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CHAPTER 1

INTRODUCTION

It has been generally recognized for many years that the
classical treatment of the problem of comparison of means by a test
of the hypothesis that all the means are equal does not provide
the answers which the experimenter usually desires. As a result
much work has been done on a class of problems which are felt to
be more applicable. For example, in some situations an experimen-
ter may conduct an experiment to choose from a group of populations
the one with the largest mean. Usually, in the interests of not
missing the population with the largest mean, he would be willing
to choose a group of one or more populations such that any one of
them could have the largest mean. This he might term the superior
group of populations as distinct from the group of populations not
chosen which could be called the inferior group. He would reason
that due to experimental error it is quite possible for any of the
populations in the superior group to be the population with the
largest mean so he would treat these populations equally and either
do further experimenting to choose hetween them or decide on the
basis of some other criteria which one population to choose. Thus
in this case a statistical problem would be to find a fixed sample
size decision procedure for dividing a group of n populations into
a superior group, which can contain from one to n of the populations,

and an inferior group containing the remaining populations.



It is this decision problem that we study in this paper. We will
refer to problems of this type as problems of the largest mean.
In other situations an experimenter may conduct an experiment
not to determine just the population with the largest mean but

to determine the complete ranking of all the population means.
We will refer to problems of this type as problems of ranking
means.

With the development by Wald [§Z7*of a general theory of
statistical decisions attempts have been made to find decision
procedures for problems of the above types in the framework of
this theory but it has usually been necessary to use a simplified
approach in order to obtain a solution. Mosteller [i&7 considered
a 'slippage' problem where it is desired to find which one, if any,
of k populations has a larger value of a location parameter than
the other populations. The decision procedure proposed was not
claiued to be optimum but only easy and rapid to apply. Paulson
[i§7 considered the same wmultiple decision problem as considered in
this paper, that of dividing a set of populations into a "superior”
and an "inferior" group. The decision procedure proposed was only
claimed to be quite reasonable on an intuitive basis. 1In Zi27
Paulson considered the k-~decision problem of finding the 'best' of
k populations when k-1 experimental populations are compared with

a control population. A decision procedure was obtained which

¥*
The numbers in square brackets refer to the bibliography.



had a probability > 1 - o of selecting the control population
when it is the superior population. He also determined the
sample size needed so that the probability of selecting a su-
perior experimental population as best is > 1 ~ B. In Z§97
Paulson gave a decision procedure for the slippage problem of
Mosteller that had optimum properties. Bahadur 1—27 considered
the same decision problem as this paper and showed for a par-
ticular type of loss function what the best decision procedure
was in the class of impartial decision procedures. Bechhofer
1_27 considered the determination of sample size for a single
sample experiment so as to make decisions about various rankings
of means so that under specified conditions the proportion of
correct statements associated with the decision procedure is
equal or greater than a preassigned value. Dunnett [ﬁ§7 con-
sidered the same problem for the case where the means have prior
distributions. 1In [_27 Bechhofer, Dunnett and Sobel gave a two
sample decision procedure for ranking means similar in method to
Bechhofer's earlier single sample decision procedure. Bechhofer
and Sobel [ﬁg7 considered a sequential decision procedure for the
problem of ranking means. Hall [il7 formulated the same problems
as considered by Bechhofer, Dunnett and Sobel 1727,Zf§7, [f&7
but, instead of placing a guarantee on the probability of making
the correct choice, placed a guarantee on the probability of
making & distinctly erroneous choice. Seal Z§E7, working with

Bose, gave a general class of decision procedures for the saume



decision problem as this paper and showed that the members of
this class possess some desirsble properties. Gupta /10/,
another student of Bose, considered one decision procedure from
the class considered by Seal and showed it has some other de-
sirable properties. Decision procedures for the problem of
ranking means have also been proposed by Fisher 1727, Newman
/177, Duncan /57, [ 6/ and Tukey /25/, [26/, while Scheffé
Z§§7 proposed a decision procedure for making comparisons be-
tween all contrasts of the means.

In all of the above the approach hes either been to find
the properties of some proposed decision procedure or to find a
decision procedure which has some specified good properties.
None of them have given a complete treatment in terms of Wald's
theory. However in [-17 Duncan formulated the problem of
ranking means as a pairwise-multiple comparisons problem in
terms of Wald's theory and, for a particular type of loss
function and prior distribution of the means, found a Bayes
(or minimum average risk) decision procedure. The present
paper considers the problem of choosing the population with the
largest mean from a group of n normal populations in terms of
Wald's theory as a multiple decision problem and, for a par-
ticular type of loss function and prior distribution of the
means, presents a Bayes decision procedure. A key development
is that of generating the wultiple decision problem involved

as the restricted product (Lehmann /12/, /13/) of n simple



two-decision problems. In 1717 Duncan used & similar technique
in dealing with the problem of ranking the means. Also both of
these techniques are similar to the 'union-intersection' princi-
ple of test construction proposed by Roy /22/.

In Chapter II the multiple decision problem to be studied
together with the loss functions and prior distributions of the
wmeans are given. Then it is shown that Bayes decision procedures
for some two-decision 'component' problems generate Bayes deci-
sion procedures for the original multiple decision problem. The
Bayes decision procedures for these 'component' problems are
given only iwplicitly with the final solution depending on the
evaluation of certain integrals.

In Chapter III numerical values are given for this deci-
sion procedure for the particular case where there are three
normal populations with a common and known variance. Tables
are provided to facilitate the use of this decision procedure.
For the case where there are two populations the pairwise-mul-
tiple comparisons problem as formulated by Duncan 1—17 and the
problem of choosing the largest mean as formulated here are exact-
ly the same so Duncan's results provide the Bayes decision pro-
cedure for our problem in this beginning special case. The table
of Duncan's results is included. Also it is noted that in con-
trast to previous approaches to the problem of choosing the
largest mean the present approach leads to 'significant differ-

ences' that decrease with the number of populations included



in the problem.

In Chapter IV we find, by the union-intersection method
of test construction proposed by Roy L§g7, a class of decision
procedures for our original multiple decision problem. These
decision procedures are not Bayes but are 'conservatively-near'
Bayes (in a sense given in Chapter IV). Some interesting re-
lations between these decision procedures and the Bayes deci-
sion procedure are given. In particular it is shown that the
decreasing-with-n nature of the Bayes decision procedure noted
in Chapter III holds in general. Also the ratio of the risk of
one particularly simple decision procedure to the risk of the
Bayes decision procedure is presented for the case of three
normal populations with a common and known variance.

Chapter V presents a study of the variation of the Bayes
decision procedure with changes in the prior distribution of
the means. This is done for the case of two populations so it
is applicable not only to the problem considered in this paper

but also to the problem of ranking means as formulated by

Duncan / 7/.



CHAPTER 11

THE FROBLEM OF CHOOSING THE LARGEST MEAN

2.1 Statement of the problem.

».1a The ob served data and decision system.

Tlet nl,n "“n be n normal populations with means

YRR

R 2
.,i_ and a common variance o_ , where (i, .o ,M )
n o - 1 n

is unknown and ci is either known (case 1) or unknown (case 2).
Suppose there are m random obscrvations xi1(j = ],...,m) from

cach of the n normal populations s, (i =1,...,n). (Let s

denote the set of the n W's, S = {ul,...,un} , and

(B, SH, 5ok, } denote the complementary set
Jl do Jk

s-d{u. ,u, ,oo,m V)
With the information obtained from the nm random observations

we consider the problem of finding a Bayes decision procedure

for choosing one of the p = 2n- 1 decisions:

di : E € wi 5 (i = 1,2,.-.,P);

the p =2 pj subsets wy being defined as follows: the first

n
P, = (l) = n subsets are those in which one specified mean eX-

ceeds the remaining n-1 means,

wy = {Es M) > max (ﬁz}} sees Wy = {Ei b > max ?ﬁ;}} )



the next 1 (g) = n!/2'(n-2)! subsets are those in which the

larger of two specified means exceeds the remaining n-2 means,
@pl+l= {»E; max {Hl,ue} > max ‘Hl’HQ}} 5

wpl+n-l= {g; max {ul,un§ > max {ul,un}} 5o

|

= {u: > 3\
wP1+P2 {g, max (Hn_l,uﬁ\ max {un—l’un}J 5

the next p n!/3'(n-3)! subsets are those in which the

= (D)
3 '3
largest of three specified means exceeds the remaining n-3% means,

wpl+p2+l= {Eﬁ max iul,ug,MBE > max “l’“2’“3§ } 5 s
wpl+p2+n-2= {g; max {ul,ug,un} > wax {ul,ue,un}} ,

(.L)pl+p2+n-l= {E; max {ul,“’57u,+} > max {“l)“5;p’h}} ) o

= . ; ] > H
abl+p2+p3 {E’ max Lpn-E’un-l’“nt max {un-Q’un-l’an} ¢

the next to the last p .= (nnl) = n subsets are those in which

the largest of (n-1) specified means eXceeds the remaining mean,

- fu. AT 1
wpl+p2+"'+pn-2+l— {E’ max {Hgy T Has oo
« +p +. .. D +p ={M; max _{“_]_;( >“J_} ’

L - B - R

the last pn= (2) = 1 subset is the set in which any one of the n
means may be the largest of all the means,

wp = {1 (the entire parameter space of &).



These p decisions can be viewed as decisions class-
ifying the n populations into a superior group, which is to
contain the population with the largest mean, and an inferior
group. (The terms superior and inferior are as used by
Paulson Zi§7). From this point of view the p decisions may be
described as:

n decisions specifying exactly one population in

the superior group,

(n) = n!/2!(n-2)! decisions specifying exactly
2

two populations in the superior group,

(n?l) = n decisions specifying exactly n-1
populations in the superior group,
and one decision specifying all n populations
in the superior group.
This p-decision system is the same decision system con-
sidered previously by Paulson ZI§7, very briefly by Duncan [5,
p. 187/, Behadur [ 1/, Seal /247, Gupta /10/ and others.

For n = 3, the case considered in more detail in the

next chapter, there are the following p = T decisions:

dl 1 Be W,y = {E; “l > max (HQ’ui) } s
that is, T is the superior group,
: = . >
dy : M€ a, {E, Wy > max (ul,uj)} )
that is, n2 is the superior group,
dy i K €wy = {E3 by > max (ul,ua)} ,
that is, n, is the superior group,

3



10

dh P he wh = {Ei max (Hl, “2) > “3} )

that is, =, and =n, are the superior group ,

1 2
ag Hew ={u; max (b,k,) > “2} ,

that is, x. and xn, are the superior group ,

1 3

dg i B € w = {g; max (HQ,IJB) > ul} s
that is, T, and n3 are the superior group ;
S € =

that is, nl,n and nw, are the sbperior group.

2 3

2.1 Loss functions.

For any one of the p decisions the loss function is defined
in the following manner:
let W = max (ul,...,un),
let 4@ be the decision that

T, 5 T, yeeeydt

Ji7 T do Iy

and =, , T, ye ooy X
Jr+v1 ke In

(where (Jl,...,Jn) is a permutation of (1,...,n)),

are the superior group ,

are the inferior group,

that is, d is the decision that

ue{u;mxhh,“”u,)>mﬂu ,“M.)L
- - J J J J
l k k+l n

then the loss incurred by d at any point M is

k
L(d;p) =i§l(ko/c)(umax- uJ.i)

1)+ Iuj - maxOIE_-ill7_
+1

n-k
+ = (kl/2o) [, - max{l-l.j
i=1 Ig+i k+i K+ ki



where kl> ko > 0 are loss proportionality factors,

and o = Uo/vq; .
That is, the total loss for a given decision is the sum of the
losses made with respect to each individual population. The
contribution of ui to the loss is as follows: if U is inclu-

ded in the superior group a zero loss is made if ui= “max and

, X _ . . < ;
a positive loss proportional to (“max ui) is made if ui “max

if n is included in the inferior group a zero loss is made
ir p, < end a positive loss proportional to (ui- max {1} )

is made if K To illustrate with a simple example: for

i~ l'tmax'

n = 3 suppose decision d, is mede when p = (5, 7, 10) where
decision d2 is to state M € Wy= {E; u2 > max(ul, “3)}’ that

is, n, is the superior group. Then the loss is:

2

L(ay; 5,7,10) = (k /0)(10 - 7)

+ (k,/20) /(5 - 10) + |5 - 10]_/
+ (k,/20) /(20 - 7)+ |10 - 71_7

3(k /o) + 0 + 3(k /o) .

This includes a loss of 5(ko/c) for incorrectly retaining T,
in the superior group, a zero loss for correctly placing Ty
in the inferior group and a loss of 3(kl/c) for incorrectly

placing =n, in the inferior group.

3
As will be seen only the ratio kl/ko= k is needed to be

known and not ko and kl . This ratio will be called the loss

ratio or error-seriousness ratio (terms first used by Duncan[—z7

11
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for a similar ratio). (As seen later we must require that k

be not less than three for the case n = 3.)

2.1c Prior distributions.

As the final assumption needed for a Bayes formulation
of this p-decision problem the K's are given independent
identical normal prior distributions, each with an unknown
mean .c' and variance 7202 where 72 is known. 02= dg/m is
taken as fixed and hence has no prior distribution.

While it is not difficult to formulate this problem
as above, in the framework of the general theory of statis-
tical decisions as developed by Wald, a direct approach to
find a Bayes solution is very difficult. Others in attempting
to surmount this difficulty have used simplified approaches to
find decision procedures for the p-decision system that have
some desirable properties. However it will be shown in the
following section that with an indirect approach we will be
able to find a Bayes decision procedure without the need of

any further simplifications.

2.2 The p-decision problem as the restricted product

of n two-decision problems.

2.2a Generation of the p decision subsets.

The subsets of the p-~decision problem as formulated in
the previous section can be generated as the restricted pro-
duct (a term introduced by Lehmann /12/, /13/ to be described

below) of the subsets of n two-decision component problems.
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For this purpose, let us consider a two-decision problem
(which will be called the ith component two-decision pro-

blem) where the pair of subsets are:

@0 = {L , the entire parameter space of M,
and
W, = {Eﬁ ui < “max} , that is, in @, 3 some uj

is larger than ui .

The corresponding decisions for this component problem way

be denoted by:

d

T

i0 = € %0 v

and dil i poe Wyq Viewed as decisions to classify the

populations into a superior group and an inferior group, where
initially all the populations are considered as being in the

superior group, decision dio is the decision to leave ni in the

superior group while decision di is the decision to place ni

1l
in the inferior group.

For i = 1,2,...,n there are n such two-decision problems.
Now if these problems are considered simultaneously, they gen-
erate a multiple decision problem where the different decisions
are statements about H being in the intersection of the n cou-

ponent subsets. Thus if (jl,...,gn) is a permutation of

(1,...,n) and if in the jlth,...,jﬁé component problems decisions

h h couponent, pro-

t b
.4, 41’79

d 5o
JlO JkO

blems decisions 4, seeesd,
Jk+l1 Jnl

decision problem the decision that corresponds to these

are made and in the j

are made then in the multiple



1

component decisions being made simultaneously is

k n
d_ e = N w, (\ w, ’
I e FC R I
that is,

d :ue = n N o, (since w, =0 for all i).
k “k {=k+1 Jil i0

Viewed as a decision to classify the populations into a superior
and an inferior group, this decision classifies =n, ,...,%n

1 jk
in the superior sroup and =, yereaTy in the inferior group.
Jk+l n
Not all of the products of the component subsets form
decisions in the p-decision problem. If dil is the decision
made in the ith component problem (i=1,...,n) then considered

simultaneously this is a decision to assert
;i
M € w .
i=1 11

But since f\wi = (0 this decision represents an impossibility

1
and is not desired in the product problem. (This decision says
for each and every mean that there is another mean which is
larger.) Therefore in general a product decision problem is
restricted to decisicrsabout nonempty subsets. Lehmann Zig7,
Zi§7 refers to such a generation of a multiple decision problem
from a set of two-decision problems as a restricted product
decision problem. More specifically the subset system generated
by the nonempty intersections of the component subsets is

termed the restricted product of the component subset systems.

n

In the case under consideration only one ( (\ wil) of the
i=l



component subset intersections is empty. The rest all form
elements in the p-decision system.

To illustrate the foregoing, for n=3 there are three
component two-decision problems with the following decision
pairs:
for the first component problem

ol s B o€

10 ‘P BEwy = 01,

that is, leave xn, in the superior group,

1
dj) tHEw, = {y_; W, < max (HQ,P-B)} ,

that is, place x. in the inferior group,

1

for the second component problem

Gp PR EWp = N

3

that is, leave n, in the superior group,

2
d21 P He wél = {:E; “2 < max (ul,uj) } s

that is, place n, in the inferior group,

2
for the third coumponent problem

d30 L QBO = N,

that is, leave n, in the superior group,

3
djl PRewy = {Ei u, < max (ul,ue)} s

that is, leave x, in the inferior group.

3

The p = 7 decisions in the restricted product decision problem

are generated as follows:

15



16

4y = ()0 Ggys dp): Be @y = @) Ny Noagy,
d2 = (dll’ d20’ dBl): Bew,s= wlllq mbo(q g, 5
d3 = (dll, d21’ d}O): Ue wg = w]_lﬂ “’210 Wg 2
d) = (dlo, d20’ d}l): bew = wlOn wzoﬂ g1 5
ag = (dlo, dsp> d}O): Boewy =0 N walﬂ g9
dg = ()7, Gy dy0)s B o€ ap = oy (g Mg,
a (dlo, dpgy dBO): Bea =, ALY D59

The remaining product decision

dg = (4,5 45y dBl): Beag=a,Na,N gy =0
states that W is in an empty set hence the product decision
problem is restricted so as not to include this decision.

With this method of generating the decision system of
the original p-decision problem as the restricted product of
n two-decision problems and, with the loss functions for these
component problems as given below, a considerable reduction is
made in the difficulty of the subsequent derivation.

2.2b Generation of the p-decision problem loss functions.

For the ith of the two-decision component problems let

loss functions be defined as follows:

L(a, o5 B) =0, Ben - o,

L(diO; E) - (kb/c)(“max- “i)’ -k @517

L(a 5 B) =0, Beaw,

L(a,,; u) = (kl/c)l_i' max(ul,...,ui_l,ui+l,...,unl7, B oEn- o



7

Thus for the ith component two-decision problem, a zero loss

is made if decision di is made when ui is the largest mean

0]

1 is made when ui is not the largest mean.

A positive loss proportional to the difference between the

or if decision di

largest mean and M, is made if decision dio is made when K

i i

is not the largest mean and a positive loss proportional to

the difference between ui and the next largest mean is wmade

1 is made when ui is the largest mean. That is,

a zero loss is made if “i is put in the correct group while a

if decision di

positive loss is made if T is left in the superior group when

ui < pmax or if ﬂi is placed in the inferior group when ui= “max'
With these loss functions for the component problems it

is seen that the loss functions for each of the decisions of

the restricted product decision problem is the sum of the loss

functions for the decisions of the component two-decision pro-

blems that generate that particular decision. That is, if di

is a decision of the restricted product decision problem and

dli ""’dni are the n decisions from the n two~decision
1l n

problems (one from each problem, ik= 0 or 1) such that

a, is (a,, ,...,4_. )
i lil nln

than

n
L{d,; #) = = L4, ; ¥), (i,= 0 or 1).
i k=1 klk k

This will be referred to as additive loss.

To illustrate let us refer to the example used previously
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for the case n = 3, with decision d2:
Heaw, = {g; M, > max (Hl, “5)} being made when H = (5, 7, 10).

(The decision d2 is to leave , in the superior group and place

. and 7. in the inferior group.) As seen before, the loss for

1 3

this particular example is:

L(dy; 5, T, 10) = 3(k /o) + 3(k/0).

The decision d. in the p = 7 decision problem results from making

2
the component decisions dll’ d20’ d31 simultaneously. The losses
for these component decisions are:

L(a); K) =0

L(dpps B) = (k /a)(20 - T) = 5(k /o)

L(dgy5 B) = (k) /0)(20 - 7) = 5(k) /o),
which add to the given loss for d2' For the first component
a zero loss is made when n., is placed in the inferior group

1
since ul is not the largest mean; for the second component a
positive loss of 5(kb/c) is made by leaving =, in the superior
group since u2
third component a positive loss of 3(kl/c) is made by not

is 3 less than the largest mean and for the

leaving n, in the superior group since M, is the largest mean

5 3

and is 3 larger than the next smaller mean.

2.2¢c Generation of p-decision procedures as the intersection

of n two-decision component procedures.

If for each component problem we have a decision procedure

such that considered simultaneously these decision procedures
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do not lead to any inconsistencies, that is, they do not make
the statement that U is in an empty set, then they form a com-
patible set of decision procedures.

As proved by Lehmann Zig7, decision procedures for the
restricted product decision problem obtained as the intersec-
tion of a family of compatible decision procedures for the com-
ponent decision problems are in one-to-one correspondence with
the generating families of coupatible decision procedures for
the cowponent decision problems. That is, a set of compatible
decision procedures for the component decision problems generates
a decision procedure for the restricted product decision probleu.
And since the decisions of the restricted product problem are the
same as the decisions of the original p-decision problem, it
follows that a set of compatible decision procedures for the com-
ponent decision problems generates a decision procedure for the
original p-decision problen.

To insure the coupatibility of the n two-decision procedures

the condition [
Prid = G del,...,dnl)} =0

must be met. That is, each of the two-decision proccdures must
be chosen in such a way that when considered simultaneously the
probability of placing all the populations in the inferior group
is zero. Following Lehmann lig7 this will be referred to as the
condition of compatibility for the component decision procedures.
Not only does a family of compatible decision procedures ..

for the component two-decision problems generate a decision
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procedure for the restricted product problem but, with the

same prior distribution for the M's in the component problems

as assumed in the original p-decision problem and with addi-~
tive loss, a family of compatible Bayes decision procedures

for the component problems generates a Bayes decision pro-
cedure for the restricted product decision problem. This most
useful and important result is a simple consequence of the

fact that with additive loss the risk is additive and, since
expectation is a linear operator, the average risk is additive.
Hence if each component of the sum of average risks is mini-
mized then the sum is minimized. Therefore minimum-average-
risk decision procedures, that is, Bayes decision procedures

for the component two-decision problems generate a minimum-
average-risk decision procedure for the restricted product de-
cision problem. (A similar result was noted and used in another
problem by Duncan / 7/ and the general result for any restricted
product decision problem was proved by Lehmann [Tg7.)

Thus to obtain a Bayes decision procedure for the p-
decision problem we need only to obtain compatible Bayes de-
cision procedures for the n two-decision component problems
and to apply these decision procedures simultaneously. It is
to be noted that there is complete symmetry among all of the
n two-decision problems (as desired, since we are assuning there
is no prior reason to distinguish between the means of the various
p0pulations). Therefore a Bayes decision procedure for any one

of the two-decision problems will yield a Bayes decision procedure



for any other, hence for all the others.

Thus the original problem of finding a Bayes decision
procedure for & p-decision problem is reduced to that of find-
ing a Bayes decision procedure for one two-decision problem,
it being understood that the condition of compatibility must

also be satisfied.

2.3 Invariance of decision procedure.

In addition to the requirement that the decision proce-
dure be Bayes with respect to the specified loss functions
and prior distributions we require that it be invariant with

respect to changes in scale and changes in location.

2.4 Summary of assumptions.

A1l the preceding assumptions are listed below with
comments as to how they could be relaxed.

1. Fixed, equal size (=m) random samples from n inde-

pendent normal populations with a common variance, ci.

2. Additive loss, that is, the loss function for one

of the product decisions is the sum of the loss functions

for its generating decisions.

3. Loss functions for the individual decisions in the

two-decision problems are proportional to (“max— ui) if

dio is made and proportional to

Zﬁi- max(ul,...,ui_l, ui+l"'°’un)-7

if dil is made. (Proportionality constant is zero if



the correct decision is made.)

L. The population means have independent identical

normal prior distribytions, each with mean c“(unknown)

and variance 7202 (7°known), (02 = oi/m).

5. Case 1, Ui known.

Case 2, 05 unknown.

Assumption 1 can be relaxed somewhat as follows.
From the random samples the set of sufficient statistics
El’; ,...,§£ and si, estimate of Gi (if Gi unknown), are ob-
tained. Thus if we let z = (Zl""’zn-l) be the vector of

n-1 orthogonal comparisons in the Helmert transformation

z k
(o] - ot
= X

z' K

of the x's, end if z' and si are a set of sufficient statis-
tics for g' = Kp' and Gi then it is necessary to assume cnly thet
z' has a multivariate normal distribution with mean £'= KB
and variance Ice. Also instead of having equal size samples
from normal populations with a common variance, it is necessary
only that the sample means have a common variance.

With this relaxation of assumption 1 it is necessery to
assume in assumption 4 only that the differences of the H's

(ui- B i#3,1i=1,2,...,0 3 =1,2,...,n)

have independent identical normal distributions each with mean O

and variance 27202.
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What follows igc the same under either the original or the
relaxed assumptions. However, for ease of exposition in treating
the more essential features of the problem the original simpler

assumptions will be used.

2.5 Bayes decision procedure.

As shown in the preceding sections the problem of finding
a Bayes decision procedure for the original p-decision problem
is reduced to that of finding a Bayes decision procedure for one
two-decision problem. For a well-behaved two-decision problem,
such as this one, the method of finding the Bayes decision proce-
dure is fairly straight forward. A derivation of this method is
next outlined.

Let §i= by XiJ/m be the mean of the sample frow =,

(i = 1,2,...,n)

and s-= the estimate of o= . Then (X ,...,%, s2) is a suffi-

o o 1 n° o
cient statistic for the problem. From the requirement of invar-
iance under changes in scale and invariance under changes in lo-
cation attention may be restricted to decision procedures depend-
ing on the random observations through the statistic y = E/S
where z = (zl""’zn-l) is the vector of n-1 orthogonal comparisons

in the Helmert transformation

of the X's and s = So/ /@ . (In the Helmert transformation,



ok

(1/J/a v . . . 1/J5)
and -

1/ /2 -1/ /2 0 .. 0

I
]

1/ va-I) 1/ VaeT) Y Veled) ... -(0-1)/ Valu-1) |

For the case where Gi 1s known o = UO/ J/m is used instead of s in
the above, that is, the statistic y*= g/c is used. (In the following
the symbol y will be used, with the understanding that it would be
replaced by y¥ for oi known.) Also let 9 = {/o where { is the vec-
tor of n-1 orthogonal comparisons in the Helmert transforwation of
the u's.
Let £(y; ©) be the probability density function of
¥y given 9,
£(9) the prior probability density function
of ©,

L(di;g) the loss due to decision 4, when 9 is

the parameter point,

v

sample space of y (or of y¥ if oi known)
and e parameter space of 8,
(Ilg is the image of N under the trans-

formation made from the H's to the ©'s).
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Then for a two-decision problem,

risk = L(do; 9_) P(do; 9) + L(d1§ 9_) P(dl; 9)

where P(di; ©) is the probability of making
the decision d, (i = 0, 1) when © is the
parameter point.

Introduce the test function a(y) where,

aly) = j'O, for d,
L 1, for dl .

Then P(do; 9)

Ez(l -a; 9) = f(l - a) £(y; o) dy
Y

i

p
and P(dl; 9) Ey(a; 9) = k/ a f(y; €) dy. Therefore,

Y

risk

L(dys 8) Ey(l - a; 9) + (a5 8) Ey(oc; o)

f(l - a) Lldgs 8) £(ys €) dy
Y

+Jﬂ; L(dl; 9) £(y; 9) ay .
Y
Average risk =h/1risk £(9) as
- ‘ﬂ‘g —
- f((l - a) L(a.;0) + o L(d,;9)) £(y;8)dy | &(e)ae
"J 0’2 122 yse)ay e)dad.
"(LQ __Y _

Then if the order of integration can be changed (as can be done in

the cases herein considered) we obtain:



average risk=

f f((l-a) L(d,:9) + a L(d;39)) £(y;€) £(9)ae %dz
Y —11@ _ -
=f f L(d,58) £(3:0) £(8) 4@ |ay
Y -J\g -
+foc f (L(a,58) - L(ay38)) £(y;0) £(Q) a8 | dy -
Y Ny -

let
sy = [ (Way ©) - Lags ) £l ©) 8(®) a2,

_ﬂg

then the average risk is minimized by the test:

a =1 for g(y) <0,

H

0 for g(y) >0,

arbitrary for g(y) = 0 .
To remove the arbitrariness let o = O where g(z) = 0, That is,
made decision d, if g(y) > O and make decision dl if g(y) < 0.

Thus for, say, the ith component probleun,

Ao P B €y (B ew, (8))
dp P Hew; s (Qew, (@)D
we have _ _
g, (y) = L(d;15 9) - L(d; 45 ©) £(y; ©) &(9) as
0N - -

- [ |uagys 9) - ey @) £ @) () a0

26
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*

o .Ilg - {points where two or more of the @'s are equal}

where {1

(this does not affect the results since the t-measure of the

omitted points is zero). Therefore

|

5 = (/) B Af (@) - (@) 7 2y 9 £(@) ag

I

n
+(k, /o) Z f[ﬁi(g) - 1)/ £(ys 8) £(9) de
J=1
. /. B
J#HL
(where ui(g) and uj(g) are functions of © given by the inverse of

the Helmert transformation from the H's to the e's,
o B!
A= .(Lg N {9_; My > max {uj}j is the set of

ints in {1, wh a
points in o where uj- umax an

_ A *¥ NI e } .
B =ilg ;\\g’ by > uj > max {ui, Hj} is the

¥*
set of points in J\.g where W= W

iy 804 M= max(ul,...,u

i-v’
ui+l,...,un)).

With the function & the Bayes decision procedure for the ith
component problem is given by the following: make decision diO
if gi(z) > 0 and meke decision dil if gi(z) < 0. The Bayes deci-
sion procedure for the other component problems follows from this
one, as noted previously, due to the uniform treatment of the B's.
Finally, if the condition for compatibility of these component de-
cision procedures is satisfied then the Bayes decision procedure

for the p-decision problem is the product of these n two-decision

procedures.
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To carry out the necessary integration to permit practical
use of the decision procedure presents some difficulties. Due
to the non-elementary nature of thsese integrals this integration
must be done by numerical methods, however, for the case n=3
and ci known, the tables 1127 and ZI§7 have been used to evaluate
the integrals, and the solution for this case is given in Chapter ITII.
Cases where n > 3 orn = 3 and cs unknown nust wait on some numer-
ical integretion work for the exact procedures. However in
Chapter IV a decision procedure is given that is 'conservative'
and 'near' to the Bayes decision procedure. For this decision
procedure results are presented that can be applied to practical

situations for all n and ci known and unknown.



CHAPTER III

BAYES DECISION PROCEDURE FOR THE CASE n = 3, Gi KNOWHN

As in the last chapter
let
g,(y) = L/ﬁli(dil; o) - Lla,y; 9) 7 £y, o) &(e) ao
*

g

where y = y* = z/0 since Ui is known.

As shown in the last chapter gi(z) determines the Bayes
decision procedure for any of the three (=n) two-decision problems
Iand, due to the symmetry of these component problems, it is neces-
sary to find the Bayes decision procedure for only one. Let us
then consider the third component problem with the two decisions

d theow

30 20 (e ¢ ago(g) )

d51 P M€ o (6 ¢ w31(9) ) .

For this component problem the loss functions as previously

defined are:
L(d5o; B) = (ko/c)(ul-uB), M >y and B> By

(ko/o)(uz-u3), Mo> By and B> by
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>
0] R ul> M3 or H2 u5

L(dgys B) = J (k /o) (Bgmby), o> > By

(kl/c)(MB—P-Q), Ma> o> By
In terms of @ = (0,, ©,), where 6, = (k- “2)/ J20 and
6, = (H + Hy- 2H )/ /6o , these loss functions are:
» 9, < ol/fj' and 0,< -91//3
L(dBO, 9) = k (@ + /3@ /2, 6, >0and 6, > -91/5

k (/'e 91)//" , 8, <0ande, > el//f

-k (9 +f‘e /2, 6, 20 and 6, < -ol//f
-k ( \/‘92 ol)/f , 8, <0and 6, < gl/ﬁ

L(d 9)

Thus

6,(0) = - f . j [E 0+ J30) BT 2(y; ©) (@) a8,

o -3

OO
fde j [k, (/36,-0,) V2 ] £(y; 9) &(€) as,
-00

o3
o A3
-f a0, | [x,(/30,-0,)/2_ 7 £(y; 9) £(8) a5,
-C0 -0

©  -6./f3
f w0, [ Ry, + /HET £(y:0) 1) w0,

=00



31

where f(y; 9) = (2n)-l exp {~l/21(yl- 91)2+ (YE“ 92)?;7}
and () = (20") ™t ex { (0% (e7+ &) ]

Since it is desired to determine the points (yl, yg)
where gj(yl, y2) < O positive proportionality terms that will
cancel out and not affect the final result can be discarded in
this determination.

By completing the squares of 6. and 92 in the exponent of

1
£(y; ©) £(8) we have (where 32= (72+ l)/72):

2(y; ) £(0) = (22 exp { (-6%/2) [Tey- v/ "+ (8, v,/8%)

exp{-_@(l + 72_)_7-l (yi+ yg)}

Hence omitting the positive factor
2,-1 ; 2yl ~2 2
(k NV2)(2ny®) — expi-/2(2 + 7°)] " [yi+ v,/ }

which does not affect the sign of g,, we have:

3

gj oc 'Il'Ig'kIj'kIu

where k = kl/kO ,
o [o0)
I—fdg (9+/"9)T2T¢(9° /2 ”l)dg
17 %1 1" V8] 11 P05 vy /B B 2’
o -el//3

O o0}
2
I, =fd91f (/36,- ©,) TT 8(6;; yi/Be, ™) ae, ,
-® gl//g i=1

2
j

o’
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? $/V3 2 —
I, = [ e | (/Boy 9y) TTAegs /67,57 a9
- -0

Jr‘ r Iy . - 2 ,-l -
I, = ao, [ (eyr /39,) ;[;fl¢(®i, vy /BB 7)d8,,
0 -Q0

ana 90,3 v, /2,870 = (en) P e {-(6%/2) e, - 7/} (1=1,2).

Consider Il+ kIh’
(ae}

[e/0}
C < 2
j 2
I+ KL, = k| dgl] (6, + J/36,) Hle(Gi, y;/B",B 7)as,
(o] =00

% N 2
-(k-l)J/ a6, j (01+ /30,) TT #(6,; yi/ﬁg,ﬁ'l)dee
o -6/\3 i=1

= kI5- (k-l)IG, defining 15 and I .
Subtract and add the factor
2
2 2 2 -1
(yl/s +\/3-y2/B ) T'- ¢(gi’ yi/B }6 )
i=1

to the integrands in I. and I6 to obtain:

>

oo 02
I5 =f(gl- Yl/Bg)dglj i];rlgj(gi; yi/,gf%,ﬁ-l)dg2
[¢] - Q0
S o, 2 2
+/3 | ao (6.~ v./87) (e.; v./B ,B'l as
\/3‘0[ Eo‘[ " Y2 ﬂl¢ i? Y3 )as,

e} e o]
A 2

o[l + o) /BT | ey | K% y,/8%,87h)ee,
0o -00
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16 = similar expression except lower limit of inte-

gration for 6, is -Gl/ff.

In I and I, let v = 3(91- yl/az) and w = 3(6,- yg/ag) then
® 0 ® ®©
I5 = B-l v @(v) dvj @(w) aw +/38_1Jp¢(v)dvjw¢(w) aw
-y,/8 -c0 -y,/B -©

[0 0] (¢ o]
+ (5 Br)e [ v [ ) aw,
-y, /8 -

where $(v) = $(v;0,1) and @(w) = #(vw;0,1),

I6 = similar expression except lower limit of integration
for w in each term is (-v/f5_)~(yl+ ffye)/(fj'a)
= B‘lI + /33’11 + (y .+ /3 )3'21 dcfining I, I, end I..
7 8" M1 o/ Y’ 7 8 9
% ks
But f¢(w)dw =1, and] w@(w)dw = O. Therefore
-00 -00

. ® o
=8 [ e+ (g Gr)e " [ By
-y,/8 -v,/

= 87Ny, /8) + (ry+ Byp)e [T - T (v /B)T

- 570y, /8) + (3,+ /Byy) B2 By, /B)s

since g(-a) = #(a) = (2)" 2 exp(-271 87),
[e 0]

fv (v) av = $(a) and 1 - T (-a) = B(a), where @(a)=f¢(x)dx.

a oo
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o0 o
I =u/\v¢(v)dv ¢ (w)dw .
-y, /8 (=v//3)- (3, #/3,)/ (/3B)

Integrate by parts by letting
dr = v g(v)av

and

Qo
o = [dl)aw =1 - T {-vAB) - 3+ 33,)/ (BB} 5
(-v//3)- (v, W/37,) /[(/3B) 5

v =00

then I, = - $(v) [1-8{(-v//3)- (3, ﬁyg)/(ﬁﬁ)}]

v = -yl/B

00}
W5 [0 8 ()= Gy i) (3P .
-y,/B

But G(v) ¢ {(~v//3)- oy + V3y,)/ (/38 )}
= (em)™t exp{ “(1/2) fFF+ {(-v/B)- (3 + /3 ye)/ﬁﬁ}_gj}
- (e e { ~(U/R) B/ (e, W) 00}
(o))} 2T}

Therefore

I.=8(y,/B) - § (v, /(/38)- (v S3y,)/(V38))_T
+ (3)72 { (v, Byy)/e8) (/3/2)

f¢(v5 (-3,- 3y,) /48 5 V3/2)av.
-y,/8

Let u = (2//3) {v+(yl+ /5y2) /ha} and the integral in this expression



becones
00
N

@(u) du
(yy-/3y,)/28

so I, = ¢y, /3) B (v,/P)

+ (1/2) 9 (v, +,) /28 } T{ (v v)/e )

r?O oo
Ig= ~/¢(v) av h/‘ w @(w) aw
-y, /8 (-v/3)-(y w3y, /38

Q0
= [ 90 {1y 5 3) (B} o,
-y,/B

but this is /3 times the second integral in I7. Therefore
Ig = (/3/2) #{(v,* /By,)/e8} T{( By~ v,)/28} .

00
I9 = ‘/00¢(v)dvh/ @(w)dw
-y,/8  (-vA3)-(y,+/3y,) /38

Iet v = v and u = (v+/3w)/2;

then

@, “
J_'9 = jp (J (Qﬁ)-l(\/g/g)-l exp {-(2/5)(v2-vu+u2)} du> av.
-y, /B\-(y,/57,)/28

But this is just the integral of a bivariate normal distribution
and can be found using the tables Zi§7. Using the notation of

these tables

35
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Collecting and combining the preceding results, we have
-1 -2
I, +kI), = k87T By, /B) + k37 (y+ V3y,) B(v,/8)

-(1)87 9(y,/8) T (5,/8)
-2(k-1)879 {(y, + V3v,)/28) T {(/3y,-v,)/28}
~(-1)8"%(y,+ VBy,) L=y, /B, -(v,+3v,)/28,1/2) .

+
For 12 kI3 we have

(o) QO
2
— . 2 -l
ety = x [ a0, [ (5o o) TR0, v, /6% 8 0es,
~00

-Q0

o] o0
X 2
..(k-l)h/—dgl &/h (V/30,- o )TT (e s yi/Be,B'l)dgg-
-00 Gl//g =1

' = - ' =
Let Gl Gl and 62 92, then

o o
I +kI = %/z'd@i2/29i+ /3@é)¢(oi;-yl/32,5'1)¢(95;yé/BE,B_l)dOé
co =00

o] Q0
-(x-2) [(-a0p) [ (o /30g) (oys-v, /6%,87 g0y, /6% 67 )asy.
0 -0 /3

Then interchanging the limits of integration for Qi and dropping

the primes,
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@ o0
R . 2 -1 ) 2 -1
I, kI, = X [40 f(@l+ V36,) $(8,5-y,/8,8 T)B(8,5y,/87,8 7)ae,
c -

© 0
] 2 -1 - 2 ,.-1.,
-(k-l)fd@lf(ef V30,)8(6,5-v,/8%,8 7)B(6,5¥,/8,8 7)d0,,
o "gl/\/j
but this is the same as Il+kIh except yl/32 in Il+kIh has been re-

placed by -yl/Be. Therefore using the results for Il+kIh’

I,*kI; = k™ By, /8) + W87y, v/ 1 - Uy, /8) T

- (1087 ¢(y,/8) B(v,/B)
- 2(6-1)87" ${ (v)- V3y,)/28} T {-( /3w, + ¥,)/28}

+ (e1)87%(y,- VB,) Ly, /B, (v, VBv,) /28, 1/2).

But g (yl, yé) o -(Il+kIh) - (12+k15),
hence by combining terms, letting r = yl/B and s = yQ/B and omit-
ting the positive factor (k-1)/B , we obtain
857, ¥,) @ -2k(k-1)F g(x) + k(1) (r - /30
- 2k(k-1)"" rf(r) + 26(r) T (s)
+ 20 {(r +/38)/2} § {(/3r - &)/}
+ o6 {(x - /35)/2} § {-(/3r + 0)/2}
+ (r +/3s) L(-r, -(r +/38)/2, 1/2)
- (r - /3s) Lz, (r - /38)/2, 1/2).
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Let h(r, s) be the expression on the right. Thus finally we

have
g}(yl’ y2) oc h(r, S)

where positive proportionality terums have been omitted and

r = yl/B, 8 = yé/B. Therefore

if and only if
h(r, s) >0 .

Since h is continuous in r and s, it follows that the set of

points where h = O is the boundary between the set of points

where h < O and the set where h > 0, that is, this boundary di-
vides the (r, s) space into two regioms, the region where h <O
(that is, where decision dil is made) and the region where h > 0
(thet is, where decision d,, is made). As it turns out, each of
these regions is a connected set so the critical region (the re-

tion where decision dil is made) is determined by these boundary
points together with the determination of the sign cf h at one other
point. This boundary was determined by an iterative procedure with
the aid of the tables [i27 and [I§7, and the solution was found for
k=10, 100, 1000. Thece boundaries in the (r, s) space are given in
Figure 1,(page 39). The regions in the (r, s) space were then mapped
onto the (yl, Yé) space for 72= 0.5, 1, 3, and co. (Since 52=

(72+ 1)/72, B8 = 1 vhen 72= oo so for other values of 72 the regions
in the (yl, ye) space can be easily obtained from the regions for the

case 72= co. Thus Figure 1 gives the boundaries for k=10, 100, 1000

and 72= oo in the (yl, ye) space. )
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Figuré 1
Bayes decision procedure critical regions
(n =3, Gi known)

(third component probleu)

r < 0
&3
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Viewed as above, the decision procedure is:; If the sample
means are such that (yl= (xl- xg)//ﬁb, Y= (xl+ X" QX3)//§G) is
a point in the region where 33 < 0, then make decision d315 that

is, place x, in the inferior group. Otherwise make decision d305

3
that is, leave n3 in the superior group. However, it is easy to
see that an equivalent way of viewing this decision procedure is:
meke decision dg) if §3//§0 < max (§l//§c,§2 /26)-t, where t is a
number determined by k, 72 and A = |(§lﬁ/§6) - (§2//§c)|; other-

wise meke decision d (In (yl, ye) space t is the distance

30°
from the boundary where 8= 0, to the line §3= El if §lz §2, or
to the line §3= %, if ¥, > %)) In the following this formula-

tion of the test procedure will be used since it is more useful
for practical purposes and 1s easier to generalize to cases where
n >3,

Table 1 (pagelqi) presents the values of t for this decision

procedure for k=10, 100, 1000, 72= 0.5, 1, 3,%0 and various valucs
ot & = |(RNE) - (RyE0)].

Thus we have the decision procedure for the third component
problem. The decision procedure for the first component problem is
obtained from that for the third by interchanging El and §3 in
the decision procedure, that is, for the first component problem
make decision d , if §l//§d < max(ig//§d, §3//§6) - t, otherwise

make decision le’ where t is now a function of Xk, 72 and

A= I(Ee//ﬁb) - (EB//EG)I. Similarly for the second component
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problem, make decision d, if Ee//ﬁd g max(ilﬁ/50,§5//§0) -t,
otherwise make decision dEO’ where t is a funetion of Kk, 72 and
&= I(§1A/§d) - (QS/JEG)I. It is clear that thesc compopent
deeision procedures are compatible if and only if t is not less than
zero and it is easy to determine that t > O for k > 3 while t is
not always non-negative for k < 3. Thus to insure the compatibi-
lity of the component decision procedures k = kl/kb must be > 3.
Finally for k > 3 these component two-decision procedures consi-
dered simultaneously give the following decision procedure for the
seven-decision problem:

if Ei/J§6 - max(?l/J50,§2 /56,23 J20) - t

then place T in the inferior group,
otherwise leave n, in the superior group (i = 1,2,3)

where t is determined by k, 7° and

A = max(‘{il /20, //§G,§5//§o} - {Ei//Edj )

[ — — — hY —
~min( { xl//ﬁo,xg//Qc,xsﬁ/on - {Xi//EU} ).

Another way of stating this decision procedure is the following:

let X > X > X be the ranked sampls means and

(1) 2 *2) = 7(3) i

n(l)’ n(e), “(ﬁ) be the correspanding populations, then the superior
group is

(1) (1)
ifr (;((2)/\/5‘7) : (;((])/»/-2-0') -ty



ho

(2) (1) and (o)
it (R Me0) 2 (¥(1)N2o) - &
and (x(5)M20) < (x(1)M/29) - b,
and (3) m(1) %(2) and (5,
if (x(5)//20) > (x(yV2o) - tp,

where t, is a function of k, 72 and (E(l)/JEG) - (§(5)//§0)’ and

t, is a function of k, 2 and (E(l)//§o) - (E(z)//éb). Figure 2
(pege 43) illnstrates the seven regions in (r, s) space correspond-
ing to the seven decisions. For sample means such that (r, s) is

a point in region a, make decision d; (1=1,...,7).

Table 2 (page h9) presents the values of t for the decision
procedure for the case n = 2 and various values of k and 72 and %
known and unknown (v is the degrecs of freedom for the estimate
si) These t values were obtained by Duncan / [/ for the pairwise-
multiple comparisons problem as he treated it and are the appro-
priate values to use in the p-decision problem treated here for
n=2. Forn=2+1% is a function of k, 72 and v but does not vary
with any function of thc semplc means (as in the case n = 3).

A comparison of t values for n = 3 with the ones for equi-
valent conditions for the case n = 2 shows that t(n = 3) < t(n = 2).
This is of considerable interest in that it runs counter to a gen-

eral tendency in previous approaches (to the problem of choosing

the largest mean) for such critical values to increase with n.
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Figure 2
Saniple space regions for Bayes decision procedure

(n = 3, Ui kIlOWn)
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This increasing-with-n nature of the previous decision procedures
results from the method of reducing the type-2-1ike error probabili-
ty subject to the fixing of the type-1l-like error probability in

the component problems. A more balanced emphasis placed on the two
types of errors in the Bayes approach results in the decreasing-
with-n nature of the critical values in the present decision pro-
cedure. In Chapter IV it will be shown that this is a general

property of the Bayes decision procedure for all n.



Table 1

2
Bayes decision procedure t values, n =3, O known

45

(r® = o)
A K = 10 100 1000
0 423 1.159 1.804
.1 470 1.210 1.856
.2 517 1.260 1.905
.3 .558 1.303 1.952
N .598 1.345 1.993
5 .632 1.383 2.030
.6 666 1.418 2.066
T .696 1.451 2.100
.8 722 1.481 2.134
.9 .Th6 1.508 2.164
1.0 .T69 1.535 2.19k
1.2 .806 1.577 2.24h4
1.4 .835 1.61k 2.288
1.6 857 1.646 2.325
1.8 872 1.669 2.355
2.0 .882 1.685 2.379
2.2 .889 1.697 2.397
2.4 .89 1.705 2.409
2.6 .898 1.711 2.418
2.8 .900 1.715 2.h25
3.0 .901 1.718 2.430
3.5 .901 1.719 2.434
5.0 .901 1.721 2.436




Table 1 (cont'd)

3 2
Bayes decision procedure t values, n = 3, Go known

L6

F = 3)
A k = 10 100 1000
0 A2z 1.159 1.804
.1 L6k 1.20% 1.850
.2 .503 1.245 1.892
3 .539 1.283 1.933
A 5715 1.321 1.971
5 .608 1.357 2.00k4
.6 .638 1.389 2.036
N 667 1.421 2.068
.8 .695 1.450 2.099
.9 LT 1.475 2.127
1.0 .738 1.498 2.154
1.2 STTT 1.543 2.20%
1.k .807 1.580 2.247
1.6 .833 1.612 2.286
1.8 853 1.640 2.318
2.0 .867 1.663 2.345
2.2 877 1.679 2.368
2.4 .885 1.690 2.388
2.6 .891 1.699 2.400
2.8 .895 1.706 2.410
3.0 .898 1.711 2.418
3.5 .901 1.718 2.430
5.0 .901 1.720 2.436




Teble 1 (cont'd)

Bayes decision procedure t values, n = 3, Ui known

® = 1.)
A K = 10 100 1000
0 423 1.159 1.804
.1 U456 1.195 1.842
.2 489 1.23%0 1.878
.3 .521 1.263 1.912
i 552 1.295 1.945
5 579 1.32k 1.97h
.6 .606 1.353 2.000
T .630 1.380 2.026
.8 .654 1.405 2.052
.9 677 1.4%0 2.078
1.0 697 1.453 2.103
1.2 LT3k 1.493 2.149
1.4 .T66 1.5%2 2.190
1.6 .T9% 1.563 2.228
1.8 817 1.591 2.261
2.0 837 1.625 2.292
2.2 853 1.6k40 2.317
2.k .865 1.658 2.340
2.6 873 1.673 2.360
2.8 .880 1.684 2.377
3.0 .886 1.692 2.391
3.5 .896 1.707 2.411
5.0 .901 1.720 2.435




Bayes decision procedure t values, n = 3, Gi known

feple 1 (cont'd)

48

(< = .5)
A 10 100 1000
0 423 1.159 1.804
.1 450 1.188 1.834
.2 AT 1.217 1.864
.3 .503 1.245 1.892
4 .529 1.272 1.920
5 .553 1.297 1.947
.6 575 1.321 1.971
T .597 1.345 1.994
.8 .618 1.368 2.015
.9 .638 1.389 2.036
1.0 .658 1.410 2.057
1.2 .695 1.450 2.099
1.4 724 1.483 2.137
1.6 .751 1.514 2.172
1.8 ST 1.543 2.203
2.0 .798 1.568 2.233
2.2 817 1.590 2.260
2.k .833 1.612 2.286
2.6 8T 1.632 2.308
2.8 .88 1.648 2.327
3.0 .867 1.663 2.345
3.5 .882 1.687 2.381
5.0 .900 1.717 2.hk27




*
}bble 2

Bayes decision procedure t values, n = 2

b

¥ {v]00 05 1.0 1.§0g . 2.0 2.5 3.0 3.5
1]0.0 .375 .807 1.353 2.102 3.160 L.685 6.85k4
2| 0.0 .43 .80 1.379 =2.012 2.814 3.851 5.208
| 0.0 .434 .88k 1.367 1.900 2.502 3.197 4.010
© 61 0.0 .4b3 .891 1.356 1.848 2.37h 2.948 3.580
1 | 0.0 .451  .698 1.340 1.T7T9 2.217 2.65% 3.099
co | 0.0 .b5T 902 1.326 1.721 2.091 2.436 2.759
1] 0.0 .Lik 1.053 2.503 00 co 00 00
2 | 0.0 .484 1.060 1.926 L.OTT oo 0 o}
4 { 0.0 .506 1.056 1.718 2.623 L.178 9.595 o
’ 6| 0.0 .515 1.053 1.653 2.370 3.308 Lk.732 7.706
1 | 0.0 .502 1.07 1.582 2.136 2.72k 3.360 L4.07k
o | 0.0 .528 1.041 1.531 1.987 2.kk 2.813 3.186

*Reprinted from [17.



Table

2 {cont'd)

Bayes decision procedure t values, n = 2

50

21y 0.0 0.5 1.0 1.205 - 2.0 2.5 3.0 3.5
1] 0.0 .572 1.930 oo o) 00 0o oo
2| 0.0 .610 1.532 8.T41 o 0o ®
¥l 0.0 .629 1.395 2.6k8 8.592 oo © 00
6| 0.0 .637 1.353 2.303 3.980 13.625 00 00
| 0.0 .6h2  1.306 2.030 2.859 3.891 5.326 7.818
oo| 0.0 .646 1.275 1.875 2.433 2,957 3.445  3.902
1} 0.0 .767 00 0o 00 00 00 0o
21 0.0 .78 2.292 o0 00 o 00 00
i LI 0.0 .791 1.96% 9.2L43 00 0o 00 ©
7 6] 0.0 .T9% 1.800 3.777 ™ fo) 00 oo
i) 0.0 .792 1.655 2.693 h.162 6.670 oo o0
©!| 0.0 .792 1.562 2.296 2.980 3.622 L.219 L.TT9




CHAPTER IV

SOME DERIVED DECISION PROCEDURES AND THEIR PROPERTIES

4.1 Progressive method for generating a class of decision proce-

dures for the p-decision problem.

The following notation will be used:

L: p-decision problem of choosing the largest mean, as
presented in Chapter II,

L,: the ith component two-decision problem used to generate
L,

D.: a decision procedure for L, in which the region for

i i

making d,. is denoted by Ai. (Using the language of

il
hypothesis testing Ai will be called the critical
region. )

D: a decision procedure for L,

Di(B): a Bayes decision procedure for L.,

D(B): a Bayes decision procedure for L.

As shown in Chapter II, a compatible set of Bayes decision
procedures, Di(B) (i =1,2,...,n), for the component two-decision
problems Li (i =1,...,n) generates a Bayes decision procedure,
D(B), for the p-decision problem L. Moreover, any compatible set

of decision procedures, Di (i =1,...,n), for the component

two-decision problems, Li (i =1,...,n), generates a decision



procedure, P, for the pedecigign prablem, L. Also, due to the
symmetrical way in which the mé¢ans and loss functiops have been
treated in these component problems, it follows that a decision
procedure for any component problem, with only changes in nota-
tion, will yield a decision procedure for each one of the other
component problems. That is, from a decision procedure for one
component two-decision problem we have decision procedures for
all n of the component two-decision problems and, if these two-
decision procedures are compatible, they generate a decision pro-
cedure for the p-decision problem. Therefore, to obtain a class
of decision procedures for the p-decision problem with a symmetri-
cal treatment of the means it will be sufficient to obtain a class
of decision procedures for a component two-decision probleu.
Consider the ith component two-decision problem, Li’ with

the two decisions:

dio" B € ®p = N

djyt R ewy = {-‘5 My < Moot -

Remove one population other then =, say Ty (3 £1), and con-
sider the decision problem Lg, which is a two-decision problem
where the mean of ni is compared with the means of all the other
populations except nj. That is, for this two-decision problem

the two decisions are

ad . Hoe ol = N

i0o’ i0
J . JoZ T P \
ay B o€ wiy _.{E, Mo o< max(;ul,...,uj_l,uﬁl,...un)‘j
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Let Ai be the critical region for a decision procecure Di for
this two-decision problem. From Di decision procedures D?

(k =1,...,n; k # i) are easily obvainable due to the sym-
metrical treatment of the M's. Then for the two-decision prob-
len Di we can generate the following decision procedure:

is made for any J,

make decision 4., if dq
il il

and meke decision 4, if dio is made for all j,

0
(3 =1,...,i-1, i+l,...,n),

that is, the region Ai whaere decision dil is made is the union

and the region Y-Ai where decision diO is made is the intersection

n .
Y-A, = () (¥-a9).
i . i
J=1
J#L
(This is the union-intersection method of test construction as
proposed by Roy /22/.)

Thus a one-versus-(n-2) procedure (that is, a decision pro-
cedure for a two-decision problem in which the mean of one popula-
tion is compared with the means of (n-2) other populations) can be
used to generate a one-versus-(n-1) procedure. Carrying this one
step further, a one-versus-(n-3) procedure can be used to generate
a one-versus-(n-2) procedure. Combining these results, a one-versus-

(n-3) procedure can be usad to generate a one-versus-(n-1) procedure.



-

Hence, it is easy to sce that a one-versus-(n-m-1) procedure
(1 <m < n-2) can be used to generate a one-versus-(n-1)
procedure (which is a decision procedure for a component two-
decision problem).

In the above terminology, the Bayes decision procedure
obtained in Chapter III for a component problem with three
populations is a one-versus-two procedure. Also the Bayes de-
cision procedure obtained by Duncan [iz7 is a one-versus-one pro-
cedure. Hence for each of these known decision procedures a de-
cision procedure for the p-decision problem can be obtained as
above. Also, as the necessary integration is done and the Bayes
decision procedures are found for cases in which there are more
than three populations, each can be used to generate a decision

procedure for the general p-decision problem.

In section 4.2 some important and interesting relations
between the decision procedures generated as above from Bayes
decision procedures for subcomponent problems will be given.

These relations will in turn show the significant-difference-
decreasing-with-n nature of the Bayes decision procedures. In
section 4.3 special attention will be given to the decision pro-
cedure for the p-decision problem obtained as above from the Bayes

one-versus-one decision procedure.

4.2 Some properties of the generated decision procedures.

The following notation will be used in the remainder of

this chapter:



-
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D . & decision procedure for the component two-decision

problem Li’

D.(B): & Bayes decision procedure for the same problem,

Ji,eeeyd
L T m a one-versus-{n-m-1) procedure for the two-

decision problem where ui is compared with the umeans

of all the other populations except nj se e “J
l m

(jl,...,jm are some m of the integers 1,...,i-1,

i+l,...,n)
Jpseeeady
D, (B): a Bayes decision procedure for the same
problem,

Di(Bn_m): a decision procedure for the component problen

Li obtained by the union-intersection method of test

construc?ion from the Bayes decision procedure
ir””%m)ugmgnex

D : a decision procedure for the p-decision problen L,

D(B): a Bayes decision procedure for the p-decision prob-
lem L.

D(Bn_ ): the decision procedure for the p-decision
problem L generated by the decision procedure

Di(Bn_m) for the component two-decision problem

L, (1 <m < n-2).

The following definitions are made:

(1) The decision procedure Di (for the component two-decision

problem Li) is said to be conservative with respect to a second



decision procedure Di (for the same problem) if the critical

region Ai for D, is contained in the critical region A} for Di.

i i

3 ' ;
(That 1is, A,CA} and Ai;é Ai.)
(2) The decision procedure D (for the p-decision problem L) is

said to be conservative with respect to a second decision proce-

dure D' (for the same problem), vhere D and D' are the decision
procedures for L generated by the decision procedures D1 and

Di, if Di is conservative with respect to D; fori=1,...,n.

If it is recalled that for a point in the critical region

' the decision to place Ty in the inferior group is to be made
while for points outside the critical region the decision to
leave L in the superior group is to be made then if Di is con-
servative with respect to Di it is seen that Di leaves L in

the superior group more often than Di. It follows that if D is
conservative with respect to D' then for a given set of obser-
vations D mekes a decision which never leaves fewer populations
in the superior group than D' (moreover, the superior group Ob-
tained with D contains the superior group obtained with D'). It
follows from definition 1 that if Di is conservative with respect
to Di and Di is conservative with respect to Di' than Di is con-
‘' (since if A

i i
A1C:Aé')' From this and definition 2 it follows that if D is

servative with respect to D C:Ai and Aic:Ai' then

conservative with respect to D' and D' is conservative with

respect to D'' then D is conservative with respect to D''.
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The important result that Di(Bn-l) is conservative with
respect to Di(B) is given by the following theorem.
Theorem
let Di(B) be & Bayes decision procedure for the ith com-

ponent two-decision problem with the two-decisions

dio* K € wp =

5

. _ry. 5
dypi B e wyy =8 K <Py

and loss functions and prior distributions as given in Chapter II.
Iet Di(Bn-l) be a decision procedure for the same decision system
obtained by the union-intersection method of test construction
from the Bayes decision procedure for the two-decision problem

with the two decisions

as e o =N

io’ i0
J . J _fu:u< T
dipi B e wy —{g, H< max{uj}}

and loss functions and prior distributions as given in Chepter II.
Then the decision procedure Di(Bn_l) is comservative with respect
to the decision procedure Di(B)'

Before proving the theorem we first illustrate it with an
exemple. For n = 3 and ci known DB(B) is as given in Chapter III
either by Figure 1 or Table 1. The critical region A..5 (in (yl, yg)
space) for DB(B) is given in Figure 3 for a particular k and 72

(which need not concern us here). DB(B) is a Bayes decision pro-

is compared with ¥, and &, . For

cedure for the problem where B 1 o

3



58

a Bayes decision procedure for the problem where K, is coupared

5

with i, we have the decision procedure DE(B) from Table 2.

Figure 4 gives the critical region for this decision procedure
with the same k and 72 as used for D5(B) in Figure 3. BSimilarly
Figure 5 gives the critical region for D2(B) for the problem
where My 1s compared with . 3-1)

is the union of the critical regions in Figures 4 and 5 and is

The critical region of DB(B

given in Figure 6 together with the critical region of DB(B)'
From this figure it appears that the critical region of DB(B3-1)
is contained in the critical region of D5(B)' The theorem states
that this is indeed the case and holds for any n.

We now return to the proof of the theorem.
Proof:

The result of the theorem will follow if it can be shown
that the critical region, Ai(Bn-l)’ for the decision procedure
D, (B 1) is contained in the critical region, Ai(B), for the de-

1 n-

cision procedure Di(B)' With no loss of generality let i = 1.

Since
"
A (B )= U AY(B),
1'"n-1 j=2 1
A (B )T A (B)
if

Ai(B)C: Al(B) for J = 2,...,0.
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The critical regions

2 1
A,(B), A5(B), A5(B), A,(B,)

Figure 3 Figure k4
S !
N S ‘ ) |
AS(B) ~ A3(B)
~ :
JuisiNgy L
/ . o
Plewre 2 Figure 6
l l L
A (B.)
Al(B) ‘ 3\ Yo
3 i l
\\J
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But due to the symmetry of our treatment of the H's and the loss

functions it is easy to see that if

Ai(B)C: Al(B) for any J
then
Ai(B)CAl(B) for all j (j = 2,...,n).
Therefore it is sufficient to prove that
A%(B)C A, (B) .
1 1
But y ¢ A (B) if and only if g,(y) <O and y e Arl‘(B) if and only
if gl(yl,..., n-l) < 0 (where the function g, is as given in
section 2.5).
Therefore
n
A, (B) CA, ()
if

8 (yys - 5 ¥) <8 (v e s Y )
SinCe if gl(yl; LR ) yn) < gl(yl) ter 2 yn_l)
then gl(yl, cee yn-l) < O implies gl(yl, vee yn) <0

so ye AE(B) iuplies y € A (B),

that is,
n
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From section 2.9

& (yy,-5059,) = -(k /o) z J’ (4(8) - v (9))2(y; @)e(e)ag
J=2 ﬂ*ﬂ{g u)max{_l-l }}

n
H(x, /o) £ f (1 (8) - w,(9)e(z:0)(e)a
J=2 f\{? Hl>uj>max (ﬁ;:ﬁ;?}
and

n-1
8 (0o )= -, /c) z f (k,(@)-1,(8) £(z:0)E(2)ae

{Q B, >max fﬁ_jﬁu'}

+(k /o) = f (b (@)-4,(9)) £(z:0) g(e)de
_ﬂ* f\ {05 ’S k> max {0 n}}

In the expression for gl(yl,...,yn) separate the (n-l) terms of
the first sum(:(ko/c)z...) into the sum of the first (n-2) terms
and the term with jJ = n. Next divide the region of integration

for this last term (where j = n) into the (n-l) regions,
* —— .
.ﬂ_g F\{g; wo> b, > max (B, un}} , (i =1,...,n-1),

and then group the (n-l) integrals obtained from this subdivision
of the region of integration into two parts, the first with i =1
and the second consisting of the remainder. Separate the (nul)
terms of the second sum ((kl/cr)z...) into the sum of the first {n-2)
terms and the term with j = h, then divide the region of integitd-

tion for this last term (where ) = n) into the (n-2) regions,

*
Ng N {8 wy >w >0 >wex [o5 AL AT, (4=2,..0,000),
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to obtain

g (ypseeeuy) = - (kg /G) Z ] (H (9)-1,(8))£(y,8) £(Q)ag

*
ﬂgf\(9u>max{u }}

(/0] (n,(@)-,(9)) £(y; 9) E()ag
ﬂ;ﬂ{g U > K> max {ul,un}}

(x /a) z ‘/“(u (8)-4,(0))2(y; ©) &(e)ae

IL N | 9u>u>max{ui,u}}

Akw>z/@<mu(mﬁu,Mewme
n ﬂ{@u>u>max{u__ﬁ_}}

oy /o), : ‘/<u (8)-1_(9))2(y; ©) &(e)ag -

_(1 f{eu>u>ui>max{ul,u u}}

In the cxpression for gl(yl,...,yn l) divide the region of inte-
gration for the (n-2) terms in the first sum((-kQ/J)Z...) intc the
two regions

ng {9 M > max {u 1]

and
-

¥ (q. D
Jlg fwllg, “n > HJ > max Mj, unfj H

divide the region of integration for the (n-1) terms in the second

sum ((kl/0)2~..) into the three regions

* A fo, o)
—(Lg {\ {9, ul > uj > max {ul, “}j



N (o
N {g, by > B > B > max vl o un}}

O *

*
and AL ﬂ{_@_, mo>u

o > uj > max {ul, uj, un}};

1
to obtain
B (ypse sy y) = -k /o) : u/‘<u (8)-1, ())2(y; ©)E(2)ag

_ﬂ. (\{9 B> max {H, }}

4km)z/b(Mu(m>ﬂmenwmo
_(1 (\{0 My > max {uj,un}}

mwwzﬂumuwWWAumw

’ N ﬂ{ou>u>n (ul,uj};

ﬂkm>zj@(mu<mﬁw,mg@me
_ﬂ_g(\{o u>u>uJ>maxm}}

+(x) /0') z f(u (9)-1,(@))2(ys ©) 8(e)ae

ﬁ{e > b > uJ> max {ul,uj,un}}
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Then gl(yl,“')yn_l) - gl(yl""’yn) =

(k,/0) [ (y(@)-b,(8))2(y; @) &(e)ag
Ng N{gsn,> > mex Ty

H(k_ /c) z fﬂu (©)-1,(9)) - (1 (@)=, ()t (ys ©) E(R)ae
11 r\{o b,> B> max (A }}
n-1

/o) = [[luy(@)-1,(0)) - (1w (@ @)e(; &) &(@)ag

3=2
0 (\{g B> B> b > mex {ul,uj,un}

+(k, /cr) = f(u (£)-1,(@))2(ys &) £(@)ag -

.11. f\{@ Ho> B> HJ> max {pl,uJ,uni}

In this différence the first term is positive since the integrand
is positive over the region of integration. The next (n-2) terms
are each positive for the same reason. Similarly for the next
(n-2) terms. Finally, the last (n-2) terms are each positive for
the same reason. Therefore we have

g (yys woe 5 ¥y q) - 8y -eeuy) >0,
that is,

8 (¥ys +oes ¥y) <8 (yps vee sy ,y)

which implies

A1(B) T A, (B)

vhich implies that Dl(Bn_l) is conservative with respect to
Dl(B)’ and since there was no loss of generality in consider-

ing the first cowponent problem we have that Di(Bn-]) is
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conservative with respect to Di(B)'

(It should be noted that the above argument is not limited
to cases with the loss functions and probability density functions
£(y; ©) and £(9) of Chapter II but applies to other much more
general situations. Instead of the loss being proportional to
the difference between two means it could be any non-decreasing
function of the difference. Also the probability density functions
f(y; ©) and £(9) can be any probability demnsity functions with
only the restriction that the Bayes decision procedure is deter-
mined by the functions g(y). Since Il; does not contain the para-
meter points where any of the M's are equal, these points must have
E-measure zero. (However the above argument can be modified to
overcome this difficulty.))

In terms of the t values used in the decision procedures
the theorem states that for a given set of sample means the t
value used with the decision procedure Di(Bn-l)’ say t Zﬁi(Bn_ll7,

is greater than the t value used with the decision procedure
D,(B), say t /D,(B)/, that is t/D; (B )/ > /D, (B)/.

From the theorem and the transitive property of conserva-
tiveness the following corollary results.
Corollary 1

The decision procedure Di(Bn-m) is conservative with
respect to the decision procedure Di(B)' In particular, Di(BE)

is conservative with respect to Di(B)’ (1 <m < n-2).
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In terms of the t values used in these decision procedures this

corollary states that
t/D,(B)/ < t/by (B, 1)/ < ... < /D, (B,)/.

There are two interpretations of tZﬁi(Bn_ml7. The first
is that tlﬁi(Bn_ml7 is the t value for a decision procedure for
the two-decision problem L, where u; is compared with (n-1) other
means. (This decision procedure is obtained by the union-inter-
section method of test comstruction from the Bayes decision proce-
dure where W, is compared with (n-m-1) other means.) The second
interpretation is that t[ﬁi(Bn_ml7 is the t value used in the
Bayes decision procedure for a two-decision component problem Li
when there are only (n-m) populations in the problem. With this
second interpretation we have the following corollary.
Corollary 2

When the number of populations included in the problem is
increased the t value for the Bayes decision procedure decreases.
This is the generalization of the result noted in Chapter III
with two and three populations. As noted there this decreasing-
with-n behavior of the Bayes decision procedure t values is of
considerable interest since it is opposite to the behavior of de-
cision procedures proposed for the problem of choosing the largest
mean by previous workers using fixed-type-1l-like-error-probability

approaches.
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4.3 The decision procedurcs Di(B2) and D(BQ).

In this section we will obtain the decision procedure
Di(BE) for the two-decision problem Li obtained from the Bayes
decision procedure for the two-decision problem where the wmean
of L is compared with the mecan of one other population (say
T where j # 1). For Di(Bg) (i =1,...,n) the condition of
compatibility is determined and then the decision procedure
D(BQ) for the p-decision problem L is obtained.

For the two-decision problem where the mean of x i is

compared with the mean of x 3 the two decisions are

d;o(d): n

=

€ w,(J)

d;,(3):

Ie

€ o (3) = {85 Ky <y} -

A Bayes decision procedurs for this problem with assumptions
which imply the assumptions listed in section 2.4 was found by
Duncan Zfz7. Thus the decision procedure found by Duncan is
the Bayes decision procedure for n = 2 for a component problem
that generates the p-decision problem L. This decision proce-

dure can be written as

make decision dio(j) if (Ei//Es) > (EJ//§S)-t
and make decision dil(j) if (Ei//§s) < (Ej//ﬁs)-t,

where t is a function of k, v and 72. Therefore, using the

union-intersection method of test construction, the decision pro-

sedure for the two-decision proLlew where the mean of ni is cowmpared
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with the means of two other ‘populations, say =, and =, is
1 o
meke decision diO(Jl’JE)if (xi//ﬁs) > (le//Es)-t
and if (Ei//ﬁs) > (§j /2s)-t
2

and make decision 4. (J.,J.)if (X./A/2s) < (x. //2s8)-t
11491792 i 3y

A

or if (ii//as) (Ejg//§s)—t

that is,

meke decision 4. .(J.,J.) if (X,//2s) > max (%, A/f2s)-t
i0 1’2 i Tl=1.2 Jk
=y

and make decision 4, (J.,J.) if (x,//2s) < max (x, //2s)-t.
i1ttt 1 12 Yk
==y

Hence it is easy to see that the decision procedurec Di(Be) for the
component two-decition problem Li’ generated from the above decision
procedure as outlined in section 4.1, is

meke decision d . if (Ei//§s) > max (Ej//Es)~t
J=1l,...;n

and meke decision 4, if (ii//Es) <  max (§Jﬁf§s)-t.
J=1l,...,n

These component decision procedures (i = 1,...,n) are compatible if
t is not less than zero which is true for k = kl/ko > 1. Thus for
k > 1 the decision procedure D(B2) for the p-decision problem
generated by these n compatible two-decision procedures is:

let ’—‘(1) Z’—‘(e) > .. EZ(

n)-be the ranked sauple meons,

n(l),n (2)"""¥(n) be the corresponding populations
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and let J (an integer between 1 and n) be such that

(i(j)//§s) 2 (E(l)//§s)-t

and (E(j+l)//§s) < (E(l)ﬂf§s)—t;
then the superior group is
) )

and the inferior group is

n(j+1)”"’n(n)

(where t is a function of k, v and 72 but independent

of the sample means and is given in Table 2).

For reasons explained below we will refer to this decision pro-
cedure as a conservative-near-Bayes decision procedure.

A couwparison of this conservative-near-Bayes decision pro-
cedure with the Bayes decision procedure for the case n = 3 as
found in Chapter 3 shows that it is somewhat easier to apply since
here t does not vary with any function of the sample means as it
does in the Bayes decision procedure. It can also be seen from a
comparison of the t values from Tables 1 and 2 that for the case
n = 3 if the ranked sample means, E(l) > §(2) > §(5), are such
that (E(l)- §(5))//§6 is large then the Bayes t value (Table 1)
and the conservative-near-Bayes decision procedure t value (Table
2) are approximately the seame. This is quite reasonable to ex-
pect since if (x(l)- x(j))//Eb is large then the problem reduces

essentially to a problem with only the two means §(l) and §(2)
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For this reason, among the ¢lass of decision procedures for
the p-decision problem which have t values independent of the
sample means, the decision procedure D(BQ) is the 'closest'
conservative approximation to D(B) for all n. (Where 'closecst'
is used in the sense that t[ﬁ(B217-t15(Bl7 is smaller than for
any other conservative decision procedure in the class of de-
ciseion procedures with t independent of the sample means. )
This gives justification to the use of the term conservative-

near-Bayes decision procedure for D(Be).

4.4 Comparison of risk functions of D(B) and D(Bal.

let Rl(g) be the risk function for the conservative-near-
Bayes decision procedure D(B2) and Re(g) be the risk function
for the Bayes decision procedure D(B); then it is of interest
to find the ratio Rl/RE as another measure of the closeness of
D(Be) to D(B). This ratio has been evaluated for various values
of @ in the case n = 3 and cg known with k = 10 and 72 = 1.

As pointed out in section 2.2c¢c, since the loss functions
for the restricted product problem are the sum of the loss
functions for the component problems and since expectation is
a linear operator, the expected loss, or risk, for the restricted
product problem is the sum of the risks for the component prob-

lems. That is,

3
R,(9) = iilRij(g) (3 =1, 2)

where Rij(g) is the risk function for the ith-component decision
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procedure which generates the decision procedure D(BQ) (conser-
vative-near-Bayes decision procedure) for j = 1 and generates
the decision procedure D(B) (Bayes decision procedure) for j = 2.

For the ith component problem

1
R;;(8) =k§oL(diks °) Pj(diks 8);
where L(dikf ) is the loss incurred by making decision d .

when © is the parameter point and is as defined in section 2.2c,

and

where Aij is the critical region for the ith component problem
using the decision procedure Di(BE) for j = 1 and the decision
procedure Di(B) for j = 2. (Pj(dik; 9) is the probability of

making the decision di for the two different decision procedures,

k
Di(Ba) for j = 1 and Di(B) for j = 2.)

Using the tables [i§7 and the method described therein for
determining bivariate normal probabilities over polygons
Pl(dik; 6) (x = 0, 1) can be evaluated exactly since the boundaries

of Ai (i =1, 2, 3) are straight lines. To evaluate P2(dik; 9)

1
(k = 0, 1) the boundaries of A, (i=1, 2, 3) can be approximated

by a series of straight line segments and the above tables and
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method used. It is easy to show thet Rj(g) = Rj(g l) = RJ(G 2)

T T
where © end © 2 are the images of g under 120O and 2&00 rota-

tions of the (Ql, 92) axes. Thus RJ(g) needs only to be evalu-

12

ated over a 120° sector of the S plaene to determine it everywhere.

Also it can be shown that for the proper choice of this 120o
sector there is a symmetry under a reflection in the bisector of
the sector. Hence 33(9) needs only to be evaluated over a 60°
sector.

This evaluation has been done for various points in the
60° sector o, > Gl//g > 0 and the resulting values of Rl(g)/Rg(g)
are as given in Figure 7. From the 60O sector in the figure a
reflection in the line 92= Ql//3 will give values for the 60°

sector 6, >0, -91//3 <6, < 91//3 and this sector together with

the sector in the figure under rotations of 120o and 2hO° will

give values for the remainder of the ©-plane.



Figure T
Ratio of risk for conservative-near-Bayes
decision procedure to risk for Bayes decision

procedure (n = 3, cg known)
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CHAPTER V

THE EFFECT OF DEPARTURES FROM NORMALITY

IN THE PRIOR DISTRIBUTION

5.1 Introduction.

In this chapter results are given of a study made of the effect
on the Bayes decision procedure due to departures from normality in
the prior distribution of the M's for the case n = 2 and Gi known.
Since n = 2 these results apply not only to the Bayes decision pro-
cedure for the p-decision problem for p = 3 (= 22- 1) but also to
the pairwise multiple comparison problem as treated by Duncan [—27
for all n and to what we have called the conservative-near-Bayes

decision procedure (D(BE)) for all n.

5.2 Choice of a family of prior distributions.

Let N = E(ui)

var(ui) = E(ui- n)2
- Blu-n) 3/2 .
g = E(p-n) /Z;ar(ul7 , (skewness coefficient),
and o= E(u-n)h/z;ar(ul72 , (kurtosis coefficient).

For the study of this chapter it was desired to choose a family

of prior distributions of the H's which would give wide ranges of
values of 03 and QL (since they are often used as measures of de-
parture from normality). Also it was desired that this prior dis-

tribution should not differ much from the previous normal prior
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distribution if aé and Oﬂ did not differ much from a5 and o, for
a normal distribution (where 03= 0, au= 3). With such a prior
distribution the study is essentially reduced to a study of the
variation of the Bayes decision procedure with the variation of oazand
o¢,+ of the new prior distribution. Since the uoments, and -especially
only the first four moments, do not always completely determine a
distribution the above reduction in the study means that it is not
complete since it will not be made with all possible prior distri-
butions. However the study is at least a first approximation to a
complete one. From a practical point of view with such a prior dis-
tribution an experimenter who is unwilling to assume that the prior
distribution is normal but who is willing to assume that the prior
distribution is determined close enough for his purposes by the
first four moments could use the Bayes decision procedure with this
new prior distribution.

A relatively simple distribution with the desired properties

is the following one obtained as a mixture of two normal distri-

butions,

(5.2.2) ¥k = p(enSr%o?) e {~(205r%%) ™ F -r0(cre )P}

+(1-0) (2027 %6%) e {~(202/P%) [, 70 (-0 )T}

where 0 <p < 1, >0, b2>0(i=l, 2) .
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However this distribution is hot completely satisfmctory for our
purposes since the first four moments do not completely specify

all the parameters. To overcome this the condition

2 2
was imposed. (This condition was suggested by having as= O imply
symmetry of the distribution.) Therefore the prior distribution

of the population means used is given by equation 5.2.1 with the

additional restriction that

pbi = (l-p)bg -
(For this distribution, 03= O implies that the distribution is
symmetrical about the mean.)

With the proper choice of parameters in this distribution the
variance can be set equal to the value used previously and a com-
plete range of values of 05 and OL obtained. Alsc when 05= o,
ah= 3 the above distribution reduces to a normal distribution as
desired. The choice of this distribution is in keeping with some
previous work of Karl Pearson's Z§;7 in which a mixture of two nor-
mal distributions was used to fit some non-normal distributions.

Finally with this choice of prior distribution the necessary nu-

merical integration can be carried out with the aid of existing
tables /15/.

5.3 Parameter values used.

For this study a3 and o), values were used as indicated in

Table 3.



[

Teble 3
aB, oh values used
o, O 0 1 p 3
¥*
2 X X
3 X X
*
5 X
6 X X X
*
10 X
11 X X X X
18 X X X X

("X' indicates o, @) combination used. )

b

Those (aj, ah) combinations with an asterisk are for the limiting

form of the prior distribution where b.= b2= 0. This limiting

1
form is
v(r) = p By = 7o(cte)
= (1-p) , u; = r9(c-e)
= 0 , elsewhere (1 =1, 2),

that is, the distribution where M, takes the value yo(c+e) with
probebility p, the value yo(c-e) with probebility (1-p), and other
values with probability zero.

It is easy to see for the distribution in equation 5.2.1 that
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var(k) = [5b§+(l-p)bg+hp(l-p)ef77202

i

B(u-n)> = [Bo(1-p)e(b2-v2)+8p(1-p) (1-2p)e77r°0”
{360y +(1-p)og Teetp(1-p)e? [T1-p)ugomv;, 7

by b
6p(1-p) [I-3038°_Je " } 70"

and E(u-n)u

Thus imposing the condition

2 2

and setting var(u) = 7202

as before it readily follows that

o = (1-20) [Fe-kp(1-p)e’ T
5[Fp(1-p)7'l+ 6(2p-1)2°- Lp(1-p)(12p°- 121:>+5)elL .

For the limiting (bl= b= 0) distribution

and Ot,)_L

var(u) = hp(l-p)e272cr2

it

(1-2p)8p(1-p) (e70)°
16p(1-p) /T-3p(1-p)] (e73) "
thus o (1-2p) /p(1-p)7 172
[R5 =05 v 1.

E(k-n)°

and E(n-n)A

[}

and au

From the above formulas the parameter values corresponding
to the ag, (x24 values given in Table 3 were found and are as given
in Table 4 (page 79). (For our purposes c need not be specified.)
The distributions for these parameter values (with ¢ = 0) are

sketched in Figure 8 (page 80).



Parameter values used

Table 4

in non-normal prior distributions

79

(a5, ) ¢ P by i3
(bl> 0, b > 0)

(0, 2) .6180 .5 L1862 .7862
(0, 3) 0 5 1.

(0, 6) 0 1464 1.8478 L7654
(0,11) 0 L0736 2.6064 LT34T
(0,18) 0 .0436 3.3878 .T7230
(1, 3) .9899 21T .6387 .3912
(1, 6) .5270 .1666 1.59%2 L7123
(1,11) .4019 .0787 2.4607 7192
(1,18) . 3695 .0L53 3.2823 L7151
(2, 6) 1.3217 L1452 .6758 2785
(2,11) .9112 .0955 1.9324 L6279
(2,18) L7726 L0513 2.9360 .6825
(3,11) 1.7323 .0837 . 6904 .2086
(3,18) 1.3155 .0615 2.2093 5656

(bl= b= 0)

(1, 2) 1.1180 L2764 0

(2, 5) 1.4k1kp L1464 0

(3,10) 1.8028 .0840 0




Figure 8

Non-normal prior distributions
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Figure 8 (cont'd)

Non-normal prior distributions

05 = Z
all——
a =3
ah =11
03 =2
Oth=ll
.
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o, =2 3
3 o = 18
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=
]
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Figure 8 (cont'd)

Non-normal prior distributions

10
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From this it can be seen that quite large deviations rrom the
normal distribution have been obtained with the family of dis-
tributions employed.

5.4 Bayes decision procedure.

As described in section 2.5 the Bayes decision procedure
for, say, the first (of the n = 2) component problems is:

make decision le if gl > 0

and make decision dll if gl <0,

where

6 @) = ~(e/0)] [y, (@72(r; @)6(@)a0
Moty

w(ey/0)] [y (@)-w, (032 (ys D)8(R)ae

M17Ho
Also
9y = (my# )//56 Yo = +x )//56
0 =0, = (h-w )0 ¥ =y, = (x-x)\e0,
£z 9 = 2lyys o) = (20 M 2emp {-1/2(,-0))°} ,
and

£(9) = &((u -r,) V20).
Where £(9) is the prior distribution of the standarized difference
of the two population means, while V(1) is the prior distribution

of one population mean.
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(1) b, > 0, b, > 0 case.

£(0) can be found from w(ui) with the use of characteristic

functions.

Efexp(it0)] = B/exp(itw, A/20)] Bfexp(-ith,//20)]

- (o expfi(cre)rt//BT exp(-v2242/h)

+(1-p)exp/i(c-e)rt//2_] exp(—b§72t2/h)}
{p exp/~i(cre)rt//2] exp(-bszta/h)

+(1-p)exp/~1(c-e)yt//BT exp(-b2r /)]

= 22 exp(-v22%/2) +(1-p)exp (-7 /2)

+p(1-plexp/i J2eyt/ exp/- (bi+bg)72t2/&7
+p(1-plexp/-i JBert/ exp/- (bi+b§)72t2/£+_7-

From which it follows that
£(0) = 22(en) M2t expF(@2R) T 6P 7
H(1-2)2 (2 Y2 (0,7)Y exp/F(202r) P T
wp(1-p) (2) 2B 2) 2y Lexp (62 402) Ly B (0-e0)27
ep(1-p) (2x) /2B (62 402) 12y Lenp L (0202) Ty B (oven) T
Therefore
£(y; ©) &(0) =

L
iil(an)’l/ exp /" (y-0)2/2Ta. , (2n) 2 (ay,) Fexp/F(0-a, )P /200, T
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where 8y, = p2 R 835 = (l-P)2 s
a5 = 8y = p(1-p),
a5y = bl7 s a5 = b27;
823 = foy T J@?IEE T2,
#31 = %52 =0
833 = J2ey 85, = -f2er .

By completing the square of © in the exponent of f(y; ©)£(Q) we

have
£(y; 0)¢(8) =
X -1/2 -1 — 2, 0 -1/2 -1 _ o
iilali(gn) o exp/-(y-a;)"/ec] /(2n)"""ei" exp/~(0-m,;)"/2s] ]
where
- 2 ,-1/2
ey = (1vayy)
m, = (a5 yyvey,)/ (1eed))
5 o
8, = a5 (1+a21) (1 =1, 2,3, 4.

Iet @(x; a,b) = (En)—% p~t exp[:(x-a)2/2b57

then
[o} o0
g,(y) = (ko/c)h/z/§09) £(y;0)6(0)ae + (kl/dz/k/Ebg)f(y;g)g(g)dg
-00 o
4 g
=Bk, Za, #y; aji,ci)‘/g B(0; m,, s,)a0
@
L'_ [e0)
+ /§kl iilali B(y; a5i,ci)u/\g @(o; m, si)dQ .
o]



then

= (6-m )/s,
L -m /s
6 () = /B, Tay Bl ey 1>\/zs 2, m,) B(z,)az,
zv,
By 2 e B aBl,cl)u/"/ (s,2,m,) 9(z,)az,
-m S
h mi/si
=\/§k0 _l ¢(Y.~ a_ji,ci) Sif Zi ¢(zi)dzi
-0
L -m /s

But

and

# /B B ey Bl o ﬁ)m\[WZMz

o

L
r /B Ty B ege) sy [2 laan,
=1 % -m, /s,
1 i
N QO
By B a0 u/\;;xz )az, -
i i
2 #(2)az = -B(a),
-0
-a
#(z) az = 1 - §(a)
-00
(00
jé¢umZ=ww
- a .

o0
[ #t2)ez = B

86



where ¢(a) = (Qn)-l/z exp(-a2/2)
and P(a) =~/ﬁ(2n)-1/2 exp(-2-/2)dz
-0

It readily follows from the above that

4

g, (y) =2 (x-k ) 12 a; B(vs agys cy)sy @(m,/s,)

1 .
4
= V2 (k-k) iilali P(ys g0 ydmy (w,/s,)
_ 4
+ /2 K iilali @(y; 8z, ci)mi .

Using the tables Zig7 and an iterative technique y was found
such that gl(y) = 0. From this we have the Bayes decision pro-
cedure:

make decision d,, if (§l//§6) > (22//50) -1
and make decision d,, if (il[/éb) < (§é//§d) - t,
where t is the value of y such that gl(t) = 0 and gl(y) > 0 for
y > t.

(2) b = b2 = O case.

For this case

v(n) re(c+e) ,

P H

1-p , K = yc(c-e) ,

= 0 , otherwise.



and £(y; ©) £(8) = p(1-p) @ly; -/2ey,1) , ©

]

=55 +(1-9)°7 #(y) , ©=0

p(1-p) ¢(y; J2ey,1) , o = J2ey

=0 , Otherwise.
Thus o
g, (v) = - VB x, [ (-0)e(y; e)e(e)ae
-00
(e 0]
+ /Eklfo £(y; ©) &(e)ao
(o]
= - /2k_(V2e7)p(1-p) #(y; - J2er,1)
+ 2k, (V2e7)p(1-p) #(y; V2e7,1) .
Thus gl(y) >0
if -#(y; - J2er,1)+k B(y; J2er,1) > 0

that is, if exp{-[(y+2e7)2+(y-2e7)_2_7/2 <k
where k = kl/ko. Taking natural logarithms, gl(y) >0

if -2,/§ye7 <lnk,

- J2ey ,

b

that is, if -y < (1n k)/2 J/2ey.

But var(p) = hp(l-p)egyec2 which is to be 7202 .
Therefore e? - ZEP(l'P17-l

and (In k)/2 J2ey = /p(1-p) (In k)//27 .

Therefore gl(y) >0

if y >-J/p(1-p) (1n x)//2r .

£8
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Let t = /p(1-p) (1n k)//2y

and we have the Bayes decision procedure,

make decision 4, if (El//Ec) > (Ee//ﬁd) -t
and make decision d,, if (il//Ec) < (EE//éd) - t.

The t values for the Bayes decision procedure with the
non~normal prior distribution are given in Table 5 for the

general (bl >0, b, > 0) case and the limiting (bl =b, = 0)

2
case. PFor k = 10, 72 = 1 the t values are given for all the
(03, ah) values of Table 3 while for other k and 72 values the
t values are given for a selected number of these (03, ah)
values.

In Table 5 the t value for 05 = 0, aLL = 3 is for the Bayes
decision procedure with normal prior distribution. Comparing
the values of t for other 03, ah values with this value of t it
is seen that t does vary a great deal with changes in 03 and ah.
However from the illustrations (Figure 8) showing the shapes of
the prior distributions it is seen that the bigger changes in

t are induced by quite large departures from normality. The t

values for the limiting b, =D

3 o = O case are typical examples

of this.

In view of this it would seem reasonable to use the Bayes
decision procedure with normal prior distribution if large de-
partures from normality are not suspected in the prior distribu-
tion, while if the prior distribution is far removed from normality
the Bayes decision procedure with the more general prior distribu-

tion should be used.



Bayes decision procedure t values

Table 5

B

non-normal prior distribution, n = 2, ci known

90

k = 10 k = 10 k = 10 k = 100 k = 1000
(05; Oﬂ) 72= 72= 1 72= 5 72= 1 72= 1
(bl >0, b, > 0)
(0, 2) 1.266
(0, 3) 1.562 1.275 1.041 2.433 3.445
(0, 6) 1.344
(0,11) 1.681 1.h1k 1.123 2.584 3,459
(0,18) 1.464
(1, 3) 1.498 1.253 1.133 2.402 3. Lhh
(1, 6) 1.355
(1,11) 1.b21
(1,18) 1.470
(2, 6) 1.346
(2,11) 1.689 1.466 1.179 2.597 3.429
(2,18) 1.495
(3,11) 1.542
(3,18) 1.593
(bl = b, = 0)
(1, 2) 1.030 .728 420 1.456 2.184
(2, 5) .81k 576 .332 1.152 1.728
(3,10) 634 452 .261 . 90k 1.356
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