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1.0 INTRODUCTION

The objective of many experimental programs is to elucidate the re-
lationship between a measurable characteristic of a material or process
Oq? and a set of contimiously variable factors (xl,xz,oo,xk) suspected
of influencing its behavior. An insight into the prdblem can frequently
be obtained by fitting a hypothesized model TL- £(X) to experimental
data by least squares. The geometric representation of the fitted
function has been called the response surface and much has been written
in recent years describing the philosophy and technique of obtaining an
éstimaté of the surface and of locating optimum points thereon.

Often lacking a more fundamental model, it is assumed that within
the limited range of the experimént the unknown function can adequately
be represented.by a limited number of terms of its Maclaurin's Series
expansion. We thus assume the approximation A

k
YL p. 7+ 2153 X, + 21 Pgljxlxj + 121 j;l ggaﬁijéxlxaxﬁ * oo
where the Bis are unknown constants proportional to the partial deriva-
tivés evaluéted at the origin. A model utilizing all terﬁs tthugh
degree d in the above expansion is called a d~th ordsr model.

Degigns used in response surface wo:k ére called d-th order designs
if they allow estimation of all coefficients up to and including those
of a d=th order model. In discussing designs it is convenient to think
of the set of k factor levels called for by an experiment as the elements
of a row vector and hence as a point in a k- dimensional factor space.
The set of N experiments called for~bj a design are then'specified by an

N x k design matrix D, each row of which defines the levels of an
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experiment and is one of the N points in the design configuration in the
factor space. For convenience and to generalize the designs the levels
of the independent variables are coded such that the origin of the new
variables (xl, Xos eeey xk) lies at the centroid of the design points
and a suiteble scaling convention is employed to make the design units
uniform for all factors. From the first convention we have Exiu =0
and the second is usually effected by letting Exiu/N = kz,ua constant
for all i, .. *

Any design providing unique estimates of the coefficients in the
model could be used but certain configurations of points offer distinct
advantages. In response surface work the primary emphasis is, by defini-
tion, on the estimate of the surface and its variance. However, at the
inception of an experimental program there is usually no knowledge of the
orientation or shape of the surface relative to the axes of the factors
and it is therefore desirable to use designs which are independent of
this state of ignorance. With this objective in mind designs have been:
found for which the variance of an estimate is constant at all points
equidistant from the origin of the design, _j.e, for which the variance is
independent of direction. These are called rotatable designs since the
variances of both the estimatedl response and the individual coefficients
are invariant under orthogonal rotation of the design in the factor space.
In this way the design is unprejudiced by the arbitrary characteristics of
the surface relative to the oriemtation of the factor axes. While rotat-
ability is a function of the scaling convention adopted, the variance
contours will be spherical iﬁ those units appearing to the experimenter
as most reasonable at the time the experiment is conducted, i.e, units

based on the relative experimental variation in each factor.
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First order rotatable designs are obtained when the columns of the
design matrix D are orthogonal to each other and to a vector of ones.
The first order model, which fits a planar surface to the data, contains
k + 1 constants to be estimated and consequently requires a minimum of
k + 1 points. When this minimum number is used it has been éhawn by Box
in (5) that the design points will be at the vertices of a regular simplex
in the factor space. When k = 2 the points lie at the vertices of an
equilateral triangle, when k = 3 at the vertices of a regular tetrahedron
and in general are one orientation of the unique set of k + 1 wvectors of
equal length forming equal angles with each other in k space. |
Becond order rotatable designs are obtained when more restrictive
moment conditions are satisfied (where a general moment is defined as

2u
intersesting relationship to the simplex designs just described. When

My “k =
:Sxiu X," eos xku/N)’ and in two instances were found to bear an
< _

k = 2 the points at the vertices of a hexagon provide the basis for a
second order rotatable design. Now if the vectors of the equilateral tri-
angle, forming the first order rotatable design, are added in pairs the
three derived vectors, when taken in conjunction with the original three,
will produce the vertices of a hexagon. If the original vectors are added
three at a time they will provide a center point which is required to
make the set of points a usable design of full rank. |

When k = 3 a similar construction exists. A set of six vectors can
be derived from those at the vertices of the tetrahedron by forming sums
of all possible vector pairs. These vectors will pass through the mid ;A.
points of the edges of the tetrahedron. Formation of all possible sums
of three vectors will yield four derived vectors each passing through the
mid point of a face of the tetrahedron. Again a center point is ébtained
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by adding all four vectors. When the length of the three sets of vectors
are suitably chosen (by scalar multiplication of each set) a previously
derived seéond}order rotatable design is obtained. This is the composite
design which can be represented, as described above, by the row vectors
4} &(xlu Koy xéu) , 0= 1,2 .00,14. The design consists of the six
points denoted by (+23/% 0 0) , (0 #23%0), (0 o 23/ and the
eight points at the vertices of a cube which can be represented by all
permutations of sign of the vector (%1 %1 ¥1). To this basic set of
fourteen a certain number of points at ihs'origin (0 0 0) are usually
added.

If we chose the original tetrahedron to be in that orientation in
which the vertices have the coordinates of a fraction of the 23 factoriai
(=1 ~1 1), (1 1-1), (L -1 1) and (=1 1 1), then the relationship
is readily seen. The six vectors corresponding to the axial points are
those generated by adding the vectors two at a time, while the vectors
corresponding to the second mating tetrahedron forming the remaining
points of the cube (the second half-replicate) are those obtained by
adding the basic véctcrs three at a time. Té obtain the proper wvector
length for the axial points it can be seen that all six derived vectors
mast be multiplied by the constant Zul/ho

This dissertation is concerned first with establishing the generality
of the connection between first and second order rotatable designs, that
is demonstrating that the design matrix of a first order rotatable design
can always be.used to produce the design matrix of a second order
rotatable design (or designs). Secondly it is concerned with the possi-

bility of generating third order rotatable designs in this manner, and
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finally with a description of the propertises of the designs which evolved.

It was found that a class of second order rotatable designs, labelled
gimplex-sum designs can always be generated by taking as design points
the vectors obtained by forming all possible sums of the k + 1 rows of
any minimum first order rotatable design matrix, and multiplying the
derived vectors by suitable constants. Third order rotatable designs
however did not materialize from this straightforward approach. As a
by-product of the investigation, sampling momentsvfor means of finite
multivariate orthogonal populations were derived which may find use in
other applications. The blocking prope:ties of simplex-sum designs were
thoroughly investigated and a general theorem éfoved, for any second
order rotatable design, concerning requirements necessary.to retain

rotatability when noh-orthogonal blocking is used.



2.0 REVIEW OF LITERATURE
2.1 Surface Fitting

The literature on the general subject of response surface fitting
has been reviewed extensively during the past several years, the most
recent complete compilation appearing in a doctoral dissertation by
Carter in 1957 (15). Papers covered thers will be but briefly touched
upon here, emphasis being put on the more recent publications.

In 1941 Hotelling (24) devised procedures that had certain optimal
properties for locating the maiimum of a function within a predetermined
region of one and two dimensional factor spaces. A sequential scheme
was then provided by Friedman and Savage (22) in i9h7 for locating an
optimum, when more than one factor is involved, based on the classical
approach of varying one factor at a time.

The Box-Wilson paper (13) appeared in 1951 as the first of a
sequence of papers by Box and associates and outlined an approach and
viewpoint which set the stage for much of the work that followed. In
this paper a sequential "steepest ascent® procedure is outlined for
locating the region of a maximum and composite designs were then propoéed
for estimating @he coefficients of a quadratic model within this region.
In 1952 Box (5) showed that orthogonal designs were most efficient for
estimating the constants of a first order model.

A review and discussion of the work published in this general field
by 1953 was given by Anderson (3).

In 1954 several papers were published, one (6) of a general exposi-
'tory nature by Box on the methodology and philosophy on surface fitting,

another by Box, Hader and Hunter (9) on the effects of having assumed an



inadequate model showing biases existing in both the estimates and sums
of squares, and a paper by Box and Hunter (10) concerned with setting a .
confidence region on the solution of a set of siﬁnltaneous equations
with random coefficients (the latter problem being that encountered in
solving for the stationary point of a fitted quadratic surface) .

De La Garza (20) also published a paper in 195L showing that when only
one independent variable was involved, designs for fititing polynomials
of degree d involving more than d+l poiﬁts were equivalent from the
stgndpoint of the variance«cévariance matrix, to a design calling for
exactly d+1 points.

A paper published in 1957 (12) by Box and Hunter, (having in large
part appeared in 1954 in mimeograph form (11)),made explicit the defi-
nition of fotatable designs establishing thé necessary and sufficient
moment conditions for models of any order. Second order rotatable dedigns
were found and blocking procedures provided for them. An apﬁroximate
confidence region for the maximum was given based on the eérlier Box and
Hunter paper (10) but which was considerably simplified through the use
of rotatable designs. The work of Wallace (29) was cited as a means of
finding approximate limits which are easier to compute.

" Box and Youle in 1955 (1)) indicated how an empirical response
surface appiroach could lead to.an understanding of the fundamental
theory of a process or reaction. It is.shown how reduction to canonical
variables can be of assistance in such an investigation.

Third order rotatablé designs were discussed in 1956 by Gardiner,
Grandage and Hader (23) for two, three and four factor experiments.
These designs were based upon the regular figures and several were 6f

a type allowing sequential fitting of the second and third order model.



Attention was given to blocking composite designs by DeBaun in
1956 (17). In a short paper he indicated the biases encountered in non-
orthogonal blocking and gave an orthogonal blocking séheme for the five
factor composite rotatable design. This material was later covered more
generally in (12).

An extensive investigation of response surface designs for two
factors was made by Carter in 1957 (15). The connection between the
individnal degrees of freedom of the standard factorial analysis and
response surface coefficients was demonsirated. First and second order
rotatable designs were given which are not necessarily based on regular
figures. A procedure waé given whereby any set of points could be
completed into a first order rotatable design by adding two additional
points. It was also shown how secondAorder designs could be constructed.
from the various classes of first order designs described, by adding
four additional points. A general theorem was proved showing necessary
and sufficiént conditions which must be satisfied for a combination of
rotatable sets of order d-1 to be a rotatable set of order d. |

In 1958 Bose and Draper (L) found infinite classes of second order
rotatable designs for from three to seven factors. Infinite classes
of sequential third order rotaﬁable designs were also described. A4ll
previous second and third order designs were shown to belong to these
classes. It was shown that the necessary and sufficient condition for
the moment matrix of second and third order designs to be singular is
for all design points to lie on a hypersphere in the factor space. The
designs discussed are constructed from sets of points whose odd moments
vanish and whose combination into rotatable designs depends upon satis-

fying certain "excess" functions defining the required relationship



among the fourth order moments for second order designs together with
sixth order moments for third order designs. In 1958 Draper (21) added
a four factor third order rotatable design by using the same approach.

DeBaun in 1958 (18) and 1959 (19) described thres factor three level
second order designs for response surface work which are often of
interest to an experimenter who finds it expensive or inconvenient to
create more than the minimum number of factor levels. With one exception
these designs are in the nearly rotatable class, having variance contours
which approximate spheres.

'A general method for producing three level designs in k factors
was presented by Box and Behnken in 1958 (7) giving examples of both
rotatable and nearly rotatable second order designs. These designs are
generated by utilizing the combinatorial properties. of partially balanced
incom@léte block designs. A means of characterizing the departure of the
variance contours from sphericity was obtained for nearly rotatable
designs.

Also in 1958 van der Vaart (28) proved some results on estimation
of latent roots of a symmetric matrix relevant to the representation of
a response surface as a quadratic function. He showed that estimates
of the lowest latent root are biased downward and those qf the largest
root are biased upward. This implies that the latent roots will be of
different signs unduly often and that hence there is a tendency to obtain
surfaces that are of the minimax type more often than is correct. ,This
result has some experimental verification.

A different departure on designs for exploring response surfaces
was taken by Box and Draper in 1958 (8). Designs were sought which

were optimal when both the random experimental error and the bias
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introduced by failure of the model were considered. The paper was
principally concerned with the situation where a first order model was
assumed when the true functidﬁ was qnadrétic. It was found that the
best design under typical conditions wﬁs one that minimized bias alone,
ignoring variance. In this situation, at least, the optimal design is
first order rotatable since it was shown thét the requirement implies
orthogonality. An interesting general result found here was that fbr(
any dl—th order model which wﬁs used.in place of the correct model of
order d2 the average bias is minimized by making the moments of order
dl + d2 and less equal to those of a uniform‘distribution over the

region of interest.

2.2 Sampling Moments

In developing the moments of the experimental designs it was help-
ful to use a tool due to Tukay (26,27) which he entitled bracket notation.
In two papers techniques were developed to simplify the algebra involved
in computing moments and k-statistics of finite populations. ‘A corres-
pondence is established between k-statistics and brackets and rules for
manipulating the two are provided. While considerable work has béen
done by others utilizing k-statistics, only the bracket notation was
applicable here and we will not digress beyond this field‘of interest.
One example of the use of these methods was given by Wishart (31) who

considered univariate populations.
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3.0 GENERAL THEORY
3.1 Conditions for Rotatability
To formalize the discussion in Section 1.0 we shall adhere to the

notation in (12) and define the design matrix D for the k factors

BT VETRTE R as an N x k matrix whose u-th row
5{1 = (xlu *ou xku)

defines the coded factor levels to be used in the u-th of N experiments

called for by the design. The general moment of the design will be

A A2 A
denoted by the symbol [1 ~ 2 © ...k "] where

nlo? k. S xﬁ ;ﬁ ;{:1; .
The sum of the powers, denoted by « = Exi will be called the order of
the moment.

Recalling that a design is called rotatable (12) when the function
defining the variance at an arbitrary point x in the factor space depends
only upon p = /_Q_CTQC-_, the distance of the point from the origin, and that
this function is -completely ‘determined by the moments of the ‘design
matrix, it is clear that the problem of finding rotatable designs is in
essence one of finding configurations of points possessing the proper

moments. It is in fact shown in (12) that when fitting the model

k
‘]1 B, * Eﬁx +‘%3§13 %% 1; ;lega 138x1xjxe+"'

including all terms through degree d, a ro*batable desn.gn will be obtained

when the moments through order 2d are of the form
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k
(<) 1
1l % izg o
B o e 0 g( k
22 0 («/2) 1

i=1

) 2ll < ‘even

=0 any Ai odd,

where A, 1s a constant for any design and «.

3.2 Notatlon and Definition
If we dgafine the minimum k factor first order rotatable design
matrix as Dl’ an n x k matrix (letting n = ktl) possessing the minimum
number of rows needed to estimate the constants of a first order model,
then the moment conditions will be satisfied if the matrix obtained by
au_gmenting Dl on the left by a column of unit elements is proportional
to an orthogonal matrix, i.e.,

[%:] [LD]=nI.
1

Starting with D, then it is conjectured that rotatable designs may

1
be generated by taking all possible sums of the n rows of

taken s at a time where s = 1, 2, ... k. The problem thus reduces to one
of finding the moments of a design matrix D derived in this way. We

shall allow the moments to be modified by multiplication of the set of
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vectors obtained by takipg sums of s rows by a constant a _>_ O. These
constants 85 Bpyeees & will be called radius multipliers since this
scalar multiplication in effect determines the distance of each point
from the center of the design.

We shall consider the derived N by k design matrix D as partitioned

into the k sulmatrices

& Dy |,
where N = 2% - 2, Each Ds is an (2) by k matrix whose rows consist of
all possible sums of the rows of Dlrtaken s at a time and a_ is the
corresponding radius multiplier. We shall omit for the moment the case -
where all n vectors are added together simulﬁaneously, i.e., the center
point corresponding to Dk+1’

The moments of D can be subdivided into k component parts, one
contributed by each of the submatrices, Dl’ D2 g eoey Dk’ Summing the
rows of Dl we have

E-L.;.+Eé+ ...+_:%+ ...+g:.:1.=9_'
where Q' denotes a null vector, since

uEXiu =0 for each i,

and hence-

Vb x4+ oo+ Xt m=(x! o+ X! o+ o0+ X1
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Thus we see that each vector obtained by suming rows s at a time is
the negative of one obtained by summing rows n-s at a time. The points
in the factor space represented by Ds are, therefore, reflections through
the origin of those represented by D . (Of course, whén n is even,

n - n/2 = n/2 a.nd half the rows of D n/2 e reflections of the other half.

1 ,<
Let us define the moment component [1 2 k ] as (n)N

times the specified moment of D, i.e.,

A A2 Ak 1 | 41
[l 2 oook ]saﬁlz 20... 2 (xj_u J:lua'l' -oo+x]-u)
s ul <u2 <u <n v 8
e (%, + X, F* oeeet X ).’<2 ( + + + )”<k
2u1 2u2 2us xkul xkuz J"‘k'u.s,
Then the corresponding moment for the entire design can be written
k
L X L Ay & &
[1122...kk]=§1(a») Lt22 .., k%5
4% s’ . ]
k , :
where « = E_ﬁi following the notation adopted previously.
3.3 Analogy to Sampling from a Finite Population
’ L & v
The problem of finding expressions for [L ~ 2 © ... k"(k]s in terms

a(
A "2 cee k‘(k]l corresponds to that

of either the moments of Dl or of [1
of finding the sampling moments for means (or totals) of samples of s
drawn from a k - variate finite population of n elements. These moments
can be derived by a method due to Tukey (26, 27) and elaborated by
Wishart (31) for the univariate case. This method has been extended
here in part, to cover the multivariate case. The detalls of this work
are covered in the appendix. Appendix A extends the definition’ oi‘

Wprackets" as defined in (26) to the multivariate case. It is shown



15
that these expressions possess the same prqperty as ‘their univariate
counterparts. Namely, if we use WAve® to denote averaging over all
possible samples of s from a population of n, and E" denotes summation

over the unequal subscripts i, j, ..., q, then

Py P P D, . D P

s Py Py P n Py - F P

Ave E" f%i Y B x;ggm } » S" i]:xzz sor Kg
-8 S-l seo 8"‘]114'1 n n"'l se 0 n !n'l

or, using bracket notation instead,

Ave {(xil R xzz s sony pm>} = <x§_1 ’ xzz s soesy xim> ’
where the vector (xlu Ky oo xmu) is one of s m - variate observations
drawn from n such and a prime superscript added to a bracket denotes
substitution of population values for sample values.

In Appendix B this property is used to derive the general éxpréssions
for the joint sampling moments of multivariate means. The moments are

the average' values of power products of the k coordinate means,

S
- - - 1
(xl Ko eee ﬁc) 8 ugl(xlu Kou *°° xku)
of samples of 8 ¢ n k - variate vectors drawn from a finite population

of n such vectors. These values, which can be written in bracket

notation as

ﬁ .

Ave {<x1> (x) 2 ... (:@ J“}

ince
sinc s

x:.Lu ,
. us
<xi = 8 4
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“

evs k ]s of the

i
ﬁ22

are then used to obtain the moment components [l
matrices D .

The following equality holds

[lﬁ 2'(2 ces k"k]‘.5 = N-l 85(2) Ave { (x1> g (xz) "2 o (x#)

"k}
since we can regard the n row vectors of Dl as a k - variate populatioh
and we require the moments of sums of vectors taken s at a tﬁne; The
factor 8= is required since we want moments of sums , not means, and the
factor (2) to give the total momen‘b of all (:) terms. These results are
summarized in general form in the appendix and are given in Table 1 for

the pé,rticular case of interest here , that of standardized vector length

equal to /n . The exception to Table la (p. 17) follows.in Table 1b.

Table 1b, Fourth order moment components of D for n = 3, (n <«)

General Formula = Abbreviation
[15°1, oG P), o) =& Q) (2 - 7(s-D)]

112521, 6p(e) + 6y (D12%%),  op(e) = 7 (s
(1), 30i(6) + Of (4]

3.4 Form of Moment Components ‘

Table 1 shows the moment components in te‘rmsi of a notation designed
to simplify their use in succeeding sections, and which makes clear their
general pattern. The coefficient function-s C(s) are of two types. Those
with single subscripts are not multiplied by unrestricted moment eomponents

of D, and hence they are constants in the moment component equations for

1
a given n and 8. The coefficient functions involving two subscripts, -
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however, are multiplied by Dl nmoment components such as [i ;}2 ]1, or
combinations of Ds moment components and are therefore coefficients of
quantities which will not in general be conéta.nt for different choices
of i, j, k, 1, m.

The values teken on by any coefficient function C(s), when n is .
held constant, possess alsymetry with respect to s as a result of thé
reflection relationship between wvectors in Ds g;nd D g+ Since one
matrix is the negative of the other their respective components rhust

‘differ only by the factor (=1)% or

'[1*1 22 kﬁ{] = ( 1)"[1'& kﬁ‘]n_s.

From Table 1 we see that in general

T, % “1"2'

[L™2 ,..k] bG(u)+Goa_(u)[1 eee Kk

“k‘]-l

1 *2 ﬁ‘|2]1+ ses * b C (u)[l&‘L "2 &klplls

+b c (u)[l FOI

where the b ) values are zero or positive constants varying with the
particular partition of £ = (-Al 4y see ank) .
S‘ubstitut:mg s and n-s for u and using the equality reiating the
respective moment components, we may write
. T ¢ .( .
' _ — PN S, e S S
{e. (&) - (DT @)o + {040 - (DT @yt 2? . kky

+’{c’(2(s) - (-1)"‘0’42(n-s),} b:sa‘[lﬂcl 2.2 .. ‘(kl ?Jlf
... + {G@(s) - (-1)"%@(n-s)} b‘,_cp[l‘,(l 2“(2 k'(k|p]1 = 0.‘

Using the set of simultaneous equations which can be obtained by

considering all moments of.a given order i‘c;‘ can easily be shown that



only the trivial solution
C_q4(8) - (~-1)%c (a=8) =0, for all i

is possible, whence

C q(8) = (-1)%c PLOR

This result can also be verified by direct substitution.

19
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4.0 RADIUS MULTIPLIERS AND ROTATABILITY

Having general formulas for the moment components contributed by
each submatrix Ds of a derived design matrix D, we now seek a sultable
set of radius multipliers such that the moments of D will fulfill the
requirements for rotatability. Or, more specifically, such that the
moments '

2 . ia; e, k'(k]s

_\ §=
will be of the form listed under 3.1.

For convenience in describj.ng these requirements we will refer to
gven -~ order moments as those for which « = 2"5_ is even and odd -
~ order moments as those for which < is odd. In addition, let us define
those moments for which any Ay is odd as odd moments and those where all
&

i
for rotatability all odd moments must equal zero and all even moments of

are even as gven moments. Using these definitions, we can say that

the same order must be specified multiples of each other, i.e.,

k
T (41

[1"(1 22, k"k] -

20(/2 % (:;i_.)!, all 4, even
i=]1
where A “ is constant for a giiren design and «.

From Table 1 we see that the moments [1],[ij] and [i°] of D, will
satisfy the rotatability requirements for any choice of radius multipliers
since the corresponding odd moment components [i] s and [i j]s are
identically zero and [12 ]s is constant for all i.

The .other moments however all involve variable terms C_; (s) [ i

and only in the case of the even moments is the constant term b 040,((5)
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added to this variable function. It can be seen that the moment
requirements will be generally satisfied only if the radius multipliers
are so chosen that each variable term sums to zero in the expression for
all [1“1 2"<2 cos kAk]. For odd moments this is obviously required. For
the even moments it would otherwise be impossible to attain the required
constant ratio between moments of the same order since the quantities
[ ]1 in general change in thsir relationships, from one moment to another.
The only further requirement for rotatability is that the constant terms,
b&GA(s), are in the required ratios. |

In general then since

v(l <o A A1 Ao Al
[1 2 ooak ]S=b.a-(co<(8) +C,(]_(S)[l 2 oook ?1

: Al %2 e . a(l .,42 e
+ §520A2(S)[1 2% 4o k |2]1 * oaee * §5pcxp(s)[l 2° ...k Ip]l,

where bxpa(s) does not appear unless the moment is even, we have

‘ k
oA o P e
2, ¥ z(as)’([ll 272 L xR
S=

& « 2 4, &
= b, S%(asﬁcxgs) FT2C Lk ]19821(%)‘% a(®)

k ,
L1 A2 i «
+ §i2[1 2° ... k |2]1° ;g%(as) CAZ(S>

k
4L #2 Ak «
oo+ d [172° .0k lp]1 s=_;f(as) C,(p(s),

where we require

k p |
%(as) C (8) =0, i=1,2..0p.
gS= .
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Since we have shown previously that C(s) = (=1) &C(n-s), then for all
odd = order moments C '(i(s) m -C ‘d_(n-s) . We can say further, because of
the factor (n=2s) in all such odd order moment coefficients, that when
< and k are both odd, € .(B) = ¢ (L) = 0. Therefore as long as radius
112 AL 2
multipliers are selected such that \as =a g all the odd - order moments
will sum to zero for any value of age Setting m = % when k is even and

m = &L when k is 0dd 1t then follows that

k « m «
Egl(as) Cq(8) = s%(as) [C 4 (8) + C_;(n=8)]

=0 forall i, « odd.

We will call this type of solution for the radius multipliers s

where ag =8 o5 2 gymmetric solution.
Having satisfied the odd - order moment requirements for rotatable
designs of any order we must now find which symmetric solutions will

also satisfy the requirements for even - order moments.



23
5.0 SECOND ORDER REQUIREMENTS FOR ROTATABILITY

For a design to be second order rotatablse the even moments must

have the followlng general form

2

[1°] =1,
(12 %1 =,
4 =3y

where }"2 and ku are constant for any design. The odd moments of order
less than or equal to four must vanish.

It may be noted here that the addition of center points to a design \
matrix D will not change the general form of these moments since théir |
- only effect is to increase the denominator N, Hencé if the moments of

D satisfy the rotatabiliﬁy criterion we can add center points at will.

5.1 Application of Moment Requirements
As noted previously, the general second order moment [ :7.2] places

no restrictions on the choices of radius multipliers since
' K ok |
24 2 - B 2 m=2y _
[1 ] - s%(as) 02(3) N s%_(as) (S"'l)' :}‘2,

a constant for all wvalues of i.
We may generalize the expressions of Table 1 for fourth order
moment components by letting the coefficient blt vanish for odd moments,

such that, foro&+¢<2+¢<3+,<u=h

(1L 572 8 ()L 323 1Yy

g = y_ch(s) * Ghl



2h

so that
L2 K34 < b e 3, &)
ChERE S AN 21‘%’ Oy() # [17 5 k° 1) sgi(a\s) Gy (s) .

In the previous section we showed that, for rotatability, we must

have
£ .0
s(as) G,y (8) = 0
_ making
| [i"(l Ko k"<3 l*h] .g b < (a )hc (s)
' J ,-L s%, - u .
Hence all odd moments of order four vanish with bLL and

k
2 .2 b
(i J]1= Sﬂ% (a-s) Gh(s) = }“)4

[ih] = 3 i(a )hC (s) = 3 -
= " L

Any symmetric solution for the radius multipliers such that

(a s)LLGM(S) = 0 will therefore clearly provide a rotatable design

(a) all odd order moments will be zero due to symmetry

(b) the odd fourth moments will equal zero

(e) [12] will be the same for all i

(@) [4%7 will equal 3[i% 32], which will not depend on the
choice of i and j

Such designs will be called simplex-sum designs.
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5.2 Standard Solution for Radius Multipliers

. ;
The equation Ei(as)hchl(s) = 0 was solved for the symmetric set of
S
values {as} in the specific cases of k = 2, 3, and 4. The results

suggested that a standard solutlon, for any k, might be

n-2) % | = 1, 2, ooy n-l
' -1
which we shall henceforth denote by BS T,
- 1
To prove the generality of this solution we substitute Bs I in

the general formula,
‘ k
L A -2 ,< A
o2 ¥y %(2_1) E[l 2% L KRl
g= ,

and show that a rotatable design results.
It is immediately evident that all odd moments will be zero since
the set of wvalues, {B o - i' }, provide a symmetric solution as defined

earlier. Further
o 1‘2 L) -
- Sen L ae gw 2)3
Let u = s=1 and substitute k = n-l, then
' n=2 1
2 n n=2
[1°1=5 > (D2=2,
u=0 :

and, for each i, [iz] equals 3131- times the sum of the square roots of the

binomial coefficients (n;'g) .
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n=2) (n=3

n-1 - '
[1jk1]= Ei( 4 : nmgepinge) ~nls=l) (MH[1 g k1),

n-l 2

6sn + 6s +
- SRR naky

[13k1]
- z;;;)—(;g%- {(n-1)n® - én[B(n-1)] + 6(3(n-1) (20-1) ] * (a-L)n}

L3k 1]1

“wowy -

Since the zero quantity in brackets is the expression }a); Cm(s),

common to all foui"t.h order moments, we can write

[13%%] = o,
[i 5]
4 - §l<§:"§>'1 -
| 2 n-l1

= 7 (n-ff(n-B) % (s—l) (n-s-l)

o,

- n2 n-1

v T My
“2y=1 (n=ly3n°
51 GD™ GE

2
n°(n-1) = 3 Xh'

2N

We have thus» demonstrated that sets of points satisfying the moment
conditions of second order rotatable designs can be derived from those of
first order. The solution a, = BS-& has been éhown to apply for any
mumber of variables greater than two (k 2‘ 3) since 'the fourth order

moment formulas hold only for n 2 4, as noted previously.
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5.3 Becond Order Rotatability for the Case n = 3
Using the formulas for fdurth order moments for n = 3 in Table 1b,
we can show in a similar way that a = B; &'= (::%)-‘&

also applies for k = 2.

2
.3 1.,-1 3 3
[i5]= sg (g1 -3-3 Q) [2 - 7(s-1) 1L F)y

= [1 P - 501 P, .
This result, although apparently inconsistent with previous results

in that [i J°] is not immediately zero via the Toute gals‘ ety (s) = 0,
g= .

will satisfy the moment requirements. The conditions are satisfied due
to a property of 3 x 3 matrices of the type [;_51 5@] with orthogonal
colunns that makes [i §°]; = O.

This property can be demonstrated algebraically, but since we have
already shown that a matrix of all sums of rows taken s at a time is the

negative of the matrix of sums taken n-s at a time we have D1 = ~D2 and
s <317 o s 43
[i3 ]1 [i3 }2 .
But the general moment formula for n = 3 shows
39 o ors 43
[1 3], =501 ]
Hence
37 o oepq 43
[1 8] = =501 ],

and must vanish.
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Proceeding to the moment [12 :jz],

125%] = %%-1) & &) 1012, + (s-1F]

= (12 51, - 5112 51+ 2
But since [12 32 = [1° 3%,
142 9%y = 512 9% + §
or [12 j2]1 = %, a constant for any matrix of this type.

Hence [i2 3‘2]-‘ = 2[1232]1 = % = kh.

Similarly the moment [ ih] is found to be

L ,
[11“3)‘-)4

a.ﬂd therefore the moments are those of a rotatable design. This result
agrees with that obtained in (12) and shows that it is a special case ofA
the standard solution a; = Bsﬂ_- &,

While these designs satisfy the moment requirements for rotatabilitjr,
they yield a singular, or almost singular, moment matrix. Thus to become
usable designs they require the addition of center points (to be discussed

in Section 7.3).
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6.0 THIRD ORDER REQUIREMENTS FOR ROTATABILITY

To prove that the derived matrix D possesses the moments required
for third order rotatability it is necessary to show that a set of radius
multipliers can be found which will not only satisfy the requirements for
second order rotatability, but will also

(a) make all fifth order moments equal to Zero,

(b) make all terms in the sixth order moments involving moment

components of D1 other than [:L ]1 sum to zero.

4 symmetric solu'b:l.on will again satisi‘y the requirements of (a) _
above. From Table 1 we see that part (b) can be accomplished if we find

ag such that

LN
SEi(as) Géi_(s“) = 0

where 1 = 1, 2, 3.

This result will hold true for all sixth order moments and therefore
we need only find a symmetric solution for this set of three simultaneous
equations invol_\ring ag which will also satisfy the corresponding fourth
order moment equation involving al;,

To do this we will solve the sixth order set of three equations and
see if a feasible solution is obtained. If we let ag = 8_g We may consider

them as a set of homogeneous linear equations for each wvalue of n,

where
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and
061(1) 061(2) ceses cél(k)
A= 062(1) 062(2) cesos 062(k)
063(1) 063(2) cosee GéB(k)
As our moment equations do not hold for n ¢ 5 we will begin with

the minimm velue of n = 6,
Substituting inrcéi(s) we have

1 0 0 0 1
At = 0 1 0 1 0
0 0 1 0 0

Hence the solution for Ag6 = O demands that

216 = "6
B26 = 8562
a36 = 0,

which is not a feasible solution since all 20 = ag must be positive

for real radius multipliers. We have thus shown the design matrix D
for n = 6 is not third order rotatable.



Similarly we find that for the case n = 7

A= 0 1 -3 -3 1 0
0 1 -1 -1 1 o]
and
1l 0 0 0 0] 1
= | O 1 0 0 1 0
0 0 1 1 0 0

for which no feasible solution can be obtained.

Forn=38
1 -2y 15 80 15 -2l 1
A= 0 1 -2 6 -2 1 0
0 1 0 -2 0 1 0

and

1 0 0 92 0 0 1
A% = 0 1 0 -2 0 1 0
jo 0 1 =L 1 0 0

Forn=29

1l =23 -9 95 95 =9 -23 1
A= 0 15 =15  -120 =120 =15 15 0
0 10 10 =20 © =20 10 10 o]

and

A = 1l 1 0 -5 -5 0 1 0
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Neither of these matrices yield solutions such that all 84 2 0.

Since a polynomial of degree three has '(k ; 3) constants, a third
order design must have at least this many points. Therefore k mmst be
at least five before D has sufficient experimental points to be considered
a candidate. We have thus demonstrated that D cannot be third order
rotatable for k < 8. It would appear impractical to consider designs
involving more than 8 varisbles. The size of the experiment alone
approaches prohibitive proportions as a minimum of 220 expsrimental

points is required for k = 9.
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7.0 SECOND ORDER ROTATABLE SIMPLEX-SUM DESIGNS:
THE STANDARD SOLUTION

We have shown previously, in Section 5.2, that the derived design
matrix D can be made second order rotatable by using a set of radius
multipliers ag = ( ) & Before proceeding to show that other specific
solutions are possible in higher dimensionality, we will first investigate
the effect that the choice of radius multipliers has on the geometrid
configuration of the design in the factor spacs.

It was noted earlier that the points in k space described by any

n by k first order rotatable design matrix, D,, are the vertices of a

1’
regular simplex. When we add those vectors two at a time the wector
which is generated will pass through the midpoint of the edge of the
simplex connecting these .two points. BSums of three vectors have a
resultant passing through the midpoints of the faces. While sums taken
s at a time for s > 3 cannot be visualized in as few dimensions, some
concept of the geometry of the design can be pbtaj‘.ned through the _
| extension of this idea of the average or midpdint vector of s symmetrically
spaced vectors. To complete the feeling for these designs we must find |
the relative distances along these wector directions to the specified

design points.

7.1 Radius of Experimental Points
~ The radius of an experimental point is its distance in the factor
space from the geometric center of the design, which we took as the origin
of coordinates. Considering the coordinates of the point as a vector,

the radius is the length of that vector. To obtain a general expression



3L
for the length of the row vectors in each submatrix Ds we may denote its

_ uth Tow a8 3%11’ s =2, 3, ¢00, ko Then

x! =x!' +xt + ... x!
Ssu 5111 x‘u2 zus
where 5"1 , ;:1 s seey 5& is ths:u=th set of s rows of the first order design
1 72 -8 :
matrix Dl' Now since

1]

1 _Jgé
[l‘. D1] = s -

1@:

and [1 Dl]' [l Dl] =1 In we have

ggg_gc_jﬂn-l=k, i=]
= =1, ié 3.

The square of the 'lengbh of the row vector g_céu can be written

s(n-1) + 2(;) (-1)

s(n-s) .

Thus the radius of the eiperimental points in-the submatrix a.st
of the design matrix D must follow as
2 2 2
ry (aSLS) = ag s(n=-g)
1

r, = ag [8(n~-s) ] Z,
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It is evident that rg=r since the points ars reflsctions of each

n=s
other through the origin.

7.2 Radii for the Standard Solution
For the particular set of radius multipliers of the standard
solution, i.e., a = (E:i)-‘&, the radii will be

. 1
ry = D" F [aee)) 2

A summary of the radii for k = 2 through 8 of the standard solution

rotatable designs follows in Table 2.

Table 2. Radii of experimental points for standard selution
rotatable designs

¥ n T o & s Y I T
2 11 101 |

3 1.73  1.68  1.73

L  2.00 1.86 1.86 2.00

5 2.2h  2.00 1.92 2.0 2.2

6 2.5 21 1.95 1.95 2.1 243

7 265 2.20  1.97 1.89 1.97 2.21  2.65

8§ 2.83 2.3 1.98 1.8 1.8 1.98 2.30  2.83
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7.3 Singularity and Near Singularity of Moment Matrices
It is shown in (12) that a set of points can have the moments of a
rotatable design of order 2 but be impractical as é. design since it leads
to a singular momenf, matrix. The singularity arises from a dependency
between the columns in the X matrix for the b0 and quadratic terms,
bll’ b22, vouy bkk The situation is easily remedied, however, by the
addition of center points to the design matrix, so that the appearance
of this property need not concern usltoo rmach. '
~ As shown in (12) the moment matrix will be singular when the
standardized fourth moment constant M achieves the value .
N o
B 9
implying that the design points all lie on the samé hypersphere (4). For
the designs arising from the étandard solution for a, we have .

o S (3 5

At = (n2§n~l2) go1 571
L 6N
_ et - 2)
132
n=2\% |~
o [s 2]
where we have used N = 2% - 2,
The value for A} is equal to the singular value (E-%é') when k = 2

and remains close to the singular value as k increases, as is showm in

Table 3.
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Table 3. Comparison of Xﬂ to its singular value

I 3
2 .500 .500
3 .600 601
it 667 670
5 T 72l
6 750 769
7 778 811
8 800 -850

Since the addition of center points has no effect on the moments
except to changs N we see that the addition of N6 center points will

change Xﬁ by a factor of 2% - 2 4 Nb. The addition of center points
’ n

2" -2

serves other useful purposes however. First it provides an estimate of
error for testing the adequacy of the model and secondly it affects the
shape of the variance function (12). As is true for other designs

(e.go, factorials) which might be used in response surface experimentation,
the variance of an estimated response is usually relatively high at the
center of the design, decreases to a minimum and then rises rapidly as

) =,A§7:£ approaches the radii of the outer design points. By adding
the préper number of center points the variance at the center can be
reduced so that the variance is more or less uniform over what is usually
the principal region of interest. If the mumber of center points
required to attain this is not economical a compromise can be reached.

In geﬁeral it is suggested in (12) that uniform variance can be
a@proximated for rotatable designs by adding sufficient points at the



center to equate the variance at p= O to that at p= 1 in terms of
standardized units (L.e., x; scaled so that Sxo, = N). For the
unstandardized units usually used in actual d:signs this implies
squating the variance at p = O to that at p = /i'z_'
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8.0 ADDITIONAL SECOND ORDER ROTATABLE SIMPLEX~-SUM DESIGNS

The standard solution for ag affords a set of rotatable designs
for all k >2. When k >5 however, we shall demonstfaté that other
gpecific solutions' for the radius multipliers are possible. Further,
since the number of experiments required by the standard solution soon
becomes excessive we shall seek sets of radius multipliers which include

some zeros thereby providing smaller, reduced designs.

8.1 8Solution Space of Radius Multipliers
We have shown in Section 5 that for second order rotatability we
must find values for a_, s =1, 2, ..., k, such that Eag GBl(s) =0
and za’; Gm_(s) ‘= 0 where GBl(s) and Chl(s) are the coefficients of
the moment components of Dy (Table 1). When those values are found it
wag shown fbhat. the othg:f moment requirements were automatically satisfied.
To state these requirements in a more convenient form for our present

problem let us define vectors of linear components

a2 = (298, .c0a ...ak)'
ay = (a{ a% oo ag cee aﬁ)j = (a._L3 Byg o By oo aks)f,
LoL L l
and g - (a.l g eos 8y eee a.k)' = (alh 85), oo By °°°‘akh)'.
Let us also define row vectors

84y = (059(1) C(2) wuves Cgy(s) uens Oy (1)),

8y = (chl(l} chlgz? ceees Cu1<s? ceees O (K)),

whose elements are the moment component coefficients-
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We may therefors restate the requirements for Asecond order
rotatability in our present situatlion as that of finding a set of radius
1 = \ = Q.
multipliers such that %153 0 and Qﬂl-a-h 0. But if we choose symmetric

values of &> such that a, = a, o5 We have shown previousljr that

_(251_3;3 = 0, Thei'efore, calling any vectors 53 and g_u which are derived
' fi'om symmetric solutions, gymmetric wvectors, we may further simplify
our problem to that of finding all symmetric vectors g, such that
1
9-17;15-).“" 0. We must also add the restriction of course, that 8 >0
The restriction of symmetry on the vector &, has the effect of

confining its values to an m dimensional subspace where

mns= %, if k even
and
ekl

m=_-2—,ii‘kis odd.

This is evident since ?‘h has exactly m elements which can be varied
independently, the remaining k - m elements then being determined by

the relationship ag = a

n-s ® The elements of gm are symmetric in a

corresponding way as was shown earlier. Hence for convenience we might
consider 2, and g_ul as two m ~ dimensional vectors and use the fact that
m~l independent vectors can be found orthogonal to any vector in m-space. -
Thus if we find m~-1 independent solutions to the equation gﬁl% = 0 they “
will form a basis for the solution space of all possible veétors satisfying
the equation, (i.e., all vectors in the m=l space orthogonal ‘co‘ th) o

Since the elements. of _C_lm are of mixed sign it is c¢lear that solution

véctors can be found which fall in the positive 2k ~drant.
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8.2 Specific Solutions '

We will now obtain the m~1 basis vectors Yoo Ypr *cc Tgel for
k=3, L4, ... 8, selecting them to contain the maximum number of zero
elements possible. Where zero's can be introduced, the equivalent
designs will, involve fewer points than the standard solution since any
submatrix with a zero radius multiplier, corresponding to points at the
origin; may be eliminated from D without altering the moments. All other
designs, resulting from the orthogonality relationship, can be derived

from these basis vectors by taking linear combinations

g = dl‘fl + dzyz + oo + dm-iYm-i’
where the d,'s are any constants Sﬁch that g >Q.

It wfi.].‘l.Abe recalled from the discussion of the standard solution
that the two factor design is an anomaly in that its rotatability does
not result from the orthogonality relationship. For k = 2, Qﬂléh #0
and hence a specific solution does not follow in the usual way;

When k = 3 m = 2 and hence only one solution, the standard solution,

is available, (yl = g,h) .

Therefore
. \] > o, [~ T
91;1% = (1 =4 1) 1
‘ 1
E B
= l wd
- L

a= (1 2 Hr=8 L ,

1
where the k elements of the vector B % are the 1:’5"3 L

values

of the standard solution.
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The one modification of thé design possible, of course , 1is
multiplication by a constant (i.e., g = dlYl) which merely amounts to
a scaling change.
When k = 4, againm = 2 and the standard solution is again unique

1 g = -3 - [ 1]
Shay, @-3-31 |1
’ i
3
= 0
Z
3
L1
and |
é=(13% 3 1)f=_B_s'o
When k = 5 m = 3 and two independent solutions vy and y, are
possible.

1 = s L - =
th Yy (1 =2 =6 ‘ 2 1) Y3 0.
Here, for the first time, we can obtain reduced designs. Both basis

vectors will be of this type where

n = @030
and -iLL .
g = (Lo 3 0 1)1,

a (1 2-& 0 2-&‘1)',.

The design resulting from yy omits D, and D) while the vy, design omits

D3 from the design.
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To demonstrate that the standard solution is spanned by these vectors

%’%Yl”“%’fz’(l %I z 5

from which the standard solution is obtained,

a=a L F o6k )L o -

Any other linear combination such that &, > 0 would also provide a

solution as for example

3,"2n+tin-0 3 3 & LY
and

-l - -
g =@ 5L 5 4 s‘% 11,

When k = 6, m = 3 resulting in two independent reduced solutions,
‘Q).'LlYi = (1 -1 =8 =8 =1 l)Yi = 0,

y = @ 1 o o 1 1,

v, =@ o F F o0

and the specific solution can be obtained by taking the fourth root of

each element.

When k = 7, m = L4 and three independent vectors of radius multipliers

can be found
9&1*& = (1 0 =9 <16 =9 0 l)Yi = 0

(100%‘001)'

Ny
L}

v = @ 1 0o 0o 0o 1 0t



When k = 8, m = L providing three basis vectors
g).'l,lYi m (1 1 =9 =25 =25 =9 1 1) Yy ™ 0,

D,

\Vol I
o

1
v = (1 o 5 0 0

- 11
v, = @ o 0o Z zF o0 0 I,

y=0© 1 5 o 0o 5 1 0.

Av fourth reduced design can be derived from the following vector

- N 101
%=Y2-Y1+Y3=[01O§g '2-57010]'9

A summary of the radius multipliers used to obtain the standard
solution designs (B E ) and the specific solution designs derived
from the basis vectors, is given in Table L. It can be seen that only
the reduced designs will be practical in most instances when k » ) since
N increases rapidly. Alsq included in the table are the number of center
points required ‘to attain "uniform variance" within a hypersphere of
radius /)‘—2_ .

In order to produce a design using Table L, it is only necessary to
seiect a suitable matrix Dl and by taking all sums of rows s at a time,
for each s of the non-zero ag values, generate the required Ds matrices.
Multiplication of Ds by ag will then give 'Ehe coordinates of the design

points. An example is given in Section 11.
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Table L. Radius multipliers for some second order rotatable designs

Yo, of Experimental Pointe®
Radius Multipliers S hestms | pereere:
k| Design &l a a3 &), &y & 3.7 ag E;R;Eg _ﬁ;ﬂi;}z g:j_._:jt;._ _E;g:;b
2| std. |1 |1 6 3 | 8 5
3| sta. J1 | .8u09]1 1 6 W 6
Li std. J1 | .7598 .7598{ 1 30 | W 2 7
5| std. |1 { .7071| .6389 | .7071{ 1 62 2k
) 1} .8k09]0 8h09 | 1 L2 10
o] 11}o 7598] 0 1 32 8 26 6
6] std. |1 | .6687| .5623| .5623| 6687 1 126 38
v, |1fo Su6) k6l |1 & | 16
y 1)1 0 0 1 1 % | 13 L 9
T} std. {1 | .6389] .5081] .h729| .508L} .6389 |1 25y 59
n o Jtlo 51T 0 Srhjo |1 128 21
Ty 1o 0 .59u6} 0 0 1 86 13
3 ol 0 0 0 1 0 56 10 [ )l
8| sta. |1 .610f Wera| banaf | dera] a0 |1 ls0 | so
p 1]o 0 href vz o 0 1j270 | 26
vy |0 1 74| 0 0 ST 1 0 |20 0
T 110 577U ©. 0 ST 0 1]186 28 80 13

& The "Composite Design' values refer to the composite second order rotatable designs
derived in (12) and are included for comparative purposes. Half replicates of the cube
portion are used for k = 5, 6 and 7 and one quarter replicate for k = 8.

® Manber of centerpoints required for "uniform variance® within o= /N py
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9.0 REFLICATION

Ir it should be desired teo repliea‘bé certain subsets of the
derived matrices this can eésily be done by making suitable adjustments
to the radius multipliers. We will only consider the case where symmetric
replication is used (i.e., Dy and B;s are replicated equally)s thus
enguring that a gymmetric solution for the radius multipliers can be
found.. | |

If we replicate a particular set of submatrices Dy and D, _, ‘\)B
times, the elements 651(8)3 G,:,l(s},. .%31(5-3) and Gm(n-s) will be
miltiplied by V), and the moment equations will become

S ey onter =,

s% W(a)h 62 (8) = 0.
The first equation will still be negatively symmetric amd will therefore .
be satisfied by any symmetric vector. The second equation will be
satisfied if the new Os(as)h equal the old (as)ho Thus

icated
a_ (replicated '\)s times) = ag (t:j%?l/;a ed)
8

and a similar relation holds for radii.
For example, consider the standard solution for k = 3, and miws
patterns of replication. (We will always have Vja = 1, Vja )l = 1/2,

\)333"‘ = 1.) Table 5 shows some results.
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Table 5. The standard solution with k = 3 and

various replication patterns

Pattern Replications Radius Multipliers Radii
Vi Vo Vs |y e 8y T, Ty Ty
1 1 01 1 |1 zMhg 1.73 1.68 1.73
2 2 1 2 | Wb 2k b | 145 1.68 1.5
3 1 8 1 |1 2% 1.73 1.00 1.73
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10.0 BLOCKING

When an experiment cannot be run under homogéneous conditions it is
usually desirable to block the trials in such a way that the coefficients
can be estimated efficiently while the error is confined to the magnitude
of variation within blocks. We will assume that under the experimental
conditions peeulliar to any block the relatidnship of the respense to the
factors remains unchanged with the exception of a shift in level.
Following the development in (12) then we will assume the expected value

of the uth experimental observation is represented by the model
= B % Ko X o o9
Wu ] ow % 51 1Fan ¥ S & :.3 iu ju
th

where B ow is the level parameter for the w  block and Zen is a dummy

variable assuming the value unity when the uth experiment falls in block
w and zero otherwise. |

_ We might arbitrarily define ﬁo as the weighted average of the w's
so that the mgdél above can be rewritten in an equivalent form but whi.éh
is now idep'tical to the model when no blocking is used except for the
addition of an incremental block effeet. That is

m m

Wu=so+i= Bixiu"'i;l J% ij i 3u+w§:;§w(wa w!

where

and n, is the rmamber of observatioﬁs in the wth

centerpoints) and N = %1 n, .
W=

block (including
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10.1 Orthogonal Blocking - Rotatable Designs
It is shown in (12) that orthogonal blocking is obtained when the
4 "2
L.)

within block moment components of the design (denoted by [i
have the following propertiess

1. [i]bma%j gxm=o, w1l 2 ...m

3. [izlbw -

where g indicates smnmé.tion over the n. design points within the -
wth blozkf )

- Orthogonal blocking ensures that, in the normal equations, the
portion involving the regression eoefﬁcients; will be free of bleck
effects and hence the estimation of the vector of regression coeffi-
cients (b) proceeds as though there were no blocking. General formulas
for estimating the elements of b are given in (12) together with |
expressions for their varianeesf The ohly_ depé.rt.ﬁre frofa the analysis
of an unblocked experiment 1s the removal of the block sum of squares
from the residual sum of squares. in esbimating the error.

Simplex-sum designs lemd themselves to orthogonal blaeking in
most cases although not always in manageable block sizes as we sghall
see . o o

From the general formulas :t'or> the moment components of the sub-
matrices Bi, Dys .-+ D we see that conditions 1 and 2 for orthogonal

k
blocking will automatically be satisfied if we use these partiti@ns,' or
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combinations of these par‘bi;bions: of the design matrix as blocks. For
convenience we shall refer to blocking schemes of this sort as gub-

matrix blocking schemes. Submatrix blocking is desirable in that each

B;@ a first order rotatable design and hence provides an easily identi-
fied natural set of blocks for sequential experimenbatiqn. Unforbunately;
however,; these submatrices do net in general satiafy the third condition
for orthogonal blocking, al'bhough' as will be shown later, they come quite
cl@se. '

For a standard solution deslgn the bleck second—momen'b cempenen‘b of
Bs is 1/2
[iib - a2 [i] -EhT §

Now to satisfy condition 3 for orthogonal blocking we would require

1/2
[i }bs (n"“ ns (g) + nso
+ B2 coascmm———C—
"X 2)/2 oequa.lﬁ_ 224 W

-
A (1

where LI denotes the number of qenter points rad‘ded to block s,

(i.eD ), and ¥ = Sn_ . Since the ratio [1°] /), will in

general involvé the ratio of irrational rumbers, it is clear that

exact orbhogona}.ity cannot usually be obtained by considering the

individual submatrices as blocks. The one exception is the two factor

hexagon design where, since n = 3, the binomial coefficients are 1l and

hence rationsl numbers are obtained. This proves the simplest case,

however, of a general orthogonal blocking scheme since whemever k is

even, two orthogonal blgcks are eagily formed by combining 131, 132 ‘e Bk /2

in one block and the remaining half of D in the second block. Then since
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2 .2 2 .2
aS [i }s'an—s [i N3

[1%1,,, = ﬁ a2 1121, Wwel, 2
a=

R

as long as an equal number of center points (if any) is added to each
block. However, since n, = 2K .14 n,, the block size grows quite
rapidly and for meny situations may be excessive. When k is odd ne such
simple orthogonal blocking exists since splitting D(k*l)/? into symmetric
helves resulte in losing the property [i}bw = 0.

This same general scheme can be used for specific solutlion designs
and here, even when k is odd, we ean ferm two orthogonal blocks as long
as k > 5 since in all cases reduced designs exist in which a(y.4ys = 0
(Table L). Thus, with the exception of the k = 3 case, simplex-sum
designs are always available which can be divided into two orthogonal
blocks and only in the five factor design are we forced to use other than
the design requiring the fewest number of points to obtain orthogonality.

A few other designs which block orthogomally exist among the
specific solutions. In these designs the individual submatrices may be
uééd as blocks, but eénter points must be added in a specified manmer.
For specific solution designs condition 3 can be satisfied whenever the
non-2ero ai are rstienal. Referring to Section 8.2 it can be seen that
among the designs listed such solution vectors of radius multipliers
exist for k= 6 (?1), k=7 (Yl’ '\"3) and k = 8 ("l’l, '7’2, ‘7’3). For these
designs values of LI have been found which satisfy 3 and also satisfy
or approximate the conditions farv”unifarm variance® within a sphere of

radius / A, . These blocking schemes are sunmarized in Table 6.



52

Table 6. Summary of orthogonal blocking schemes for
rotatable designs of Table L

Mumber of Points in Block from Submstrix Total Number of Points in Block
Design { Block Sans. Cente Grand
a0y | a0 | a0 | 8D | alo | agg | 209 | a0 | center Points | Totel (n)
» Points Added
std. 1 3 3 2 5
2 3 3 2 5
nons
atd. 1 5 {10 15 7 22
2 10 3 |- 13 7 22
1 6 15 ' 21 5 26
T2 2 18 6 21 5 2
std., 1 7 21 35 63 19 82
2 35 | 21 7 63 19 82
Y 1 7 35 L2 8 L]
2 2 S BT 7 12 8 ®
Y 1 7 |2 28 6 3
1 2 21 7 28 6 3
¥ 1 7 : 7 (0) 7
1 2 2 21 (1) 35
3 21 21 (1) 35
L 7 7 (0) 7
8 1 8 56 6l 10 yn
1 2 % 8 6l 10 7h
Y 1 28 28 5 33
3 2 28 28 5 33
Y 1 8 8 (L) 12
1 2 % % () &
3 5 % (L) 60 -
N 8 8 () 12
td, 1 6 84 }126 255 Lo 300
g 2 ¢ > 126 8k 36 9 255 L5 300
1 126 135 13 118
2 2 ¢ 126 9 135 13 U8
1 6 |8 120 0 120
"3 2 > 8 |36 120 0 120
1 8l 93 W 107
T > ? 8L, - 9 93 1 107
2 9 (9)(20) | 1819
T2 2 ? 126 126 20) ) |126 133
3 126 126 0} (7) ]126 133
L 9 9 (s)(10) | 18 19
36 (48 8L
T3 3 * la 8 oé &
3 8l 8L 0 8L
b 36 36 (48) 8l
1 9 () 13
"1 2 ¢ 8 8l (7; 91
3 84 8L (7 91
L 9 9 (W 13
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The entries in the body of the table represent the number of experi-;
mental points contributed to the block by the particular column heading
in which they fall. Except for those values in brackets the listed center
points are those required for approximately %uniform variance® and could
be replaced by any mumber as long as they were evenly distributed amongA
bloeks. Those values in brackeis, however, are the numbers closest to
those giving uniform varignce which will give orthogonal blosking. They
cannot be altered without checking for loss of orthogonality.

10.2 Orthogonal Blocking - Nearly Rotatable Designs
Orthogonal submatrix blocking cem always be obtained by adjusting
 the radius multipliers and sacrificing rotatability. Since it will prove
that very small adjustments are required, and hence small departures from
rotatability are to be exp@eted, this appréach has much to recommend it.
However, there is also a major drawback teo changing the a_ values for tE
very general designs being considered here. If the radius multipliers
are adjusted so that they remain symetric, the odd third momemts will
vanish as for rotatable designs; the odd :E'oﬁ»‘th order moments will not,
however. PFurther; as will be recalled from Table 1, all fourth order
nmnén‘hs may vary depending upon the choice of i, J, k £ ‘V‘Henceg | the
solution of the normal equations will in gen.eral involve the imversion
of a matrix having (k2 + k + 2)/2 elements on a side and not having
sufficient pattern to allow a gemeral inverse to be feund. In special
cases, of course; this does not eccur (as for the central composite
design of k = 3 where [1 j k 5]1, [i j‘kzjla and [i 5331 are all zero).

However, since we are dealing with completely general simplex-sum
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designs here, this approach is not too appealing, in that it requires
cdnsidérable computation.

| In the interests of completeness, however, and in view of the wide=- .
spread availability of high speed computing machines, the radius multi-
pliers required for orthogonal submatrix blocking of the Table L desigms
are tabulated in Table 7. These values are based on the number of center
points required for uniform variance and will, of course, vary if the
number of center points is changed. Those designs for which orthogonal
rotatable blocking is available are omitted. }

Comparison of these radius multipliers with those of Table L will
show that the adjusﬁment has been very small and indicates how sur-
prisingly closéiy the submatrices approach the conditions for orthogonal
blocking. In raising these to the fourth power however the difference
becomes more sizeable and is quite effective in causing the unwanted

components of the fourth order moments to be retained.

10.3 Non=Orthogonal Blocking of the Rotatable Designs

A third approach to submatrix blocking is to accept the small loss
in efficiency suffered through using these slightly non-orthogonal sets
as blocks. The estimates of the regression coefficients will then be
the solution of more complicated normal equations but ones for which the
general form of the solution is readily found as in the orthogonal case.
The question then arises, under what conditions will the variange con= |
tours of .an estimated response remain rotatable when the b's are solutions
of the adjusted normal squations. ‘

While the loss of rotatability would be unimportant here, since the

departure would be small, the question is of general interest and worth
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a short digression to develop the 'genera.l conditions under which
rotatability is retained. The development that follows will then
be useful in obtaining the general solution for the regression

coefficients and their variances.

 10.3.1 Restrictions on Non-Orthogonal Blocking Necessary ‘o
Retain Rotatability. Expressing the gemeral model, adopted at the

gtart of Section 10, in matrix notation we have after ordering the
trials by blocks
“ n" XE + z%ﬁ:*

where
nis an N x 1 matrix of expected values ,

X is an N x (k + 1)(k + 2)/2 matrix of independent
variables and is of full rank,
B = (B! BT BE - BRI By By v B Brp Bry oo B,
Z% is an N x m matrix whose column vectors z_ are .
independent of the column vectors of X and ére

defined as

- as D ew @ o om

ém
]
=i

T 3 an e o e o

- - 3
':'["nw is an n, x 1 column vector of unit elements

and Q* is an m x 1 column vector of the incremental block

effects.



| 51

‘The columns of 7* arve dependent since 7 lm = 0 but it is readily
shown that any m - 1 of them are independent. If we drop one column
from z* ( Zin say) the remaining column vectors will be a basis for the
same ~space and hence this will have no effect on the estimates of 8.
We will demote this N x (m - 1) matrix by Z. This is equivalent to
letting 5m = 0 in the mociel and hence the g* vector is replaced by ’an
(m = 1) x 1 vector § whose elements will be different but we are not
usually interested in estimating these parameters in any event. Thus

we may rewrite the model, now of full rank, as
q-i+ e

and the normal equations become
X'Ep + X'7d = X'y

2'Xp + 2'%d = 2'y »
where y is an N x 1 vector of obsertations'and b &nd d are the least

squares estimates of § and 8 respectively. Eliminating d from the
least squares‘ equations for b we_ge'b the usual adjusted normal equations

(XX - 02 [22]F 20X] b = [X - 192 [202] 2] 3,

or letting X' = [X' - X'Z [2'2]F 217 for simplicity

| X'XQ = 3 ¥ . '
Under our assumgtions of full rank above, XX must be nonnsingular and
we have V(b) = [)i"ft]"l 2, It may now be determined under what blocking
conditions Di' i]’l will be of the form required to retain rotatability
given that cuf original design was Arota'table.

It will be convenient to utilize Sehlaflian matrices 'and power
vectors here (1, 2, 30) in a manner similar to that developed in (12).
Letting x' = [1 Xy Xy veo xk} we denote the derived second degree
‘power vector by 3_:'[23 defined such that x! [23_:5[2] = [g*z]z. We will
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also require the second Schlaflian matrix H[ 2] which is defined such
that if z = Hx then z(2] = m(21x(2],

In terms of these matrices then the marginal model, ignoring block .
effects (except for our definition of Bo), may be written

o " B B

where the elements of B, are the same as those in § except that the
1inear and interaction terms are divided by /2 to compensate for the
corresponding coefficients in
5'1{2] = [l,{xlz, x22, xk2 : /2 %5 /rxz, ﬁ-xkg /§-x,lxz eee].
Ih general we will use the subseript s to denote matrices adjusted for

power vector constants. We will denote the moment matrix arising from

the use of power vectors then by X'SIS, i.6.5

g, - 3 o gl

u

Now for V(¥) = V(_:_c'tz] b s) to be a function of x'x = 92 alone
v(y) = 35“[2] [x¢ XSTl _35[23 &F
must be invariant under rotatién. Hence, if 2z = RX, where

%

(k1) by (k+l),
His orthogonal and -Q-k' denotes a k by 1 vector of zeros, then |
(2] ii‘sisfl o121 . 2] pl2] tx':si;'l rl21402]
and since this must hold for all 5[2] we may take advantage of the
uniqueness of the inverse of a matrix and write

ux_ = mi?l g g2,
s's g's
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Hence

-1 (2] (2] [2] -1 [2]
- Xt ! 1 - t
x;xs xs Z[Z'2] Z'Xs = R x;XsR R? X;Z[z Z] Z'XSR, .
But since the original design matrix was rotatable this implies
-1 - nl2] -1 (2]
X; Z[Z2'Z] zvxs R st Z[ZfZ] Z'XSR .

To find the conditions this imposés on the block moment components,
we will define the vector t = [1 tl t2 voo tk] and the generating

function
I 3 N 3
Q=" P &
where

w]
s XY ZI[2Zt 1
Ps Xs Z[2'z2] " Z Xso
Then if we define u = Rt and impose the requirement

RTIC PRt JPRIC PRI IR N )

this implies that Q must be a function of ufu = yi;_ = p2 only, since Q
is invariant in the k dimensional space of t., tz, cuoy tk under a
general rotation to new axes Ups Uys ovey Upo Hence, since Q is a

polynomial of fourth degree in the ti’ it must be of the form

k
2 2.2 .
Q ae+8‘2§ti+ah(§ti) .

The conditions on the block moments can now be obtained by expanding

the quadratic form _t_'[2] Ps _13[2] and equating the coefficients.
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Inverting 2'Z (25) and performing the necessary algebra, we have

2212717t =

]
]
i

sEEEEEss T

]
[

1 LY 1 t ]
wﬁl -J_.n nvcou "Nl -%‘n
agtny ¢ T WAy
mmmmmmm o oo s o e o o o e
11 ot 1
e e GO t nwoon, - 1'
) )‘!’“zl'.’au ] ¥ 'J‘“a"f,’
] [}
H ]
* s n...u LI B ]
b} ]
ﬂ-‘nﬂ-mﬂﬂu-ﬁ ﬂﬂﬂﬂﬂ o 3 e
1 ol 1 .
- § (o o ]
'N:'-l'-nm-:uz ; ,(nm ¥ J'mml‘n

and partitioning Ps into constant, quadratios linear and interaction

submatrices we have

[} ' i ] ™
On th 1 ch 1 9—21{>
1 . 1 ’ 8 P4
™ @ of w oo @ e on off @3 o @ o e off €2 @ @ o @ @ @
0 . b 0
] ] 1]
O% v Pop /T Py /7 Py
. 0 ] : ]
TR e e e e -
g . ] [
G /7 By, 2 Py 2 Py,
] “"9 nuaﬂw
I T T aTTss=""
g ] 2 .
—(k)u»/é_ Fhaan)e 2 PBa1). 2 Paiym)
Y - :

(%2) vy (42)
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th

‘ ’ where the element in the 1™ row and j'bh column of the submatrix

rx29 42 2
. 1 [
P is 2[ ]bw S)bw-%z-, i, 351’ 2, -;ak

22 % n,
2
[1°Y,, [3]
PZIiswﬁ bgw b 1, §=15 2 oo k

(1%, 139}, i1=L 2 ..k
Pa(11) 18 ;ﬁi o’ 33 =12, 13, ... (k-1)k

‘ W
< {ﬂbw [*ﬂbw |
P., 1 —— i, =1, 25 «.. k
ntt g —w pmhe

P11)(11) 1® w§ [iitlb“nijjt}b" ) 30, g0 =12, 13 o (k=1)k.
The factors /2 and 2 arise in P_ since we will express the moment
. conditions in terms of the elements of P rather than of P_.
After expanding Q and equating coefficients, we find that ten cone
ditions must be satisfied if rotatable variance contours are to be
retained after using non-orthogonal blocking with any rotatable degign.

In the following, all summations are over w = 1, 2, ... m.

11212 «
1. 3 stant 1212 ...
. nw = gon 1Gy = 9 “os k

1212 TN W ) -
anQE ]'bwjbw+22 j}bw

2.  r s 14 4
25 % = 73
. 2 .
3. = [ = constant, i=1, 2 .. k
W
, [y, 33,
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2
153 [i]
5. E ]bg bwﬂe’ igl,ehook
w

6. 2 [1 wa [j]bw - o 22 [ﬂbw [iﬁbw

n, e
7. Em"‘,;fmb" -0, 14344
8. 3 ua]b’::mb“ =0, 143
9. > iiz]P‘;w[jﬂb" - -S [ijyb:wtiglbw ,  idifde
10.2[13%;{&::3““6’ idid edm.

W
It can be noted that no direct restrictioms are placed on the
individual moment components [ ﬂb‘w’ {izlbw and [i ﬂbrw by these ten
conditions although they may be—implied.unless m is large. However,
it is reasénable in many instances to use blecks which are first order
rotatable, i.e., blocks for which
1;123!3“ = constant for 1 =1, 2, ... k
(i}, =0©
[i3}, =0
Suﬁs-bi#ﬂ'bing these restrictions in the ten general conditions, we see
that whenever blocks are first order rotatable the use of mon-orthogonal
bloeking will not disturb the rotatability of an already rotatable design.
10.3.2 General Solution for Regression Coefficients and Their

Variances -~ Blocks First Order Rotatable. From the preceding seetion

we have the general form of the left hand side of the aéljustéd normal
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equations as XfX = X1X = P, The right hand side of the equation
X'y = Xty = Z[2'Z]"" 2ty 1is-easily found (utilizing the general fom of
Z[2'2]™ Z from 10.3.1) to be

o) -

W A G0 O M A O G OB oY G0 &0 O OF B e o3 o

Ity =

[ o200 8 eooe

m «
¥} - Nw% [133,, ¥,

P,

[

-

where y_ is the mean of all observations in block w, and we use the

notation :
N N N
{ov}= u% v {i}= ugi Xy Ty {17} = u%. Ty X

Since each sutmatrix of a simplex-sun design (D) is imdividually
first order rotatable, we only require the general solution of these
_ nomal equations when [1], = [43},, =0 and [1%]  1is comstent for a1l
- i, in order to provide solutions for any submatrix blocking seheﬁze,
2¢ m¢ ko This greatly sﬁmplifies the solution since the elements of
Py, all become [ S [1%FF /n = A2 / N] and the other elements of P
vanish, Further, X'y differs from X'y only by the comstant correction-
factor subtracted ﬁom the k elementé in the quadratic portion j.e,,
VS [4%),, 7, ~*, { oy )l. Hence only the estimates of the quadratic
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‘ (bii) and correlated b coefficlents will be affected by this particular
kind of non;-orbhogonality- The estimates of the linear (bi)v and inter-
action (bij) coefficients are unaffected since they are in fact orthogonal
to blocks, so that the gemeral formulas given in (12) apply.
The general form of the information matrix when blocks are first

order rotatable, in terms of unstandardized units, is given by

—

B ? % [ 1
co 1 cll'k ' 0 1 0
L—-qu--a-mb--—ﬂ----ln----
[} 1
11 %12 **° 12, 0
v 4 8 ]
Moxyrt= |% &%, 2% %2, O , O
. ] eow ss e 1 B
' e c Con | '
g 12 Y12 °°C Pl ¥
T )
8 s 1 i
0 8 0 v o Tk 0
8 ) i
0 0 ' a%—In
' ' ' Y (-2)_
H ] g
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an,

oyp = A, [(ktl) N - (k-l) N>

oy = A, (N3 nwb"- 3T s

| fizigw
-l
A‘=2?\h[(kb2)?\h-kN§ o 1,

and O represents a nmull mﬁhnatrix of suitable size.
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Since under orthogonal bq.oek‘ing
[y = By 2 :
it is readily seen that in this case the information matrix collapses to
the usual standard form (12) for a rotatable design.
The estimates of the regresgion coefficients may be written as

v k & .2, -
WL oy, - 20 (g {iiy} -k N?[i S A) |

by = N4 [{iiy “’H(Nﬁ

- "h)é {117} - 2th§[1 N
by = ()™ {1y}
Byy = N)"’l {ijy}

‘ Their veriances and covariances are obtained easily from the
informetion matrix. The variance of an estimated response may be

written as

[i"'ﬁ“

V() = A a {2&*2» - 2k 2y (8 e - xﬁ) s 00 [(k2)

(122
- (k NE b"+ 2x2)3p * [(k*l) N, = (k=1) NE ]b"’yp }

The varisnce function defined in (12) as V(p) = (N/o’) V(y) for
standardized variables, i.e., Ex:’?.u = N, becomes

T(p) = A {2(1%2)1& % M(NE }bw - 1) + 2%[(”2)1’4

.,,(kNE j% 4»2)];» +['(k+1)h - (k=1) N} ]b'" ’*}.
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To gain an insight into the effect of departures from orthogonality
on the variances of the estimates; we may define a "mon-orthogonality

parameter® (A, ) as’ .
iw [izjbw n w=1,2 ...m
mr ig 1, 2 e 0 k

Aiw )\2

For first order orthogonal blocking bsy is constant for all i in a

block and we may therefore dispense with the subscript i and use A, 28
‘the block parameter.

Since 2} | 2 4
2 b“ 2 [NE«% +1]
we may write
PRy
(k1) %y = (k1) 25 (NE%- +1)
Vlbgy) = 2
o2 N[(k+2) N, -k (N}-— + 1)}
(1+2) %y = k X NE%
V(b)) = — )
N(k+2) N, = k hg (NE%’: + 1)]
2

If we let @ = Efﬁf » ( 0< 0) and differentiate ta find the rate

of change of V(bﬁ)s for example, with respect to © we. have

OVby,) 2 |
oe - [(k+2) % - k xg e+ P

Hence, since the slope is strictly positive we have that v(bii) is
minimum at © = 0 (i.e., when the blocking is orthogonal) and is
monotonically increasing as 9 increases. Similarly

IVee,) 2 o

99 [(82) - k%o Mo+ V)T
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(The slopes must remain finite under our original assumption that the
model is of full rank since the denominator is the same as that of the
elements of the information matrix.) \

The magnitudes of the A, for the standard solution submatrix blocks
are listed below when center points have been added to approach uniform
variance. Thesé values wi‘ll serve ‘to indicate the magnitude of the

parameters since the specific solution A, are of the same order.

Teble 8. Non-orthogonality parameters for submatrix blocks

k By Ay [ by, Ay Bg By Ag
3 -.0071  .0142 -.0071 |

h‘ 0012 -.0012 -.0012  .0012

5 0021 0041 -.0124 0041  .0021

6 -.0012 -.0021 0032  .0032 -.0021 -.0012

7 .0012  .0003 =.0018  .0006 -.0018  .0003  .0012

8  .0004  .0002  .0003 ~.0009 =.0009  .0003 .0002 .000L

The tabled values also illustrate the properties of the A, that are

evident from the formulas, i.e.,

I PRy

by = By

and for symetric blockss




11.0 A CONVENIENT REDUCED DESIGN FOR k = 7

The design derivedbfrom the basis vector, 3 for the seven factor
design in Section 8.2, has several interesting features which will be
discussed here. Since it requires but 56 points (plus center points) to
estimate the 36 coefficients of a seven factor second degree polynomial,
it is ex$ramalyrafficient. The comparable central composite design (12)
requires 78 points (plus éenter points) .

11,1 Construction .

The vector of radius multipliers which defines this design is

a=(0 1 0o 0 o0 1 o) ,

and thus utilizes the points specified by the ﬁatrices D2 and D6 only.

In seven dimensions it is possible to find a matrix Dl’ giving the
coordinates of a regular simplex, which involves only the two levels =1
and +1, for each factor. Consequently D2 and Dé will only involve three
factor levels. This design is therefore a desirable one from the stand-
point of the experimenter who, as a result of physical or financial
problems, is often forced to keep the number of\different levels of each

factor to & minimum. It will also be recalled that D2 and D6 form

orthogonal blocks.
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The 8 x 8 matrix [1 D1] which can be used to generate this design
is

1
i

1 1 1 1 1 1 1 1
1 1 1 <1 1 -1 -1 -1
1 1 -1 1 1 1 -1 -1
1 1 -1 <1 -1 1 1 1
1 <1 1 1 <1 =1 1 1
1 -1 1 -1 <1 1 -1 1
1 -1 -1 1 1 -1 -1 1
T 1 1 1 '-i_

Its squared vector length is eightv, as required, and all rows and

columns are orthogonal . ‘
The derived metrices § D, and 5 D are shown in Table 9. Since
multiplication by a constant is permissible; we will define our derived

design matrix D therefore as
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Seven factor second order rotatable design

Table 9.

in three levels

Dg

1
Z

-1

-1
-1

-1

-1
-1

-l

-1

-1
-l

-1

-1

=l

-l

-1

‘-l

-1

-l
-1

-1

-1

-1

-1

=1

-1

-l

-1

-l

-1

=1
=l

=1

-1 -
-l

wl

=1

=]l

=l
-l

=l

=1

-1
«l

-1

=1

-1
PR
-1
-1
-1
=1

-1

-1

-l

-1

-l

-1
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Obtaining ?\L elther directly or, as shown below, via the general

formulas, we havé

(12521 = 3y = 3 alsf ChE-3
1 =y - S i

3 ;%_;

The singular value ‘IE'-I’C-_'E equals -; also and hence thls design
requires center points in order to make it possible to estma'pe all
coefficients separately. The singularity is readily detectable also by
noting that all design points lie on the hypershere of radius /3 -

» 11.2 Projection Into Legser Dimensionaii'by
- Orthogonal projections of this desipn into lesser dimensionality

will also provide second order rotatable designs. Projections parallel
to one or more design axes provide simple, easily obtained designs.

Taking as an ‘example the projections of this type- into three space
we find that two distinct designs result. The first is typified by the
projection on the axes of columns 1, 2 and L of D (parallel to axes |
3y 5 6 ;7)‘ and turns out to be precisely the design ob'bained in
Section 9. In this design eight replicates of a,D, were taken resulting
in the cube with vertices at all permutations of (1 * 1 % 1) and eight
replicates on each of the faces at (£ 1 00), (0 %1 O) and (00 1),

The éecond projection is typified by taking the coordinates of |
columns 1, 2 and 3 (projection paraliel to axes ljy 5 6, 7). Here we

obtain from a2D2 the vertices o:f' a cuboctahedron, i.e., the points at
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the midpoints of the edges of the cube obtained above. Ingide this
figure, with vertices at the midpoints of the faces of the cube, are two
replié:a'bes of an octahedron, and, finally, four center points. These
twenty-eigﬂ'b points from D2 superimpése on those from D6 and hence only
one séf is required. A three level second order rotatable design is thus
obfainea requiring twen'by;-eight points. The projection of the design
inherits the same value of XL but the moment matrix is no 1oﬁger singular

glnce k has changed.

= 7 -
}\L §' 778
k
—2 = % = .&O

11.3 Relation to 3' Design

/

Tt is interesting to note that this seven factor design matrix

1
5D,

1
3 D¢

is a piece (or improper fractional replicate, since j.t is a -E,?) of a

37 design which, after adding sufficient center points, giveg estimates
of all second order terms. Its projections into lesser dimensionality
will yield 3k designs (k< 7) with similar properties if orthogonal
projections parallel to sets of design axes are used. The matrices D3
and D5 give pieces of a h7 design (each is a f? replicate) since the
values 3, 1, =1, -3 are generated. In this case, however, we have shown -
that second order rotatability cannot be achieved without adding Dl and

D, to the matrix. D, and D5 by themselves, however, have orthogonal

7 3
columns and are, therefore, useful designs in their own right.
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Future work may show this to be a fruitful way of obtaining useful
pleces of factorial designs.



4
12.0 SUMMARY

It has been shown that second order rotatable designs in k factors
can be generated by using the k + 1 rows of any minimum k factor first
‘order rotatable design matrix as a generating set. The required first
order design matrix is easily obtained by taking any matrix with k
orthogonal columns and n = k + 1 rows, normalizing the length of the
column ‘vectors to /n, and removing the column means from the elements
of each column. Ca.liing this matrix Dl’ the additional matrices

k
matrix whose row vectors consist of all possible sums of the rows of Dl

Dp» 133: sees D3 .00y D can be generated where each D 1s an (2) by k

taken s at a time. Defining the N by k design matrix D, (N = 2" = 2) as

55

it was shown that by suitable choice of the radius multipliers

8ys s eeer B the matrix D could be made to satisfy the moment con-
ditions for second order rotatability.

A solution for the radius mul'bipliérs, called the standard solution,
was found which holds generally for all k and requires that

-1/4
ag = (2’5) ) g=1, 2, ... k.

Designs obtained from the standard solution, however, all require .2

points plus any added center points and hence for most applications these
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designs become excesslvely large as k increases above five. Additional
designs, called reduced designs, were then found and tabulated for
k=25, 6, 7, 8. These were more conservative in the number of points
required since some of the radius multipliers were zero allowing the
corresponding submatrices to be omitted from the design matrix. General
expressions for the radius multipliers of reduced designs were not given,
but a simple procedure was outlined which could be used if designs in
higher dimensions were desired. A means of obtaining additional deeigns
for 5< k £ 8 was also provided.

It was found that designs generated by this method did not satisfy
the rmomen'b conditions for third order rotatability for k £ 8.

A means of replicating submatrices arbitrary mmbers of times, with-
out destroying rotatability, was given. This provides an alternate means
of obtaining an estimate of experimental error in the event that center
point replication is not desired.

Blocking procedurés, both orthogonal and nearly orthogonal, were
provided for these designs. In connection with the latter blocking
schemes, a general theorem was proved showing the block-moment conditions
necessary to retain second order rotatability when the regression
coefficients are estimated by least squares taking into account the non-
-orthogonal block effects. It was shown that if blocks were formed such
that each was itself a first order rotatable design, this would be
sufficient to ind'ureu rotatability. This implied that any submatrix
asns of the simplex-sum designs could be used as a block. General
formulas for the regression coefficients and their variances were found
under general conditions of non-orthogonal first order rotatable
blocking . '
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~ An extremely efficient second order rotatable simplex-sum design for
geven factors was discussed ag an illustration requiring only fifty-six
points and three levels of each factor. It was shown that the pro;jec'biohs
of this design produced useful three level designs in lower dimensionality.
| In order to obtain general expressions for the moments of simplex-sum
designs, the moments of each submatrix were found as a function of the
moments of D:!.' Since the rows of Dl can be regarde& as the n vector
elements of a finite k-variate population with or‘bhogonal columns, :!;b is
readily seen that the expressions found ere in essence sampling moments
and as such may find wider application than considered here.

The voluminous algebra involved in deriving these moments was sim-
plified considerably by using generalized bracket notation. In orderj to
extend the use of this tool to multivariate populations it was demon-
strated in Appendix A that the same rules used for taking averages 6r |
expectations in the univariate case a.pplif for the multivé,riate
generalizations.

Additional work is indicated in the direction of finding third
order rotatable designs by methods similar to those described here. A
study of the sixth order moments leads one to suspect that third order
conditions can be met by introducing additional flexibility into the
method by some means. The introduction of ﬂirther submatrices by
additional vector summing is a possible candidate.

In the interest of completeness, the derivation of the nissing fifth
énd gixth order moments, which were not required here, would prove useful
in sampling épplicatiohs as well as in a further investigation of third
order rotatability.
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One other avenue of investigation suggested by this dissertetion
was the possibility of generating useful portions of factorial designs
by simplex-sum or related procedures. As discussed in the final chapter,
the fifty-six point design for seven factors can be considered as a piece
of a 3! factorial. Although not the ususl sort of fraction it is
extremely efficient in esbﬁna'bing all second degree coefficients after
adding center points to the basic design. Some additional investigations
along these lines are discussed in (7).
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APPENDIX A

MULTIVARIATE ERACKETS

Following Tukey's notation (26) let us define expressions called

"prackets™ as follows for the scaler (univariate) case:
s

a5

()

. o
;;‘ P, P,
xi X
(PiPp) = =473t

e Pa"z...x"m

q

<plP2”‘ m> ® szs-ﬁ.... (8 = m ¥ 1)

where the sumation takes place over unequal indices and the denominator

consists of the total number of terms in the numerator. These expressions
are "inherited on the average" which is to say that their average or
expectation over all samples 6f size s is equal to the same function of -

the n population elements.
n% p1P2 P

» | Oobx
izE..g i)
Ave [ (pyPpee-py) 1= (PyPpeeepy) ' = SRS m+1

In exﬁending this notation to a bivariate population [x y] the
bracket (1 2) for example, can take on several meanings. We shall,
therefore, changs our notation slightly such that
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s
S7 xxy
(%, xy) = —;z-sflju-
These brackets will be the bivariate equivalent of the univariate (1 2)
bracket. An obvious extension of this principle yields multivariate
brackets of any desired order. '
To demonstrate that these brackets are also inherited on the

average we will first consider the bivariate case. Iet z T I P

- then
5

Z 2 _sz2 S".ZZ | '
[}%’i] ”%21*582” or (2)? =2+ Ll (5, 5)

and Ave [( z )2] -%Ave(zz)+-s-§3-'Ave<z, z”) =%(z2}' +§§l(z, z )t

But

Se+y)? S +Sste Sy
n n

T

(Ryre {52y 1 e 20 ),

and

| Staper) epy)  Shyx + Sty + 25Ty
(= z>f ) BEICS) . = n(n%lj : ,j

(zxYt + (y,y )t +2(xy)!".
Therefore

wwe [(32) = H(2y 1+ (B0 e 20y )0 + LR ((xx )y

+(ry)r e 2{xy)n.
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Alternatively we may expand ( z )2 before taking the average over all

samples

(z)% = -i_f:((xz)+ (y?) + 2(:w>)f£s—;-1-}-((x,:c>fr (v,7)
+2<x,y>)
Ave [(z)a]ss'l(Ave[(xz)]-rAve'[('yz)]-l-EAve[(xy)]

+ L8 (hve [(x,x )1+ hve [(3,7 )]+ 2 hve [(x,7)]).

Recognizing Ave [( xy')] = (x;y- )' since we can redefins Xy, a8 a
new population whose elements are ui = ’;iyi and use the univariate

property of the brackets, we can write
ave [(z )1 =2((F )+ (B)r+2(ay)yn + B ((xx)

+ (yy )+ 2have [(xy)]).
Equating terms wiﬁh the previously derived expression for
Ave [(22>] we see that

ave [(%7 )] = (xy)'.
By a s:i.milar.series of operatiohs we can begin with (z")B and take
the average before and after expanding in terms of x and y. We will then

have upon equating terms

hve [ (x,%,7 Y1+ Ave [(%,7,7 )] = (x,x,7 )1 + {(xy,57)?

or
Ave [{ %%,y )] =(x,x,7 )! + Ave [({xy,7)] =~ (%7,5y)! = 0.
Since this equation holds for all values of x and y consider the

two populations of n values
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Y = gz

y = (@ xn.
Substituting in the above for each

Ave [<x1,2<‘1,y1> ] - <x1,x1,y1> '+ Ave [( :L.L’yl’yl >]

- <x_'|_‘9y1,y1>' = 0

and

L Ave [ <JLl,X'1,yl> ]~ L <'x1,x_|_,yl> 4+ 2 Ave [<x1’y1’y1> ]

= 2("]_:3’1:3’1) 1t = 0,

If we define the vector u = [u:L u2]' where
w, = Ave [<xl’xl’yl )] - <x1,x1,y1> !

112 = Ave [<xl’yl’y1 > ] = <x1’yl’yl ) !
we can then consider these equations as two homogeneous equations in two

unknowns

Clearly, only the trivial solution, u = O, is possible since the

coefficient matrix is non-singular. Therefore we can write

Ave [<x'_l_’x1’y1> ] = <x_'|_’x1’y1> '

Ave [ x'l’yl’yl l= <3Cl’y1’yl>"°
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This procedure can be extended step by step indefinitely for ( Z )"(
since the same function of the zi's is obtained whether the average is
taken before or after expanding in terms of x and y. As a consequence,
upon equating terms all will cancel except those («=1) terms of order «
which equate in total and must then be proven equal term by term. A
procedure ¢ofresponding to that just discussed for the case £ = 2 will
lead to & set of homogeneous equations Aug = Q with a non-singular
coefficient matrix. We can therefore say in general that the bivariate
brackets are inherited 6; | the average.

To e:gtend to trivariate brackets we let g = Wy I ] and
proceed again in stepwise fashion beginning with ( z )3 and proving
Ave [(w,x,y )1 = (w,y,z)"'. It is evident therefore that multivariate
brackets in general are inherited on the average since we can proceed in

this manner to any order and any number of variables.
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APPENDIX B
DERIVATION OF GENERAL MOMENT FORMULAS

B.1 Introduction
Using this convenient property of the bracket expressions it is
possible to derive the genersl moment formulass for Ds' In finding the
sampling moments of means of samples of s drawn from & univariate

population of n we seek

* Xyt coe t X

hve [(—f——B)%] u 4ve [ (x) ).

If we consider the n elements in the i~-th column of Dl as the population
then the Séme column in Ds contains all possible sums of s from this

population. Therefore
) o«

o 1
[i]""iz. S e > (x, v Xt e+ X
g N 2 L &, <icn iul iu2 i.ues

- N'ls"((g) Ave [(x)’(]

where Ave [(x ) '(] must be multiplied by g~ because [i’(] s involves sums,
not means, and by (:) to bring the average value up to the total moment

of all (:) terms. We may write in general then
& & oA - ,(‘ « o
[1 122 . x k]s = N 15"(2) Ave [(xl) 1(x2'> 2 oo (%) k]
where the general row vector of Dl is considered as the k-variate vector

(xlu Xy oo xku) and Ave [(xl)’(l( X, >°<2 (xk')’(k] represents its

sampling moments. We denote the order of the moment by « = 2«41.
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The bracket notation previously adopted therefore is conveniently
usable in the same context, where (xi) denotes summation over an
arbitrary sample of s rows and ( xj_) ! sums over the entire column ofv
n Tows. |

To find [i]  we proceed as followss

(13, = N0s(3) ave [(x) 1,
Ave t("iﬂ = (x )= I o= o,
) n
['i]s = 0.
B.2 Second Order Moments
Similarly,
(131, = VL2 ave [(x) (%),

(K * K ¥ oee Xgo) (Ko + X +..,¥x)
Ave [_& i2 - is’ 41 -'i.2ﬁs s ]

g Y- 4
Exiuxju 2 xiuxjv

= ];'Ave [-ET—-+ (s"l? E‘LETSTID- ]

Ave [<xi><xj )

-:-'-Ave [(xixj) + (s-l)(xi,xd}]

=

s

((xixj Yt o+ (s-1)( xi,xj)- 1.
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In all summations that follow we shall sum from 1 to n over each of

the second subscripts, (u, v, t, etc.) unless otherwise indicated.

2

(xg%y)! “Zﬁﬁfm‘o

n(n=1)

, 4 | :
, (xi’x:)>' ,%&gﬁ, E:iil.ngg zxj%:fm-o’

[13], = 0.

The final step oi‘ expanding the brac;kets into single index summations,
i.e., in terms of the moments of Dl’ can be accomplished most easily for
the more complex summations which occur in the higher moments by using
tables of syxime'bric functions (16). These tables provide formulas for
the univariate summations only but are extremely helpful for writing out
their multivariate generalizations. Illustrations of this will appear
in the derivations which follow. "

[12]s = N 1s2(5) ave t(xi 321,

' ' + + oo0 * X
Ave [ (x4 )2] = Ave [(-x-j-'-:’i T52 - j.._g_)Z]

= Ave [§-<x§_> + @(xpxﬁ) ]

1,2 -1 '
=s(x) =)
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2
2 x:i.u n
n n ’

(%

E"x Xy, Ex 2" Exi -1 | 11
<xi’xi>'= nin-lsv n(z%l) = n(nr-!ﬂ- " -1’

Ii=S

Ave [< xi>2] s n-1 sZn-15 s

[1%1,

-3 n=-
s!Zn-sS! sin—l} (5-2)
Or, in the more general case where Exgu has not been standardized to
equal n, '

2 =2 -2 2
[1°] @)Mih (o) [,

B.3 Third Order Moments
The general third order moment [:l.:)k]s can be derived in the
followlng manner

[Lk], = Nl (5) Ave [ (x;) (%, ><xk )]
avs [(xy) (%)) (%) 1= 35 (v [(xymm ) + (a1 ( (o)
+ (xj’xixk> +';'<xk’xixj> Vi (3;1) (572),< xi,xj,xk) i)
- -:-i [{= jxk> + (8-1)(< jxk'>

+ <xj,xixk > "+ <::k,xixj >') + (s-1)(s-2) <xi’xj’xk> '1e
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Utilizing tebles of symmetric functions (16) to expand the brackets

CEEINE E.J.x_i.%clu_x.&u_ - ;ll\l[ijk]]-,

Z_Li%% = 2 xj._l_l; D e

<xi’xjxk> ' = n(n-1)
N
= = Sy (13l
<xj:xixk > ' »= ;]T:Il:iy[ijk]l’
(Bppxgxg) ' = - nzﬂ-ﬁ[iﬂklr
2""1 X'kt
<xi’xj’xk> ' = nin—lsuZn-Zs
B l ) ’ N .
= n_'in-lﬂn-zs [ExiuzxjuExku - (Exiuxjuﬁxku
* Exiuxku Exju * ExjuxkuExiu) * 2§xiuxjuxku]'-
2N |
| = Dy [k,
e 13y X)) 1 = gy - 2B+ BER{ERD a2,

- Ngn-s)gn-zsl [ijk]lo

s°n(n-1) (n=2)
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\

Substituting this result in the equation for [ijk ]s

il = 1)) &y (ool (arlel oty = {228 (72 [ag,.

In the precediixg derivation we have implic_itly assumed that s (and
hence n) is strictly greater than 2 since ( Xy 5% j’xk> does not exist
for s = 2, However it can be seen that after taking averages the umwanted
term invblving (xi,xj,xk) ! will vanish if we let s = 2 (or § = 1) since
its coefficient (s=-1)(s~2) vanishes provided s¢n and n s 2. In 'general
we will follow this procedure where the expansion in terms of brackets
will assume 5 > % (implying n > «) in order to obtain the most general
expression for the moment. The same argument holds however, mutatis
mutandis, so that the formulas are valid for s =1, 2, ..., n = 1 and
n >« When s = n it is obvious 'hha:b all moments vanish by the
assumption oi’ zero means. The only moments required here for n<x are
the fourth ordér moments when n = 3 and these are treated sépa.rately.

To find [132]5 we follow the preceding derivation bu'ﬁ lét k=j.

[15%], = ¥ 162(D) ave [(x,) (x4 Y21,

, S BT P 2
Ave [(xi}(x:j) ] = 2[<xixj> + (s l)((xi,xj> + 2<xj,xixj 1)
8 . , )

+ (s=1) (s=2) ( Xy 5% 45 %, PR

N L 3{a-1§ 2%s-—1gis-2§ 2

= 2 n = 2(-1) F n(n-1) (n-2 )- [43 X
Simplifying and substituting in the equation for [:Lj2 ]s

EERER TG T E R I
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Sinilerly for [7], let k = § = 4.

(2], = W2 ave [(=x; )71,

Ave [( xi)3] = i"'g‘ [(xz)t + 3(s=1) (_xi,xix + (8-1) (s-2) ( x,%,%; ) '],

N_ 1. 3(s=1 2(g=1)(g=2 3
= :f (3 nin-lg * nén-laén-zg] [+7];-
Substituting this result we then havs

[13]’5 gﬁgs (s-l)[i ]1

B.4 Fourth Order Moments -
The i_‘our'bh order moments may be derived in a similar fashion by

first obtaining the general result [1jkl] g

[ijkl] = N sh(n) Ave [ (x; )(xj)<xk> (%71

hve [(x;) (=) (%) (% )] = -f;;’[(xixﬁm ' (D) ((xpxgmen )
+ (EpxgEE Y+ (HxgXE ) <"1”‘1";j"1;> P (xgxgn ) ' 
# (aprgxgm )+ (agEag YD ¢ (o) (s-2)((xi,xj:_,xkx1)" |
* <x;”ﬁc’xj’& YU (xpm,xm )T+ (Xy,0,%0 )

v (mpram ) e (namaaE )

~+ (s-1) (s-2) (S~3)<xi,xj,2a{,ﬁ)f]~
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Using tables of symmetric functions to expand these brackets and
omitting terms containing zero elements of the type Exiu

X, X, )
2 11 nl'lu:xku]ﬁ = %T'[ijkl]l,

X ) -

2Ny | _ -l
% jxk"i> =) il =y L

(all permutations of i, j, k, 1 yield an identical result),

2 u uE Ly uxkuxl
{ %, j,xky_-l)sg _i-__-i_ ﬁf_‘&ﬁn-l) u ‘m‘:ijkl]l

(for all pernmtations of subscripts),

- + 2
T D =i z;ﬁmxlh =y (n—2§5 e

o .
® 2D (aozy L1kl ]y

(for all permutations of subscripts),

(x X ’xk ] > n(niﬂ%—@) (n=3) ( 2‘xiux;ju 2‘xkuxlu * Exiuxlm E xju’_clu'
+ 2 X301y p> ) 62 %1050 ™1

- - 6N
® D (e-D @3y kL .

Suns of the type Sx, X, 1 Eﬁm’&u were written down, even though

equal to zeroc in this case, because for some other fourth order moments

they will be non-zero.
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' N .1 s=1) . 12(s=1)(g=2
‘ Ave [ (=, ) <Xj> (%) (% )= ;5['5 - n%n-—l% * nin—li%n~25 "
6(s=1) (8=2) (5=3) 1 [
- n%ﬁzi}%§12§$i~3;] [13k1]y
| p) 2
N - +n=-6sn+ b
= ‘5[% T e 43kl ]

= Mog)(n=2s) (n=38) = n(s=Dlry5qq ,
~7n(n-1) (n-2) (n=3) S,

Upon substitution in. the .equation for [ijkl] g We have

(1], = ({Ecfeptngel onleslly (i),

In order to obtain [1jk”], let 1 = k in the foregoing derivation.

| . [fi.jkg]'S = N'ls)“(g)- Ave [(xi> (xj Y (%) 2],

Upon substituting for the brackets in Ave [ (x, ) (x:J PREN 21 it is
clear that the same coefficients will be obtained as in

Ave [ (x; )(xj> (%) {x; )] No other term will be introduced since

2 .
the expressions X3 qu Exlm = zxiuxku Sx su¥in = O 38 befors.

Therefore referring to the expression for [ijkl]s we can write

a2 (n=238) (n=38) = n(s=1) ; (M=2y . . 2
1196%1, = (@2lEelm el Th ity

To obtain tijB ]s we lebk =1 = J in the first derivation. Then
[ij3]s = N”ls“(‘g) hve [ (% ) (% }33,

Inspection of the expanded brackets listed for the [ijkl Js moment,
keeping in mind the revised subscripts , again shows that the coefficients
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. : 2 . _
will be unchanged. The expression zxiuxjuzxju 0, hence no

additional term appears. Utilizing the previous algebra we can write

(1571, = [damRelisdel Rl (2 13,

Another fourth-order moment is [izjzjs which can be obtained by
‘ ietting k=iand1l=jin the derivation of [i;jkl]s'o
1125%], = ¥4 ave [(x,) % %) 21,
Again the same coefficient will be obtained for the [12;]2]1 term
in Ave [( xi) (xg ) ] as was obtained in the three previous derivations
for the corresponding terms. However a new term will be added to. -bheb

moment due to the failure of the following terms to go to zéro in the

expangsion of the brackets.

@ressi&n , Added Term
2 2
(x2 2 Y1 Exiuzx;]u - <D
i’xj n(n=1 n-1
2 2
x5, %2\ - D%y Sy, o on
12%30%5 ) (a-1) (n-2§ (n-1) (n-2)
2 2
X.oX x2>l %2%%—2—;12— = o £
( o Rlts R § n(n-1) (n=2 (n=1) (n=2)

S+, 3%
(ryoy 2%y ) ! oD D e " D D)

The additional term to be added to Ave [(x;) 2¢ X )2] therefore

follows as

1 tngs-lz - 2n§s~1%§s-22 + n%s-lﬁ%s-Z;gs-a%] - [gnwszgs-lzin-s-lz' 1,12
g3 = n-l n=1) (n=2 n=1) (n=2) (n=3 g3 'nin-1)(n=-2)(n-3 Ja
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Thereforé

2 2, N -(n=28) gn-gs; -n(s=1) ;2,2
Ave[(xi) <xj> ]=;§[nn-l n=2) (n=3 [idll
n(n-1l) (n=2) (n=3 N 4

The last n2 in the above expression can be replaced‘ by I\Tz[i2 ]1[ 3211
for the more general case where the column vectors have not been
standardized.

Substituting Ave [( X4 ) 2( Xy )2] in the expression for [i2;12]s
and simplifying we have

[1257], = [SR2EmgRl il (W Ry 13242, o (S_,2>ﬂ-

The final fourth order moment, [iLL ] s is obtained easily from the
result for [132] . The added temns in this case become

Expression Added Temm
2 2
2 xiu 2 x:i.u n

(xi’ 1 Sy n(n=1) 1

- Exiu Exiu -0

2
(%ys%gs%g )" e m=2) - (-1 (n-2)

3 2 x:’?.u 2 xzu 3n
( KyoFyoFyo¥y >! nin-1) (n=2) %n-B) n(n=1) (n=2) (n=3) .

The term ( X5 2%y )' appears three times in the expansion of Ave [ ( X,

>h
This can be readily seen by letting all subscripts equal i in the expansion
of Ave [(xi} (xj )(xk> (xl’) ]. In the same way we see that
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(x 5 9%y ,xi>' appears six times and (xi,xi,xi,xi)' once. Ths coefficient
of the additional term is therefore exactly three times that obtained for

the previous case and

' 2
L, N _-(n-2s)(n=3s) = n(s-1) ..l n=-s) (s-1) (n-s=1) n
Ave [<xi> ] 53[ - n(n=1) (n=2) (n=3 [i ]1 *3 n(n=1) (n=2) (n=3

Therefore

1], = r{ac2ei(nge) oon(esl) )(m72y 13242y 4 53 hyn

As in the preceding moment, the more general expression would be

obtained by replacing the last n by N2[12 ]?_ for the case where

E‘xiu # n.

B.5 Higher Order Moments

In order to determine whether a derived design is third order
rota'babie it is necessary to have its momentsb through the sixth order.
However, due to the property demonstrated above, it is not necessary |
to obtain all the moments of any order to determine at least some multiple
of the coefficients that are involved. For the purposes of this paper,
then, it was unnecessary to derive all fifth.and sixth order moments; in -
fact only three of the fifth order and two of the sixth order moments
were obtained. The derivation of these moments will not be given as the
procedure has already been outlined and the magnitude of the algebra
makes it impractical to do 0. Bixty~six different multivariate brackets
are required to expand Ave [( x, ) (xj ) (% ) ] for example.

These results and those derived above are summarized in .the following

table.
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B.6 Low Values of n

The fourth order moment formulas obviously do not hold for n = 3.
This results from the use of terms such as (xi,xi,xi,xi) in the expansion
of Ave [( xi> )‘L]’ and other comparable four subscript summations in the »
other moments. .

Eliminating the contritutions of these brackets, and letting n = 3

we have
1P, =5 @ 2 - 10e-1)] 1187
142523, = 5 Q2 - 7(e-1) ] 14257, + (s-1) WPy [571)
111, = & O (12 - 707 114, * 30D M1,

Utilizing the results of section 5.3 it is easily shown that these.
may be written simply as

[1] = (151, = 0,
112521, = 13321, = 3 14%), (%0,
(a4, = 114, = ¥ a2

Similarly the fifth and sixth order moment formulas do not apply
for n¢5 and n¢ 6 respectively. However, these formulas were not required

for such values of n in this dissertation.



