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I. INTRODUCTION

The calculation of the energy release rate G to characterize crack initiationm,
is being commonly wused even for 3D elastic-plastic analysis. The well known
virtual crack extension method was introduced by HELLEN [1] and PARKS [2], to
compute G for finite element applications. De LORENZI [3] has suggested a more
general formulation within the continuum mechanics framework. Nevertheless,
while G is precisely defined as a derivative for 2D media, in 3D media case, G
is formulated by most of authors, in terms of finite variation of potential
energy W. Then, a general method is mneeded to obtain the derivative of some
quantity defined on a domain, with respect to the domain variation. That is why
DESTUYNDER [4,5] introduced the THETA method to calculate G for 2D linear
elastic applications, and MIALON [6] generalised it for 3D non linear elastiec
applications. By this way, G 1is defined as an exact derivative of W. In this
paper, we first recall the principles of the THETA method to compute G for 3D
non linear elastic media. Then, we present three different applications to
cracked specimens and we discuss the stability of this method.

II. " THE_ENERGY RELEASE RATE FORMULATION USING THE THETA METHOD

We consider an elastic-plastic material following the Deformation Theory of
Plasticity. The constitutive law of this material (HENCKY'S 1law) can be
interpreted as a non linear constitutive law [7]. If o and € are the stress and
strain tensor, the elastic potential w (€) is such that :

ow(E)
o = 3% . [@D)

II.1. The Theta Method applied to 2D media

Let ) be a solid including a crack Yy subjected to a loading Fy on I,
boundary of @ ; £, 1is the length of Yo, Py the crack tip. We define a vector
field 6 within @, equal to zero outside a neighbourhood 39 of Py, and nonzero
inside * J;. The vector field © is assumed to be parallel to Yo and sufficiently
regular within Q;. We have

0(py) - {6,,0} , 8,=0,(2,). @)
Now let consider ), the same solid as §y when the crack Y, is extended by a

length n§1 to become the crack Yy, the loading then becoming Fy on I7,. F, is a
mapping defined within §;, which transforms  in Q) in the form :

Fy=1+m0 (3)
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I 1is the identity operator and 7 a scalar going to zero. The total potential
energy of the structure W, in the Q, configuration is :

v, - J'qu(aﬂ)dnq - JrnFn.%dF : (%)

where €, is the strain tensor and u, the displacement field defined in . The
energy release rate G is defined as :
oW,

G =~ - e

I .

The method proposed by DESTUYNDER [4,5], consists in wusing Lagrange's
variables, that is to return to the fixed domain (), in order to differentiate
W, easily, since the differentiation and integration operators can then be
permuted. To be strictly exact 1n the notations, we will designate by S the
energy derivative in the 8 direction, which is a linear form of the © field and
which differs from the scalar value G. DESTUYNDER'S resulting expression is, at
the end of calculations, and omitting the "0" subscript in £ :

(5)

50) = [[) [-0(E)aive + o: (W) Jan (6)

8(8) - G 6, N

On the other hand, $(8) is only dependent on the 0 field value at the crack
tip. If we take 0,(P) = 1, we will have G = 5(0).

11.2. The Theta Method applied to 3D media

The approach described above can be immediately extended to 3D media. Thus we
choose a vector field © within 2 equal to zero outside a neighbourhood & of the
crack front I'. In this case 3 and ? are 3D domains, and the virtual crack
propagation is defined by 0, restriction of the field © on I' . The total
potential energy of the structure, W, 1is then a fonction of the I' curve
position. The symbolic notation W(I") can be used, and the derivative of W(I) in
the @ direction is defined by :

W(T#n0) - w(I)
DgW = lim —mM8 —— (8)
10 n
If W is smooth on I', there 1is a 1linear form of © designated by g, which is

called GATEAUX's derivative of W such as DgW = - (g,0), and it has been
established that it exists a function g(s) such that :

(g,8) = fr g(s)8, (s)ds (9)
where én- §.n; n(s) is the unit vector normal to I', and g(s) the energy release

rate locally defined on I'. If s(0) = I} én(s)ds corresponds to the surface
created by the propagation 6, we can set :

Gy = (g,0) / s(8), (10)
Gg 1is the average energy release rate corresponding to the propagation 8. To

sum up, the formula giving &(0) for 2D media remains valid for 3D media and
6(0) depends only on the O field values on the crack front : 0.

6(0) - J'Q [-0(€)div® + o: (VulB)]dQ (11)

8(8) = Ggs(8) - J'Q g(s)8, (s)ds (12)
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II1.3. Comparisons with other methods

The Virtual Crack Extension method introduced by HELLEN [l] and PARKS [2], is a
purely finite element technique which consist essentially in calculating G as a
finite variation of the potential energy divided by the surface created by a
finite crack extension. The main advantage of this method is that it is rather
simple to implement in a finite element program, and convenient to use for most
engineering applications. On the other hand we have no continuum mechanics
formulation and therefore mno clear definition of G. Moreover the finite value
of the virtual crack extension has to be chosen carefully, and most of time it
is mnecessary to study the effect of this parameter to be sure that the result
is stable.

In 1982, De LORENZI [3] has suggested a more general method where the problem
is formulated in terms of continuum mechanics. As in the 6 method, two
configurations are considered, and a mapping 1is defined between these two
configurations. Formally, the final result of'De LORENZI is very neafby the O
method result. Using De LORENZI notations for G , Ax, and A, we have G = S(Ax),
and if we set Ax = n0 (because Ax has to be small) we obtain G'= n5(8).
Therefore, the G" formulation could have been simplified. The G local
definition proposed by De LORENZI is : G ., = ¢ /a. Althrough this definition
is convenient for most engineering applications, it is unsatisfactory from a
mathematical point of view. '

The main advantage of the O method lies in the continuum mechanics formulation
and 1in the clear definition of the energy release rate as a derivative of the
potential energy W, with respect to a variation of the domain boundary. No
finite crack extension is needed. The same point of view was taken by OHTSUKA
in 1981 {8], who find independently the same result as DESTUYNDER.

III. THE THETA METHOD APPLIED TO THE ANALYSIS OF CRACKED SPECIMENS

Now, we present applications of the 8 method to the analysis of three different
cracked specimens

- the CT specimen studied during the European Round Robin devoted to
Fracture Mechanics in 1982, [9].

- the circumferentially through-wall-cracked pipe specimen studied during
the BATTELLE/NRC Round Robin in 1985, [10].

- a wide plate specimen with a semi-elliptical crack, tested at the WELDING
INSTITUTE in 1984, [11].

In every case, taking account of symmetries, only a quarter of specimen is
meshed. The stress-strain curves are entered point by point and are considered
linear on each of the defined intervals. We use the general finite element code
PERMAS [12] on a CRAY XMP, for all the 3D elastic-plastic calculations,
assuming that the Deformation Theory of Plasticity is valid, and solving the
non linear equation with the modified Newton Raphson's algorithm. The 6 field
is defined on several rings around the crack tip in order to study the
stability of G;, G, and G,, respectively local value of G at point i, mean
value of G and maximum value of G along the crack front. The variation of G on
the different rings is calculated as half the difference between the maximum
and the minimum value of G, divided by the averaged value of G.

IITI.1. Analysis of the CT specimen

Problem formulation : For structure geometry and data of the problem , see [9].
B and B' are the points where the loading (displacement) is imposed. A and A'
are the points where the crack opening 2v is measured. In a precedent paper
[13] we compared different types of analysis (2D non linear elastic, 2D
elastic-plastic assuming small strains or large strains, 3D non linear elastic)
and we established that a 3D modelisation is necessary and that the Deformation
Theory of Plasticity is valid.
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Mesh and Calculation : The mesh (Fig.1l) includes 5159 nodes and 1480 elements
(15 and 20 nodes). The calculation requests 35' of CPU time for 30 iterations
at maximum loading (Ug= 1 mm).

Results : Fig.3 shows the variation of G along the crack front for different
fixed loads. The maximum value of G is obtained in the middle of the specimen.
As can be seen, the variation of G is small in this aera and increases as the
free face is approached. The difference between the value in the middle and the
value at the end of the specimen increases from 20 % for the first loading to
50 $ for the maximum loading. Fig.5 shows G; for five points along the crack
front and G, as function of the loading. As regards the 6 method stability
studied on the first three rings around the cobweb-like area, we have the
following results :

- for the linear case : the variation of G is less than 1 % for G and for
the five values of G; , except for the point near the free surface where
the variation is about 5 %.

- for the non linear case : the variation of G is less that 4 % for G, and
for the five values of G;, except for the point near the -free surface
where the variation is about 10 %.

IIT.2. Analysis of the pipe specimen

Problem formulation : For structure geometry and data of the problem, see [10].
A precedent study [l4] reveals that large displacements effect has to be taken
into account and that crack propagation can be represented simply by
calculating several pipes with different crack lengths.

Mesh and calculation : The mesh includes 1724 nodes and 230 elements (15 and 20
nodes). Maximum loading requests 6'30" of CPU time for 50 iterations, and the
whole calculation (8 loadings) needs 460 iterations and lh. of CPU time.
Results :The values of G, as function of the loading seem to be good in
comparison to experimental results and to the Round Robin participants results.
The variation of G calculated on the three rings around the cobweb-like area
is less than 5 % for the 8 loading cases.

III.3. Analysis of the plate specimen

Problem formulation : For structure geometry and data of the problem, see [11].
The loading is a prescribed displacement at the ends of the plate, giving
tension and bending. In a preliminary study we calculated the plate in pure
tension and we assumed a linear elastic behaviour, in order to compare our
results with the results of RAJU-NEWMAN, [15].

Mesh _and calculation : The mesh (Fig,2) includes 1219 nodes and 365 elements
(15 and 20 nodes). There are 16 elements along the crack front. It requests 12'
of CPU time for 60 iterations at maximum loading.

Results for the linear case : The varilation of Fy= K| /o Nw a/Q (see definition
in [15))along the crack front compared to RAJU-NEWMAN results shows a good
agreement. The maximum difference is about 10 % and is obtained at the deepest
point of the crack. The wvariation of G calculated on two rings around the
cobweb-like area is about 0,2 % for G, and less than 5 % for G;.

Results for the non linear case : Fig.4 shows the variation of G along the
crack front for different fixed loads. The maximum value of G is always
obtained in the middle of the specimen. Fig.6 shows G  and G, as function of
the loading case. The variation of G, and G, calculated on two rings is less
than 2,2 %. The largest variation of G; is obtained for the point of the crack
front on the free surface and is about 7 % (at maximum loading). This result is
not surprising, because for plane stress condition, G is not well define. In
the linear elastic case, HAYASHI and ABE [16] have found K; = 0.
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Iv. CONCLUSION

We have presented an energy release rate formulation using the ® method and an
application to the analysis on three different cracked specimens. The energy
release rate expression obtained with the © method 1is very close to the
expression obtained by De LORENZI. Although the 6 field may be interpreted as a
virtual crack extention, we need no finite variation of the crack front and no
finite variation of the Potential Energy W to calculate G. We define Gy as an
exact derivative of W in the 0 direction, and g, if g(s) is the local value of
the energy release rate along the crack front, as the GATEAUX's differential of
W. For the numerical applications the expression of Gy can be implemented in a
post-processor using directly the finite element calculation results. The
analysis of different cracked specimens reveals that the ©® method is flexible
and convenient to use. It is possible to study the stability of the results by
changing the 6 field values outside the crack front. We find that the variation
of the results are always small except for the point of the crack front on the
free face where G is not well defined. -
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Fig.3: CT specimen- variation of G
along the crack front for different loads
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