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1. INTRODUCTION

Consider the growth curve model as multivariate analysis of covariance
(MANOCOVA) with stochastic predictors (Rao [9]). The problem of estimation of
the parameters of this model with unequal dispersion matrices does not follow
the usual procedure of either maximum likelihood method or least équares method
when dispersion matrices are equal.

In the univariate situation of linear model under heteroscedastic assump-—
tion the methods of estimation have been proposed by C. R. Rao [10] and Hartley
and Jaytillake [6]. The later method follows the procedure of Hartley and
J. N. K. Rao [5] and is free from the defects of the MINQUE method proposed by
C. R. Rao. Here the method of Hartley and Jaytillake has been generalized for
the MANOCOVA model stated earlier. The proposed method of estimation yields
estimates which are the solutions of maximum likelihood equations by the steepest
descent method. The solutions are, in fact, the asymptotic limit to the solu~-
tion of a system of first order differential equations. The asymptotic optimality
properties of these estimates have been studied. "Also the procedure of testing

equality of several growth curves has been discussed.

2. THE MODEL
The usual growth curve model (viz., Potthoff and Roy [8]) writtem as

MANOCOVA model, under Behrens~Fisher situation, is given by

1) w0 4 x(Fg 4 (0 (2.1)

~

where Xét)(lxp) is the o~th observation vector in t-th sample (a=l,2,...,nt;
t=1,...,m), Q(t)(lxp) is the vector of unknown constants in t-th group, which
is a p-th degree polynomial in time in growth curve model, gét)(lxs) is the a-th

observation vector of concomitant variables in t-th sample (where s = q-p, q > p),



B(sxp), the common matrix of regression coefficients of Y on X , the
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error component in t—-th sample, distributed as NP(Q, gt), where §t(pxp) is the

conditional dispersion matrix in t-th group.

(t),

The problem is to estimate the parameters 17 L, By, for t=1,2,...,m,

~t
by the maximum likelihood method.

3. MAXIMUM LIKELIHOOD ESTIMATES
OF THE PARAMETERS OF THE MODEL

The log-likelihood of the model (2.1) is given by

- 1
log L. = const + % t)Z 1.(6) (3.1
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where, from (2.1), (t) ét) - n(t) - §ét>8. Then following the method of

matrix derivatives (Dwyer and Mephail [2] and Dwyer [3]) we have

9 l?gt)L z ( (t) n(t) - z‘cc(xt)s)g;l, t=1,2,.,.,m, (3.2)
Q o=1 ~
nt
églgf—E =%zt + %zzl(azl ét) (t))z , t=1,...,m, (3.3)
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For given B, we have the estimates of n(t) and zt’ by equating (3.2) and (3.3)

to zero,
Q(t)(§) = g(t) _ g(t)g (3.5)
L @®) = n%aéoft) 8" - §, (say) (3.6)

Nhen § is unknown, to estimate B we have by substituting (3.5) and (3.6) in (3.1)
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F(B) = const - % Z n 1og|S | = Z ¢t(B) , (3.7
~ e=1 ° t=l ”

where ¢t(B) is some function of B. Then the estimate of B=((an)) is obtained
by solving

~ t Ot

For this we generate an asymptotically convergent sequence from the steepest

descent differential equations

B, OFE)
= - Yy fO]’.‘ m-"-l,‘.-,_S; n=1,...,p, (3'9)
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where © is the parameter in the parametric representation of the path of
descent an(e). Then following Hartley and Jaytillake [6], we observe that

for @»«, the path coordinates an(e) will tend to a limit émn such that

~ =0, for all m=1,...,58; n=1,...,p. (3.10)
ag-g
By following Runge-Kutta procedure (Henrici [7]) a local minimum of F(B) is

attained in this case which depends on the initial values an(e) selected for

(B4

the system of simultaneous equations (3.9). The estimates of B, Zt s and n

are obtainable by solving simultaneously

n

¢ |
T (gét) - g(t)).(zép) - i(t) (X(t) (t))§)§;1 =0 (3.11)

o~1

and (3.5) and (3.6) by feed back principle. The m.l.e.'s thus obtained are

denoted by ﬁ(t), gt and § respectively for n(t), L. and B.



4, ASYMPTOTIC PROPERTIES OF THE
MAXTMUM LIKELIHOOD ESTIMATORS

We have altogether 2m+l (matrix) parameters denoted by

§=(n(l),...,n(m) X » B). To prove the consistency and asymptotic

’ ~l’.”’

efficiency of g we assume,
m

(1) m = the number of groups is fixed, n, and n = Z n_ are large and
' t=1
r, = nt/n (for t=1,...,m) are bounded away from 0 and 1.
(v)

(ii) The stochastic concomitant vector variable ga is distributed as

N (0, gz), so that
n

=(t) _ ()" (t) _
EX 0, Eaz X, %y n I*, (4.1)

4.1. Consistency

The maximum 11ke11hood estimate 6 (n(l),...,ﬁ(m), 1,...,2 ,§)'of 9 is

consistent if

lim Prob[§ = g1 = 1 (4.2)
n-ree
where 6 (n(l),...,ném),zl,...,z B ) is the true value of 8.

To prove this, let us first prove that for Q#@O

Ve I3 log L(ZIO)] = 0@ 4.3
~0
Let Gg(t) = Q(t)—nét), 6B = B-B,s where n(t) By and ;g are the true values of

Q(t), B and I_ respectively. Then from (3.1)

~t

1 (t) _ (€] _,(t) (t)y o1y (t)_ (t)_,(t) (t)y+
) 1, Mo Ey 8o DEe Gy g Xy BemOY, )

log L = const ~
t o :
= const - 5[] Jx{Pn{Px{Pg 3T ({05 (g 51
ta :
22 Z(Yé? (e ~ét)§0)§;161§t)' + ] IoyPg Ny (P
ta
= const + L(l) + L(Z) + L(B) (say) (4.4)



where GY(t) Q(t) + gét)ﬁg.

Let us choose a non-singular matrix ét(pxp) such

o~ 1

- 0 _ 1 ()_ , (t)_ (&) __(t) -1
that A I “A I, so that I = AlA . Also let Z 7'=(Y ~"-n,""-X "B,)4,

t
Then Z(t) is distributed as Np(g, }p). Under this set of transformations we

have from (4.4)

P 2
(t) €)' _ 3 (8, (1)
=3P zParttazl® =17 ) ,
) t G a t~t ~t~0 t o i=1 i al
where AtztlAE = Q diag(lit),..,,X;t)) and Ait)'s are the characteristic

2
roots of L -1 and hence finite, so that V(L, ,) = ZZn ngt) . Hence from
~t &H) i
assumption (i)

2
VG Ly T g : g*t“it)')z -0 (4.5

(t)

Since for fixed ga s E(L(z))=0, we have

(£) ) 571y (B) "5, () ()’
EZ Zz AL OV Y. EL Ny

VL (o) Lo B4,

tr Z ZA L, Sy(t) GY(t)Z ALl

Z ZGY(t)§t1 2~ lSY(t)'

t)~1.0.-1, ()" t)~1.0.~1 t)!
Zn an( )zt Z.L. on ) +.2§nt69( )z L. 68" x(

+ 2 2 (P egr 1p0rteprx ()

() and 6f are fixed and I _or ;0

This is conditional variance and since 8n £

are positive definite symmetric matrices, we have on taking expectation over

£(O
~ol

and assumptions (i) and (ii)

v% Liyy) = 0(;11-). (4.6)

Since (4.4) is conditiomnal likelihood function, L(3) can be treated as a con-

()

stant and hence its conditional variance is zero and since E X =0, its



variance is zero also unconditionally. Again the three covariance terms are
zero due to the fact that gét)'s are distributed as Np(g, z). Hence the result

(4.3) follows from (4.5) and (4.6).

Now from (4.3) and Chebychev's inequality we have

lim Prob[Z log L (1]0) = B, log L (Z]e))] = 1, (4.7)

n->*°
where E0 is the expectation when true parameter 90 holds. Also for any Q#QO, we

have from Lemma 1 of Wald [11]
E [l-lo L(Y|6)] < E [l'log L(YIG )] (4.8)
O'n g ~12 O n ~ 120

If the maximum likelihood estimate § provides global maximum of the likelihood,

then with probability one,

log L(¥]8) > log L(¥]8y), (4.9)

which satisfies the conditions of theorems 2 of Wald to hold. Hence using (4.7)

and (4.8) we have the result (4.2) from the theorem 2 of Wald@a,This establishes

Al

the consistency of the estimate 0.

4.2, Asymptotic Efficiency

To establish the asymptotic efficiency of the estimates

§=(ﬁ(l)"'"ﬁ(m)’gl""’gm’g) we are to prove the following.

Theorem 1. The derivative of the log-likelihood, 9 log L/08 is asymptotically
normally distributed with a null-matrix as mean and variance-covariance matrix
as the information matrix \(8)

This theorem will then imply that § is asymptotically normally distributed

with mean § and dispersion matrix\g—l.



Proof. The elements of the information matrixui'are obtained by considering
second derivatives of log-likelihood with respect to parameters. Let us first
of all show that the off-diagonal submatrices of the information matrix are zero
and diagonal submatrices are the inverse of the dispersion matrices corresponding
to the estimates n( ), 2 nd g, t=1,2,...,m,

To show this let us denote (3.2), (3.3) and (3.4) by U(t) gét) and g3

respectively. Then applying matrix derivatives method we have

auit) 32 1log L 1
—— = o8 -nJ%. (4.10)
ar~1(t) Ll(t) ® t~t

( ' g8 RON
aU(t)' ntZt gll~ v nt§ ~lp~
~1 _ .
T . . (4.11)
~ Y (t)' -1, z(t)'
nt§ gsl~ ree ntgt gsp§

where gr% is a (sxp) matrix with (r,%)th element unity and rest are zero,

r=1,...,8; %=1,...,p and each element of (4.11) is a vector of order (px1).

: ~1., =1=(t)" -1, p-1=(0)"
o ()" n.Z 998 € e B IR TS
Nl .
Sy = - . (4.12)
~t
"'l [ _l_(t)' —1 ' —l"(t)'
ntgt gplgt § v ntgt gpp§t §

where Jrﬁ is a (pxp) matrix with (r,2)th and (%,r)th elements unity for r+£ and

only (r,2)th element unity for r=% for r,%=1l,...,p awd rest are zero.



-1 -1 -1 -1, -1

P s e sz N
aU(t) ~t *11~t """ ~t Spl~t | |~t 1l~t ~t~t "7 ~t Splet ~t~t
~2 1 . - .
Bgt - ’ént : : (4.13)
-1, -1 1. ~1| |-1, -1, -1 -1 -1, -1
\gt glpgt e*e Et gppgt J ngt :Ilpgt §t§t s gt ‘lppgt §t§t )
e
where §, = 2 s(t) s(t).
"t se Ta
o) '
362 = %Iz 1z€(t) PARE IR N S AR eyl (4.14)
rl

for r=1,...,8; 4=1l,...,p.

(' (0, -1 (€)'5 () -1
o Eo fniEe oo ZXOL X de1kt
3§3 3%log L
—2 = S 208D : (4.15)

rx(E) 'x (e 4 z‘l ZX(t)'X(t) 2—1

a~ol N ~lp~ Tt ~0. ~sp~t
Now from the assumptions on the model (2.1) and assumption (ii) of Section 4, it
follows that on taking expectations, expressions (4.11), (4.12) and (4.14) are
zero, which proves that off-diagonal submatrices of the information matrix are
zero. Again on taking expectations over (4.10), (4.13) and (4.15) and after

some simplifications, the inverse of the dispersion matrices of the estimates

(t)

3>

s gt and B, which are the diagonal submatrices of information matrix are

obtained as follows.

-1 -1 N
yﬁ(t) nL ", t=1,2,...,m, (4.16)
-1 - 1 1 ‘ -
y§ =%n (L), t=b%, s (4.17)
t
-1 m
Vo =) ® r* (4.18)
~B
t=1
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where A[*]B is the product notation for ((a )) when A and B are of some order

ij
(Rao [10]) and P ® Q is the Kronecker's product notation.
Now to prove the theorem we are only to prove that, unconditionally, any

(t) 4t
)

linear function of (U and QB, t=1,2,...,m) is asymptotically normally

distributed. Let us, therefore, consider the linear function

m 1 t
E g(t)Nit) + trtElUét) pO" L U,D3 (4.19)

where Q{t)(lxp), Qét)(pxp), Q3(sxp) are matrices of real elements. Then from

(3.2), (3.3) and (3.4) we can rewrite T as follows.

2 [ Z {a(t) (t) + tr(-3 1D(t)' + E(t)' (t) (t)) + eBp (t)}] (4.20)
t=1 o=1 o
where F(t) ~tlD£t)', (t) _ ~t19§t>'~t and F(t) =X 123§ét)'. _
Writing (4.20) as T = E 2 Tét), where T(t) = T{;) + ng) + Tét), we note
(t)

that the undonditional second and fourth central moments of T , are

1)y o pep(®)? 4 (O L o (0)?
TRCASSIED Te Al SIS Nagb (4.21)
: 4 B 4 2 2
w, @) - E(T(t) + T§;> + 1807 + ep@® T
2 2 2 2
+ 1o Tt 4 15 18 (4.22)

(which follow from the assumptions in (2.1) and assumption (ii) of Section 4).

() 30, 10 = (O

"'OL

Now g, being distributed as N (0,

(t)

the elements of Ea

s, a linear function of

1
, 18 dlstributed as N(O, Eit) gtgit)). Hence
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)

s@g®"):

(4.23)
(t)")

E(T

From (4.20), T (t) = tr (g(t)' (t)~§t) ~t ét)) Since gét)‘gét) " Wp(l, Et), the
(t)

% is obtained as (Anderson [1])
(£) ' (D) (t)

(t) (t) ietre e, F
16T2a 16tr(2 F ) . Fe a 2
Ee = e

characteristic function of T

P(6)

-16tr (Z,EL ")

e o |1-2165% F(t)l”% ' (4.24)

On taking logarithm of both sides of (4.24) and expanding r.h.s., we have by

collecting coefficients of (18)2/2! and i0)*/41,

2 tr(§ F(t))?_ 2 tr(gét)'gzl)z.

uz(T(t))
(4.25)

u,$S) = 1204 e @D EHY + (e @iP TTH

From (4.20) it is clear that for fixed X(t) §;> is a linear function of the

() . . (t) ®t)'! - =1
elements of ga and hence distributed as N(0, ga Btga ), where Bt 93§t193'
(t) .

Therefore, the c.f. of T(t) for fixed g is

1 (le) ZX(t)R X(t) !
. (8) = o | (4.26)

(t)

Then from assumption (ii), since g "~ N(O, gi) we have the unconditional c.f.

of Téé) by integrating (4.26) over X( t)

=1 ,.ov2n [ L
P©) = |Z3 -(i0)%R |7/ |z

-
- (4032 ¢
|1, - (i8)%E*R | (4.27)
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Hence on taking logarithm of both sides of (4.27) and expanding r.h.s. we have

(t) lD
Hy(Tg") = tr(Z¥D,L "DJ)
2 TAZE¥s3%e =3 (4.28)

(t) =1 4\2 “la1yy2
W, (T3y)) = 304 tr@DET'DN? + (er(Z3D,E0 DI)2]

Thus substituting results from (4.23), (4.25) and (4.28) in (4.21) and (4.22)

and remembering that T(t) é;) and Té;) are independently distributed we

obtain the unconditional moments uz(Tét)) and u4(Tét)) which are finite and

same for all a. Let vB(Tét)) be the third absolute central moment of Tét).

Then defining

e / e
S (t),.1/3 _ (£),,1/2
Bnt = (azl\)B (TOf, ) ) H Cnt = (GZlUZ (Ta ) )

we have

B_ ():\) (T(t)))l/3 (Zv2/4(Tét)))l/3

t_ o :
(4.29)
n <2u2<T‘t>>>1/2 (2, (1)) /2

Since v4(T§t)) = u4(T§t)) is finite and constant for all o, it follows that

B /C_ +0 as n_-w,
nt nt t
Thus for the sequence of independent random variablesv{Tét)}, all the

conditions for Liapounoff's central limit theorem [4] are satisfied and hence

(t)

T(t) Z T( ) is asymptotically normally distributed. Since T for t=1,...,m

o=l ¢
are independently distributed it follows that T defined by (4.19) is asymptotically

normally distributed. This T being linear function of (U(t) ét) 3, t=1,...,m)
it follows that 9 Log L/09 asymptotically follows multinormal law with a null-

matrix as mean and dispersion matrixté, whose diagonal elements are given by
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(4.16), (4.17) and (4.18). Hence the theorem,

4.3. Unbiasedness

The small sample property of unbiasedness of the estimates follow in the
same line as proved by Hartley and Jaytillake [6] since from the assumptions in
model (2.1) the condition P(gét)) = P(—gét)) is satisfied.

5. LIKELTHOOD RATIO TEST FOR THE HYPOTHESIS
OF EQUALITY OF SEVERAL GROWTH CURVES

From the model (2.1) it is clear that the desired hypothesis is

Ho[g(l) = L., = Q(m)] (5.1)

We have seen that the parameter matrix of the model (2.1) is

W @y

8=I""5...on Zm,B]. Let the unconditional maximum of the likeli~-

~1,'..’~
hood function, obtained in Section 3, be denoted by L(Xlﬁ). Now under Ho’ the
parameter matrix contains mt+2 parameters Qo = (n,gl,...,gm,s) and the model
(2.1) reduces to the MANOCOVA model of the same kind. So that by the same

procedure as in Section 3 we obtain the maximum of the likelihood function,

given by L(Xl@o). Hence the likelihood ratio test is given by
A= L(x|8%/L|9) (5.2)

Since all our maximum likelihood estimates are asymptotically normally distri-
buted and efficient, -2 1ogek is asymptotically distributed, under Ho’ as a

central chi-square with p(m-1) d.f.
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