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SOME FURTHER CONSTRUCTIONS FOR G 2(d) GRAPHS

by
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&
S.S. SHRIKHANDE, UNIVERSITY OF BOMBAY,
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ABSTRACT

A G,(a) graph is a finite, undirected graph without loops or
miltiple edges in which each pair of vertices is adjacent to exactly 4d
other vertices, 4 ) 2. An infinite family of such graphs was given
in L—2J. The present paper gives some further constructions for these

graphs.
1. KNOWN RESULTS

e use the notation and terminology of [-2_7 and quote some

results contzined in this paper.

THEOREM A, A GQ(d) graph, 4 ?, 2719 regular of valence n, such
that v - 1 =_-n1(1rx1 -~ 1)/4 where v is the number of verticesfnd there

exists a positive integer m such that

(1) n1=d+m2r and

(1i) a/m is an integer with the same parity as

v ~1~m.

e note that a Gz(d) greph with parameters (v, n, d), 4 7 2,
is essentislly a strongly regular graph with parameters (v, n1,p111, p121)
where ;)111 = p% = d. By a pseudo Lr(k) graph we will mean a pseudo net

graph Lr(k) end by an N’Lr(k) graph a negative Latin Square NLr(k) graphy



THEOREM B. The existence of a pseudo L (2r1) and a pseudo L (2r2)
1 2

graph implies the existence of a pseudo Lr(2r) graph with r = 21‘1 r2.

THEOREM C. The existence of a pseudo L (2r ) and a NL (2r )
r1 1 r2 2

graph implies the existence of a NLr( 2r) graph with r = 2r1 r2.
|
THEOREM D. Pseudo Lr(2r) and NLr(2r) graphs exist for

m+n-
r= 32 1, where m, n are nonnegative integers (m, n) # (0, 0).

Noting that a pseudo Lr(k) graph is a strongly regular graph
with parameters (k2, (k=1), k =2 + (r = 1)(r -2), o(r-1)) and 2
NLr(k) greph is strongly regular with parsmeters (kz, ok + 1),

~k =2+ (r+ 1){(r+2), (r+1)) we have

THEOREM E. A Gz(d) graph with parameters

(1) v= 4r2, n, = r(er - 1), d = x(r - 1),
(11) v= ar%,  n, =x(2r ¢1), d=x(r + 1),
(11i) v = 4r° - 1, n, = or’, d= 2,

1

exists for all r = 3m.2m+n-1

(m’ n) # (09 0).

, where m, n are non negative integers

2. NEW CQNSTRUCTIONS
‘We first prove some preliminary results.

Lemme 2.1. Let v, b, k, r be non negative integers, k & Vv and
vr = bk. Let there exist an incomplete block design D with v symbols

(treatmenfs) in b subsets (blocks) of size k such that any pair of



treatments occurs together in at most one block. Then a necessary aad
sufficient condition that each block in D intersects precisely k(r -1)

other blocks in D is that each treatment occurs exactly r times 'in D.

Proofs It is obvious that any two blocks in D intersect in at most
one treatment. If each treatment occurs r times in D, then any block
containing, say, treatments t1, t2, esay tk intersects (r - 1) other
blocks containingti; i=1, 2, i.ey ko The sets of (r - 1) blocks con-
tadning t, and tj are obviously disjoint, i # j. Hence this block
intersects precisely k(r - 1) other blocks necessarily in one treatment.

This proves the sufficiency part of the theorem.

Now suppose that each block intersects precisely k(r - 1)
other blocks. Let ri be the number of times the treatment i occurs in

D. Then obviously

Let N = ("13) be the usudl (0, 1) incidence matrix of D with v rows

and b columns where nij =1 or O according as treatment i occurs in

block
blekes j or not. Then from our hypothesis

]
NN = ka+A

where A is an adjacency matrix of order b which is regular and of

valence k(r - 1). Also
NN' = diag(r1, sssny rv) + B

where B is also an adjacency matrix of erder v with i-th row sum

ri(k - 1). Hence



o (@) = T2 G- D) TR
1

2
.+ (x - 1)vr.

i
IV

But

r ((m')(an')) tr (N(N'N)N')

i

= tr N(klb + AN

=k tr NN' + tr N A N!
=k tr NN' + tr A N'N

=k +tr NN' + tr (A(ka + A))

=k g’ri+trA2

P

\
=k vr + bk(r—-1)

vr(k +r-1).

Hence equating the two values of the trace

N
3 Gy -
1

r2_vz~2
1

= g!‘
T

which implies that each treatment occurs T times in D. This completes

the proof of the 1lemma.

We now define the concept of an ascendent graph G* of a
strongly regular graph G with parameters (v, nyy p111, p121). Let

(v v2) be a partitfon of the vertex set V of G where V, and v,

17
respectively cmtain n*; and v - n’{ vertices., Let O° be a vertex
not in V and let G* be a graph with vertex set ( o U V). ¥e define

adjacency in G* as follows: The vertex €O 1is ad] acent only to vertices

of V,. I1f %, y are in V, then they are adjacent in G* if and only if



they are adjacent in G and belong both to V‘I or both to V2, or if
they are nonadjacent in G and belong one to V1 and the other to V2.
* e 2«

If the graph G¥ is strongly regular with parameters (v*, %, Pi}r Pyy

where v* is necessarily v + 1, then G* is said to be an ascendent of G.

We derive the conditions under which a graph G with parameters

1 2 . 1 2
(vy nyy Pyqs pﬂ) has an ascendent G* with parameters (v¥, nfl‘, pﬁ(', p1’1e .

We will assume that G is neither a void graph nor a camplete graph i.e.

n1;!Oandn2=v—1—n1;40.

If G* is an ascendent of G, then G is a descendent of G* with

respect to the vertex @0 and hence from [ 2/

1% 2% * v
Py Y Pyp T T TF

* v+l
=y - 5" (2.1)
n = 2n, - 2p2* (2.2)
1 = < 11 .
1 - * 1*
Pyq =08y - By FPyy (2,3)
2 _ . L 2%
Pyq =10y =Ryt Py (244)
From (2.2), (2.4)
2 2
2p;, = 2ny = pyy)
* 2%
= 2(n} - pyy)



-6 -~

Hence from the usual parametric relation

2 2
n1/2 = Pyy = Pyp (2.5)
which implies that
1 1 '
ny/2 = Pyp = Ppp (2.6)

Also from (2.1), (2.3) =nd (2.4)
1 2
v+ 1= dn, - 2Py = 2Py

2 1
or v= 6Dy — Py ~ 1. (2.7)

Thus (2.7') is a necessary condition for G to have an ascendent.
It is easy to see that for a graph G with parameters (v, 1y, p111, p%)
each of (2.5), (2.6), (2.7) implies the other two. It also follows from
/2.7 that the vertex set V of G can be partitioned into (V,, V2) with
n* vertices in V

1 1
of vertices in G* which are adjacent to oo - Purther, each vertex in V1

and v - n’{ vertices in V2, where the set V1 is the set

is adjacent to p}:’ = n’; -n, + p111 vertices of V1 in G and each vertex in

V2 is adjacent to

2% _ ¥ 2%
Pyp = By = Pyy
0, -p2
= N4 = Py
2
= Pyq

vertices of V2 in G.

Conversely, suppose (2.7) is satisfied for G and further there
exists a partidion (‘11, V2) of the vertex set V of G with n"; vertices in

V1 and v - n;‘ vertices in V2, such that each vertex in V1 is adjacent to

¥



n? -n, + p:1vertices in V, end each vertex in V, is adjacent to pfa

vertices in V2. Then by using arguments similar %o those in.Z-2;7,
(7 %

it can be shown that G* 1s[strongly regular graph with parameters (2.2),
(2.3), (2.4) provided p::, pf? are non negative integers. From the
relation

n* 1% _ n* 1%

1 Pr2 T P2 P

it follows that n: satisfies the equation
_ .2 1 2 2 _
£(x) = x° + x(p11 - 5p11) + v pyq = 0-

The sbove equation is easily seen to have real positive roots.
Since n? is necessarily an integer a further necessary condition for G

to have an ascendent G* is that the asbove equation has an integral solu-

tion.

We easily verify that

' 1 1 2
! 2 1 2
£ (n, -pyy) =-0 + Pyt Ppy) L O

2 2 1

£ (ny = Pyy) =Pyy P2 > O
1 2 1

£ (n, = pyy) =03 Py = 1)

Further, it is easily seen that if p21 = 0, then f(x) = 0 has no integral

golution. Hence, if the equation has &n integrel solution then we can

agsume that p:1 23- 1 and then the above relations imply that

Piq =By "Ry TPy T

2% x 2
Py =Ty =B TPy > O



Thus the condition that £(x) = O has an integral solution n*; is neces-
»* *
sary and sufficient for nomegativeness of Pyqr Pqqe We can, therefore,

state the following theorem.
THEOREM 2.1. Let G be a strongly regul ar graph with parameters
1
(v, N,y Pqyqo p$1). Then G has an ascendent G* with parameters

(v*, n:, p::, pﬁ) if and only if the following parametric and structural

conditione(P) and (S) are satisfied in G.

2 1
(P) v—6p”—2p11-1.

(8) The equation
2 1 2 2
x +X (p11 - 5 p11) + Vv p11 = 0,

has an integral solution n;(' and there exists a partition (V1, V2) of
the vertex set V of G with n’; vertices in V1 and v - n;‘ vertices in
V2 such that evexry vertex in V1 has n;‘ - n, + p111 adjacent vertices in

V1 and every vertex in V2 has p1‘21 adjacent vertices in V2.

The parameters of G¥ are then given by

*-v+1 * 1*__ * + 1 2*_n* n + 2
Vo= y  Dgy  Pqq =0y =0y FPegr Py T 1+ Pqqe

1

It is obvious that any two blocks of a BIBD with A

2k + 1,

have at most one treatment in common. Consider a BIBD with r

A =1. Then the values of v and b are given by v = 21»«:2 - k and

2
b = 4k - 1. Consider the blocks as vertices of a graph G and define
two blocks as adjacent or mnomadjacent. according as they have a treat-

ment in common or not. Then Z_ZJ G is strongly regular with



parameters (41(2 -1, 2k2, k2, k°) end satisfies the condition (P)

of the above theorem. Also the equatic;n £f(x) = 0 has integral solu-
tions k(2k - 1) and k(2 + 1). Take ny = k(2 - 1). If the e -1
blocks can be partitioned into sets V, and V, of k(2 - 1) and

(x + 1)(2k - 1) blocks respectively such that each block in V1is
adjacent to k2 - k blocks in V1 and each block in V2 is adjacent to
x° blocks in V, then the condition (S) is also satisfied. From

Lemma 2.1 this means that the set V1 (respectively V2) contains each

of the 2k2 - k treatments exactly k (respectively k + 1) times.

We note that a BIBD with r = 2k + 1, A =11is a partial
geometry (ry k, t) = (& + 1, k, k). The graph @ is then /1.7 the
graph of the dual configuration and is also a partial geometry

(k, 2 + 1, k). We can, therefore, state the following theorem.

THEOREM 2.2. Let G be the graph of the dual of a BIBD with
r=2k +1, A = 1. Then G has an ascendent G* which is a pseudo
I.k.(Zk) graph if and only if the 4k2 - 1 blocks of the BIBD can be
partitioned into sets V, and V, of )(2k - 1) and (k + 1)(2 - 1)

blocks respectively such that each of the 2k2 - k¥ treatments of

the BIBD occur k times in V1 and k + 1 times in V2.

BIBD's having the structure of the above theorem exist for
k=5 and T. See for example Appendix I in 1—4_7. Hence we have the

following result.

COROLLARY. Pseudo L5(1O) and pseudo L7(14) graphs exist.

Goethals and Seidel / 3 / have constructed a pseudo 1_5(10)

graph in precisely the same manner.



Using the Corollary and Theorems B, C and D we have the

following theorem

THEOREM 2.3, (I) pseivdo Lr(2r) graphs exist for all

m .a ¢ . matc+n-l
r=3 5 7 2 where m, n, a, ¢ are non negative integers

(my n, a, c) £ (o, 0, O, 0).

(11) N’Lr(2r) graphs exist for r = 5% 7° 2%° Ghere, &, ¢ are non

negative integers and for r = 3m Sa 70 2m+e.¢c+n—1 where m, n, 2, C

are non negative integers and (m, n) # (0, 0).

The proof is similar to that of Theorem 9.3 and 9.5 in

/ 2/ and is omitted.

Finally, noting that pseudo Lr(zr) and NLr(Qr) graphs are

Gz(d) graphs we have

THEOREM 2.4. Gz(d) graphs with the following parameters exis?®

(i)V=4r2, n, =r(2r—1), d=r(r—1);

(ii) v = 4r2 -1, n, = 2r2, d = r2;

= . m a _c¢ ,m+arc+n—l :
=3 5 T 2 where m, n, a, ¢ are non negative

L
integers (m, n, a, ¢) # (0, 0, 0, 0).

for all

(1ii) v = 4r2, n, = 2r +1), d=r1x(r+1);

a ,¢ ,atc . .
5% 7% 2977, where a, ¢ arc non negative integers and

with r

. m _a .c ,m+a+ctn-i R
withr=3 5 T 2 where m, n, a, C are non negative

]

integers and (m, n) # (0, 0).

We remark that since our construction is essentially by a
composition method, any new G2(d) graph can be utilised in canjunction

with the above theorem to enlarge s'ch a family considerably.
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