 P(ij) | W (ij) l W (i)

1 2 0.,001755 0.000890 0.506949
1 3 0.002212 0001755 0-793384
1 4 0.002645 0.002645 1.000000
1 5 0.003306 0003306 1.000000
1 6 0,003967 0.003967 1. 000000
1 -7 0.004628 0.,004628 1.000G00
1 8 6.005289 0.00528¢9 1.000L00
1 9 0.005950 0-005950 1.000C00
1 10 0.006612 0.006612 1.000000
2 3 0.005091 0.002843 0.558305
2 4 0.006182 0.004397 0-711309
2 5 0.006807 0.006416 0.942619
2 6 0.007934 0.007934 1.000000
2 7 0.009256 0.009256 1.000000
2 8 0.010579 0.010579 1.000000
2 9 0.011901 0011901 1.000000
2 10 0.013223 0.013223 1.000000
3 4 0.009923 0.005944 0.599013
3 5 0.011568 0.008266 0.714580
3 6 0.012858 0,010944 0.851144
3 7 0.013884 0.013884 1.000000
3 8 0.015868 0.015868 1.000000
3 9 0.017851 0.017851 1.000000
3 10 0.019835 0.019835 1. 000000
4 S 0.015853 0.010593 0.668230
4 6 0.018187 0.013548 0,744915
4 7 0.020278 0.016747 0.825878
L) 8 0022139 0.020175 0911305
4 9 0.023802 0.,023802 1.000000
4 10 0.0264u6 0.026446 1.000000
5 6 0.022587 0.017083 0.756329
S 7 0.025675 0.,020606 0.802545
5 8 0.028633 0.024260 0.847270
5 9 0.031802 0.027702 0.871078
5 10 0.035588 0-030528 0.85783 1%
6 7 0.1931091 0.024446 0.7862856
6 8 0.035363 0.028108 0.794865
6 9 0.040153 0.031252 0.778343
6 10 0.046043 0.033296 0.723135
7 8 0.042565 0.031485 0.739695
7 g ] 0.,089341 0.033965 D.688379
7 10 0.057827 0.034735 0., 600685
8 9 0.059442 0.035764 0.601653
8 10 0071032 0.038753 0. 4853%3
9 10 0.087031 0.731978 0o 347034
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Table 8.3.4 Pairwise probabilities and weighting factors for
designs (11) and (12)

i i | P (i5) I ¥ (ij) W (i9)

1 2 0.001186 0.001459 1.230331
1 3 0.001816 0.002151 1. 184885
1 i 0.002474 0.002815 1. 137620
1 5 0.003166 0.003446 1.38842¢6
1 6 0.003895 0.004039 1.037182
1 7 0.004666 0.004590 0.383759
1 8 0.005487 0.005092 0.)280%1
1 9 0.006365 0.005536 0.869786
1 10 0.007310 0.00%913 0.808915
2 3 0.003700 0,004234 1. 144485
2 4 0.005040 0.,005539 1.098934
2 5 0.006446 0.006777 1.051484
2 6 0.007926 0.007942 1.002016
2 7 0.009492 0.009021 0.950397
2 8 0.011156 0.010001 0.396484
2 9 0.,012935 0.010867 0.840120
2 10 0.014848 0.011598 0.781134
3 q 0.007708 0.008160 1.058636
3 5 0.009853 0.009981 1.012971
3 6 0.012111 0.011691 05965321
3 7 0.014496 0.013272 0.915553
3 8 0.017030 0.0147006 0.863523
3 9 0.019735 0015967 0.,309073
3 1¢C 0.022642 0.017027 0.752031%
4 5 0.013406 0,013041 0.972784
i 6 0.0161469 0.015267 0.926996
u 7 0.019703 0,017322 0.879126
n 8 0023135 0019179 0.829030
1) 9 0,026795 0.020808 0.776549
4 10 0030725 0.022168 0.721507
5 6 0021023 0.018646 0.386927
5 7 0.025139 0.021142 0.341004
5 8 0.029501 0,023391 0.792894
5 9 0.034150 0.025354 0.742438
5 10 0039134 0.026981 0.689458
6 7 0.030836 0.024701 0.801067
6 8 0.036166 0.027305 0.754996
6 9 0.041840 0.029565 0.706621
6 10 0.047917 0.031422 0.655765
7 8 0.043173 0.030877 0.715202
7 9 0.049915 0.033391% 0.668967
7 10 0.057126 0.,035435 0.620254
8 9 0.058433 0.036774 0.623332
8 10 0.066829 0.038956 0,582916
9 10 0.077105 0.,041903 0.5434595

|~ S a8 R A A AR
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Table 8.3.5 Pairwise probabilities and weighting factors for
design (13

i i P (i3j) ¥ (iJ) ] v (i)

1 2 0.001322 0.001322 1.000000
1 3 0.,001983 0.001983 1000000
1 & 0.002645 0.002645 1.000000
1 5 0,003306 0-003306 1.000000
1 6 0-,003967 0,003967 1. 000000
1 7 0,008628 0.004628 1.000000
1 8 0.005294 0.,005285 0.998319
1 .9 0.,006148 0.005752 0-935615
1 10 0.007070 0.006153 0.870225
2 3 0.003967 0.,003967 1.000000
2 4 0.005289 0,005289 1. 000000
2 5 0.006612 0.006612 1.000000
2 6 0.007934 0.007934 1.000000
2 7 0.009314 0.009198 0.987517
2 8 0.010962 0010195 09300306
2 9 0.012718 0011084 0.871482
2 10 0.014609 0.011837 0.810284
3 4 0,007934 0.007934 1.000000
3 ) 0.009917 0.009917 1.000000
3 6 0.011977 0.011825% 0.987305
3 7 0.014364 0.013404 0.933179
3 8 0.016892 0.014844 0.,878756
3 9 0.,019582 0.016120 0.823227
3 10 0.022474 0.017195 0.765095
) S 0.013271 0,013175 0.992734
F) 6 0.016359 0.015377 0,939992
4 7 0.019607 0.017418 0.888379
N 8 0.,023042 0.019272 0.836415
y 9 0.026694 0.020910 0.783325
4 10 0.030615 0.022278 0.727672
5 6 0.020946 0,018724 0.893898
5 7 0.025089 0.021192 0.844677
5 8 0.029466 0.023427 0.,795058
5 -9 0.034113 0.025391 0744300
5 10 0.039098 0.027018 0.6910619
6 7 G.030864 0.024673 0.799392
6 8 0.036225 0.027246 0.,752149
6 9 0.041910 0029495 0.7037586
6 10 0.048000 0.,031339 0.652887
7 B 0.043305 0.,030744 0,709938
7 9 0.050069 0.033237 0. e630618
7 10 0.,057304 0.035258 0.615272
8 9 0.058648 0.,036558 0,62324%
8 10 0.067076 0.038709 D57 06U
9 10 0.077389 6., 041619 0,537 8¢

e e

———
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Table 83.3.% Pairwise probabilities and veighting factors for
design (21)

i j P (i) W (i) v (i)
1 2 0.010542 -0.007897 -0-749129
1 3 0.008145 ~-0,004178 ~0.512965
1 ) 0.006079 -0.,000790 -0,129909
1 5 0.004343 0.002268 0,522199
1 6 0.002938 0.004995 1. 700000
1 7 0.001864 0.007392 3.965517
1 8 0.001120 0.,009458 8. 442623
1 9 0.000707 0011194 15831170
1 10 0.000624 0.012599 20.176460
2 3 0.008062 -0.000129 ~-0.015945
2 4 0.007319 0.003260 0.445420
2 5 0.00690S 0.,006318 0.914894
2 6 0.006823 0.,009045 1.325706
2 7 0,007071 0.,011442 1.618182
2 8 0.,007649 0.013508 1.7659086
2 9 0.008558 0.015243 1781116
2 10 0.009798 0.016648 1.699156
3 4 0.008889 0006979 0.,789124
3 5 0.,009798 0.010037 1.024367
3 6 0.011038 0.012764 1. 156405
3 7 0.012608 0,015161 1.202477
3 8 0.014509 0.017227 1.187342
3 9 0.016740 0.018962 1.132748
3 10 0.019302 0.020367 1.055185
4 5 0.013021 0.013425 1.031030
) 6 0.015583 0016152 1.036534
4 7 0.018476 0.018549 1.003976
] 8 0.021699 0020615 0.950064
4 9 0.025253 0.022351 0.885091
4 10 0029137 0.023756 0.815317
5 6 0.020459 0.,019210 0.938959
o] 7 0024674 0021607 0.875698
5 8 0029219 0.,023673 0.810182
5 9 0.034095 0.025409 0745220
5 10 - 0.039302 0.026814 0.682243
6 7 0.031203 0.024334 0.779871
6 8 0.037071 0.026400 0.712162
6 9 0.043269 0.028136 0.650255
6 10 0.049798 0.,029541 0.993214
7 3 0.,085253 0.,028797 0636364
7 9 0.052773 0.030533 0.578563
7 10 0.060624 0.031938 0.526810
3 9 0.062608 0.032599 0.520681
8 10 0.071781 0.034004 0-47371%1
9 10 0.083269 0.035739 0.4292G2
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Table 8.3.7 Pairwise probabilities aind weighting factors for
design {22)

i | 3 P (i) W (i3) ] W {ij)

1 2 0.,002645 0.000000 0.000000
1 3 0.003967 0.000000 0.000000
1 4 0.005289 0.000000 0.000000
1 -5 0.006488 0,000124 0.019108
1 6 0.005083 0,002851 0.560976
1 7 0.004008 0.005248 1.309278
1 8 06.003264 0.007314 2,2805086
1 9 0.002851 0.009050 3.173913
1 10 0.002769 0.010455 3.776119
2 3 0.007934 0.000000 0.000000
2 4 0.,008824 0.001754 0.198777
2 5 0.007992 0005231 0.654532
2 6 0.007909 0.007958 1.006184
2 7 0.008157 0010355 1.269409
2 8 0.008736 0.012421 1421855
2 9 0.009645 0.014157 1.467780
2 10 0.010885 0.015562 1.429689
3 4 0009863 0.006004 0,608755
3 S 0.010353 0.009481 0.2157178
3 6 0.011593 0.012209 1.053102
3 7 0.013163 0.014605 1.109551
3 8 0015064 0.016671 1. 106701
3 9 0.017295 0.018407 1.064264
3 10 0019857 0.019812 0.997707
4 5 0.012739 0.013707 1.075951
4 6 0.015301 0,016434 1.074036
4 7 0.018194 0.018831 1.035010
&4 8 0.021417 0.020897 0.975718
4 9 0.024971 0.022633 0,906362
y 10 0.028855 0.024037 0.833043
5 6 0.019758 0.019911 1007739
5 7 0.023973 0.,022308 0-9230536
5 8 0.028519 0.024374 0,854670
5 9 0.033395 0,026110 0.,781848
5 10 0.038601 0:027514 0.712788
6 7 6.030502 0025035 0820769
6 8 0.036370 0.027101 0.745158
6 9 0.042568 0.028837 0.677426
6 10 0.049097 0.030242 0,615958
7 8 0.0644552 0.,029498 0662107
7 9 0.052072 0.031233 0.599810
7 10 0.059924 0,032638 0544668
8 9 0.061907 0.033300 0.537897
8 10 0.071081 0.034705 0488243
9 10 0.082568 0.036440 0.481334

!

ez

[ERm.

o, 3 WA B

3B s R M



92

Table 8.3.8 Pairwise probabilities and weighting factors for
design (23)

i i | P (i, ] W{ij | v (i)

1 2 0.001322 0.001322 1.000000
1 3 0.001983 0.001983 1.000000
1 4 0.002824 0.002465 0.872902
1 5 0.003787 0.002824 0.745641
1 6 0.003967 0.003967 1.000000
1 7 0.004628 0.,004628 1.000000
1 8 0.005289 0.005289 1.000000
1 9 0.005950 0.005950 1.000000
1 10 0.006612 0.006612 1.000000
2 3 0.004995 0.002938 0.588225
2 4 0.006905 0.003673 0.531922
2 5 0.006612 0.006612 1.000000
2 6 0.007934 0,007934 1.000000
2 7 0.009256 0.009256 1.000000
2 8 0.010579 0.010579 1.000000
2 9 0.011901 0.011901 1.000000
2 10 0.013223 0.013223 1.000000
3 4 0.010879 0.004989 0.458545
3 5 0.011319 0.008516 0.752408
3 6 0.012060 0.011742 0.973606
3 7 0.013900 0.013868 0.997681
2 8 0.015928 0.015808 0.992480
3 9 0.017992 0.017710 0.984352
3 10 0.020034 0.019635 0.980084
4 5 0.014452 0.011994 0.829887
4 6 0.016516 0.015219 0.921484
4 7 0.018793 0.018232 0.970168
" 8 0.021561 0.020753 0.962545
4 9 0.024850 0.022753 0.915594
4 10 0.028673 0.024219 0.844657
5 6 0.020922 0.018747 0.896020
5 7 0,024521 0.021760 0.887377
5 8 0.028612 0.026281 0.848631
5 9 0.033224 0.026280 0.791016
S 10 0,038369 0.027747 0.723156
6 7 0.030552 0.024985 0.817791
6 8 0.035965 0.027506 0.764813
6 9 0.041899 0.029506 0.704216
6 10 0,0u48367 0.030972 0.640365
7 8 0.043531 0.030519 0.70109%
7 9 0.050787 0.032519 0.640294
7 10 0.058577 0.033985 0.580176
3 9 0.060167 0.035040 0.582378
8 10 0.069279 0.036506 0.526084k
9 10 0.,080502 0.038506 0.473318
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Table 8.3.9 Pairwise probabilities and veighting factors for

design (31)

i j P(ij) W({ij) w{ij)

1 2 0.012902 -0,010257 -0.795015
1 3 0.011638 -0.007671 -0.659128
1 4 0.011229 -0.005940 -0.528982
1 5 0.000066 0.006545 99.,000000
1 6 0.000079 0.007855 99,000000
1 7 0.000093 0.009164 99,000000
1 8 0.000106 0.010473 99,000000
1 9 0.000119 0.011782 99,000000
1 10 0.000132 0.013091 99,000000
2 3 0.027366 -0.019432 -0.710079
2 4 0.015211 -0.004632 -0.304531
2 5 0.009237 0.003986 0.431471
2 6 0.00u118 0.011750 2.853717
2 7 0.000595 0.017917 30.111660
2 8 0.000616 0.020541 33.340200
2 9 0.000867 0.022934 26. 438460
2 10 0.)01816 0.02u4630 13.564270
3 4 0.211015 0.004853 0.440583
3 5 0.010034 0.009801 0.976818
3 6 0.008946 0.014855 1.660520
3 7 0.008857 0.018912 2.135295
3 8 0.009146 0.022590 2.469924
3 9 0.010210 0.025493 2.496887
3 10 0.)11880 0.027789 2.339068
4 5 0.012206 0.014240 1.166657
4 6 0.013856 0.)17879 1.290315
iy 7 0.016188 0.)20837 1.287211
4 8 0.018674 0.023640 1.265940
4 9 0.021762 0.)25841 1. 187455
4 10 0.225314 0.027579 1.089492
5 6 0.220950 0.018719 0.893513
5 7 0.025314 0.020967 0.828293
5 8 0.029685 0.023207 0.781775
5 9 0.034546 0.724958 0722442
5 10 0.039779 0.026336 0.662063
6 7 0.033029 0.022508 0.681468
6 3 0.039126 0.024345 0.622204
6 9 0.0u5632 0.025773 0564790
6 10 0.052444 0.026894 0.51281%7
7 8 0.048665 0.025385 0,521621
7 G 0.056738 0,026568 D, 468253
7 10 0.065068 0,227494 0.4225%0
8 9 0.067543 0.027664 0.40957%
5 10 0.077348 6.028437 0.367¢48
9 10 0.089855 0.329153 N.32068 7
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Table 8.3.10 Pairwise probabilities and weighting factors

for design (32)

i j P (i) W (i) ] ¥ (i)

1 2 0.002645 ~0.000000 -0.,000000
1 3 0.003967 -0.000000 -0.,000000
1 4 0.005289 ~0.,000000 -0-000000
1 5 0.006612 0.000000 0.,000000
1 6 0.007236 0.000697 0.096375
1 7 0.006000 0-003257 0.542795
1 8 0.000424 0.010155 23.95399¢
1 9 0.001069 0.010832 10.135370
1 10 0.003122 0010101 3.234820
2 3 0.-007934 -0-000000 -0.000000
2 4 0.010579 -0.000000 -0.000000
2 5 0.013223 0.000000 0.000000
2 6 0.011992 0,00387¢6 0.323194
2 7 0.008648 0.009864 1. 140630
2 8 0.007120 0.014037 1.971592
2 9 0.005684 0.018118 3.187469
2 10 0.004903 0,021543 4.393681
3 4 0.01586¢& 0.000000 0.000000
3 5 0.013603 0-006232 0.458104
3 6 0.011766 0.012036 1.022989
3 7 0.011855 0.015914 1.342413
3 8 0.013334 0.018402 1.380129
3 9 0.014573 0.021129 1. 449846
3 10 0.016192 0.,023u77 1449930
i} 5 0.013020 0.013426 1.031140
4 6 0.013921 0.017815 1.279736
4 7 0.016431 0.020594 1. 253402
i 8 0.020107 0.022207 1.104489
4 9 0.023370 0024233 1.036899
4 10 0.026870 0.026022 0.968444
5 6 0.017050 0.022619 1. 326585
5 7 0.021593 0.024688 1. 143366
5 8 0.327154 0.025739 0.947878
5 9 0.032191 0.027313 0.848L76
5 10 0.037372 0-028744 0-.769126
6 7 0.028558 0.,026979 0.944729
6 8 0.035845 0.027626 0-770710
6 9 0.042527 0.028878 0.679060
6 10 0.Q49287 0.030052 0609731
7 g 0.0U5562 0.028488 0.62524¢
7 9 0.053811 0-.029495 0-54811¢
7 10 0.062089 0.030473 0.490800
8 9 0.065805 0.029401 O, 446787
8 10 0.075559 0.030226 O.40C03L
9 10 0.088242 0030766 0348660
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Table 8.3.11 Pairwise probabilities and weighting factors
for design (33)

i 3 P(ij) W(ij) ¥ (13)

1 2 0.001322 0.001322 1.000000
1 3 0.001983 0.001983 1.000000
1 4 0.003214 0.002076 0645848
1 S 0.003398 0.003214 0.945797
1 6 0.003967 0.003967 1.000000
1 7 0.004628 0.004628 1.000000
1 8 0-005289 0.005289 1.000000
1 9 0.005950 0.005950 1.000000
1 10 0.006612 0.006612 1.000000
2 3 0.003967 0.003967 1.000000
2 4 0.005685 0.004894 0.860788
2 S 0.008860 0.004363 0.492371
2 6 0.007934 0007934 1.000000
2 7 0.009256 0.009256 1.000000
2 8 0,010579 0.010579 1.000000
2 9 0.011901 0.011901 1.000000
2 10 0.013223 0.013223 1.000000
3 4 0.012287 0.003581 0.291421
3 5 0.011515 0,008320 0722571
3 6 0011901 0.011901 1.000000
3 7 0013884 0.013884 1.000000
3 8 0.015868 0.015868 1.000000
3 9 0.017851 0.,017851 1.000000
3 10 0.019835 0.019835 1.000000
4 5 0.016266 0.010180 0.625818
4 6 0,016672 0.015063 0.903493
4 7 0,018679 0.018345 0.982108
n 8 0.021423 0.020891 0,975209
4 9 0.024158 0.023445 0970479
4 10 0.,027070 0.0258213 0-953932
5 6 0.021548 0.018122 0.841008
5 7 0.024101 0.022180 0.920304
5 8 0.027497 0.025395 0.923554
5 9 0.031787 0.027717 0.871974
5 10 0.,036846 0.,029270 0.794374
6 7 0.030572 0.,024966 0.816632
6 8 0.035694 0.0277177 0.778206
6 9 0.041628 0.029777 0.715303
6 10 0.048267 0,031072 0.643760
7 8 0.043422 0.030628 0.705348
7 9 0.050924 0.032382 0.635900
7 10 0.059079 0.033483 0.566737
] 9 0.060753 0.034453 0.567105
8 10 0.070385 0.035401 0.502958
9 10 0.082320 0.036688 0.448567%
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8.% Listing of Computer Programs

Since the nature of this research vas mainly
exploratory, a number of new computer programs and
subprograms were required. A listing of these programs is

provided in this appendix.

C CONTROL ARD INPUT ROUTINES
C MAIN
C DATA
C SPECS
Cc MAIN PROGRAM
INTEGER NOSPEC/0/
INTEGBR*2 INT (200}
REAL¥*8 A (4555)
D=49555
1 CALL DATA(N,NOSPEC,A{1),30)
IP(NOSPEC.EQ.0)GO TO 11
DO 10 I=1,NOSPEC
CALL. SPECS (M)
CALL UNITS(N,M,A (1))
IF(M.LT.2)GO TO 10
NN=N& (N-1) /2
Mi=N+1
M2=M1+NN
CALL PIJ(A(1),N,A(M1) NN)
CALL CHECK{A (1), N, A(M1) ,NN)
10 CONTINUR
GO TO 1
11 RETURN
ENRD

SUBROUTINE DATA (N, NOSPEC,X,L)
REAL#8 X (L)
READ (1,%,END=1000) N, NOSPEC
READ, (X (I),I=1,N)
RETURN
1000 NOSPEC=0
RETURN
END

SUBROUTINE SPECS (M)
COMMON/BLK1/G,MODEL/BLK2/CORR/BLK3/ITER,TOL1,TOL2/
$BLKLOW/ILOW

COMMON/BLKU/ITER2

REAL*8 G,CORR

RERD,8,G, CORR,MODEL, ILTBR, ITER2,TOL{,TOL2,XL0OW
PRINT,* ISAMPLE SXZE = ¢ H,
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* ¢ SUPERPOPULATION PARAMETER = ',6
PRINT, ® MODEL = *',MODEL,

* s« C-PACTOR FOR UPPER BOUND OF W(I,J) =° +CORR
PRINT,® TOL = °*, TOL1, TOL2,* ILOW = *,ILOW
PUNCH,* 1SAMPLE SIZE = .M,

* * SUPERPOPULATION PARAMETER = ',G
PUNCH, ° MODEL = *,MODEL,

* * C-FPACTOR FOR UPPER BOUND OF W(I,J) =* ,CORR
PUNCH,* TOL = ', TOL1, TOL2,' ILOW = *LILOW
RETURN
END

GENBRAL FUNCTIORS
SMIN2
SUM
INDEX
LOWBND
UPPERB
REAL FUNCTION SMIN2#%8(A)
COMMON/BLK1/G, MODEL
REAL*8 A,G
IF (MODEL.EQ.2)G0 TO 2
SHNIN2=A%® (2-G)
BRETURN
2 SMIN2=A/(G*R+{1.0-G)) -
RETURN
BND

REAL PUNCTION SUN*8(A,N)
REAL*8 A(N),B
B=0
po 1 3=1,H
1 B=B+A (J)
SUM=B
RETURN
END

INTEGER FUNCTION INDBX(I,J,N)
INTEGER I,J,N
IP¢I-N1,2,3
1 K=(I-1)*N-I%(I~1)/2+J~-1
GO TO &
2 PHINT,'I EQUAL J IN INDEX PUNCTION®,I
K=1
GO ro 4
3 K=(J-1) *8-3% (J~1) /2+1-J
4 INDBX=K
RETURN
ERD

RERL FURCTION LOWBND#8(P1,P2)
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COMMON/BLKLOW/I
REAL*8 P1,P2
IF(I.EQ.2)GO TO 2
LOWBED=0

RETURN
LOWBND=P1%P2-DMIN1 (P1,P2)
RETURN

END

REAL FUNCTION UPPERB*8 (P1,P2)

COMMON/BLK2/CORR
RE®AL*8 P1,P2,CORR
UFPPERB=(1~CORR) *P1%p2
KETURN

END

C SUBPROGRAMS TO COMPUTE P(I)
C UMNITS

SUBROUTINE UNITS (N M,P)
REAL*8 P (N),SUM,XPLUS, X
XPLUS=SUM (P, N)

DO 1 I=1,H

X=P (L)

P (I) =M*P (I) /XPLUS
PRINT,I,X,P(I)

RETURN

END
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C CHECK ROUTINE TO DETERMINE IF PIJ SOLUTIONS SATISFY BASIC

o

10

100

RESTRICTIONS
SUBROUTINE CHECK(P,N,W,NN)
RBAL*8 P(N) , W (NN),PI RD
RBIG=0.

DO 100 I=1,N

PI=0,

po 10 J=1,N
IP(J.EQ.I)GO %0 10
K=INDEX (X J,N)
PI=PI+P (I)*P(J)~W(K)
CONTINUE
RD={Pi~ g (1)) /2 (X)
PRINT, P (1) ,FT,RD
RD=DABS (RD)

Y% {RD-GT.RBIG) RBIG=RD
CONTINUE

PRINT,*' LARGEST RELATIVE DIFFERBNCE IS =

RETURN
END

¢, RBIG
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SUBPROGRANMS FOR COMPUTATION OF P (1J)

PIJ
NTEST
ADJUST

SPRCIAL FUNCTIONS

TK
LOWBND
UPPERB

OTHER GENERAL FUNCTIONS REQUIRED

101

INDEX

SUBBROUTINE PIJ(P,N, W, NNN)

REAL®8 P(N),W(NNN) ,S(3) ,SHIN2,TK

S(1)=0

5{2)=0

S (3)=0

DO 1 I=1,N

S (1) =S (1) +SHIN2 (P (I))

Do 2 I=1,N

S (2) =S (2) +SMIN2(P(I)) /(S (1) -2%SMIN2(P(I)))
S{3)=S(3) +P(I) *(1-P(I)) /(S(1) ~2%SHIN2(P(I)))
NLESS 1=8-1

DO 3I=1,NLESS1

IPLUS1=1+1

DO 3 J=IPLUS1,N

K=IKDEX(I,J,N)

W(K)=SHINZ2(P (X)) *SMIN2(P(J))*(TK(P (I),S)+TK(P(J),S))
CALL WTEBST (P, N, W, HNN)

DO 101 I=1,RLESS1

IPLUS1=1+41

DO 101 J=IPLUS1,N

K=INDEX (I,J,N)

PAIR=P(I) *P (J) ~W (K)

WEST=W (K) /PAIR

PUNCH,I,J,PAIR, W (K) ,WEST

PRINT , I, J,PAIR, W (K) ,WEST

RETURN

END

SUBROUTINE WTEST(P,N,W,NNN)
COMMON/BLK3/NOITER,TOL1,TOL2

REAL*8 W (NNN),ADJ,P (N),LOWBND,UPPERB
ITER=0

NLESS1=¥-1

ITBR=ITER®1

NCORR=0

33 10 -I=1,NLESS1

IPLUSTI=I+1

DO10 :J=IPLUS1,N

K=INDEX (I,J,N)

IF (W (K) ~LOWBND(P(I),P(J)))2,2,3

35 ¥ {LOWBND (P {I) ,P{J) ) =W (K} ) * {1.0+TOL1)
GO TO S
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3 IP(W(K}-UPPERB(P(I),P(J)))10,10.4
4 ADJ= ( UPPERB{P(I),P(J)} ~—-W(K))*(1.0+TOL2)
5 CALL ADJUST(W,N,NNN,ADJ,I,J)
IF((ITER.EQ.1) .OR. (ITER.EQ.NOLTER)} PRINT,*W(*,I,J,
* 'BYY ,ADJ
NCORR=NCORR+ 1 3
10 CONTINUE
PRINT,NCORR, "ADJUSTMENTS MADE IN ITERATION®, ITER
IP (NCORR) 12,12, 11
11 IF{ITER-NOITER)1,12,12
12 RETURN
END

SUBROUTINE ADJUST (W, N,NNN,ADJ, ISTAR, JSTAR)
REAL*8 W (NNN),ADJ
NLESS 1=K~ 1
DO 10 I=1,NLESS1?
IPLUS1=I+1
DO 10 J=IPLUS1,N
K=INDEX (T, J N)
1POINT=~1
IF{(I.BQ.ISTAR) .OR. (I.EQ.JSTAR)) IPOINT=IPOINT+1
IF ((J.£Q.ISTAR).OR. (J.EQ.JSTAR)) [POINT=IPOINT+1
IF (IPOINT) 3,5,4
5 W (K)=W(K)~-ADJ/ (N-2)
GO TO 10
3 W{K)=W (K) +2%ADJ/ ((8-2) * (N-3))
GO 0 10
4 W (K)=W(K) +ADJ
10 CONTINUR
RETURN
END

REAL FUNCTION TK*8(P,S)

REAL*8 P,5(3) ,SMIN2

TK= [P* (1-P) /SMIN2 (P) ~S (3) /(1+S(2})} 7 {S (1) ~2%SMIN2 (P) "
RETURN

END

SUBPROGRAMS FOR COMPUTATION JF P[IJ) USING
MATRIX INVERSION,
INCORPURATES ADJUSTMENT METHOD 1.
MAIN ROUTINE CARDS REQUIRED TO CALL THESE 3UBROUTINES
RAD=8% (D-iN) ¢+ 1
NA=.,25% (SQRT (RAD) - 1)
NAUG=NA-N
NAUG= —-MAXO(~-NAUG,-100)
N3=M2¢NA*NA
M4=M3IoNA®NA
H5=NLUG+Y
CALL PAIRS({A{1),N,A(M1) ;NN A(M2) ,A(H3) ,NA A (N4},
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INT (1) ,INT (M5) ,NAUG)

PAIRS
SETUPA
INVERT
Hconp
WTBST1
WTBST2
INIT
AUGMNT

SPECIAL FUNCTIONS

INDEX
TTK

OTHER FUNCTIONS

4

SMIN2
LOWBND
UPPERB

SUBROUTINE PAIRS(P,N,W, NNN, A, AINV,NA,AUG,IAUG,JAUG,

*NAUG)

REAL*8 P(N) ,W (NNN) ;A (NA,NA) ,AINV(NA,NA), AUG(NAUG),

*S1,SMIN2

INTEGER*2 IAUG (NAUG) ,JAUG (NAUG)

S1=0

DO 1 I=1,N

S1=S1+SNIN2(P (1))

CALL SETUPA (A,NA,St,N,P)

NCORR=0

CALL [NVEBRT (A,AINV,NA,N)

CALL WCOMP(W,NNN,P,N,AUG,IAUG,JAUG,NAUG,AINV,NA,

*NCORR)

LSAVE=NCORR
CALL WTEST1(W,NNN,NCORR,AUG,IAUG,JAUG, NAUG,P,N)
PRINT,NCORR

IP (NCORR-LSAVE)6,6,5

CALL TINIT(A,N,NCORR,NA)

CALL SETUPA{A,NA,S1,N,P)

CALL AUGMNT(A,NA,N,NCORR, IAUG,JAUG,NAUG, P)
NARANK=N+ NCORR

CALL INVERT(A,AINV,NA, NARANK)

CALL WCOMP(W,NNN,P,N,AUG,IAUG,JAUG,NAUG,AINV,NA,NCORR)
HSAVE=NCORR

CALL WTEST2({W,NNN,NCORR,AUG,IAUG,JAUG, NAUG,P,N)
PRINT, NCORR

IP (NCORR-HSAVE)8,8,7

CALL INIT(A,N,NCORR,NA)

CALL SETUPA(A,NA,S1,N,P)

CALL AUGMNT(A,NA,N,NCORR, IAUG, JAUG,NAUG,P)
NARANK=N+NCORR

CALL INVERT(A,AINV,NA,NARANK)

CALL WCOMP (W,NNN,P,N,AUG,IAUG,JAUG,NAUG,AINV,NA,NCORR)
IP{HSAVE~LSAVE) 9,9, 4

IF (NCORR~-HSAVE) 10, 10,6
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NLESS 1=N~1
DO 10% I=1,NLESS1
IPLUS1=I+1

DO 101 J=IPLUS1,N
K=INDEX (I, J,N)
PAIR=P (I) *P (J) W (K)
WEST=W (K) /PAIR
PRINT,I,J,PAIR,W (K),WEST
RETURN

END

SUBROUTINE SETUPA(A,NA,S1,N,P)
REAL*8 A (NA,NA),S1,SMIN2,P(N)
DO 10 I=1,N

20 10 J=1,N

IF(I-3)2,1,2
A(I,I)=S1-SMIN2(P(I))

GO TO 10

A(I,J3)=SMIN2(P(J))

CONTINUE

RETURN

END

SUBROUTINE INVERT(A,AINV,DINM,N)
INTEGER DIN,N

REAL*8 A(DIM,DIM) ,AINV(DIM,DINM),DIV,NULT
DO 3 I=1,N

DO 3 J=1,N

IP(I-J)2,1,2

AINV(I,I)=1

GO TO 3

AINV(I,J) =0

CONTINUE

DO 10 I=1,N

DIV=A(I,I)

DO 4 J=1,N

A (I,J)=a(I,J)/DIV
AINV({I,J)=AINV(I,J)/DI1IV

DO 6 J=1,N

IP(I"J’ 5,6,5

MULT=A (J,I)

D09 K=1,N

A(J K)=E(J,K)~MULT*A(I,K)
AINV{J,K) =AINV(J,K)~MULT#*AINV (I K)
CONTLHUE

CORTINUR

CONTINUE

RETURN

END

SUBROUTINE WCONP (W, NNN,P,N,AUG,IRUG,JAUG,NAUG AINV,

*NAh,NCORR)
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*p,N,I)
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INTEGER*2 IAUG (NAUG) ,JAUG (NAUG)
REAL*8 AINV(NA,NA)
REAL*8 # (NNN) ,P(N) ,AUG (NAUG) ,SMIN2,PTTK
NLESS 1=N-1
DO 4 I=1,NLESS1
IPLUS1=I+1
DO 4 J=IPLUS1,N
K=INDEX (I,J,N)
W (K)=SMIN2 (P (I))*SNIN2 [P(J))*
(TTK (AINV,NA,IAUG,JAUG,AUG, NAUG , NCORR,

+TTK(SIHV,NA,IAUG,JAUG,lUG,NAUG,NCOBR,

*P,N,Jd))

CGNTINUE

IF (NCORR.EQ.0) GO TO 10
DO 6 K=1,NCORR
II=IAUG (K)

JJI=JAUG (K)
J=INDEX(II,JJ,N)

W (J) =AUG (K)

RETURN

END

SUBROUTINE WTEST1(W, DUB, NCORR, AUG, IAUG, JAUG, DIN,

*P,N)

INTEGER DIM,DUB
INTEGER*2 TAUG(DIM),JAUG (DIN)

REAL*8 \UG (DIM),P(N ),¥(DUB),LOWBND
NLESS 1=N-1

DO 10 I=1,NLESS?

IPLUS1=I+1

DO 10 J=IPLUS1,N

K=INDBX (I, J,N)

IP (¥ (K)~LOWBND (P (I),P(J)))2,10,10
NCORB=NCORR+ 1

AUG (NCORR) =LOWBND (P (I) , P (J))

IAUG (NCORR) =I

JAUG (NCORR) =J _

PRINT, IAUG(NCORR) ,JAUG (NCORR) ,AUG (NCORR)
ZONTINUE

RETURN

IND

SUBROUTINE WTEST2(W, DUB,NCORR,AUG,IAUG,JAUG,DIN,

*pP,N)

INTEGER DIM,DUB
INTEGER*2 IAUG (DIM),JAUG (DIN)

REAL*8 AUG(DIM),P(N ) ,®(DUB),UPPERB
NLESS1=8-1 |

DO 10 I=1,NLESS1

IPLUS1=T+1

DO 10 J=IPLUS1,N
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K=INDEX (I,J,N)

IF (W (K} -UPPERB(P(I),P(J)))10,10,4
4 NCORR=NCORR+1

AUG (NCORR) =UPPERB (P (I) , P (J))

LAUG (NCORR)=I

JAUG (NCORR) =J

PRINT, IAUG (NCORR),JAUG (NCORR),AUG(NCORR)
10 CONTINUE

RETURN

END

SUBROUTINE INIT{A,N, NCORR,DIN)
INTEGER DIN,N,NCORR
REAL*8 'A(DINM,DIN)
M=N+NCORR
po .1 I=1,H
DO .1 J=1,M
1 A{I,3)=0
RETURN
END

SUBROUTINE AUGMNT (A,DDM,N,NCORR, IAUG,JAUG,DIM,P)
INTEGER DIM,DDM
INTEGER*2 IAUG(DIN),JAUG (DIN)
REAL®S A (DDM,DDHM), P (N) ,SMIN2
DO 10 K=1,NCOBR
KPLUS=K+N
A (IAUG (K) ,KPLUS) = su:uz(p(aauc(x))
A (JAUS (K) ,KPLUS) =SHIN2 (P (IAUG (K)} )
A (KPLUS, IAUG (K) ) =1
A (KPLUS, JAUG (K)) =1
10 A (KPLUS,KPLUS) =1
RETURN
END

REAL FUNCTION TTK*8(AINV,NA,IAUG,JAUG,AUG,NAUG,NCORR,
*P,N,I)
REAL*8 AINV(NA,NA) ,AUG (NAUG) ,P (N) ,SMIN2
INTEGER*2 IAUG (NAUG) ,JAUG (NAUG) -
TPK=0
DO 1 J=1,N
1 TTK=TTK+AINV(I,J)*P(J) *(1.0~P(J))/SHNIN2(P (J))
IF (NCORE} 10,10,2
2 DO .3 J=1, NCORR
JI=NeJ
3 TTx=TTK+AINV(I,JJ) *AUG (J) /(SMIN2 (P (IAUG(J))) *SMIN2 (P (
*JAU0G (J))))
10 RETURN
END

C SUBPROGEAMS PGCR COMPUTATION OF ?(IJK)
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MAIN PROGRAM CARDS REQUIRED TO CALL THESE SUBROUTINRES
IF{f.LT.3)60 TO 10:
NNN=N* {(N-1) *(N-2) /6
M2=M1¢NN
M3=M2+NNN
CALL PIJK(A(1) ;N ,A(MY) ,NN,A(M2) NEN,A(M3))
PIJK -
TRITST
TRIADJ
SPECIAL FUNCTIONS
RIJ
TLXIJZ
TRIUPR
OTHEx FUNCTIONS
INDEX
'SUBROUTINE PIJK(P,N,W,NN,TRI, NNN,6SY)
REAL*8 P(N) ,W(NN) ,TRI (NNN) ,SU(N),TT
REAL®*8 RIJ,TLIJ,SMIN2,PSUN

TT=0
DO 9 I=1,N
S4 (I) =0
DO 8 J=1,N

IF({1I-3)7,8,7
SU(I)=SU(I)+RIJ(P,N, W, NN,I J)
CONTINUE

TT=TT+SU (I)

TT=TT/ (3% (N-U4) % (N~-3) *(N~-2))
L=0 -

NLESS1=N-1

PSUN=0

NLESS2=N-2

DO 10 :I=1_,NLESS2

IPLUS1=I+1

DO 10 J=IPLUS1,NLESS1
JPLUS1=J+¢1

INDI=INDEX(I,J,N)

DO 10 K=JPLUS1,N
IND2=INDEX (I K, N)
INDI=INDEBX(J.K,N)

L=L*1
TRI(L)=TLIJ(PpN,ﬁ,NB,SupTT,I,J)OTLIJ(P,N,W,NH,SQ,TT,
*I K) +
*TLIJ(P,Ng30NH,SH,TTyJ,K)+9(I)*P(J)*P(K)—P(I)*H(INDJ)
*-P{J)*4 (IND2)

* -P(K)*W (IND1)
10 CCETINUR
CALL TRITST(P,N,W,NN,TRI,NNN)

[T LN

L=0
bo 11 I=1,NLESS2
IPLUST=I+1

DO 11 JsIPLUST,NLESSH
JPLUST=J¢1
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DO 11 K=JPLUSI,N

L=+l

PSUNM=BSUM+TRI {1L)

PRINT, I, J,K,TRI (L) ,PSUM
11 CONTINUE

RETURN

END

SUBROUTINE TRITST(P,N,W,NN,TRI,6NNN)
COMMON/BLKY4/NOITER

REAL*8 P (N),W (NN) , TRI (NNN) ,TRIUPR
REAL¥8 ADJ

ITEBR=0
KLBSS1=N-1
NLESS2=N-2

1 ITER=ITER+1
NCORR=0
L=0
DO 10 I=1,NLESS2
IPLUS1=I+41
DO 10 J=IPLUS1,NLESS1
JPLUS1=J+1 :
DO 10 K=JPLUS1,N
L=L+¢1

IP(TRI (L))2,3,3
ADJ=-TRI (L) *TRIUPR (P, N, ¥, N, I,J,K) /(N-3)
GO TO S
IP(TRI (L) ~TRIUPR(P,N,W,NN,I,J,K))10,10,4
ADJ=TRIUPR(P,N,W,NN,I,J,K)*(N-8) / (N~-3) -PRI (L)
WRITE(10,*)X,J,K,ADJ
NCORR=NCORR+ 1
CONTINUE
IP (NCORR.EQ.0) RETURN
REWIND 10
DO 21 L=1,NCORR
READ(10,%)I,J,K,ADJ
IP ((LTER.EQ.1) .OR. (ITER.EQ.NOITER) ) PRINT, *TRI(*,I,J,K,
% ¢) BY',ADJ
21 CALL TRIADJ(TRI,N,NNN,ADJ,I,J,K)
REWIND 10
PRINT,NCORR, * ADJUSTMENTS MADE IN ITERATION®,ITER
11 IF(ITER-NOITER) 1,12,12
12 RETURR
END

+

[ 8

(=] Ut & W

CUBROUTINE TRIADJ(TRI,N,NNN,ADJ,ISTAR,JSTAR,KSTAR}
{XEAL*8 TRI (NNK),ADJ

NLESS2=N-2

NLESS1=N-1

L=0

DO 10 I=1,NLESS2

IPLES 1=+ 1
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DO 103=IPLUS1,NLESST
JPLUSi=J+1
DO 10 K=JPLUS1,H
L=L+1
IPOINT=1
IF{({(I-.EQ.XSTAR) .OR. (J-EQ.ISTAR) ,OR. (K. EQ.ISTAR))
*IPOINT=IPOINT+1
IP(¢(1.EQ.JSTAR) cOR. (J.EQ.JSTAR) -OR. {K.EQ.JSTAR))
*TPOINT=IPOINT+1
IF{({I.EQ-.KSTAR) .OR: {J.EQ.KSTAR) -OR. (K- BEQ.KSTAR))
*IPOINT=IPOINT®1
GO TO (1,2,3,4) ,IPOINT
1 TRI (L)=TRI(L)-6%ADJ/ ((N-3)*(N~-U4)* (N-5))
<0 TO 10 :
2 TRI (L)=TRI (L) +2%ADJ/ ((N-3)* (N-U))
GO TO 10 :
3 TRI (L)=TRI (L) -ADJ/ (N-3)
G0 TO 10
4 TRI (L)=TRI (L) +ADJ
10 CONTINUE
RETURN
END

REAL PUNCTION RIJ*8(P,N,W,NN,I,J)
REAL*8 P (N),W (NN)

K=INDEX (I,J,¥)

RIJ=W (K)* ((1-2%B (I)) ¢ (1-2%P (J)))
RETURN

END

REAL FUNCTION TLIJ*8(P,N,%,NN,S4,TT,I,J)
REAL*8 P (N),W (NN),S4 (N),TT,RIJ

TLIJ=RIJ (P, N, W, NN, I,J) /(N-U)~ (S8 (I)+S4 (J))/ (2% (N-4)~
* (N-3) +TT

RETURN

END

REALRUNCTION TRIUPR*8(P,N,W NN,I,J,K)
REAL*8 P{N) % {NN)
INDI1=INDEX (X,6J,N)
IRD2=INDEX (I K ,N)
IND3I=INDEX (J, K, N)

A=W {Xen 1)
IPRA.GT.W{IND2)) A=W {IND2)
IF€L.GT-W{IND3)) A=W (IND3)
L L UPR=A

RBTURN

END

C SUBPROGRAMS TO SIHULATE POPULATYIONS AND COHPUTE
C THE SUPERPCPULATION VARIANCE OF THE VARIARECE



C

aaaaacaaaan

OF THE HORVITZ-THOMPSON ESTIMATOR

MAIN

YROGRAK CARDS REQUIRED TO CALL THESE SUBROUTINES

NNN= {D-Z%N-NN} /2
N3=M2+N
M4=M3+NNN
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CALL SIMLAT(A(1) ,N,A(M1) NN, ,A(M2) ,A(M3),NNN,M, A (M4))

SINMLAT
SOR?T
SPECIAL FUNCTIORS
VARCOMP
YGEN
E2I1
OTHER FUNCTIONS BREQUIRED
SUHM
INDEX

SUBROUTINE SIMLAT(P,N,W,NN,Y,FVAR, NNN,6 N, EFVAR)
REAL*8 TEVVE
REAL*8 P (N) ,¥ (NN) ,FVAR (NNN) ,¥ (¥) ,B,X,YGEN,G,S21,

*EFVAR (NNN) VCOMP

REAL*8 B2I ,VECOMP,6 MVAR
REAL*8 YBIN,YBERN,VVAR,XI,XJ

INTEGER IX (2)

COMMON/SIN2/S21,G, MODEL

READ,IPOP

bo 1000 :IX=1,1IPOP
READ,TOTX,TOTY,S2I,G,NODEL
READ,IX,ITER, IREP

BRINT,* SUPERPOPULATION PARAMETERS®
PRINT, * TOTX = ',TOTX,° TOTY = *,TOTY
PRINT,® S2I = %,82I,°G = ¢,G," MODEL= °,MODEL
PRINT,* IX = *,IX ,* ITER = ',ITER
IP(ITER.GT.NNN) ITER=NNN

B=TOTY/TOTX

IMOD2=0

DO 299 IIII=1,IREP

DO 100 I=1,ITER

DO 10 J=1,N

X=P (J) *TOTX/M

INTX=X+.5

IF (MODEL.BQ.3)GO TO 4

Y (J)=YGEN (B, X,INOD2,IX)

GO TO 9

IP({DABS (6-2.) «LT.0.1) G0 TO 5

Y {J)=YBIN(B,INTX,INOD2,IX)

60 %0 9

Y {J) =YBERN (B, X,INOD2,IX)
XP(I.EQc1-0R.I.BQ. ITER) PRINT, X ,INTX Y (J),J
CONTINUB

FVAR({I)= VCOMP(Y,P,N, W, NN)
IP(H.6T.2) GO TO 100

EFVAR (L) =VECOMPAY P, N, W, NN, FUAR(I})
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100 CONTINUE
PRINT, ¢ FINAL VALUES OF IX = ¢,IX
CALL TALLY(FVAR,ITERj
IF(M.G1T.2)GO TO 250
CALL TALLY (EFVAR,ITER)
250 DO 300 I=1,ITER
IF(I.LT.11.0R.I.GT.ITER-10,0R. IABS{I-ITER/2) .LT.2)
*PRINT,I,FVAR (I)
$EFVAR(I)
300 CONTINUE
299 CONTINUE
MVAR=0,
IF (MODEL.EQ.3) GO TO 600
Lo 500 I=1,N
X=P (I) *TOTX/M
500 MVAR=MVAR+P (I)* (1-P(I))*B2I (X) /X**%2
MVAR= (TOTX/M) #*2%*MVAR
GO0 TO 900
600 VVAR=0.
IF (M.EQ.2)PRINT,® THEORETICAL EXPECTATION OF THE
*VARIANCE OF THE
$ VARIANCE ESTIMATOR = *, TEVVE(P,N,¥,NN,TOTX, M)
IP (DABS (G~2.) c.LT.0.1)60 TO 700
DO 650 [=1,N
X=P (I) *TOTX/M
VVAR=VVAR#B#* (1.~B) /X*%3#% (1. +¢B% (1,~B) #2.% (X-3.) ) * (P (I) *
*(1.-P(1)))
LY
650 MVAR=MVAR+P (I)*{1.-P(I})) /X
MVAR=MVAR*B* (1-B) % (TOTX/M) #%2
NLBSS1=N-1
PRINT, VVAR
DO 651 I=1,NLESS1
XI=P (I) #TOTX/H
IPLUS1=T+¢1
DO 651 J=IPLUS1,H
XJ=P (J) *TOTX/M
=INDEX (I,J,N)
651 VVAR=VVAR+U4* (B* (1-B) ) #%2/ (XI*XJ) *W (K) %2
PRINT, VVAR
VVAR=VVAR® (TOTX/M) %4
GO TO 8¢y
700 DO 75¢ I=1,N
VVAR=VVAR® {1.~8,.%B% (1,~B) ) * (P (I) ® (1.~P () )} **2
750 MY LR=MVAR+P(I)*(1.-P(I))
EVAR=MVAR® (TOTX/M) ¥#2%B% (1,-B)
NLESS 1=N~1
PRINT, VVAR
DO 75% I=1,NLESS1
IPLUST=I+1
Do 781 J=YPLUST,H
K=IKDEL{T, I, K}
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751 VVAR=VVAReLX Bx (1-B) *W(K) #*2
PRINT, VVAR
VVAR=VVAR* (TOTX/M) ¥%4%B% (1,-B)
899 PRINT,¢ THEORETICAL SUPERPOPULATION VARIANCE OF THE
*YARIANCE .
*, YVAR
900 CONTINUE
PRINT,  THEORETICAL AVERAGE OF VARIANCE *,MVAR
BRELV=VVAR/ (MVAR* MVAR)
PRINT,® RELATIVE VARIANCE = °,RELV
1000 CONTINUE
RETURN
END

SUBROUTINE TALLY (PVAR,ITER)
REAL*8 FVAR(ITER) ,AVG,VAR,SUN
AVG=SUM (PVAR,ITER) /ITER
VAR=0
DO 200 I=1,ITER
200 VAR=VAR+ (FVAR (I)~AVG) * (FVAR(I)-AVG)
YAR=VAR/ (ITER-1)
PRINT, AVG,VAR,DSQRT(VAR)
CALL SORT (FVAR,ITER)
RETURN
END

SUBROUTINE SORT (Y, M)
REAL*S Y (M), TEMP
DO 10 I=2,M
IF(Y (I)-¥(I-1))6,10,10
6 TEMP=Y (I)
IN=I-1
DO 8 J=1,IM
L=I-J
IF(TRMP-Y (L)) 7,9,9
7 L(L+1)=Y (L)
8 CONTINUE
Y (1) =TEMP
GO TO 10
9 Y (L+1)=TENP
10 CONTINUE
RETURN
END

REkL PUNCTION  VCOMP*8(Y,P,N,¥, NN)
FEAL®B Y (N), P (N),W (NN)

VCOMP=0

NLESS1=N~1

DO 1 I=1,NLBSS1

IPLUST=I+1

DO Y J=IPLUST,N

K=LHDEX (L, 4, §)
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:
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VvCeone= VCOMP+W (K)* (Y (I)/P(I)~Y (I} /P(J)) **2
RETURN
END

REAL FUNCTION YGEN*8 (B, X,IMOD2,IX)
INTEGER IX(2)

REAL*8 B,X,S

REAL*8 E2I

S=DLOG {1. 0+B2I (X) / {(B*B*X*X))
U=DLOG (B*X) -S/2

$D=DSQRT (S)

CALL NORMAL(IX,IMOD2,SD,U,V)
YGEN=EXP (V)

~ETURN

END

REAL FUNCTION E2I%8(A)
COMMON/SIN2/S2I,G,MODEL
REAL*8 S2I,A,G
IF(MODEL.EQ.3)GO TO 3
IF(MODEL.EQ.2)GO TO 2
B2I=S2I*A*%G

RETURN

E2I=S21% (G*A**2+ (1-G) *A)
RETURN
IF(DABS (6-2.) .LT.0.5)G0 TO 4
B2I=S2I*A

RETURN

E2I=S2I%A*A

RETURN

END

REAL FUNCTION VECOMP*8(Y,P,N,W, NN, E)
REAL*8 Y (N) P (N),W (NN),E, VE, PIJ
VECOMP=0

NLESS1=N~1

DO 10 I=1,NLESS1

IPLUS1SI+1

DO 10 J=IPLUST,N

K=INDEX (I, J,N)

PIJ=P (I} *B (J) ~W (K)

VE=W (K) /0 IJ% (Y (I) /P(I) ~Y (J) /P (J) ) **2
VECOME- YECOMP+PIJ* (VE-E) %2

RETUE L

END

SUBROUTINE NORMAL {IX,LMOD2,SD,U,V)
REAL D2} ,¥(2)

INTEGER XX (2)

IMOD2=IMOD2¢ 1

FHENG2=H0D (THOD2Z, 2}

IV {LHOD2.EQ. 03 GO TO 10

111
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IK{1)=iX(1)*16387
IF{IX(1) .LT.0) IX(1)=IX (1) ¢2147483647+1
DO 3 J=1,2

IX(2)=1X(2) 262147
IF(IX(2)-LT.0)IX(2)=IX(2) ¢+2147483647+1
Y (J)=IX (J)

Y (J)=Y (J) /2147483647,
A=2%3.1415926536%Y (2)

B=-2.%ALOG (Y (1))

D(1) =SQRT(B)*SIN(A)

D{2) =SQRT(B)*COS (A}

V=D{1} *SD+U

RETURN

V=D (2) #SD+U

RETURN

END

REAL FUNCTION YBIN#*8 (B,INTX,IMOD2,IX)
INTEGER IX (2)

REAL*8 B

YBIN=0.

DO 1 I=1,INTX

CALL RAN(IX,INOD2,V)

IF(V.LT.B) YBIN=YBIN#1.

CONTINUE

RETURN

END

REAL FUNCTION YBERN*8(B,X,IMOD2,IX)
INTEGER IX{2)

REAL*8 B,X

YBERN=0,

CALL RAN(IX,IMOD2,V)

IF(V.LT.B) YBERN=X

RETURN

END

SUBROUTINE RAN(IX,IMOD2,V)
REAL Y (2)

INTEGER IX(2)

IMQD2=IMOD2¢1

INOD2=MOD (INOD2,2)

IF(INODZ2.EQ.0Q}GO TO 10
IX(1)=IX{i)*16387

IP(IX(1) LT 0)IX(1)=IX (1) +2147U83647+1
Pe 3 J=1,2

1X(2)=IX(2)%262147

IF(IX{2) o LT-0)IX{2)=1X{2) +2147483647+1
Y{J)=1X(J) :

Y(I)=Y{J) /21474836U7,

y=y (1

RETURN

112
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10 V=Y (2)
RETURN
END

REAL FUNCTION TEVVE#*8 (P,N,W,NN,TOTX,M)
REAL*8 P(N) ,W(NN) ,XI,XJ,E2I,B4I
TEVVE=0,
DO 1 I=1,N
XI=P(I) *TOTX/M
1 TEVVE=TEVVE-BUI (XI)/ (P (I)*P(I))* (1.~P(I))*(1.~P(I))
NLESS1=N-1
DO 2 I=1,NLESS1
XI=P (I) #*TOTX/M
IPLUST1=I+1
DO 2 J=IPLUS1,N
XJ=P (J) *TOTX/M
K=INDEX (I,J,N)
2 TBVVE=TEVVE+W (K) *¥ (K) / (P (I) P (J) W (K) ) * (EUT (XI) /P (I) **
$ 4 +E4I(XJ) /P (J) *x4
*  +6,%B2I(XI)*E2I (XJ) /(P (I) %P (J)) #*2)
* -2, %E2I (XI) *E2I (XJ) /(P (I) *P (J)
*) #(1.~P(I)) *(1.~P(J) ) -4, *B2I (XI) *B2I (XJ) * (W (K) / (P (I) *P
RETURN
END

REAL FUNCTION E4I*8(A)
REAL*8 S2I,A,G
COMMON/SIM2/S2I,6G, MODEL
IF (DABS (G-2.).LT.0.5) GO TO 4
E4I=A*S2I% (1. +3,.%(A-2.) *S2I)
RETURN

§ E4I=A*%4%S2I* (1.-3,%S21)
RETURN
END



