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OF ELASTO-PLASTIC FRACTURE ANALYSIS
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SUMMARY

How far can one stretch a structure before it fails? Considére (1885) gave the answer
for a crack-free structure by looking at the tangent modulus of the uni-axial strain-stress
curve using the strain, A, for independent variable. When a structure has a crack in it,
we adopt a double focus. On the one side we consider the general strain, A, as the driving
force (independent variable), on the other side we consider that the strain, €, at the root
of the crack will govern the failure. The HSST Program developed the Tangent Modulus
Method for predicting the behavior of surface cracked structures at various temperatures.
Its work horse is a differential equation;

ds\/p 2C. \/ \/:gtw;

where a, p = crack depth and crack root radius, respectively;
eVp = a proposed fracture criterion called notch ductility factor;
C = LEFM shape factor in the expression for K;;

tg(w) . = tangent modulus of the uni-axial strain-stress curve corresponding to
nominal strain;

tg(¢) = tangent modulus of the uni-axial strain-stress curve corresponding to
crack strain, (inaccessible), assigned the avg. value of 1/100 E (Young’s
modulus).

Based on LEFM, a formula is derived connecting e¢vp (the integral) with the ra-
tio (K./Sy) where K_ is the fracture toughness. Knowing (K,/S;) the corresponding temper-
ature, T, is found by means of an empirical formula which has been published earlier.

However; the integrating is hampered because of tg(w) becoming zero in the Liider’s
range. In the case of pure bending, this difficulty can be obviated by introducing another
concept, the effective tangent modulus. This method is applied to the onesided surface
cracked tensile specimen where some bending occurs due to the unsymmetry.

The obvious question: ** What happens when the tensile specimen exhibits cracks (sym-
metrical) on both sides?”, is left unanswered. The basic formula has been founded on an
unproven assumption i.e., that the Neuber Equation (in itself an approximation) may be
written using increments of strains and stresses instead of their absolute values. The num-
erical calculations involves many constants which only are best guess values. The wanted
result (a temperature) is entirely suspect because the whole procedure is without solid ba-
sis, and the computations are sensitive to propagation of errors.
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1, Foreword

The Guides put out by the U.S. Nuclear Regulatory Commission often
carry a note stating that comments are solicited. USince work performed by
the HSST Program under the auspices of the Commission is meant to serve as
input to the same Guides, the most efficient procedure would be to comment
on the work as reported by the Program. In the case of the draft of
Appendix H for ORNL Report ORNL-5059 (1), I did just that. But my comments
given in private and epistolary seemingly carried but small weight. The
Recipients probably thought that a commentator ought to have the courage
to state his criticismes in public, thus in turn exposing himself to

correcttions from his peers if he misses the mark.

2. The Problem

How far may one stretch a structural member before it fails ?
Monsieur A. Considgre (1885) was the first who tackled this problem. Since
he ignored the effect of possible flaws, he only needed to consider the
two quantities: stress (S) and strain (A). The two being connected through
the uniaxial stress-strain diagram either one may be considered as the
independent variable. In view of the trace of stress versus strain, the
choice of the strain (A) in this capacity is almost imposed.

When analyzing a flawed structure, one is compelled to adopt a double
focus. Remote from the crack we have the state P(S,N) while at the crack-
tip we have the state Q(0 ,€), The latter governs the failure behavior of
the structure, but is in fact a function of the former (and the crack size).

The HSST Program has offered a solution (1) to the above problem
based on many years of experimental work carried out under its direction
(2),(3),(4),(5). For reasons which he tries to make clear if not self
evident, this Reviewer questions not only the usefulness, but even the
validity of this solution.

3. The Basic Formulas Pregented by the Program

We have already mentioned the 4 main variables:
7\ strain in a region remote from the crack, considered as independent
variable
S sgtress in a region remote from the crack
€ notch root strain
0~ notch root stress
In addition we have the 3 main parameters:
a crack depth (we are considering elliptical surface cracks), controlled
notch root radius, not known

B

temperature, controlled
The Program introduces many additional concepts and parameters,
listing a total of 70 symbols with their descriptive names
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Remote from the crack, state P(S,\) follows the uniaxial stress-strain
curve Fig.2, while at the crack,state Q(0, &) follows the experimentally
inaccessible curve Fig. 3. Then, how does one map the antecedant P(S,N)
onto Q(0,¢) which controls the failure of the structure.

Strain h, our independant variable, supposedly ranges from O to 0.12
and from the uniaxial stress-strain diagram we 1lift the following
approximate relationships:

(1a)  the elastic range, A = O 3 0,00216 ; S = E. )\
(1b) the range of Llders strain , A = 0,00216 + 0.015 ; § = const. = 8y
(1¢)  the strain hardening range, A=0.015 »0.12 5 8 = Sy + (A-0.015) Eg

In order to avoid any confusion, we have used the same numerical
values as given in Ref.(1l). The game reference gives the values:
(14) Sy = 65,000 psi
(1le) E, = 3.15 10% psi (We shall use the symbol tg(d)) for this concept)

As P(S,A) ranges through the elastic range, Q(U,€) actually “"preceeds"
P(SA due to the effect of the magnification factor Kt’ thus:
(2) T=KS8
(3) &=k

We have assumed that Q{(¢,€) exhibits the Youngs modulus of elasticity
which is not entirely true, but accurate enough for our purposes.

For the elliptical hole, the stress magnification factor has the value;
(4) K, = 26

In the case of other geometries, a shape factor, C , is introduced;
(5) K, =2¢/afg

We note in passing that;
(6) 0 .€ = Ko.8.)

which says that the area under the trace of Q(O;ﬁ) is K% times the
area under the trace of P(S,A) . Moving into the plastic range, we retain
the concept of magnification factors and write;

(7 0= Kc(p).s

(8) €& =K (p)-A

When we now write Eq.(6) with this new nomenclature, we get;

(9) 0 .€ = Ko_(p).Ke(p

The Neuber approximation assumes (tacitly) that the ratio of the
area under the trace of Q(07,€) to the area under the trace of 2(s,N)
remains unaltered as we move from the elastic range to the plastic range;

2 -
(10) Kc(p)'Ke(p) = Ky (the Neuber Approximation)

).S.h

In order to bring out why the Tangent Modulus Method had to distort
the set of standard equations given above, I shall first derive their basic
formula using BEquations (7), (8), (9). State P(S,A) may be interpreted as
the vector 65 in the stress-strain diagram, Fig.2 . Likewise, state Qo ,€)
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—
may be interpreted as vector 0Q in its stress-strain diagram, Fig.(3)
In this interpretation, we can write the following 2 equations;

(11) 8 =htgld)
(12) 0= étg(J)

Eq.(6) can now be rewritten as follows;
(6a)  tg()).€° = K.tgl)N?

which upon rearranging and root extraction yields;

(13) €= Kt./%gz(?}'.h

Replacing K, by the value given in Eq.(5) we finally get;

t
(14) €= ZC'\/Eg%E%i°jZ'>'

tg J Q
As long as the independent variable (strain X) ranges between O and 0.00216
we may replace tgld) by its actual value E (Youngs modulus).

The above is nothing but a tautology, and does not help us to solve the
problem of calculating the root strain, € , which is the desired quantity.
At this point, the Tangent Modulus Method resorts to a trick, or in
their own words; "The innovation in the analysis is that the basic equation

is written in terms of increments of stress and strain instead of total
stresses and strains, because the former approach is known to provide a
more accurate description of elastic-plastic behavior."

Hence, Bquations (7), (8), (9) are now replaced by the following set;
(7a) A0 = Kg(p,y08
(8a) de& = Ke(p)'d)
(92)  40.d€ = K_, y.K_, y.dS.dA = K2.dS.d)

o(p)""elp) %

By the same token, Equations (11), (12) are replaced by the following;
(11a) a5 = d\.tg(w) , see Fig., 2
(12a) 40 = d€.tg(cP) , see Pig. 3

Eq.(6a) can now be written;

(6b) tg(u{)).dez = K .tglw).ar?

which yields the final equation;

(14a) d& = ZC,/%—'/% . ap
g

As long as the independent variable (strain h) ranges between 0 and 0.00216

we may replace tg(W ) with E since dS/dA = E in the elastic regime. At this
point in the development, the HSST Program makes a far reaching step by
writing;

(15) de&_; 204fa’ .‘/%% LA
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In their own words: "Integrating Eq.(70) produces values of the quantity P
in which ¢p is the crack tip strain at fracture. The quantity ep is called
the notch ductility factor. Its value is directly proportional to the value
of K;,, and thus can be used as a failure criterion." (ORNL-4895 pg. 187).
This reviewer begs to differ. Eq.(15) is based on questionable assumptions,
and its integration raises serious questions as will be shown.

4, + + Af the Nat h Tha + + TRent ~ Tnt at A R (IRDN
)failure el 0
(16) . dé,‘/e ¢ Ja é—é?g- .

has the solution;
(a7) efje_ = 20\/9.. tg(«f) A 2¢ [a .

as long as P(S,)) ranges in the elastic range. The problems posed by tg(4”
are solved by assuming that the trip of the crack enters the strain hardening
range immediately, and assigned an average value, thus;

(18)  ta({) (98,000 - 65,000) = 3.15 x 1o psi
( 0.12 - 0.015)
This solution remains valid until A reaches >\Y . Over the interval )\Y -AS

tg( ¢/ ) becomes zero (the Lllder's range).
Beyond the Li#lder's range, the HSST Program assumes;

(19) tglw) = tg(i)) = 3.15 x 10’ psi
From the above, the HSST Program draws 2 conclusions;
(20) AG/E = 0 for /\YQ/\</\$(Lﬂder‘s range)
and beyond Llder's range as A ranges from 0.015 to 0.12 (in the examples);

(21) Aéje_ = 20, ya (X

This reviewer does not see that Eq.(20) reflects the realities of flawed
hardware. In Eq.(21), concepts which are strictly based on linear elasticity
have been extended orders of magnitude (measured in terms of Y) into the
plastic range making the applicability a matter of conjecture.

5. Pure Bending as a Special Case

The conjectural information embodies in Eq.(20) arises directly from
the guestionable set of equations, Eq.{7a), (8a), (9a). Using a hyperbole;
You ask the equations, "Where is P(S, A ) ?" , and the equations answer
"Nowhere!" because that is what they have been told in the first place.
Convinced by the mathematics, you forget about ZSéJ—-over the Lilder's range
Had the HSST Program elected to work with total strains and stresses instead
of their increments, this difficulty would have been avoided.
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Using the Engineer's approach to bending in the plastic range, the HSST
Frogram has derived a more sensible equation, relatively speaking, the
password is Effective Taneent Modulus by which the tangent modulus now
becomes the secant modulus, thus;

(22)  telw) = tgl&k) = 8y/) , see Fig.(4) and Fig.(5)

We are now back to the situation depicted in Fig.(2) where we worked
with total strains and stresses. For the derivation of Eq.(22), the Reader
is referred to the original draft of Appendix H.

With the above value for tg.(W), Egq.(15) can be integrated between
the limits XY and A , yielding;

(25) Aefe - 4c.fa'.‘/%(wo ( AMy - A). see ORNL-5059, pg. 242

For the strain hardening range I shall refer the Reader to Eq.(H.35)
appearing in the same page.

6. The General Case of Surfaced Cracked Tension Specimens

By its genesis, the notch ductility the erty;

(24) fdéJF= aN

In view of Eq.(20), one might have deduced that the notch ductility
factor remains constant as A:ranges over the interval from 0.00216 to
0.015 . However, the notch ductility factor reflects the propensity of
the structure for fracturing, and this propensity hardly remains the same
while the strain increaes. A rescue calculation seems called for, and
is actually provided, see in particular pg. 14 - 20 Draft of Appendix H.

In the case of pure bending, we have seen the appearance of the
concept of Effective Tangent Modulus which changed tg.(W) from its zero
value to SY/A , Eq.(22). Something of the same effect is at work in the
case of a surfaced cracked tension specimen., Its net section exhibits some
unsymmetry respecting its mid-plane because of the notch. To compensate for
the deficiency of material on the notched side higher stresses are created
in this part of the net section. This in turn introduces bending and, bingo,
tg. (W) is given an appropriate value to upgrade the coefficient tg&ﬁ)/tg(¥)

In the calculated example, Ref.(1l), tg(w) = 1.83 x 108 psi.

I have one question. What happens to the calculation in the case of
a symmetrically cracked tension specimen, see Fig.(6)%?

7. Temperature Effects

The Tangent Modulus Method was developed as a tool for predicting (in
the case of surface-cracked tensile specimens) the variation of fracture
strain with temperature above the yield strain., Mathematically, this effect
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is considered through the empirical equation;

( ) KI cC = AT
25 T T
Sy o- T
where: KIc = the plane strain fracture toughness
AT = an empirical coefficient which here has been given the value

of 125 oF-in

Too = the temperature at the onset of upper shelf condition which
here has been given the value of 125 oF (4533 Gr.B, Class 1)
SY = the yield stress(= 65,000 psi for the material considered here)

Since we here are considering strains above yield, we will have to
introduce the correction factor: (KC/KIC)'
Transposing, we get the following relationship;

(26) T = T - Ap x (K /K[ )
Kc/sY

The ratio Kc/SY can be related to the notch ductility factor at
fracture by the following set of equations based on LEFM.
We start with Eq.(17) where, since we are operating in the elastic range,
tg( W) = B (Young's modulus), and the ratio tg(u))/tg(cf) =3 x 107 =100
3.15 x lo5
Eq.(17) is now reduced to;

(29) ef@ = 20{a x10x\;

The basic equation of linear elaatic fracture mechanics is written;

(28) k, = ¢ fma'.s, = c. f.a . S¢- N/ Ay

which yields;

(29) K. /8y = Ae = CyfTa . €.fp = s .ef\/F - &7
4

20000 . Ay 20 0.0243

The above relationship is strictly valid for P(Sf,7\f) somewhere on
the elastic line i.e, )f less than 0.00216 .

But we are looking at situations where the independent variable,h ;
ranges beyond the value of 0.00216 (yield) and far into the plastic range.
Then what happens to the relationship derived above. According to the HSST
Program, "This relationship 1s assumed to hold regardless of whether the
nominal strain at fracture is in the elastic or the plastic range."

8. Proof by Calculations

"Rather than attempting to completely prove all the assumptions made
mathematically, it was considered just as constructive to adequately
justify them by comparing calculations with experimental data."
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The statement appears in the introduction to Appendix H of ORNI-5059 (Ref.l)
Justification by comparing calculations with experimental data is known
as hypothesig testing. The question one then will ask is simply "How good

are the calculations ?"

Ref.1 has, very commendatory, published calculations pertaining to
a tensile specimen 18 x 6 in., having an elliptical surface flaw, a = 2.25 in

This Reviewer picks the temperature T, above which the specimens fails
by tensile instabllity of the net section. According to the calculations
T4 = 96 oF, no more no less, see pg. 257 of Ref. 1.

The calculations are performed by calculating the notch ductility factor
according to Eq.(24) , then calculating Kc/SY according to Eq.(29) , then
finding the value of the applicable correction factor Kc/KIc , and finally
calculating T4 by means of Eq.(24).

By my count, the above operation requires 22 numerical operations
involving multiplications, divisions and substractions. In addition one
must make 4 readings from curves that yield information of rather speecu-
lative origin. Two or three of the basic constants used in the cglculations
are simply best judgement values, hence subject to variations.

If one now give confidence limits to the basic quantities involved
as well as the empirical equations we have used, one could compute the
propagation of errors and how they might affect the final answer.

Should one read T4 = 96 oF +/- 10 oF ,

or T4 = 96 oF +/- 100 oF ?

Lacking theoretical justification, and bedevilled by inexact computations

the Tangent Modulus Method seems to be of little usefulness, indeed.
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