ABSTRACT

LAN, ZHOU. Spatial Modeling of Positive Definite Matrices and Its Applications to Diffusion
Tensor Imaging. (Under the direction of Brian Reich).

Diffusion tensor imaging (DTI) is popular because it provides a comprehensive understand-
ing of the brain’s anatomical structure. Because DTI produces voxel-level positive definite
matrices, the statistical analysis of DTI is often treated as matrix-variate modeling. Considering
that spatial modeling leads to improved statistical inference in neuroimaging, this motivates us
to study spatial modeling of positive definite matrices, with applications to DTI. The major con-
tribution of this thesis is to extend spatial statistics to positive definite matrices and demonstrate
its application to DTI. We parameterize random positive definite matrices using (inv-)Wishart
distribution. We propose geostatistical, Bayesian semiparametric, and auto-regressive modeling.
We also give some important theoretical results to study properties of spatial random fields
supporting positive definite matrices. Both numerical studies and real data analysis demonstrate

the improved performance in comparison to non-spatial or univariate methods.
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CHAPTER

INTRODUCTION

Neuroimaging is an inherently interdisciplinary eld, and its development relies largely on
statistics because of its key role in establishing useful and rigorous quantitative tools (e.g.,
imaging processing, image segmentation, regions of difference selection, clinical prediction,
etc.) (Bowman 2014). On the other hand, neuroimaging also motivates the development of novel
statistical methodologies (e.g., Bayesian methods, spatial statistics, statistical computing, etc.)
since data in neuroimaging are usually complex and the associated scienti ¢ objectives are
challenging. This requires the relevant statistical methods enjoying the success of both statistical
interpretation and computational ef ciency (Bowman 2014).

This thesis proposes novel statistical methodologies for diffusion tensor imaging (DTI). DTI

is a popular neuroimaging tool in revealing the brain's tissue structure. Different from other



Figure 1.1: A diagram showing how DTI characterizes brain's anatomical structure. The

diagram is modi ed from Chung et al. (2011). Human brain has a complex anatomical structure
(left). The structure can be non-invasive measured via characterizing the 3-D diffusion of water
molecules (middle). The diffusion process is presented in terms of voxel-wise positive de nite

matrices visualized by ellipsoids (right).

neuroimaging techniques focusing on the brafaisction(e.g., functional MRI), DTI focuses

on the brain'sstructure DTI maps and characterizes the 3-D diffusion of water molecules as a
function of the spatial location (Basser et al. 1994). The diffusion process in the brain re ects
interactions with many obstacles, such as bers, thereby revealing microscopic details about the
underlying tissue architecture (Figure 1.1). The most intuitive understanding of DTI is that the
voxel-level random variable is& 3 positive de nite matrix (diffusion tensor or DT) describing

the diffusion process (See Figure 1.2). This understanding motivates many statisticians to use
positive de nite matrix-variate models modeling DTs (Schwartzman 2006; Zhu et al. 2009;
Yuan et al. 2012).

Incorporating information from neighboring voxels is encouraged in neuroimaging data
analysis because it may lead to more ef cient statistical inference (Spence et al. 2007). This
claim is also validated by many recent reports (e.g., Kang et al. 2011; Xue et al. 2018). To
achieve this, spatial statistical modeling, a class of models considering spatial dependence
of random variables (Gelfand et al. 2010a), is a useful approach. However, positive de nite
matrix-variate models developed for DTI data have not yet been extended to spatial statistical
modeling because it is non-trivial to induce spatial dependence of positive de nite matrices. This

triggers our study o$patial modeling of positive de nite matriceds this thesis, we propose
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