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ABSTRACT

W. JOAN KEMPTHORNE. The Analysis of Clustered Attribute Data from

Nested and/or Classification Designs Using Random Effects Models.

(Under the direction of GARY G. KOCH.)

Many studies involve a data structure which has some degree of
clustering. Examples include complex sample surveys where the clusters
are selected by cluster sampling, repeated measurement studies where the
outcome measures evaluated for a given subject under two or more experi-
mental and/or observational conditions may be viewed as a cluster, and
animal litter studies where the clustered structure involves observations
that have been taken on one experimental unit (i.e., a litter) at a given
time.

All analyses of clustered data structures should be based on view-
ing the cluster as the basic unit of study. Quantities of interest in
such studies are the mean value (7) of an observed response and the corre-
lation coefficient (p), which reflects the strength of clustering in the
data.

The focus of methodological work (either by direct, maximum likeli-
hood, or weighted least squares methods) for the analysis of clustered
data has been on the two-stage nested design. Moreover, the parameter of
interest has been primarily w. Although p has been estimated as a by-
product of the analysis procedure, the cluster-specific estimators have
been the cluster means, ;i'

Extensions of these efforts are made by developing methodology for

analyzing clustered data which is applicable to random effects models of



the nested and/or classification types. The proposed methodology for
the two-stage nested design, in particular, focuses on two parameter
estimators within each cluster i ~ the ith cluster mean %i and the joint
probability that two distinct observations within the ith cluster both

A~

have the attribute, denoted by ii' By considering both T and Ki
initially, the parameters of primary focus are, in fact, 7 and p since
p is a function of T and A.

The methodology is presented for the two—-stage nested design with
one treatment per cluster and illustrated with examples. The relative
performance of various heuristic and weighted least squares estimation
procedures for estimating m and p is examined. Extensions of the method-
ology to the two-stage nested design with two treatments per cluster, the

three-stage nested design and the two-way cross—classification design are

noted.
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CHAPTER T

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 Introduction

Many studies involve a data structure which has some degree of
clustering. One obﬁious group of studies are those whose clusters have
been selected by cluster sampling. This includes complex sample surveys,
for example, where the clusters are houses and the inhabitants in a house
constitute the subunits of the cluster. Repeated measurement studies may
also be viewed as having a clustered structure. Outcome measures evalu—
ated for a given subject under two or more experimental and/or observa-
tional conditions may be viewed as a cluster. TFor example, in a study of
psychiatric diagnoses discussed by Fleiss (1971) and Landis and Koch
(1977), a set of subjects are diagnosed separately by psychiatrists. The
diagnoses made by the psychiatrists are the subunits of the clusters, or
subjects. A detailed discussion of repeated measurement experiments
can be found in Koch, Amara, Stokes, and Gillings (1980).

Another group of studies having a clustered structure involve
observations that have been taken on one experimental unit at a given
time. In a nonrandomized study of mastitis treatment for cows (Koch
et al., 1978), for example, the pre-treatment and post-treatment disease
status of each of the cow's four udder quarters is assessed. Here, the
cow's udder can be viewed as the cluster while its quarters are the sub-

units of the cluster. Alternatively, in a bioassay context, the neonatal



animals within a litter constitute the cluster subunits of the experi-
mental unit, i.e., the litter.

When the correlation among subunits in a cluster is strong, it is
important to account for the clustered structure of the data in analyses
so that estimates of variance are not underestimated (or overestimated).
If the correlation among cluster subunits is negligible, then reasonable
estimates of variance may be obtained by viewing the subunits as inde-
pendent of one another, i.e., the cluster subunits can be viewed as the
basic experimental units. However, the strength of the correlation
among cluster subunits is usually unknown a priori. An analysis based
on viewing the cluster subunits as the basic unit of study can only be
justified a posteriori by demonstrating that there is negligible correla-
tion among cluster subunits. Thus, all analyses of clustered data struc-
tures should be based on viewing the cluster as the basic unit of study.

A quantity of primary interest in such studies is the mean value
(7) of an observed response. For example, the pre-treatment disease
status of cows within herds might be assessed to determine the probabil-
ity that a cow is diseased prior to treatment. Here, the cows are the
subunits of the herds, or clusters. Alternatively, in a Bioassay where
the neonates or fetuses within a litter constitute the cluster subunits
of the litter (or cluster), the proportions of deaths at particular dose
levels are of interest.

Various approaches of combining the cluster-specific information
have been implemented to obtain overall estimates of the mean response.
These approaches are based on one of the following computational strate-

gies:




(1) direct formulation of various types of means and their
variance~covariance structure,

(2) maximum likelihood relative to an assumed distributional
framework,

or (3) weighted least squares relative to an assumed sampling
framework.
The only assumption made with direct formulation methods is that the
clusters whose estimates are to be combined represent a random sample
from some defined population of clusters. Valid application of maximum
likelihood methods requires the sample to be(sufficiently iarge so that
the estimated parameter vector relative to the maximum of the likelihood
function under analysis has approximately a normal distribution. In
other words, the sample size must be large enough so that log-likelihood
ratio statistics for hypotheses concerning the parameters have approxi-
mate xz distributions.

There are three assumptions which must be satisfied in order to

use weighted least squares methods:

(1) probability random selection which may be assumed either
explicitly, as with sample survey data, or implicitly for
purposes of inferences to a target populaiion (e.g., experi-
mental or historical data),

(2) sufficiently large samples so that multivariate normal theory
can be applied to the vector F of estimates which concern
some aspect(s) of the association between the response out-
comes and the factors underlying the sub-populations and
strata,

and (3) adequately large samples and sufficient information to



obtain a consistent estimate VF of the wvariance-covariance

~

~

matrix of F.

Weighted least squares and maximum likelihood methods overlap.
Both types of methodology depend on the valid application of normal
theory and, hence, are more appropriate as the sample size becomes
large. Often the estimates obtained from weighted least squares are
essentially identical to those from maximum likelihood procedures because
they are asymptotically equivalent, optimal, and BAN (Best Asymptoti-
cally Normal) in the sense of Neyman (1949). The large sample require-
ments for the two procedures do differ, however. For weighted least
squares methods, large sample requirements refer to the specific function
under analysis: sample size must be sufficiently large so that the func-
tion under analysis (e.g., mean score, marginal probability in repeated
measurement studies, survival rate) is considered viable for that appli-
cation in the sense of having an approximate normal distribution. In the
dumping syndrome example given in Grizzle, Starmer and Koch (1969), for
instance, many cell frequencles are small (on the order of 1 or 2) but the
- function under analysis (the mean score) has an approximate normal dis-
tribution. The reader is referred to the paper by Koch, Gillings, and
Stokes (1980) where the theoretical framework of these considerations as
well as design, sampling, and measurement aspects are discussed exten-
sively.

In the following sections, the three estimation approaches described
above are reviewed sequentially with special focus on clustered attribute
data in the context of the two-stage nested design. Most of the method-

ology developed for clustered categorical data has tended to focus on the

two-stage nested design (e.g., Kleinman (1971, 1973, 1975), Landis and




Koch (1977), Lepkowski (1980), and Beitler (1981)). This design may
involve one or multiple treatments per cluster and is the simplest
{(non~-degenerate) design for clustered data. In the context of the two-
stage nested design, there are four basic sub-population structures which
identify the sampling process used to obtain clustered-type data. These
four structures are essentially defined by the cross-classification of a
primary sampling unit (psu) structure with two classifications and a
secondary sampling unit (ssu) structure also with two classifications.
The clusters, or psu's, may come from one population or from more than
one population. Similarly, the units within the clusters, or ssu's, may
involve one or multiple populations. An example of ssu's sampled from
one population would be if one treatment were applied to the cluster as

a whole. Several treatments allocated within a ciuster would correspond
to ssu's being sampled from multiple populations (in this case, popula-
tions relative to treatments). Table 1.1 illustrates by way of example
the four sub-population structures which can be used in a study having a

two~stage nested design.

TABLE 1.1

POSSIBLE SUB-POPULATION STRUCTURES OF STUDIES INVOLVING
COUNSELOR THERAPIES TO PATTENTS

psu structure (among clusters)

o o 1 Counselor Type >1 Counselor Type
oo
3 % 1 Therapy | Psychiatrists give therapy | Psychiatrists and psycho-
923 A to all of their logists give therapy A to
he patients. all of their patients.
[ =1
+ '@ >1 Therapy | Psychiatrists give either | Psychiatrists and psycho-
a5 therapy A or B to their logists give either

= patients., therapy A or B to their

patients,




Here, the counselors are selected at random from the populations of all
psychiatrists and psychologists, respectively. It is assumed that
patients are selected at random from the registry of a given counselor's
practice. The samples of therapies (treatments) A and B actually used
are assumed to be representative of therapies A and B in a global sense.
This description of sub-population structure should make it easier
to put into perspective the various frameworks examined in the litera-

ture that is reviewed in the following sections.

1.2 Direct Estimation Methods

The overall mean response T associated with a set of clustered
attribute data can be estimated directly in a number of ways. One com-

monly used estimator of m is the overall mean

o= = s (1.2.1)

i=1

where X, is the number of observations in the study with the attribute,

~

X
c; is the size of the ith cluster, and L Zi'is the mean response

i
associated with the ith cluster. This estimator ignores the clustered
structure of the data. No cluster-to-cluster variation is assumed; the

within-cluster variation is assumed to characterize all of the variation

in the data. The standard error of 7 is the usual binomial standard

s.e. (1) = \/E(—L;——@- . (1.2.2)

*

error.:

Another estimator of w is the arithmetic mean of the n cluster

means in the sample:



a i
o= — (1.2.3)

— (1.2.4)

The estimator T does not weight the cluster means T according to cluster
size and, therefore, can be undesirable in small samples.

The mean of means estimator 7 has been used in a poultry setting
to determine the average probability of the laying of blood spotted eggs
by hens within flocks (Southward and Van Ryzin, 1972). Another context
where the mean of means has been used is in animal litter studies.
Accounting for a litter effect involves viewing the litter as the unit of
study and, thus, computing the mean of litter mean responses. However,
many researchers have preferred to ignore the litter effect and use the
overall mean % as the estimator for .

The literature has provided a forum for the controversy concerning
whether the dam or the pups should be viewed as the experimental unit in
the context of toxicology (see Becker, 1974; Healy, 1972; Kalter, 1974;
Palmer, 1974; Staples and Haseman, 1974; Weil, 1974). The presence of a
litter effect, i.e., responses within a litter are correlated, has been
well-documented (e.g., Weil (1970, 1974); Jensh et al. (1970)). 1If the
litter effect is ignored, the Type I errvror rate may be greatly inflated
(Haseman and Hogan, 1975; Haseman and Soares, 1976; Gladen, 1979). The:
contribution of genetic as well as environmental factors by the dam to
her pups suggests that the litter should be viewed as the unit of analy-

sis; different dams may provide different growth experiences for their



litters. Often an attempt is made to minimize biases resulting from the
litter effect by obtaining the percentage or mean affected for each lit-
ter and then calculating the average of these percentages or means (e.g.,
Gaylor, 1978; Yasuda and Maeda, 1972), i.e., a mean of means estimate is
used. By adjusting for litter-to-litter variability in this way, it is
hoped that more precise measures are obtained.

A third estimator for w was proposed by Koch (1967b):

n A
z c,{c,~- cm
=1 :
T o= - . (1.2.5)
r c.(c,~ ¢c,)
i=1 1

This estimator was derived by using the method of Koch (1967a) for random

effects models to estimate the square of the population mean of data

transformed by adding the constant o to each observation. The resultant

estimate has the form
f(a) = h + 2go + oZ. (1.2.6)

Koch (1967b) shows that g is an unbiased, consistent estimator of the
population mean which is optimal in the sense that (-g) minimizes the
quadratic, location-sensitive ériterion f(a). The estimator g has the
advantage that if it is subtracted from all of the observations, the
estimate :of the square of the mean of the transformed data is minimized.
Koch (1967b) derived the estimate of the population mean by this pro-
cedure for a variety of nested and classification designs involving
random effects. The estimator ; in (1.2.5), hereafter referred to as

Koch's mean, is specific to the two-stage nested (or one-way ANOVA)

design. Its standard error can be expressed in terms of variance

components as estimated from either Koch's (1967a) or (1968) procedure.



9
Gladen (1979) applied the jackknife methodology to the overall mean
to obtain an estimate of m which is a weighted average of the proportions

of observations possessing the attribute in individual litters:

~ n n
m.oo= L w, T, 1.2.7
J . i i ( )
i=1
where
c, {(n - e, {n - 1)ec, n c.
i i i . i
w, = — + 7 T L ( )
i c n{c - c,J nc . c - c,
. . i ° i=1 T i
n
and Z w, = 1. This estimator is almost fully efficient. However, a

i

S |
AL
problem with it is that the weights W, are not necessarilly positive so

the estimate ™, may fall outside the range ¢ to 1. Gladen notes that

this seems to occur only when the number of clusters is very small. The

standard error of w_ that Gladen proposes is based on the methodology of

J
the jackknife:
. “ N2

X iil(pi -y

o; ="\ PYCEEY (1.2.8)
where

- n . (n - l)(xi -y )
Py © 1 n - c, ’
i

~

She also suggests the use of GJ as a measure of variation for the over-

~

all mean 7w for which the usual binomial variance is invalid because of
the clustering in the data.
Note that each estimator examined here is a weighted average of

cluster means with the weights summing to 1.

1.3 Maximum Likelihood Methods

A variety of structural models have been proposed for the analysis

of clustered attribute data. Simplistic models such as the binomial or
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the Poisson usually give a poor fit which is probably due to the invalid

assumptions (e.g., homogeneity) made under these models. The problem of

heterogenous variation in the binomial was first examined by Lexis (1877).

Several generalizations of the binomial distribution have since been
investigated.

Skeilam (1948) was the first to examine the case where the param-
eter p of the binomial distribution has the beta probability density

function

p(a - l)(l _ p)(B - 1)

f(P) = B(a,B) 5

0<p=1,

but p is the same for all n trials within a particular set. He compared
the fit of this beta-binomial distribution with the fit of the negative
binomial distribution for data exhibiting heterogeneity and found that in
many cases the two distributions gave almost identical results, even for
moderate values of n. This is not surprising since the asymptotic dis-~
tribution of the beta-binomial distribution is the negative binomial
(Paul and Plackett, 1978). Bliss and Fisher (1953) noted that the nega-
tive binomial distribution can be used to model a variety of biological
data. The negative binomial model has provided good fits to resorption
data in teratologic studies (McCaughran and Arnolds, 1976; Nelson and
Holson, 1978).

Williams (1975) examined the two-parameter beta-binomial model for
the analysis of litter data having a binary response. The parameter
estimates for each treatment were obtained by maximum likelihood, and
treatments were then compared with respect to their parameter values by
asymptotic likelihood ratio tests. This distribution has been found to

provide a reasonable fit to litter data (e.g., Aeschbacher et al., 1977;
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Aeschbacher et al., 1978; Vuataz and Sotek, 1978). 1In a differemnt con-
text involving clusters, Griffiths (1973) has used the beta-binomial
distribution to model the incidence of non-infectious disease in house-
holds and found that it fits reasonably well. The beta~binomial distri-
bution has also been used to determine the LD50 (50% lethal dose) for
litter data in a quantal bioassay (Segreti and Munson, 1981).

Paired comparison experiments have been modeled using the beta-
binomial distribution. A paired comparison is merely -a choice between
two items. The unit of analysis in a paired comparison experiment is
the choice. Choices are made by individual "judges" within particular
pairs of items. The choice is the cluster, while the judges are its
subunits. The beta~binomial distribution was used to model consumer pur-
chasing behavior (Chatfield and Goodhart, 1970). Aa extension of the
beta~binomial distribution to forced binary choice situations was exam-
ined by Morrison (1978). Imrey, Johnson and Koch (1976) proposed an
analysis of multivariate paired comparison experiments that involves
application of the Grizzle, Starmer and Koch (GSK) (1969) methodology
for incomplete data.

Altham (1978) examined two generalizations of the binomial dis-
tribution - one based on the "multiplicative" definition of "interaction"
for discrete variables and the other based on the "additive" definition
of "“interaction" (Bhapkar and Koch, 1968b; Xupper and Hogan, 1978). She
assumes that the k dichotomous variables are identically distributed but
not independent and generalizes the binomial to a two-parameter distribu-
tion where the k variables are assumed to have a symmetric joint distribu-
tion with no second- or higher—order "interactions'". Both of Altham's

models and Williams' beta-binomial model give similar fits to Skellam's

data.
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The two-parameter correlated binomlal model introduced by Kupper
and Haseman (1978) corrects the binomial distribution to allow for
within-litter correlation which may be positive or negative. In this
respect it differs from Williams' model which only allows for positive
intra-litter correlation. Moreover, it provides greater flexibility
than Williams' model in that third- or higher-order correlations can be
built into the model. Kupper and Haseman prefer their model to Williams'
model because the likelihood under the correlated binomial model was
larger than the corresponding likelihood under the beta-binomial model
for the empirical studies which they examined. Altham (1978) even pre-
fers the correlated binomial model to her generalized binomial models.

Koch, Tolley and Freeman (1976) proposed a clumped binomial model
to estimate mean scores as an intermediate step in obtaining an overall
estimate of m for the litter data of Kastenbaum and Lamphiear (1959).
Their method is not fit-dependent. Paul (1979) extended the clumped
binomial model to a clumped beta-binomial model and found it provided a
good fit to the Kastenbaum and Lamphiear data.

Maximum likelihood methods have also been used to analyze ophthalo-
mogic data from a three-stage nested design in which comparisons among
groups of persons on some ocular finding are desired (Rosner, 1982).
Here, eyes are nested within persons who are, in turn, nested within
groups. In ophthalmologic studies the basic unit of study is frequently
the eye rather than the person. If the person is the actual experimental
unit then the correlation between eyes should be taken into account.
Rosner proposes a model which incorporates the dependence between the

eyes of an individual and estimates its parameters by maximum likelihood.
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A popular maximum likelihood method of analyzing clustered data
focuses on a regression approach which assumes an underlying distribu~
tion. In an epidemiologic context, Wu and Ware {(1979) used repeated
measures methodology based on a multiple logistic regression model to
assess the risk of coronary heart disease (a dichotomous variable) in
the Framingham study. This type of regression methodology falls into
the class of hierarchical models as discussed by Bishop, Fienberg, and
Holland (1975).

Crowder (1978) proposed a method for the regression analysis of
proportions in which the beta-binomial distribution is used as the error
distribution. For convenience, two assumptions are made with this
approach: (1) homogeneity of 02, 02 p(l - p), or some other function
of 02 suitable to the data and (2) an appropriate form of regression on
the observed Py (e.g., logit, probit). Crowder notes that if one has
multinomial rather than binomial data, this methodology can be general-
ized by using the Dirichlet distribution in place of the beta distribu-
tion.

Similarly, Kleinman (1971, 1973, 1975) used the beta-binomial
distribution as the unconditional distribution of the observed number of
observations possessing the attribute before using a two-stage weighted

least squares procedure to estimate the mean.

1.4 Weighted Least Squares Methods

Weighted least squares has been a popular method of analysis for
studies having some degree of clustering. Cochran (1943) was one of
the first to propose a method to account for heterogeneity in clustered
attribute data. He suggested a method of analyzing proportions using

weights proportional to sample size. In litter studies, the proportions
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would be the proportions of abnormal fetuses in a litter. The variance
of each proportion could be expressed as the sum of a binomial variance
and an extraneous non-binomial wvariance characterizing the litter
effect. An analysis of variance on these transformed proportions can -
then be performed.
Analyses of variance performed on transformed data comprise a
special class of weighted least squares methods. In these cases, the
weights are all equal to 1. Logarithmic and arc-sine transformations,
for example, are common ways to correct for variance heterogeneity in
litter data before applying ANOVA's which require homoscedasticity
(e.g., Cahill et al., 1980; Epstein et al., 1972). *
Gabriel (1963) extended Cochran's (1943) work to onme-way and two-
way models with and without replications (i.e., two-stage nested and ‘
two-way cross—classification models with and without subsampling).
Cochran's (1943) methodology was also extended by Kleinman (1971, 1973,
1975) who used a two-stage weighted least squares procedure to examine
data in the form of binomial proportions which show more variation than
that expected under the binomial distribution. He considered the case
when the true probabilities of success are not constants but rather random
variables from some distribution with mean 7 and variance o2. Thus, for

A

the estimator p of the probability of success,

E(p) == (1.4.1)
and
v(p) = 1AWy a2 - iy (1.4.2)
n, n
i i
where n, is the number of trials for a given obsexvation.
Kleinman assumed that the true p's are distributed as beta(a,B) '
with mean m = a and variance 02 = rn(l - 1) where r = 1/(a + B8 + 1).

o + B
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Thus, the unconditional distribution of the observed number of successesg
x is beta-binomial. Although Kleinman assumed a beta prior for the p's
and, thus, used a distributional assumption which suggests the eligibil-
ity of maximum likelihood methods, he actually estimated m and r by the
method of moments, or weighted least squares.

He estimated m and r by the method of moments rather than by maxi-

mum likelihood for several reasons:

(1) an unbiased estimator of the exact variance of the moment
estimator of T exists while no such estimator exists under
maximum likelihood estimation;

(2) the moment estimator of w is computationally simple and quite
efficient, assuming r is known;

and (3) there is no need to assume an underlying distributiom for the

v

p's.

In his 1973 paper Kleinbaum considered the single sample situation
(i.e., the single treatment per cluster/ome population problem) with
equal-sized clusters and with unequal-sized clusters as well as the
situation of two or more independent samples (or sub-populations). 1In
the case of equal-sized clusters, he suggests that the usual unweighted
analysis of variance methods for cluster samples be used. For unequal-
sized clusters estimates of the heterogeneous variances are obtained by
moments and used in an empirical weighted least squares procedure. He
notes that even if the beta-binomial assumption is incorrect, the moment
estimators of m and r are still interpretable with m being an average,
possibly weighted, of proportions while r is an estimate of o?/n(1 —’w).

Kleinman extended this methodology to two dependent samples (i.e.,

the case of two treatments per cluster) in a later paper (1975). One
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might be interested, for example, in comparing the average proportion of
patients cured by each of two drugs given to patients within a random

sample of I hospitals (clusters). Under this framework the vector of

L
true proportions p, = (Pil’piz) (i = 1,2,...,I) represents a random

sample from a bivariate distribution with mean vector 7 and covariance

~

matrix £ = (¢0,,). The model then becomes

- ij
E(p,.) = m,
PlJ J
Vipyy) = =g *o -0
J ij
and Cov(pil,piz) =0, , 1 =1,2,...,I; § =1,2. (1.4.3)

The empirical weighting estimates are asymptotically equivalent
to exact least squares estimates (Kleinman, 1971). Significance tests of
the hypothesis of equality of means (HO: "= ﬂz) were performed by
computing the proportions of significant samples (out of 500) at the
nominal 0.05 level, given specific population values. These significance
tests were found to be adequate for moderate values of w but rather weak
for extreme values (near 0 or 1), Kleinman notes that the empirical
weighting technique can be extended to the case of more than two depend-
ent samples (i.e., more than two treatments per cluster) quite easily.

Weighted least squares has been popularized as a method of analysis
for repeated measurement studies by Koch et al. (1977) who further elabo-
rated the foundations of this methodology beyond that in the original GSK
(1969) paper. Landis and Koch (1977) applied this approach to multi-
nomial response data using a one-way components of variance model or,
equivalently, a two-stage nested design with one treatment per cluster.

They noted that since the mean squares of a components of variance model

for categorical data can be written as functions of the cell probabilities,
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the expected values of the ANOVA sums of squares can be formulated in the
GSK notation. They obtained unbiased estimates of the variance compo-
nents by using multivariate ANOVA calculations. The variance component
estimates were then used to generate ratio estimates for the intraclass
correlations associated with the different levels of the multinomial
respouse.

Beitler (1981) extended the one-way components of variance model
for categorical data proposed by Landis and Koch (1977) to the multiple
treatments per cluster situation for binomial data. She considered the
mized model for the unbalanced two~stage nested design where treatments
are viewed as fixed and the clusters are viewed as random. The fitting
constants method (which involves the use of reductions in sums of squares
as described in Searle (1971)) was used to obtain variance component
estimators since ANOVA-type estimators cannot be developed because the
fixed effects terms cannot be eliminated by considering linear combina-
tions of the mean squares. An estimate of the variance-covariance matrix
associated with the vector of treatment means for the ith cluster was
then obtained by substituting the corresponding variance component esti-
mators in the variance—covariance matrix expression for the ith cluster.
Overall estimates of treatment means were then computed using the
weighted least squares methodology of GSK with % = Ftcj}n and % =

~ ~

diag(Vl,Vz,...,Vn), where t is the number of treatments, ln is a column

A

vector of n 1's where n is the number of clusters and Yi is the estimated
variance-covariance matrix of the t treatments in cluster i.

Lepkowski (1980) examined the case of dependent samples in the
context of the two-stage nested design for multinomial data from a sam-

pling perspective. He first estimated the variances and covariances of
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treatment means by Taylor series procedures. Then, he estimated the
intraclass correlations Pee for the t treatments and the intraclass
cross—-correlations ptt' corresponding to the t-th and t'-th treatments.
The estimate Ett was derived from the formula which associates it with
the design effect (Defft), which is the ratio of the variance of the

proportion with the attribute under the clustered design to the variance

under simple random sampling assumptions:

=14 | = 1f p (1.4.4)

where P, is the observed overall probability of having the attribute

under the t-th treatment, ™. is its expected value, and nt(i) is the

number of subunits in the ith cluster receiving treatment t, with

n
n, = iil nt(i)' The parameters ptt' were estimated from the formula
N cov(p,_,p.,)
t "t
P v = - = (1.4.5)
tt Pl -pJp. (1 -p

|)
t
% nt(i)nt'(J‘“)th(nt - l)nt'(nt' - 1)}

where cov(pt,pt,) was determined by Taylor series approximation. The

estimated variances and covariances of the cluster-specific treatment

means were then expressed in terms of the Pit and Prpr?

" pt(l - pt) -
Vt(i) = “**E;z;;"— {1 + (nt(i) - l)ptt} (1.4.6)
and
Vtt'(i) = pttJ[Pt(l - Pt) pt'(l - Pt')]2 . (1.4.7)

The usual GSK weighted least squares procedure was then applied using the

estimated variance-covariance matrix formed from expressions (1.4.6) and .

(1.4.7) and the specification matrix X = I C)]}ﬁ as in Beitler (1981)
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and Kleioman (1975).

A common element of the literature reviewed here is that the clus-
ter sizes are assumed to be fixed by design or viewed as fixed by con-
ditional arguments. There is interest in the case when the cluster
size is considered random. Van Ryzin (1975) has considered this problem.
Lircter size, for instance, may be random. Or, for example, there may be
a random number of worms in a soil sampie. In a psychology context, a
videotape of interactions of family or group members OT of a psychiatrist
interacting with an individual might be reviewed by people who count the
number of times a particular stimulus came up (e.g., some type of helping
behavior). The attribute under study might be the number of times the
stimulus was observed to occur out of all possible opportunities. In
this setting the number of opportunities is random. There is a fixed
observational process on a subject or a phenomenon (e.g., a litter, a
soil sample, a videotape of social interactions). This observational
process can be characterized by indicator functioms. Viewing cluster
sizes as random would involve thinking of the mean responses as ratio
estimators. This viewpoint, however, is beyond the scope of this dis-

sertation.

e

.5 Summary and Outline of This Research

The focus of methodological work (either by direct, maximum likeli~-
hood, or weighted least squares methods) for the analysis of clustered
data has been on the two-stage nested design. Moreover, the parameter
of interest has been primarily m. Although p has been estimated as a
by-product of the analysis procedure, the cluster-specific estimators

~

of focus have been the cluster means, My
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In this disgertation, methodology for analyzing clustered attri-
bute data is developed which is applicable to random effects models of
the nested and/or classification types. The proposed methodology for
the two-stage nested design, in particular, focuses on two parameter
estimators within each cluster i - the ith cluster mean ;i and the joint
probability that two distinct observations within the ith cluster both
have the attribute, denoted by ii' By considering both %i and ii
initially, the parameters of primary focus are, in fact, 7 and p since p
is a function of m and A (as will be shown in Chapter II). Moreover,
since many researchers tend to focus on the overall mean as part of
their computational procedures (e.g., Kleinman (1973) and Lepkowski
(1980)), the focus here is on the mean of means since it is directed aﬁ
cluster-to-cluster variation. The methodology is presented for different
designs by chapter. Chapter II deals with the two—~stage nested design
with one treatment per cluster. Since most of the work has been done on
this design, Chapter III is devoted to examples and numerical studies
for the proposed methodology as it applies to the two-stage nested design.
The two treatment per cluster case of the two-stage nested design is
examined in Chapter IV. In Chapter V the problem of estimating w in
the three~stage nested design is explored. Since this design has not
been considered much with respect to clustered attribute data, the clus-
ter means are the only parameter estimators which are considered. Simi-
larly, in Chapter VI the proposed methodology is developed for the two-
way cross-classification design with focus on the estimation of w.
Finally, in Chapter VII a summary of this researcﬁ is presented and sug~

gestions for future research are made.




CHAPTER II

THE TWO-STAGE NESTED DESIGN WITH ONE TREATMENT PER CLUSTER

2.1 TIatroduction

The two-stage nested design is the simplest design which can be
viewed as having a clustered structure. It arises in a variety of
contexts. Suppose, for example, ithat six psychiatrists classify each
of thirty subjects as neurotic or not. The six classifications made
for each subject may be viewed as comprising a cluster. In this
instance there are thirty clusters each containing six observations.

In a rat fertility study couples might mate three times over a period

of months and each mating outcome noted as successful or not. Here,

the matings are the subunits of the clusters, or couples. 1In a dairy
science context the pre-treatment status of cows within herds (clusters)
may be of interest. Similarly, the disease~free status of patients in

a number of clinics (clusters) after a specific treatment may be the
focus of a clinical trial. Other contexts include neonatal toxicity
studies involving litters of animals, measurement rveliability studies,
and interviewer variance studies in sample surveys. In a measurement
reliability study where each subject is classified by different obser-
vers into one of a set of response categories, observer measurements can
be viewed as being nested within subject. An interviewer variance study,
on the other hand, involves different observers classifying subjects into

one of a set of response categories so that subject measurements can be
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viewed as being nested within observers.

The sampling framework of interest in this discussion is where the
clusters are randomly sampled without replacement from some defined
population of clusters, and observations within a cluster are also
randomly sampled without replacement from a population of observations.
Both finite populations are assumed to be so large that they may be
viewed as essentially infinite in size. Since sampling with replacement
and sampling without replacement are equivalent in this setting, it is
possible to assume that sampling was done with replacement so that its
more tractable mathematics can be used to derive variances of quantities
which are of interest.

In this chapter the focus is on the situation where there is one
population of clusters and a single treatment is applied to each observa-
tion within a cluster. Methodology for analyzing data with a binary
response is developed for the two-stage nested design in this context.
This methodology is aimed at assessment of the extent of clustering in
the data and its effect on estimation of the mean response. In section
2.2 the general framework for this methodology is formulated in terms of
population quantities. Three designs are then examined with respect to
a two-stage random sample: the completely balanced case, the partially

balanced case, and the unbalanced case.

2.2 General Framework

Consider first a finite population involving D observations yij on
each of N clusters where £ = 1,2,... N; { =1,2,... D; and the ordering

of { within £ is arbitrary. Suppose that n clusters are randomly

sampled without replacement from the population of N clusters and that
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ey observations within the ith cluster are randomly sampled without
replacement from the population of D observations (i =1,2,...,n;
j= l,2,...,ci). The situation of primary interest in this sampling
framework is when D>~ and N+«. 1In this case sampling with replacement
and sampling without replacement are equivalent. So, in the infinite
population setting where D»» and N+~ , even if the sample is drawn with-
out replacement one can assume mathematically that sampling was done
with replacement since the two procedures are equivalent under these con-
ditions. This is convenient because the mathematics of sampling with
replacement is more tractable than the mathematics of sampling without
replacement. For these reasons, the framework corresponding to sampling
without replacement from a finite population is first examined with focus
on the particular case when D and N tend to infinity. Later on, sampling
with replacement can be assumed by equivalence of the two sampling pro-
cedures in this case so that its mathematics can be used to derive var-
iances of estimators which are of interest.

Let

-
{ ; . . .
1, if the jth observation in the ith cluster has the
attribute under study,

1]
lO, otherwise.
Note that the yij are the observations that are obtained from the two-

stage sampling process while the y.. are the observations in the popula-
g g i pop

tion. The following definitions characterize the model of interest:

E{yi.} = 7

j Pr(an observation in a given cluster has the

attribute),

E{yi,y,.,} = A = Pr(two distinct observations in the same cluster
34 both have the attribute),
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E{yi.yi,,yi,,,} = £ = Pr(three distinct observations in the same
34 3 cluster all have the attribute),

and y j"yij"'} = n = Pr(four distinct observations in the

E{yi-yij ?
J same cluster all have the attribute).

(2.2.1)
Note that the same parameters apply across all clusters. For each

cluster, parameter counterparts of m, A, &, and n, respectively denoted

A, &

o Mo B and Ngs can be defined as conditional expectations.

In this framework the mean response for the {th cluster in the

population is

N - .. (2.2.2)
4 D j=1 44
while the overall mean response is
eely oo (2.2.3)
N i=1 4

The parameter AL corresponds to the probability that two distinct obser-—
vations from the Ath cluster both have the attribute. From a sampling

without replacement point of view, it has the following form:
2 _ L2
Ty @y

D D 44
A ‘-'-‘*—*—]i——- z L V..y,., = 1
L D(D-1) by TAfTAg! D(D - 1)
J* 4
2 - R
(Dﬂi) DWL _ “L(D“L 1) R 1 T (2.2.0
D(D - 1) D -1 Ll'4 D-11J Tee
where Yio = % Yii The overall probability that two distinct observations
J
from the same cluster both have the attribute is
1 N
A== % A.. (2.2.5)
N i=1

Expressions for the cluster-specific parameters EL and n;, may be similarly

derived from a sampling without replacement point of view. The parameter
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EL corresponds to the probability that three distinct observations from
the Aith cluster all have the attribute, while ni corresponds to the
probability that four distinct observations from the Ath cluster all have

the attribute. These parameters have the 1low1ng forms:

X
Ik
D(

i~

X
£, =4

~

fo
5 Yo [

"léf’“ ,{,_»{,{, «(.j _ J

D-1(®~-2) I

|

.

~ W

L.,.._L._! [ —

1- e { 2{1 - L :
4[4_5"—1“] T Do (2.2.6)
L (
Z Z z z 1vy Ty [y’{"]
# ?éjvl % RN ’Lj ’LJ ’LJ j 4L
and g~ D(D ~ 1) (D - 2)(D = 3) T
. 3
- 20 - )| T -7,
I e I el 2l N T el 2]
4§44 D=1 J £ D -2 A D-3 J
Corresponding overall probabilities of events associated with the
parameters Ei and nL are expressed as
1 N
E== 35 €. (2.2.8)
N i=1 L
: 1 N
and : n== I n, . (2.2.9)
N . A
A=1

Letting the number of observations D tend to infinity, it follows

that
1im A, = w,2,
Do A
lim £, = w,3,
L £
Do
: = o U
and ;1m ni ﬂL .
Do

So, the corresponding overall parameters may be expressed as
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LN N
A= 1lim (ﬁ' b3 KL) == 5 1im M.
Do =1 L=1 D=
L X
=% 3 "4;2’ (2.2.10)
A=1
. N
£=< 3 7w,3, (2.2.11)
N . £
=1 :
. N
and n=g b3 wiq. (2.2.12)
i=1

These expressions also apply to the situation when both D and N tend to

N
infinity. Note that in this case the overall mean response w = N z L]
£=1
may be viewed as the average of an infinite number of small intervals
(n, ™ + dr) between 0 and 1 inclusive so that as D»» and Now,
N
1 1
=< Lo v [T pE(p)dp, (2.2.13)
. A
4=1 o
where f£(p) is the density of me A familiar f(p) is the beta density
which corresponds to data that follows a beta-binomial distribution.
Similar correspondences exist for the other parameters:
1 N 1
A== % w2 [T p2f(p)dp, (2.2.14)
N . £ o
=1
1 N 1
g=< % w3 " p35(p)dp, (2.2.15)
N . A o]
£=1
1 N 1
and n== 5 mnbta f p*E(p)dp. (2.2.16)
N =1 4 o

A fifth parameter which is of interest is p, the intraclass (di.e.,
within cluster) correlation coefficient which is a function of the

parameters T and A:
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B Cov(yij,yi.,) X = 72

= i
P Var(yij) (Ll - ) ° (2.2.17)

This parameter reflects how strong the clustering is for a set of data
and, thus, is particularly relevant to the clustered data structures
examined in this discussion.

Certain inequalities among the population parameters are of interest.
The wvariance-covariance matrix of certain estimates will be discussed
later, and the positive semi~definiteness of various parts of this
variance~covariance matrix can be demonstrated from these inequalities.

Note, for example, that A - %2 > 0 because when D is infinite,

N N
1 1
A-—Tl == % w2 - (= £ 7.)?
N1 * N =1 *
. N
== 3 (7, - m)2 > 0. (2.2.18)

This means that the intraclass correlation coefficient is restricted to be

nonnegative. Also, n > A2 since

N N
n - A2 =~% % wL“ - (%- b ﬁiz)z
£=1 £=1
T on.2)2
- 1._ 1; T 2 _ /(’,'-:l <
N7 N
1 N
=5 E (7 - A2 >0, (2.2.19)
£=1

The quantity & - 7\ may be expressed as an average of cross products:

N

N N
1 3 1 1 )
E-mA== % 71,2 - (= % 7m1)& £ w.4)
A N 4N 4
N
-1y (m.,=m)(m.2 = }) ' (2.2.20)
N o1 4 £



and, thus, may be negative. Similarly, the quantity

N
-8 - (£ -m) =% R CEINCTE )

may be negative.

By defining ¢, = 7, - 7, P, = "32 - A, and e (ﬂé

(WLZ - A), it follows that

.2k 2
A T N ’Z q)/é s
A=1
N
1
42 o 2 2
n A X ‘Z wi s
A=1
E — A = 1 ?
N Eo0 e
A=1
1 N
(A= w2) = 26 = M) + (n =A%) =% T v2,
A=1
N
and (A = w2) = (§ = mA) = i Tod. Y.
: N o A

Recalling that the Cauchy-Schwarz inequality has the form

O TDICRTO RO IR PE

A A A

or T 6. v.2) > (R, v)?
(¢ HE YD 2 @ o, v
A A A

it follows that

(A = 72)(n - AZ) > (£ = mA)?

and
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(2.2.21)

(2.2.22)

(2.2.23)

(- 72) [(A = 12) = 2(E = 1) + (n=2AD)1 > [(A = ©?) = (E-1)]1Z

(2.2.24)
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Alsoc, when D tends to infinity

N N
1 1
T -A== I 7,1l -w,) == 1 u.z,
N zf:.=1 A A N i=1 A
N N
- L 3¢1 - =1
A =& = v ’Z " (1 ﬂi) =3 ’Z uw
A=1 A=1
N N
21 2¢1 - = L 2
E -0 = N R 1 (1 ﬂi) =X oW,
4=1 =1
and
; N N
(r = ) = 4(A=E) + 4(E - 1) =-§ P (- - 2P %- Doz,
A=1 3/2 L4=1
- Y Y _ ks _
where u; = (WL) (1 ~ ﬂi) » W, = (ﬂi) (1 - ﬂL) , and z; =
1 L
ﬂié(l ~ ﬁi)z(l - 2ﬂi)' So, by the Cauchy-Schwarz inequality
(m = MDE=-n > G-=-282 (2.2.25)

and

(r = A) [(m=2A) = 4(h =8 +4(E -n)] > [(m =21 -2 - £)1%.

(2.2.26)
Similarly,
. X
A= 28+ n=x% X ni2(1-2w/;+w42)
A=1
1 X
= = 2¢1 - 7.)2
Nél T (1 wL) > 0. (2.2.27)

The relevance of these inequalities will become apparent in section 2.5
when estimation of variance-covariance matrices is explored for the

unbalanced case.

2.3 The Completely Balanced Design

Consider a random sample of n clusters from a population of N

clusters where each cluster has c observations that may be viewed as a



random sample from the population of D observatiouns.

are considered to be essentially infinite,
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Since both N and D

sampling with replacement may

be assumed (even though sampling is actually done without replacement) by

the equivalence of the two sampling frameworks in this case.

There is only

one set of unbiased sample estimators for the parameters w, A, £, and n
since the design is balanced:
n < n _
T Iy,, Zy.,
A . R RS O
B T o A
= s - Y..» (2.3.1)
n ¢ ¢ X
LIy, Y. Ly ly,-1 Iy, “-vy,,
;\4= i=1 J % JV=]_ 13 1] - s 1 i _ i 1 , (2'3.2)
nele - 1) nc(e ~ 1) ne(e = 1)
n ¢ c c n
I L Y. YeirTers Ly, (v, - Dy, -2
% _ i=l j # jl % j"=l 13 13 1J i=l 1 i 1
ncle - 1) (c - 2) nc(c - 1) (c - 2)
3 3 _ 2
By Ryt
_i i . (2.3.3)
ne{c = 1) (c - 2)
and
n ¢ ¢ c c
z X z Z X Y. |Y vvy
A=i=lj%3'#3"%j"',=l ij 1] i3’
nce - De = 2)(c = 3)
5 - - -
. v, (v - DG - DGy, 3)
= nele -~ 1) (e - 2) (e - 3)
4 3 2
- 67 -
i i 61 y;.0 1121 v, 6y,
= (2.3.4)

ne(e = (e - 2)(c - 3)

The observations yij may be writtem i

n terms of the 1 parameters as a

consequence of the two-stage random sampling process:

yij T + (ﬂi - W) + (yij - ﬂi), i

1,2,...

,ny 3 =1,2,...,¢3

(2.3.5)
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where the {ﬂi - 7} are a random sample of cluster effects and the

{yij - ni} are the random subsampling residuals. The characterization in

(2.3.5) of the sampled observations yij may be rewritten as
yij =y + a, + eij’ i=1,2,...,03 j=1,2,...,c; (2.3.6)
where u = w, ai =My, and eij = yij - By defining the following

functions of the population parameters:

L ¥
6.2 == % (r, - m)% = A - n? (2.3.7)
a . A
Ai=1
N D 5
and Oez = %B by z (yi» - Wi) =1 - A, (2.3.8)
i=1 j=1 Y

it follows that, under a two-stage random sampling process with replace-
ment, the components in expression (2.3.5) have zero expectations and
their squares have expectations equal to the population parameters in

(2.3.7) and (2.3.8), i.e.,

E{(r. - m)2} = E{a 2} =0 2 (2.3.9)
i 1 a
and E{(yij - ni)z} = E{eijz} = 082. (2.3.10)

The sums of squares assoclated with the two-stage random sampling process
may be expressed in terms of Oez and Gaz as given in Table 2.1 which sum-
marizes the analysis of variance for the two-stage sampling process.

This analysis of variance is identical in form to that for the classical

two-stage nested random effects ANOVA model where the {ai} and the {eij}

are IID random variables with means 0 and variances Gaz and Gez

, respec-
tively, and the {ai} and {eij} are assumed to be mutually independent. The
analysis of variance for the two-stage sampling process was derived from

the relationships among the observations induced by the sampling process;

no distributional assumptions (e.g., normality) were made.



TABLE 2.1

ANALYSIS OF VARIANCE FOR THE TWO-STAGE NESTED DESIGN
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Source of Degrees of
Variation Freedom Sum of Squares Expected Mean Square
mean 1 nc?u2 Oez + c0é2 + ncp?
among B - .
clusters n-1 Z C(yi= -y..)? Oez + co

i
within
clusters n(c - 1) 2E(y.. -~ y.,)? o ?

. ij . e

17
Total
(corrected
for the mean) nc - 1 I (y,, -y )2

L 1] .o

Since the design under consideration is balanced and the third and

fourth moments are finite, the estimators of the variance components in an

ANOVA framework are best quadratic unbiased estimators (BQUE's) (Graybill

and Hultquist, 1961). In this sense, then, estimators of parameters as

determined by analysis of variance methods can be viewed as optimal.

Equating the mean squares to their expectations leads to BQUE's of

the variance components 032 and Gez. Thus,

N, N
oe COa

and o
e

The expectations of these quadratic

™ and A:

n — —
c ¥ (y;, - y..)?
2 o _i=l
a n- 1
Pt ( 5. )2
s 2 = i=1 j=1 Y1J Y1.
e n(e ~ 1)

(2.3.11)

(2.3.12)

forms can be expressed as functions of
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E(saz) = (v -2\ +cA=-n2) =n+ (c- 1A= cr? (2.3.13)
and E(s,®) =7 - A (2.3.14)
Hence, /\ Y (yj_ - §'.)2
p iy 9 2.3.15
and
¥ > — 2 T o 52
/;\2 Sa2 — 862 i (Yi. y.,) 1 i—l‘j (yij yiu)
A - 7%) = J = P Y CE)) (2.3.16)
The quantity sa2 may be written as
z yiaz - ncz§oa2
8 2 = i ; - - 2 ‘ y
a - e T + (¢ DA Te . (2.3.17)
where "=" means 'is an estimate of". Note also that substituting esti-
mates m for m and A for A yields
L yi.2 - nc§.‘
+ - - 2 =3 1 e 2
m (¢ - DX -cr y,. + — ey, .
Ly _2 - ncz§._2
_ 1
ne :
This expression differs from sa2 by a factor of n/(n - 1):
s 2= 1+ (c - DA~ en?]. (2.3.18)
a n~1

2

Thus, if the number of clusters n is large then sa may be approximated

~ ~

by the following function of m and A:

Sa2 =14 (c - l)i - c%z . (2.3.19)

~

This means that the parameter estimators §'_ and se2 (from which A is
obtained) contain essentially all of the information needed to estimate
" the variance components of the two-staged nested design, provided the num-

ber of clusters is sufficiently large.
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Recall that

E(y,,) = (2.3.20)
and E(sez) = E(s?) =1 ~ A. (2.3.21)

Hereafter, the notation s? is used to represent sez. It then follows
that an estimator for A is obtained by subtraction as

A=y, -s?>=m= (1 -2 . (2.3.22)

This estimator for XA which was obtained indirectly from an ANOVA framework
is the same as the one given in expression (2.3.2).

The intraclass correlation coefficient is a quantity that is also
of interest in an ANOVA framework. Landis (1975) has investigated the
correlation coefficient in categorical data settings from an analysis of
variance point of view. Note that the parameter A is closely related to
p since it represents the probability that two observations in the same
cluster both have the attribute and is, therefore, a measure of associ-
ation,

The variance of §.° from a sampling with replacement perspective

can be shown to equal

Var(§.') = %‘[(A - ) +-%(w - M1
=i +ivg, (2.3.23)
n a C e

where v, is the among-clusters variance component and v, is the within-

2 -

cluster variance component. The variance of s, = s?

from a sampling

with replacement perspective has the form
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Var(sez) Var(s?)

-% (O = 12) = 2(E = ) + (n = A2)

+.% [(w = A) = 4(A = &) + 4(& = )]

2

+ e(e -~ 1) (A

- 25 +n)}. (2.3.24)

The covariance between y_ _ and s? is

Cov(y, ,s%) == L(h = 72) = (£ - ) += [(n =N - 200 = D)1,
(2.3.25)

2

Thus, the variance-covariance matrix of y , and s“ may be written as the

following sum of matrices:

y (A - 12) (A = w2 = (5 - ©A)

e e

=R

Var
m2) = 2(5 = mA) + (n - A?)

ol

s? (A - 72) = (£ = ) (A

(m - A (m =X - 2% - &)
+ L
nc
(m =2 -2k -8 (m=21) =4 - &) +4(€ - n)
-
0 0
PR S . (2.3.26)
ne{ec - 1) T
0 A - 28 + 1

A~

The variance of A is a function of the variance-covariance structure

of §a. and s2:

Var(i) = Var(§.o) + Var(s?) - ZCov(§.‘,sz). (2.3.27)

All of these expectations and variance-covariance formulae were
derived using the data in its raw form, that is, the {yij}, themselves.

If the data are grouped, these expressions can be formulated in a more
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compact way. In this regard, suppose that the n clusters can be divided
into (¢ + 1) sub-groups on the basis of the number of units in each clus-
ter having the attribute. Let fj be the number of clusters having

exactly j units with the attribute. If ¢ is the common cluster size then

the data have the following structure:

i: 0 1 2 ‘e c
Number of f £ f .o f
clusters with 0 1 2 ¢
3 units
possessing the
attribute

c
where I f, = n. Noting that -
i=g J
J
n c
I y..,= 1 3f,, (2.3.28)
i=1 Y7 3=0 J
n c
z yi.2 = I j%f,, (2.3.29)
i=1 =0 J
n c
oy, 0= L 3%s, (2.3.30)
i=1 3=0 J
n c
and Pyt orogtig, (2.3.31)
i=1 =0 J

the parameter estimators mw, A, &, and n may be written in the following

notation for grouped data:

C
I §f,
~ §=0 i
=& s (2.3.32)
nc
C
I i(3 - Lf,
A =470 ) (2.3.33)
- nc{c - 1) °? T
[}
L j@E -G - 2)fj

g = 12
nc{c - 1)(c - 2) °

(2.3.34)
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c
2 3G -G -G - 3)fj
. -~ j=0
and n= ne(e - 1)(e -~ 2)(c - 3) ° (2.3.35)
The grouped data versions of Se2 and sa2 can be written as
¢
2 jle = E,
252 20 : (2.3.36)
S T8 T ne{e = 1) _ ..
c c
n % jz fj - ( 5 j fj)Z
and 2 _ __J3=0 i=0 ,
and ®a o = 1Je . (2.3.37)

Note that all of these functions except Saz are linear in the

frequency counts fj. But, sa2 does not provide substantially more
information than §'. and sez(=sz) if the number of clusters is large,
which is the case of interest here. Consequently, the estimators of
immediate interest (i.e., ; and s2) can be written in matrix notation.
In this regard, the methodology developed by Grizzle, Starmer, and Koch
(1969) and refined by Koch et al. (1980) to analyze categorical data by
welghted least squares can be implemented. This methodology is described
in Appendix A.

Using the notation of Grizzle, Starmer, and Koch (1969), hereafter

referred to as GSK, the proportions from the grouped data structure may

be represented by

fo pO
n
F = .fl =|p =P (2.3.38)
n
fc Po
o - .

If the {fj/n} are assumed to follow a multinomial distribution with

parameters n and n' = (wo,wi,...,ﬂc), then
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E{F} = =, (2.3.39)

~ o~ ~

and the variance-covariance matrix of F has the form

D -7w7'] , (2.3.40)

ar ~ A

1
YF T n

where DTr is a diagonal matrix with the elements of 7 on the diagonal. A

consistent estimator for V_ is

-1 . '
Y(g) == [Pp pp'l (2.3.41)
Thus,
v.. |
= A T (2.3.42)
2 o
s
where
o = 2 2 PR e |
c c c c
Ay =
0 1 2(c - 2) 3(c - 3) .o 1 0
i c c(ec - 1) c(ec - 1) c i
It follows that
§.. ' ~ '
Var 2 | A Vp Ay = A VDA (2.3.43)

Evaluation of this variance-covariance matrix leads to the same expression
as that derived using the raw data format in (2.3.26).
Similarly, the intraclass correlation coefficient can be estimated

through a series of matrix operations:

~

It

1 - exp A, nlC + A

AN

(1 = )

2217

it

1- (2.3.44)

where
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{ 1 0 ] i 0”5

== P = o -;al o= .

52 1 0 . 63 -1 11 and 9 1
0 1

The estimated variance of p is formulated as

A

Var(p) = D, A pta A V(p)ALA 0t Al D (2.3.45)
~3ea ~2~l~ o ~2 - ~3 ~a
- ~l Nl -2
where
3 T CH AT
and a, = exp{A3 Qn[C + éwél F1}.

2.4 The Modular Case

Frequently in experimental situations the design is constructed so
that there are modules with different cluster sizes. There may be a group
of clusters each having 4 observations, another group with 5 observations
per cluster, and a third group which has 6 observations in each cluster.
In this case there are three modules. Each module is balanced. So, there
is only one set of estimators for each module.

Suppose the mth module has no clusters each of size c Let

1, if the jth observation in the ith cluster of the
mth module has the attribute,

0, otherwise,

(m=1,2,...,M; 1 = 1,2,..',nm; i= l,2,...,cm). Then the set of estima-

tors specific to the mth module are

Op Cm

% Zy
- ijm

i=l j=1 , (2.4.1)
m nec

m m
o e
Vs Vs

;\ =1=lj%:] =1 1Jm” 1] m (242)
m nc (c - 1) > T
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n C C C
m m m m
T % L %
Yiim'1j'a 13" 'm

co_i=l 343t #3''=1
gm nec (¢ - Dic -2) > (2.4.3)
mm m m
n ¢ c ¢ c
m m m m
Lz X X z N .. o
- =19 £ 4" £ 1" # j,,,=ly13my13'my13"mY1J"'m
n_ = = - - R (2.4.4)
m nmcm(cm l)(cm 2)(cm 3)
n c
m m _ )
X z -y
s 2 =s52=i=1 j=1 (yijm yl'm)
e ,m
m ) . (2.4.5)
n
"o 2
i e iil <yi°m - Ym)
and s, - = - 1 , (2.4.6)

2

b

where y_ =y =7 . Ifn is sufficiently large then s is redundant
m *em m m c

in the sense that asymptotically it may be expressed as a function of the

parameter estimators Yo and smz.

The grouped data format for the parameter estimators §m and sm2
provides a convenient milieu for evaluation of their variance-covariance
structure since both estimators may be expressed as linear functions of
the frequencies f’,m which represent the number of clusters in the mth
module having exactly j units with the attribute. This formulation of the

variance-covariance structure is identical to the one which uses the raw

data format. The vector of parameter estimators may be written as

) g = él,m ?m (2.4.7)
Sm J
where

0 l— g— _§__ Cm" 1 l-
C C c *
m m il cm

Al,m = 1 Z(Cm - 2) 3(cm - 3)

0o — . 1
c c(c =1) ¢ (c -1) = 0
m m m m m c

N m B
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- = cee . icati
and ?m (1/nm)[f ] (po,m,Pl,m3 ,pc’m) Application

O,m’fl,m’°"’fc,m

of the GSK methodology leads to an unbiased estimator for the correspond-

ing variance-covariance matrix:

N\ { ym
- v - 7
Ml V?r i ! él,mycgm)él,m (2.4.8)
g2 |
L)
where V(pm) = (l/nm)[]?p - ?mgm”] is a consistent estimator of the

variance-covariance matrix of ?me

These modular estimators can be combined in two gemneral ways to
produce overall estimators of the parameters of interest. One method
adopts a weighted least squares approach while the other is heuristic in
nature. If each module fulfills certain asymptotic requirements then the
weighted least squares synthesis procedure is more advantageous than the
heuristic procedure in the sense that certain optimal properties apply
to the weighted least squares estimators as discussed in Appendix A.

In this regard, suppose that the number of clusters in a given
module, s is large (say, n > 10). Then the GSK methodology can be used
to obtain overall estimators of parameters of interest. Let F' =
[§l°’812’§2*’322""’§M"SM2} be the (1 x 2M) vector of modular estimates
of m and (7w -~ A). Since n_ is assumed to be large for all m, essentially
all of the information concerning the components of wvariance in the two-
stage nested design is contained in these modular estimates and their
variance-covariance structure. Moreover, the elements of F may be presumed
. to have approximately the multivariate normal distfibution. Thus, the
variation among the elements of F can be investigated by fitting linear
regression models by the method of weighted least squares and the goodness

of fit of such models may be tested as described in Appendix A.
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For the particular situation at hand, the model of interest is

characterized as

¥ XB (2.4.9)
where _ -
1 0
0 1 g” T
X = 1 0 . and B = |
2M x 2 ~
0 1 T - A
L
0
1

o wd

A

The BAN estimate B for B obtained from a weighted least squares compu-

~

tational algorithm is given by

B = (x'v'lx)'l X' V;I F (2.4.10)
and has consistent variance estimator
-1..-1
~ = '
YB (? YF §) , (2.4.11)
where )
oo o0
V=10V, 0
00 e Yy

/

with the elements of YF defined in (2.4.8). g

If the number of~clusters in a module is small (nm < 10, say),
then the estimates derived by the classical GSK methodology do not neces-
sarily have the optimal properties which follow from asymptotic arguments.

Thus, alternative methods are of interest with regard to obtaining overall

parameter estimates.
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One such method is simply to use the weighted least squares compu~
tational algorithm to obtain overall estimates even though the elements
of the vector F do not have an approximately multivariate normal distri-
bution. This method, which we shall call mechanical weighted least
squares, involves a process that leads to interesting estimates. The
properties of these estimates are unknown as is their performance (with
respect to efficiency) relative o other heuristic estimates. Estimates
obtained from the mechanical welghted least squares procedure can also be
refined through some iteration process. For example, iteration of the
model-fitting process may be undertaken with the estimators ;, (m = 1),
and i = % - (m = X) replaced by their weighted least squares estimates
in the modular variance-covariance matrices. This iteration process leads

~ (1) AN R

to refined estimates 7w and (w . One optimization criterion

involves minimizing the function

M poo 2 -1, i
Q= I [Fm §(Fm)] [Vfr(ym)] [fm §(Em)] (2.4.12)
=1
where F' = (§m,sm2). The numerical illustrations throughout this thesis

are intended to demonstrate the credibility for mechanical weighted least
squares and iterations of it as a potential method for more detailed study
later by simulation.

Three popular heuristic estimators which have been examined in the
context of estimating the population mean (Koch, 1967b) are the mean of
means, the overall mean, and Koch's mean. In the modular framework, the

first two estimators have the following forms:

M
b3 n§
m=1 m m

T o= > the mean of means, (2.4.13)

2 n

m=1 ™
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and o= the overall mean. (2.4.14)

1
=

L

m=
There are three possible Koch~type estimators in the modular framework.
These estimators which are derived following the procedure proposed by

Koch (1967b) are

M —
Z n(n -mn)dy
~ =1m' m “m
a zIanlon -n) ’ (2.4.15)
m ° m
m
M -
£ nec N-nc)y
~ p=1 0O mm m
b Itnec (N-nc) ’ (2.4.16)
m m m m
m
M ——
I nec (N-c)y
- m=l O m “m
and T« ™ Tnc(N-c) (2.4.17)
m m m
m
M M
wheren = Z n and N= I n c . Note that each of these overall esti-
) m=lm mn=1 m m

mators is simply a weighted average of the modular means, Yo' Conse-

quently, they may be expressed in matrix notation as linear functions of

the vector of modular means Fl = (§1,§2,...,§M)':
T o= AL Fy (2.4.18)
= Ay FL, (2.4.19)
"= A, F, (2.4.20)
o= A, F, (2.4.21)
and o= AgE) (2.4.22)

where
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e B T SRR VU
A =-l [n.c n.c c, ]
2 TN MG MC v PSS
A, = L [n.{n -n,) n,(n -n) .. (n - n)]
23 mZ-tnZ M TR mins T S AL VIR
m m
1
Ay =N n_Zc 2 (oo, (N = me)) e, (W - mye) won mye, (N = nye )i,
m
and
Ag = =3 1 7 [n,e, (N - ¢c.) n,c, (N - c.) NC (N -c )]
) N - 7 nmcm 11 1 272 A M
m

The concepts underlying the mean of means and the overall mean may
be extended to obtain counterparts for the parameter function (w - A).
.The Koch-type procedure does not lend itself to this.

The tﬁo possible heuristic estimators of (w - A) which are con-

sidered here are

M N\ M

I o (v - A) T ns ?
——— p=1 D™ m nel] BT
(m - A) = v = i , based on a (2.4.23)
mean of means
I n L n incinl
o=1 M o=1 & principle,

M A\ M
In e - D@ -2, I nle ~s?

m=1 m=1

and (m =) = , based on a

M M degrees of
r n{c =-1) 2 n(c ~1) &
m m m m freedom
m=1 m=1 .. .
principle.
(2.4.24)

These estimators may be expressed alternatively as

(r = A) = %l FZ (2.4.25)
PN
and (m - A) = A6 F, (2.4.26)
where
[ 2 2 2
Fo = (81758,% 00 0u8y)
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and A = 1 (c

6 N—ng[nl(cl_l) "

pley = 1 ... nM(cM - 1)17.

The estimator counterparts for A are consistent with the relationship

=7 ~ (w - A):

In_ 7 Lo (m=2)
mmom m

>
I
=1
I
s~
=
‘!
P
S’
It
1

L n Lo
m m
m m
n A
q nom
S Tim (2.4.27)
m
m
Tnc T o {(c -1 —=2x)
- ~ mm m q nom m
and A=1 - (r - Q) = T o - o (e =D .
m m m m
m m
(2.4.28)

Variances and covariances of these estimators can be derived using
the appropriate é matrix for % and Y(?) determined by gl or ?2. It is
possible to obtain more refined estimates of variance for these heuristic
estimators. This approach involves using the final heuristic estimates of
m and A with the original estimates of £ and n in expressions for the
modular variances, making sure that certain relationships hold to insure
positive semi-definiteness. This procedure is discussed in the unbalanced
data setting. It is not particularly important here, however, because the
modules are assumed to be sufficiently large so that estimates obtained
within them are stable. TFurthermore, the computational advantages of the
generalized categorical data strategy using weighted least squares make it

desirable to implement when possible.

2.5 The Unbalanced Case

Suppose that there are c; observations in the ith cluster
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(i=1,2,...,n). The mean response of the observations in the ith

sampled cluster is

V.., = T, (2.5.1)

which is an unbiased estimator for 7 since its unconditional expectation

equals m:

Using the mathematics of sampling with replacement, it then follows that:
g pling

Var(§i°) = (A - 72) + %—(ﬂ - A) = v + %—-ve (2.5.3)
i i

s = = 3 % o~ ’ T

where v_ COV{yij’yij‘} and v, =% Var{yij yijq}o Note that
+v o= .

v, t v, Var{yij}

The sample variance si2 of the elements in the ith cluster is

i
_ 2
. Jil (yij vs.)
s, ° = P (2.5.4)
i
which is unbiased for w - A:
E(s,®) = m = A, (2.5.5)
It can be shown that
2 ‘1 = z
Si =~E-;~:—i~yi° (l i yi">' (2.5.6)

Thus, the variance of siz from a sampling with replacement point of view

may be written as

Var(siz) = (A - 72) - 2(E = wA) + (n - A?%)

| =

|

+ = [{m = A) = &E&E = wA) + 4(n - A%)]
i

2
c,(c, -
it7i

(e}

+ 1) (A =28+ 1), (2.5.7)
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In a similar fashion, the covariance between yi° and siZ is found to be

Cov(F;.»8,2) = (A= 1) = (£ - M) + (- 2) = 2% - ©)].
i
(2.5.8)

The variance-covariance matrix of the cluster-specific estimators

2

of interest V. and s,” may be expressed as the sum of three matrices

involving different orders of the cluster size:

. | (= n?) (A =7 - (g - m)
Var =
siz (A =7m2) = (g =mx) (A =72) = 2(E - 7A) + (n - A2)
- A) - 2(x - ¥)

C(r = 2) (m
!

1 { (r =2 =20 =€) (7 = A) = 4(A = €) + 4(E - n)

(2.5.9)
o4 0 A~ 28 +n .

This variance-covariance matrix is associated with the most general case

where all clusters are of different sizes greater than or equal to 4.

If the c; are less than 4, certain parameters of the general formulation

are not defined. For example, when s equals 1, A is undefined so that =
is the only applicable parameter. In this case, the variance of the

~

sample estimator ﬂi = §i' is
Var(y, ) = n(l - m). (2.5.10)

When c, = 2, the parameters £ and n are undefined, so

- = i
5_yi, [5G+ 0 -2 (- NG - 1
Var = (2.5.11)

~ Si2 (m =& -m (m = M~ (r - 1)1 .

| ———
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Similarly, when c; = 3, the parameter n is undefined so that

L]

7. (A - 72) +~%(w SV N R (IR VI
Var =
B T B B S I S C IR VY - S I VY
i 3 3 )

(2.5.12)

Clearly, the most commonly occurring situation is where some clus-
ters are of one size, some others are of a second size, and so forth, in
which case there are actually modules of cluster sizes. This simplifica-
tion was explored in section 2.4.

The inequalities among the parameters that were established in
section 2.2 are helpful with regard to obtaining an estimate of the
variance~covariance matrix of cluster estimators §i~ and siz. There, it

was shown that when the population of observations tends to infinity,

then

(A = 1) = 12) = 2( = ) + (n=A2)1 > [(A - 72) = (& - w12

el

ot, equivalently, (A - m2)(n - A%) > (g - TA) 2,

This means that the first matrix of the variance-covariance expression for

§i° and si2 in (2.5.9) is positive semi-definite. Similarily, since

(r = M I(w = A) = 4x - &) + 4(¢

1 > [(m =2 - 2(x = £)17?

(or, equivalently, (m - M) =-n) (A - £)2)

Iv

and A =284+ n >0,

the second and third matrices of the variance-covariance expression in
(2.5.9) are positive semi-definite. These relationships are sufficient for

an estimate of the variance~covariance matrix of vi. and si2 to be positive
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semi-definite.
Conditionally unbiased estimators of the linear parameter functions
(r =2, (A - £), (¢ -n) and (A - 26 + n) exist within each cluster.
The parameter A which equals m - (7 - 1) may be estimated unbiasedly

within each cluster as
A, =y, - 8,2, (2.5.13)
Alternatively, by applying the method proposed by Koch (1967a), a sample

estimator for A may be obtained as the normalized symmetric sum of all

pairwise joint probabilities in the ith sampled cluster:

C., C,
1 1
Iz Y
- g ggrey LS
e Co pua (2.5.14)
ii

This quantity is also the normalized symmetric sum of all unbiased esti-

mators of A in the ith sampled cluster. So, clearly,

E{ii} = . (2.5.15)

A

Note that Ai may be written as

(1 vV Y _
Ly - I vy.,. [ 1'J
. j=1 1 q=1  d 2
Ay S c.(c. = 1) T e, ’ (2.5.16)
iti i
g )
i N
where Vi, = z Yi4° The form of Xi in (2.5.16) is equivalent to that in
j=1
(2.5.14) since yij is dichotomous so that yij2 = yij' In a similar way,

conditionally unbiased sample estimators of the nuisance parameters gi

and n; are given by




51

i i i (v
z S P i
- I s R o A Ti3713' 71y ts }
g1 - c.(c, - Ly(e, - 2) rc, (2.5.17)
i [ i
(3
c, c, c, c,
i i i i v
DI z z . i AT
SRR UF SIL S UGN Y [4LJ
and Ny © e (e, m (e, -, 53T T ey (2.5.18)
ivd T SN i
. . 4
respectively. Clearly, E{gi} = ¢ and E{ni} =n.
Unbiased estimators of the non-linear parameter functions A - w2,

& - wh, gnd n - A2 do not exist within each cluster and, therefore, must
be estimated across clusters. One method of obtaining unbiased estimators
of these parameter functions involves evaluation of the expectations of
the squares of certain differences among the observations (Koch, 1968).
This method is an alternative to that proposed by Koch (1967a) which was
used earlier to derive unbiased estimators of the within-cluster
parameters.

Consider the sum of all squared differences between any two cluster

means of the two-stage random sample:

™~
Hep g
~
«
|
i
S
N
i1
R ]
™
Pany
g
L)
i
i
.v
N

fi
g
]
P
&«
N
1
N
<

1 1
-,
., @33 g
= 2n{l y, < - 1
il n j
) [ G, =507
= 2n(n - 1)!; |

= 2n(n - 1)9; ] (2.5.19)
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The expectation of the squared difference between the means of any two

sampled clusters is

= - 25 = - - J— 2
El(y;, = ¥;p )71 = Bl(y,, -+ Yir)“]
= BI(,, - ™+ G, - m)?]
= y=  + v 2.5.20
5T ( )
where v- = Var {§i-}' Then
i.
)3 n (v= + v- ) 2(n - 1) Z v=
144" Tie it i Jie
2n(n ~ 1) 2n(n -~ 1)
P V;
= =2 = v~ (2.5.21)
n y
so that
z (;_. - y“)2 L v=
'\-’_ = i * = i ie
y n-1 n
!
= -t 42w - (2.5.22)
o iJ
The parameter function A - 72 can now be estimated as
L (y;. - v..)7
— = i -—-—1-— ‘1.—- -
D P n[% C‘} (m - X). (2.5.23)
i
Since the estimator of A - 72 is based on a mean of means principle a

"mean of means' estimator (

7\"—)\)=

2

L s
P

1

is used in formula (2.5.23).

In a similar fashion, estimates of n - A2 and £ - 7A may be obtained by

considering the quantities

respectively. The resultan
Lo(h, = M)

. i {

i 4

(- 2D = —-—[

n-1 n

~ ) ~ ) ~ _ ~ - -
E((A, = A;1)%] and B[Oy = A0, -y 00,
t estimators are

\ - — -—
I J(E - - (o~ 28+ )

i

olw
oo

{ 1
Y
i 1 ¢1'¢

(2.5.24)
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Ay, - ni§
— i AT a1 ) e - ,
and (£ - 7)) = S iy Z E"* (A - &), (2.5.25)
LA L, LZn,
a PR A ; 1 . . i
where A = = o6 = , and n = are based on a mean of means
principle.

2.5.1 Overall heuristic estimators and their wvariances

In the preceding section unbiased within-cluster parameter esti-
mators §i° and siz as well as unbiased estimators of their variances and
covariances were derived for the one treatment/one population data struc-
ture for a two-stage random sample. There are several ways in which the
cluster-specific information of the sample can be combined to produce
overall estimators of the parameters; most of these were introduced in
the context of a modular data structure in section 2.4, The classical
GSK weighted least squares methodology is appropriate to use only if the
elements of.the function vector F are based on sufficiently large sample
sizes that enable use of asymptotic arguments. The unbalanced data
structure does not fit into this framework because each element of F is
based on a sample of size 1 (i.e., a cluster). Thus, alternative methods
are needed to obtain parameter estimators.

As mentioned in section 2.4, three basic types of heuristic esti-
mators which have been examined in the context of estimating the popula-—
tion mean (Koch, 1967b) are the mean of means, the overall mean, and Koch's

mean. Based on the cluster estimators Vi these estimators have the

forms:

T S, the mean of means, (2.5.26)
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c

n i B
> b ) j
o1 ge1 Mg ‘i 7
T o= ZJ~ = . the overall mean, (2.5.27)
c, c,
; b
n —
% -
. i=l°i(c- °);.
1
and : Ci<ca— Ci) , Koch's mean, (2.5.28)
i

where c_==; c, - All of these are simply weighted averages of the cluster-
i

specific estimators. In a comparative study of these estimators, Koch

(1967b) indicated that the mean of means is optimal when there is con-

siderable cluster-to-cluster variation, while the overall mean is the

best estimator of the three when the within-cluster variation is large.

Koch's mean, on the other hand, appears to do better than the other two

estimators when there is moderate among-cluster as well as within-

cluster variation. These conclusions are comsistent with Cochran's

(1954) recommendations.

Mean of means and overall mean counterparts for the parameter func-

tion m - A are

n
% si2
(r = 0) =82 = ————1=ln (2.5.29)
- 2
I (c, - s,
/\ ~ P 1
and (f = A) = g% = = lz(c — . (2.5.30)
i

A 1

The estimators 7 and (w - A) are actually constructed from a degrees—of-

freedom concept. It follows that overall estimators for A are
Lo, (- A), oA,

. i . i ., 1

i i i

A=7 - (w = 2A) = — - == (2.5.31)
- o _ 2
O N A T (ej = sy
and A =g -{(mr-2A) = - . (2.5.32)

% oc, 2 (c, = 1)
.1 . i
i i
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Although such counterparts also exist for £ and n, the primary

parameters of interest are m and (w
only the mean of means counterparts
here.

The variances and covarviances

of w and (m - X) are easily derived

n

- A). Consequently, for simplicity,

to & and n, £ and ﬁ, are considered

of the overall heuristic estimators

assuming sampling with replacement:

z Var(;ri) TL(A - w2) + —}é—*(ﬂ - A1
Var(i) = +-% i = = o (2.5.33)
T c.? Var(%i)
Var(m) = = =7 (2.5.34)
2, _ 2 -
i ? g (c‘ Ci) Var(ﬂi)
Var(m) = T e (e = 012 . (2.5.35)
i i e i
b} Var(siz)
Var(m - A) = 1—n2——- = 2{(A = 72) = 2( = 7A) + (n - A?)
i
1
+'Z~[(ﬁ ~A) = 4(A - &) + 485 - )]
i
2 2
R ] (A =28 +n)}/n°, (2.5.36)
Ci\bi = )
% (c-i - 1)2 Var\siz)
Var(m - A) = 1 N (2.5.37)

(c,- n)*?
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) : Cov(rri,si )
Cov(m, m = A)

n2

O = 12) - (6 - M)+ i-lr - 2 = 200 - D)1}

_i i
n2
(2.5.38)
! ; (ci - 1) Cov(wi,siz)
Cov(m, m — A) = = ole = ) (2.5.39)
Lo, Cov(;g,s,z)
“ ; 1 i’74
Cov(m, m -~ A} = = , (2.5.40)
_ .
N\ i Ci(ci 1 Cov(ﬂi,si )]
Cov(m, m = A) = nle = ) s {(2.5.41)
£ ¢, (c.-c.) Cov(m,,s, ?)
. ; 17 i i’7i
Cov(w, m - A) = 21D (2.5.42)
; &
and » 2
AN i ci(ci 1) Cov(ﬂi,si )
Cov(m, m -~ A) = (2.5.43)

c,(c, - n)

Two other heuristic synthesis procedures which can be used to obtain
overall parameter estimators in the unbalanced case are based on a
welghted least squares computational algorithm. As was suggested in the
modular case, mechanical weighted least squares can be used to obtain
parameter estimators even if the elements of the function vector F are
not based on sufficiently large sample sizes enabling use of central
limit theory. Thus, for the case of unbalanced data, each cluster may
be viewed as a module so that estimators of m and (w - A) can be obtained
by use of the weighted least squares computational algorithm. If
F' o= (§l~’slz’§2°’322""’§n"sn2) is the vector of cluster-specific

a

estimators, then fitting a model of the form
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F=XB (2.5.44)
where
1 0]
0 1 [7r }
X =31 0 and B = i é
2n x 2 0 1 i T - A j
1 0
- al
leads to estimators
g = (x' V1 x)"l YR A" (2.5.45)
~ ~ ~F 3 - B .
with estimated variance-covariance matrix
o ¢ —1 -1
Var(B) = (X' V" X) . (2.5.46)

. JF L

No goodness-of-fit or hypothesis tests may be performed in this
setting since each element of ¥ is based on a sample of size ome.
Nevertheless, these estimators are of potential intevest with respect to
their performance relative to other heuristic estimators. Iteration may
be undertaken to refine estimates derived from this process. This could
involve refining the variance estimate of each cluster, which is a func~
tion of m and A as well as £ and n, by replacing its component parts with
the final estimates of n and A that were obtained originally as discussed
in section 2.4.

If the mechanical weighted least squares method of producing over-
all estimators has problems, then one method of bypassing such is to
identify unbalanced configurations that are roughly similar. For example,
clusters may be grouped according to whether they have low, medium, or

high subsampling rates. For these three groups which are interpreted
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as Internally roughly‘homogeneous, thieuristic estimators based on a mean
of means concept can be formed. The mean of means is preferred since it
focuses on cluster-to-cluster variation (Koch, 1967b). These groups may
be thought of as modules as discussed in section 2.4. Since modular
weighted least squares is justified when the modules are based on a
large number of clusters, this "nybrid module weighted least squares'
method is potentially worthwhile.

Here, the extent to which the estimates from this approach are
more (or less) efficient relative to those obtained from the mechanical
weighted least squares method (in the sense of maximum use of available
information) is of interest. Also of interest is the efficiency of the
pure heuristic estimators (e.g., the overall mean, the mean of means,
and Koch's mean) relative to the mechanical weighted least squares or
hybrid module weighted least squares estimators. If the mechanical
weighted least squares method uses the correct weights, then it is opti-
mal. But, it presumes asymptotics for a non-asymptotic setting.
Asymptotics do apply to the overall heuristic estimates, on the other
hand. However, their principal limitation is that when a data array has
substantial imbalance, the weights for the heuristic estimates may not
be the correct weights. Thus, the hybrid module weighted least séuares
method is potentially more stable than the mechanical weighted least
squares method (and more justified since central limit theory can be
applied) and better than the overall heuristic estimation procedures in
producing estimates with smaller variances. The examples and numerical
work presented in the next chapter represent an attempt to assess the
behavior and relative merit of these various estimation strategies for

some representative two-stage nested data structures.




CHAPTER ITIL

EXAMPIES AND NUMERICAL WORK FOR THE TWO-STAGE NESTED DESIGN

In the previous chapter, the theoretical framework for methodology
to analyze attribute data from a two-stage nested design was presented.
This methodology is illustrated in this chapter by way of several
examples for the balanced case, the modular case, and the unbalanced
case. TIn addition, results of some numerical work are presented which
provide a description of the behavior and efficiency of the various

estimators that have been proposed.

3.1 Examples for the Balanced Case

3.1.1 A psychiatric diagnosis example

The methodology developed in Chapter II can be used to examine the
data in Table 3.1 which are adapted from Fleiss (1971) and discussed by
Landis and Koch (1977). 1In this study, 30 subjects were each classified
separately by six psychiatrists as neurotic or not. These data are bal-

anced since each subject was evaluated six times (i.e., each cluster is

of size 6). The number of subjects who are classified as neuvrotic by j
psychiatrists (j = 0,1,...,6) is summarized in Table 3.1.
TABLE 3.1

NUMBER OF DIAGNOSES OF NEUROSIS BY SIX PSYCHIATRISTS

Number of Diagnoses
of Neurosis (j): 0 1 2 3 4 5 6

Number of Subjects: 14 4 0 2 6 3 1
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Estimators for m and (nm — A) can be obtained by using the formulae

associated with the grouped data format. For these data, the vector of

2

parameter estimates §.. and s“ is equal to

fi
| I—
ft
¢
|
R

14/30H
: [ ) 4/30
° 5 ¢ ¢ ¢ ¢ 1 0
- 2/30 (3.1.1)
o S8 98 5 5/30
Y 30 30 30 30 30 3/30
i 1/30
i _
0.305
0.112

Using expression (2.3.43), the estimated variance-covariance matrix of

this vector is

g

V.. 0.00396 0.00096
Var = . (3.1.2)

g2 0.00096 0.00047
e e - d

So, the standard errors of 90‘ and s? are 0.063 and 0.022, respectively.

The intraclass correlation coefficient is estimated as

o =1 - exp{A_4n[C + ALA_F]} = 0.471 (3.1.3)

3 L2.1

with an estimated standard error of 0.073, where
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1 0 { O
éz = -1 0 R ? = 1 , and 53 = [-1 -1 17F.
0 1 E_OJ

These results are similar to those found by Landis and Koch (1977)
who estimated p to be 0.481l with standard erroy C.074. The methodology
presented here, however, is easier to implemeni than that proposed by
Landis and Koch. They obtained an estimate of p by working with the
overall mean and estimates of the among and within mean squares, which
are complicated functions; the corrvesponding compound function vector F
is also complicated. The methodology suggested in this dissertation, on
the other hand, deals with two estimates of the cluster-specific informa-

tion, namely, §.. and s?

, which can be expressed as simple linear func-
tions of the observed proportioms. A relatively uncomplicated compound
function vector can then be formulated to estimate p. For this reason

the methodology proposed here provides an alternative method for esti-

mating the intraclass correlation coefficient that is easier to use.

3.1.2 A dose-response example

In a dose-response study (Koch and Kempthorme, 1981) there were
rat pairs which mated twice after each received the same treatment. A
control and three levels of the compound were examined so that there
were four sub-populations based on dose level: 0, 50, 130, or 350.
After a specified time, each pair's mating outcome was noted as success-
ful or not. The numbers of mating pairs with j successful mating out-

comes (j = 0,1,2) for the four dose levels are given in Table 3.2.
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TABLE 3.2

NUMBER OF MATING PAIRS WITH "j" SUCCESSFUL MATINGS

Dose (%) b 0 1 2
0 2 4 24 .

50 1 5 13

130 11 5 4

350 18 2 0

The questions of interest for the data from this quantal bio-
assay are:
1. What is the mean number of successful matings for each of

the four sub-populations (dose levels)?

2. What is the median effective dose of the compound?

3. 1Is there substantial clustering? That is, once a mating
pair has a successful mating outcome, is it likely that the
pair will mate successfully in subsequent trials?

4, Is there homogeneity of within-cluster variation across
sub-populations?

5. 1Is there a common intraclass correlation across sub-
populations? That is, is the effect of clustering similar
across sub-populations?

This example lends itself to illustrating the applicability of
the proposed methodology to multiple populations as well as providing
some insight as to what effect the choice of the unit of analysis has
on estimates and their standard errors. In this example, the basic -

unit of analysis is the mating pair. However, the mating, itself, could

be viewed as the unit of analysis, thereby ignoring any clustering in
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the data. Moreover, it is of interest to see what differences in esti-
mates and standard errors arise when the mean response 7 is the only
parameter that is estimated versus the case when 7 and p (or Gez =7 - A)
are jointly estimated.

Tt is assumed that each rat in this study exhibiis a tolerance
to the compound (i.e., the minimal dose level necessary to inhibit the
response of a successful mating outcome). The totality of the rats'
tolerances comprises a tolerance distribution to the compound. Infer-
ences about the tolerance distribution are drawn from consideration of
the distributions of responses at each dose level. The logistic distri-
bution (which is very similar to the Gaussian distribution) is often
used to describe the underlying tolerance distribution to a compound
relative to some measure of dose. In other words, the logit of p(x),
in ifzﬂé%%y— , where p(x) is the probability of a successful mating out-
come from dose x of the compound, is considered to be an approximately
linear function of that dose measure. For these data, the dose measure
that is used for this relationship is semi-loglinear; that is, it equals
0 for x < 50 and Qn(%a) for x > 50.

The tolerance distribution for the rats in this study can be esti-
mated by the following form of the log-logistic model which involves a

common intercept for the dose levels 0 and 50:

50

W
A

[{1+ exp(8)1"

aEyyyt
{1+ exp[B, + 8, ln(SO)]} , x > 50. (3.1.4)

This model characterizes the logits by a linear relatiomship:

—px)
n ) Bl , X < 50

X
Bl + 62 san(50 , X > 50. (3.1.5)
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A common intraclass correlation coefficient can be modeled simul- .
taneously with the tolerance distribution by fitting the specification

~

matrix X, to the vector of observed logits and 2n(l - p) functions:

.1
ﬁn[wl/(l - ﬂl)] 1 0 0
n(l - pl) 0 0 1
~ A ‘BN -
Qn[ﬂz/(l - wz)} 1 0 0 81
§1 = | en(l - pz) =10 0 1 By | = X, § .
Qn[ﬂ3/(l - ﬂ3)] 1 0.96 0 83
(1 - py) o o 1t 7 7
N ~ (3.1.6)
gnlr, /(1 - w,)] 1 1.96 0
4 4
tn(l - 04) 0 0 1
Here, Bl is the predicted logit for dose levels 0 and 50, 62 is the semi- .

A~

loglinear dose effect and 63 is the predicted value of the logarithm of
(1 - p) common to all dose levels. This model can be applied by using
the computer program GENCAT described by Laudis et al. (1976). The 0
cell count in Table 3.2 is replaced by 0.5 to avoid a zero estimate of
the parameter A for the 350 dose level. The residual Q statistic equals
2.1597 with 5 degrees of freedom (p = 0.83), indicating that the model
provides a reasonable fit. By applying a series of linear, exponential
and logarithmic operators to the estimated parameter vector é, the pre-
dicted probabilities of a successful mating for the dose levels as well

as an estimate of the common intraclass correlation coefficient can be

obtained as

"12

'TT3 N

L explAy 4n(C) + A) exp(A;B)1} (3.1.7)
p
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where n -
1 ¢ 0 o0
1 0 0 0
oo 0 O 1 0 0
e sl fr o]
' 0o 0 1 0
o 0 1d 0 0 1 0
0 0 0 -1
o ] H
1 1 -1 0 0 0 0 o0
0 0 0 1 -1 0 0 0
S S - 0 0 0 0 1 -1 0
0
1 O 0 0 0 0 0 1
. s i
. o

Table 3.3 contains a list of parameter estimates and their standard
errors. Their corresponding confidence intervals which are also given
in the table are obtained by exponentiating the lower and upper limits
of the confidence intervals based on their logarithms, since central
limit theory is considered to be more justified for the linear functions
of logarithms of probabilities rather than the more complex functions
themselves. The potency of the compound can be summarized by the ED50

(50% effective dose) which is also a function of the estimated parameter

~

vector B:
EDS0 = exp{C, + explA ln(A4é)]} (3.1.8)
where
{'1 0 0 ?
A, = | ,
-4 [-O -1 0 i
-

g
L]

fr -11 , and

0y
it

fn 50 = 3.91.



TABLE 3.3

PARAMETER ESTIMATES AND CONFIDENCE INTERVALS
FOR ™ AND p FOR A BIOASSAY STUDY WHERE THE
MATING PAIR IS THE UNIT OF ANALYSIS

66

Focus of Specification Parameter WLS Estimate 95% Conf1d?nce
Estimation Matrix Function (s.e.) Interval
. T 0 07 Mean response  0.835(0,041) (0.758, 0.920)
w's and p 0 0 1 for dose levels
1 0 0 0 and 50 (m )
0 0 1 12
X1=11 0,96 0 Mean response 0.367(0,062) (0.263, 0.512)
0 ¢ 1 for dose level
1 1.96 0] 130 (v )
0o 0 1 ¢
Mean response 0.057(0.029) (0.021, 0.152)
(Q = 2,1597 for dose level
with 5 d.f.; 350 (v )
p = 0.83) 4
Intracliass 0.302(0.131) (0.129, 0.708)
Correlation {p)
Potency (ED50) 102.35(10.73) (83.35, 125.69)
s 1 g T 0.834(0.042)  (0.756, 0.921)
Xp=11 0.96
~ 1 1.96 m 0.367(0.063) (0.262, 0.515)
(Q = 0.7574
with 2 d.f.; 7 0.058{0.029) (0.021, 0.156)
p = 0.68) b
ED50 102.33(10.94) (82.99, 126.18)

1

Based on exponentiating the upper and lower limits of the log confidence

interval.
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The estimated ED50 as well as its confidence interval (based on exponen-
tiating the limits of the confidence interval for ¢n(ED50)) are also
given in Table 3.3. For comparative purposes, the results of the analy-
sis which models the n's only are also given in the table. The corre-

sponding specification matrix is

- o
X, = 104, (3.1.9)
- 1 0.96

1 1.96

The estimates and standard errors based on this analysis are approxi-
mately the same as the estimates and standard errors for the model when
m and p are jointly estimated. This indicates that p is a nuisance
parameter in the modeling procedure for these data.

An alternative way of analyzing these data is to view the mating
pair as the unit of analysis for dose levels 0, 50, and 130 but view
the mating, itself, as the unit of analysis for dose level 350. Since
no mating pairs in this fourth group had a successful mating outcome on
both trials, it is possible that p = 0, in which case the mating, itself,

is the proper unit of analysis. The data then have the structure given

in Table 3.4.

TABLE 3.4

NUMBER OF MATING PAIRS (if x = 0, 50, 130) OR MATINGS (if x = 350)
WITH "j" SUCCESSFUL MATINGS FOR A DOSE-RESPONSE STUDY

Dose (x) hE 0 1 2

0 2 4 24

50 1 5 13
130 ' 11 5

350 38 2 0
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This approach has been used in a supplemented margin-type analysis
of incomplete date (Koch, Imrey, and Reinfurt, 1972). The data in this
example, however, are not incomplete. Nevertheless, this example illus-
trates the flexibility of the proposed methodology to analyze a set of
data where the sub-populations have different units of analysis. The
specification matrix §3 involves estimation of two functions of (m and p)

from the first three sub~populations and one function (w) from the

fourth sub-population:

1 0 07
o o0 1
1 0 0
Xg=10 0 1 (3.1.10)
1 0.96 O
o o0 1
|1 1.96 O ]

The fit of this model is very good (Q = 1.7679 with 4 degrees of free-
dom; p = 0.78). The same type of estimation procedure can be undertaken
to obtain estimates of the parameter functions as was done with the
analysis based on %l' The results from the analysis based on §3 are
contained in Table 3.5. When these results are compared to those
obtained from the model that views the mating pair as the unit of analy-
sis, all estimates and standard errors except the mean response associ-
ated with dose level 350 are comparable. The model based on %3 which
uses the mating as the unit of analysis in the fourth sub~population
gives an estimate and standard error of Ty which are both approximately
half the value of their counterparts produced by the same specification

matrix where the mating pair is viewed as the unit of analysis. This

may be an artifact of the estimation process. However, it is a concern
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TABLE 3.5
PARAMETER ESTIMATES AND CONFIDENCE INTERVALS

FOR 7 AND p WHEN THE MATING PAIRS AND/OR
MATINGS ARE THE UNITS OF ANALYSIS

Focus of Specification Parameter WLS Estimate 95% Confidince
Estimation Matrix Function (s.e.) Interval
Mating Pair [1 O [l " 0.835(0.041) (0,758, 0.920)

0 0 1 12 ’
X3=11 0 0
~ 0 © 1 n 0.365{0.063) (0.260, 0.512)
1 0.9 0 8
0 O i
1 1.96 0] N 0.056(0,029) - (0.021, 0.152)
(Q = 2.1288 '
with 4 d.f.; p 0.311(0.139) (0.130, C.746)}
p = 0.71)
£D50 102.10(10.75) (83.06, 125.50)
Mating Pair w 0.848(0.039) {0.775, 0.927)
(for dose 12

levels O,

50,130); X3 m 0.300(0.058) (0.205, 0.438)

mating ~ 8

(for dose

Tevel 350) (q = 1.7679 i 0.029(0.015) {0.010, 0.082)

with 4 d.f.; 4
p = 0.78)
P 0.299(0.141) (0.119, 0.754)
ED50 94,85{8.37) (79.79, 112.75)
Mating 0 ‘1 T 0.842(0.036) (0,775, 0.916)
Xp={1 O 12
~ 1 0.96%
1 1.964 L 0.340(0.057) (0.245, 0.472)
(Q = 0.5535
with 2 d.f.; w 0.043(0.022) (0.016, 0.115)
p = 0.76) 4
ED50 99.26(8.74) (83.52, 117.95)

! Based on exponentiating the upper and lower 1imits of the log confidence.

interval.
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that might imply that the mating should not be viewed as the basic study
unit since the resultant standard error of T is reduced by almost 50%
when the mating is the unit of analysis for dose level 350. Note that
although the model using %3 based on the mating pairs is not necessarily
more informative than the one based on %1, it may be more stable in the
sense that it recognizes the fact that the sample size is not large
enough (i.e., there is not enough information) to estimate m - A in
the fourth sub-population.

If the mating, itself, is viewed as the unit of analysis for each
sub-population (or dose level), any clustering is ignored and p 1is

assumed to equal zero. In this case the data have the structure pre-

sented in Table 3.6.

TABLE 3.6

FREQUENCIES OF SUCCESSFUL AND UNSUCCESSFUL MATING
OUTCOMES FOR A DOSE-RESPONSE STUDY

Mating Outcome

Dose Successful Unsuccessful
0 52 8
50 31 7
130 13 27
350 2 : 38

For this data configuration the logits may be modeled with the specifica-
tion matrix %2. The residual Q statistic (Q = 0.5535 with 2 degrees of
freedom; p = 0.76) indicates that this model provides a good character-
ization of the variation in the data. The results of this analysis

which are presented in Table 3.5 indicate that the standard errors of

the m's are reduced by 10 to 26% when compared to those derived from the
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model X.. in Table 3.3 where the mating pair is viewed as the unit of

2
analysis. This means that the assumption that p = 0 is incorrect and
that the mating pair is the proper unit of amnalysis.

The final question of interest for these data is whether the
within-cluster variation is homogeneous across sub-populations. For
this setting, estimates of m and w - A are averaged across modules .or
clusters within the single sub-population. For an amocong-population
(i.e., across sub—populations) analysis, the quantities of interest
gpecific to a sub-population are either 7 and Gi = (g -~ A) or m and p,
depending on the focus of the investigator. The estimators §“ and s?
should be the focus if it is important to demonstrate homogeneity of
within-cluster variation across sub-populations. On the other hand, it
may be of more interest to look at whether the intraclass correlation
is constant across sub-populations rather than the within-cluster varia-
tion, as was done in the previous analyses. A change in m from one sub-
population to another will not necessarily result in an equal change in

A (and, consequently, m — A), so GZ might change at a different rate.

The proportion of variation in a cluster, however, might vremain constant
- 72
7{l~m)

one expects p to be more stable than Oio A possible resolution to the

as m changes so that p = might remain constant. In this sense

~

otential instability of y = 7 and s is to focus attention on 2n S, N
P y yeo l"'Tf

and 2n 8% = 2%n(s), which are sometimes more stable than §.. and s?
relative to asymptotic properties.

Regardless of whether (§.., s?) or (§.., 6) are the quantities of
interest, when there are multiple sub-populations, weighted least squares

methodology may be applied across the sub-populations to obtain overall

estimators. This procedure involves viewing the sub-populations as the
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modules were viewed in section 2.4.
Thus, for the data of this dose-~response study, the parameters
ﬂ(;§°.) and Oé(;sz) can be jointly estimated by characterizing the vari-

2

ation in the vector of logits and n s* quantities for each sub-

population by the specification matrix Xl which was used in the first

analysis:
i zn[%l/(l - %l)] T 1 o 0]
0 s‘l2 o o0 1 o
tafr, /(1 - 7,)] 1 0 o 8,
v, - tn fzz A e 0t %2 B 3‘1@
~ Rn[ﬂ3/(l - ﬂs)] 1 0.96 0 ] 83_ (3.1.11)
in 332 0 0 1
JLn(1AT4/(l - %4)] 1 1.96 0
L_SLn 542 i} _O 0 l_
Here, él and éz have the same interpretations as in the first analysis

2 common to all

while é3 is the predicted value of the logarithm of Oe
dose levels. The residual Q statistic associated with this model is
4.5410 with 5 degrees of freedom (p = 0.47), indicating that the assump-
tion of homogeneity of within-cluster variation across sub-—populations
is reasonable. Table 3.7 summarizes the results of this analysis. The
fit of the model which jointly estimates m and p is descriptively some-
what better than the fit of the model which estimates 7 and Oez jointly

(see Tables 3.3 and 3.7).

3.1.3 A dairy science clinical trial

In a study of the treatment of mastitis in dairy cows described in
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TABLE 3.7
PARAMETER ESTIMATES AND CONFIDENCE INTERVALS

FOR m AND 0 FOR A BIOASSAY STUDY WHERE THE
MATING PAIR IS THE UNIT OF ANALYSIS

Parameter WLS Estimate 95% Confidence
Function (s.e.) Interval
Mean response 0.828{0.040) (0.754, 0.910)
for dose levels
0 and 50 (7 )
]?2

Mean response 0.411(0.055) ‘ (0.316, 0.535)
for dose level
130 (7 )

3
Mean response 0.085(0.036) (0.037, 0.197)
for dose level
350 (7 )

Y
Common 0.103(0.023) (0.067, 0.158)

within-cluster
variance (¢2)

1 Based on exponentiating the upper and lower limits of the
log confidence interval.
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Heald et al. (1977) and discussed by Koch et al. (1978), a clinical trial
was performed to determine the optimal dose of a drug for treatment of
infection. Cows were assigned sequentially to receive one of the follow-
ing nine treatments:

1. No treatment (Control)

2. 1x10 TI.U. Penicillin

3. 2x10 TI.U. Penicillin

4., 4x10 TI.U. Penicillin

5. 4x10 Novobiocin

6. 6x10 Novobiocin

7. 1x10 1I.U. Penicillin + 4x10 Novobiocin

8. 2x10 1I.U. Penicillin + 4x10 Novobiocin

9. 4x10 TI.U. Penicillin + 4x10 Novobiocin
For simplicity, these nine treatments are consolidated into four groups
according to drugs: control, penicillin, novobiocin, and a combination
of penicillin and novobiocin.

The presence or absence of infection for each quarter of a cow's
udder was determined prior to treatment and after treatment. These
infections constitute the data for analysis. This example illustrates
the applicability of the proposed methodology to data having a repeated
measurement structure: pre-treatment as well as post—treatment status
are known.

In this example, the cow is the proper unit of analysis since the
four quarters of the cow's udder are generally not independent. By
focusing on the pre-treatment and post—-treatment numbers of infected
quarters for the four treatment groups, the cow is viewed as the study

unit. The relevant counts are given in the underlying (4 x 25)
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contingency table displayed in Table 3.8,
Estimated pre—treatment and post-treatment proportions (n) of
infected quarters as well as within-cluster variances (7 - 1) for the
four treatment groups (or sub-populations) can be computed by applying

the linear transformation matrix

. 11 101 1 1 1 1 1
00 0 0 0 7 ¢ T 7 % 7 37 7 7 3
1 1 3 i1 3 . , 1 1 3
U B S T S S S S S S S
A 111011 11 1 1 1
0 0 000 Y Y T % T 33 3 33
111 111 1011
% % 3 7 0 ;3 05 00 % 5 40
'3 3 3 3 3 )
'y 4 o4 x5 bl
I
lo_]:_l'._:il()—]li—:}—l
P24 i 2 % ® 1
L1 1 1 1 o o 4 g g -
"% %4 % 4 %
. 11 1 111
107 37 00 53 O

to the overall (100 x 1) compound vector p of cell proportions. The
vector F of pre-treatment and post-treatment logits and fn(l - p) func-

tions is obtained by applying the following series of operator matrices

P-4y n(0; + Aphyp) 3.1.12
16 x 1
where

T 1 0 0 0]

-1 0 0 o0 rl 1 07

Ay = (1) (l) Z © L Ay i,"l . lj ® g

-1 0 0
0 0 1

— \]
and 9'1 = [0 1 0] @}8 ]
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TABLE 3.8

CONTINGENCY TABLE FOR THE CROSS-~CLASSIFICATION
OF TREATMENT WITH THE BIVARIATE PRE-TREATMENT
VS. POST-TREATMENT JOINT DISTRIBUTION FOR
NUMBERS OF INFECTED QUARTERS

Pre-treatment Post-treatment Number
Number of In- of Infected Quarters
Treatment fected Quarters 0 1 2 3 4
0 2 2 3 1 0
1 2 2 0 1 1
Control 2 0 1 2 0 0
3 0 2 1 1 0
4 0 0 0 5 0
0 15 12 1 0 1
1 13 7 1 0 0
Penicillin 2 13 6 6 0 0
3 4 3 5 2 0
4 9 6 3 2 2
0 12 0 0 0 2
1 6 8 2 0 0
Novobiocin 2 6 1 0 0 0
3 8 2 0 0 0
4 3 2 1 3 1
0 17 2 2 1 0
Combination 1 8 5 2 0 0
(Penicillin and 2 5 1 2 4 0
Novoviocin) 3 5 1 2 0 0
4 11 5 1 4 2
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Joint estimation of 7 and p may be undertaken in a weighted least
squares framework using the specification matrix X4 (adapted from Koch

et al. (1978)) and applying it to the function vector F:

"1 0 0 0!
" pre sm{ﬁl/(l—= ﬁl)] i 0 0 1 0
pre 2a(l - pl) 1 600
N A 0 0 0 1
post Zn[wl/(l - ﬁl)] N
1 0 0 0 61
post fn(l - pl) 0 0 1 0O é
2 N
. 1110 o0 By = Xp 0 (3.1.13)
16x 1 A
pre Rn[NA/(l - W4)] 0 0 01 64
. 1 000} °
pre 2n(l - 04)
0 0 1 0
post Qn[ﬂ4/<l - ﬂa)] 1 1 0 0
post n(l - p4) 0 0 0 1
- - 1 0 0 0
0 0 1 0
i 1 06 ©
0 0 ¢ 1
where Bl = predicted pre~treatment and post-treatment control logit,
BZ = increment for post-treatment active logit,
83 = predicted pre~treatment fn(l - p) function,
and 64 = predicted post-treatment &n(l - p) function.

The residual § statistic for this model dis 12.3627 with 12 degrees of

freedom (p = 0.42), indicating a reasconable fit.

Overall pre-treatment and post-treatment active parameter estimates
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for m and p may be obtained as functions of the estimated parameter vec—

tor B:
r-;‘_r -
pre and post control
TTpost active A
5 = exp{A, n[C, + A, eXp(A4B)]} (3.1.14)
pre oo - oo
post
where
1 0 0 0] "0}
1 0 0 O 1
A4 _ 14, A5 - 0 1 0 o0 , Cz 10 ,
- ~ - 0 1 0 0 - 1
0 o0 -1 0 1
0 0 0 -1 1
1 -1 0 0 0 0]
0 i -1 0 O
and = 1o 0 1
60 o O 0 O 1 J

These parameter estimates and their standard errors are summarized in
Table 3.9. The proportion of infected quarters is reduced by 43% under
active treatment; that is, there is approximately one less infected
udder quarter per udder after active treatment (i.e. 1.81 * 0.09)
infected quarters pre-treatment compared to (0.79 * 0.07) infected
quarters post-treatment active). The intraclass correlation post-
treatment is approximately half the size of the intraclass correlation

pre-treatment.

If the focus on estimation is on the mean respomnses only, the



TABLE 3.9

ESTIMATES FOR PARAMETER FUNCTIONS AND
CORRESPONDING 95% CONFIDENCE INTERVALS
FOR THE MASTITIS TREATMENT DATA WHEN
THE COW IS THE UNIT OF ANALYSIS

79

(4]

(Q = 1.1
with 6
p =

C)QN

8]

Focus of Specification Parameter WLS Estimate 95% Confidence
Estimation Matprix Function {s.2.) Interval
w's and p's {1 0 0 01  Mean response  0.453(0.021) (0.413, 0.497)
0 0 1 0 preutreatment
1 0 0 0 and post-
0 0 0 1 treatment
1 0 0 0 control
1= 0 0 1 0 ‘
“1 1 i 0 0 (ﬂpre and post
0 o0 o 1 control)
i 0 0 0 Mean response 0.196(0.016) (0.167, 0,231)
0 0 1 @ post-treatment
i 1 ¢ 0 active
0 0 0 1 (m )
1 0 0 0 post active
0 0 1 ¢
i 1 0 0 Intraclass 0.404(0.035) (0.342, 0.478)
| 0 0 0 1 correlation
pre~treatment
Q = 12.3627, (o )
with 12 d. fa, pre
p = 0.42)
Intraclass 0.218(0,038) (0.155, 0.306)
correlation
post-treatment
(pposﬁ)
v [T
% ? Tore and post 0.456(0.022) (0.414, 0.501)
Xo= contro]
~ 1 0
1 1 ‘
i ? Thost active 0.199(0.017} (0.169, 0.235)

1 Based on exponentiating the upper and Tower 1imits of the log confidence

interval.
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parameter estimates do not differ substantially from those obtained from .
the joint estimation of the mean responses and the intraclass correla-
tions (see Table 3.9).
While the cow is the appropriate unit of analysis for these data -
dus to the correlation among udder quarters, it is, nevertheless, inter-
esting to note how the pavameter estimates and their standard errors
differ when the quarter is viewed as the unit of analysis. This latter
approach would essentially ignore any clustering; that is, it would
assume that there is no correlation among udder quarters. Table 3.10

summarizes the pre-~treatment and post~treatment status for the quarters

by drug.
TABLE 3.10

INFECTION STATUS OF UDDER QUARTERS

pre~treatment: No Yes
Drug post—treatment: No Yes No Yes
Control 40 . 24 17 23
Penicillin 193 39 161 51
Novobiocin 101 15 87 25
Combination 123 21 130 46

The specification matrix X5 given in Table 3.11 may be used to charac-

terize the variation in the vector of pre-treatment and post-treatment
logits for the four drugs. The residual Q statistic associated with

this model is 10.4175 with 6 degrees of freedom (p = 0.11), indicating

a weak, but tolerable, fit. Estimates for the mean response pre-treatment

and post-treatment control as well as the mean response post-treatment
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TABLE 3.11

ESTIMATES, STANDARD ERRORS, AND 957 CONFIDENCE INTERVALS
FOR MEAN RESPONSE PARAMETERS WHEN THE UDDER QUARTER
IS VIEWED AS THE UNIT OF ANALYSIS

Specification WLS Estimate  95% Confidence
Matrix Parameter Function {(s.e.) Interval

- -y

2 2
ﬂpre and post control 0.492(0.015) (0.464,0.521)

fot bt e e e
HOHOHO OO

X ==
5 ,
Wpost active 0.197(0.013) (0.174,0.223)
Q = 10. wit 1.£.5 p = 0.
( 10.4175 with 6 d 0.11)

active are given in Table 3.11 along with their standard errors and
corresponding 95% confidence intervals (based on exponentiating their

log confidence intervals). 1In this approach the standard errors of the
parameter estimates are substantially underestimated and, consequently,
their confidence intervals are too narrow when compared to those obtained
from the analysis when the correlation structure among the udder quarters

is taken into account (see Tables 3.9 and 3.11).

3.2 Examples for the Modular Case

3.2.1 A dose-~response example

The bioassay study discussed in (Koch and Kempthorne, 1981) can be
adapted to illustrate how partially balanced clustered attribute data
can be analyzed with the proposed methodology. Consider data arising
from a study in which it is of interest to know the mean proportion of
successful matings among pairs of rats. Suppose there are four modules

of mating pairs such that there are two distinct cluster sizes, as

indicated in Table 3.12.
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TABLE 3.12

NUMBER OF MATING PAIRS WITH "j'" SUCCESSFUL MATINGS
IN A MODULAR DATA EXAMPLE

Cluster Size Module Dose (x) is 0 1 2
1 1 0 2 28 0
1 2 50 1 19 0
2 3 0 2 4 24
2 4 50 1 5 13

Since there is no significant difference between dose levels 0 and 50,
dose may be ignored as a concomitant variable, here. Accordingly, the

following model was fit to the vector of module estimates of 7 and w - A:

‘N - - -

ﬂl 1 0

ﬂz 1 0

ﬂ3 1 0 m ~
F = FaN = //A\\ == X6B . (3.2.1)
- (m - k)3 0 1 T - A'j o

ﬂa 1 0

(n - A)4 0 1

The fit of this model was reasonable (Q = 4.04 with 4 degrees of free-
dom; p = 0.40). By applying a series of linear, exponential, and

~

logarithmiec functions to the estimated parameter vector B obtained from
the weighted least squares procedure, estimates of m and p were obtained.
Table 3.13 summarizes the results from this analysis. Mean-of-means-
type estimates are also given for comparative purposes. Since the number

of clusters in each module is moderate, the variances of these mean-of-

means—type estimates were computed using the computer algorithm in




TABLE 3.

PARAMETER ESTIMATES FOR ™ AND p DERIVED
FROM TWO DIFFERENT FRAMEWORKS FOR

13

A MODULAR DATA EXAMPLE

83

Parameter Computational
Framework Function Procedure Estimate (s.e.)
T, T = A T WLS 0.906  (0.026)
mean of means 0.894  (0.026)
T - A WLS 0.066 (0.024)
‘ mean of means 0.092  (0.027)
0 WLS 0.230  (0.270)
mean of means 0.031  (0.274)
L, z T WLS 0.873  (0.031)
mean of means 0.904  (0.026)
0 WLS 0.250  (0.181)
mean of means 0.314 (0.185)
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GENCAT. The diaurepaﬂcy betwecn the weighted least squares and mean—of-—
means estimates for p is of some concern. A possible explanation for
this is the non-asymptotic situation relative to a large m. (Recall
that the behavior of extreme values of w, i.e., close to 0 or 1, is not

asymptotically normal). For this reason, Fisher's z-transformation

_ 1+
z =% fn e (3.2.2)
1 -0
was used in conjunction with the logit (£ = fn - =) to fit a model via

1 -
weighted least squares as well as to obtain mean-of-means-type estimates.

Fisher (1921) devised this transformation of p to eliminate the problem
of non~normality of the intraclass correlation coefficient (when p # O,

the shape of the distribution of p changes, becoming skew). He showed

that z is distributed almost normally with standard error

1
[} =

z vn - 3

(3.2.3)

and is, thus, for all practical purposes, independent of the value of
the population correlation. The results of this second analysis, where
F consists of modular % and z estimates, are also given in Table 3.13.
The residual Q statistic associated with the model based on the %/z
scale is 3.7310 with 4 degrees of freedom (p = 0.44), indicating a

reasonable fit. The mean-of-means estimates for m and p in this second

analysis were obtained as

_ [
R (3.2.4)
e+ 1
2z
and o=zl (3.2.5)
2z
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where % and z are mean-of-means estimates based on the modular frame-
work. The weighted least squares and mean-of-means estimates for both
w and p are comparable on the %/z scale. This suggests that the &/z

framework is more stable than the 7/(w - 1) framework.

3.2.2 Simulated modular examples

Because of a lack of real data with a modular structure, data
examples were simulated to illustrate the implementation and performance
of the methodology in the modular setting. For this purpose, data from
a population having 7 = 0.84 and p = 0.30 were simulated. This choice
.of parameters was motivated by the fact that the real data dose-response
example of section 3.1.2 had parameter estimates % = 0.84 and 5 = 0.30,
and so this combination of parameter estimates is a realistic ome.

Data were simulated by considering a two-point distribution in

which a proportion 8 of the clusters have a mean response m, and a pro-

A

portion (1 - 6) of the clusters have a mean response Ty So,

T o= GﬂA + (1 - e)wB s (3.2.6)
= 2 - 2 f
A GFA + (1 e)ﬂB s (3.2.7
A =72
and p = oy ——— (3.2.8)

With m = 0.84 and p = 0.30, and by setting Mo = 0.90, these equations

0.168.

fl e
il

may be solved for 6 and w,, resulting in © 0.082 and LN

A
Similarly, if Ty = 0.95, it follows that ©

fll e

0.231 and 7, = 0.473.
Although parameter values are only expressed to three significant digits,

actual computation was done using eight significant digits.
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Two modular examples were simulated from these values of ﬂA, WB’
and 6 using the same clock seed. Each example was constructed so that
there were three modules: the first (m = 1) containing 20 clusters
each of size 4 (=nl), the second (m = 2) containing 30 clusters of size
3(=n2), and the third (m = 3) containing 40 clusters of size 2 (=n3).
Two random numbers were generated for each of the 90 clusters using the
U(0,1) random number generator GGUBT of the IMSL library with a clock
seed of 5661421. The first random number was used to determine whether
the cluster was a type A or a type B cluster, that is, whether or not
the cluster came from the population of clusters whose mean response was
My Of whether it came from the population of clusters whose mean response
was m,. If this first random number was less than 6, then the cluster
was considered a type A cluster, otherwise it was considered a type B

cluster. For each cluster in the mth module, the cumulative probabilities

as

associated with the binomial distribution with parameters oo and Tas

well as the ones associated with the binomial distribution with param—
eters n_ and my» Were computed (m = 1,2,3). The mean response of a
given cluster was determined by where the second random number for that
cluster fell relative to the successive cumulative probabilities

associated with its distribution. For example, with clusters of size 4

and w, = 0.168, m_ = 0.90, and 6 = 0.082, the probabilities and cumula-

A B

tive probabilities are (to three decimal places):
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number of

cumulative successes in
probability probabilitzﬁl\ the cluster

i:::: 0

Bin(4,m, )¢ [g] ﬁAO(l - WA)“ = 0.479 0.479 :'a‘i:N
\iijzl

[_“] n 11~ 7)% = 0.387 0.866 <"
1) "a A ~ e

0.117 0.983 T
e

0.016 0.999 . :‘j
::::4

0.001 1.000 :"’“
NQ:::;BO

Bin(4,my) 0.0001 0.0001 :"::
_ :\:,1

0.004 0.004 <2 :
i:::-z

0.049 0.052 ::::’
Toes

0.292 0. 344 ::i
ey

0.656 1.000 =~

If the random number associated with a type A cluster were 0.5, for

example, then that cluster would be viewed as having 1 successful

response and 3 unsuccessful respounses.
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The data simulated by this process for the two sets of parameter .

values are given in Table 3.14.

TABLE 3.14

TWO SIMULATED MODULAR EXAMPLES FOR THE
TWO-~-STAGE NESTED DESIGN

Example 1
Total
Number with "i" Successes Number
Population Cluster of
Parameters Size Module j: 0 1 2 3 4 Clusters
m, = 0.168 4 1 0 0o 2 6 12 20
my = 0.90 3 2 2 2 5 21 0 30
= 0.082 2 3 2 5 33 0 0 40 ‘
Example 2
", = 0.473 4 1 o 2 1 7 10 20
g = 0.95 3 2 1 3 8 18 0 30
6 = 0.231 2 3 15 34 0 0 40

The number of clusters in each

module is considered large enough to

invoke asymptotic arguments in order to apply the GSK weighted least

squares methodology to obtain overall parameter estimates for 7 and p.

The initial model that was applied to both examples was

>

o

~

T

5
FON

~

2
TN
Nl

3
({/j\x)

——

1

2

3 ]

Lo R ™ T N B ]

= O = O = O

g

AN = X6§. (3.2.9)
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This model was not appropriate for the data in example 1; the strong
correlation (=0.95) between % and m - A in the first module suggests
that only 7w should be estimated from this module in order to avoid near-
singularity of the variance~covariance matrix of the function vector
used in the weighted least squares analysis. The correlations between
% and ™ ~ A in the other two modules are moderate enough to allow estima-

tion of both w and m - A, The residual Q statistic for the weighted

least squares model

ﬂl 1 0
Ty 1 0 % 1
Fo=| (m=-XN, =10 1 N | = X.8 (3.2.10)
3 ) N
3 1 0
_('n B }\)3- L.O 1..

applied to example 1 indicates its appropriateness (Q = 0.66 with

3 d.f.; p = 0.88). The model F, = X_B provides a good characterization

1 6

of the variation in the data of example 2. The results of the analysis

using F2 for example 1 and F, for example 2 are summarized in Table 3.15.

1

TABLE 3.15

RESULTS OF TWO MODULAR EXAMPLES
OBTAINED BY SIMULATION

Example 1
Weighted Least Squares

Population Parameter 95% Confidence Mean of Means
Parameters Function Estimate (s.e.) Interval Estimate (s.e.)
Ty = 0.168 T 0.871 (0.025) (0.824,0.920) 0.867 (0.027)
Ty 0.90

e 1

0.082 o) 0.390 (0.143) (0.035,0.614) 0.315 (0.116)
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TABLE 3.15 (CONTINUED)

Example 2 )
Weighted Least Squares
Population Parameter 95% Confidence Mean of Means
Parameters Function Estimate (s.e.) Interval Estimate (s.e.) :
Ty = 0.473 m 0.862 (0.025) (0.815,0.912) G.856 (0.025)
M = 0.095
o = 0.231 P 0.163 (0.096) (0.000,0.332) 0.209 (0.098)

Mean-of-means-type estimates are also given for comparative purposes.
These estimates are actually weighted means of modular estimates with
weights corresponding to the number of clusters in each module. As such,
they can be expressed through a series of linear, exponential, and

logarithmic operations on the modular estimates and, thus, can be easily

evaluated by expressing them according to the matrix formulation:

- 3 -
- - L nw
_ p=] MW
ity
n‘
s ] )
= L nop = A51C,) + A, explAy n(C) + A)A B)1)
_ -] mm :
b L S (3.2.11)
e - nG
where
- i 1 3 -
0o £ 5 2 1 0 0 0 0 0 o0 o 0 0 0
O 0 0 0 0 o % % 1 0 0 0 0 0 0
O 0 0 0 0 0 0 0 0 0 0 %— 1 0 o0
A =
A 111 :
0 7 3 £ 0 0 0 0 0 0 0 0 0 0 0
0O 0 0 0 0 0 % %— O 0 0 0 0 0 o0
O 0 0 0 0 0 0 0 0 0 o % 0 0 o
J— e
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i)
0o 0 0 0 1 0
o 0 1 0 0 0
0 0 -1 0 0 0
o 0 0 0 0 1
' 1 0 0
c;=10 1 0 0 1 0 0 1 0,&=|, , ;|®L

0 g%- 0 %g 0 i
C}=10 1 0 1 0 1],andA
: \ - 20 30 40
90 90 90

These matrices apply to example 2 using Flu The matrices associated

with F2 would involve deleting the fourth row of Al

subsequent changes to the other matrices. The variances of these mean-of-

and corresponding

means—-type estimates are obtained as the diagonal elements of the matrix
product

-1 -1 '
AsAD, 253? Ayhy Var(§) A1A2D §39 A4A5 (3.2.12)

~
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where
a) = Gy +AMD
and a, = explay fnlC, + A,A 81}

The computations can be performed by the computer program GENCAT. Simi-

lar operations apply to example 1.

3.3 An Unbalanced Data Example

The dairy science data described by Heald et al..(1977) and dis-
cussed by Koch et al. (1978) can be adapted to illustrate how the pro-
posed methodology is used to analyze unbalanced data. Consider the
pre-treatment status of each cow within a herd. Table 3.16 gives the -
numbers of diseased and disease-free cows pre-treatment for each of the

16 herds. The herd, which is viewed as the cluster, is the unit of

analysis since the disease states of cows in the same herd are poten-
tially correlated because of factors such as physical proximity.

Because of the unbalanced nature of the data there is no clearly
best method of analysis. The various strategies discussed in Chapter II
are implemented and compared here. These include several purely heuris-
tic methods, a mechanical weighted least squares method, and a hybrid
module weighted least squares method.

The purely heuristic methods involve weighting the cluster-specific
estimates §i' and si2 by some constant factor. The heuristic estimators
of m that are considered here are the mean of means, the overall mean,
and Koch's mean. Counterparts for m - A which are examined are a mean-
of-means—-type estimator and a degrees-of-freedom-type estimator. The
standard errors of these estimates are obtained by estimating the vari- ‘

ance components across all clusters. These variance component estimates



TABLE 3.16

NUMBERS OF COWS THAT ARE DISEASED
OR DISEASE-FREE PRE-TREATMENT

Not Assigned

Herd Diseased Diseased Total Module
1 8 19 27 2
2 4 6 10 1
3 6 7 13 1
4 12 36 48 2
5 3 22 25 2
6 4 17 21 2
7 11 6 17 2
8 4 3 7 1
9 1 13 14 2
10 6 16 22 2
11 3 18 21 2
12 0 8 8 1
13 2 12 14 2
14 3 7 10 i
15 4 6 10 1

16 2 5 7 1
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are then used in the variance-covariance formulae for the cluster- .
gpecific estimates §i° and siz. Refined standard errors may also be
computed. They are refined in the sense that overall mean—of-means
estimates }, X, E, and n are used in the variance-covariance expressions,
thus providing more consistent estimates of variances and covariances.

Estimates obtained from several different weighted least squares
algorithms are also examined. The mechanical weighted least squares
procedure, as described in sectiom 2.5.1, treats each cluster estimate

2 as Caussian. 1In reality, these estimates are not Gaussian

§i° and.si
since each cluster estimate is based on a sample of size 1, i.e., one
cluster. Nevertheless, it is of interest to see what estimates are pro-
duced from such a procedure. More refined estimates may be obtained by
iteration of the weighted least squares procedure iu which the mechanical .
least squares estimates of 7 and A are used in the variance-covariance
expressions for each set of cluster estimates.

Finally, artificial (or hybrid) modules can be created in which
the clusters are grouped into modules based on their sample sizes. For
the data in this example, each cluster's module assignment is given in
Table 3.16. Mean—of-means-type estimators for m and (m - A) are formu-
lated for each of these hybrid modules along with corresponding variance-
covariance estimates which are computed by estimating the variance com-
ponents across the modules using a mean-of-means-type approach. Another
hybrid module estimation approach uses a mean-oi-means estimator for m
and a degrees-of-freedom-type estimator for (m - A). In either case,
overall estimators may be obtained by applying the weighted least squares

procedure to the modular estimates, which are more Gaussian than the .

individual cluster estimates.
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The results from all of these procedures are summarized in Table
3.17. Estimates and their standard errors are generally comparable
across all types of estimation procedures. It is interesting that the
refined standard errors for the heuristic estimates are smaller for w
estimates but larger for (v - A) estimates. Estimates (and their stand-
ard errors) obtained from the mechanical weighted least squares procedure
and the two hybrid module weighted least squares procedures are similar
to one another. The iterated weighted least squares estimate of p, how-
ever, differs substantially from other weighted least squares estimates
of p in the sense that it is slightly larger in magnitude and has a very
large standard error. This is due to the fact that the standard error
of % is smaller and that of (7w - A) is larger for this procedure than

corresponding standard errors of parameter estimates obtained by other

methods. The reason for this is unknown and merits further study.

3.4 Numerical Studies

The examples in the previous sections illustrate how the method-
ology proposed in this dissertation is implemented for a variety of data
structures. However, no assessment of relative performance of various
estimators can be made from these few examples. Numerical studies are
needed to evaluate the behavior and efficiency of the different estimates.
In this regard, the population parameters of several modular data con-
figurations having different degrees of balance were examined when the
total number of clusters was 16, 24, 36, and 60. Data configurations
were chosen so that the overall sample size was approximately 200. The
actual modular data structures that were examined are presented in

Table 3.18. The underlying distribution of the data was assumed to be
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TABLE 3.17

PARAMETER ESTIMATES AND STANDARD ERRORS
FOR AN UNBALANCED DATA EXAMPLE

Type of Parameter
Estimator Estimator Estimate (s.e.) Refined s.e.l
Mean of means T 0.716 (0.044) 0.043 .
TR 0.189  (0.020) 0.021
Overall mean Ul 0,734 (0.046) 0.041
(degrees-of - PN
freedom-type) T = A 0.183 (0.021) 0.039
Koch's mean m 0,732 {0.046) 0,027
Mechanical WLS LS 0.724  (0.043)
AN ’
(T = Nys 0.187  (0.020)
OULS 0.065  (0.042)
Iterated mechan- %Jt; 0.726 (0.040)
ical WLS
N (1)
- 0.185 0.031
- My (0.031)
ol 0.071  (0.167)
Hybrid module n 0.724  (0.044)
WLS (based on 7T ﬁ@ﬂ&?*l
and T - X ) (7 - A)HMWLS,I 0.183 (0.020)
PHMWLS , 0.087  (0.044)
Hybrid module . . 0.724  (0.044)
WLS (Egigd onm ‘f&y?S’II
and 7 - A ) T = AMWLS, 11 0.191  (0.020)
OHMMLS 11 0.044  (0.056)

1 Based on substitution of the overall estimates of ™ and A in the variance-
covariance expressions specific to each cluster.




TABLE 3.18

MODULAR DATA STRUCTURES EXAMINED
FOR NUMERICAL STUDIES

97

Number of Within Cluster Size Total Identification
Clusters 2 3 5 8 12 Sample Size Label
16 0 0 8 0 8 136 A
16 0 0 12 0 4 108 B
16 0 0 4 8 4 132 C
24 0 0 12 0 12 204 Al
24 0 0 18 0 6 162 B'

24 0 0 6 12 6 198 c'
24 0 0 8 8 8 200 D'
36 0 18 0 18 0 198 At
36 0 27 0 9 0 153 Bt
36 0 9 18 9 0 189 ct
36 0 12 12 12 0 192 D*
60 30 0 30 0 0 210 A*
60 40 0 20 0 0 180 B*
60 10 40 10 0 0 190 C*
60 20 20 20 0 0 200 D*
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either the one-point, the two-point, the split-uniform, or the beta.
The relative efficiency of various heuristic estimators was also examined
for a cross-section of population parameter values in each distribution.
Three heuristic estimators of 7 and two heuristic estimators of A were .
cousldered:

%5 the mean of means,

%, the overall mean,

;, Koch's mean,

X, the mean of cluster ii's,
and i, a degrees-of-freedom—type estimate analogous in concept to

the overall mean. .

The efficiency of each estimate was assessed by taking the ratio of its

variance to the variance of the corresponding weighted least squares

estimate with known optimal weights.

Although these studies are by no means complete, they are intended
to provide an overview of general tendencies in behavior that are
suggestive of future avenues for more in-depth research.

3.4.1 The one-point distribution

Suppose all of the clusters in a population are of the same type

(A, say). The proportion with the attribute may be denoted by 7 = Ty

The underlying distribution is, therefore, the one—~point distribution

with parameter = The basic parameters are evaluated as

A
=T
A o= WAZ, —
£=rm3, ,
and no=ma". (3.4.1)




TABLE 3.19

MOST EFFICIENT! HEURISTIC ESTIMATORS FOR
ONE-POINT DISTRIBUTIONS AND THEIR EFFICIENCY
RELATIVE 70 THE OPTIMAL WEIGHTED LEAST SQUARES ESTIMATORS
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- = 24 clusters N = 60 clusters
A Al B’ c! D! A% B* C* D*
0.05 T 1,0000 1.0000 1.0000 1.0000 ﬁ: 1.00000 1.00000 1.00000 1.00000
i+ 1.,0003 11,0005 1.0002 1.0002 m: 1.00004 1.00007 1.00003 1.00004
7+ 1.1000 i 1.0732
X‘ 1.2248 1.2771 1.1183 1.1551 i: 1.8331  2.0438 1.3198 1.5974
0.10 @1 1,0000 1.0000 1.0000 1.0000 #: 1.00000 1.00000 1.000060 1.00000
#: 1.0003 1.000% 1.0002 1.0002 % 1.00004 1.00007 1.00003 1.00004
T 1.1000 w: 1.0732
i: 1.0921 1.1244 11,0512 1.0659 X; 1.3216  1.4233 1.1390 1.2433
0.20 f: 1,0000 1.0000 1.0000 1.0000 #. 1,00000 1.00000 1.00000 1.00000
m: 1,0003 1.0005 1.0002 1.0002 #; 1.00004 1.00007 1.00003 1.00004
7. 1.1000 7. 1.0732
i; 1.0359 1.0529 1.0211 1,0268 K: 1.1055 1.,1500 1.0552 1.0873
0.30 #. 1.0000 1.0000 1.0000 1.0000 4. 1,00000 1.00000 1.00000 1.00000
#: 1.0003 1.0005 1.0002 1.0002 #: 1.00004 1,00007 1.00003 1.00004
7 1.1000 s 1.0732
A: 1.,0199 11,0305 1.0120 1.0150 X: 1.0506 1.0763 1.0306 1.0450
0.40 #+ 1,0000 1.0000 1,0000 1.0000 #: 1.00000 1.00000 1.00000 1.00000
7 1.,0002 1,0005 1.0002 1.0002 4+ 1.00004 1.,00007 1.,00003 1.00004
w: 1.1000 7. 10732
i: 1.0126 1.0197 1.0077 1.0096 X: 1.0230 1.0463 1.0196 1.0275
0.50 #: 1.0000 1.0000 1.0000 1.0000 #: 1.,00000 1.00000 1.00000 1.00000
7+ 1.0002 1.0005 1.0002 1.0002 #: 1.00004 1.00007 1.00003 1.00004
7 1.1000 7 1.0732
K; 1.0085 1.0134 1.0052 1.0064 i; 1,0198 1.0316 1.0136 1.0188
IThose estimators of w whose efficiency does not exceed 1.1000 and the single most

efficient estimator of ).
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This distribution is degenerate. There is no intraclass correlation for
any one-point distribution since
2 h

IR Y S Y
(1l ~ m WA(l - ﬂA)

2
0. (3.4.2)

&

This fact is reinforced by mnoting that the overalil mean is the most
efficient heuristic estimator for each case presented in Table 3.19.

~

Its relative efficiency in each case is 1.00. The A counterpart, A, to
the overall mean performs better than the mean-of-means counterpart X;
however its relative efficiency is very low in many of the cases that

were examined.

3.4.2 The two-point distribution

The one-point distribution is a degenerate case of the two-point
distribution. In the two-point distribution clusters come free from one
of two underlying populations, A or B. A proportion € of the clusters

are type A clusters and have a mean response 7,, while a proportion

A

(1 ~ &) of the clusters are type B clusters and have a mean response o

1-0+
|

6 4
i
—

A B
The parameter 6 may be thought of as a mixing ratio of population types.

This distribution was examined in some depth because it is a simple
characterization of what is frequently presumed to be the nature of
attribute data: there is a group of responders and a group of non-—
responders. However, only a subset of the more relevant results are

actually presented in the tables.
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The parameters in this context have the following formulations:

7 =067, 4+ (L~ G)HB,

A
A =0 nA2 + (1 - e)nBZ,
g =0 WA3 + (1 - e)nB3,
and n=2~0 TTAu + (1 -~ e)wB”.

(3.4.3)

Tt is straightforward to show that certain relevant parameter functions

may be written as

T - A =0 ﬂA(l - WA> + (1 - G)WB(I - ﬂB), (3.4.4)
A - 72 = 0(l - 6)(ﬁA - ﬂB)Z, (3.4.5)
g - mh = 6(1 - e)(nA - ﬂB)Z(wA + WB) (3.4.6)
and n - A% = 6(1 - 6)(ﬂA2 - WBZ)Z
= §(1 - 6)(ﬂA - ﬂB)Z(ﬂA + WB>2. (3.4.7)
Clearly, if Ta + s = 1 so that the population consists of complementary
clusters, then
T~ A= Q[NA(l - WA) - ﬂB(l - ﬂB)] + WB(l - NB)
= 6[(ﬂA - ﬂB) - (WA - NB)(WA + ﬂB)] + ﬁB(l - WB)
= ﬁB(l - wB) (3.4.8)
and A -m2 =¢ —qA=n- A% =6(1 - 9)(WA - ﬂB)Z. (3.4.9)
Skewness was computed by the formula
) (£ = ) =~ 20(x = 712)
4, = 372 = 5 3/2 (3.4.10)
(mz) (A = %)

where m. and m, are the second and third moments about the population

2 3

mean. This formula reduces to
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+ -
o = 2L 2 (3.4.11)
[(6(1 - 81"
where the "+' sign is taken if Ty > Ty and the '~' sign is taken if
ﬂA < Tas provided 6 < 0.5. If ﬁA = ﬂB, skewness is undefined. Kurtosis
was obtained as
m
-3 = 4 o _ (0 - wE) = 3nl(e = 7= w(h = 1%)]
3 Gyr o :
1 - 36 + 382 1 - 66 + 662 )
R G NS Y ) (3.4.12)

where m, and m, are the second and fourth moments about the population

mean. Both skewness and kurtosis are independent of the choice of LN

and w.
B
The values of various population parameters of interest given

particular w B’ and 6 combinations are summarized in Table 3.20. Note

A"
that the intraclass correlation increases as 0(1l - 8) increases. It is

particularly large when the population means Ty and To differ greatly.

Also, p is large when m - A is small. This follows from the relationship

T~ A

)

(3.4.13)

The quantity m - A is smallest for situations where ﬂA and g are at
different extremes of the interval (0,1).

The efficiencies of several heuristic estimates of 7 and A were
examined for selected data configurations exemplifying various degrees of
balance (see Table 3.17). A subset of the results is summarized in
Table 3.21. The mean—of-means estimators T and % are most efficient for
situations when there is substantial clustering (p > 0.25). The estima-

~

tor T is still the most efficient heuristic estimator for m when there is




TABLE 3.20

VALUES OF POPULATION PARAMETERS FOR
SELECTED TWO-POINT DISTRIBUTIONS

Ta g 0 ™ A € n T = A P
0.9 0.1 0.1 0.18 0.090 0.0738 0.0657 0.090 0.3902
0.2 0.26 0.170 0.1466 0.1313 0.090 0.5322
0.4 0.42 0.330 0.2922 0.2625 0.090 0.6305
0.5 0.50 0.410 0.3650 0.3281 0.090 0.6400
0.7 0.3 0.1 0.34 0.130 0.0586 0.0313 0.210 0.0642
0.2 0.38 0.170 0.0902 0.0545 0.210 0.1087
0.4 0.46 0.250 0.1534 0.1009 0.210 0.1546
0.5 0.50 0.290 0.1850 0.1241 0.210 0.1600
0.6 0.2 0.1 0.24 0.072 0.0288 0.0144 0.168 0.0790
| 0.2 0.28 0.104 0.0496 0.0272 0.176 0.1270
0.4 0.36 0.168 0.0912 0.0528 0.192 0.1667
0.5 0.40 0.200 0.1120 0.0656 0.200 0.1667
0.3 0.7 0.1 0.66 0.450 0.3114 0.2169 0.210 0.0642
0.2 0.62 0.410 0.2798 0.1937 0.210 0.1087
0.4 0.54 0.330 0.2166 0.1473 0.210 0.1546
0.5 0.50 0.290 0.1850 0.1241 G.210 0.1600
0.2 0.6 0.1 0.56 0.328 0.1952 0.1168 0.232 0.0584
0.2 ' 0.52 0.296 0.1744 0.1040 0.224 0.1026
0.4 0.44 0.232 0.1328 0.0784 0.208 0.1558
0.5 0.40 0.200 0.1120 0.0656 0.200 0.1667
0.1 0.9 0.1 0.82 0.730 0.6562 0.5905 0.090 0.3902
0.2 0.74 0.650 0.5834 0.5249 0.090 0.5322
0.4 0.58 0.490 0.4378 0.3937 0.090 0.6305
0.5 0.50 0.410 0.3650 0.3281 0.090 0.6400

103
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TABLE 3.21

MOST EFFICIENT HEURISTIC ESTIMATORS FOR SELECTED TWO-POINT DISTRIBUTIONS

Combination of @ and A fstimators

Total Most Efficient Heurtstic Most Efficient Heuristic  that Produces the Most Efficient .
Number of Estimgtor of o Estimator of ) Heuristic Estimator of p
Clusters TA w6 BT ¢ B ] B ] P
24 0.9 0.1 0.2 T:1.0067  1.0050 T:1.0022  1.0017 (7,%):1.0812 1.0830 0.5322
0.5  7:1.0007  1.0006 $:1.0089  1.0066 (7,2) :1.0022 1.0012 0.6400 .
0.7 0.3 0.2  T:1.0424  1.0274 ¥i1.0375  A:1.0316 (1,1) 11,0142 1.0096 0.1087
0.5  7:1.0239 10214 $11.0460  1.0384 (#,3) :1.0060 1.0032 0.1600
0.6 0.2 0.2  T:1.0362 7:1.0305 ¥11.0431  A:1.0297 (7.4) 11,0059 1.0046 0.1270
0.5  T:1.0233  1.0207 A:1.0542  1.0343 (7.%) 11,0056 1.0032 0.1667
0.3 0.7 0.2 7:l.0826  1.0274 A:1.0451  1.0279 (7,1) :1.0026 1.0023 0.1087
0.5  :1.0239  1.0214 T:1.0469  1.0384 (7,) :1,0060 1.0032 0.1600
0.2 0.6 0.2 7:1.0425  1.0274 X:1.0388 1,024 (7,%):1.0095 1.0075 0.1026
0.5 71,0233 1.0207 Ai1.0842  1.0343 (7,1) :1.0056 1.0032 0.1667
0.1 0.9 0.2 7:1.0067  1.0050 X:1.0315  1.0234 (7,3} :1.0380 1.0314 0.5322
0.5  7:1.0007  1.0006 X:1.0089  1.0066 (1,%) :1.0022 1.0012 0.6400
60 0.9 0.1 0.2 7:1.0182  1.0128 Ti.0176  1.0121 (1,%):1.0620 1.0340 0.5322 .
0.5  7:1.0044  1.0033 T:1.0341  1.0231 (7,%):1.0188 1.0104 0.6400
0.7 0.3 0.2 w016l 1.0113 A:1.0114  1.0081 (it,3) 11,0297 1.0172 0.1087
0.5 7:1.0271  1.0185 A:1.0285  1.0190 (T,%):1.0220 1.0129 0.1600
0.6 0.2 0.2 7:1.0200  1.0138 X:1.0062  1.0042 (m,3):1.0252 1.0139 0.1270
0.5  m:1.0291 10198 A:1.0201  1.0138 (m,2) 11,0275 1.0161 0.1667
0.3 0.7 0.2 7:1.0161 10113 A:1.0286  1.0182 (m,1):1.0301 1.0173 0.1087
0.5  7:1.0271  1.0185 X:1.0285  1.0190 (1,1) :1.0220 1.0129 0.1600
0.2 0.6 0,2 m:1,0153  1.0107 11,0253 1.0161 (7,3):1.0428 1.0250 0.1026
0.5  7:1.0291 10198 A:1.0201  1.0138 (w,3):1.0275 1.0161 0.1667
0.1 0.9 0.2 7:1.0182  1.0128 X:1.0846  1.0583 (7, 3):1.0451 1.0294 0.5322
0.5 7:1.0044 1,003 X:1.0341  1.0231 (7,1):1.0188 1.0104 0.6400

1 Sampling scheme corresponds to the total number of clusters as defined in Table 3.18.

2 Ynless otherwise indicated, the most efficient heuristic estimator is the same as in sampling scheme B.
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moderate clustering (0.15 < p < 0.25). However, in these situations of
moderate clustering, i, the degrees—-of-freedom—type estimator, is gen-
erally more efficient than X, the mean-of-means—-type estimator. For
cases when there is little clustering (p < 0.15), Koch's mean ; is the
most efficient heuristic estimator of 7 and i is the most efficient
heuristic estimator of AX.

The efficiencies of several combinations of parameter estimators of
m and A were examined with respect to estimating p and its variance.
Combinations looked at were (m,A), (;,i), (%,X), (%,i), (;,X), and (;,i).
The only combinations which were found to do reasonably well were (t,A),
(%,i), and (%,i). The most efficient combination of 7 and A estimators
with respect to estimation of p are, in general, either (%,X) or (%,i).

~ A

The (w,A) combination is most efficient in situations when N + s < 1.

A A

When 6 < 0.5 and Ty 2 0.70 the combination (m,\) is more efficient than

(m,A). However if 6 > 0.5 and m, > 0.70, then (w,A) is the most effici-

A
ent combination. This means that the intraclass correlation is estimated
most efficiently by degrees-of-freedom-type estimators when the propor-
tion of clusters with a fairly high mean response is less than 0.5. If
the proportion of clusters with a high mean response exceeds 0.5 then a
combination of Koch's mean and the degrees-of-freedom-type estimator for
A provide the best estimate of the variance of p among the heuristic
estimators considered here.

Recall that each of these efficiencies was computed relative to the
weighted least squares variance associated with the parameter w, A or p.

The fact that the variance of each heuristic estimate is greater than its

weighted least squares counterpart provides confirmation of the optimality



106

of the weighted least squares procedure when the number of clusters is
at least moderate (> 16).

3.4.3 Two continuous distributions

The two-point distribution is a discrete distribution which -

assumes that 100 6% of the cluster all have mean Ty and 100(1 - 6)Z of

the clusters all have mean WB» A more flexible framework involves

100 8% of the clusters having mean responses in the range Ty * SA and

100(1 - 0)% of the clusters having mean responses in the range T i-6B.

B

This distribution, which is called the split-uniform distribution, may

be pictorially represented as follows:

1-0

ny 2
* %

(WAf-éA) nA(ﬂA4‘§A)(ﬂB-6B) WB(WB-FSB)

For simplification, &, is set equal to SB. The probability density

A

function of the split-uniform distribution is

0
5% , Mo = S <p < LN + 6
1-09
f(p) = 55 Ty -8 <P My +s
L o, elsewhere. (3.4.14)

The parameters m, A, &, and n (which are the first four moments of the

distribution under consideration) can be expressed as functions of Ty

WB, 6 and §:
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Ty + (1 - G)WB,

1
. 2 - 2 2
A=298 Ty + (1 e)nB 4 36 .

£ =06 "nA3 + (1 - s)wB3 + &2,

- o - b oy 9821 2 - 27 4 Lgb.
and n 6 Ty + {1 e)nB + 28 [eﬂA + (1 G)ﬁB ] 56.

(3.4.15)
Note that when & = 0, this distribution degenerates to the two~point
distribution. By specifying Tys Tge 6 and § the above equations may be
solved. Table 3.22 summarizes the properties of the population quanti~
ties of interest for selected combinations of Ty> Tgo 6 and 8. The
parameter values for the split-uniform distribution are very close to
those for the two-point distribution. The efficiencies of the heuristic
estimators relative to the optimal weighted least squares estimates are
also analogous to their two-point distribution counterparts, as seen from
Table 3.23.

Another continuous distribution that was examined is the beta dis-
tribution. This distribution has been used to analyze attribute data in
several contexts (e.g., Williams, 1975; Segreti and Munson, 1981). The
probability density function of the beta distributions with parameters o

and B is

o B-1
_p (-9
f(P) = B(OL,B) 3 (3‘4.16)

where B(a,B) is the beta function with parameters o and 8, both > 0. The
parameters m, A, £, and n are derived as the first four moments of this

distribution:



TABLE 3.22

VALUES OF POPULATION PARAMERERS FOR
SELECTED SPLIT-UNIFORM DISTRIBUTIONS
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T Ty G $ T A £ n ™= A P
0.9 0.1 0.2 0.05 0.26 0.1708 0.1472 0.1322 0.0892 0.5366
0.10 0.26 0.1733 0.1492 0.1347 0.0867 0.5496
0.5 0.05 0.50 0.4108 0.3662 0.3302 0.0892 0.6433
0.10 0.50 0.4133 0.3700 0.3363 0.0867 0.6533
0.7 0.3 0.2 0,05 0.38 0.1708 0.0912 0.0554 0.2092 0.1122
0.10 0.38  0.1733  0.0940 0,0579 0.2067 0.1228
0.5 0.05 0.50 0.2908 0,1862 0.1256 0.2092 0.1633
0.10 0.50 0.2933 0.1900 0.1299 0.2067 0.1733
0.6 0.2 0.2 - 0.05 0.28 0.1048 0.0503 0.0277 0.1752 0.1311
0.10 0.28 0.1073 0.0524 0.0293 0.1727 0.1435
0.5 0.05 0.40 0.2008 0.1130 0.0666 0.1992 0.1701
0.10 0.40 0.2033 0.1160 0.0696 0.1967 0.1806
0.3 0.7 0.2 0.05 0.62 0.4108 0.2814 0.1953 0.2092 0.,1122
0.10 0.62 0.4133 0.2860 0.2019 0.2067 0.1228
0.5 0.05 0.50 0.2908 0.1862 0.1256 0.2092 0.1633
0.10 0.50 0.2933 0.1900 0.1299 0.2067 0.1733
0.2 0.6 0.2 0.05 0.52 0.2968 0.1757 0.1055 0.2232 0.1059
0.10 0.52  0.2993 0.1796 0.1099 0.2207 0.1159
0.5 0.05 0.40 0.2008 0.1130 0.0666 0.1992 0.1701
0.10 0.40 0.2033 0.1160 0.0696 0.1967 0.1806
0.1 0.9 0.2 0.05 0.74 0.6508 0.5852 0.5282 0.0892 0.5366
0.10  0.64 0.6533  0.5908 0.5379  0.0867  0.5496
0.5 0.05 0.50 0.4108 0.3662 0.3302 0.0892 0.6433
0.10 0.50 0.4133 0.3700 0.3363 0.0867 0.6533
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TABLE 3.23

MOST EFFICIENT HEURISTIC ESTIMATORS FOR SPLIT-UNIFORM DISTRIBUTIONS

' Combination of m and A Estimators
Most Efficient Heuristic Most Efficient Heuristic  that Produces the Most Efficient

;mglr of n 8 5 Estimator of T Estimator of A Heuristic Estimator of p
Clusters A '8 BX 14 B D B D P
24 0.9 0.1 0.2 0.05 7:1.0061  1.0046 T:1.0020  1.0016  (7;%):1.0812 (n,h) :1.0627 0.5366
0.10 ¥:1.0046  1.0036 X:1.0015  1.0013  (7,X):1.0570 1.0471 0.5496
0.5 0.05 7:1.0007  1.0006 T:1.0080  1.0060  (7,):1.0088 1.0033 0.6433
©0.10 F:1.0006  1,0006 5:1.0058  1.0045  (r,%):1.0239 1.0138 0.6533
0.7 0.3 0.2.0.05 7:1.0433 7:1.0280 ¥:1.0367  1.0323  (1,1):1.0126 1.0087 0.1122
0.10 7:1.0382 7:1.0299 $:1.0346  1.0304  (m,A):1.0094 1.0070 0.1228
0.5 0.06 ¥:1.0232  1.0208 X:1.0453 10372 (n,n):1.0040 1.0022 0.1633
0.10 7:1.0213  .1.0191 ¥:1.0409  1.0338  (r,%):1.0007 1.0004 0.1733
0.6 0.2 0.2 0.05 7:1,0344  1,0300 Y:1.0825 2:1.0302  (m,1):1.0047 1.0039 0.1311
0.10 7:1.0297  1.0262 ¥:1.0408 A:1.0317  (7,1):1.0025 1.0026 0.1435
0.5 0.05 7:1.0226  1.0201 A:1.0847 1,036 (7,%):1.0037 1.0021 0.1701
0.10 ¥:1.0208  1.0185 :1.0564  1.035€  (r,%):1.0005 1.0005 0.1806
0.3 0.7 0.2 0.05 7:1.0433 7:1.0280 %:1.0486  1.0283  (n,n):1.0016 1.0018 0.1122
0.10 7:1.0382 1:1.0299 A:1.0478  1.0297  (mA):1.0002 1.0010 0.1228
0.5 0.05 7:1.0232  1.0208 T:1.0883  1.0372  (1.1):1.0040 1.0022 0.1633
0.10 #:1.0213  1.0191 ¥:1.0409  1.0338  (r.1):1.0007 1.0004 0.1733
0.2 0.6 0.2 0.05 7:1.0434  1.0280 1:1.0387  1.0284  {m,1):1.0081 1.0068 0.1059
0.10 7:1.0832 7:1.0298 1:1.0393  1.0250  (r,\):1.0055 1.0055 0.1159
0.5 0.05 7:1.0226  1.0201 A:1.0547  1.0386  (7,7):1.0037 1.0021 0.1701
0.10 7:1.0208  1,0185 %:1.0564  1.0358  (m,\):1.0005 1.0005 0.1806
0.1 0.9 0.2 0.05 7:1.0061  1.0046 T:1.0281  1.0212  (r.):1.0399 1.0320 0.5366
0.10 7:1.0046  1.0036 T:1.0199  1.0166  (r,0):1.0506 1.0366 0.5496
0.5 0.05 w7:1.0007  1.0006 T:1.0080  1.0060  (n,%):1.0088 1.0033 0.6433
0.10 ¥:1.0006  1.0006 T:1.0058  1.0085  (1,0):1.0239 1.0138 0.6533
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TABLE 3.23 (continued)

MOST EFFICIENT HEURISTIC ESTIMATORS FOR SPLIT-UNIFORM DISTRIBUTIONS

Combination of m and X Estimators

Total X Most Efficient Heuristic Most Efficient Heuristic  that Produces the Most Efficient
Number of T 9 5 Estimator of m Estimator of A Heuristic Estimator of p
Clusters A B gT 0¢ ] ] B [} p
60 0.9 0.1 0.2 0.05 T1.0173  1.0122 %0176 10121 (7, 3):1.0525 1.0343 0.5366 g
0.10 T:1.0150  1.0106 %:1.0176  1.0121  (m, A):1.0545 1.0359 0.5496
0.5 0.05 :1.0043  1.0032 $:1.0330 1.0224  {m 2):1.0209 1.0118 0.6433
0.10  m:1.0040 1.0030 x:1.0301 1.0204 (%,i):l.ozm 1.0164 0.6533
0.7 0.3 0.2 0.05 ml.0163  1.0118 MLOIL7 1.0083 (7 4):1.0279 1.0161 0.1122
0.10  m1.0191  1.0132 MLLO128 10092 (71):1.0230 1.0131 0.1228
0.5 0.05 71,0279  1.0190 A:1.0290  1.0194  (m3):1.0204 1.0119 0.1633
0.10  7:1.0306  1.0208 A:1.0305  1.0204  (m3):1.0160 1.0092 0.1733
0.6 0.2 0.2 0.05 7:1,0209  1.0144 A:1.0054  1.0064 (g, 3):1.0243 1.0133 0.1311
0.10 710236 1.0162 A:1.0060  1.0050 (. %) :1.0218 1.0118 0.1435
0.5 0,05 1:1.0300  1.020 A:1.0203  1.0140  (7,%):1.0259 1.0151 0.1701
0,10 m:1.0329 1.0224 2:1.0209 1.0145 (7.3):1.0216 1.0124 0.1806
0.3 0.7 0.2 0.05 m:1.0169  1.011i8 A:1.0290  1.0184  (n,%):1.0284 1.0162 0.1122 .
0.10  m1.0214  1.0147 A:1.0301 1.0192 (7. %):1.0235 1.0132 0.1228
0.5 0.05 1:1,0279  1.0190 Ai1.0200  1.0194  (m,h):1.0204 1.0118 0.1633
0.10  m:1.0306  1.0208 A:1.0305  1.0204  (m3):1.0160 1.0092 0.1733
0.2 0.6 0.2 0.05 1:1.0160  1.0112 A1.0251  1.0160  (g3):1.0403 1.0235 0.1089
0.10 11,0182  1,0127 11,0248 1.0158  (m,%):1.0336 1.0194 0.1159
0.5 0.05 7:1.0300 1,020 Ai1.0203  1.0140  (m,2):1.0259 1.0151 0.1701
0.10  m:1,0329  1.0224 11,0209 1.0145  (7,%):1.0216 1.0124 0.1806
0.1 0.8 0.2 0,05 %:1.0173  1.0122 X:1.0812  1.0878 (. 3):1.0459 1.0299 0.5366
0.10 T:1.0150  1.0106 R:1.0713 1.0490 {7, 3):1.0485 1.0318 0.5496
0.5 0.05 -:1.0043  1.0032 F:1.0330  1.0224  (7,3):1.0209 1.0118 0.6433
0.10  F:1.0040  1.0030 X:1,0301  1.0206 (7, 0):1.0276 1.0164 0.6533

1 Sampling scheme corresponds to the total number of clusters as defined in Table 3.18,
Unless otherwise indicated, the most efficient heuristic estimator is the same as in sampling scheme B.
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o
TS e +8°
) = ala + 1)
T (o +B)la+B+1)
£ = alo + 1) (a + 2)

(a +B)(o+B + 1)(a+8+2)°

afo + (o + 2)(a + 3)

"G+ +p+LD@+B+2)(@+8+3)°

- o8
and A (3.4.17)

The variance of this distribution is

oB

N
g% = X~ DR CEEED) (3.4.18)
The parameters o and B may be written in terms of u(= m) and 62:
(o4 =u [.E._(_]‘_ES_.Q__L)_ l}
1 -
B = (1 - u)[&p—y—l- 1_3 . (3.4.19)

If p and 0% are specified by the formulations of the two-point distribu-

tion in terms of w,, 7, , and 6:

A B
4"
p=x=20 Ty + (1 - G)NB
N av]
62 = A -~ 12 = 8(1 - 8)(m, - ﬂB)Z (3.4.20)
then £ and n may be determined as
g _ Lo+ 2) v
(o + 8 + 2)
N v
and yoloet3d ¥ (3.4.21)

(o + B + 3)
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The values of & and n will differ somewhat from their two-point distribu-
tion counterparts because the beta distribution has only the two param-
eters o and B while the two-point distribution has three parameters:

i and 6. -

A’ TrB’
The numerical properties of selected beta distributions as defined

by = and 0 combinations are summarized in Table 3.24. The values

NI &
of population parameters closely parallel those of the two-point distri-
bution. Moreover, as seen from Table 3.25, the relative efficiencies of
the various heuristic estimators are similar to those in the two-point
framework.

The consistency of results across distributions lends support to .

the notion that the assumption of the simple two—-point distribution to

characterize clustered attribute data is adequate for many purposes.
More complex distributions do not shed substantial additional light on

estimation of 7 and p, at least based on the numerical work done here.




TABLE 3.264 113
VALUES OF POPULATION PARAMETERS
FOR BETA DISTRIBUTIONS
Beta
Distribution
Parameters

n, n,
- A o} o B

32

3"
i

>

) ") N
"o g ® 3 n

0.90 ©¢.10 0.1 0.18 0.090 0.0576 0.0414 0.090 0.39%02 0.28 1.28
0.2 0.26 0.170 0.1316 0.1095 0.090 0.5322 0.23 0.65
0.4 0.42 0.330 0.2866 0.259% 0.090 0.6305 0.25 0.34
0.5 0.50 0.410 0.3650 0.3362 0.090 0.6400 0.28 0.28
6.70 06.30 0.1 0.34 0.130 0.0545 0.0247 0.210 0.0642 4.96 9.62
0.2 0.38 0.176 0.0853 0.0466 0.210 0.1087 3.12 5.09
0.4 0.46 0.25C 0.1512 0.0984 0.210 0.1546 2.52 2.95
0.5 0.50 0.290 0.1850 0.1261 0.210 0.1600 2.63 2.63
0.60 0.20 0.1 0.24 0.072 0.0253 0.0100 0.168 0.0789 2.80 8.87
0.2 0.28 0.104 0.0460 0.0229 0.176 0.1270 1.93 4.95
0.4 0.36 0.168 0.0912 0.0547 0.192 0.1667 1.80 3.20
0.5 0.40 0.200 0.1143 0.0714 0.200 0.1667 2.00 3.00
0.30 0.70 0.1 0.66 0.450 0.3155 0.2265 0.210 0.0642 9.62 4.96
0.2 0.62 0.410 0.2847 0.2055 0.210 0.1087 5.09 3.12
0.4 0.54 0.330 0.2188 0.1538 0.210 0.1546 2.95 2.52
0.5 0.50 0.290 0.1850 0.1261 0.210 O0.1600 2.63 2.63
0.20 0.60 0.1 0.56 0.328 0.1996 0.1256 0.232 0.0816 9.02 7.09
0.2 0.52 0.296 0.1804 0.1159 0.224 0.1357 4.55 4,20
0.4 0.44 0.232 0.1371 0.0877 0.208 0.1901 2.38 3.03
0.5 0.40 0.200 0.1143 0.0714 0.200 0.1964 2.00 3.00
0.10 0.9 0.1 0.8 0.730 0.6724 0.6309 0.090 0.3902 1.28 0.28
0.2 0.74 0.650 0.5984 0.5632 0.090 0.5322 0.65 0.23
0.4 0.58 0.490 0.4434 0.4129 0.090 0.6305 0.34 0.25
0.5 0.50 0.410 0.3650 0.3362 0.090 0.6400 0.28 0.28
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TABLE 3.25

MOST EFFICIENT HEURISTIC ESTIMATORS FOR SELECTED BETA DISTRIBUTIONS

Combination of and Estimators

Total Most Efficient Heuristic  Most Efficient Heuristic  that Produces the Most Efficient -
Number of .. o 9 Estimator of Estimator of A Heuristic Estimator of o
Clusters A Bl [} ] ] B D P
24 0.9 0.1 0,2 7:1.0016 1.0014 %:1.0048 1.0042 (@,x):1.0288 1.0260 0.5322
0.5  7:1.0007 1.0006 ¥:1.0023 1.0020 ®,X):1.0227 1.0207 0.6400 .
0.7 0.3 0.2 w:1.0358 1.0233 X:1.0331 1.0213 @ 2):1.0014 1.0010 0.1087
0.5  7:1.0239 1.0214 % 11.0377 1.0323 (1) :1.0042 1.0033 0.1600
0.6 0.2 0.2 7:1.0323 w:1.0280 A:1.0310 1.0207 {7 %) :1.0001 1.0007 0.1270
0.5  W:1.0225  1,0202 1:1.0396  1.0338  (7,1):1.0056 1.0041 0.1667
0.3 0.7 0.2 7:1.0358 1.0233 A 11,0470 1.0286 (x.2):1.0014 1.0010 0.1087
0.5  7:1.0239 1.0214 X:1.0377 1.0323 (1) :1.0042 1.0033 0.1600
0.2 0.6 0.2  5:1.0332 1.0217 A 11,0395 1.0245 {ra):1.0014 1.0010 10,1026
0.5  7:1.0225 1.0202 X:1.0397 1.0338 {742 ):1.0086 1.0041 0.1667
0.1 0.9 0.2 7:1.0016 1,0014 X :1.0035 1.0030 (.X):1.0288 1.0260 0.5322
0.5  7:1.0007 1.0006 X :1.0023 1.0020 (r.3):1.0227 1.0207 0.6400
60 0.9 0.1 0.2 7:1.0091 1.0068 X:1.0513 1.0351 f1.0):1.0297  (7,1):1.0212 0.5322
0.5  7:1.0044 1.0033 ¥ :1.0264 1.0180 (1.1 ):1.0499 1.0342 0.6400
0.7 0.3 0.2 7:1.0144 1.0100 X :1.0140 1.0089 G ) :1.0453 1.0260 0.1087
0.5  :1.0271 1.0185 A:1.0272 10182 (3.0):1.0151 1.0082 0.1600
0.6 0.2 0.2 1:1,0187 1.0129 X 11,0096 1.0059 (1 ):1.0500 1.0281 0.1270
0.5 T,1.0288 1.0196 A :1.0183 1.0128 G2 ):1.0149 1.0080 0.1667
0.3 0.7 0.2 7:1,0144 1.0100 X 11.0287 1.0181 (o ) 11,0477 1.0273 0.1087
0.5 7:1.0271 1.0185 A:1.0272 1.0182 (n.1):1.0151 1.0082 0.1600
0.2 0.6 0.2 m:1.0130 1.0090 X:1.0214 1.0136 fm.1):1.0445 1.0257 0.1026
0.5 7:1.0288  1.0196 A:1.0183  1.0128  (7,0):1.0149 1.0080 0.1667
0.1 0.9 0.2 7:1.0091 1.0068 X :1.0345 1.0237 (1.2):1.0299 1.0212 0.5322
0.5  7:1,0044 1.0033 T :1.0264 1.0180 (5 ,2):1.0499 1.0342 0.6400

1 Sampling scheme corresponds to the total number of clusters as defined in Table 3.18.




CHAPTER IV

THE TWO-STAGE NESTED DESIGN WITH TWO TREATMENTS PER CLUSTER

4,1 Introduction

In Chapters IT and IIL discussion centered on the two-stage nested
design with one treatment (or sub-population) per cluster. The method-
ology presented there is now extended to the case of two treatments (or
sub-populations) per cluster. There are three possible settings in this
framework. Bach of these settings involves random selection of clusters
from some pre-defined population of clusters. They differ in the nature
of the observations and the way the observations are drawn from the clus-
ters. In setting (1), after a fixed number of observational units are
randomly drawn from each cluster, they are randomly allocated to each
treatment. In setting (2), a fixed number of observations are randomly
dravn from sub-population 1 (for example, all males) in each cluster and
a fixed (usually equal) number of observations are randomly drawn from
sub-population 2 (for example, all females) in each cluster. 1In setting
(3), a fixed number of observations are first randomly drawn from each
cluster and then classified as falling into sub-population 1 or.sub-
population 2. Clearly, the numbers of observations classified into each
sub-population might not be equal in this setting.

The basic data structure in each of these settings involves one type
of psu (cluster) and two types of ssu's (treatments or sub-populations).
In a sample survey, for example, men and women (sub—populations) in

neighborhoods (clusters) may be asked if they have liberal political
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views or not. Alternatively, two types of interviewing methods (treat-
ments) may be applied to sets of subjects (units) in neighborhoods
(clusters). Similarly, animals within litters (clusters) may receive
one of two drugs to assay relative poténcy.

The conceptual framework for problems of this type is similar to
that presented for the one treatment per cluster situation. However,
because there are multiple treatments within a cluster, additional
parameters need to be defined. A detailed examination of this problem

is, therefore, warranted.

4.2 Theoretical Framework

In this section, the theoretical frameworks associated with settings

(1) and (2) described in section 4.1 are developed. Because of the
unbalanced nature of setting (3), its theoretical framework is not dis-

cussed here. However, the procedures for analyzing unbalanced data

outlined in section 4.5 would apply to this setting. Consider setting (1)

described above where there is a finite population of N clusters. In each

of these clusters there are D potential observations for treatment 1 and
D potential observations for treatment 2 so that there are 2D poteantial
observations for the D units in each of the N clusters. Each observa-
tional unit in the population has a potential resvonse to each treatment
(although at most one of these responses is actually observed in a
sample). Suppose that n clusters are randomly sampled without replace-
ment from this population of N clusters. TFrom each sampled cluster, 2¢
observational units are drawn at random and then randomly allocated to
the two treatments so that c receive treatment 1 and ¢ receive treatment

2.
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The population of clusters for setting (2) is also viewed as
finite. Let each sub-population within a cluster have D observations so
that there are 2D observations within each of the N clusters. Suppose
that n clusters are randomly sampled without replacement from the popula-
tion of N clusters. PFurther suppose that c observations are drawn at
random from the D observations of sub-population 1 in each sampled
cluster and ¢ observations are drawn at random from the D observatiouns
of sub-population 2 in each sampled cluster. Thus, there are 2c¢c observa~
tions in each of the n sampled clusters.

The sampling framework of primary interest in both of these settings
is when D+~ and N»w~,., For reasons discussed in Chapter IT, the framework
corresponding to sampling without replacement from a finite population is
formulated initially, and then the case where D and N tend to infinity is
examined.

Depending on the setting, let

1, if the jth observation receiving treatment h in
the ith cluster has the attribute under study,

Yhij

0, otherwise.

1, if the jth observation in the hth sub-population
- - of the ith cluster has the attribute under study,
hij

0, otherwise,

where h = 1,2; 1 = 1,2,...,0;3 j = 1,2,...,c. The model of interest for
setting (1) is formulated from the following definitions:

E{yhi.} =m = Pr(an observation receiving treatment h
J in a randomly selected cluster has the
attribute),

E{y,.. ¥...+} = A= Pr(two distinct observations receiving
hij “hij
treatment h in a randomly selected clus-
ter both have the attribute),
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E{ylij yZij'} = ¢ = Pr(two observations rgceiving
different treatments in a
randomly selected cluster
both have the attribute),

= Ehh“ = Pr(two distinct observations
receiving treatment h and
another treatment h' in a
randomly selected cluster all
have the attribute),

and

} = Pr{two distinct observations
receiving treatment h, a
third receiving treatment h',
and a fourth receiving treat-
ment h'' in a randomly
selected cluster all have the
attribute).

E{yhij Yhij' yh'ij" yh"ij"' = nhh’h"

(4.2.1)

The model of interest corresponding to setting (2) has a similar

formulation with the words ''receiving treatment h" replaced by "in sub-
population h" and "receiving different treatments' replaced by "in dif-
ferent sub-populations” in the above definitions. Note that with respect

to the parameter & h can equal h' so the possible parameters are

hh'’

E..5 & Similarly, with respect to n TREE since there

12° 5p1 @nd £,9-

are only two treatments (or two sub-populations) under consideration,

i1 hh

two of the subscripts must be the same. So the unique n parameters are
N1 n112’ Ny99: n221, and UYL These parameters apply across all
clusters. Counterparts of these parameters for each cluster can be
defined as conditional expectations: Toi? Ah&’ ¢L’ ghh'i* and Mh'h' i

In both settings (1) and (2) the mean response associated with .

treatment (or sub-population) h for the {th cluster in the population is

h=1,2, (4.2.2)

™Mo

yhij’

O

hd

’

i=1
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while the overall mean response associated with treatment (or sub-

population) h is

=2

kil

™

T . . (4.2.3)

Y 3
h N ;2 hi

The mean response in cluster 4 cau be defined as

1
T,: =

Moroe (L.2.4)
£y 8 h

1 ht

o

Similarly, the overall mean response in the population may be denoted as

1
Ty = 5

*4 2N

b (4.2.5)
=1 h 4

ki

h/(: .

1y
h N .

2

7 =% L 1w =
Analogous to the single treatment/one population framework, the
parameter Xhi corresponds to the probability that two distinct observa-
tions in the Ath cluster both respond to (or have the attribute as a
consequence of receiving) treatment h. (In setting (2) Ahi may be
interpreted as the probability that two observations in the same sub-
population of a cluster both have the attribute.) Adopting a sampling
without replacement perspective, Ahé has the form

- -
1-m .

L hil (4.2.6)

A, =———o 3 T T T -~ 2
hi ~ D(D-1) P4 i nig Wh&éfh& D - 1

In either setting the corresponding overall joint probability is
N
oA, . (4.2.7)

The probability that an observation receiving treatment 1 and an observa-
tion receiving treatment 2 in the {th cluster both respond is denoted by
¢i’which can be expressed as

z s — S
1 J yl&jYZLJ Dﬂl&“ZL
Vi 245 T "Li"2s T D(O-1) - (4.2.8)
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In setting (2), q;/é represents the probability that two cobservations in

different sub-populations of the ALth cluster both have the attribute:

(4.2.9)

as
(4.2.10)

Expressions for the cluster—specific parameters ghh”i and nhh'h"i
are similarly derived for these settings. Table 4.1 summarizes the
parameter formulations and gives simplified expressions for them in the
infinite case (D+= and N»»). 1In the infinite case, these parameters
have integral representations as given in Table 4.1, where f(ph) is the

density of w and f(p,,p,) is the joint density of 7w . and 7w .. For
7 1°%2

hi £ 24

purposes of convenience, since the expressions for the parameters in
the infinite case are the same regardless of the setting, the remainder
of this chapter will focus on the setting involving treatments. However,
all formulations apply equally well to the setting involving sub-
populations.

Other parameters of interest are the treatment-specific intraclass
correlation coefficients and the intraclass cross~correlation coefficient
(cf., Harris, 1913) defined as the correlation among different subunits

of the same cluster receiving different treatments:

kh - ﬂhz
S i W N (4.2.11)
h ﬂh(l ﬂh)
¢ - mw.u
and = 12 . (4.2.12)

P12

Jo (1 = i
vwl(l ﬂl)ﬂz(l ﬂz)
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These parameters are measures of the strength of clustering in a set of
data and are, therefore, of interest in the study of clustered data
structures.

Various inequalities among the population parameters are of interest
in establishing bounds. They are also important with respect to estima~
tion of certain variance-covariance matrices which are used in weighted
least squares procedures discussed in section 4.5. Some of these
inequalities are essentially identical to those that were derived in
Chapter II; others are specific to the two treatment per cluster situa-
tion. These parameter inequalities are summarized in Table 4.2, Some
quantities may be shown to be non-negative directly; other inequalities
are established by the Cauchy-Schwarz inequality.

With the specification of all the constraints as determined from

Table 4.2, bounds for the parameters are established:
T, > AL > 2,

> >
2 hg 2T
1 9%
2y} > ¢ 3_Wlﬂ2 - {(Al - wlz)(AZ - ﬂzz)}2 ,
12 %11 2 Mt

22 890 2 g2

oYY
ro
M
I

M 2By 2Ny 280
and Ny 2 Epp 2 Mg 2 905
with the remaining inequalities providing consistency checks and bounds
for the parameters nllZ and UPYSE These inequalities are valuable in
assessing positive semi-definiteness of various matrices discussed in
section 4.5 as well as providing a diagnostic framework for adjusting

negative variance component estimates to zero.
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4.3 The Completely Balanced Design

The balanced case of the two-stage nested design with two treatments
per cluster may be viewed as a generalized randomized blocks design where
two treatments are applied within each block. As for the one treatment
per cluster situation, a two-stage random sample of n clusters contain-
ing 2c observations is considered where the population of clusters is of
size N, the population of (potential) observations is of size D, and both
N and D tend to infinity. There are c subjects randomly allocated to each
treatment within each block (or cluster). Unbiased sample estimators for

the basic parameters in the balanced case are

n —
Loy Loy
~_d=1 §=1 h13_1=1hi=~ b= 1.2
h nc n yvh.. > PR ]
n C C
r I I . b 2.
R R e e M )
h nc(c ~ 1) ~ ne(e - 1) ’ h=1,2,
n c c L
z z z z . .
A 1=1 §=1 §'=1 y113y213 i y11°y21°
b = nc? B n ?
n cc ¢ ; X
LoLI L oy VoY 2y 0 -3y %42y
% A=l gAY hij hij' hij i hi 5 hi h
hh ne(e = 1) (e - 2) ne(c - 1) (c - 2) ?
h=1,2,
n ¢¢c¢ C
I I z MR A .
. i1 g497=1 gr=y PETRAS RS v
ghh' B nc“(c - 1) ’ b #h' h=1,2,
n cc ¢ c
I I = % . . .. . . .
- 1=1 §41'41" 4yt 0i7RigVhigt Thig e
= h = 29
"hhh nclc - D (e = (e = 3) ’ L
n cc ¢ ¢
L L L I z . ]
- 1=1 343437 30r0 ohi37Ri TRy Yhragr
= | —_
nhhhl nCZ(C — l)(C _ 2) ’ h # h Py h = 1,2,
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8 C C C C
I L % % T .
~ A ~ i=1 Jf]' jn¢ivvtyllJyliJ'yZiJ“y21J”'
R e L E ncZie - 1DZ .

(4.3.1)
The observations y, .., may be written in terms of the 7 parameters
- hij

as a consequence of the two-stage random sampling process:

= 7 + (ﬂh - 7) + (w*i -7 + (ﬂhi =M T Ty + ) + (yhij - Wh,).

Yhij i

(4.3.2)

Here, m, ﬂh, Tai? and w are the population parameters associated with

hi
the sampled observations yhij' The quantity (Wh -~ 7) is the fixed effect
due to treatment h, {W*i - w} is the random effect due to cluster i,

{ﬁhi ST Ty 4+ 7} is the random effect associated with the hth treat-

ment and ith cluster, and {yhij - Whi} is the random subsampling residual.

Note that

]
o

- )

and i(whi m T Ty + ) = Q, for all 1.

The characterization in (4.3.2) of the sampled observations yhij may be

rewritten as

= €
Yhij Wt a, + ( a)hi + ehij, (4.3.3)

with the obvious equivalences such as t, = (7, - 7) and a, = (ﬂ*i - ).

h - h

Certain functions of the population parameters are worth noting here.

Let

2
T, - T
£t 2 =% Z(ﬂh - 1)2 = L¥L~—-24 , (4.3.4)

z
h h h

- 2 2 -
(Al ™ ) + (AZ m )+ 2(9 ﬂlﬂz)
4 >

(4.3.5)

1 2 -
a_ﬁ,ﬂ*'j.—ﬂ-) -

&~
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(A, - 1.2 + (A, - n. %) - 2(¢ = w_n,.) .
g 2 = %ﬁ L Z(n i ”h = Maf + )2 = L 1 Z i 2 1 2 »
ta h A h
(4.3.6)
(rm, = A + (v, = AY)
2 1 9 1 2 2
o} === 1 L I(y, ., - T ;)¢ = . (4.3.7) -
e 2ND h A § haq hA 2
m, + w, |2
and w2 = 7% = 1 5 ZJ . (4.3.8)

Under a two—-stage random sampling process with replacement, the random
components in (4.3.2) have zero expectations and their squares have
expectations equal to the population parameters in (4.3.5) - (4.3.7) so

that

E{(ﬂ*i - )2} E{aiZ} = oaz,

E{(ﬂhi =M T + )2}

21 = 2
b E{(ta) . b =0 <,

ta

and E{(yhij - ﬁhi)z} = E{ehijz} = cez. (4.3.9)

The sums of squares associated with the two-stage sampling process with
two treatments applied within each cluster may be expressed in terms of
the population parameter functions of (4.3.4) - (4.3.8). Table 4.3 sum—
marizes these relationships in an analysis of wvariance table for the two-
stage sampling process with two treatments applied to each psu. This
analysis of variance is identical to that for the classical two-stage
nested mixed effects model having the form (4.3.3) where p is a general
mean, the ai are IID random cluster effects with mean 0 and variance 082,
the {(ta)hi} are identically distributed random effects with mean 0 and
variance © az subject to the constraint Z(ta)hi = 0 with {(ta)hi} inde~

t
h
pendent of {(ta)hi,} for i#i', the {ehij} are IID random subsampling

residuals with mean 0 and variance Oez, the {th} are fixed treatment
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TABLE 4.3

ANALYSIS OF VARIANCE FOR THE TWO-STAGE NESTED
DESIGN WITH TWO TREATMENTS PER CLUSTER

Source of

Degrees of

Variation Freedom Sum of Squares Estimated Mean Square
Mean 1 2nc§?.° Gez + 2cca2 + 2ncp?
Between 2 _ 2
treatments 1 nc L (yh‘. - y_..)z cez + 2cota2 +nc Lt ?
h=1 h=1
Among no_ _
clusters n-1 2¢ 2 (y ., -y )2 G 2 + 2co ?
R .1. LI e a
i=]1
Treatment by n~1 cZi(y,, -3y 6 %2 4 2¢co 2
. ., “hi- hee e ta
cluster (inter- h i

action)

Subject with

-y, +ty.. D2

L LAY

in

- - v 2 2
treatment by 2n{c-1) b % §(yhij yhi') o,
cluster hij
(residual)
Total - 5
(corrected for 2nc-1 DD (yhi' -y...)

. . j

the mean) hij

effects having the constraint X ¢

are assumed
Since

finite, best

are obtained

and Hultquis

= t
L, 0, and the {2}, {( a>hi} and {ehij}

to be mutually independent.

the design is balanced and the third and fourth moments are
quadratic unbilased estimators of the variance components

by equating the mean squares to their expectations (Graybill

t, 1961). Thus

2 n c _ )
5L I (y Y. )
, _h=1 i=1 3=1 D4 7hi "y
= = g R
e 2n(c - 1) e
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2 n o _ _ _ 5
¢ X ‘Z (yhi' T Vhee T Y ty..)
s 2 = h=1 i=1
ta n-1
- i R - 2
_c !(yl:'v Ypi. = V1. T Y. C 2y N2
T op-1 7 L 2 e ta °?
i
n - -
2C Z (ynio - yaoo)z
2 . i=1 - 2 )
S, S Ge + 2coa ’
2 R 2 _
s 2 =nc ¥ (y -y Yr=02+ ZCg\ 2 4 pez th
T . hon R e td
h=1 h=1
2 - T 2.2 S "2
and sy T 2ncy , “ = 9, + 2c0,° + 2ncu” . (4.3.10)

The sampling process expectations of these quadratic forms can be

expressed in terms of the o Ah and ¢ parameters by direct derivations:

E(sez)

]

L - - =g ?
sL(r, = A + (1, = AT =0 2,

=
~
1]
N
~
i

1
ta 2[(”1

- kl) + (ﬂz - Xz)}
L - 2 - 2y - -
+ 2[(?xl m ) + (Xz m, ) 2(¢ ﬂlﬁz)]

- 2 2
= ¢ + 2co
e ta

2y o L - -
B(s ?) = BL(n] - 2D + (1) = 1)1

iy - o 2 - 2 _
+ 2[(Al U ) + (Az Ty ) + 2(¢ ﬂlwz)]

- 2 2
= Oe + 2c0a s

E(s ?) = B(m = A + () = 2]

< o 2 o 2y - . nc - 2
+2[(>tl ﬂ1)+(2s2 u Z 2(¢ Wlﬂz)]-rz(wl Trz)
2
2 2 2
o + 2co 4+ ne T ot “,
e ta h=1 h
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and

7 2y = S - < - 2 - 2
E(SM ) = %[(ﬂl Al) + (Wz -AZ)] + ZL(Al Ty ) + (AZ T, ) + 2(¢ - nlnz)]

2
+ -rizg(vrl + Trz) = cez + 20042 + 2ncp? . (4.3.11)
1t follows that _
_z 2
S ~ , : ii Ohis ™ Tnio)
1. - - = ==
2[(’”1 kl) + ('rr?_ kz)} S, e = D) ,  (4.3.12)
N PaN Staz + Sa2 - Zse2
B - 'n‘12> + (A, = T, = 5o , (4.3.13)
2 2
PN s - 8
4= mom, = —?—g———t—a— , (4.3.14)
N 2(St2 - Staz)
(my - wz)z = — (4.3.15)
N\ 2(SM2 -5 2)
and (ﬂl + ﬂz)z = s a (4.3.16)

Note that the ANOVA expressions (4.3.12) and (4.3.13) give averages of
parameter functions which are of interest rather than the parameter

functions themselves; for example,

1 — — p — —_
6[(ﬂl Al) + (ﬂz Az)] rather than T Al or m, AZ’

Li(h - o 2 .2 o2 o2
and 2[(Xl ™ ) + (Az T, )] rather than Xl m, & or Az L

' s - - 2
The BQUE's of the parameter functions (ﬂh Ah), (Ah m ), and

¢ - Wlﬂz) are given by
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2 . ” 2
PN i (yhl' yh' ) i % (th] yh1°)
(, - w?) = N , ho=1,2,
h h n~-1 c(c - 1)
A i(yli yl,,)<y21, - yzo,)
and (¢ - 'rrlﬂ'z) = — (4.3.17)

2

The quadratic function s < may be written as
a

2c Z(§ - § )2 i= = - - -
e e o % 0 H ’ i !
A T 2¢ AV14e T 240 Vi 7 Yz..E

fa T n-~1 T n-1 ?3 2 - 2
it

- - v (v i 2
Ze i[(ylie yl..) ! (Y2i° yz.o)]

4{n ~ 1)

& el = 2 = .z 2
2(n_l)[zi(yli, Vl,,) + i(YZi, yz,‘)

*e i(yli- SR ATRAS ST PR b

(4.3.18)
In Chapter IT it was shown that for n large,
Y (Y - 2
c , (v;0 - v, ) X R
] =q 4+ (c - 1)r - cn?. (4.3.19)
Extending this to the two treatment per cluster case leads to
= - 2
c i (v4. yl") X ) -
5 = + (c - 1)Al - emy
I R 2
c i Fgs0 = 99,07 . R
3 _ e e 2
and —— T, + (e = DX, - cem, (4.3.20)

when n is large. It is straightforward to show that

¢ I (yyy, = 91,0055 = 75,0
i cn

n -1 n-1

(o = mymy)

ﬁ_m -~ ~ ~
— o - wlwz).




So, when the number of clusters

~

n is large,

~
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2 =1 - 3 - -
s, /2[('"1 >\1) + ("2 : ?\2)]
_C_ A‘ _ ~ 2 ~ _ A 2 ~ _ ~ ~
+ zﬂ(Kl Ty ) +,(A2 T, ) + 209 Wlﬂz)]
(4.3.21)
The quantity st2 may be written as
| = nc[(?l.a - §...)Z + (?20. + §,__)2]1
h e
(5, =5y =50 [, = 90 - 5, )
- ne 4} loa l'° 2:-4 - 2"’ lao 2051 g
L : J 2 J ]
= BC (3 -3 2 :
5 (0 = 5.0 (4.;.22,)
- ° = = - 2 .
Since Viee T and Yy.. Ty 8.7 may be estimated by
2 _mc . _ T2
S 5 (ﬂl ﬂz) . (4.3.23)

regardless of whether or not n is large.

e s s
‘L EOpge ™ Yoo 77
1

.

+‘§...)2

i'

ta n-1

c - -
= 2(a-1) E(yli- R

-2 (5’11-

1

may be estimated as
oG

L™

5 _ —A A-A
Sta” = : Al) + (ﬂz »XZ

o
+2(}‘1

2 - R 2
+ i(yzr Yg.)

- §1..)(§21. - 92..)

[ S |

)

When n is large, the quantity

(4.3.24)

(4.3.25)
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- Thus, the parameter estimators ;.l’ 1:2, ;\1, ;\2, and ; are equivalent .
to ANOVA estimators and in this sense provide a suitable framework for
estimation of the variance components when the number of clusters is
large. -

The variance of §hea (h=1,2) is essentially identical to its

Chapter II counterpart:

i

Var(§h..) = Var(ﬂh) v%[(kh - ﬁhz) + %(ﬂh - Ah)]

1 1
= ={y + =v ] 4.3.26
n a,h c e,h ( )
where va h is the among-cluster's variance component for treatment h and
bd
Ve h is the within-cluster variance component for treatment h. The ’
b

N\

2 _ .
h Ah), also has the same

variance of se ho hereafter denoted s, ¢ (=
3

h

form as its Chapter II counterpart:

2y - -1 - 2) - - - 2
Var(sh ) = Var(Trh Xh) n{(Xh m ) Z(Ehh ﬂhkh) + (nhhh 29D

h
F I = A) = 4O, = & ) + 4(E, - n )]
c h h h hh hh hh
+—~g——~(x -2 . +n..)} (4.3.27)
c(e=1)Y'h hh hhh’ " ° te
The variance of ¢ can be expressed as
Var($) = S{(n,. - 2) + (6. + £ - 2]
n 122 c "12 21 122
1
+ ¢ - €19 T 6y t ”122”‘ (4.3.28)

Expressions for the covariances among these parameter estimators are

summarized in Table 4.4. The variance-covariance matrix of ﬂl(=y1°.),

- ,/\ ~
- 2 (o - 2 (= - ri
ﬂz( yz‘.), g ( (nl _Al)), 85y ( (ﬂz Az)) and ¢ can now be written as
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"
ol - 1 1 1 1 1 R
Var| m AU Uy F Tz Uyt w U, e U Ty Ug
2
R + ~73~——— U + —go—c U b e U + S —
522 c?(e-1) .7 " c®(e-1) 28  c'(e-1) 29 e“(c-1) U10
¢
A . A U. .}, (4.3.29)

where elements of the matrices Uk(k = 1,2,...,12) ave determined from
the variance-covariance expressions.

4,3,1 Grouped data formulations

Grouped data expressions can be formulated for the parameter esti-
mators. Suppose that the n clusters can be divided into (ct+l) (c+l) .

patterns on the basis of the numbers of units receiving treatments 1 and

2 which have the attribute in each cluster. If fjj‘ is the number of
clusters with j successes on treatment 1 and j' successes on treatment 2,
then the data have the structure depicted in Table 4.5. The total number
of clusters with j successes on treatment 1 is fj+’ while the total number
of clusters with j' successes on treatment 2 is f+j" The corresponding
table of proportions is given in Table 4.6.

Noting that

n C
I oy,., = & 3f.
i=1 1i 320 i+
n c
z y 2 = L qu_' ?
i=1 21 gm0 T
n C
) 2= 1 %,
o1 yli' j:O J i+ 9
n 4 -
and Loy, 0= % j2f+j ; (4.3.30)




TABLE 4.5

OBSERVED NUMBER OF CLUSTERS WITH j SUCCESSES ON
TREATMENT 1 AND j' SUCCESSES ON TREATMENT 2

137

Treatment 2

0 1 2 .o c Total
0 50 fo1 52 se e Eor
1 f10 f11 12 o f1e f14
Treatnment
1 2 £a0 oy 99 e foe ot
¢ ch fcl te2 T fcc fc+
Total f+0 f+l f+2 .o f+c f++ =1
TABLE 4.6
OBSERVED PROPORTION OF CLUSTERS WITH j SUCCESSES ON
TREATMENT 1 AND j' SUCCESSES ON TREATMENT 2
3t Treatment 2
k|
0 1 2 c Total
0 Pgo Po1 Po2 Poc Po+
1 p P 8 P P
Treatment 10 11 12 lc 1+
1 2 P20 Py1 Py2 Pre Poy
¢ pcO Pcl pc2 pcc pc+
Total Pro Pi1 Pio Pic Py~ L
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it follows that

n n
Zy L jf
~ 1i- . + c
_ i=1 _ j=0 - 5 l-p
1 nc nc 3=0 el 3+
n c
~ : Yoi- z Jf+3 c g,
_ i=1 - J=0 = 5 i
2 nc nc j=o p+3 ’
c
ey, -y ?* I jleif, .
AR N Sl AN = SR F [ I
1 1 1 nc(c - 1) nc(c - 1) j=OLF(c—12J i+
c
2 PRPART -
A SR ST TR -ioj(c DNEyy e o
s 2 = ('ﬂ' - X ) - 1 J - ¥ ‘J__C__J___p
2 2 2 nc(ec - 1) nc(ec - 1) 3=0 cle=1) 15+5 °
and )
n c c
X . . z L 33'E,.
. j_=]_yll'yzl. 520 j'=OJJ i3 c ¢ (i)
¢ = 7 = T = I ) lngp... , (4.3.31)
nc nc 4=0 j'=0 c“1v3]

The marginal totals are used to obtain ﬂl, 812’ Tos and 822 while the
cell probabilities are used to obtain ¢.
These five parameter estimators are linear functions of the

frequency counts fjj' and, thus, can be expressed in matrix notation.

The GSK methodology can then be used to examine functions of these param-

. . | B
eter estimators. In this regard, let F (pOO’POl""’p0c""’pco’pc1’
"pcc) =p'. If the {fjj,} are assumed to follow a multinomial dis-

. . . LI
tribution with parameters n and 7 (ﬂoo,ﬁol,...,ﬁcc), then
E{F} == (4.3.32)

and the variance-covariance matrix of ¥ is

~

v, - —i—[n1T ~n o'l (4.3.33)
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which ig consistently estimated by

_1 o
Y(g) = n[Pp PP 1. (4.3.34)

~

The wvector of parameter estimators may be expressed in matrix notation

as
,rrl ,n.l }V @ ‘i'
"2 P Ve T
= - = ' ' =
N ﬁi/\\?l } () Y P él? (4.3.35)
Sz?_ Tr2 - )\2 “1' ® }v
¢ (b u' @ u'
=3 = e - biw ~ -
where
1 2 c-1
31' = (0, PR TR S 1),
1 2(c-2) 1
1 . = L\CT4) =+
Y (o, ¢’ ele-l)? "t @ 0),
and ' =¢(,1,1, ..., 1, 1)

are vectors of dimension (c+l). Thus, the variance-covariance matrix of

this vector of parameter estimators is estimated as

o o
~

Ty

Var 312 = A V(p)A, . (4.3.36)

The parameters of primary interest in the two treatment per clus-

2° pl’ 02, and plz.

These may be estimated jointly by applying a series of linear, logarith-

ter case of the two-stage nested design are T T

mic and exponential transformations to the estimated parameter vector
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(wl, Moo slz, 822, ¢)'. By rewriting the correlation coefficients as '
N ~ 2 ~ ~ 2
~ -n mo- A s
ph=fh LS P T, S P I
ﬂh(l - wh) ﬂh(l - ﬂh) ﬂh(l - nh)
and -
_ ~ . . L
’ M e g “1\{”2 2
12 — — - _ - PPN A J ~ s
T, 1 - I -7
/ﬂl(l - mm, (L= my) 12 1) 4 2

(4.3.37)

it follows that

L5
T
0y = eicp{é ,Q,~n[é4{(32 + exp [53 2,~n((~31 + {"2‘5113)”]} (4.3.38) ‘
)
RELy
where
T 1 0 0 0] "0 ]
-1 0 0 0 0 1
0o 1 0 0 O 0
A, = 0o -1 0 0 O , gl= 1 R
0 1 0 O 0
0 0 1 0 0
0 0 0 1 0
1 0 0 0 O
0 0 0 0 O° 0
A = -1 -1 © 1 0 O , ¢, = -1 ’
~ 0O 0 -1 -1 0 1 © ~ -1 .
-1 0 -1 0 0 o 1 -1
i Yy -5 L =% 0 0 OJ LO-
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"1 o0 0 0] ™1 0 0 0 .0 07
0 1 0 0 6 1 0 0 0 0
s, - 0 0 -1 0 0 , and A 0 0 1 0 0 o0
0 0 -1 0 0 0 0 0 1 0 O
0 0 1 0 0o 0 0 0 1 1
0 0 0 1 - B

The estimated variance-covariance matrix of this vector of parameter

estimators is then

D A.D lA D A.D lA A V(p)A A D lA D A D 1A D (4.3.39)
~a ~5 ~a ~3.a. 2.1, DLl ~3vayhe -
4 3 ~l Nl - 4 :
where
a; = G +AMD
a, = exp{A3 %P(C + ézélg)]
a, = ~4{c2 + exp[A3 SLn(C + A Alp)]}
and a, = exp{A5 Ln A {C + expLA %n(C + AzAlp)]}]}

These computations are easily performed using the computer program

GENCAT.

4.4 The Modular Case

If the design is constructed so that there are modules with dif-
ferent cluster sizes, then computations may be simplified somewhat by
noting the modular structure of the data. Suppose the mth module has
nm clusters each of size Zcm, where cm observations receive treatment 1

and ¢ observations receive treatment 2. Let
m

fl, if the jth observation receiving treatment h in the

ith cluster of the mth module has the attribute,
Thij,m
J,m
, otherwise,
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(m=1,2,...,M; b = 1,2,...,nm; j = l,2,...,cm). Then the set of esti-
mators specific to the mth module are identical to expressions in (4.3.1)
with the addition of an "m" subscript to n, c, and the yhij's' Similar
to the completely balanced case, the vector of parameter estimators spe-
cific to the mth module may be written in matrix notation as a linear

function of the cell probabilities analogous to those in Table 4.6:

s, 2|7 él,m P (4.4.1)

where A and p_ are identical to A, and p defined in (4.3.35) with the

1,m 1
L

appropriate addition of an '"m" subscript to all quantities involving n,
c, and pjj" An unbiased estimator of the wvariance-covariance matrix of

this vector of parameter estimators associated with the mth module is

ﬂl,m
2,m
s 2 '
Ym B V?r l,m2 - él,m Y(Pm)él,m (4.4.2)
SZ,m
¢m

where V(pm) is a consistent estimator of the variance-covariance matrix
of P analogous to V(p) in expression (4.3.34).
The modular estimators can be combined heuristically or by weighted

least squares to produce overall estimators, as discussed in Chapter II.

Since the situation of interest is when the number of clusters in each
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module is large QilO), the weighted least squares method of obtaining
overall estimators is considered preferable over the heuristic methods

because of its potential for certain optimality properties to be

(my12 o,10 S1,1 0 82,170 b e Miw

) ig the (1 x 5M) vector of modular estimators,

described later. If F' =

~

2
m ]
2.M* 1m0 ®

2
2,1 ° "
then the elements of F may be presumed to have approximately the multi-
variate normal distribution provided no is sufficiently large for all m.

The GSK methodology can be implemented to obtain overall parameter

estimators by fitting the linear model

F=X8 (4.4.3)
where
"
T
X = L ® 1 ad B=gm ol
(5Mx5) (5x5) (Mxl1)
T, = A
2 2
9

The usual weighted least squares estimate of 8 is computed as

g = (X'V;,l X)—l x'vg‘l F (4. b, 4)
with
~ eyl gyl
YB (§ YF g) (4.4.5)
where
) 0 0 1
vy Y 0
_ 0 ' 0
Vg = ~ ~2 ~
0 0 Ty
L i
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and Ym (m=1,2,...,M) is defined in (4.4.2).

If the number of clusters in a module is small (n < 10, for
example), then either a mechanical weighted least squares procedure with
or without iteration could be used to obtain overall parameter estimators.
Alternatively, purely heuristic methods based on a mean of means or
degrees of freedom principle could be employed. These various methods
were discussed in some detail in Chapter II, and since their extension
to the two treatment case is straightforward, they are not described
here. Moreover, their relevance is dubious for the modular large sample
setting under discussion here, for which weighted least squares methods

are of more interest.

4.5 The Unbalanced Case

The most general case considered for the two treatment per cluster
case of the two-stage nested design involves (cli + CZi) observations in

the ith cluster (i = 1,2,...,n) where ¢y observations receive treatment

1 and s observations receive treatment 2. In this case, the cluster-—

specific sample means corresponding to treatment 1 and 2 are
C, .
% - 1 hi

hi  hie

= ————

Visso h = 1,2- (4.5.1)
Cpi g=1 B

They estimate the parameters T (h = 1,2,) unbiasedly:
E{yhi°} =T h =1,2. (4.5.2)
From a sampling with replacement point of view,

= - R IO S
var{y,, } = O - m %) + Chi(wh Ay? - (4.5.3)
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An unbiased estimator of the parameter function (=«

-3 . .
h h) is given

by the sample variance shi2 of the elements receiving treatment h in
the ith cluster:
“hi -,
G A
. h hi-
s 2 = =1 > =
hi ey — 1
Cﬁi
I - - =
= E‘“__——i‘ yhi°('l - yhi“), h 1,2. (4.5.4)

Analogous to its Chapter II counterparts, the variance of Shi2 has the

form

: 2y = - 2y - - 2
Var(sy ;) = Oy = M%) = 206, - mA) + (= 4%

1 ~
+ Chii(ﬂh —'Ah) - 4(Ah - éhh) + 4(€hh - nhhh)]
+ 2 =26 +1..) (4.5.5)
\ - . oJa
chi(chi 1) "n hh hhh
A within-cluster unbiased sample estimator for ¢i is given by
“11 %24
. R V499944
4, ==L I=1 =y...y
i cliCZi 1ie721-
whose variance can be written as
Var(e,) = (n,,, = 62) + 31— (6. = n ) +E—(c. - n.)
i 122 C. . 21 122 c,., 12 122
1i 21
1
+ = (¢ - €19 = Eypp T 1y9y)- (4.5.6)

1i724
Within-cluster unbiased sample estimators of the £ and n nuisance param-
eters are derived in a similar manner and are, thus, not reproduced here.
The covariance of the five main cluster-specific estimators are

straightforward to derive. They are summarized in Table 4.7. The






