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MAJUMDAR, HIRANMAY. Generalized Rank Tests for Progressive Censoring

Procedures. (Under the direction of PRANAB KUMAR ‘SEN.)

In cliﬁical_trials and life testing problems the responses are
timé-sequential.ih nature and a complgtg experimentation may'involve
a prohibitive amount of time and cost. iFoé’%his reason, progressive-
censoring schemes (PCS) are often advocated with a view to terminating
the experimentation at the earliest possible stage if the accumulated
statistical evidence warranté to do so. 1In this dissertation werpro-
pose some progressively censored tests for grouped and ungrouped data
and study. their asymptotic properties.

For batch-arrival models (BAM) relating to categorical data
under time-sequential studies, we develop four PCS chi-square typé
statistics. The necessary (asymptotic) distribution theory is derived
for the null as well as local alternétive hypotheses situations, in
each case. |

Fof grouped and ungrouped data from*time—sequentialrexperiments,-
we propose a general class of progressively censored rank order tests
for the multiple regreséion model and s@g@y_ﬁﬁgir asymptotic properties
through the formation of suitable sam§1§fprocesses. For grouped data
we develop, in addition, PCS rank order tests for simple regression
model. We show thét, under suitable regularity conditions, the dis-
tributions of the prbposed statistics converge weakly to those of some
functionals of thé standard Brownian motioﬁ process under the null

hypothesis and to those of the drifted Brownian motion process under



contiguous alternatives. As the available statistical tools do not
provide us with the necessary analytical expressions for the exact ﬁull
distribution of these processes, we derive their empirical distributions
through.simulatipn. |

Two numerical examples using simulated data from exponential
populations are given, illustrating the PCS chi-square type tests and
PCS rank order tests when the responses are recorded on an ordered
éategorical set, in a two-sample problem. We empirically show that, -
for the negative exponential survival time distributions one often
encounters in life testing problems, the rank order tests are much
superior to the chi-square type tests from both power apd mean stopping'
time considerations. Finally extensions of the proposed tests in three

directions are suggested as topics for further research.
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CHAPTER I

INTRODUCTION AND LITERATURE REVIEW

1.1. Description of Various Types of
Censoring and Truncation

In experiments involving life testing and clinical trials,
observations are made sequentially in time; conseéuently, they are
automatically collected in order of size. From cost and time con-
siderations, it is impractical to continue such experiments until
responses for the entire group of individuals are obtained. In such
a situation, the experimenter wants either to terminate the experiment
‘when a specified number of individuals respond or to continue it over
a specified duration. The two are known as censoring and trﬁncétion
procedures respectively. In the former case, time of termination of
the experiment is random whereas, in the latter,rthe number of censored
subjects is random. Since number of fespondents or termination date of
the experiment is decided beforehand, we term the two procedures fixed-
plan censoring and truncation respectively. Life testing is defined
here‘to inclﬁdé broad aspects of life tables and contfaceptive failurés ,
one encounters in demographic studies.

Wheﬁ the .individuals enter the experiment at the saﬁe'ppiﬁt of time;A

' we have what is known as single-point entry as against multiple-point -

entfy when the subjects enter the study serially between the commence-

ment and end of the experiment consistent with the design which is laid



down beforehand. Gehan (1965b) also discusses how, in actual experi-
mental situations, doubly-truncated observations are encountered in
contrast to those censored/truncated on the right only. In what
follows, discussions will be mostly restricted to censoring/trﬁncation
procedures with single-point entry.

In problems we are concerned with, fixedfplén truncation or
censoring has .obvious disadvantages from cost and efficiency consider-
ations. An early truncation may result ih increasing risk of incorrect
decision whereas unnecessary continuation of the experiment till the
end may lead to substantial cost and loss of time incommensurate with
ihe gain in efficiency. Since the experiment is observed continuously
: over time, we can exploit this fact for devising‘a procedure which is
pseudo-sequential in nature. This. procedure enables us to review the
accumulatea info.mation as the experiment progresses and terminate it
as soon as a statistically valid decision is reached. 1In other words,
the trial is terminated only if its continuation cannot result in an
outcome suggesting an inféfence different from the one currently indi-
cated by the accumulated evidence of the experiment. In contfast tb
élaésical sequentiai testing designs, the progressive censoring pro-:
cedures put a restriction on the maximum nﬁmber oonbservationé to be
made in the experiment. Armitage (1957) terms such proéedures

restricted sequential procedures. Other points of difference between

the two procedures are: (a) Whereas the former deals with independent
random variables, the latter, by design, concerns itself with ordered
observations, and (b) the former is sequential in observations as

against the latter being sequential in time.



1.2. Literature Review

1.2.1. Nonparametric Methods and Fixed-Plan
‘ Truncation/Censoring Schemes

Halperin (1960) has considered extension of the Wilcoxon-Mann-

Whitney test for samples truncated at the same fixed point. The null
hypothesis tested is thatrthe two sgmples are from the same populatioh.
Tables of lowef than 5 per cent and 1 per cent points of the test
statistic are given for n < 8 and variousvdegfees of censofing. The
asymptotic distribution of the test statistic underrthe'null hypothesis
is‘sh6Wn to be normal. The asymptotic theory is adequate -outside the

- range of the tablé pfoviding no more than ‘75 per cent of the total
observations of the two samples are censored. The test statistic is
constructed as indicated below.

There are two samples of size n on F and m on G, where F and
G are (continuous) cumulatives. The observations from F are
denoted by X and those from G by Y. Both samples are trun-
cated at the same fixed point, say T. The number of X's
‘censored is denoted by r, and that of Y's by ry, and we let

r =1y + r,. The null hypothesis to be tested is taken to be
F(x) = G(x? - ® < n < T, against the alternative F(x) > 6(x) -
for all x. The test-statistic U, is counted as the number of
times a Y precedes an X among the n + m - rp - rp, uncensored
observations plus rp(m-ry), the total number of times uncensored
Y's precede a censored X. .

Thé consistency of the test-statistic has been established as follows:

In the uncensored case, the consistency of the U test follows

by simple direct application of the Tchebycheff inequality to
show that, as m,n + ®, the probability that U falls in the
- critical region of the test when the alternative hypothesis is
true approaches unity as required. Now turning to the behavior
of U, when F(x) # G(x), - © < x < T, and, in particular, assuming
that gg;; gé;g, - o < x <T, and F(T) > G(T), we consider that
the joint sampling distribution of the m observations on G and n
observations on F is no longer that of (mtn) independent random
variables. - This lack of independence yields an additional positive
contribution to the variance of U, which can be shown to be of a
magnitude not affecting the consistency argument.



Gehan (1965a) has proposed a distribution-free two-sample test
which is an extension of the Wilcoxon test to samples with arbitrary
truncation on the right. The test is conditional on the pattern of

observations. The null hypothesis is:

HO: -Fl(t) = F2(t), t < T, against either

Hl: Fl(t) < Fz(t), t

HZ: Fl(t) < Fz(t) or Fl(t) > Fz(t), t <T, (1.2.1)‘

I A

T, or

where Fl and F2 are cumulative distributions (discrete or continuous)
of the observations and T is their argument's upper limit., The test is
shown to be asymptotically normal and consistent against both one-
sided and two-sided alternatives. The asymptotic efficiency of the
test relative to the efficient parametric test when the distributions
are exponential .s at least 0.75 and increases with the degree of
truncation. When Ho is true, the test is not seriously affected by
real differences in the percentage truncated in the two groups. Some
comparisons are made for five cases of varying degrees of truncation
and tying between probabilities from the exact test -and those from the
proposed test, and these suggest that the test is appropriate under
certain conditions when the sample size is five in each group.

Gehan (1965p) has also considered the same statistic (with
appropriate modification) when the data are doubly-truncated with
multiple-point entry. The test is again based on permutation principle.
The asymptotic normality and consistency of the test follow directly
from the results derived earlier by Gehan (1965a).

A generalization of the Kruskal-Wallis test, which'extends Gehan’s

(1965a) generalization of Wilcoxon's test, has been proposed by Breslow



(1970) for tesfing the equality of k continuous distribution functions
when observations are arbitrarily truncated on the right. The distribu;
ﬁion of the truncation variables is allowed to differ for different
populations. An alternative statistic is proposed for use when the
truncating distributions may be equal. These statistics have asymptotlc
chl—square distributions under the respective null hypotheses whether
the truncation variables are regarded as random or as fixed numbers.

Basu (1967a).has derived the large-sample properties of a general-
iéed Wilcoxon-Mann-Whitney statistic when in the ordered sequence of N
observations of the combined sample the first r observations only are
used to constructAthe statistic, i.e., there is a right-censored sample
of size‘at most r. There are two independent samples of sizes m ahd n,
respectively, from two populations with continﬁousvc.d.f.'s F(x) and
G(y). To test the equality of the two populations the statistic V?’n
has been proposed, based on the first r ordered 6bservations, where
V?’n is given by

| | T

V:l’n = Vf.N) - 2 (nmj_ - mni)’ - o (1.2.2.)
i=1 ' ‘

and m, and n, are the numbers of k and y failures, ;espectively, among
the first i ordered observations of the éombined sample, so that

m, + n, = i. This is shown to be related to thé Wilcoxon—MaanWhitney
statiétic. The asymptotic normality of the test statistic in the null
and non-null cases (under local alternatives) has been established.
The test also has been shown to be consistent. The performance of the

test has been compared with other asymptotically most powérful rank

tests for censored sampling.



In order to test homogeneity of k samples for right-censored data,
with only r out of N ordered observatioﬁs from the combined sampie being
considered, Basu (1967b) has proposed two statistics--one a generalized
version. of Kruskal's H-statistic for unordered alternatives, and the
other a generalization of the Jonckheere statistic with ordered alterna-
tives. Asymptotic chi-square distribution of the former and normality
of the latter, in both null and non-null cases, have been established.

It is evident from the results of Gehan (1965a, 1965b), Breslow
(1970), amnd Baéu (l967aAand 1967b) that tests based on similar statis—
tics under fixed—élan truncation and censoring are asymptotically
equivaient. |

Mantel and Haenszel (1959) in a review of the statistical problems

of retrospective studies of disease have provided a method for analyzing

multiple 2X2 contingency tables. Consider a random sample of diseased
and disease-free individuals classified according to various control
factors in which the distribution of the factor under study within the

i-th classification may be represented as follows:

With factor Free of factor. Total
With disease A, B, N
) i i 1i
Free of disease C, D N,.
i i 21
Total Mli MZi Ti

Under the null hypothesis of no association and assuming fixed marginal

— = 2 -
totals, E(Ai) = (NliMli)/Ti and V(Ai) (NliNZiMliMZi)/[Ti(Ti 1)]. The

corrected chi-square with one degree of freedom is

(IA].L - EAD] - W2/vA), | (1.2.3)



which reduces to

v - | -~ 1 2 -
(Ja;p; - B,C;| - BT (T -1 /(v N, My ). (1.2.4)

- A summary chi-square with oné degree of freedom over all the subclassi-

fications is given by

(IZAi - ZEAiI - %)Z/ZV(A]._). , ; . (1.2.5)

Mantel and Héenszel (1959) also discuss two methods for extensions to
more than two factor levels. 1In the first method one computes an
uncorrected chi-square with one degree of freedom for the difference
‘of the first level from all the remaining levels combined. Discarding
the data from the first level, a second chi-square is computed for the
difference between the second test-factor level and the remaining
levels combined. This is done successively up to and’including the
last two remaining levels. The approximate summary chi—sqﬁare is

then the sum of the separate chi-squares with the number of degrees

of freédom being one less than.the number of test levels. In the’
second method, exactly (conditionally) orthogonal standardized deviates
would be oBtained if, in the summéry analysis, aé each sﬁccessive
total deviation from expectation is evaluated, it is adjusted for its
multiplé regression on the preceding deviations, and then standardiééd
by the adjusted variance. The methods just described have been
exploited sﬁbsequehtly by Mantel (1963, 1966) for analyzing data from
many experimental sitﬁations.

Sugiura and Otake (1974), in an unpublished-report; hgve froﬁ a

generél approach, derived a chi-sqﬁare statistic with c-1 degrees of

freedom for tests involving a series of 2xXc contingency tables, and



have shown its invariance property and relation tb the logistic model.
Their work can thus be regarded as an éxtension of the Mantel-Haenszel
procedure.

Mantel (1963) has extended the procedure of Mantel and Haenszel
(1959) in two directdons. In the first it has been recognized that the
procedure is not limited to the problem of retrospective studies and
its suitability has been shown for other kinds of problem, as, for
example, comparisons of age-adjusted death rates, life table analysis,
comparisons of two sets of dose-response data, and miscellaneous
appropriate laboratory experiments. In the second extension, the case
has been considered in which the number of levels for the study factor
is arbitrary, but orderable, rather than limitéd to two. By taking
ordering into account, single degree of freedom summary chi—équares
can be determined for the multiple-level problem. A variety of standard
- nonparametric procedures, in asymptotic form, can be derivgd, and
extended beyond the present range of application, by manipulating the
score assigned to a particular study factor level. Among the non-
parametric procedures, Mantel mentions generalizatibn of Pitman's
permutation test, Fisher's randomization test for matched pairs,
Wilcoxon's rank-sum test and sign-test, corresponding to various
scoring procedures. Mantel also discusses the case of disease status
at severél levels, which is equivalent to extension of the procedure to
the multiple~sample problem.

In a further extension of the Mantel-Haenszel technique, Mantel
(1966) considers an overall comparison of two sets of life tables in

~ their ehtirety. The method is equivalent to decomposing a 2Xx(k+1)
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contingency table into k correlated 2x2 contingency tables and comﬁining
thé result of each 2X2 table into a summary chi-square with one degree of
freedom. Bringing a conditionality argument to bear, he shows how the
summary chi-square is the square of the sum of k conditionally uncor-
related random variables. By considering the case in which the life
table intervals are arbitrarily short, it is easily seen fo be a rank
order.procedure. - Further, the procedure is defingd for general or
individual right censorship, for left truncation, and for tied ranks.
The possibility is indicated of evaluating the statisticél_power of
the procedures for alternatives when there is a constant force of
mortality ratio betﬁeen the two survival time distributions.

Sen (1967) has extenaed the findings of Hajek (1962) to grouped
data to derive asymptotically most powerful rank order tests for
simple regression againét one-sided alternatives. The underlying dis-
tributions are assumed to be continuous and the form known but the
random vari;bles observable in a finite or denumerable set of intervals.
AThe tests are based on some score generating function ¢(u) associated
with the true density. However, if one works with general scores,
the asymptotic power of the test will depend on the assumed densify.
The location problems with respect to truncated one-sample and two-
samples follow as special cases of Sen's results. If truncation occurs
at the left, say at x,, we consider the first class-interval as
Il = (-w,xol, the reméiﬁing class-intervals having Lebesgue measure
sufficiently small. We similarly deal with right truncation and
multiple-point truncation. Consequently, Sen's findings generalize

those of Halperin (1960) and Gehan (1965a, 1965b). When. the data are



10
censored by saﬁple percentiles, the truncatien boints are random.
However, under some regularity conditions, the problem of finding
asymptotically most powerful rank order tests under fixed-plan censor-
ing is asymptotically equivalent to that of finding asympfotically
most. powerful rank order tests under fixed-plan truncation. In this
sense, Sen's results cover those of Basu (1967a) and Gastwirth (1965)
as special cases.

Ghosh (1973) has extended the results of Sen (1967) to the
multiple regression situation and has developed a classrof nonpara-
metric -tests which are asymptotically optimal in Wald's (1943) sense.
Ghosh's findings include those of Basu (1967b) and Breslow (1970) as
epecial eases. R

1.3. Testirg Pro-~edures Under Progressive
Censoring Schemes

1.3.1. Parametric Methods

Epstein (1954) has considered the case when n items are placed on
test and it is decided in advance that the experiment is to be termi-
nated‘at minimum (Xro,n’TO) where Xro,n is a random variable equal to
the time at which the ro—th failure occurs and T, is the truncation
time. Both r, and T0 are assigned before the experiment starts. 1If
the experiment isAterminated at Xro,n’ then the action in terms of
hypothesis testing is the rejection of some specified null hypothesis.
If the experiment is terminated at tdime TO, then the action in terms
of hypothesis testing is the acceptance of soﬁe specified null hypothe-

sis. The underlying life distribution is specified as negative

exponential. Since a life test is observed continuously, it is not
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worthwhile to wait until the ro-th failure occurs (or until time TO);
Epsteiﬁ has proposed the following progressive censoring procedure for
hypothesis testing based on X o’n:

Suppose that at some moment t, there are exactly k failures

0 <k <ry - 1l,and that the observed total life is V(t),
where

k
V(t) = iZl Xat (n—k?t, - (1.3.1)

~and X n is the i-th smallest observation in a sample of

size n. The p.d.f. of X is G-Ie—x/e,x>0,6>0.
Suppose

HO: 0 =0, vs. Hl: 0 = 61(6l < 60). (1.3.2) .
It is noted that V(t) is Min t. The testing procedure is:
(a) Continue experimentation so long as V(t) < r,C and

0 <k<r -1; (b) stop experimentation with acceptance of
Hy as soon as V(t) > r,C and 0 < k < ry = 1; (e) stop
experimentation at Xro,n with rejection of Hy if V(t) < r,C
for all t < Xy ,ns where

C = 85X, (2r ) /2x _, (1.3.3)

and Xi_,(2r_ ) is the 100(1-0)th percentile point of the chi-
square %istfibution. .

A similar progressive censoring procedure has been developéd on the

basis of T,.

1.3.2. Nonparamétric Methods

Without preaséigning the number of failures or maximum duration
of time beyond which the-expgfiment is not to be continued, Alling
(1963) has broposed that, as each observation is made, the least upper
and greatest;lower bounds fér any subsequent value of the statistic
may be calculated. If the critiéal value does not lie between these
two bounds then the outcome of test is determined and éxPerimeﬁtation
terminated. TUse 6f this procedure in the case where the Wilcoxon two-

sample test is applied to an ordered sequence of observations



considerably reduces the average sample size. The test proceeds as
follows:
Consider a random sample X1s.00,XM from F(x) and a random

sample Yy,...,Yy from G(y), F and G being continuous distri-
bution functions. We Wish to test at the o level of

significance
HO:' F(x) < G(x) for all positive x
vs. Hl: F(x) > G(x) for all positive x and F # G. (1.3.4)

Let the statistic U be the number of times a Y precedes an X
-in the ordered sample and let by be the critical value of the
Wilcoxon test, that is, if U > by accept Hp, but if U < bgy
accept Hj. Consider now the situation where m X's and n ¥Y's
have been observed and compute Uy, where Uy is the Wilcoxon-
Mann-Whitney statistic based on m X's and n Y's. Obviously,
U, is A in m. It should also be noted that

Up + M-m)n < U < Up + (M-m)N. The progressive censoring test
procedure is: (a) If Up + (M-m)n > by, accept Hp; (b) if

Up + (M-m)N < by, accept Hy; (c) if Uy + (M-m)n < by < Uy

+ (M-m)N, continue experimentation.

The proposed tes- and the usual Wilcoxon two-sample test are identical
in power and consistency.

Halperin and Ware (1974) have extended the procedure to the
restricted eiperimental situation where the experiment is terminated
after a préassigned percentage say, 100A%, of events has occurred in
either of the two éamplesl The asymptotic distributions of the test
statistic (of Wilcoxon type) and the proportion of events after which
early stopping occurs have been derived. Some Monte Carlo work is
compared with Alling's (1963) results. The case of staggered entry

also has been considered. Let X XM be the ordered survival times

l’oco,

from the distribution function F(x) and Yl,...,YN the ordered obser#a—

tions from G(y), F and G being continuous. We wish to test at the

significance level o

12
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H : F(t) G(t) for all t
vs. H.: F(t) > G(t) for all t and
F(t) > G(t) for some interval on t. (1.3.5)

Define

1if X, <Y,
1 J

+J 0 if X, > Y, (1.3.6)
i-— ]
and for any m and n (m < M, n < N) define the Wilcoxon statistic

aij' : (1.3.7)

=
1
it ~18

I o~18

m,n

3=1 i=1

The stopping rule and one-sided asymptotic test proposed are:

1. The experiment (when early decision does not occur)
will terminate after the smallest of X or Y,.
AM AN
has been observed.

2. Let n(m) be the number of failures occurring in the
Y(X) sample prior to XXM(YXN)' Compute the test

statistic
WAM,n + AM(AN-n) if XAM S-YAN
M, T
‘ Wﬁ,AN if XXM > YAN’ (1,3.8)
and
W - (AZMNIZ) i
AN, AM (1.3.9)

ATMNQHT) (4-30) /12

3. Rejeét HO if the statistic (1.3.9) exceeds-za, the upper o

Acritical value of the standard normal distribution.
Mantel (1966) has also proposed a rank order proéeddré for the
experimental situation cited earlier in which a'chi-squareAstatistic
is computed after each death (failure) in a comparative survival time

study. This statistic depends only on the ordering in time at which
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deaths and losses to follow-up occur. The proposed‘statistic is the
maximum chi-square computed over the course of the study. Such a
statistic can be used in a pfogressive censoring scheme and significance
or nonsignificance ascertained before the end of the study.

Chatterjee and Sen (1973) have proposed a general class of linear
rank order tests in one- and two-sample problems under progressive
censoring procedures, as against specific statistics considered by
Alling (1963) and Halperin and Ware (1974). Chatterjee and Sen have
established the asymptotic equivalence of the rank order tests for
censoring and truncation problems. Along wifh a basicrmartingale
property and Brownian motion approximation for a related rank order
process, asymptotié distribution theory of the proposed statistic has
been developed. They have also considered the asymptotic performance
of the proposed tests in terms. of Bahadur efficiency and stochastic
smallness of stopping variables. TFor general rank order tests, under
the progressive censoring procedure, the sequence of statistics con=
structed at the successive censoring points cannot be regarded as
satisfying the monotonicity property as in the particular situations
considered by Epstein (1954), Alling (1963) and Halperin and Ware
(1974) . The Chatterjee and Sen test procedure under prbgressive
censoring proceeds as follows:

Let §$ = (an,...,Xnn) be the vector of random observations

from continuous distributions and R' = (R »+0:,R ) be the
: : ~n nl nn

vector of associated ranks. Let also Sni'designate the

position of the individual in the sequence (1,2,...,n)

whose rank is 1. Then S' = (S .,...,S ) is called the
~n nl nn

. (4)1n n i
vector of anti-ranks. {an(l)}i=l and {cni 1=, are suitably

chosen scores and regression constants, respectively, such
that’
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)
a (i) = 0,
i=1 ™

]
~
7
)
~
v

I 8k

&~
e
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jark
it
(o)
-

] e =1, (1.3.10)
i=1 ™

Under a fixed-plan censoring, one observes up to the r-th
order statistic as envisaged in the design and.counstructs

the test statistic '

iy

*
Tox =_.Z cg {a (1) - a (0}, - (1.3.11)
i=1 ni
% 1 B .
where a (r) = (n-r) z a (j). Let T be the statistic
n jer+l n n,k.

similarly constructed as in (1.3.11) but based on the first
k order statistics. For purposes of a progressive censoring
test, the proposed statistics are

M& = max T ’
n,r 0<k<r n,k
M = max T . 1.3.12
™ g<k<r | n’kl (1:3:12)

As the experiment progresses one compares T (or IT l)
n,k n,k

against the percentile point of the distribution of
M; r(or Mh r) under the null hypothesis, and rejects the
b s

null hypothesis if it exceeds some ciritcal value, continuing
with the experiment if it does not. :

1.4. Analysis with Concomitant Variables

- Cox (1972) has considered survival analysis in the'presence of
covariables. It has beén assumed that on each individual are available
values of one or more explanatory variables. The hazard function is

taken to be a function of the explanatory variables and unknown
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regression coefficients multiplied by an arbitrary and unknown function
of time. A conditional likelihood is obtained, leading to inferences
about the unknown coefficients. For the two-sample problems, the
procedures proposed by Cox are closely related to those oerantel and
Haenszel (1959) and Mantel (1963,1966) due to the fact that by con-
sidering a series of 2x2 tables, at each level of the concomitant
variables, adjustment for covariables is automatically made.

Applications of Cox's technique in modified form or otherwise
have been made by various workers, of which the work of Breslow (1974)
may be mentioned. Breslow hés compared survival curves by application
to the clincial trial of maintenance therapy for childhood leukemia.
He has considered three models of which two are parametric and the
other Cox's. Age and blood count at diagnosis are both shown to be
important for prognosis; adjustment for these variables has marked
effect on treatment comparisons.

Cox's model does not seem to be suitable for application in
general rank order tests. First, it is a quasi-parametric model in
the sense that the survival functions are assumed to be in a specified
parametric relationship to each other. Secondly, as pointed out by
Chatterjee and Sen (1973), the fank order statistics, being not linear
in the original observations, do not lend themselveé co covariance
analysis through the usual approach. A reasonable approach appears tp
be blocking by concomitant variables so that the effect of the covariate

is kept to a minimum in each group.
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1.5. Qutline of Research Proposal

In the present work we propose to derive:suitablerprogréssive
censoring test procedures through generalizations of the findings of
Mantel (1966); Sen (1967), Ghosh (1973), and Chatterjee and Sen (1973).

In Chaptér II we propose and study progressively censored tests
based on chi-square statistics for batch-arrival models relating to
categorical data under time-sequential studies. We intend to work
with a general model for rXc classifications where each of the r
samples is broken into several batches associated with the. entry-times
of the groups of subjects into the experiment; and ¢ may be a scalar
or -a vector. We also show that the experimental situation considered
by Mantel (1966) is a special case of ours, and one of the propOSed
tests is similar to the one proposed by Mantel (1966). We derive
necessary (asymptotic) distribution theory for the null as well as
local alternative hypotheses situations.

In Chapter III we generalize the results of Sen (1967) and Ghosh
(1973) and develop progressive censoring tests for simple and muifiple
regression problems with grouped data in general. The two-sample and
multi-sample broblems follow as special cases of ours.. Under certain
regularitj conditions, we show that the proéosed test statistics cor-
verge weakl&'to functionals of Brownian motion process under both the;
nuli'hypothesis and contiguous alternatives.

In Chabtér IV we extend the work of Chatterjee and Sen (1973) to
the multiple regressiéﬁ situation and pfopose Cramér-Von Mises type
statistics under progressive censoring procedures. The distribution
theory (asymptotic) of the Cramér-Von Mises statistics, ﬁeasuring the

distance between the empirical distribution function and the actual
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distribution function with various weight functions, has been considered
by Anderson and Darling (1952) in the uncensored case. Its k-sample
aﬁalogue has been developed by Kiefer (1959). For excellent reviews on
weak convergence of empirical processes based on sample distribution
functions, reference may be made to Darling (1957) and Durbin (1973).

In the censored two-sample problem, we derive Cramér-Von Mises statis-
tics based on sample distribution functions as follows:

Let Xl""’Xm be a random sample from a continuous distribution

function F. The order statistics are denoted by
< < .00 < . . i
X(l) X(2) X(m) Let also Yl’ Yn be n independent

and identically distributed random variables from a continuous .-
c.d.f G. They are ordered as Y(l) < Y(2) < ... < Y(n)' Finally,

let Z(l) < ... < Z(N) denote the ordered combined sample, where

- N = mtn. The empirical distribution functions of the individual
and combined samples are given respectively by.

0, x< X(l)

1/m, Xegy €% <Ko

< X,

Fm(X)

1, X(m)

“x <
0, x Y(l)

| , ¥Y,.,. <x<Y
i, Yy 2

ENCY) (4+1)

<
1, Y(n)-— X,

AFm(X) + (l—A)Gn(X)’V (1.5.1)

.HN(X)

where A = m/N.  The Cramér-Von Mises statistic based on the
first k order statistics is defined by

k
= mmn - V12 " =Y
Avk " ﬁz-izltFm(z(i) G (Z(4y) 1% (2 50) (- (2 ) N1,
(1.5.2)
where 0 < vy < 1 and HN(Z(i))(l—HN(Z(i)))].Y is a weight

function used to strengthen the statistic in order to increase
the power of the test. The integral representation of (1.5.2)
is .
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L™ @
mn

-N—J , (Fm(x)-Gn(X)-)2[HN(X)(l—HN(x))]-Y dH (x), (1.5.3)

OO

where H&l(k/n) = infimum{x: HN(X) = k/n}. The statistic can

also be expressed in terms of the ranks of one sample in the
combined sample. In order to do this we denote the rank of’
X(i) in the combined sample by Ri' Then X(i) = Z(Ri) and i of

the observations of the first sample are less than or equal to

X(i)' Then at Z(Ri)
i Ri-i
Fm(z(Ri)) - Gn(z(Ri)) "h n
i(mtn)-mR,
=1 (1.5.4)
mn

Since we are considering up to the k order statistics it may be
convenient to express (1.5.4) in terms of anti-ranks Si (such

that SRi = RSi = i), i;e.,
, Si(m+n) - m
Em(Z(Ri)) - Gn(Z(Ri)) = — . (1.5.5)
The above is an adaptation from Durbin (1973, p. 41) with : . .

necessary modifications. By a well known result, if the
empirical process {yn(t)} Q {y(t)} in the metric space D[0,1],

then'{g(yn(t)} B {g(y(t))}, where g is a measurable function in

D which is almost everywhere continuous in metric d [see Durbin
(1973)]1. 1It can be proved that under H0

an Fa® = G0DF  W(©)

N {1 () (1-8, () Y {t(1-t)}Y

s (1.5.6)

- where t = F(x) € [0,1] and Wo(t) is a Brownian bridge process.

Then, under H_,

P w2(t) dt ’
2 B I o ' (1.5.7)
ANék J {ea-o)Y - -

where k = [np] + 1 and 0 < p < 1.

We shall, however, concern ourselves with Cramér-Von Mises. type
statistics based on linear rank order statistics Tn k defined
s

after (1.3.11) i.e.,
t(n)

k .
J wfl(t) dt, (1.5.8) .
0
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( 5

n), _
where Wn(tk ) = Tn,k[var(Tn,r/HO)] .

0=t

(n) o (@) < ¢
o] 1 r

= 1, and Wn(O) = 0. We propose
to show that under some regularity conditions’W;(t) g W2(t) on

D[0,1], where W(t) is a Brownian motion process and hence

(1.5.8) converges weakly to a functional of the Brownian

motion process.’

As the statistics considered in Chapters III and IV will be

~ shown to have the distributions of functionals of Brownian motion
 process in large samples under appropriate regularity conditions, we
derive empirical distributions of ﬁhese processes by simulation and
graduate, where possible, by suitable Pearsonian curves, ip Chapter V.
We also present two numerical illustrations giving, through simulation
studies, eﬁpirical powers and mean stopping times for various drifts
for the tests developed in Chapter II and the test derived for the
simple regression problem in Chapter III.

We outline proposals for further research in the concluding

chapter of the dissertation.



CHAPTER II

CHI-SQUARE TESTS FOR GENERAL MODELS UNDER PROGRESSIVE
CENSORING WITH BATCH ARRIVALS

2.1. Introduction

Chi-square statistics are widely used for testing of hypotheses
for categorical data. In many situations relating to clinical trials
and life testing pfoblems, the response categories are (ordered and)
sequential in time, so that a complete collection of data may involve
a considerable period of time (and hence, cost). For this reason, pro-
gressive censoring schemes (PCS) are often advocated with a view to
terminating  the experimentation ét the earliest possible stage depending
on the accumulated evidence at the successive stages. Further, in many
such problems, not all the subjects enter into the study at a common
point in time and, naturally, a batch-arrival model (BAM)‘seems to be
more appropriate. Under a general model on the probability structure
and assuming the numﬁer of batches to be fixed in advance, fhe current
investigation provides suitable progressively censored tests based on
chi-square statistiés. Among other generalities, this includes'as'a
special case a time-sequential test essentially related to Mantel (1966)

- for 2 x (k+1), k>1, contingency tables.

The basic problem is formulated in Section 2.2, The proposed tests -

are pfesented in Section 2.3. Sections 2.4 and 2.5 deal with the distri-

bution theory of the test statistics under suitable null and (local)
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alternative hypétheses. In this context, it is shown that one of the
proposed tests has the attractive property that it has the same level of
significance and power as the overall test but can lead to rejection at:
an early stage, resulting in lower expected cost and shorter time of
experimentation. Section 2.6 is devoted to various extensions to multi-

response models and comparisons with some other tests.

2.2. Formulation of the Problem

In the context of clinical trials or life testing, consider a typi-
cal truncated experimentation plan for a pre~determined amount of time
T and suppose that the response (failures) are recorded in k (ordered)
time intervals Il,...,Ik and the surviving (beyond time T) subjects

* ,

constitute the cell Ik+1' Thus, we have a set of k+l ordered categories:
I ={t: T _<t<T} 1<c<kandI , =/{ > T } wh
o = t: -1 t < Jrl e <kan Ik+l = 1it: t Tk where

< < ... <
TO Tl T

X T < ®, Conventionally, for evéry c < k, we let -

* *
I =1 ul U... UL ul

2.2.1
c+l ct+l c+2 k k+1° ( )

We conceive of a BAM where all the subjects may not enter into the study

at the same time. Instead, there are 2(>1) batches, with the j-th batch

entering the study at time-point Th, for some 0 < hj-i k-1, so that the
]

obsérvable categories for this batch are Il""’Ik-h, and I;—hj+l’

for 1 < j < %; also, 0 = h; < ... <h) <k-1. Note that in this design,

it is not necessary to fix in advance the individual batch sample sizes;

rather, the j-th batch sample size may be decided at the entry time Th s
h|

for j =1, ..., &. Further, keeping in mind the usual comparative

experiments involving one or more factor (or treatment, etc.), we
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conceive of the r(>1) sample situation, where, for each batch, the r
parallel samples relate to the same categories. For a better under-
standing of the model, we refer to the numerical illustration in
Chapter V.

For the i-th sample in the j-th batch, the number of subjects

" entering into the study is denoted by nij’ j=1,...,4, 1 <1< r. Let
nij ¢ be the number of observations (among the nij subjects) belonging
9
%
to It’ t = 1,...,k—hj and nij,k—hj+1 be the number of censored cases,

1 <3<, 1<1i<r; on letting kj = k—hj, we denote the corresponding

*
14 < 1<
cell probabilities by Hij,t’ 1<t f_kj and Hij,kj+1’ 1 <3<,
1<i<r.
Further,
k,
SR * ' (2.2.2)
= = < j < <ic<r. 2.
Hij = ) Hij,t + Hij,k.+l 1, v1<j<%,1<ic<r
t=1" 1.
k.,
J * :
= ' < < <i<r., . 2.
nij zlnij,t’+ nij,kj+l’ V1i<j<& 1<i<r (2.2.3)
t=

' The schematic representation of the experiment is given belpw:
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ol .
=12 € Categories S
[}
ik G
4
(<] - — - -
glal 1|2 k-h, | k-h,+1 k-h, | k-h,+l k | kil (0
1 1 n *
"11,1M1, 2 'nll,k—hznll,k—h£+l"nll,k—hznll,k-h2+l" 11,kM11, k111
2 *
"12,1M2, 2 n12,k—h2n12,k-hl+l"nl2,k—h2n12,k—h2+l" I B 5 D)
,Q, *
P12,1M10,2 'nll,k—hznlz,k—h2+l" - - T T Pg
*
21 M21,1021,2 n21,k—h£n21,k—h2+l"n21,k—h2n21,k—h2+l" 21,k"21, k+1"21
2 *
n22,ln22,2"n22,k—hzn22,k—h2+l"n22,k—h2n22,k-h2+l'r - 22
) h *
129, 1] 22,2"“2z,k—h£“22,k-h2+1" - - 7T Pog
1 . ) ) *
r nrl,lnrl,Z"nrl,k—hznrl,k—h2+l"nrl,k—hznrl,k—h2+l" rl,k'r1, k+1"r1
2 *
nr2,lnr2,2"n22,k—h£nr2,k—h2+l 'nr2,k—h2nr2,k—b2+l' - 2
,Q, %
an,lan,Z"nrl,k—hgnrz,k-h2+l" = - 7T Prs

(2.2.4)
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The joint distribution of the observed cell frequencies is given

by the product-multinomial:

4 * 3
k n
r 2 n,.! i n,. ij,k,+1
t * ’7
=TT 1T =X TTn, 32|, ) (2.2.5)
i=1 j=1 k.j . =1 ij,t 1J,kj+1

i In,, t(n,, !
=1 ij,t ( 1J,k,+1)
\ -J

For this model, one usually expresses

= ' - . .
Hij,t 1J,t(9)’ 0 (075-4450)5, V1 <1 <r, 127 <%, 1<t f_kj,

(2.2.6)

and proceeds to test a null hypothesis

HO: Fm(9)7= 0, m=1,...,q9(<8), (2.2.7)

where the Fm are suitable (linearly independent) functions of 0. Let

the test statistic be

A * Ag

- 2 _ _ 2
n r ky (1Lt12f%3t) ﬁﬁygfinﬁnﬁ,%+ﬁ
X2 =1 2 Z » . + A* , (2.2.8)
=1 j=1lle=1  ny, Ty , nijnij,kj+l
‘A /\* )
where Il =1 (e), =1 (6) and 9 is obtained by -

ij,t 1J,t ~ 1j,kj+l 1J,k +1°~

minimizing Pearson's

. 2 * * 2
§ % ;J (g ¢34, (80 (nij,kjfl lJniJ,kj+l(e))
+ ,
i=1 j=1{t=1 (6) ' n, I +1(®

13 13 £t ij 1J,kj

(2.2.9)
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with respect to 9, subject to the constraints in (2.2.7).‘ Actually, for
large sample sizes, any BAN estimator of 9 can be used [see Neyman (1949)1.
For large sample sizes, under H0 in (2.2.7), under suitable regularity
conditions given by Cramér (1946, pp. 426-27) and subsequently modified

by Birch (1964),

>

2 D o . 7
X +Xr(kl+k2+ .o +k,Q,) -s + q° (2.2.10)

,» where we reject H_  for

and this provides a large-sample test of H 0

0

large values of ;2.

The test statistic ;2 is generally used when we wait until the end
of the experiment as envisaged in the design. However, as mentioned
earlier, we like to adopt a PCS where we monitor the experiment from thé
beginning with a view to stopping experimentation at an early stage
(i.e., at some time-point Tc’ ¢ < k) if the evidence accumulated up to

that stage is sufficient to reject H Basically, without affecting the

0
risk of making incorrect decisions, such a PCS procedure can be con~
structed and will result in a reduction in the time of éxperimentation,
and hence, cost too. This is elaborated in the next section.

. 2.3. Chi-Square Type Tests for the
General Mcdel Under PCS

Let us examine the structure of the categorical Jdata at the cbm—
pletion of time T, LethC = {j: hj < c}. Then, for j € J,» writing
Cj = c—hj, the j-th batch (nij) relates to the categories Il,...,ICj,

* *
i cos < <
Ic,+l’ with respective frequencies nij,l’ ’nij,c_+l’ for 1 <i<r,

so that the joint probability function is
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*

* ij,t ij c +1

1J,C +l)

Consider then the related minimum chi-square statistic

_ i 2 * _ it : 2
A X c. Myt LTLIF) (45, c.41 nyyliy,e ) |
x2=1 I (P —= + i i . (2.3.2.)
= - I i _
d=1 jed fe=l ng ML, i3 13,¢,+1
. ~ —x
where II and II are the estimated probabilities obtained by

ij,t ij,cj+1
Subs;ituting §=§c in (2.2.6) and éc is the minimum chi—squarevéstimator
~of g based on (2.3.15. Here also, use of any BAN estimator (based on
(2.3.1)) is.permissible for large nij' Note that ¢= ¢k’ x Xk’ and
the earliest stopping time~-point Tb for constructing Xb involves b+l

cells (Il’ ) for which Z (b—hj) > s-q. Further note that

Jer

¢cvinvoives only a subset of the probabilities {Hij t},-and hence the .
. 1

b’ b+1

null hypothesis H_  in (2.2.7) may involve only a subset q(c) of

0

restraints on the Hij t at the c-th stage, where q(c) is /in c¢. This
b

is particularly true for contingency tables, where, as c increases, we

deal with an increasing number of marginal probabilities associated

with the categoriés. Thus for the model in (2.2.5) we set

/r\\ H is monotonicf : (2.3.3)
0 b<e<k o,c’ Oc , - |
Hy o »ngc)(e) =0, V1<m<qle); q¢) Adnec. (2.3.4)
H ~ A . V

Naturally, if Hb e is not true for some c(<k), then'HO,iafalsO~not true.
, ;

Bi4,c.+1
T'Ilﬂ ij,e ) e . (2.3.1)
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2.3.1. Type A PCS Test for HO’ Consider the set of time-points

{Tc: bfpfk}. AtATC; compute xi. Continue experimentation so long

A

as Xi < Wy, c<k. If, for the first time, for ¢ = C, Xé > Wy, stop

experimentation at time TC along with rejection of HO. If no such

C(<k) exists, accept H, at time T, . Here we need to choose wy in

such a way that the overall level of significance of the test is

a;: 0 <G <1, Note that in this setup, both C and T, are stochastic

c
variables. Further, the test proposed here depends only on the set of
frequencies of the uncensored cells. However, parametric considerations
may enter (excepting in some cases like contingency table situations)

through the dependence of Hij ¢ o 0.
, -

2.3.2. Type B PCS Test forgﬂo. Let us define

=]
1]

max{xi - Xifl’O}’ b <ec <k, (2.3.5)

N

2, _
Xe if ¢ = b.

Then continue experimentation so long as I% E_Ac, ¢ >b. If for the
first time, for c = C, DC > AC, stop experimentation at time TC along

with the rejection of H If no such C(<k) exists, accept Hy. Here

0

also, {Ab""’Ak} are positive constants such that

P{D <A, Vb<ec<k|ul}= 1, (2.3.6)
c— ¢ - - 0

where o = level of significance.
For both the foregoing tests, as we shall see in the next section,
the design must be compatible in the sense that (i) q(c) should be )zin

¢ and (ii) z (c—hj) - s + q(c) should be Min c: b <c<k.

J
c
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2.3.3. Two Simultaneous Tests. We have considered earlier the situation

when the number of batches as well as the time-points T 0 f_hj < k-1,

h.®
j=1,...,%, at which the batches enter into the study, ;re predetermined
in order that we know in advance the degrees of freedom of the terminal
statistic iz relating to the overall test computed over all the batches
and all the samples. VCorresponding to the Type A and Type B tests, we

. may devise two simultaneous test procedures across the independent
batches; these érocedures will be termed Type C and Type D tests,
respectively. Theée tests will be particularly useful when the number

of batches is large and the experiment is continued over a long period

of time. in these latter tests, the terminal stétistics are based on

the respective batches only. Consequently, we may relax, in this case,
the condition of batch arrivals at pre-determined timé—points; rather

they may be conveniently decided as the experimentation progresses,

We now proceed to describe these two tests.

2.3.3.1. Type C PCS Test for H As in Typé A test but separately for

9

the relevant batches, compute {, XZ} Cl, at t1me—point T , Where 2

is the number of batches involved at the c-th stage of censoring. If

the earliest time-point for constructing this statistic is Tb for the
: 0]

first batch, then the time-points are T, N 2 veey T - for
bgyth, B +h b +h2

the subsequent batches respectively, The dependence offzé on c comes

from the fact that
R’ ) .
c J.Ell(bo +hy>¢), by =0 <hy < ... <hy < kb, (2.3.7

where I(x) stands for the indicator function for the event. At the time-~
point Tb , the sequence {sz} consists of only the single element 1xé .

0
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This 'bo' may be different from 'b' defined in Sections 2.3.1 and 2.3.2.

Continue experimentation so long as {jxé < Wgl}s vi=1,...,4 . Stop

3 c
experimentation along with the rejection of HO if, for some j, j§§ > jwan'
If no such c(bo <ec f_k) exists, accept HO at time Tk = T. Here we

choose o' in such a way that the overall level of significance for

~every j = 1,...,8 is @": 0 < ¢" < 1, and the overall error rate of the

experiment is gt 0 < g < 1, so that l-g = (l—u")z.

2.3.3.2. Type D PCS Test for H At Tc’ for each j = 1,...,2c, compute

0

[ T2 O2
- <
max{jxc. ch—l’O}’ by + hj c <k,

Je=/{ 0=h <h h

L $<By oo by < kb

22 '
[ %, ¢ = b +hy, 0= by <hy ... by < kb

0 1 2 1} (2.3.8?

0°

Then continue experimentation so long as ch f_jAC,V_j, c > b0 + hj'

If for the first time for c¢ = C, jDC > jAC’ for some j, stop experimenta-
c along with the rejection of HO. If no such

< . . = . .
C(<k) exists, accept Hy at T, = T. Here {jAb +hj’

tion at time-point T
"’jAk} form a

0
double sequence of positive constants such that

P{jDﬂ <,A, Vb

= 1eg" 2.3.9
jher Vbg * By < e < kgl = 1", (2:3:9)

where O is the level of significance for an individual batch and g,
the overall error rate of the experiment, satisfies 1-0 =A(1-Q")R;

jHO is as defined in (2.4.20).

- 2.3.4. Relevance to the Mahtel Procedure. In further extension.of the
“methods of Mantel-Haenszel (1959) and Mantel (1963), Mantel (1966) con-

sidered an overall comparison of two sets of life tables in their entirety.
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The method is equivalent to decomposing a 2 X (k+1) contingency table
into k cofrelated 2 x 2 contingencf tables and combining the result
of each into a summary chi-square with one degree of freedom. By bring-
ing a conditionality argument to bear, he showed how this statistic is
the square of the sum of k orthogonal random variables. He also pro- .
posed a time-sequential procedure where the summary chi-square is
compﬁted after each failure and the test statistic is the maximum of
these chi-squares over the course of the study. Mantel, however, did
not mention that it is possible to develop another time-sequential test
on the basis of the distribution of the maximum of the set of k con-
ditionally orthogonal chi-squares, each with one degree of freedom,
from the k 2 X 2 contingency tables, along the lines of Section 2.3.2.

Structurally, Mantel's procedure is akin to the Type B PCS test.

2.4. Asymptotic Distribution Theory Under H

0

First, through the following two Lemmas, we show that

iz is non-decreasing in c¢: b < ¢ < k. (2.4.1)
*
; <3< <ic<
Lemma 2.4.1. Let {mij,t’ 1<t f_kj, mij,kj+l’ 1<j<% 1<i<r}lbea

set of positive numbers such that Zg=lmij t + m:j k41 = nij’ V1<ic<r,
b 2

h|
1<j<4, and let mr, be defined as before. Let
- - 1J,Cj+l
r Cimyy e ™0 (iy,c 417™i5,c 40
s = 11 |1 + L .
X, (m) ) v
¢~ i=1 jeJ |t=1 o » b < e <k
shaedoqesloomyg e 1j,c,41

3

Then, xz(m) is non-decreasing in c: b < ¢ < k.



Proof: By definition,
. T
Xc+1(?) - 'Zl .gJ
* J ct
T
> 1 1
i=1 Jch
T

il
o~
[

We now write n. . :
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N

\

(2.4.3)

ol +1 _ 2 * e 2
3 (nij,t mij,t) (nij,c.+2 Dyc 42
y + ' i
t=1 *
- Mi9,t mij,cj+2
[ .+1¢ )2 (n) * )2
CsT B, 6™y, Pii,0.42 %y, c,+2
% + i i
=] m m* :
t ij,t 13,c,+2
{ : 3
r _ 2 . 2
cf(nﬁ,tmtht) (nﬁ,c+lmﬁ,c )
) N ] 3
=l mye mij,cj+l
% * 2
(44,424,042
+ i 3
*
m,.
iJ,Cj+2
* %

1J,cj+1_mij,cj+l R nij,cj+2'mij,cj+2 B dij"mij,cj+1

%
and m, , £, ..

=€ lJ,Cj+2 = ij

ij

2 2
Xc+l<T) B Xc(?) 2

(nij,cj+l_mij,cj+1

Then
2
r (M5 e 1™y, 0 41
z z J | -
i=l jeJ, Mig,c.+l
i
* * 2
(s e 42 ™ig,c.42)
+ j i
*
m, .
i],cj+2
% * 2]

*
m,,
1J,cj+l
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a2 a2 (a,, +d )2

r . A

= e R % R % ij ,
I Pt S O A I (2.4
i=1 jeJ | ij ij ij ij

a2 (e, 5 Es +f2 ) + d2 (e, i +e ) ~e..f. (a,.+d, )?

- A i] ijij iJ ij
eiinJ( ij+fij)
2 2
=(%Ufu+%4142:udﬁeufﬁl
£, (e, .+, .)
ij iy i3
(a e, .)?
N | iJ iJ ij*
T, (e, £, > 0, v real aij and dij’ , (2.4.5)

e.
ij7i3 13 i3

since e;, and £ . are positive. a
J 1]

~

As in after (2.3.2) let Gc be the minimum chi-square estimator of ©

based on (2.3.1), so that by (2.3.2),

~ N ~ A

2 = 2 : = v 6 j . .
Xe = Xe(m)s m, = (m (8, V 1,3,0). (2.4.6)

i3, - M3,

" Lemma 2.4. 2 ' 2(m) > Xz(; ),V m # ; , b < c<k.

The proof directly follows from the fact that, since 6 is the
minimum chi—square estimator of 6 based on ¢ . mC = m(e ) leads to the
minimum (over all g) value of XC(@).

From the preceding two Lemmas, we immediately conclude that

Fa) ~ A N

2

- 2 - 2 ' 2.4.7
Xc Xe (m ) ( +l) 5-Xc+l(Tc+l) Xet+1? ve. ( )
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By the results of Neyman (1949), (2.4.7) holds (up to the order of

op(l)) for any sequence of BAN estimators.

2.4.1. Asymptotic Null Distribution of Type A Test Statistic. Let

f.=r|)ec|-s+aq(,b<c<k, (2.4.8)
jeJ J
c
so that by the compatibility condition of the design fC is /zin c.

Further we let

d =f - f for b < ¢ <k and d

C d c-1 (2.4.9)

b= fb.
Finally, let x; Y be the upper 100YZ point of the chi-square distribution

with p degrees of freedom (d.f.). It follows then from the basic results

of Cramér (1946, pp. 424—34)_that under the regularity conditions stated

~in Birch (1964), for every c: b < c <k,

2 2 : (2.4.10)
- Xfc when HO,c holds.

However, the xi, b<ec f_k; are obviously (even asymptotically), not

independent. But, by (2.4.1) and (2.4.10),

P{XC > Wy for some c: b < c f_kIHO c}

- pfl2 . _ 2
= p{x2 > woclHO} > o, if 0 = ka’a. (2.4.11)

Note that wa = X; is the critical value of the overall test (based on

k’
‘ cdmpletion of experiment up to the time Tk = T). Hence the Type A test

consists in choosing the same critical value of the overall test but
allows the possibility of an early rejection without any increased risk

of making incorrect decision.
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2.4.2, Asymptotic Null Distribution of the Type B. Test Statistic. By
(2.4.1), (2.4.10), and the classical Cochran theorem [viz. Searle (1971,

p. 64)1, under the same (Cramér-Birch) regularity conditions, under HO

- :
D, > X<21 for b < ¢ < k. : (2.4.12)
(o4

. Az _ - -
Again, Xk Db + ... + Dk’ Dcvi 0, V¢ and fk 'db + ... + dk’ dc > 0,
V¢, so that {Dc: b<e f_k} forms an asymptotically independent set
of chi-square statistics [see Searle (1971, pp. 60-61)1. Hence,

asymptotically,

k k
2
P{D, <A,V b < c< k]Ho} > c|=b| P{D_ < AclHo,c} > cLb] P{Xdc <A,

(2.4.13)
and - thus, if we let
By = X5 e b S ek o= Q- R RT)
we obtain from (2.4.13) and (2.4.14) that
P{D, i.xﬁc,a., Vb <e<klad > 1, (2.4.15)

As a result, the Type B test consists in comparing the successive
differences'{DC: b < c < k} with the corresponding critical values

{Xg o'l b < ¢ < k} and rejecting the HO at the earliest possible value
c .

of ¢, if there is any such value at all.

2.4.3. Asymptotic Null Distribution of Type C Test Statistic. Let, at

the c-th censoring stage, jq(c) be the number of restrictions on the
model for the j-th batch. Because of the compatibility condition jq(c)

is-/’in c. We also define

f =r(c-b

- - 2.4.16
58 0 = hy) - s+ ,a(e), by +hy <c <k, (. )

3
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- Due to the compatibility condition of the design jfc also is /" in c.

Further we let

[
ja

d = f - f b, +h, <c<k, j
je je 3 i =

c-1’ 70

je= jfc’ c = b0 + hj, j=1,...,4.

<58,

Leaving the details, we proceed as in Section 2.4.1 and obtain

22
> .
P{jxc jwa" for some c: by+h, <c< kleO

= A2 > "o =
P{jxk ijL"IJ'Ho} > o' if Wy

where we conceive of HO as

j0,¢ jm ~
Consequently,

A2 . <
P{jxc S yWns Vet by +hy<c < kleO}

= A2 el
= AP{j,xk < leO} + 1-a",

ijL"
and

Pl <

wa,,,V c:'b0+hj fc<kand Vj=1,..

.,ILIHO}

> (l-a")l, becéuse the batches are independent.

Therefore, the overall level of significance o is\

(2.4.,17)

(2.4,18)

(2.4.19)

(2.4.20)

(2.4,21)

(2.4.22)

(2.4.23)
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. ~ 2 .
P{ch > jwa" fqr some c: b0 f hj <e<k

and some j = l,...,l[,H

i _
3 O,C} > 1 - (1-a")" = a. (2.4.24)

Thus the Type C test consists in using the same critical value at all
stages of censoring for the same batch, but different critical values

for the different batches.

2.4.4. Asymptotic Null Distribution of Type D Test Statistic. By similar

arguments as in Section 2.4.2 under HO’

D s
ch > dec, by + hj < ¢ < k. (?.4.25)

Also,
k
s2
Xpo= Z .D, .D >0,V c and
J k c=bo+h.J ¢ Jec
J

,§ |
0= d, ,d >0,V c, (2.4.26)
Ik c=b0+hjj ¢ J3c : .

so that {ch: b, + hj < ¢ < k} forms an asymptotically independent set

0
of chi-square statistics. Asymptotically, then,

. < <
P{ch < jAc, Vby+h <eccg k|jH0}

k .
- TIT P{ch < jAcleO,c}

q=b0+hj
k ) . o
»> ;ﬂh P{x.d ngc}. | (2.4.27)
c=b, 3 4 c
- (k-bo-hj+1)
' = y? : . < e <k -a") = (1-.g"ty)
If we lgt jAc .dec,ja",, b0 + hj < ¢ < k; (1-a") (1 jqug)

we obtain
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2 1
P{jDC < dec’jo‘""v b07+ hj <ec< kleO} - 1-a". (2.4.28)
Further if 1-o = (l—a")z
2 .
P{jDC < dec’ju,.,,v byt hy<e<k, vj-= 1,20}
11 ’Q’
> (1-a")" = 1-ua. (2.4.29)

Consequently, the Type D test amounts to comparing successive differences
{jDC: b, + hj <c<k; j=1,...,0} with the respective critical values

{de oMt b0 + hj <c<k;j=1,...,8} for an early rejection.
je’i

2.4.5. Restrictions on the Probability Structure with BAM. With BAM, we

test the null hypothesis of homogeneity of the r samples, the batch
arrivals being assumed to have uniforﬁ pattern fof every sample. It is
not unrealistic 1o further assume that the batches within the same sample
have the same underlying distribution. As such, we may impose additional

restrictions on the probability structure of the model as

= j < i! = e s o .
Hij,t Hij',t, J 3 t l, ,kj', Vi, (2 4 30)

apart from the restraints on I, . under H,..
ij,t 0

~2.4.6. Some Special Cases. With a single batch in the one-sample

situation the sequence of DC statistics will uniformly have one degree
of freedom, assuming the genéral model. When the model is unspecified,
i.e., when parametric dependence is not assumed in the model, we
encounter the case of the contingency table (with single batch). With

r samples DC will uniformly have r-1 degrees of freedom, for every c, in
a contingéncy table situation. In the two-sample problem of Mantel

(1966), DC will always have one degree of freedom.
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2.4.6.1. Likelihood Ratio Test. Let us consider the simple 2 X (k+l)- .

contingency table situation, i.e., a two-sample, single-batch with
unspecified model situation. We would now like to prove that the like-
lihood ratio teét stgtistic Uc based on the first (c+l) categories is
.monotonically non-decreasing in c.

Since there is only one batch we drop the subscript 't' and dis-

play the experiment as in the table below:

Sample Categories
1 2 cene c ctl c+2 Total

s1 *
1 %2 e e ™+l D1, c+2 ]

) *
52 M1 92 e Me 1), el My c42 )

) *
Total n.l n.2 n.c n'c+l n.c_'_2 . n.

: . % *
i ati 3 i = + n,
In consistence with the notations used earlier, ni,c+l nl,c+l i,c42° .

i=1,2. Uc and Uc+1 are, tII:en o
c n,. 'j n* sct+l
TT 5
=1 n n
U, = J - - —= - (2.4.31)
2 ¢ n,, 1ij2 n i,c+l ‘
i i,ctl
[TTIED TS
i=1 j=1 "1 i= i
ok
. n, * n,
c n_, | ,.n'c+l ctl N 42 c+2
T > —=) |
- j=1 n (2.4.32)
Uepr = v n n n¥
2 cC n i3 2 n i,ctl n* i,ct
T, ij i,ctl i,c+2:
[1T77eDd T =5
i=1 j=1 i i=1 i i

. . e .
Letting mow, x; = 0 a1’ 2 7 P e42” 71 T M2 00 T2 T P2 0427

Xy + 'xz =X ¥ + y2'= y, we obtain .
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-1 » '
Rc = JZ,n(UH_l Uc ) = (xl+y1) Q,n(xl+yl) + (X+y—xl—yl)52,n(x+y—x'—yl)

Treating now the cell

(x+y) in(x+y) + x0nx + yiny - xlﬁnxl

(X-Xl)ﬁn(x—xl) - ylknyl
(y—yl)Kn(y—yl) (2.4.33)

frequencies of the first ¢ cells as fixed, and

consequently x and y as fixed, we take RC as a function of (xl,yl), i.e.,

R, = f(xl,yllx,y) R (2.4.34)

and consider the nature of this function for variations in X, and Yy-

We note that

BRC _ zrx1x2+ylx2. BRC _ yly2+xly2 (2.4.3%)
= {n 3 = In————, Wb
0%y TEEIXY)T Oy YRy
oR y X
and §§5 %,0 according as —l-g ;l ’
1 Y2 = %2
R, > 0 aceordd V1<%
T7. 2 according as §—~;-§— .
Y1 )
Let now
X ey_l (2.4.36)
Xy ’
Then by chain rule
S SERA
1 1
where Efl = fz— > 0 and EZl = - f%z <0
] v 90 Bx :



. 41
3R 3R ' SR

Since, when 5;5 is positive 5—5 is negative and vice versa, _§£
| 1 ar 71 5R :
is positive when §§£~ is positive and negative when 5§5 is negative.
oR, | - 1.8 on -
++— vanishes only when — = — or — = — , i,e., when 0 = 1.
a6 _ Yy X, y X

Consequently, Ré has a unique extremium at 6 = 1. But this cannot be .

the maximum since, for example, at x, = 0, Rc is ©., But at 0 =1, R

1

identically vanishes, which implies UC = Uc+l' Since for all other

> Uc, Uc is monotonically non-decreasing in c.

C

values of 0, Uc+l

This result may not extend to the BAM situation. However, by
Néyman (1949),Vwe know, for large n,
- 2 ' ‘ ,
22.nUc = X + op(l). o (2.4.38)v
VThus,vin large samples, we are assured that {Zanc} is a monotonically

non-decreasing sequence in ¢, stochastically.

2.5. Asymptotic Distribution Theory of the Proposed
Test Statistics under Local Alternatives and
Power Considerations

2.5.1. Consistency of the Test Statistics. We have under HO c F;c)(G)
, Yo, t

=0, V1< m< q(c), and under the fixed alternatives Hi ot F;c)(e) + 0,
A , ~ :
1

for at least one m. Let Hij,t = Hij,t under Ho’c and Hij,t Hij,t un

i=1,.00,r3 J =100, £t = 1,...,cj. Then, under the

.under Hl’c’

Cramér regularity conditions modified by Birch (1964), Il (9 )’R HO
; ij,t ~C ij’t

. A p
when H is true and II,, (6 ) —» H%. when H is true. Therefore, as
O,c ij,t'~c ij,t 1,c ‘

- -1", P ~ . ' . :
n gets large, under Hl o D lxi > Ec, where Ec(>0) is a constant depend-
. s , _ _

ing on ¢ and n is the combined sample size. As.x;(k ..k )—s+q‘a is
, , D pHee ety s

Vo . . D2 . 2 ,
0(1), the probability of.xc exceedlng'Xr(k1+...k2)—s+q,q tends to one as
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. n > o, .By similar reasoning, the powers of the other three tests, viz.
Type B, Type C, and Type D, can be shown to go to one as n -+ ©. Con—
sequently, in order to coﬁpare the asymptotic performangé of the four

statistics, we consider only local alternatives.

2.5.2. Asymptotic Distribution Theory of Xf. Let under H andAlocal

0,c
alternative H(n)
1,c
H F(c)(e) =0, V1<m< qc)
O,c" m “~ ’ -7 = ’
(n), L) _ .k
Hl,c' Fm (Q) =n ‘e, V 1 <m< q(c), (2.5.1)
P 1 { gy ol
where e # 0 for at least one m; n = n,, .+n, ' and
m 1=1 j=1|t=1 ij,t 1j,cj+l
Lin i _ o g« Q.. < 1. (2.5.2)
n*© n ij? ij '
‘ . For convenience w2 reparaphrase HO e and Hini as
0 _ 0 o' _ ,.0 0
Hij,t = Hij,t(g ), 9 = (61,...,68) and
HO,C
Féc)(eo) = (0, 1 <m < q(c)
or
O0,c _ 0 o' _ ,.0 0
HO,c' Hij,t B Hij,t(gc)’ gc b (elc""’ s—q(c),c)
-1
1 =%+ n%..  and
(n) ij,t ij,t ij,t
H :
Le () /a0 .
Fm (07) =0, V1<m<q(e), i=1,...,r,
i=1,...,4, t=1,...,c.. (2.5.3)

Note that for t = cj + 1
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*(n) - 0 ~4
Bt Mg e v S5y ch 1
i 773 3
C.

J *
Y 8., . +8,. =0, Vij. (2.5.4)
=1 13,; IJ,Cj+l

*

C.

I s |
. = - .. . since
1J,Cj+1 =1 ij,t

We are assuming that at least ome 0, .

is non-zero. Then by Theorem
ij,t _

3.1 of Diamond (1963) under the regularity conditions (a), (b), (c),

(d) of Mitra (1958) and (e) and (f) of Diamond (1963), under Hini
) >

~ D v
X2 >XE g s © = bk, (2.5.5)
¢’ ¢

where

-1
= &t'rTo '
6 = S I-BE'B) B8,

| N
Oc®e X ) = 1(Quy/Myy 784y )

RC =r X (cj+1)

jed,
BGR_x @ma(e)) = {(, /10, ¥l 2y g0 (2.5.6)
~ e ate - Qij ij,t aec ~c  ~cf® t
‘ * *
In the above expressions for 6c and B, II I and 6

~ ij,cj+l - ij,cj+1 , ij,cj+l

=0 Distinctions have been omitted in order to avoid clumsiness.

ij,cj+l'
e

* ’ : : :
‘Let A -be the event that xi > W, for some c: b < ¢ < k. Then the

%
power P(A ) is given by

N ; (n),
P(A) = P{xc > Wy fo? some ¢: b < c 5-k|H1,c} K
- plx2 > w0 1™} » 1-8 C@.5.7)
k © Ta'l ’ - et
' (n) A (n) :
where B is the error of type ITI and Hl' = Hl . Consequently, by
' . c=b o o

thiS'testing procedure both the type I and type II errors remain the
same as those of the overall test. Now, A is the union of the following

disjoint events:
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hoF0Ge
- A2 A2
A1 T UG S Wy Xpug > 0}
- [l2 "2 > )
Ac - {Xb wa’ Xb+l wu’ ’Xc—l < wa’ Xc > wu}
= {Xi 1S % Xe > woa}
= {QZ <w Qz > w } ‘ (2.5.8)
Ak - k-1 — "o’ *k (Vi

Let TC be the time-point at which the experiment is terminated. The
event TC = Tc is the event Ac' Therefore, the expected stopping time

with this. test is

k
)= ) TP(A)+ T(1-P(A")). (2.5.9)
c=b C [

T, = E(T

A C

The probabilities of the constituent (disjoint) events of A are given

by:
02
P(A) ~ P{xb > “a}
% -A u
= ¥ e POY" - (x)dx, (2.5.10)
—_—— "2uHd
u=0 u!l b
w
o
where
= 1 48 t nai
A, =% G and €2u+db(x) is the density
of the central chi-square distr’bution
with 2u + db d.f.
For ¢ > b,

PA) = PIX] | Sw, X > wt (2.5.11)

By Searle (1971, pp. 60~61), Xz—l which is asymptotically distributed as

X2 ' is asymptotically independent of D = X2 - x2 which is
fc—l’ o1 c c c-1



asymptotically distributed as xé G -6 ) = Xg G*' If now
¢’ e c-l1 c’c

~

A
2 . 2

<x<Ww the > - => > .
xc_ -~ hen Dc wu X Xc Wy, Thus,

© o cole Ap) :
P > Z Z [ = Coppg (¥)dx
u=0 v=0 0 . c-1
: *

-1 ,
o C(X:)V
Jm v! CZv+déz) dz |,

W =X
o

where

' *
=1 = -
Ac 3 Gc and Xc Ac Xc—l'
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(2.5.12)

2.5.3. Asymptotic Distribution Theory of D . It has already been proved

in Section 2.5.2 that under local alternatives Hin)

chxczi G*, ¢ =b,...,k. (2.5.13)
e’ C
' : 2 - ,
Letting xdc’a, Yos We bave
l-power = P{D_ <y ,Vb<cX le(n)}
c—"c - - 1 _
X*
v y - u
+ +b . %
LSy (n) k=b | ¥ J P P (Kp+b) i
>TTelo, <y | By Y2TT L o N Cou 4d_ . (dxp
c= =0 |u_=0 P p Up+b
(2.5.14)

Let Bcibe the event that the experiment terminates at the censoring stage

c. Then

=]
i1l

= {Db >-yb}

}

o)
It

b1 = P S92 Poia 7 Voma
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v=]
H

= < < »
Dy <9y Dy S Vpyeee Doy £V s D, > v}

K Dy < wpseesD ) Sy g Dy

i

B > (2.5.15)

F3 T
These are the mutually exclusive subevents of B  which is the event that

DC > Y, for some c. We compute respective probabilities as

-A
= e PO
P(B) ~ ) - Ty, (R dx
u=0 u! b
’b
%
-\ u
%
c-1-b[ o yp+b e p+b(A +b) P
P(B ) > , ’ ) f P Cou +d4 . ®dx
p=0 |u =0 u ! up p+b
~|'p O p
%
e (A) ,
) f el g, g (dx. _ (2.5.16)
u=0 al c
Ye
, k - *
From the above we obtain E(T,) = 1. = z T P(B ) + T(1-P(B )).
C B c=b c c

2.5.4. Asymptotic Performance Properties of the Iype C. Test. Define
non-centrality parameters as in Section 2.5.2 but for individual
batches; and index them by j. TFor example, we denote By ch the non-
centrality parameter associated with the asymptotic chi—square distribu-

~

tion of the test statistic jxi at the time—pointATc for the j-th batch

and A =% .G under local alternatives .H(n).r Note that both _H
J jc jl,c , j 0O,c

c
and ,Hini are monotonic, and, as in (2.4.19) and (2.4,20), we conceive

M) - . . (n)
of jHl nd Hl
2
(n) -/ (n), ,(n) _ (n) , =
jHl = }\ .Hl’c, Hy —_f\jHl-f (2.5.17)

j=1

= ]
c b0+hj
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The power of the test is expressed as

N

_ _ 2 . ) . (n)
1-power P{jxc < JONE Ve: by + hj <c<kandVj 1,...,5L|Hl }

= '"T'P{ Xk <y O‘..l H(n)}

_.Ak
A [ pgtene d Fap® .
j=1 {u=0 0 e! ik : '

% Ny
‘The event E that X2 > LW
j%¢ 3

-t for some c: b, + hj < ¢ £k and

0

.j.= 1,...,% consists of the following mutually exclusive events:

E, ={ %% > w.,}
bO 1 b0 1o
= [y < < i< R 2
E, {jxc—l —-jwa for all 1 <3 __%c_l,_anq ch 50 Wy for some
j = 1,..,.,JLC}, b0 + hj <ec<k : _ ‘ (2.5.19) ‘

Note that there are onlyVSZ,c j's which satisfy b0 + hj < c < k. The

corresponding probabilities are given by

) 8 -
P(E, ) > Z fw o Lot g, (X)dx:
u=0 - . 1b
ST 0
-\ ,
: zc-l ) jwa" e J c—l( A )Vu:-l
v ——T ' j c-1 '
P(Ec) M ! Z ' y ' Z;2u.+,:l5 (x) dx
- j=1 uj= 0 - uj. Jjie-1
2 * v -
e : Wop=x = A kT
@ ot 3Te(A) ,
1-TT 3 J E Lt —z, L4 (@dz
e . 2 ' .+,
i=1 vj—O 0 Vj’ jje

(2.5.20)
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Expeéted stopping time TC,iS then
- . 7
E(T) = T, = ) T P(E) + T(1-P(E)). (2.5.21)
A ¢ . © c
0

2.5.5. Asymptotic Performance Properties of the Type D Test. Let

2 = .y . (2.5.22)

Then

€

.»% and ¥ c: by + hj <ec< lein)}

it
J
,_A,
=]
‘4
<
(A
il

1l-power

2 Kk ()
+IT TT P{,D < .y ]'Hl,c}

Jc']
_'A: * iYe
.Y | (X )J

L k o j’c e e 7 '
> ]—T 1_T Z j u ! C2 u +.d (x)dx (2.5.23)
. C=O 0 jc jeje

The event that the experiment terminates at some time-point TC

consists of the mutuélly exclusive events

F, =1 y, }
bO 1 bO 1 bo
z < < § <
F, {jDC_l S Ve for all 1< j <& _.»
JDc f_Jy , for some j = l,...,ﬁc},
b, + h, <c < k. : : (2.5.24)
0 ji—- " - )

The expressions for the associated probabilities are given by

A*
e 1 bO( A* )u
1b

pr, ) > Z r - 0 s g (OGE

1yb
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A 3 >‘v+b0+hj . u
oogolbgthyl o 3 b gth, © CAveb +n)
P(F) > ) J J 9 J
i=1  v=0 lu =0 /0 u!
v v
4 (x)dx
2u_+.d
v j v+b0+hj
-, % Us
zc 0 jyc e * c(jk ) J ,
1-T11] 1 f S, g (ax|] . (2.5.25)
j=1|u,=0 ’ u, ! ustsde
3 0 3

The expected stopping time T, can now be computed as before.

D

2.6. Concluding Remarks

For groupéd data, Ghosh (1973) has extended the results of Sen
(1967) in deriving a class of conditionally distribution-free rank order
tests having somé asymbtotically optimal properties. Extension to PCS
will be studied in Chaptgr III.

The proposed test procedure can also be extended to ;he multi-
dimensional categorical data situation, where the main response is
time-sequential and.ét each time-point of censoring, responses with
regard to the other categofies are complete. Following Bahadur (1961)?
if it is éossible to derive an approximate lower‘dimensional repxesenta+
tion of the joint probability function, we can start censoriﬁg at an
earlier-étage for pﬁrposes of tests under PCS.

- Sugiura and Otake's (1973) test for regrouping a 2 x (k+l) con-
~ tingency tabie is similar in construction to our Type B test. Hence, it

can be used for application in the context of PCS as well.



CHAPTER IIIL

RANK ORDER TESTS FOR GROUPED DATA UNDER PROGRESSIVE CENSORING:
SIMPLE AND MULTIPLE REGRESSIONS ‘

3.1. Introduction

'Sen’(1967) obtained asymptotically most powerful tests for
‘simple regression against one-sided alternatives for grouped data with
the underlying distributions being continuous and the form being known
but the random variables observable in a finite or denumerable set of
intervals. If the underlying distribution is continuous but its form
is not knovn and we work with general scores, tﬁe test is distribution-
free (conditionally) but not asymptotically most powerful; its effici-
ency depéﬁding on the assumed score function. The curfent investigation
generalizes the resu}ts of Sen (1967) and develops suitable progressively
censored tests based on rank order statistics. »

Ghosh (1973) extended the resuits of Sen (1967) to the multiple
regression:situation and developed a class of nonparametric.tests which
" are asymptotically optimal in Wald's (1943) sense, assuming that the
form of the true density function is known. If the density is not
known, the test is not'optimal in the sense mentioned above, and its
efficiency depends on the assumed density. By generalizing the results -
oerhosh (1973), suitable tests are derived here under progressive

censoring procedures, making use of general scores.
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Section 3.2 deals with the models and assumptions. The problems
are discussed in Section 3.3. Section 3.4 presents the proposed tests
while Section 3.5 gives some preliminary results. The asymptotic
distriBution theory of the test statistics under the null and contiguous
alternatives is deri&ed in Sections 3.6 and 3.7 for simple regression
and in Sectiéns 3.8 and 3.9 for multiple regression. Some related

numerical computations will be displayed in Chapter V.

3.2. Models and Assumptions

3.2.1. Simple Regression

We consider as in Sen (1967), a sequence of random vectors

' - - . ] .
Xv (le,...,Xva)vof Nv independent random variables, where X\)i has

a continuous distribution function Fvi(x), i= l,...,Nv, 1 <v <o,

Nv 2_1, given by

o _
= - ;i = . < 3.2.1
F . (x) = F(o "[z-a Be, 1)s 4 15.. Ny, 1<V <o, ( )

. ) are known

where 0,8 0(>0) are real paiameters and (c

sesesC
vl \)N\)

constants. f is the parameter of interest and & and O are nuisance
parameters. We also make the following assumptions:
N

ZNv X Vv o2 2 2 ¢ » (3.2.2)
c.. =0, c.,=.C5,0 < sup A C° < . : Dl
jep Vi j=1 Vi v vV

2 102 = .2.3
Max, <1 f_chvi/Cv o(1). 3 )
_ dF(x) ' - df (x)
f(x) = i and f'(x) Tax
exist almost everywhere and
. f [£'(x)/£(x)1?% £(x)dx = A*(F) < w. (3.2.4)

e o]
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Since we are concerned with general scores we work with assumed
density g(x) rather than with true density f(x); therefore, we assume,

in addition,

| d d
g(0) = ) g g1 () = dEX)
exist almost everywhere and
f [g' (x)/g(x)1% g(x)dx = A%(G) < =. (3.2.5)

3.2.2. Multiple Regression

We replace (3.2.1) - (3.2.3) as follows:
Fo(x) = F(O Tlx-a-B'c. 1), 1= 1,...,N, L<v<o N.>1, (3.2.6)
vi Ecuil)s seeesNp, 12 » Ny > 1, .2.

where §' = (Bl,...,Bp) is the vector of regression coefficients which

are unknown and of interest; o and 0(>0) are real nuisance parameters;

* * * *

Cyy = ( )', i=1,...,N , are vectors of known con-

e300y C .
C1vi’C2vi’ *Tpvi \V

stants. Letting

([ %t )
Svi
*'
Sv2

*t
Sv,N

R

Rys (3.2.7)

'
=R

we assume
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Vg
izl cm\)i = O’ m = 1’ sPo N\) > 19
Nv .,
izl moi = M= 1., N > 1,
. .
max max Icmvil = o(1l). _ (3.2.8)
lfiva 1<m<p :
Further,
N
v * * - A A >
- = o]
, {‘\\) = ((]Z-—l Cm\)icm'\)i)) " (( mmv)) as N\) . (3-2-9)

where Av and A are positive definite i.e., of full rank p. We note

that A =1, v l<mcp.

3.3. Formulation of the Problem

In a time-sequential experiment, consider k ordered intervals

Il,...,I in which thé'responses'are recorded and the (k+1)-st interval

k
denoted by 1

*
k+

sidered the case where the sequence {Ij} is countable, but for our

1; which includes the censored cases. Seh (1967) con-

purpose we treat {1.} to be a finite set, since practical considerations

3

.may not allow the experimenter to continue the experiment beyond a

certain point of time.

Let @ =a <a,<...<a <a_ ., <...<®bea finite set of

ordered points on the real line [-®,®]. Then the'{Ij} are defined as

I- a"a-']]’ j 1"“’L('.’ 3'3'1)
I = I (a 1,°°l 3-3-2

Tk+1 k+1
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Conventionally, for every % < k

*
Torr = T Y Togp oo0 Y iy (3.3.3)
. » . = [
As in Sgn (1967), the random vector %v (le""’XV,N )' is
: * * *
related to the observable random vector X, = (X .,...,X )' as
2V V1 VN
< K+l o _
i XJ a1 LZgge 1= LN, (3.3.4)
where Zij is the indicator variable such that
1, if X . e 1,, o
245 = o C(3.3.5)
J 0, otherwise, for all i = 1,...,N, § = 1,...,k+L.
We further define
Nv .
) zij =Ny 3= 1ol ,kH, : - (3.3.6)

so that N, is the observed frequency of the j-th interval Ij and
k+1 ' :

= I

F = 0; F

. N ,
‘= . = 3.3.7
.1 ﬂ N, N 1,000,k; F 1. ( )

U5 S CN v J v, k+2

3.3.1. Simple Regression

Letting
Wity 0y - eaa, L, o
Fy,3+1 ), 5+1 !
sz ='i = J ¢Q(u)du J du{ | if ij >0, | *3.3.8f
| .3 .3
L 0, otherwise,
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where @9(u) = —f'(F l(u))[f(F l(u))]_l, 0 <u <1, we have, following

Sen (1967), the test statistic
N
v k+l o

S0,k ~ Zl ®vi Ly=1 Bvi%ij (3.3.9)

which provides asymptotically most powerful rank order tests for the

hypothesis:

HO: B = 0 against the set of alternatives B > 0 (or B < 0). (3.3.10)

If we work with assumed density function g(x) = G'(x) we similarly

define
[ 1 -1 -1
ijNv[g(G (Fv,j))-g(G (Fv,j+1))]
F. .
R J- | v,j+l Fv,j+l 1
by = = - ®(u)du f dul , if N, >0, (3.3.11)
_ P
Vv, 3 N
g 0, otherwise,

where ®(u) = -g' (6 (w)) (g6 (W)1™, 0 < u < 1, and ¢(u) is non-
decreasing in u. Then we test the hypothesis given by (3.3;10) with
the test statistié

N
S _z\) k+l

v,k Li=1 i J =1 VJ ij (3'3f12)

Henceforth, we shall use general scores based on G for purposes of test

construction, on the assumption that the true distribution F is not

known.
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3,3.2,_Mu1tiple Regression

Let
Ny, k.
Uav,k = Zi=lcmvi’j=l Boj 243> ™= Loesps
' = v .
Wk = Uvee T, - 3313

Ghosh (1973) proposed the test statistic

= ' -1 -2 (k)
M,y (gv,k b, gv’k) B (FV,{Ij H, . (3.3.14)
for testing HO: B = 0 against the alternatives Hv: B # 0 where
k
Bz(Fv,{I§ )}) is defined in (3.5.21). Ghosh (1973) also has shown

N

~0
that when we replace Avj by Avj in (3.3.13) (i.e., the true density is

“known), the test provided by (3.3.14) is optimal in Wald's sense

asymptotical'ly, .nder certain regularity conditions.
The test statistics § and M are used if the experimenter
v,k v,k :
intends to wait until the end of the experiment for a decision. How-

ever, for an early decision, we would like to adopt suitable PCS

procedures which are developed in the next section.

3.4, Tests Under PCS

Under the progressive censoring scheme, the experimenter would
like to know, as the experiment progresses, whether tl.e data collected
up to date provide sufficient evidence to reject Ho or continue with
the experiment. Thus one deals, in this case, with a sequence of
statistics {Sv,c} or {§v,c} where Sv,c or §v,c is constructed similarly
as in (3.3.12) or (3.3.13) but based on the class-intervals I.,...,I ,

: 1 c’

%
and Ic+1 (which includes the censored individuals only). For the sake
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of clarification, we detail the following situation at the time-point

_T T %41’
Categories : 1 2 c ‘ ct+l
Class— o ' *
Intervals H Il:(—m,azl 12:(82,33] .e .Ic:(ac,ac+1] C+l (ac+l, ]
N N N Ny
Observed v v v N =} 7
Frequencies: Nv1=.z Zil Nv2=.z ZiZ "'NVc=.Z Zic V,ctl 121 i,c+l
i=1 i=1 i=1
Empirical *
gistr%bution Fo1=0 By = By 5= v, et v,c+2t
unction .
-1 -1 % -1
N " N._.N N N N
v vl v =1 v Vo1 v
s A A A Ny
core vl V2 T Tve : V,ctl’
(3.4.1)

% .
There are two representations for Zi o+1° We shall use either of them
B . .

as convenient.

1-2,.VZ,,V ... VZ,,

il i2 ic
Zf,c+l = | where Z , v Ziz Vi oeeo V Z;, = maX(Zil,...,ZiC);Aor
23 b1 zi’¢+2 ces “_Zi,k+1’ 1=1,...,N: ‘
(3.4.2)
' X* . is defined as
v,ct+l :
1 -1 -1 o
2:,c+1 - I ¢(u)du f aw | . (3.4.3)
¥ ,

v,c+l FV,c+ 3
We now proceed to develop the test procedures for simﬁle and mdltiple

regression situations.
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Based on the first c+l1 intervals, the statistic Sv c is given by
b 4
N\)

S c N AR (3.4.4)

= cusl)le 2, .
v,c igl vi Z3=1 13Avj + Zi,c+l v,c+l

Note that the unconditional distribution of Sv o’ even under HO, is
b

dependent on the unknown distribution. However, under the same permu-
tational argument as in Sen (1967), its conditional distribution under
HO does not depend on F. Leaving out the details, if PV be the

permutational probability measure defined in Sen (1967), we have

-1 .
ijNv s J=1,.00,e, 1= l,...,Nv,
E(Z,./P) = :
Nv,c+le , j=ctl, 1= l,,..,Nv . (3.4.5)
\ _ . P B : =
E(Zijzij'/Ly) 0, J#3 l1,...,c+l, i l""’NV° (3.4.6)
-1 -1
E(Zijzi'j'/Pv) = ij(ij.- ij,) N,S(N-D
i44i'=1,...,N, 3,i"' =1,...,ct+1, (3.4.7)

A

where 6jj' is the usual Kronecker delta. Note that in (3.4.6) and

*
(3.4.7) we have not dlfferentlated Zi,c+l from Zi,c+1' Let
SV .
£ M)y - = 5 (3.4.8)
Ve [Var(Sv,c/Pv)]

~v) _ " -1

where tC Var(Sv’C/Pv) [Var(Sv’k/Pv)] indexes the sequence of
¢ g ‘ (V) 1k

statistics {E\)(tj )}j=l'

Under progressive censoring procedure, we suggest the following test

statistics:
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+ - .
wh = max £ (),  (3.4.9)
1<e<k : : '
for testing HO: B = 0 against one-~sided alternatives B > 0 (or B < 0).
L, = max |g e,  (3.4.10)
1<c<k ' .

for testing HO: B = 0 against alternatives B # 0. Under Pv, both L3

and Lv, being functions of tied ranks, are conditionally distribution-'
free. Therefore, for any pre-assigned level of significance o(0<a<l),

+
there exist numbers L .-
: V,0

and Lv o such that

+ + .+ + o+

= > < < >
o) = P{Lj L\),OLIPV} <a < P{Lg __Lv,alP\)},

= > < < >
a, = P{L L\)’a|P\)} <a<pL, > L\)’uIP\)}. (3.4.11)

Note that derivation of exact conditional distribution of L: and Lv on

permutatioh principle requires knowledge of the cell frequencies

ij, j=1,...,k+1. But these frequencies are not available until the
end of the experiment. However, it will be shown in Section 3.6 that
. + ' +
s :
as Nv ® and k is large, both av and uvrapproach o and Lv,aand Lv,q

approach known points of regular functionals of Gaussian process on
D[0,1]. On the other hand, if k is not large, tests based on Lt and Lv
will be conserﬁative,,though valid, even in large sémples. ‘The pro-
gressive censoring test procedure consists in comparing, as the

, : : V) ) -
. experiment progresses, E\)(tC ) or liv(tc )| against the 100(1-a)th
- percentile points of the asymptotic distribution of L: and Lvﬁ-
, » S X _ M)y - (v)
respectively. If for some c: 1 < ¢ f_k,,Ev(tc ) or |£v(tc )l exceed
these critical values, we reject the null hypothesis at the c-th

censoring stage; otherwise, we continue with the experimentation. If
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no such c exists we decide in favor of the null hypothesis.

3.4.2. PCS Tests for Multiple Regression -

Following Ghosh (1973), we may construct the sequence of test

statistics {Mv c} based on the first (c+l) class-intervals, where

= ' (c)
Mv;c @, A . v v )B (F {I b,
' t—1
~V,c (Ulv,c’ Tt Upv,c)’
Ny c
. %* o % *
Um\.)’c = izl C vt jzl Avjz],Lj + A\),cﬂzi’c+1 ,m=1,...,p, (3.4.12)

where Bz(Fv,{Igc)}) is as defined in (3.5.21). It may be observed that
the monotonicity property of {Xz} developed under PCS and product-

multinomial mode’ in Chapter II or the martingale property of {SV c}
E]

under the simple regression model as will be proved in the next

section of this chpater, is not apparent in the case of {Mv c}' There-
L)

fore, these cannot be utilized as such as a basis for construction of

suitable PCS procedures. However, by (3.2.9), A

v is positive definite

(symmetric) and hence there exists a non-singular matrix Ev such that

pXp
' - = A9 = _ (3.4.13)
BB, = DUD, = 4y }p’
l__ 1 '” -
where D EV Bv and E (elv €oys 0o Spv)

The diagonalization of Av is achieved through the transformation

* * *

- '
gvi (d1v1""?dpvi)

*x
1 | I
(SV1EV) B ~v~v1 (3.4.14)



In that case

w
g
]

B'(E) )7t

~ ~Vi ~

= I\) g\)l
where
- o1la o
Ty = By B = (5
: =0= :
We note that HO IV 9 HO §

(3.2.8) it is trivial to show that

= 0 and vice versa.
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V Vl

(3.4.15)

(3.4.16)

By virtue of

v * _
Lodyy =0 (3.4,16a)
i=1 ,
Further,
d* _ ; *
mvi vasvi
= * 3.4.17
= (e l""’emvp)svi’ | (3.4.17)
and
*
max max Idmvl|< max max Ic Vi I( max E [emv ) =o(l). (3.4.18)
I<4SN,) 1<msp 1<4<N ) 1<msp L<nsp §=1 J '
* .

At the time-point T =

Let as in Ghosh (1973),

a . ve have c+l class—-intervals Il,t,.,I

* § ~ X*
S 12 dmvi'.=1 ijlj i,ct+l v,ctly’
m=1,...,p, ¢ = 1,...,k, (3.4.19)
-— | = . .
.'§v’c = (Slv,c""’spv,c) , c=1, ..,kf (3.4.20)
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Let also
vy _ (V) v) V) yyr
}E\)(tc ) - (gl\)(tc )9 EZ\)(tC )s LA 1 gp\)(tc )) R

c=1,...,k, , (3.4.21)

where

1s .
- Em\)(tc ).— va,c Var(va’c/Pv) »m=1,...,p, ¢ =1,...,k,

(3.4.22)
-1 .
k/P\))] indexes the sequence of

V)

Cc

)

C

and t = Var(va,c/Pv)[Var(va

(

. . v
vector-statistics {lp\)(tC ))}. We note that t

>

is independent of m,
for reasons which will be evident from results in the next section.
For tests under progressive censoring, we propose the statistic
v .
M = Max Max |£ v(té ))|, (3.4.23)
1<e<k 1<m<p

for testing H N # 0 (hence HO: § = 9 vs.H,: B # 0).

~ ~

T.. = 0 vs. H

0" v V

Under PV, Mﬁ is conditionally dis;ribution—free. As in the simple
regression problem, derivation of exact conditional test of Mv demands
complete kndwledge—of the frequencies of all the k+l1 class-intervals and
hence is not feasible under the set-up envisaged here. However, it will
be shown in Section 3.8 that as Nv > oovandAk is large, Mv converges in
distribution to that of a regular functional of Gauss.an process on
D[0,1]. On the other hand, if k is not large, test baséd on’Mv will be
conservative, even in large samples, as in the simple regression case.
We develop progressive censoring test procédure similarly as. in

the simple regression problem.
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It may be mentioned that the non-singular transformation on
c;vi's satisfying (3.4.13) is not unique. Consequently the test
statiétic Mv is dependent on the particular non-singular ﬁatrix Ev
chosen for the purpose. Alternatively, we may develop another

* .
statistic'Mb which remains invariant under the type of transformations

which satisfy (3.4.13). Let

N
* zv § ~ - K* Z*
Umv,c ='Sm\),c - jo1 | j=1 VJ kN v,etl i, e+l
m=1,...,p, ¢ =1,...,k, (3.4.24)
* o (s )1, e = 1,...,k | (3.4.25)
~V,e U1v,e’ Ppu,e’ 2 & T renenk T

=1 :
v * * 2
Emv( ( )) = va c[%ar(smv C/PV;J ,m=1,...,p, ¢c =1,...,k,
2 E] .

v(3;4.26)
e - (E:v(tév)),...,i (t (V)>)' =Lk (Gu2n)

We now define
M= Max wv(t(v))wv(tiv)>; uA (3.4.28)

1<c<k
: : * _ :
Noting ;hat Var(va’c/Pv) = Var(va’c/Pv) for eyery @‘and every ¢ (as
Wili be clear from the derivation of results in the next section)_and

by virtue of (3.4.13) and (3.4.14)

M: = Max y\)'(t(\’))E E ¢:(t§\)))
' 1<e<k
= Max (c(V))A P, (t(v)) , C (3.4.29)

l<c<k
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which shows invariance property of Mv under any non-singular transforma-

*

. ] . .
tion on c_ .'s satisfying (3.4.13).

We, next, derive some preliminary results in the following section.

3.5. Some Preliminary Results

We introduce, first, the following notations as in Section & of

Sen (1967):

o%*
' Ac+l

1.

F(la, - a]O_l), ji=1, set+l, ¢ = 1,...,k,
*

Fc+2 =1, ¢ =1, ,k,

Fj+1 - FJ, j=1,...5¢c, c =1, sk,

. —lv _ -1, - -1
£ ) -t ]
f j+1 -1

F,
J

1
f ¢° (u)du|P

Fc+l

%-1 P* >0
ctl’ Tetl ?

[0, otherwise, ¢ = 1,...,k.

_1'

-1; -1 ’
[g(G (Fj)) - g(G (Fjﬂ))_]Pj

i1 o
.-f o(u)du Pj R Pj >0,
F

3

0, otherwise, j = 1,...,c, ¢ = 1,...,k,

0°(u)du] - IR 0, -

* 0, otherwise, j = 1,...,c, ¢ =,1,§..,k,

(3.5.1)

(3.5.2)
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: 1
: % *
'Af @(u)du}P 1 PC >0,

c+1’ +1
% For
AT = ¢
ct+l . :
0, otherwise, ¢ = 1,...,k. ' (3.5.3)

RE IO = 7 4%, 4 % )2 p* -

Bz(cl{x(c)}) = f A2 P, +a%2 9" oo k' (3.5.5) -
, 11, R iry 11841 seessk. | 3.5.5)

(c) ; S .o, o* % * _ '

C(F,G,{Ij D _jzl AjAij + Ac+lAc+ch+l, ¢ =1,...,k. (3.5.6}

p({1§°)}> - C(F,G,{1§°)}>A'1<F,{1§°)})B'l(c,{1§¢>}), |

c=1,...,k. (3.5.7)

Let the 0-field generated by the indicator (random) variables

(Zij’ 1<j<fe, 1214 f_Nv) be denoted by

(&) _ (e),.. . . | -
F," = F, (Zij’ 1<j<c1<1i f'Nv), | (3.5.8)

0) .
By this definition Fé )jconstitutes the null 0-field generated by an

empty set. We also define a sub o-field Qéc) of Féc) as

() _ p(e),, - ; . . :
Qv i% @ﬁ,liJic,1ii§mpmwﬂwﬁru”%mh

(3.5.9)

In the following two sections we derive some results relating to {Sv c}
b

and {§v,c} under HO.
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3.5.1. Simple Regression

0’ {Sv C,Fép),l <c<k}lisa marfingale.for v
E]

Nv(Z}).

Proof:

© 4y -3 CIN ~
E(S, (/F, "»Hy) = BLES, /@57 Hyl, | (3.5.10)

v,k

N

where E represents expectation over (N It will suffice

V,e+1’t"? v,k)‘

if we can prove that

' () R |
E(S v, k/Qv JH ) ’C, c = 1,...,k./ | | (3'5'11),
Now V
N
E(S, /a5 h, -y 2 zvc kfl {5z A, /08 1)}
v,k' v j=1 i=1 V1 ij VJ i=1 ViJ bl jvity
(3.5.12)

But conditionally on Qéc),Avj is fixed, V j = c+1,...,k+1l and

A(c) kel .
E(Zij/Qv SHy) Nv op1 Mo (12 veovz, )

I { =1 el .y

= N\)’C"‘l Ve i,c+1’ 1= ,--o’N\), J = C A,-n-" .

(3.5.13)

Substituting (3.5.13) on the right-hand side of~(3.5.12), we obtéin

N . N
E(S,, k/Qv ’ 0) =1 “vi L AVJZIJ .X‘cvl. Z *

i=1 1 i=1 "Tj=ctl Nv,c+l

NO c A N e Z* j N  k+1 N X .
_ ' vi“i,c+lv viv]i
= z c X A Z + . Z - .

ge1 Vi VI g j=o1 Ny

v,ct+l ‘
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N N
Jey I Lozt i
= c A Z, . + c 2, A
121 vi j=1 vi ij i=1 vii,c+l v,c+l
= Sv’c, c =1, 'K, (3A5 14)
| kil g 1 el T
remembering that '_z ijNv Avj = J ®(u)du, Nva ol ™ f du ,
j=ctl 7 P
v,c+l v,c+l
. 1 ' 1 -1
and'Av,c+1 = j ¢(u)du J du
F\),c+l Fv,c+l

From (3.5.14), it follows that

(c)
E(S v, k/F ,H ) = S v,c * 0

e ()
0’ {Sv,c’Qv

Corollary 3.5.2. Under H s 1 < ¢ <k} is a martingale for
>1).

Vv Nv(_l)
Let the 0-field generated by (Nvl,.;.,va) be designated by

(k)
Bv . Then

@ _ pe) (k) o
Qv = Fv n Bv . L (3.5.15)
We now'proceed to derive the>permutational expectatiohraﬁd variante‘of

v,c

3.5.1.1. Permutatlonal Expectatlon of &

’

o . (k) |
Bp (5,0 =BG, B o (3.5.16)

Since A, and Nv; remain invariant under any permutation‘of the

V]

. . * .
coordinates of Xv,,we have
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o gv kgl . @
Ep (S, 1) c A, E(Z,./B " 1)
P\) v,k PR S Y ij""v Yo
?v‘ kfl . 1
= . e 2l o 0, (3.5.17)
j=1 VI js27 M Nv, T
k+1 Nv_ :
as A\),ﬁ'—l=0.
j=1 YNy
From the above result, it also follows that
E, (S, ) =0,
v,
PV c
E(S, /H ) = E{E(S A )} =o0. (3.5.18)
v,c' 0 v,k' v 0 i
3.5.1.2. Permutational Variance of_Sv c
B ]
. )
:’\ = A = (
Var(Sv’c/ P VPv(SV,C) _V(Sv,c/Bv ’HO)
N
¥ c+l
- 2 ~2 (k)
.Z el [;Z AVjV(Z,j/Bv )
i=1 = .
c+l »
) A A (k)
+ z A A .,Cov(Z,.,Z,..,/B ,H )
i3 Vi Vi i o
;v -hfl R ' (k)
+ co.Coar | ) D%.Cov(Z,, Z.,./B 7 ,H)
i#i'=1 vi Vi j=1 Vj ij> i3 v 0
c+l .
23 | (k) |
+ j¢§,=lAVjAVj'COV(Zij’Zi'j'/BV ,HO) .

(3.5.19)
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- In the above Zi,c+l and A\),‘c+l have not been dlstlngulshed from Zi o+l ‘

~nk

and Av o+l respectively, in order to maintain neatness of notation.
’

By (3.4.5) - (3.4.7), the right-hand side of (3.5.19) can be written.as

v 2 c+l 2
Z z NvJNv (NN )
¢+l . -2
-} A A N NN
L viTvi'v
3#9'=1 V] V] J Vi
gv o cil 2 ¢ 2 —2}
+ c..C ., N (N —l)N (N —l) - NN
v
i#i'=1 vivi' j=1 Vi Vj Vi
c+l '
N -1 -1 —2
* Z._ AVJ vi' {NVJNVJ v My~ vJ VJ N, Hooo . _
J#J =1 ) . ‘
: v | . |
N, gv ;v Zv \ |
But C..C..y. = c..( ) e, —c )=~ cs,, '
i#§'=l vivi' i=1 v1,1=1‘v1 vi 'i=l,v1
2 ) ctl _ofer1, ,
- )y NS =~ YA NN A N . =D N
j#§.=lAvjAvj'ijij'Nv jZl Viviv jzl AV BV B | v;
ct+l,
= A2 N2 N2,
= Z AvJNvJ b

On substituting these into the right-hand side of (3.5.19), we finally

get

: Nv ©ockl ~
vPb(sv’c) v(s, {Eb) = i=l E AvjNvJ(NV 1? |
| _ L (e) —
= éNv(Nv—l) B? (F {Ij }),} - (3.5.20)

where
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B2(r {19} = § A2y NtaaTr N ﬁ"l (3.5.21)
vy j=1 \)J ViV v,ct+l v,c+l v ° e _
We note that, because of the martingale property of {S Q(C), O;

c=1,...,k}, Bz(Fv,{I§c)}) is )nin c, ¢c=1,...,k. From (2.5) of

Sen (1967), it also follows that

Bé(Fv,{Igc)}) <B2(G), c=1,...,k. (3.5.22)

3.5.1.3. Permutational Covariance Between Sv c and Sv ot e<c’
. b 3 s

Cov(Sv’c,Sv’c,/Pv) = Cév(sv,c’sv,c'/B(k) 0)
- (k)
- E(Sv,csv,c'/B ’HO)
- (C)
- E{E(SV Sue! /€ 0)}

(C) :
E{Sv’cE(Sv,c,/Qv ,HO)}.

. (c) -
But by virtue of Corollary 3.5.2, E(Sv,c'/Qv fHO) Sv o ,Thgrefore,

_Cov(S »S

_ 2 (k)
Vv,c v,c'/P ) = E(Sv,c/Bv ’HO)

A%

V(Sv C/P\)),c <_F'. . (3.5.23)

b

3.5.2. Multiple Regression

We state, without proof, the following results which are trivial
extensions of those relating to simple regression derived in Section

3.5.1.

{s 7o)

oFy s 12c < k} is a martingale for v

Theorem 3.5.3. Under H

N,CD.
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Corollary 3.5.4. Under HO’{S\) C’Q\()C)’ 1<ec ik} is a martingale forV
: ~V, ,

N, (D).

E'v(§v C) = Q,V' c=1,...,k,

B(S, /Hy) =

|
o
<
[e]

]
=
~

(3.5.24)

-1 @ o
V(va c/Pv) NV(Nv_l) Bé(Fv’{Ij 3,V m= l,f..,p,

c=1,...,k. (3.5.25)

CoviSny, 07 Sy, o1/By) = B2 (13D nyav-n 7Y,

c,e' =1,...,k,e<c'. (3.5.26)

(3.5.25) and (3.5.26) follow also from the fact that A8,= Ip by (3.4.13).

3.6. Asymptotic Distrlbutlon Theory of the Test Statlstics
Under H : Simple Regression

We flrst state, without proof, the following two Lemmas which
follow as special cases of Theorem 2.1 and Lemma 3.1, resbectively,

of Sen (1967).

Lemma 3.6.1. With a finite set of k+l class-intervals, the likelihood

Nv k+1

* o
ratio statistic T 2 c Z A Z,., provides asymptotically most
V,k ) vi j=1 3i] , )

powerfﬁl test for HO: B»= 0 against appropriate sequence ofrone-éided
contiguous'altérnatives and under (3.2.1) - (3.2.4) and for any finite
§ such that Bv'= 50—1

* 1, 42 0p (1K) 1y bowo v s
L(IT, = 80 CA (F, {1 D1/c A, {1 })),+ N(0,1). ;7(356.1)

Lemma 3.6.2. Under (3. 2'1) - (3.2.3) and (3.2.5) and for any real and

7 finlte B, BZ(F {I§c)}) converges in probability to Bz(G {I(C)})

uniformly in {I(C)} c=1,...,k.
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)’

We consider the k component random vector, §v = (Sv,l’sv,Z"f"Sv,k

For k finite, we have the following:

and (3.2.1) - (3.2.3) and (3.2.5) Sv is

Theorem 3.6.3. Under HO

asymptotically Nk(O,Z), where Z is given by

r _ 7
B?‘(G,{Igl)}) BZ(G,{IJ@}) BZ(G,{I§1)})
=2y _ 2 (D 2 (2) ©p2 (2) -
C\)Z B (G,{Ij b B (G,{Ij H ... B (G,{Ij b B .
2 (1) 2 (2) 2 (k)
B (G,{Ij H B (G,{Ij H ...B (G,{J:j b (3.6.2)
Proof: Consider a non-null vector %' = (21,...,2k) of real (finite)

elements. It will suffice to prove that Sv(ﬂ) = Q'Sv is asymptotically
Nl(O,Q' z 2). We shall establish the proof by means of projection

technique. As in Sen (1967), let us define

N
T | ) [ f Az, + A 7 ) 1 k
= C. .. Y7 s > & = ly.eeK
Vv,c j=1 V1 j=1 jij ctl 1?c+l
= 1 .
T, (Tv,l""’TV,k) . (3.6.3)
Then by Theorem 2.1 of Sen (1967),
V(L. /H) = B2E, {19, e = 1,...,k.  (3.8.3)
\)’c 0 2 j > 2 ) ? 7,
By imposing non-degeneracy condition on G(x) as
- < ili ' .0.
Supj[Gj+l Gj] 1 with probability 1, (3.6.4)

we also have BZ(G,{I§C)}) >0 for V c¢. Further, BZ(G,{I§C)}) is uniformly

bounded by BZ(G) which is finite. From Lemma 3.2 of Sen (1967),

E{ (_s\) .
V(,T\) /HOT

s C

-T._ ) /H.}
Vo LN 0 asv >, , (3.6.5)
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and Tv o are asymptotically equivalent in mean for
. :

Consequently, S
i VY,

every ¢c=1,...,k [See Hajek (1961)]. Since % contains a finite number

of elements, it follows that
o . A
Tv(%) % Tv, A (3.6.6)

is equivalent in mean to Sv(R). Consequently, we are required only to

prove asymptotic normality of T (). After rearranging the terms and
: k+1 ~

%
noting that Zi,u+l = z Zi" we obtain
j=utl
% Nk
2.T = c.. ) wiZ,,
u=1 u v,u i=1 Vi i=1 j 13 -
?v kfl
= c Y.
i=1 V1o U
;v
= ¢ s (3.6.7)
48y vid : .
kEl k%l , E | jil .
where Y, = Y,,, Y., = W, Z, ., W, = A L, w, = LA
i = 1 ij =1 jij 1 1 A e T utl
: k k-1 *
+ (uzjzu)Aj, J= 2pnsk, W= uzl NI

We note that the random variables {Yi’ i= 1""’Nv} are i.i.d. under

HO and

E(Y,/H) =0, 1= 1,i;.,Nv5 - ~(3.6.8)

. 2
v(Yi/HO) E(Yi/HO)

E[C Z. )%/

[(jzl w,2; )7 /]
,,kgl - 'kfl
El wz% /H]1 + EI

g= 310 i#5

wW W .
Y yyr2i4250 )
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k+1
= ) W§P, = 2'BY, ‘ (3.6.9)
=1 14 |
- = . P 2 =
as Zijzij' 0 for j # j' and E(Zij/HO) Pj'

By appealing to the special central limit theorem of Hajek and §idék

(1967, p. 153), we get that, under HO’
L ' ' ,

T, (&) F N(0,% y . , (3.6.10)

This concludes the proof of the Theofem.

Corollary 3.6.4.A Under the same conditions as in Theorem 3.6.3,

*
(Tv k,S\)(JZI)) have asymptotically a bivariate normal distribution.
s ~ .

*
Proof: We note that any linear combination of Tv-k and SV(E), say
. ’ ~

* : .
aTv Kk + bSv(K), a and b finite, is equivalent in mean to a linear
R i

function of Nv i.i.d. random variables under HO. By proceeding exactly

along the lines of Theorem 3.6.3, we can prove the asymptotic bivariate

. : * :
normality of (T S (2)) under H

v, kv The explicit expre351on7forzphe

0"
aéymptotic»joint distribution is not necessary, since we already know
the corresponding asymptotic marginal distributions.

For the sake of brevity, we sﬁall, hencefortb, denote B?(Fv,{l§c)})
by Bé,c and BZ(G,{Igc)}) by Bi for ¢ = 1,...,k. We consider the

empirical process

-1

1 S
v,k "v,k(t)’

-1 -1
W, (t) = C7 N T(N,-1) B (3.6.11)

= . 2 < ‘ 2 .
where k(t) max{c: 'Bv,c <t Bv,k}

Note that by. this definition {Wv(t)} is right continuous with left-hand
limit and hence belongs to D[0,1]. We also observe that at the points

{tgv)}k where according to the definition given after (3.4.8)

3=1
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tév) = B2 ; B;fk, j=1,...,k, 0= tév)<t{v)<t§v)<...<tév) - 1,
(3.6.12)
we i’\ave
V( év)) = 0 by convention,
E, (Wv(tév))) =0, 3= 1,00k,
vpv(wv(t§“))) = B ktjv) i’k = t§v), i=1,.00,k
cov, (e 0 (68y) = )4 (D), 303 - Lok
(3.6.13)
VLetting now t0 =‘0, tj =~B§§; such thét‘t0 = 0 < t1 < ..;_< tk ?,l’

we get, by Lemma 3.6.2 and Slutsky's Theorem [Cramér (1946, p: 255)],

t§v) 2 tj; i=1,...,kas v >, O (3.6.14)

Therefore, the conditional variance-covariance matrix, given'Pv, of the
empirical process {Wv(t)} is asymptotically, in probability, the same

as the variance-covariance matrix of {w(t)} at tl,t .st, where

2277k

{Ww(t)} is the standard Brownian motion process.
v,k, k,
7 . 3 i
Theorem [Cramer (1946, p. 255)1, we obtain on writing

From Theorem 3;6.3, the fact that B2 B 32  and the Slutsky

o v, KON
NP RN Ch PR MEME MR P
RO O
0 5_s1 <8y <. < sq 5_1,7 (3'6f15)
TN ) T e S IS | )
where.w\)(sj ) = S\),kj CV Nv (Nv 1) Bv,k and kj ia_defined by

oL (V) 2 -2,
?j B Bv,ijv,k'
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Corollary 3.6.5. Under HO and (3.2.1) - (3.2.3) and (3.2.5),

(wv(siv)), W (s (v)), cees Wv(sév))) converges in law to

(W(si), W(SZ)’ ceey W(sq)) where
s, = B2 B “. ’ (3.6.16)

) .. D
In order to prove that {Wv(t)} > {W(t)} on D[0,1], we have to'prove
e | | O )
e tightness property of {Wv(t)}. Let there exist v > 0 < vj <1

for V j and

™ ¢y W) | | '
,tj <Vj B4l - 7 - (3.6.17)

SinceVV(Wv(t)/PV) is }ﬁin trend because of the martingale property

proved in Theorem 3.5.1,

SOON MO V) PRON ' '
Pv( vy wv( g N Ep BUMCHEPIRR NG 2. (3.6.18)

Therefore, if max EP (Wv(t ) - Wv(tj))2 + 0 as ﬁv‘+ o, the tight-

Cogisk-1 Ty VI
ness property of {Wv(t)} will follow from Lemma 4 6f Brown (1971). Fer
the stated condition to be satisfied we have to prove the following

Theorem:

Theorem 3.6.6. Letv{kr} be. a.sequence of positive integers such that

lim k_ =, ' : (3.6.19)
1 ' : '

lim max - Pfr) =0, . (3.6.20)
1<3<k +1 - o

where P( )1s the probability of the j-th cell when there are k censoring

p01nts.v Also deflne Bé(.) as the value of Bé i when there are kr
. s ’

censoring points.
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Then, under‘HO,

max g2 _ g™ o . (3.6.21)
0<i<k -1 | V3t V.3 .
<<k -1

Proof: We shall superscribe r on va and,ij as well in order to

_ indicate their association with kr'

(D7 1} RO @1, @A -1,

v, ] ueg V8 Vu v V, i+l v, 3+l v

(r)? % (r) =1 , M2 () =1 | ~*(r)2 *(r) -1

B\),j+l= AlAv5j+lNVu N, + Av Nv,j+1va + Av,j+2Nv,j+2Nv ?
u= €

and

(0?2 _ (2% _AD)? (1) 1, pk(r)2 *(r) -1
Bv,j+l ' Bv,j v;j+1Nv,j+1Nv + AV,j+2Nv,j+2Nv

Ax(r)2 %(r) -1 ' _ '
- Av,j+1Nv,j+1Nv . , (3.6.22)

Since .

*(r) pr(r) | (B R () p%(x)

v'Nv,j+l V, i+l T TV, 341 v, j+ V,j+27v,3+2

we have

Ak(r)? k(r) -1 1 (r) Ax) ¥ (x) 3%(x)
B, 5Ny T TR N, e T N e
S, §4L ,

2 A 2 ' * 2/\* 2
*(r) Vil v, i+l TV, §427 v, 342

NvN\),j+1

() *(X) A ‘E*(r)

2Nv;j+l V,j+2 v, j+17v, §+2

+
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NONTES
e S AN CO M L €)) )2
N N*(r) V,j+l Vv,j+2
V'V, i+l
- (ry ,~1 -
F@ A N
‘3 .
< | 6% (W) du + 2L f 9% (2)du
Mo (o1 V@ 1
: Vi TV V,j+l v
- -
p .
+ 0 as Nv + o, uniformly in j,
-since
- max Né?)N;l LS 0 and
1<i<k+1 Y
AL
'¢2(u) is integrable on u € (0,1) .
U

3.6.1. Asymptotic Tests Based on'Lf and LO
: , v

Let for finite Kk, Nle;l > 6 > 0 and for arbitrarily large k, let
, o kg _
there exist a k, > N, ) ij > 8 > 0, in probability. This insures
a b(v) such that
B I Y S N >
b = min {j: Bv,ij’k € »0}. (3.6.23)
W)

We associate c=1 with thié b We then prove the following Theorem:

Theorem 3.6.7. Under (3.2.1) - (3.2.3) and (3.2}5) and under"H0
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lim P{LV < xb>P{ sup t W(t) < x}
N > £, <<l

_1
lim P{L < x} > P{ sup t2|W(t)| < x}. , (3.6.24)
N oo t,<t<1 '

Proof: We know from Corollary 3.6.5

© 1lim P{L < le } = lim p{(s. ¢ 17t < x,¥ 15c5k|Pv}

N -0 N o0 V,cV V,c
v

. 1 o1yl
Lin P{s, C\)]Bv L (B, OB, ) < x, v 1e<k|P )

N »o
AY
W) L
= P{—— < x, ¢ = 1,...,k} >P{sup t AW(t) < x}. (3.6.25)
vt ‘ £, <t<1 .
c 1——
Consequently,

lim P{L > XIP }<P{ sup t () > x}.

<t<
No*” 7 t1 t<1

The probf for the second statement follows similarly.
0
- Hence, in large samples, the percentile points of the distributions of

. -l .
the functionals of the Wiener process W(t), viz., sup ¢t éw(t) and

<t<
t,<e<l

. L '
- sup t 2!W(t)|, will provide conservative tests. However, as k becomes
t, <t<1l C : .

1 ,

large, the distribution of {Wv(t)} approéches that of Brownian motion
" process {W(t)}, forv te [t;,1]. In that case, the tests become less
and less conservative. | |

Remark 1: The‘reasons for commencing the testing‘proéedure at the

reduced time-point 't = € > 0 are two-fold. Firsf, the law of the

iterated logarithm for the Brownian motion process states that
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P{lim,supr——~—E££l——— =1} =1,

€0 VZthﬁn(%)

P{lim inf W(t) =-1} =1, B (3.6.26)

0 /étznzn(%o

see Tucker (1967, p. 265). But

wit) _ w(e) /ZRnln(%) . (3;6.27)
o ftatac |

The first factor on the right-hand side of (3.6.27) goes to +1 a.s.

. b
while the second factor goes to infinity, as t - 0. Hence t 6W(t) does
not behave properly as t > 0, Secondly, the weak convergence of Wv(t) to
W(t) in the sup-norm does not necessarily imply that for t going to O
-1 - s
t 2W\)(_t) and t “W(t) have the same asymptotic distribution. Hence the
asymptotic ppro:imation may not hold as t - 0. On the other hand,

f22n2n(%ﬁ is a slowly varying function of €. In fact, for four values

of g, VZKnQn(%) are as shown below:
£ v V22n£n(%§ '

.001 - 1.9660
.005 - 1.8261
.01 : 1.7477
.05 1.4813

This clearly shows that a suitably chosen cut-off point € (i.e.,
confining our attention to the interval [£,1]) eliminates both the
problems mentioned above. However, because of the inequality sign in

(3.6.25), we should choose € as close to t. as possible. Technically,

1

we can take € = tl’ provided tl is strictly positive.
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Remark 2: One would also like guidance as to the adequate number of ‘ '
responses. for starting the PCSVtesting procedure. Suppose. the policy
is to énd the experiment, in anybcase, when 10%70f the individuals in
the sample have.respénded. If one deals with ungrouped random variables
and Wilcoxon's standardizedrscore, viz., ¢p(u) = /I2(u-%), is applied,

then the asymptotic variance of CGISV X is given by
2

1 1
1- J o2 (wydw - (1-.1)"H j ¢(w)dw}2
. ' 1
=1-"(@1-.1)%=1-(9°%=.271, o VA(3;6.28)

see Chattergee and Sen (1973).
. If one wishes to start the teéting procedure after a proportion r of
the 10% of the individuals have responded, r can be obtained from the

equation

- i—fﬁé%ifli (3.6.29)
One will be on the éafe side by computing r from (3;6.29),Asincé, with
_grouped data, the asymptotic variance of C;ls\)’k will be less.thgn .271.
The followiﬁg table sﬁows'that, in this paftiéular case, € and § are

almost of the same order.

~§t » r § = 10r
.001 ©.00009 ' .0009
.005 ©.00045 .0045
.01 .0009 ,009 - _
.05 .0045 045 L (3.6.30)
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3.7. Asymptotic Distribution Theory of the Test-Statistics
Under Contiguous Alternatives: Simple Regression '

We consider alternative hypothesis Hv: B # 0. Hv will be

contiguous to H  if Hv +H as v + o, Contiguity of Hv to HO can be

0 0

achieved in two ways viz., (i) by keeping CHi fixed (independent of V)

and making B arbitrarily small as v - © or (ii) by keeping B fixed and_.

making Cui dependent on VvV in such a way that each C tends to

v “vi
0 as v > », We have adopted here the second approach and it can be

verified that the Noether condition on cvi's ensures contiguity of Hv

to H,  as developed in Chapter VI of Hajek and Siddk (1967). We thus

0
: -1 e .
conceive of the sequence {HV} where Hv: BV ='5Cv £ 0, for any finite.

and fixed §. We state and prove the following Theorem.

- L
Theorem 3.7.1. Under {H } and (3.2.1) - (3.2.5), S} CAETITITE NG
is asymptoticall - Nk(u,Z), where
Bo= (),
) (@) ) |
M, = cv(q) c(F,G,{Ij s, c=1,...,k, (3.7.1)

and I and C(F,G,{I§c)}) are given by (3.6.2) and (3.5.6) respectively.
Proof: We apply Corollary 3.6.4, Lemma 4.2 of Hijek and $1dak (1967)
and the results of Section 4 of Sen (1967), thus obtaining the desired

proof.

Corollary 3.7.2. Under the same conditions as in Theorem 3.7.1,

) (v) ) , V) .
(W’\)(s1 s eeey W\)(sq ,))’ where S; s eens sq are as defined in
(3.6.15), is Nq(Mq,Dq) asymptotically. gq and Bq are given by

| (k,) (k,)
"HS am i Y, =100,

M, = (UL, ;
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=y ), L=1,...,q, ®
by |
gq = ((8) A 5,1)), 2,2"' = 1,...,q, o - (3.7.2)
(g (k)

where p({Ij' 1) and A(F, {1, © }) are as defined in (3.5.7) and (3.5.4)

respectively.

Corollary 3.7.3. Under the conditions stated in Theorem 3.7.1,
5 .
{Wv(t)} > {W(t) + h(t)} for k satisfying conditions of Theorem 3.6.6

where

h(t)"

h .,
ey (6) | |
. n2 2 :
max{c: B <t Bk}', , | (3.7.3)

k (t)
o

3.7.1. Asymptotic Powers of LI and L,

The asymptotic power of it can be given by ' ‘ .
AY) : .
+ +_ +
1-v =1limP{L >w |0}
- ot alBy
=~P{t_%(w(t ) +h) > w+7for some ¢ = 1,...,k}
c c c o > >
i + .
< P{sup ¢t * [W(t) + h(t)] > w1, - (3.7.4)
£, Se<l

where w; is the 100(1-0)th percentile.of the distribution of
' L. : ' :
sup t‘éw(t).

<t<
£, <<l

The ésymptotic power of Lv can similarly be derived as

. B _% _ n =
1-y-= P{tc Iw(tc) + hc| > Wa for some c l,---,k}

. - —1/ ‘ ~
<P{sup t *|W(t) +0(t)| >w]}, _ (3.7.5) _
R . )
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where wd is the 100(1-a)th percentile of the distribution of

-1
sup |t” W(t)|. The inequalities in (3.7.4) and (3.7.5) can be

<<
(St

approximately replaced by equalities if k is large.

t

3.7.2. Expected Stopping Time (Asymptotic)

* ' V) +
Let A be the event that E\)(tc ) > v, for some ¢ = 1,...,k.

*
Then A is the union of the following disjoint events:

= V) +
A = {E\)(t1 ) > Wa}’
A, = {Ev(ti\))) < w;;i\)(tév)) > w;},
A = {gv(tgv)) S R £, () > ') (3.7.6)

Let %Hq_be the time-point at which the experiment is terminated. The

event a4 = a, is the event Ac' Asymptotically, the expected

+1

stopping time is given by

3.7.7)

_ - -+
Ty = Blagyy) = L2 PA) +a 7,

0
o~
=

where Y+ is defined by (3.7.4).

% .
We similarly define B and B,,...,B

for the two-sided test L
k . Vv

l’

and obtain (asymptotic) expected stopping time:
k A ,
Tp = czlac+lP(Bc) + ak+1Yf A (3.7.8)

where Y is defined by (3.7.5).
It is difficult to derive explicit expressions for the asymptotic powers
and expected stopping times for the two tests considered here since it

requires knbwledge of the distributions of functionals of drifted
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Brownian motion pfoceSs. Useful approximation can be empirically

obtained through simulation for various drifts.

3.8. Asymptotic Distribution Theory of the Test Statistics
Under H : Multiple Regression
S

From Ghosh (1973), we have that BZ(Fv,{I§c)}) converges in
probability to BZ(G,{I§C)}) for every c, under (3.2.5), (3.2.6),

(3.2.8), and (3.2.9) and under H. and the sequence of alternatives

()

{H: B # 0}. We consider Sp = (S

v, Nty v, 1’~v ,2° "’§v,k)’ the k p-variate

random vectors associated with k censoring points. For k finite,

we have the following:

Theorem 3.8.1. Under Ho and (3.2.5), (3.2.6), (3.2.8), (3.2.9)

and (3.4.14), SS is asymptotically Npk(O,BQIp) where ® denotes direct

product and B is given by (3.6.2).
Proof: Let us roll out Sg in a single vector viz.,

«sS )'. Consider a non-null

u, = 1,10 P\)’1,...,81_\)’k,...,8

pV,k

vector §' = (gl 1°89 1,...,gp 1°°

It will suffice to prove that Sp(g) Up is asymptotically

.,gp k) with real finite elements.

N1(0’§ EQEPg). We shgll use the same technique as we adopted in

proving Theorem 3.6.3. Let us define

N,
' A,z A* 7 =1 K
va,c - iZldln\)l ..2 J iJ C+lzi,c+l ] c = sree Ky
= . ' ' =
Tv,c (Tlv c "’Tpv,c) » ¢ = 1.0k,
P _
I\) = (T\) 1’ "’;I‘\),'k)’
P ._. o r 1y
Yy = By, pomeesTpy e Tyy oo Ty 0 (3.8.1)




E{(va’c - T

V(va’

2 jpy
v,c) /ho}
c/Ho)

Since

SS(g) and TS(g) = g'VB are asymptotically equivalent in mean.

after rearranging the terms, Ts(g) can be expressed as

N
P Voo o
Ty(® = 121 mildmvi 1
N, ,
B izl hyi¥yo
where
x E * ) . k+1
hy; = m=ldm\)i’Yij = Wil Yy T ) Yy
5,11 T L
w, = g W, g = 8
1 m-l u=1l J m=1 u=1 m,u u+1 m=1 u=j j
P
mzl uilgm u utl [mzlgm,k)Ak+l'

Noting that E(Yi/HO) =0, i=1,...,N = g'Bg, and

N V(Y /H)

*
max lh <  max

*
vil < max Id .lp =
ljiﬁNv A

<m<p 1<i<
1<m<p l_}_Nv
in the case of Theorem 3.6.3.
Let the p-variate sample process Wv

defined as

W) = NN DB

v, 1y k(t)’
where k(t) is as defined in (3.6.11) and

Wy () = (U (6) e, W (D)

86

+ 0 as Nv >0, m=1,...,Ppy, ¢ =1,...,k,

But

(3.8.2)

o(l), we getvthe desired proof as

= {W (t), 0 < t <1} be

(3.8.5)

(3.8.6)
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Let also H = {H(t), 0<t < 1} be a p-variate Gaussian process (with
oné—dimensional time parameter) such that Eg(t) = 9 and E(H(t)g(t'))
; min(t,t')}p. Then we have the following:
Corollary 3.8.2. Under H_ and (3.2.5), (3.2.6), (3.2.8), (3.2.9),

0
D
(3.2.14), (3.6.19) and (3.6.20), W > W, where W, = {w (t), 0 <t <1}

Proof: The convergence of finite dimensional distribution of WV to W
follows from Theorem 3.8.1 and the fact that Bé, E Bz for every c
-]

and the Slutsky Theorem [see Cramér (1946, p. 255)]. ’ Regarding the

tightness property of Wv, we have from Theorem 3.6.6,

p{ sup [|Wm\)(t) - Wm\)(t')l:]t—t'lf_ﬁl. >e'}<n',

0<t,t'<1
§,ein' > 0, for V m. (3.8.7)
But
. p v
i - . ¥ 2 . ) 2

BUSORNNCMT f.Ple[Wﬁv(t)~ W, (eD1? (3.8.8)

Thefefore,
P{ sup [||W (£) - W (£")]|]%:]e-t"| < 81 > p2e'?} < pn'. (3.8.9)

0<t,t'<1 "% ~n ' | -

By puttingpzs'2 = €2 and pn' érn, we get the desired proof.

: , o
3.8.1. Asymptotic Tests Based on M and_Mv
. We defihe §, €, and b(v) as in our pfeparation'fdr Theorem 3.6.7

and now prove Theorem 3.8.3:
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Theorem 3.8.3. Under the same conditions as in Theorem 3.8.1,

P
lim P{M_ < x} > [P{ sup t “E|u(e) | < xl B (3.8.10)
N = t.<t<1
v 1-
* .
lim P{M < x} > P{ sup (lw (£)W(E)) < x} . (3.8.11)
N\)-wo tl<t<1 '

Proof: In order to prove the assertion in (3.8.10), we noté:th;t each
of the p co-ordinates ofbthe p—vériate empirical process Ev is
asymptoticaily identically and independently distributed. Therefore,
the distribution of the maximum of the statistics over the p coordinates
is simply the product df the individual distributions. We‘plug in
the corfesponding resuit for each coordinate from Theofem 3.6.7 and
establish the proof.

Hence, in large samples, the percentile points of the distribﬁtion

21
of the functional of the Wiener process W(t), viz., sup élW(t)I,

<t<
t 1_t_1

will provide conservative tests. We compare Em (t ( )) agalnst the

100(1-a')th percentile of the distribution of sup t 2|W(t)|

p

the o-th level test, where o' = 1 - Vi-o .

We pro&e the second assertion by appealing to Corollary 3;8.2 and
Billingsley (1968, Theorem 5.1) and by straightforward application of
well known Cramér's Theorem [see Rao (1973, p. 162)].

3.9. Asymptotic Distribution Theory of the Test Statistics Under
Contiguous Alternatives: Multiple Regression

Under alternative hypothesis we consider Hv: B # 0. By bringing
*
in the conditions (3.2.8) on cmvi's, we conceive of the sequence {Hv}

of alternatives contiguous to H, in the sense described in Chapter VI

0
. v .
of Hijek and Siddk (1967). We state and prove the following Theorem;
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Theorem 3.9.1. Under (3.2.4) - (3.2.6), (3.2.8), (3.2.9) and (3.2.14)

and under {Hv}, SS is asymptotically Npk(G,BﬁIp)vwhere k is finite and

0 = ((u_)),
p;('k mc

Y cr,e, 19, m=1,... =1 k (3.9.1)
Pmc o | ] j » M = sece3Py C = R Eag L

' _ . .
and Tv (Tlv""’Tpv) is defined in (3.4.15)5

Proof: TFollows from Theorem (3.8.1), Lemma 2.3 of Ghosh (1973),
Lemma 4.2 of Hajek and §idék (1967) and Section 4 of Sen (1967).

Note that under contiguous alternatives as well as under H_ the p

0
rows. of SS are asymptbticélly independent, though ndt identically

distributed.

Corollary 3.9.2. Under the same conditions as in Theorem 3.9.1,

Hv(tc) is asymptotically NP(BC,tcEp) where

(h

1
Ec lc""’hpc)"

= p({I(c)})( —A(F, {I(C)}), T,000sps € = 1,00.,ke  (3.9.2)

=
|

mc

Corollafy 3.9.3. Under the same conditions as 1n Theorem 3 9.1 and

(3. 6 19) and (3 6. 20) {W (t)} + {W(t) + h(t)} where

hO =By (o)

. .. R2 2 o T ¢
Vko(t) max{ci B_ <t B }. e (3.9.3)

: *
3.9.1. Asymptotic Power of M and Mv

The asymptotic power of M, is given by
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T
<
]

lim P{M_ > x /H }
N\)_)OO Vv [6 Y]

1
3
= > =
P{tc |W(tc) +h cI x for some m 1,...,p and‘

some ¢ 1,...,k}

~1s
< P{ max sup t *|W(t) + h % (t)l > xa}, (3.9.4)
1<m<p t<t<l ™o
where X, is the 100(1-0)th percentile of the distribution of

max sup t 6|W (t)|, where W. (t),...,W (t) are p independent

, m" 1 P

I<m<p t,<t<1

— l._ e

standard Brownian motion processes. We similarly develop asymptotic

ey
power of MV as

* * %
1-y = 1lim P{M_ > x /H }
Now Vol
v
1 P %
= DLt _ 2
= P{t z (wm(tc) + hmc) > %, for some c}
¢ m=1l
1 P *
<Pl sup £ ] (W(t)+h )2 > %1, (3.9.5)
£, <t<1 Cp=1 ™ mk (£) o

* , . )
where X, is the 100(1-o)th percentile of the distribution of
p
sup ¢t 1 Z W;(t) and Wl(t),...,wp(t) are p independent copies of

t,<t<l =
tl_q_l m=1

standard Brownian motion process.

3.9.2. Asymptotic Expected Stopping Time

Leaving out the details, we associate the events D',...,Dk and

El,...,Ek that the experiment is terminated at the censoring times

- *
Byyeeesdy g for the tests Mv and Mb respectively. Then,

= My S _
Dl e {Emv(tl ) X for some m = 1,...,p},
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D = {Eﬁv(t§v)) < x, for everym =1,...,p and j = 1,...,k;
Emv(tév)) > x for some m = 1,...,p}, (3.9.6)
= g1 (¢ O (V) *
B, = ApiCe "Dy (6,7 > x b,

L] -

= {Qs(t(v))yv(tgv)) f_x:, j= l,...,k—l;_yb(t(V))wv( (v)) S x:};

B i k x
(3.9.7)
The expected stopping times (asymptotic) for the two tests are
‘respectively
= ' .
T ) a,,,P(D) + Y'a s o : (3’9'8_)
- ce=1 » '
k _ *
T = czla°+1P(Ec) +Ya » (3.9.9}

* : ’
where Y' and Y are defined by (3.9.4) and (3.9.5) respectively. The
explicit expressions for the asymptotic powers and mean stopping times
for the two tests based on Mv and Mv seem to be intractable. One can

obtain useful approximations through simulation.



CHAPTER 1V

NONPARAMETRIC TESTING UNDER PROGRESSIVE

CENSORING: MULTIPLE REGRESSION

4.1 Introduction

Fér ﬁwo—sample location and scale problems and simple regression
situation, Chatterjee and Sen (1973) developed a general class of
rank (linear) order tests for progressive censoring. In this Chapter,
the results of Chatterjee and Sen are generalized to the multiple
regression problem which includes the multi-sample location problem as
a special case.

Sectionv4.2 discusses the model and assumptions as well as the
basic formulation of the problem. Section 4.3 deals with the development
of PCS test procedures. In the last two sections are derived the
asymptotic distribution theories of the test statistic under the null
hypothesis and contiguous alternatives. Chapter V gives percentile

points of the large-sample distribution of the test statistic under HO'

4.2. Model, Assumptions and Basic Formulation

4.2.1. Model and Aésumptions

We consider a double sequence of independent random variables
X'=(X,,...,X ), where X ., has a continuous distribution function
~0 nl nn ni

Fni(x), i=1,...,n, n > 1, given by

..= —_rv= ! i =
Fni(x) F(x-a @ Sni)’ i=1,...,n, n>1, ’ (4.2.1)
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where g' = (Bl,...,BP) is the vector of regression coefficients with

real (finite) elements, o is a nuisance parameter and c' 6 =

(clni""’cpni) is

We assume that for

I

(&
i=1 mni
lim n 1
n->o n

a vector of known constants.

everym:* 1 <m<p

=0,n>1,
max Zn c? i
C1i<...gdy <nosl "o :
= 0 => lim e — = 0. (4.2.2)
n-xo X C2
. mni
i=1

The assumption (4.2.2) is known as Condition Q of Hajek (1961). We

assume -also

‘z‘ 2
c =1, m=1l,...,P,
1=1 mni
. |
A ((121 Cini®n'ai)’ 1} - (O‘mm'),)’ as nr P (4.2.3)

where An and A are p.d; (Note that Amm =1, Vm=1,...,p)

f(x) = Q%éEl and f'(x) exist,
I(f) = I (£ (x) /£(x)1%dF(x) < =, o | (4.2.4)

where I(f) is Fisher information. We shall deal with scores

{an(i); 1 < i < n} and assume. that there is a square‘integrable function

¢pCu), 0 < u < 1, such that

nm‘J[%5m - $(u)1%du = 0,

n>e

d(w) = ¢ (0) = ¢,(1-w), , -
1 o
s @

0
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where both ¢1(u) and ¢2(u) are non—décreasing in u, ¢n(u) = an(l+[un]),
i3 1

j ¢(u) = 0, and j $2(u)du = 1.

0 0

We also let

-1

0 £'(F ) :

$° () = - £ _1(“ ) | (4.2.6)
. £(F “(u))

In the special case of the multi~sample problem, let nk, k=1,...,pFl

be the sample sizes of p+l samples such that
limn 'n, =h , 0<h < 1. (4.2.7)
nk k, k ,.. . 3 -
n->o , v

We may choose

r
-1 -1 ' : .
km (1-n (nm—np+l)), if the i-th observa-

tion belongs to the m-th sample,
_ o W | v , » _
Coni = km (-1n (nm np+l))’ if the i-th obser

vation belongs to the (p+l)st sample,

-1,.-1 :
L —km (n (nm-np+l)), otherwise, (4.2.8)
where k = {n +n - n-l(n -n )2}% Note that
m m pt+l "t m ptl c , A
max max c2 < max k—2(1+n_l(n +n .))?
mni — m p+l

1<i<n 1<m<p 1<m<p

O(n—l) by virtue of (4.2.7).
Theréfore, in this special case, Condition Q is satisfied. The
Condition Q aiso holds for the general regression case if for some

L
L 1 )

k>2, z;.l=l,lcmni|
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'

4.2.2. Basic Formulation

| Inrthe simble regression problem, for testing HO: B = 0 against

.alternatives B+#0 (of B >0or B <0), after all the n observationS»

are available, a general class of linear rank statistics is givén by
n .

T = Z c

.2 (R 2.
' 3
: where_l.}n (Rnl,...,Rnn) is the vector of ranks and {an(l),...,an(n)}

is a set of suitably chosen scores such that

If

a (1) = 0,
i=1 ®

n : '

» a;(i)'= (n-1). (4.2.10)
i=1

Let now Sni designate the position of the individual in the sequence

(1;2,...,n) whose rank is i. Then §& = (S .;,Snn) is called the

ni’’

vector of anti-ranks. - Clearly, RS = SR = 1. Therefore, the.
ni ni ‘

alternative,representation of Tn is

. n S

T = .Z cg 2 (i). (4.2.11)
i=1 ni

It can be easily proved that E(Tn/HO) = 0 and V(Tn/HO) = 1.

Under a fixed—plan censoring, one observes up to the r-th order

statistic as envisaged in the design. Leaving out the details, we

have, as in Chatterjee and Sen (1973), the tesf statistic Th . defined
. R ]
by
r % : . '
. 7 - < < - ] . .
Tor Z cg fa (1) -a (0}, 1<r< a1, - (4.2.12)
i=1l "ni : _
h *(r) = (a-r) "t E (). ¥ hat T =T
where a r) = (n-r) a (3). ote that n,n-1 = To

S i=r+l ?
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W = = 0. = 0. :
e let Tn,r 0 for r = 0. Then E(Tp,r/HO) 0. Letting V(in,r/Ho)

= Vn,r for r > 0 and n > 1, we have, by Gastwirth_(1965),

1 L
-
nrVne T NOD (4.2.13)
under'H0 and under standard conditions on ci's and ai's and for

r/n > p: 0<p<1,

Let Tn,k be the statistic similarly constructed as in (4.2.12) but
based on the first k order statistics, where k = 1,...,r. For purposes
of a progressive censoring test, Chatterjee and Sen (1973) considered

the distributions of the statistics

Mt = max T K’
n,r 0<k<r n,

M = max |T . 4.2.14
n,r Oikirl n,kl ( )

As the experiment progresses one compares Tn k(orITn k]) against the
. . ] Ed

percentile point of the distribution of M: r (or Mn r) under H_ and
»

0

3

rejects the null hypothesis if it exceeds some critical value,
continuing with the experiment if it does not. We extend these results
to the multiple regression situation, in the next section by developing

Cramér-Von Mises type statistic.

4.3. Progressive Censoring Tests

In life testing or clinical trials, as the experiment is con-

tinuously monitored, at the k-th censoring stage the order statistiecs

. | - .
Z are available, where Z (an,an,...,Znn) is the vector

an,..., nk Z

of order statistics corresponding to X; = (an""’xnn)' Based on the

knowledge of k order statistics, we construct p rank order statistics
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k
*
T = Jc¢ a_ (1) + ( 2 )a (k)
mn,k 121 mS‘nl | L=ktl mS n
K . -
= izlcmsnitan(l) - an(k)], k=1,...,r, m=1,...,p. (4.3.1)

We also denote

T ). (4.3.2)

' =
gn,k (Tln,k"' pn,k

It is obvious that E(Té k/HO) =0for Vk=1,...,r. As we shall see
~n, ~ .
in the next section, V(Tmn,k/HO) = Vn,k’ i.e., the variance is

independent of m and Vn K is /”in k. Letting
2

(n) _ -1 . (n) _ (n)
t =V _V k .. tg - =0 <e Y <., .

(4.3.3)

- N
. We define the p-variate sample process {Wn(t), 0 <t <1} on D[0,]1] as

*x * .
= ' v .
E’n(t) - (wln(t)""’wpn(t)) ’ - (4~3°4)
where
(n), _ - -5 3
Wn(tk ) = (Tln k' n r""’Tpn,k_n,r) ’
* - () (n) £ () - -
En(t) = gn( ) for t ¢ [t k+l) k O .1,
.
W_(0) = 0. - | : (4.3.5)
We let '
, . W p ' 1
mm1 “mx 0 Sm $n1
L “in2 S22 pn2 |Sn2| ‘
2Xp L P ..:: ‘ , ;
. . ]
1°2on S2on ' pmm| SnnJ
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m=1 0
k-1 : |
R R S
m= 3
Note that Hk is‘)zin k and it can also be written as
k-1
(n) (n)| %, (n) 1y * e, (D)
=1 220 (a1 ~ & ) v (g )gngnyn(tz )
P k-1 _ 3
- 11 (g - o) ey i W e ™y G
m=1 =0 ~ ~ibe

For purposesrof progressive censoring procedure, we derive the
asymptotic distribution of Hr under the null hypothesisrl-lo and
compare Hk against u, where u, is'the 100(1-0)th percentile of the
distri‘pution of Hr in large samples. If H.k > u, for some k, wev stop : .
_ expefimentation and take decision against the null hypothesis; other-
wise we éontinue with the experimentation. If no such k exists for
which H > u , we decide in favor of the null hypothesis.

It‘is evidentifrom (4.3.13) that Hk is invariant under any non-
singular transformation of y:(t) given by (4.3.9) which satisfies
(4.3.8). 'As in the multiple regression problem with grouped data in
Chapter III we could have also proposed the tést'statiStic

H = Max Max lwﬁn(tin))l- | | (4.3.14)
1<k<r 1<m<p ,
.It_may'be_Qbserved_that-the linear transformation which satisfies

(4.3.8) is not unique. Consequently, ﬁr does not have the invariance

property in the sense H_ does. o .
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Since Ln'is of full column rank p and An = Lr'.lLn is of rank p, there

exists a non-singular matrix En such that

' = n! = ‘
gn{.\ngn Pngn .]\.:p ’ (4.3.7)

where

) = [er ). | (4.3.8)

Let the p-variate sample process {Wn(t), 0<t 5_1} be obtained on.

D[0,1] as

(6 = (1 (6),0 0 (6))

* Yo o * :
(W, (DE)' = EIW (6). (4.3.9)

We define the Cramer-Von Mises type statistic

H_ = mil f W2 (t)de, | (4.3.10)
0 . , ‘
which in our case reduces to
r-1 -
o (™ - ™) yg(tén?) W (e, 4.3.11)

Under the progressive censoring plan, however, taking advantage of the
fact that the integrand in (4.3.10) is non-negative, we construct Hk’

at the k-th failure or response, given by
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We state the following Lemma which is a trivial extension of

Lemma 4.1 of Chatterjee and Sen (1973).
Lemma 4.4.1.

be Br(lk)’ 1 < k < n, where Bl'(l ) is 7 in k and Br(x

Let the o-field generated by the vector (§

a1*Sn27 S

) is the trivial o-field.

Then, under H {T k,B(k), k =1,...,n} is a martingale.
*
Theorem 4.4.2. Under HO, Cov(Wn(t)) is given by-
% ,
Cov(Wn(t)) =t én’ t € [0,1]. (4.4.1)
Proof: Let
| a (1), 1<k
bn’k(;) = % .
a(k), 1>k
n
= ' A
En,k = (bn,k(l)’bn,k(z)""’b ’k(n)) . (4.4.2)
1 A .
Then, En,k En k~S , Where LS is obtained from En by a permutation
of the rows of En [replacing (1,...,n) by (Snl""’snn)]
- g
V(T /H) =V( ) b_ . (i)c /)
mn,k’ 0 121 n,k mSni 0
n .
= 2 2 .
=E ,_2 bn’k(i)cms o+ ) b (i)b (J)Cms e ‘/HO
i=1 ni  i#j ni nj
s Ty I e,
=n bs (1) + (n-1) b ()b, (i) c_.c .,
121 n,k : i3 n,k'"""n,k heh' mnh “mnh
-1 § -1
=n | Ib2 () - (@D )b (Wb ()
. n,k .k
i=1 1#3
- =1
— sz (1) + (n-1) sz LD = (n-1>12b2k-).
i=1 i=1 i=1
b~
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n
. o ..
COV(Tmn,k"-I‘m'n,k/HO) .2 bn,k(l)cov(cmS %n's ./HO)
v i=1 ni ni

-+

» 'igjbn,k(i)bn,k(j)C°V(‘:msni":m'snj /iy

e, ‘n :
n [;Zibn,k(l){izlcmnicm'ni}]

-1 . ’
n (n-—l) L_;jb (i) bn ,k(J ) {hgh , c‘mnhcm' nh' }J

-+

n b® ., (1) ) c_,c,
[;=l n,k =1 mni.m ni

+ (n-1) -1 2 b2 (i) 2 c

e 4y
j=1 P mni m niJ

(nél) b2 (1){ C 4 .}
121 121 mni“n ni

. , * _ -4
Remembering that Wﬁn(t),— Tmn,r(t)vn,r’ where r(t)

= max{k: V < tV_ _}, the result follows.
n,k — " 'n,r

Corollary 4.4.3. From Lemma 4.4.1, it follows that

Cov(w (t(n)) W (t(n))/H ) = (t (n)At(n)) A , where t(n) § n) is the
minimum of t(n) .tén).

Corollary b.4.4, Under Ho, Cov(Wn(tin))/Ho) and

ng(gn(tin)’ §ﬁ<t§n))/ﬁo) afe tin)zp and (tin)Atgn))zp rgséectivgly-

Let (ki,...,kq)'be'a subset of (1,...,r) such that

-1

lma™ &y = Gj >0, j =1,.0.,q,
n>e _ :
lim oty = § >o0. S . (4.4.3)

n-oo
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Then by Lemma 2.2.7 Hajek (1961), Lemma 4.2 and Theorem 4.2 of
Chatterjee and Sen (1973), under assumptions (4.2.5), we have:

Lemma 4.4.5.

-1 §
lim(n~1) ) b (i) »
o =1 ok
‘ 6j 1 \,
Yy = ! ¢*(u)du + (1-65)"1 j ¢(u)duJ,
S,
i
w173
lim(n~1) b (i) »
- i=1 ™f
§ 1
-1 Y2
Y = f 92 (u)du + (1-6) f ¢(u)duJ . (4.4.4)
0 S ‘ ,

Let_E; = {W;(t), 0 f_t.i 1} be the p-variate stochastic process
considered earlier, and let H* = {E*(t), 0 < t <1} be a p-variate
Gaussian process (with one-dimensional time parameter) such that
Ey*(t) = 9 and E(H*(t)y*(t')) = min (t,t')é, where Q is defined in

(4.2.3). Then we have the following:

Theorem 4.4.6. Under the HO and (4.2.2), (4.2.3) and (4.2.5),
* *
W QW.
~T1 ~
*-
Proof: That E(Wh/HO) = 0 is obvious from (4.3.5). W shall first
show the asymptotic joint normality of any finite dimensional distri-
: *
bution (f.d.d.) of the process Wn and then its tightness property. Let

.W* = (W*,(S(n))J"'sw*(s(n)), q>1,0¢< S(n)< ees < S(n) <1,
~n,q ~n 1 ~n q - -1 =

(4.4.5)
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. where
m)_ =y | o
LACHESTEE SR AN (4.4.6)
i
and k, 1s defined by s'™ =y _ v~1 .
J _ i n,kj n,r

k 5o "’In,kq) will imply

Therefore, asymptotlc joint normality of (T

asymptotic joint normality of W

~1,

Let us roll out the elements of (T RUETEE Tn X ) in a single vector
1 "

T ). (4.4.7)

U' = (T ceu,T eeu,T.. ..
~ n,q ( In,k.°’ ’ pn,kl’ ’ ln,kq’

pn,k
pgx1 1 q

We now take a linear combination of the elements of Un q’ viz.:
R ~iisy

T U ' | (4.4.8
a8 =8 Uy oo ( )

where

L
Bq = (81,1070 98, 1omr0By rera8y )

After rearranging the terms, we get from (4.3.1)

- 7 P e aw, (6.4.9)
1—1 nm=1 msni n '
where r |
I 1. .é(i),liiik,
m=1 j=1 m’J] 1 | ‘ , .
( -1 '
Egg a(i)+zgl[(nk) Za(v)]k<i<k2
:; (m=1 j =2 v—kl+1
dn(l)=< E . Ii‘ vae -l.izl. “on
: g a(i)+ )¢g (n-k.) a V)
mel ™40 =1 m’l[, Yoy }
Frnalow” ] o]
+ 8 (n-k ) a_(v) |
n=1 B2 vk, +1 n
bt B eafon T b aelig it
+ v.. + g (n- k ) ‘ a(v)pk . <i<k,
me1 a7l -1 vk MR -1 -4
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-1 =n - : P 1 '
E 8,1 (n-k,) ) a (M| + ...+ ) g (n—kq) 7 a_(v)},

m= v=kl+l m=1 v=k +l
kq <i<n. (4.4.10)
P .
Denoting Z s = fS , we observe that T (g) reduces to a simple
m=1 ni ni ~i

linear rank statistic. Further, in every interval cohsidered in
(4.4.8), dn(i) is a linear function of an(i)'s. By Lemma 2.2 and
‘Theorem 3.2 of Hajak (1961), the an(i)'s satisfy the Noether Condition,

and thus so do the dn(i)'s. It remains to show that the fS 's satisfy
ni

n
Condition Q of Hajek (1961). But Z fS is identically zero by virtue

i=1 ni
of (4.2.2) and

2

Lo L p
n n
Z f = 1 | Leg <P ) Yo . (4.4.11)
m=1 m ni o n

o=1 n1 o=1 o=1 m=1 i
o) o

We again appeal to (4.2.2) and observe that

1im max Z f2 = o(1), when n*lkn + 0 as no»,

<i <...<i, <n a=
N 1_;1 izn n a=1 nia

We also have, by Theorem 4.4.2, Corollary 4.4.3 and (4.4.8)

V(T (8)/By) =g, 8L 8, (4402

where @ denotes direct product and

n a n )
izlb;’kl(i) izl b;’kl(i) o izl b;’kl(i)
n o . no - B n
(n—l)gn’q iz bn’kl(l) izl bn’kz(l) L. izl bn’kz(i)_
. ) C e R
12 ’ 1 121 b;’kz(i) 121 bg’k W

J
(4.4.13)
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We note that, by virtue of Lemma 4.4.5, as n > ®, B q > .B.:1 where ) , .
[ A
Y Y ves Y :
B~ o2 2. | (4.4.14)

 We now appeal to the Wald-Wolfowitz-Noether-Hoeffding-Hijek permuta-
tional central limit theorem and conclude that Tn(g) is asymptotically

N.(0,g'B @ A . We also have
1(0:842q 8 28

Lim s(n) > y-l Y., = 8., © (4.4.15)
e 4 ] ] , :

which establishes the first‘part of the proof regarding f.d.d.

* * :
For p=1, Chatterjee and Sen (1973) have proved that wn Q W, . _

which insures that, for Vm = 1,...,p,

p{ swp [|W (&) - W (£)]:]t-t'| <8 >¢e'} <n', 8,e',n' > 0.
0<t,t'<l ™0 m ‘ ' .
= (4.4.16)

| " ,
' % * : * *
Bue  [|W (e) - weD]]? <p PELSOR I

From (4.4.15) it therefore follows that -

' x . o A

P{ sup [||w () - W (£D)]|%:|t-t"| < 81 > p2e?'} < pn'. - (4.4.17)
o<t,t'<yt "% ~n ' L

' By putting Pz_ez. = g2 and pn' = n, we prove the tightness_ property of
* : o

W_.

~T

Corollary 4.4.6. Under the same conditions as in Theorem 4.4.5,

wn' = {Wﬁ(t), 0<t< 1} converges weakly to a p-variate Gaussian : |

process W such that E(H(t)) = 0 and E(E(t)?j(t')) = min(t,t')zp._
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Theorem 4.4.7. Under the same conditions as in Theorem 4.4.5, Hf is
asymptotically distributed as the sum of p independent and identical

‘regular functionals of the Brownian motion process W(t) viz.,
D p 1
2
Hr - zm=1 f Wﬁ(t)dt. (4.4.18)
' 0

Proof: ¥Follows from Corollary 4.4.6, straightforward extension of
Crémer's Theorem [see Rao (1973, p. 162)] and Billingsley (1968,
Theorem 5.1).

We therefore compare H, against ua,.the 100(1-o) th percentiler

k
' 1
of the p~fold convolution of the distribution of j W2 (t)dt with

0
itself.

4.5. Asymptotic Distribution Theory of H
Under Contiguous Alternatives -

Under the alternative hypotheses, we consider a sequence

* *
{Kn: @n = gn @} where we conceive of Coni satisfying (4.2.2), as
* k-
¢c ,=¢ ,C l,
mni  mnimn
*, 3%, o
Cmn = Coni? m=1,...,p, n>1,
i=1 .
*-1 *-1 *-1
gn = diag(Cln ,...,Cmn ). , (4.5.1)

We have the following Theorem:

"Theorem 4.5.1. Under {Kn} and the conditions (4.2.1) through (4.2.6),

' *
the p-variate sample process Wn converges weakly to the p-variate

* :
drifted Brownian motion process W such that

BN (t) = BoW T (£)),

EQ (O (') = min(t,eDA , C (4.5.2)
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where
' _ |1 B ' : 1 N
v(s) = y71 f¢%mw+<rw*[wwm ,
1 0 s
p(s) = f ¢S<u)¢°<u)du]1'ﬁ<f),
-0
, ¢(u), 0 < u < s,
¢, (u) = 1 | |
(1-s) ‘J ¢(u)du, s < u <1. _ (4.5.3)
A S

Proof: Let Pn and Qﬁ be the joint df of Xn under H_ and Kn

0
resbectively. From the results of Chapter VI of Hijek and Sidak (1967),
and Theorem 2 of Sen (1976), by virtue 6f the conditions (4.2.11), |
(4.2.2); and (4.2.4), under {Kn}, {Qn} is contiguous to {Pn}. We now

appeal to Lemma VI.4.2 of Hajek and $iddk (1967) and prove the Theorem.

Corollary 4.5.2. Under the same conditions as in Theorem 4.5.1.

p [,1 ,
H_ R mzl' U W (t) + ]Jm(t))zdt}, (4.5.4)
0 . _

where um(t) = Bmp(v—l(t)) and Wl(t),...,wp(t) are p independent copies

~of standard Brownian motion process.

4.5.1. Asymptotic Power of the PCS Test

‘The asymptotic power of the test based on Hr is given by
= = > A
P{Hk > u, for some k 1,...,r/Kn} ?{Hr -ua/Kn}

P 2
+P{ ) f W _(t) +u (t)) dtJ > ua}. (4.5.5)
m=ll o " " -
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. " 4.5.2, Asymptotic Mean Stopping Time
Under the PCS, the stopping time Z is a random variable which takes

on r values z ceesZ with probabilities pk's associated with the

nl’

events [Z = z . ] under P or {Q }, where
nk n n ‘

.
P{H1 ua},

=1,...,k1, H_> ua},

|
rJ
oy
==
A
[=
[N

|

p = P{Hi <u, i=1,...,r-1, B > uu}

+ P{Hi <u, i=1,...,rh (4.5.6)

We can compute the mean stopping time as

‘ r
o | BZ) = ] 2 (4.5.7)

k=1 nkPk’
It is difficult to give an explicit expression for the asymptotic power
and mean stopping time since they require knowledge of the distribution
of the functional of the drifted Brownian motion process W(t) + um(t).
Useful approximation can be empirically obtained through simulation

for various drifts.



CHAPTER V

SIMULATED PERCENTILES OF THE NULL DISTRIBUTIONS OF SOME
FUNCTIONALS OF STANDARD BROWNIAN MOTION PROCESS.
NUMERICAL ILLUSTRATIONS OF TESTS

5.1. Introduction

The distributions of the progressively censored rankrorder tests
considered ip Chépters ITII and IV have been shown to converge weakly
to those of various functionals of the standard Wiener process under
the null hypothesis and of the drifted Wiener process under contiguous
altéfﬂatives, under certain regularity conditions. The null distribu-
tions of these processes are not available in the statistical litera-
ture. Theoretical derivation of,these.distributions'apﬁears to bé
coﬁplicatéd and intractable. 1In Section 5.2 we derive the null
distribution of thése processes empirically through simulation and
smooth them by suitable Pearsonian curves whenever-possible. VIn
Segiiﬁns 5.3 and 5.4 we illustrate applications of the tests developed
in Chapter II and the two-sample test derived in Chapte: III respec~-
tively, to samples génerated‘from négative exponential poéulations.

In the.concluding éection we make a few observations regarding  asymp-
tﬁticAperformances of the two sets of tests from power and mean
stopbing time considerations. A copy of the program wfitten in FORTRAN
for the derivation of eﬁpirical distributions of stip :(t_kw(t))_and
Eiggl(t—%lﬁ(t)[) through simulation is provided ii?%%t Appendix whére

‘ﬁE(ES: t-€ [0,11} is a standard Brownian motion process.
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5.2. Generation of Brownian Motion Process and Derivation
of the Distributions of some Functionals of this
Process through Simulation

Consider n independent observations Xl""’Xn from the standard

normal distribution. Let

Kk
! X, 12k<n,
i=1

122]
]

S 0 by convention. (5.2.1)

0

We define the stochastic process W = {Wn(t), t € [0,1]1} by letting

W) = n% 5_(t), (5.2.2)

where n(t) = max{k: k f_tn}.
We note that the sample process {Wn(t)} is right continuous with the

left~hand limit and hence belongs to the metric space D[0,1] with the

properties

E Wn(t) = 0,
E WA(t) = n llnt]
5 =n “[nt],
EW_(£) W (t") = n lnceAt)T, ¢, t' € [0,11, (5.2.3)

where [nt] and [n(tAt')] denote integral parts of nt and n(tAt')

respectively. The maximum jump of the process is

max ‘IXkl - 0(Y2nn
1<k<n o e

a.s.

+~ 0 a.s. as‘n > o (5.2.4)

Conseqﬁently, as n gets large, the process anhas a continuous sample
path a.s. and has the structure of the standard Brownian motion process

W =‘{W(£), t € [0,11}.
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In our simulation studies, the standard normal variaﬁles have been ‘
_génerated by using the IBM scientific subroutine GAUSS. The sample size
n has been taken to be 1000 and the empirical distributions of the
various processes have been obtained through 1000 independent repeti-

tions.

5.2.1. Simulated Distributions of Sup (t %W(t)) and Sup. (t—6|W(t)l
e<t<1 e<t<1

As we have stated in Section 3.6, the processes do not behave
properly in the neighborhood of t=0. We resolve the problem by
working with the truncated range [€,1] for t, where € is strictly
positive. We also note that, by virtue of 5:2.4,

)

RER
n
: W (k/n) p '
max B 5 sup (£7E(D)),
ensk<n TR U edea e
|W (k/n)| p -
max 'm0 o . | (5.2.5)
censkan TE T el [#ter|

We exploited (5.2.5) to derive the simulated distributions of the two
processes for seven values of &,viz., .001, .005, .01, .05, .10, .15,
.20. The various stepsrinvoived in the derivations are:

(a) Generate a random sample of 1000 from N(0,1) and compute

k
2 X,, €n<k<n (S = 0 by convention);

(b) S, =
i=1 *

k

(&) (/my Wn(k/n) -k

5,.» ensks<n,
€ = .001, .005, .01, .05, .10, .15, .20;
(d)r Max (k/n) 75y W (k/n) and Max (k/n) 15IW (k/n)l | .

en<k<n 7 en<k<n
e = ,001, .005, .01, .05, .10, .15, .20;
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(e) Repeat (a) - (4) lQQO times and from thé observed distributions
of the statistics atr(d) compute (i) 900—£h, 925—th? 950-th and
990-th order statistics and (ii) mean, variance,AuS, My and 82.
From the Bi - 62 diagram of Pearson and Hértley (1962), Pearson's
Type I (n) curve was chosen to graduate the observed distributions.
From Elderton and Johnson (1969) we briefly describe properties of this
curve:

The equation of the curve is

X ml p:< m2 '
y =y, (1+ 3 a- ;—) , ma, <x<a (5.2.6)

1 2 1 2’
where al-and a, are finite, ml/al = m2/a2, the mode is at the origin
and Y, is a constant such that the area under the curve for x = -8,

to x = a, is unity. Letting a, + a, = b and z = (al + x) /b, we

2 1 2
reduce the curve to a Beta distribution of the first kind with

- paxametars m + 1 and m, + 1. The constants of the curve are
estimated through the method of moments. The values to be

calculated in order are

r = 6(8,~B,-1)/(6+38,-28,),

a t+a, = 4/ {8, (r+2) 2416 (r+1) }. (5.2.7)
172 2771
The m's are given by
lﬁ{r"‘Zir(r'FZ) Bl(r+2)2+16(r+l)}, - (5-2.8)
where m, is the positive root if g is positive.
m  m ,
ml1 m22 .. F(ml+m2+2)
= : . (5.2.9)

yo - ] m,-+m
(al+a2)(ml+m2) 12 T(m1+l) T(m2+l)

Y
Mode = Mean - % * ﬁé . %é% . (5.2.10)
2 :
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As the Type I distribution is the extended Beta distribution of the
first kind we fit this distribution by the use‘of incomplete Beta-
Integrals. Pearsqn's (1968) Tables of the Inéomplete Beta-Function are
available for this purpose. But use of these tables requires tri-
variate interpolation and involves heavy computations. We, however,
note that if U has the central F—distribution>withvv and v

1 2
and v2 may be fractional, then Z given by

degrees

of freedom,where vl

n , (5.2.11)

has the Beta distribution of the first kind with paramétefs v1/2-and
v2/2.. The CFTDIS program of the Biostatistics Time Sharing Library
gives the percentile points of the F-distribution for various p and
vice versa for fractional dégrees of freedom. We také vl = min(2(m1+1),

2(m2+l)) and v, = max (2(m1+1), 2(m2+1)) when Mg is positive, and vice

2
verSa'if,u3 is negative and letting v, be the 100(1-0)th percentile
point of the F-distribution, we compute Wa, the graduated values of -

the iOO(l—a)th percentile point of the processes considered here, as

follows:
V. V -1
1 1
z =— u(l+—u) ,
o ) \)2 o 2 o
Xa = bz =~ al,
w_ = X_+ mode. , o o (5.2,12)
o NS .

From the closeness between the percentile points of the observed distri-
butions obtained through simulation and the corresponding graduated

values we may say that the fit was quite satisfactory. In Table 5.2.1
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we display the graduated values of the two distributions fof seven
values of € and some selected values of 0. We shall designate the

-1 -
100(1~a) th percentiles of sup (t W(t)) and sup (t %Iw(t)l) by
e<t<l e<t<1

w;(e) and Wa(ﬁ) respectively.

Table 5.2.1. Simulated Values of w (8) and vy (g) for Selected
' Values of 0 and €

. o = .010 a = .025 o = .050_ o = .100

W (€) wy (&) | wr(e) |w (e) v (€) | w (e) e (€) | w (&)
.001 3.36| 3.53 | 3.06 | 3.29 | 2.80| 3.07 | 2.50| 2.82
005 3.32 1 3.48 | 3.02| 3.25 | 2.76 | 3.04 | 2.46| 2.79
.01 | 3.28 3.46 | 2.98 | 3.23 | 2.72| 3.01 | 2.42| 2.76
.05 3.19 | 3.39 2.87( 3.13 2.60 | 2.89 2.29 | 2.62
.10 | 3.05] 333 | 2.76 | 3.04 | 2.50 2.79 | 2.19 | 2.52
.15 3.03| 3.26 | 2.72| 2.98 | 2.45| 2.74 | 2.13| 2.47
.20 3.00| 3.23 | 2.69 | 2.95 | 2.41] 2.71 | 2.09 | 2.43

5.2.2. Simulated Distribution of Max Sup t-%IW (t)})iwhere
. 1<i<p e<t<1
Wi(t), i=1,...,p,are p Independent Standard Wiener Processes

By the product law of probability

p{ Max  sup (t flw wh < x} = [p{ sup (t” 2Iw h < x}] ’ . (5.2.13)
1<i<p e<t<1 , e<t<l

Therefore, the 100(1-a)th percentile point wép)(e) of the distribution
considered here coincides with wa,(E)'defined in Section 5.2.1 where

. P ,
a' =1 - vl-0. Through the first four moments of the corresponding
observed distributions we worked out the graduated percentile points

for selected values of €,0, and p. These are presented in Table 5.2.2.
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Table 5 2. 2 Simulated Values of W( )(e) for Selected ' ‘
Values of p,0, and €
e p =2 p =3 73 = 4
aé.010 0=.050|0=.100}0~=.010] a=.050{ a=.100 a=,010 a=.050 a=.100
.001 3.69 3.28 | 3.06 3.78 | 3.40 3.19 3.84 | 3.47 | 3.28
.005 3.64 3.25 3.03 3.71 3.35 3.15 3.77 3.43 3.24
.01 3f6l 3.22 | 3.00 | 3.69 3.35 | 3.13 | 3.74 | 3.40 | 3.21
.05 3.57 3.12 | 2.88 | 3.66 3.25 ] 3.02 3.73 | 3.33 | 3.11
.10 3.53 | 3.03 | 2.79 3.64 | 3.17 2.93 ] 3.71 | 3.25 | 3.03
‘.15 3.45 | 2,98 | 2.73 | 3.55 | 3.10 | 2.87 3.63 | 3.19 | 2.97
.20 | 3.41} 2.95 | 2.70 | 3.51 | 3.07 2.8 | 3.58 | 3.16 2.94

5. 2 3. Simulated Distribution of Sup (E-E W;(t)) when Wi(t), i=1,...,p, ‘

e<t<l "i=1
are p Independent Standard Wiener Processes

Let [{X B =1,...,p] be p random samples each of size n

i3m0
drawn independently from N(0,1). Then we can show that

Max {(—)"1 E w2 .G )} 2 sup (— sz(t)), (5.2.13)
en<k<n © i= e<t<l U i=1
where
win(.t_l-) = __ JZIX J = 811,..-,11, i = 1,.-.’pc ‘ (5-2.14)

| Utiliaing (5.2.13) we simulated the distributions of sup (; E w*(t))
A . e<t<1 i=1l

for seven values of € and for three values of p (viz., 2 3, 04)

through'the following Steps:

- (a) Generate 4 random samples of 1000 each from N(0,1) and

cdmpute



: k-
(b) 8., = ) X

en <k <n, € =.001, .005, .01, .05, .10, .15, .20;

(c) Kt sik, kls2 , kL

2Kk’ Sgk, and k—l s2

4k’

en < k < m, € = .001, .005, .01, .05, .10, .15, .20;

(2) -1 ,2
+ k S3k,A

(@) L2, ol L3
(@ AT =k Sy vk Sy AT T

Aé4) = Aéa) + k—l Szk, en <k <n,

e = .001, .005, .01, .05, .10, .15, .20;

(2) (2) ,(3) (3
(e) B (¢) = Max , B (e) = Max s
en<k<n Ak en<k<n Ak
B () = max AW,
en<k<n

(f) Repeat (a) - (e) 1000 times and from the observed distributions
of BP)(¢) compute (i) 900-th, 925-th, 950-th, and 990-th
order statistics and (ii) mean, variance, Mg My 61, and 62.
From the Bl - B, diagram of Pearson and Hartley (l962),lwe observed
that Pearson's Type I distribution would be adequate in all the cases.
The fit turned out to be satisfactory in each case. The graduated
percentile points bép)(e) were computed in the same manner as detailed

in Section 5.2.1 and are exhibited in Table 5.2.3.
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Table-5.2.3. Simulated Values of bép)(e) for Selected Values
of p,a, and €

P=2 p=3, . D = 4

0=.010 |0=.050 |o=.100 |0=.010}a=.050| 0=.100] ¢=.010} a=.050 a=.100

.001 ©[15.56 [12.45 |10.88 |[18.67 [15.15 13.39. 20.61 |17.09 }15.31
.005 115.44 (12.32 [10.71 |18.56 {15.00 |13.19 [20.51 {16.87 |15.03
.01 15.40 [12.19 |10.54 |18.40 |14.81 {12.99 |20.31 16.67 14.82
.05 14.70 |11.51 | 9.88 |17.67 |14.10 [12.27 [19.74 |15.97 |14.06
.10 14.47 11.18. 9.50 [17.47 }13.71 |11.81 {19.39 {15.51 {13.57
.15 '14.03 |10.84 | 9.20 116.83 |13.27 |11.43 |18.75 | 15,05 [13.16

.20 13.71 |10.50 | 8.86 |16.55 ]12.94 [11.09 |18.46 |14.73 [12.80

: 1 :
P .
- 5.2.4. Simulated Dlstribution of Z J Wi(t)dt where Wi(t)’ i=1,...,p,

i=1 | - | ‘:

are p Independent Standard Wiener Processes

If we define [{Xij}§=l; i=1,...,p] as in Section 5.2,3, we

can prove that
-1 2 |
2 Z W & 3] IWi(t)dt, | (5.2.15)
i=1 k=0 D 4oy . | |
. _ 0 :
where Win(k/n) is as defined in (5.%.14), Using (5.2.15) we obtained
P .

the empirical distribution of Y I w?(t)dt through simulation for
- =1 : : :
0.

seven values of € and 3 values of p as in Section 5.2.3. The various
, Stéps inveolved in the dérivation are:

(a) Generate 4 random samples of 1000 each from N(o, 1) and comPute

(b) s, Zx,s—Zx.,s=Zx,s=Zx
jer 13772k g0y T2t ek &) ek Pak o) ek

0 for i =1,...,4 and k = 0; o o

| k=1,...,n-1, s'ik
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-2 n-1 ) o :
() ¢ =m kZO Sgie 1= Loeensds

(3) (2) 4) (3)

=D =D +C.:

(
+Cy, D 4

(2) _
() D =y +Cy, D

ke) Repeat (a) - (d) 1000 times to obtain observed distributions
of D(p) and compute the order statistics, the firét four
7 moments, and.Bl and Bz,as in Section 5.2.1 and Section 5.2.3.
" The observed Bl and BZ of thése distributions did not fall within the
' rénge of the B; - Bz diagram given in Pearson and Hartley (1962).
However, Johnson et al. (1963) have compiled perceﬁtile points of
Pearson curves in general in standard measﬁre for extended values of
Bl and 82. We made use of these tables to work out the graduated
percentile points of the empirical distributions for p = 3 and 4 by
bivariate interpolation. These two distributions turned out to be
Pearson's 1ype I\J). As the observed Bl and 82 éf the simulated dis-
tribution for p = 2 were outside the range of the tables compiled by
Johnson_églgl., we did not attempt graduation in this case. In
Table 5.2.4 we present graduated percemtile points dép) for p = 3,4;

‘ the values relating to p = 2 are as they were obtained through simula-

tion.

Table 5.2.4. Simulated Values of dép) for Selected Values of p and ar

o p=2 p=3 p=4
010 5.54 6.15 6.78
.050 3.36 4.23 4.97
7100 2,53 3.31 4.02

%
Ungraduated.
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5.3. Numerical Illustration for Chi-Square Tests under PCS

5.3.1. Generation of Data

For purposes of ﬁumerical illustration, we have considered a BAM
with two saﬁples and two batches. For che sake of clarification, the
“two samples may be conceived of as control and treatment groups in a
contraceptive effectiveness study with the subjects enteringrinto the
experiment in batches. The response categories are conception times
recorded in one-month intervals starting from the time-points of the
individuals' entry into the trial. From time and cost considerations,
the study may not be continued beyond a time—point T. Alloﬁing for
seasonal variation in reproductive behavior, the batches within the
same sample may be assumed to differ in respect of conceptionrtime
~distribution. Keeping this in vieﬁ, two samples of 700 each were
generated from expocectial distributions with mean survival times
(1) Al = AZ = 16.0 months, (ii) Al = 16.0 months, AZ = 18.0 months

and (iii) Al = 16.0 months, A, = 20.0 months. The size of the first

2
-batch within each saﬁple was 500; the remaining 200 individuals belonged
to tﬁe second batch. It was assumed that the experiment was observed
for a period of 24 months_after inception. With tﬁe-furthef assumbtion
that the second batch entered into the study.bne year efter the first,
the failﬁres in the two batches were recorded in 24 month-intervals

- (categories) for the first batch and in 12 mcnth—intervals for the

second batch;i The last categories of the two batches (25th and 13th

respectively) included the censored individuals.
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5.3.2, Computation of the Statistics

In order to derive the test statistics A, B, C, and D, we started
with unspecified model, allowing for inter-batch difference in pro-

bability structure. Under the null hypothesis of no difference between

el ~

the survival time distribution of the two samples, Xé and X2 were

jtc
cbmputed by plugging in the maximum likelihood estimators ﬁij,t
derived separately.from the two batches, in (2.3.2). It is important
to note that in this unspecified model situation, both {;2} and {j;z}
form strictly non~decreasing sequence in ¢ by virtue of Lemma 2.4.1.
The asymptotic powers andbmean stopping times for the four tests were
derived empirically by repeating the experiment 500 times. The results

are summarized in the next section.

5.3.3. Empi:-ical Powers and Mean Stopping Times

By the rormulae of Section 2.4, we can at once derive the degrees

1 v

of freedom associated with the various tests. The degrees of freedom of

' 02 o ' _ - 1.
the overall test,_sz are 36. We similarly obtain 1f24 = 24_,}2f12 12;
dc =1, ¢c=1,...,12; dc =2, ¢c=12,...,24; jdc =1, Vcand V j.

Next, the test statistics were compared against respective percentile
pdints of the chi-square distributions (central), in order to compute
empirical powers and empirical mean stopping times associated with the
four tests. The results from the 500 repetitions are. demonstrated in

the table below.
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Table 5.3.1. Empirical Powers and Mean Stopping Times for the Four
Tests and Two Values of

From the above the following salient points emerge:

(i) All the tests are consistent.

A B
. :
Characteristics |o=.10 | a=.05 |0=.10 [ 0=.05 | a=.10 | a=.05 | a=.10| a=.05
Case (a)
Power .09] .05| .09| .03| .10 .o5| .08/ .03
Mean Stopping
Time 23.87 | 23.97 |22.90 | 23.56 | 23.79 | 23.91 | 23.27]| 23.73
Case (b)
Power .18 .10 .12 .08 .17 .09 .12 .07
'Mean Stopping
Time 23.66] 23.84 |22.36] 22.89 | 23.63 | 23.82 ] 22.65] 23.21
Case (c
Power 48| .35 .28 .18 41| .28 24| .14
Mean Stopping
Time 22.56{ 23.09 |20.14( 21.47 | 22.38 | 23.01 | 21.01] 22.27
— :
Case (a): A, = 16.0, A, = 16.0.
1 2
Case (b): Al = 16.0, lz = 18.0.
Cgse (e): Al = 16.0, AZ = 20.0.

" (i11) Type A is the most powerful test; next comes Type C; D is the

least powerful-offall;

(1ii) If we assume that each time interval costs s units ofvcost,

then the expected cost for each test (apart from overhead:

cost) is s X expected stopping time. From this considera-

tion, Type B is the most economical test; D@ C, A come
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in that order so far as this index of efficiency.is concerned.
However, these differences seem rather small.

(iv) The efficacy of the PCS test procedures becomes more and more
pronounced as the difference between the two samples-gets

larger and larger.

5.3.4. Additional Comments

Note that we could have derived an overall chi—squaré statistic
with 48 degrees of freedom for the Type A test, by imposing the
restriction on the model that the two batches within the same saﬁple,
have the same probability structure. Type C and Type D tests are more
flexible in the sense that we need not know beforehand the time-points
of entrj of different batches as in Type A and Type B tests. On the
other hand, Type C and Type D tests do not utilize this inter-batch
structure. Among all the tests, Type A test only preserves the power
of the overall test. In all the other tests power is affected, in fact

reduced, since we increase the critical level of the overall test.

5.4, Numerical Illustration for Two-Sample Rank Order Tests with
Grouped Data Under PCS

5.4.1. Generation of Data

We generated 3 sets of two samples from exponential populations
exactly in the same manner as described in Section 5.3.1. The only
exception is that the second batch was dropped.from the analysis, i.e.,
we worked with two single-batch samples each of size 500. As before,
there'wefe 24 class intervals corresponding to the 24 months of con-

ceptioﬁ,with the 25th category consisting of the censored subjects.
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5.4.2, Computation of the Statistics

bThe two-sample location problem we considered is a particular case
of the model (3.2.1) with cy 's taking on the values -1 for the first
sample and 1 for the second,samplé. The regression coefficient B
stands for the difference between thé location parameters of the ﬁwo
samples. We worked with the Wilcoxon scores;¢(u) =2u-1,0<u<1l
for purposes of test construction. In that case S\)’c and V(SV,C/PV)

defined in (3.4.4) and (3.5.20) take the forms:

"~ N A

Sy,c = Aa(pymapy) + A, pma0) e A 0y omy )
' v, * *
*E P12, 01
_ 1000 72 N2 A2
V(S\),c/P\)) 999 [Avl v * A\)Z bo Foeee ¥ Ach\)c
+F. N =1 24
Vv,c v,c+1]’ C & Lrreesshy
(5.4.1)
A A*
where Avj = F ,J-l F v, l, Av,c+l = Fv,c’ nij is the observed
*
frequency of the j-th category from the i-th sample, n, X n,
e : ,c+1 ij’
. j=ctl
- d a4y N, E. s AN
N5 '“13&*“23’ an Nv, S s TS B JS R YY LRV R MU B
and A are definedAby (3.3.6), (3.3.7), (3.3.11), (3.4.1), and

V,ct+l

(3.4.3),respectively. We have considered three experimental situations,
viz., (a) A, = 16.0, A, = 16.0, (b) A, = 16.0, A, = 18.0, and -

(c) Al = 16.0, X27= 20.0. Case (a) represents the null situationv
whereas the other twkoefe chosen for the computation of empirical
.poweré éf the tests. Froﬁ the 2x25 éontingency tables rélating to each
case, E (t(v)) defined by (3.4.8) was computed for every c = 1,...,24

1/16

For the null case, the probability of the first cell is 1 - .06
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and for the other two céses it is not less than .05. . But
1-(1- .05)3 « 3 X .05 = .15. Since we were concerned with large
SampleS, tiv) defined after (3.4.8) should be at least as large as .15
(in probability). Therefore, the appropriate value of £ defined in
Section 3.6 was taken to be .15. We carried out PCS fests (both one-
sided‘and two-sided) against the critical valﬁes wZ(.lS) an& Wa('l5)
for two values of o (.05 and .10) recorded from Table 5.2.1. We
computed the empirical powers and mean stopping times of the tests
through 500 repetitions of each experimental situation. The results
are summarized in Table 5.4.1.

~Table 5.4.1. Empirical Powers and Mean Stopping Times for PCS Rank
Order Tests with Grouped Data

One~Sided Two-Sided
Characteristics 0=.10 a=.05 =.10 0=.05
Case (a)
Power .05 .03 .07 .04
Mean Stopping Time 23,05 23.58 22.63 23.32
Case (b)
Power ‘ .37 ’ .28 .27 .19
Mean Stopping Time 17.58 19.48 19.60 20.91
Case (c)
Power .79 : .71 .70 .62
Mean Stopping Time 10.25 12.41 : 12.53 14,44
- - .
Case (a): A, = 16.0, A, = 16.0.
1 2
Case (b): Al = 16.0, Az = 18.0.
~Case (c): Xl = 16.0, Xz = 20.0.
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The empirical powers of the tests for case (a) suggest that the tests '
are conservative,as we expected from the theoretical derivations of
Seétion'3.6. However, the tests appear to be quite powerful when the
null hypothesis is not true. From mean stopping time considerations,
considerable saving in time is expected as the difference between the

locations of the two samples is widened. In case (c) the experimenter

may be able to come to a decision before the experiment even completes

half of the contemplated period of two years.

5.5. Comparison Between the PCS Chi-Square Tests and PCS Rank
Order Tests with Grouped Data

With regard to the negative exponential survival time distributions
which one often encounters in life testing problems,rwe observe from
Section 5.3 and Section 5.4 that, from both power and mean stopping
time coﬁéiderations, the rank order tests (two-sided) are much superior .
to the chi-square tests. However, even for a moderately large number
of categories, the formér tests are'quite conservative. - We may
recﬁmmehd chi-square tests for their simplicity of application
particularly wﬁen comparatively small number of categories are avail-
able. Otherwise, for the type of distributions we are considering
here, the rank order tests should be preferred. There may be situations
ﬁhen for the first few cells the observed frequencies are small.
If we commence the PCS test from the first cell, € will be small., On
the othef hand, lumping of the first few cells with small frequencies
will résu1t~in reduétion of the number of class intervals. In either
'case, fheApowers of the rank order tests will be affected. Consequently,
it may ﬁof be possible Ato make clear-cut recommendations covering all ‘

types of situations.



CHAPTER VI

SUGGESTIONS FOR FURTHER RESEARCH AND
SCOPE FOR APPLICATIONS

6.1. Introduction

In this chapter we present a few suggestions for future research
by proposing generalizations of the PCS rank order tests to the batch-
arrival model (BAM). We also indicate possible extensions of the PCS
test prbcedﬁres developed in Chapters I1I, III, and IV to the multi-
variate situation. In the concluding section, we discuss scope for

applications of the PCS tests to life proBlems.

6.2. Extension of Rank Order PCS Tests to BAM

In developing the PCS rank order tests in Chapters III and IV, we
have not considered the situation of staggering entry as we have done
in Chapter II. We shall briefly discuss rank order PCS tests for BAM
with ungrouped data for the simple regression model by drawing upon the
basic ideas and concepts from Sen (1976). /

Let n subjects enter intb the experiment simultaneously. Then at
the k-th failure, we compute the censored linear rank statistic

T k=1,...,n-1, defined by (4.2.12) if we work with an unrestricted

n,k’
design in the sense that we do not set out to plan beforehand as to the

maximum duration of experimentation. We base the PCS tests on the

sequence'{Tn,k: k=1,...,n-1}.
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Suppose now that the subjects enter the experiment at different .

points of time. Then the cumulative sample size obtaining at any time-
point t is a monotonically non-decreasing function of t. In order to
develop PCS test procedures for this staggering entry situation, wé
shall require to work with the double-array {Tq,k ¢ 1< kq < q-1;
q=1,...,n} of censored linear rank statistics. qNote that q takes on
the values 1,...,n if the time-point of entry is distinct for every
individual; on the other hand, if the individuals enter the experiment
in & batches at the time-points tl,...,tQ, (t1 < t, < ... < tz), q
assumes the values ntl;...,nt2(= n) where nti is the cumulative samp‘le
size at the time-point t € [ti’ti+l)’ i=1,...,2-1. A pictorial

representation of the batch-arrival model is given in Figure 6.2.1.

Figure 6.2.1. Staggering Entry with the Subjects Arriving in Batches .
(Total Sample Size) my~ = = = = = = = - = Y
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Suppose censoring takes place at the time-point t j and the cumulative .

sample size obtaining at this time-point is n, where h < j and
h
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h=1,...,%. The cohort which has been.admitted into the experiment at
th are observed fof a time-period tj - th. For every failure from the
commencement of the experiment up to the time-point tj, we trace back
the respective cohort and record the failure time. Following Sen (1976),
we construct a two-dimensional time-parameter empirical process on
RS B

D?[0,1] based on the double-array {T : 1< kq <a-1; g =n

q,k .
Sen (1976) has proved that, under approgriate regularity conditions,
this process converges in'distribution'to a standard Brownian sheet
on the unit square I?. If we work with a restricted design, we shall
concern ourselves with processes over part of the unit squaie. a

One may similarly éonstruct double-array of censored raﬁk order

statistics with BAM and extend the results of Sen (1976) to the grouped'

data and the multiple regression situations.

6.3. Some Muliivariate Extensions of the PCS Tests

6.3.1. Early Commencement with PCS Chi-Square
Multivariate Tests

As indicated in Section 2.6, the PCS chi-square tests afe applicable
even when ¢ is a vector in an rXc classification. We nee& iny to
stretch out elements of ¢ in a row. But at each.time—pointrqf cehsoring
we should have completé_information on the categoriés qther than the
main censoring (time—sequential) variable. For example, in a study on
the use of differeht contraceptives, one may likevto know ﬁarious
secondary effects resulting from their ﬁse. The possibilify of an
earlj commencement of the test procedures with the general model
sitﬁation, has also been mentioned with lowerbdimensional repreéenta—

tion of discreté multivariate distribution (by a lower dimensional
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representation we mean a probability model with smaller number of
parameters). We bfiefly discuss Bahadur's (1961) representation of the
joint distribution of responses to n dichotomous items in the next
paragraph.

Let X denote the set of all points x = (xl,...,xn) with each
x, = 0 or 1. Let p(x) be a given probability distribution on X such

i

that p(x) > 0 for each x and z p(x) =1, For each i = 1,...,n, let
_ , xeX
a, = p{xi=l} or equivalently

o, = Ep(xi)’ 0‘< a; < 1, i=1,...,n, "~ (6.3.1)

where Ep denotes expected value whan p obtains. Next, setting

z; = (xi—ai)/VOLi(l—OLi , 1=1,...,n, (6.3.2)
define
- < 3
rij Ep(zizj)’ i< j,
= i < <
ik Ep(zizjzk), 1<3<k,
Ligeven = Ep(zlzZ"'zn)' | (6.3.%)

Let p[l](xl,...,xn) denote the joint probability distribution of the
'xi's when (a) the xi's are independently distributed, and (b) they
have the same marginal distributions as under thé-given distribution

p. In other words,

n xi | 1-x, )
p[l]<#1’°°"xn) = iglai (1—ai) , o | (6.3.5)

- Then for every x = (x ..,xn) in X

1’°
p(x) = p[l](X)°f(X), (6.3.6)
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where f(x) = 1 + igjrijzizj + ... F Tio ... n?1%9° % This suggests

the following classification of distributions: p is of first order
if all Zn - n - 1 correlations are zero,ri.e., if the xi's are
independent; p is of m~th order if all correlations of order ekceeding
m are zero. |

We shall usually concern ourselves with multinomial variables
which will obviously require extension of the Bahadur representation.

6.3.2. PCS Tests with Multivariate Survival
-Time Distributions

Though our main interest may lie in the study of survival time
distribution of one particular variable, the cohort under investigation
may simultaneously be subjected to more than omne source of deplotion.
In clinical trials, for example, cancer patients under observation
may die of heart failure. In a longitudinal demographic study, in
addition to contraceptive failures, there may be losses to follow-up
and withdrawals. As we may visualize the varioué sources vying with
each other, the methods of analyzing such data are termod as competing
risk anaiysis. On geﬁeralization of exponential distribution to -
multivariate failure, we may refer to Cox (1959), Freund (1961), and
Marshall and Olkin (1967). On some characterizations of multivariate
survival time distributions, see Basu-(197l), Puri anc Rubin (1974)

‘and Johnson and Kotz (1975). The paper by Cornfield (1957) gives avgood
elementary account of the competing risk problem.  Chiang (1961)
considers thé.problemrofrcompeting risk from stochastic process
Vapproach. VWe also refer to David (1970) and Moeschberger and David

(1971). Gail (1975) presents a good review and attempts to synthesize

various results of competing risk analysis. Elandt-Johnson (1975)
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has extended somé results of Sethuraman (1965) and David (1970). We
formulate our problem in the next paragraph. We adopt the basic
notations and concepts from Gail (1975) and Elandt-Johnson (1975).

Suppose a population is subject to k causes of depletion
CyseveaCps and suppose each individual is characterized by a corre-~
sponding random vector variable g' = (Tl,...,Tk) which correspond to
respectively. We introduce

the times of his failure from c aesC

1’

the joint failure time distribution

k

) k
Pt ,ennst)) = p{iol (T, < )}, B (6.3.7)

and the corresponding joint survival function

k
S(tyyeeest)) = P{{:} (r; > t)} (6.3.8)

Note that_S(0,0,...,O) = 1 and S(®,©,...,©) =0, Only Y = min(Tl,...,Tk)
and the cause of depletion c, are observable. In other words, for the
j-th individual we observe (Yj’§j) where §j is a k-component vector
with 1‘as the i-th element if the failure is from s the rest of tﬁe
elements being zeros., Ih order to develop progreésive censoring tests,

‘we shall concern ourselves with the distribution of (Y ,Sj).

3

6.4, Scope for Applications

In the clinical trials of the Lipids project, Qith which the
Deﬁartment of Biostatistics, University of North Carolina, is associ-~
ated, patients haviﬁg_high cbolesterol level in their blood are
-randomly allocaﬁed to the control and the treatment groups. ' These
two groups are to be kept under observation for several years. The-

patients of the control group are put on diet and placebo and those
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of the treatment group are put on diet and medication forbkeeping the
lével of cholesterol down. The purpose is to ascertain ﬁhether
medication in addition to diet, raises survival times of the patients.
We may profitably use appropriate progressively censored tests to this
time-sequential experiment. If the failures are recorded, for egample,
in one-month intervals, we may either use PCS Chifsquare tests or PCS
rank order tests for grouped data. If the number of failures~is few
in each class interval we may apply the PCS linear rank tests for
ungrouped data as an approximation. The suitability of the PCS tests
in this context, cannot be oversfated. This is particularly important,
since, if cumulative evidence from continuous monitoring shows sig-
nificantly higher survival times for the treatment group, we should
stop experimentation at the earliest and recommend use of the treatment
without delay.

Suppose a country is urgently trying to implemeﬁt population
‘control program. The government may need specific recommendation as
to the most effective method of family planning through cémparison of
a number of alternaﬁive methods in a longitudinal demographic survey.
The-importance of the PCS tests is obvious from considéfation of time.
In a cancer therapy study, the patients are fandomly divided into
groups, each put on a different therapy. We are called upon to compare
the distributions of remission times of the varioué groups and recommend
usé of the Best fherapy from the findings of the experiment. Ethical
and huﬁanitarian considerations demand that we reach a decision at the
earliest. Again we need not emphasize the imporﬁance of the PCS tests

in such circumstances.



APPENDIX

ON DERIVATION OF EMPIRICAL DISTRIBUTIONS OF SOME FUNCTIONALS
OF THE STANDARD WIENER PROCESS

A.1l. Program for Derivation of Empirical Distributions

-l )
of Sup (£”W(t)) and Sup (£ ZwW(t) )
e<t<1 . e<t<l

00010 C  GENERATION OF FUNCTIONALS OF WIENER PROCESS

00020 DIMENSION K(7),X(1000),5(1000),W(1000),W1(1000) ,XSTAT(7,1000),
00030  1YSTAT(7,1000) ,XMEAN(7) ,YMEAN(7) ,XMU2(7) ,XMU3(7) ,XMU4(7) ,

00040  2YMU2(7),YMU3(7) ,YMU4(7) ,XBETAL(7) ,XBETA2(7) ,YBETAL(7) ,YBETA2(7)
00050 READ(1,555) IX,N1,N2 |
00060 555 FORMAT(I9,2T4)

. 00070 N22=N2-1
00080 TN=N2
00090 K(1)=1

00100 K(2)=5

- 00110 K(3)=10
00120 K(4)=50
00130 K(5)=100
00140 K(6)=150 -

o K(7)=200
00160 NSTAT=4
00170 DO 50 I=1,N1

00180 DO 10 IK=1,N2
00190 CALL GAUSS(1X,1.0,0.0,Y)
00200 10 X(IK)=Y
00210 DO 11 JP=1,NSTAT
00220 DO 9 1IS=1,N1
00230 9 S(IS)=0.0
00240 IK=K(JP)

00250 MIN=IK
00260 MINN=MIN+1
00270 DO 12 II=1,IK
00280 =FLOAT(IK) /TN

00290 12 S(IK)=S(IK)+X(II)
00300 W(IK)=S(IK)/SQRT(TN)
00310 W(IK)=W(IK)/SQRT (TKN)

00320 SGN=-1.0"

00330 IF(W(IK)) 17,18,18
100340 17 W1(IK)=SGN*W(IK)
00350 GO TO 14

00360 18 W1(IK)=W(IK)
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00370 14  IK=IK+1l

00380 . IF(IK.GT.N2) GO TO 15
00390 TKN=FLOAT (IK) /TN
00400. S(IK)=S(IK-1)+X(IK)

00410 W(IK)=S(IK)/SQRT(TN)
00420 W(IK)=W(IK)/SQRT(TKN)
00430 SGN=-1.0

00440 IF(W(IK)) 19,20,20
00450 19 WI1(IK)=SGN*W(IK)

- 00460 GO TO 14

00470 20 W1(IK)=W(IK)

00480 GO TO 14

00490 15 WMAX=W(MIN)

00500 WIMAX=W1 (MIN)

00510 DO 30 L=MINN,N2
00520 CIF(W(L)-WMAX) 31,31,32
00530 32 WMAX=W(L)

00540 31 WMAX=WMAX

00550 IF(W1(L)-WIMAX) 33,33,34
00560 34 WIMAX=W1(L)

00570 33 WIMAX=WIMAX

00580 30 CONTINUE

- 00590 XSTAT (JP, I)=WMAX
00600 YSTAT (JP, I)=WIMAX
00610 11 CONTINUE :

00620 50 ' CONTINUE

00630 DO 59 1M=1,NSTAT
00640 DO 60 I=1,N22
00650 DO 60 J=I,N2
00660 IF(I.EQ.J) GO TO 60
00670 XM=XSTAT(IM,I)
00680 YM=YSTAT (IM, T)
00690 IF (XSTAT(IM,I).GT.XSTAT(IM,J)) GO TO 63
00700 GO TO 65
00710 63 XSTAT(IM,I)=XSTAT(IM,J)
00720 XSTAT (IM, J)=XM
00730 65 IF(YSTAT(IM,I).GT.YSTAT(IM,J)) GO TO 66
00740 GO TO 60
00750 66 YSTAT(IM,I)=YSTAT(IM,J)
00760 YSTAT (IM,J)=YM

00770 60 CONTINUE
00780 59 CONTINUE

100790 DO 77 M=1,NSTAT
00800 PRINT 150,M |
00810 PRINT 200,XSTAT(M,1) ,XSTAT(M,5) ,XSTAT(M,10) ,XSTAT (M, 25) ,

00820  1XSTAT(M,50) ,XSTAT(M,100) ,XSTAT (M,200) ,XSTAT (M, 300) ,
00830  2XSTAT(M.400) ,XSTAT(M, 500) ,XSTAT (M, 600) ,XSTAT (M, 700) ,
00840  3XSTAT(M.800) .XSTAT(M,900) ,XSTAT(M,950) ,XSTAT(M,975) .
00850  4XSTAT(M,990) ,XSTAT(M,995) ,XSTAT (M,999) ,XSTAT (M, 1000)
00860 PRINT 300,YSTAT(M,1),YSTAT(M,5),YSTAT (M,10) ,YSTAT(M,25),



00870
00880
00890
00900
00910
00920
00930
00940
00950
00960
00970
00980
00990
01000
01010
01020
01030
01040
01050
01060
01070
01080
01090
- 01100
01110
01120
01130
01140
01150
01160
01170
00180
01190
01200
01210
01220
01230
101240
01250
01260
01270
01280
01290
01300
01310
01320
01330
01340
01350
01360
01365
01370

1YSTAT(M,50),

2YSTAT(M, 100) ,YSTAT (M, 200) , YSTAT (M, 300) , YSTAT (M, 400) ,
3YSTAT (M, 500) , YSTAT (M,600) , YSTAT (m, 700) , YSTAT (M, 800) ,
4 YSTAT (M,900) ,YSTAT (M,950) ,YSTAT (M, 975) , YSTAT (M, 990) ,

SYSTAT(M,995) ,YSTAT(M,999) ,YSTAT (M, 1000)

150 FORMAT(/10X, 'LEVEL OF K/N=',12)

200 FORMAT(//10X,'FIRST SET :'/20X,10F8.4/20X,10F8.4)
300 FORMAT(//10X, 'SECOND SET :'/21X,10F8.4/21X,10F8.4)

77

80

82

95

90

c

CONTINUE -

DO 82 I=1,NSTAT

XMEAN(I)=0.

YMEAN(TI)=0.

bo 80 J=1,N1

YMEAN (I)=YMEAN(I)+YSTAT(I,J)

XMEAN (I) =XMEAN(I)+XSTAT(I,J)

CONTINUE

XMEAN(I)=XMEAN(I) /N1
YMEAN(I)=YMEAN(I) /N1

CONTINUE

DO 90 I=1,NSTAT

XMU2(I)=0.

XMU3(I)=0.

XMU4(1)=0.

YMU2(I)=0.

YMU3(I)=0.

YMU4(I)=0.

DO 95 J=1,N1 :
XMU2(1)=XMU2(I)+(XSTAT(I,J)-XMEAN(I))**2
YMU2(I)=YMU2(I)+(YSTAT(I,J)~YMEAN(I))**2
XMU3(I)=XMU3(I)+(XSTAT(I,J)-XMEAN(I))**3
YMU3(I)=YMU3(I)+(YSTAT(I,J)-YMEAN(I))**3
XMU4 (1) =XMU4 (I)+(XSTAT(I,J) ~XMEAN(I))**4
YMU4 (I)=YMU4(T)+(YSTAT(I,J)-YMEAN(TI)) **4
CONTINUE

XMU2(I)=XMU2(I) /N1

XMU3(TI)=XMU3(I) /N1

XMU4 (1) =XMU4 (1) /N1

YMU2(I)=YMU2(I) /N1

YMU3(I)=YMU3(I) /N1

YMU4 (I)=YMU4(T) /N1 :
XBETAL1(I)=(XMU3(I)**2)/(XMU2(I)**3)
YBETAL(I)=(YMU3(I)**2) /(YMU2(I)**3)
XBETA2(I)=XMU4(I)/(XMU2(I)**2)
YBETA2(I)=YMU4(I)/(YMU2(I)**2) .

CONTINUE

DO 100 I=1,NSTAT

PRINT 150,1

PRINT 400,XMEAN(TI),XMU2(I),XMU3(I),XMU4(I),
1XBETA1(I),XBETA2(I)

PRINT 410, YMEAN(I) ,YMU2 (1) ,YMU3(T) , YMU4(T)
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01380  ‘1YBETA1(I),YBETA2(I)

01390 100 CONTINUE .

01400 400 FORMAT(/10X,'FIRST SET :',5X,'MEAN=',F10.6,2X,

01410  1';VARIANCE=',F10.6/26X, 'MOMENT3="',F10.6,2X, "MOMENT4=", -
01420  2F10.6,2X,/26X,'BETAl=',F10.6,"'; BETA2=',F10.6)

01430 410 FORMAT(/IOX,"SECOND SET:',5X, 'MEAN=",F10.6,2X, -
01440  1';VARIANCE=',F10.6/26X, "MOMENT3=',F10.6,2X, '"MOMENT4=",
01450  2F10.6,2X/26X, 'BETAl=",F10.6, ' ;BETA2=",F10.6)

01460 STOP

01470 END
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