
Abstract

TIAN, MING. Numerical Simulation of the Internal Two-Phase Flow within an
Aerated-Liquid Injector and its Injection into the Corresponding High-speed Cross-
flows. (Under the direction of Dr. Jack R. Edwards.)

The current study investigates the flow structures within an aerated-liquid (bar-

botage) injector, which is designed to facilitate the rapid breakup of a hydrocarbon

fuel jet prior to its entering a scramjet combustor, and the spray structures in the

corresponding crossflow. Simulations of the transient, three-dimensional, two-phase

flow within the “out-in” injector operating at different gas-to-liquid (GLR) mass ra-

tios and in the corresponding crossflow domain have been performed, and the results

compared with experimental pressure measurements of the injector and shadowgraph

images of the crossflow. The numerical method solves a “mixture” model of two-

phase flow using a preconditioning strategy. High-order spatial accuracy and good

interface-capturing properties are facilitated by the use of shock-capturing schemes

combined with second order TVD methods. Also, an immersed boundary method is

used to investigate the probe effects, and a droplet transport model is used in the

crossflow simulations to get more details about effect of droplet size.

The injector simulation results highlight the effects of mesh refinement and tur-

bulence model on the predicted solutions. The pressure drop across the injector is

predicted reasonably well by the computational methodology, and the trend of in-

creasing injector pressure with increasing GLR is captured properly. Predictions of

the absolute pressure level within the injector show some discrepancies in compari-

son with experimental data but agree well with theoretical estimates. The results of

the injector simulations with plenum included are consistent with the results of the

discharge tube cases. If the centerline pressure is close to the experimental data, the

gas mass flow rate at outlet will approach a value below the experimental data. If the



gas mass flow rate at outlet approaches the experimental data, then the centerline

pressure will be higher than the experimental data, but agrees well with theoretical

analyses. The intrusion of the probe has little effect on the flowfield if the probe is

contained wholly within the liquid core, but does affect the flowfield if the probe tip

is in the two-phase mixing region, instead of the liquid core.

The results of crossflow show that the two-phase flow injects into the crossflow,

bends towards the streamwise direction, disperses into a spray plume, and initiates a

horseshoe-shape structure of the jet in the cross-sectional planes. The result based on

the previous injector simulation at a higher inlet gas pressure shows best penetration

height prediction among all M∞ = 0.3 cases. Including the droplet transport model

gives a similar spray structure in the X-Z centerplane as that of the mixture model,

but gives a different spray structure in the cross-sectional planes. The horseshoe-

shaped structure fades away with increases in the droplet diameter size, and the

liquid mass accumulates to the X-Z centerplane.
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Chapter 1

Introduction

Liquid atomization is a process of great importance in practical applications. Today,

implementation of liquid atomization is found in many fields of industry: aerospace,

chemical, civil, and mechanical engineering; pharmaceuticals; medicine; agriculture;

food and others.

Fuels and water are the most commonly atomized liquids. Liquid fuels are the

basic sources of energy consumed by aircraft combustors. The successful design of a

liquid-fueled, air-breathing propulsion system depends to a significant extent on liquid

atomization performance, which determines the mixing behavior and the combustion

efficiency of the combustor. Aerated-liquid atomization (also called “effervescent at-

omization” or “barbotage”), which is produced by the introduction of gas directly into

a liquid flow immediately upstream of the injector exit orifice to generate a two-phase

flow, has been shown to produce well-atomized sprays in a quiescent environment

with only a small amount of aerating gas at relatively low injection pressures.

Refs. [1–8] provide an overview of the development and use of aerated-liquid

atomization techniques at the Air Force Research Laboratory’s Propulsion Direc-

torate (AFRL/PRA). Such techniques provide a means of promoting the rapid initial

breakup of liquid fuel jets into an array of very small droplets and thus are suited

for applications in the low hypersonic Mach number range (Mach 4 to 5), where the

heating load may be insufficient to facilitate the transition of an endothermic fuel

from a liquid state to a supercritical (near gaseous) state prior to injection.

Aerated-liquid atomization techniques involve the direct injection of gas into the
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Figure 1.1: Schematic of ”in-out” aerated-
liquid injector

Figure 1.2: Schematic of ”out-in” aerated-
liquid injector

liquid flow upstream of the fuel injector exit. The aerating gas interacts with the liq-

uid core fluid, initiating a breakup mechanism within the injector. The precise details

of the mechanism depend on the type of aeration. For example, Lin, et al. [6] con-

structed an “in-out” aerated-liquid injector in which aerating gas was injected through

a tube oriented along the centerline of a co-flowing liquid stream. (see Fig. 1.1) At

high aeration levels, the aerating gas filled the majority of the inner portion of the

injector, displacing the liquid toward the walls of the discharge passage. The liquid

jet exited as a annular sheet, rather than a round core, facilitating its rapid breakup

through aerodynamic shearing forces acting on the interior and exterior surfaces of

the sheet. This case was simulated numerically in Ref. [9]. Qualitative agreement

with experimental shadowgraph imaging was indicated, and the general effects of dif-

ferent aeration levels on the two-phase flow structure were successfully predicted. The

“in-out” configurations tested in Lin, et al. [6] proved to be less than successful in

actual implementations. Even though good droplet-size distributions were obtained,
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the spray would pulsate due to acoustic interactions within the injector.

Another design is an “out-in” injector (see Fig. 1.2). In this variant, the aerating

gas is first injected into a plenum, then is dispersed nearly uniformly through an

array of small holes into a tube containing the flowing liquid. This design has been

successfully used to atomize liquid jets exiting into subsonic and supersonic crossflows

[7; 8]. Experimental measurements of the spray pattern indicate that the out-in

atomizer configuration produces a fine spray without the pulsating effect found in the

in-out configurations.

The goal of this computational study is to provide insight into the physical mecha-

nisms that lead to accelerated liquid breakup within the out-in injector configuration

and to the spray structures observed during injection into a crossflow. Such informa-

tion can be used to better predict the performance of such injectors and to enable

design modifications that result in improved spray penetration. Other objectives in-

clude the further validation of the two-phase flow simulation techniques described in

Ref. [9] and the establishment of realistic initial conditions for future simulations of

spray development within hydrocarbons-fueled scramjet combustors.

As an initial step, a 3-D Navier-Stokes solver for a “mixture” model of two-phase

flow is developed. This code is based on the combination of time-derivative precondi-

tioning [10–16] and low-diffusion upwinding methods [17; 18]. A dual-time stepping

method [14; 16] is used to ensure time-accurate evolution of the governing equations.

Chapter 2 gives the derivation of two-phase mixture model utilized in the current

study. Chapter 3 introduces the preconditioning method, presents an extension of

the Low-Diffusion Flux-Splitting Scheme [17; 18] valid for two-phase mixture flows,

and describes an incomplete lower-upper (LU) implicit method [19] to advance the

nonlinear system in time. Chapter 4 briefly describes the experimental procedure,

formulates the geometry, and presents initial and boundary conditions.
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Chapter 5 presents and discusses the results of several simulations of the 3-D out-

in type aerated-liquid injector flowfield at several gas-to-liquid (GLR) mass ratios and

the results of the simulations of aerated-liquid injection into subsonic crossflow envi-

ronments. In this chapter, a one-dimensional theoretical analysis is used to predict

the exit pressure and inlet pressure for cases where the two-phase flow is assumed

isothermal and in thermal non-equilibrium. Also, the pressure probe effects are sim-

ulated using level set method [20–23] and immersed boundary method [24–27]. In

the crossflow simulations, a droplet transport model, which decouples the calcula-

tions between gas phase and liquid phase, is used to get more details about effects of

droplet size and velocity slip on spray penetration.

Chapter 6 gives the conclusions. Finally, derivations of the real fluid sound speed,

eigenvalues of the preconditioned system, interface flux Jacobian matrices, 1-D in-

jector theoretical analysis and the immersed boundary algorithm are presented in

Appendices A, B, C, D and E. respectively.
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Chapter 2

Derivation of the Two-Phase Flow Models

In this chapter, the two-phase mixture model used in this study is developed in detail.

Then the droplet transport model is described briefly. These models are implemented

in general-coordinate finite volume form in the computations. The mixture model

solves the preconditioned Navier-Stokes equations describing a compressible, multi-

component, two-phase (gas/liquid) flow. The droplet transport model is a decoupled

analysis of the two-phase flow. The flow is assumed isothermal in the injector simula-

tions and is assumed in thermal non-equilibrium in the crossflow simulations. In order

to get a better understanding of the two-phase mixture model, we start with some

definitions used in this model. In general, subscripts “g” and “l” refer to “gas phase”

and “liquid phase” respectively. Detailed descriptions can be found in Ref. [28].

2.1 Definitions

2.1.1 Volume Fraction

Volume fraction represents the volume occupied by a particular phase, referenced to

the system’s total volume. In our mixture model, there are two phases, gas phase

and liquid phase. For the gas phase, the gas volume fraction is expressed as:

αg =
Vg

Vg + Vl

=
Vg

V
(2.1)

where Vg is the volume of the gas phase, Vl is the volume of the liquid phase, and V

is the total volume of the system. Similarly, the liquid volume fraction is expressed

as: αl =
Vl

V
=

V − Vg

V
= 1− αg.
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2.1.2 Mixture Density

The mixture or bulk density of the two-phase system is the volume-fraction weighted

average of the gas phase density and liquid phase density. It is defined as:

ρ = ρgαg + ρlαl, or
1

ρ
=

Yg

ρg

+
Yl

ρl

, (2.2)

where ρg and ρl are the actual densities of the gas phase and liquid phase respectively,

and Yg and Yl are mass fractions of the gas phase and liquid phase respectively, which

are defined as follows.

2.1.3 Mass Fraction and Mole Fraction

In the two-phase system, the mass fraction of gas phase, Yg, is the ratio of the mass

of gas phase to the total mass of the system, and written as:

Yg =
mg

m
=

ρgVg

ρV
=

ρgVg/V

ρ
=

ρgαg

ρgαg + ρlαl

(2.3)

where mg is the mass of the gas phase, and m is the total mass of the system.

Similarly, the mass fraction of the liquid phase can be written as:

Yl =
ml

m
=

ρlVl

ρV
=

ρlαl

ρgαg + ρlαl

= 1− Yg (2.4)

where ml is the mass of the liquid phase.

If the gas phase consists of Ng components, then the mass fraction of component

i in the gas phase is defined as the ratio of the mass of component i to the mass of

gas phase. It can be written as:

yg,i =
mg,i

mg

=
ρg,iVg

ρgVg

=
ρg,i∑Ng

k=1 ρg,k

, and

Ng∑
k=1

yg,k = 1 (2.5)

where mg,i is the mass of component i in the gas phase.
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The concept of mole fraction may be used in the derivation of gas mixture trans-

port models. The mole fraction of gas species k is defined as:

χg,k =

yg,k

Wg,k∑Ng

m=1

yg,m

Wg,m

(2.6)

where Wg,k is the molecular weight of gas species k.

2.1.4 Mixture Density and Mixture Enthalpy

The general definitions of gas density and liquid density are assumed to be functions

of mass fractions, pressure and temperature, and are written as:

ρg = ρg(yg,i, p, T ), or ρl = ρg(yl,j, p, T ). (2.7)

The mixture density (Eq.2.2) in general statement then can be written as:

ρ = αgρg(yg,i, p, T ) + αgρl(yl,j, p, T ),
1

ρ
=

Yg

ρg(yg,i, p, T )
+

Yl

ρl(yl,j, p, T )
(2.8)

The mixture enthalpy can be written as:

h = Yghg(yg,i, p, T )+Ylhl(yl,j, p, T ), ρh = ρgαghg(yg,i, p, T )+ρlαlhl(yl,j, p, T ). (2.9)

General procedures for deriving two-phase flow equations may be found in Ref. [29].

2.1.5 Mass-Averaged Velocity

There are several ways to define the mixture velocity. In our two-phase mixture

system, we choose a mass-averaged velocity. It is defined as a mass-fraction weighted

average of gas phase velocity and liquid phase velocity. It can be written as:

ui = (ρgαguig + ρlαluil) /ρ = Yguig + Yluil, (2.10)
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where uig is the velocity of gas phase and uil is the velocity of liquid phase in index

notation. Thus, considering Eq. 2.10, uig and uil can be expressed as

uig = ui + uig − ui = ui + Yluir,
uil = ui + uil − ui = ui − Yguir,

(2.11)

where uir is the relative velocity between two phases, uir = uig − uil. If uir = 0, then

we have uig = uil = ui. This is called kinematic equilibrium. We will assume the

mixture flow is in kinematic equilibrium during most of our simulations.

2.2 Governing Equations for the Mixture Model

2.2.1 Derivation of the Mixture Equations

The Navier-Stokes equations are assumed to govern the dynamics of the compressible,

multi-component, two-phase fluids. Isothermal flow is assumed in the injector sim-

ulations, while thermal non-equilibrium flow is assumed in the crossflow simulation.

Turbulence effects are incorporated using Menter’s hybrid k-ω/k-ε model [30; 31],

along with Boussinesq/gradient-diffusion closure hypotheses. In the two-phase mix-

ture system, we suppose there are Ng components in gas phase and one component

(water) in liquid phase. If kinematic equilibrium and thermal equilibrium are as-

sumed, then Ng − 1 continuity equations for the gas phase, one phasic continuity

equation, one mixture continuity equation, three mixture momentum equations, and

one mixture energy equation will be solved. In this section, a simple mixture equation

set is derived. Turbulence modeling and diffusion terms will be implemented later.

In the derivation of the two-phase mixture model, mass-averaged velocities are

utilized. For instance, the two phasic continuity equations can be expressed as:

∂(ρYg)

∂t
+

∂(ρYguig)

∂xi

= 0,

∂(ρYl)

∂t
+

∂(ρYluil)

∂xi

= 0,
(2.12)
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We sum up these two equations, introducing the mixture density and the mass-

averaged velocity, to get the mixture continuity equation,

∂(ρYg + ρYl)

∂t
+

∂(ρYguig + ρYluil)

∂xi

=
∂ρ

∂t
+

∂(ρui)

∂xi

= 0. (2.13)

Similarly, the mixture momentum equations can be derived as:

∂(ρui)

∂t
+

∂

∂xi

(ρuiuj + ρYgYluirujr + δijp− tij) = 0. (2.14)

The kinematic equilibrium drift-flux model is used to relate the relative velocities to

other variables. This closure assumes that uig = uil, or uir = 0. It means that the

momentum transfer between phases is fast enough so that velocities of both phases

become the same very quickly. Thus, Eq. 2.14 can be simplified as:

∂(ρui)

∂t
+

∂

∂xi

(ρuiuj + δijp− tij) = 0. (2.15)

We also assume that all phases are in thermal equilibrium, which means that the

two phases have the common temperature. Having these assumptions, we now solve

only one energy equation for the mixture system. It can be expressed as:

∂(ρH − p)

∂t
+

∂

∂xi

(ρHui − ujtij + qi) = 0. (2.16)

The stress tensor, heat flux, and total enthalpy per unit mass are given as follows:

tij = µ

(
∂ui

∂xj

+
∂uj

∂xi

− 2

3
δij

∂uk

∂xk

)
qi = −λ

∂T

∂xi

H = h +
1

2
uiui

(2.17)

where µ is the mixture viscosity, λ is the mixture thermal conductivity, and h is

the mixture enthalpy per unit mass. These mixture thermodynamic and transport

properties will be detailed in Section 2.3.
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2.2.2 Vector form of the Conservation Equations

Including gravity and surface tension, the governing equations can be written in strong

conservation law, vector form for Cartesian coordinates as:

∂U

∂t
+

∂(E− Ev)

∂x
+

∂(F− Fv)

∂y
+

∂(G−Gv)

∂z
= S (2.18)

where U is the vector of conservative variables, E, F and G are the inviscid fluxes,

Ev, Fv and Gv are the viscous fluxes, and S is the vector of source terms, expressed

separately as

U =



ρyg,1Yg
...
ρyg,Ng−1Yg

ρYg

ρ
ρu
ρv
ρw
ρH − p


, (2.19)

E =



ρyg,1Ygu
...
ρyg,Ng−1Ygu
ρYgu
ρu
ρu2 + p
ρvu
ρwu
ρHu


,F =



ρyg,1Ygv
...
ρyg,Ng−1Ygv
ρYgv
ρv
ρuv
ρv2 + p
ρwv
ρHv


,G =



ρyg,1Ygw
...
ρyg,Ng−1Ygw
ρYgw
ρw
ρuw
ρvw
ρw2 + p
ρHw


, (2.20)

Ev =



−ρyg,1Ygud,1
...

−ρyg,Ng−1Ygud,Ng−1

−ρYgYlur

0
txx

tyx

tzx

uitix − qx


,Fv =



−ρyg,1Ygvd,1
...

−ρyg,Ng−1Ygvd,Ng−1

−ρYgYlvr

0
txy

tyy

tzy

uitiy − qy


, (2.21)
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Gv =



−ρyg,1Ygwd,1
...

−ρyg,Ng−1Ygwd,Ng−1

−ρYgYlwr

0
txz

tyz

tzz

uitiz − qz


,S =



ωg
...
0
ωg

0
Fsv,x + ρg
Fsv,y

Fsv,z

Fsv,xi
ui + ρgu


, (2.22)

Fsv = Fsv,x
~i + Fsv,y

~j + Fsv,z
~k, (2.23)

where ud,i, vd,i, wd,i are diffusion velocities for component i in gas phase, and Fsv is

the surface tension force between gas phase and liquid phase. The gravity force is

assumed to be aligned with the x direction. In Eq. 2.21 and Eq. 2.22, index notation

is used to simplify the formulations. ωg is the gas source term from a mass-exchange

model for conversion of liquid water to vapor [32] and it can be expressed as:

ωg = CProd

(
ρgαl max(0, psat − p)− CDest

CProd

ρgαgα
2
l

)
, CProd = 100,

CDest

CProd

= 0.01,

(2.24)

where psat is the saturation pressure. This model is necessary in the initial phases of

the injector simulation as the liquid water jet expands rapidly into the external air.

2.3 Thermodynamic Relations

2.3.1 Thermodynamic Properties for Gas Phase

For the gas phase, the ideal gas state equation is used to get a relation between

pressure, temperature and gas density, which is given as

ρg = ρg(p, T ) =
p

RmixT
, Rmix =

Ng∑
k=1

yg,k

Wg,k

R, (2.25)
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where Rmix, the mixture value for the specific gas constant, is a weighted average

of the individual specific gas constants of the constituent components at constant

pressure, and R is the universal gas constant.

The specific heat at constant pressure and enthalpy of gas phase are defined as:

Cp,g =

Ng∑
k=1

yg,kCp,k, hg =

Ng∑
k=1

yg,khg,k, (2.26)

where Cp,k and hg,k are the specific heat and the enthalpy of gas species k, respectively.

These properties are given by polynomial curve-fits:

Cp,k =
R

Wg,k

(a1,k + a2,kT + a3,kT
2 + a4,kT

3 + a5,kT
4) ,

hg,k =
R

Wg,k

T

(
a1,k +

1

2
a2,kT +

1

3
a3,kT

2 +
1

4
a4,kT

3 +
1

5
a5,kT

4 +
b1,k

T

)
,

(2.27)

where the coefficients ai,k (i = 1, . . . , 5) and b1,k are obtained from McBride, et al. [33]

The molecular viscosity of each gas species, µg,i, is determined as follows from

Sutherland’s formula:

µg,i

µ0,i

=

(
T

T0,i

) 3
2 T0,i + Si

T + Si

(2.28)

where the constants of gas species i, µ0,i, T0,i and Si, are given in Table 2.1.

Table 2.1: Constants for molecular transport of gas

Species i Name µ0,i T0,i Si

1 H2O 1.703× 10−5 273.1 138.6
2 N2 1.663× 10−5 273.1 106.7
3 O2 1.919× 10−5 273.1 138.9

The gas mixture molecular viscosity is then determined by Wilke’s mixing rule [34]:

µg =

Ng∑
i=1

χg,iµg,i∑Ng

j=1 χg,jφij

, φij =

[
1 +

(
µg,i

µg,j

) 1
2
(

Wg,j

Wg,i

) 1
4

]2

√
8

(
1 +

Wg,i

Wg,j

) 1
2

(2.29)

The molecular thermal conductivity of gas mixture, λg, is determined by the
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Prandtl number as follows:

λg =
Cp,gµg

Pr
, (2.30)

where the Prandtl number, Pr, is chosen to be 0.72 in the current work.

The molecular diffusion velocity of gas species i, ud,i,j, is expressed using Fick’s

law as ud,i,j = −Di

yg,i

∂yg,i

∂xj

, where Di represents the diffusion coefficient for gas species

i. Fick’s law can be rewritten by way of the Schmidt number (Sc =
µ

ρYgD
),

ρyg,iYgud,i,j = − µ

Sc

∂yg,i

∂xj

. (2.31)

The Schmidt number is assumed to be 0.5 for all gas phase species. The mass-diffusion

term of gas mixture, −ρYgYlur,i is modeled using gradient-diffusion methods as

−ρYgYlur,i = −ρYgYl(ug,i − ul,i) ≈ Cµt
∂Yg

∂xi

(2.32)

with C equal to a constant and µt equal to the eddy viscosity.

2.3.2 Thermodynamic Properties for Liquid Phase

The generalized Tait equation of state is used to describe the relationship among the

pressure, the temperature, and the liquid density for the liquid. It is written as [35]:

ρl

ρl,sat

=

(
1 +

p− psat

3.0× 108

) 1
7

, (2.33)

where psat is the saturation pressure, and ρl,sat is the saturation density for liquid.

These saturation properties are given in Ref. [36]:

ln
psat

pc

=
Tc

T

(
a1θ + a2θ

1.5 + a3θ
3 + a4θ

3.5 + a5θ
4 + a6θ

7.5
)
, (2.34)

ρl,sat

ρc

= 1 + b1θ
1
3 + b2θ

2
3 + b3θ

5
3 + b4θ

16
3 + b5θ

43
3 + b6θ

110
3 , (2.35)

where θ = 1 − T
Tc

, and pc, Tc and ρc represent the critical pressure, temperature,
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and density, respectively. The critical conditions for water are pc = 22.64 × 105 Pa,

Tc = 647.14 K, and ρc = 332 kg/m3. The coefficients ai and bi are given in Ref. [36].

The enthalpy of the liquid phase (water) is determined by its departure from water

vapor state enthalpy as [35]:

hl − hg,1 = (Cv,l − Cv,g) (T − T0)− hlh +
p

ρl

− R
Wg,1

T (2.36)

where hg,1 and Wg,1 are the enthalpy and the molecular weight of gas species 1 (water

vapor) respectively, hlh is the latent heat of water vapor, and other constants are

listed in Table 2.2.

Table 2.2: Constants for enthalpy departure of liquid water

Constant Cv,l Cv,g T0 hlh

Value 4180.0 J/kgK 1410.8 J/kgK 273.15 K 2502789.4 J/kg

The viscosity and thermal conductivity of liquid phase (water) are determined by

following equations [37]:

µl = e
c1+

c2
c3−T ,

λl = d1 + d2T + d3T
2,

(2.37)

where the coefficients, ci and di, are given in Table 2.3 [37].

Table 2.3: Coefficients for transport quantities of liquid water

Index i ci di

1 -10.4349 -0.7676
2 -507.881 7.5390× 10−3

3 149.390 −9.8250× 10−6

2.3.3 Phasic Mixing Rules

The bulk density and mixture enthalpy are defined in Eq. 2.8 and Eq. 2.9,

1

ρ
=

Yg

ρg

+
Yl

ρl

, h = Yghg + Ylhl. (2.38)
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The mixture viscosity and the mixture thermal conductivity are defined as:

µ = αgµg + αlµl, (2.39)

λ = αgλg + αlλl, (2.40)

The sound speed for the mixture, derived in Appendix A, is a function of thermo-

dynamic derivatives, such as ρT , ρp, hT and hp:

a2 =
ρhT

ρρphT − ρρT hp + ρT

(2.41)

These thermodynamic derivatives can be obtained by differentiating Eq. 2.38 with

respect to p and T :

ρp = ρ2

(
Yg

ρg
2

∂ρg

∂p
+

1− Yg

ρl
2

∂ρl

∂p

)
,

ρT = ρ2

(
Yg

ρg
2

∂ρg

∂T
+

1− Yg

ρl
2

∂ρl

∂T

)
,

hp = (1− Yg)
∂hl

∂p
,

hT = Yg
∂hg

∂T
+ (1− Yg)

∂hl

∂T
.

(2.42)

If the flow is assumed isothermal, then the sound speed a is simplified as

1

a2
= ρp = ρ2

(
Yg

ρg
2

∂ρg

∂p
+

1− Yg

ρl
2

∂ρl

∂p

)
, (2.43)

and the energy equation in the governing equations (Eq.2.18) is replaced by the

constraint that the temperature holds constant T = T∞.

2.4 Reynolds Averaging and Favre Averaging

Since the computational grid is not sufficient to resolve turbulent fluctuations of

the various flow properties, we use Reynolds-Averaged Navier-Stokes (RANS) [38]

approach to average certain flow properties to avoid fluctuating parts occurring in

the set of governing equations.
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In this study, Reynolds averaging is a time average over the time interval (t, t+T ).

The time average of an instantaneous flow variable, f(x, t), is defined by

f(x) =
1

T

∫ t+T

t

f(x, t)dt, (2.44)

where the time interval T is much longer than the time scale of turbulent fluctuations

but is much smaller than the time scale of the slow variations in the flow. Thus, the

flow variable can be decomposed into mean part, f , and fluctuating component, f ′,

as follows

f = f + f ′. (2.45)

Reynolds averaging the whole equation set will increase the complexity of estab-

lishing suitable closure modelings. This problem can be simplified by introducing

Favre averaging [38], which is defined by f̃ =
ρf

ρ
. Therefore, the decomposition can

be rewritten in terms of a Favre-averaged part,f̃ , and a Favre-fluctuating part, f ′′ as

follows

f = f̃ + f ′′. (2.46)

Applying Reynolds and Favre averaging procedures to the Navier-Stokes equations

we can obtain the RANS equations:

∂(ρỸg,kỸg)

∂t
+

∂

∂xi

(
ρỸg,kỸgũi − (ρỸg,kỸgũd,i + Γk,i)

)
= 0, (2.47)

∂(ρỸg)

∂t
+

∂

∂xi

(
ρỸgũi − (ρỸgỸlũr,i + ρY ′′

g Ylu′′r,i)
)

= 0, (2.48)

∂ρ

∂t
+

∂(ρũi)

∂xi

= 0, (2.49)

∂(ρũi)

∂t
+

∂

∂xi

(
ρũiũj + δijp− (tij + τi,j)

)
= 0, (2.50)

∂(ρH̃ − p)

∂t
+

∂

∂xi

(
ρH̃ũi − ũj(tij + τij) + (qi + qt,i)

)
= 0, (2.51)
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where Γk,i = ρY ′′
g,kY

′′
g u′′d,i, (2.52)

tij = µ(T̃ )

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2

3
δij

∂ũk

∂xk

)
, (2.53)

τi,j = −ρu′′i u
′′
j , (2.54)

qi = −λ(T̃ )
∂T̃

∂xi

, (2.55)

qt,i = ρu′′i h
′′. (2.56)

The turbulent diffusion tensor, Γk,i is expressed as

Γk,i = ρY ′′
g,kY

′′
g u′′d,i = − µt

Sct

∂Ỹg,k

∂xi

, (2.57)

where the turbulent Schmidt number Sct, is assumed to be 0.5 in the current study,

and the eddy viscosity, µt, will be obtained from turbulent model equations described

later. The Reynolds-stress tensor, τi,j, and the turbulent heat-flux vector, qt,i, are

modeled using the Boussinesq eddy viscosity approximation and the gradient-diffusion

approximation:

τij = µt(T̃ )

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2
3
δij

∂ũk

∂xk

)
,

qt,i =
cpµt

Prt

∂T̃

∂xi

,

(2.58)

where the turbulent Prandtl number, Prt, is assumed to be 0.9 in this work.

2.5 Coordinate Transformation

The governing equations may be written for a generalized coordinate system (ξ, η, ζ)

according to the transformation (x, y, z) 7→ (ξ, η, ζ). Using the chain rule of partial

differentiation, the governing equations can be written as:

1

J

∂U

∂t
+

∂(E− Ev)

∂ξ
+

∂(F− Fv)

∂η
+

∂(G−Gv)

∂ζ
= S (2.59)
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where J is the Jacobian of the transformation (see Ref. [39]), U is the vector of

conservative variables, E, F and G are the inviscid fluxes, Ev, Fv and Gv are the

viscous fluxes, and S is the vector of source terms, expressed separately as

U =



ρỸg,1Ỹg
...

ρỸg,Ng−1Ỹg

ρỸg

ρ
ρũ
ρṽ
ρw̃

ρH̃ − p


, (2.60)

E =
1

J



ρỸg,1ỸgU
...

ρỸg,Ng−1ỸgU
ρỸgU
ρU
ρũU + ξxp
ρṽU + ξyp
ρw̃U + ξzp

ρH̃U


,F =

1

J



ρỸg,1ỸgV
...

ρỸg,Ng−1ỸgV
ρỸgV
ρV
ρũV + ηxp
ρṽV + ηyp
ρw̃V + ηzp

ρH̃V


,G =

1

J



ρỸg,1ỸgW
...

ρỸg,Ng−1ỸgW
ρỸgW
ρW
ρũW + ζxp
ρṽW + ζyp
ρw̃W + ζzp

ρH̃W


,

(2.61)

Ev =
1

J



−ρỸg,1ỸgUd,1
...

−ρỸg,Ng−1ỸgUd,Ng−1

−ρỸgỸlUr

0
ξxi

(ti1 + τi1)
ξxi

(ti2 + τi2)
ξxi

(ti3 + τi3)
ξxi

[ũj(tij + τij)− (qi + qt,i)]


,Fv =

1

J



−ρỸg,1ỸgVd,1
...

−ρỸg,Ng−1ỸgVd,Ng−1

−ρỸgỸlVr

0
ηxi

(ti1 + τi1)
ηxi

(ti2 + τi2)
ηxi

(ti3 + τi3)
ηxi

[ũj(tij + τij)− (qi + qt,i)]


,

(2.62)
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Gv =
1

J



−ρỸg,1ỸgWd,1
...

−ρỸg,Ng−1ỸgWd,Ng−1

−ρỸgỸlWr

0
ζxi

(ti1 + τi1)
ζxi

(ti2 + τi2)
ζxi

(ti3 + τi3)
ζxi

[ũj(tij + τij)− (qi + qt,i)]


,S =

1

J



ωg
...
0
ωg

0
Fsv,ξ + ρg
Fsv,η

Fsv,ζ

Fsv,ξi
ũi + ρgũ


, (2.63)

Fsv = Fsv,ξ
~ξ + Fsv,η ~η + Fsv,ζ

~ζ. (2.64)

In the above development, U , V , andW are the contravariant velocity components,

Ud,i, Vd,i, and Wd,i are the contravariant diffusion velocities for component i in gas

phase, and Ur, Vr, and Wr are the contravariant relative velocity components. They

all have the same form as

(U ,Ud,i,Ur) ≡ ξx(ũ, ũd,i, ũr) + ξy(ṽ, ṽd,i, ṽr) + ξz(w̃, w̃d,i, w̃r)
(V ,Vd,i,Vr) ≡ ηx(ũ, ũd,i, ũr) + ηy(ṽ, ṽd,i, ṽr) + ηz(w̃, w̃d,i, w̃r)

(W ,Wd,i,Wr) ≡ ζx(ũ, ũd,i, ũr) + ζy(ṽ, ṽd,i, ṽr) + ζz(w̃, w̃d,i, w̃r).
(2.65)

2.6 Turbulence Modeling

The averaging procedures performed on the governing equations introduced three

additional terms: the Reynolds-stress tensor, turbulent heat-flux vector, and the

turbulent diffusion tensor. All these terms are dependent on the turbulent viscosity,

µt, or the turbulent kinematic eddy viscosity, νt =
µt

ρ
. In this work, the eddy viscosity

is calculated using Menter’s hybrid k-ω/k-ε shear stress transport (SST) model [30;

31].

The transport equations for the turbulence kinetic energy, k, and the specific
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dissipation rate, ω, are given by

∂(ρk)

∂t
+

∂(ρkuj)

∂xj

= µtΩ
2 − β∗ρωk +

∂

∂xj

[
(µ + σkµt)

∂k

∂xj

]
, (2.66)

∂(ρω)

∂t
+

∂(ρωuj)

∂xj

= γρΩ2 − βρω2 +
∂

∂xj

[
(µ + σωµt)

∂ω

∂xj

]
+ 2(1− F1)ρσω2

1

ω

∂k

∂xj

∂ω

∂xj

. (2.67)

where Ω is the magnitude of the vorticity vector, and any constant in Menter’s model,

φ, is blended by the blending function F1

φ = F1φ1 + (1− F1)φ2 (2.68)

where the φ1 constants are from the k-ω equation:

σk1 = 0.85, σω1 = 0.5, β1 = 0.075,

β∗ = 0.09, κ = 0.41, γ1 =
β1

β∗
− σω1κ

2

√
β∗

(2.69)

and the φ1 constants are from the k-ε equation:

σk2 = 1.0, σω2 = 0.856, β2 = 0.0828,

β∗ = 0.09, κ = 0.41, γ2 =
β2

β∗
− σω2κ

2

√
β∗

(2.70)

The blending function F1 is defined as

F1 = tanh(arg4
1), arg1 = min

[
max

( √
k

0.09ωy
;
500ν

y2ω
;

)
4ρσω2k

CDkωy2

]
(2.71)

where y is the distance to the nearest wall, and CDkω is the positive component of

the cross-diffusion term in Eq. 2.67

CDkω = max

(
2ρσω2

1

ω

∂k

∂xj

∂ω

∂xj

, 10−20

)
(2.72)

The eddy viscosity is defined as:

νt =
a1k

max(a1ω; ΩF2)
(2.73)
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where a1 = 0.31 and F2 is another blending function given by

F2 = tanh(arg2
2), arg2 = max

(
2

√
k

0.09ωy
;
500ν

y2ω

)
(2.74)

2.7 Interface Surface Tension

The continuum surface force (CSF) model developed by Brackbill, et al. [40] is selected

to describe the effects of surface tension on a phase interface. This model interprets

surface tension as a continuous, three-dimensional effect across an interface, rather

than as a boundary value condition on the interface.

In the CSF model, the surface volume force, Fsv(x), for finite interfacial thickness,

h, is expressed as

Fsv(xs) = σκ(x)
∇c̃(x)

[ c ]
. (2.75)

where σ = 0.072 is the surface tension coefficient, κ is the interface curvature, and

c is a mollified color function. κ is calculated as κ = −(∇ · n̂), where the normals

are gradients of the mollified color function, n(x) = ∇c̃(x). Thus the unit normal

is n̂(x) =
∇c̃(x)

|∇c̃(x)|
. Since ∇c̃ is not zero only in the interface transition region, the

surface volume force also is nonzero only in this region. The color function c̃ is chosen

as volume fraction of the gas phase, αg. Thus, [ c ] = [ αg ] = 1.0, and Eq. 2.75 can be

rewritten as:

Fsv(xs) = −σ

[
∇ ·
(
∇αg

|∇αg|

)]
∇αg, (2.76)

or in index notation as:

Fsv,xi
= −σ

 ∂

∂xi


∂αg

∂xi√
∂αg

∂xk

∂αg

∂xk


 ∂αg

∂xi

, (2.77)

Using the chain rule, Eq. 2.77 can be transformed to generalized coordinates, and is
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written as:

Fsv,ξi
= −σ

∂ξj

∂xi

∂

∂ξj


∂ξj

∂xi

∂αg

∂ξj√(
∂ξj

∂xk

∂αg

∂ξj

)(
∂ξj

∂xk

∂αg

∂ξj

)
 ∂ξj

∂xi

∂αg

∂ξj

, (2.78)

2.8 Droplet Transport Model

In the crossflow experiment, many droplet properties are measured or calculated.

But not all of these properties can be calculated in the simulations with the mixture

model. For example, the separate liquid droplet velocities cannot be obtained, nor

can predictions of average droplet size. In order to understand more liquid properties,

an Eulerian droplet transport model is implemented in this work, which decouples

calculations between the two phases.

The droplet transport model is included in the crossflow simulations to get more

details about effects of droplet size and velocity slip on spray penetration. In this

model, one liquid mass continuity equation in conservative form, along with three

liquid momentum equations discretized in divergence form, are solved in a similar

matter used in the mixture model. No droplet energy equation needs to be solved

since the droplet temperature in the jet exit plane is assumed to be frozen at the

injector exit value. Droplet equations are solved separately from the mixture equa-

tions. As a first step, the droplet distribution is assumed to be monodisperse with

an inputted diameter. Some mixture properties are held fixed during the calculations

that include the droplet model, such as the mixture velocities, pressure, mixture vis-

cosity, temperature and eddy viscosity. Some properties are allowed to vary, such as

gas and liquid volume fractions, mass fractions, and mixture density. But as this is

a one-way coupling, all properties changed in the droplet model calculations will not
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be sent back to the mixture calculations. The equation set can be written as:

∂(ρlαl)

∂t
+∇ · (ρlαlul) = ∇ ·

(
(µ + µt)

Scd

∇Yl

)
, (2.79)

∂ul

∂t
+ (ul · ∇)ul −

tl

ρl

= βlur + g, (2.80)

where the right hand side of Eq. 2.79 is a diffusion term, which is similar to that used

in the mixture model, tl is the liquid turbulent stress tensor, which is also similar to

that used in the mixture model, and βl is the friction coefficient, which is expressed

as [41]:

βl =


150

αlµg

ρlαg
2d2

+ 1.75
ρg|ur|
ρld

, αg < 0.8,

3

4
CD

ρg|ur|
ρld

f(αg), αg > 0.8.
(2.81)

where d is the droplet diameter, f(αg) is the correction function, which can be

expressed as f(αg) = αg
−2.65. The drag coefficient, CD, is related to the droplet

Reynolds number:

CD =


24

Red

(
1 + 0.15Re0.687

d

)
, Red < 1000,

0.44 Red > 1000.
(2.82)

Red =
ρgαg|ur|d

µg

. (2.83)

The relative velocity, ur, can be calculated from the mixture velocity and liquid

velocity as follows:

uir = uig − uil =
ui − uil

Yg

. (2.84)

If the mixture velocities are used as droplet velocities, then the drag term will vanish

due to the no-slip condition.
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Chapter 3

Numerical Algorithms

In this chapter, the main algorithms required for solution of the Navier-Stokes equa-

tions are presented. These methods include a time-derivative preconditioning method,

a low-diffusion upwinding method, and numerical solution of the non-linear system.

3.1 Preconditioning Method

The concept of time-derivative preconditioning [10–13; 15; 42] is now widely used

in many applications to enable standard compressible gas codes to perform at very

low Mach numbers. More recently, there have been several efforts designed to extend

its applicability to supercritical fluids [43], flow governed by generalized equations of

state [44], and two-phase flows [18; 45–47].

Conventional time marching algorithm encounters convergence difficulties at low

Mach numbers because of the wide disparity in characteristic wave speeds, which are

the eigenvalues of the inviscid flux Jacobian ( i.e., for one-dimensional system, u and

u± a). Errors present in the characteristic variables are convected out of the system

at the wave speeds of the system. At low speeds, the error convected at u and errors

convected at u±a are transported at widely varying time scales. This results in poor

convergence rates of traditional time marching algorithm, since stability constraints

typically require the selection of finite time-step sizes. Preconditioning methods in-

troduce pseudo time-derivatives which alter the characteristic waves (i.e., u ± a) so

that they propagate at speeds that are comparable in magnitude to the characteristic

wave (i.e., u). This approach eliminates the stiffness in the wave speeds and make
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the system well-conditioned. Since preconditioning methods can lack robustness in

many situations (i.e., low speed reactive flows), it may sometimes be necessary to use

implicit methods for time advancement. Another concern is that it may be necessary

to specify, in general, a constant “reference velocity” as a consistent velocity scale to

avoid numerical difficulties in stagnation region [18].

The system described in section 2.2.2 may be preconditioned as follows:

1

J

(
P

∂V

∂τ
+

∂U

∂t

)
+

∂(E− Ev)

∂ξ
+

∂(F− Fv)

∂η
+

∂(G−Gv)

∂ζ
= S (3.1)

where τ is the pseudo time variable, and t is the physical time variable. This is

called a dual-time stepping method [14; 16]. For steady-state computations, Eq. 3.1

will contain only pseudo time-derivatives. For unsteady computations, Eq. 3.1 will

contain both pseudo and physical time-derivatives. In latter cases, the transient

solution is advanced in physical time and pseudo time iterations are performed at

each physical time step until the non-linear system is satisfied.

The preconditioning matrix, P, is that of Weiss and Smith [12], which is a variant

of the Turkel [10; 13] and and Choi-Merkle [11] preconditioners. This preconditioner

may be expressed as a rank-one perturbation of the Jacobian matrix
∂U

∂V
:

P =
∂U

∂V
+ Θ~u~vT (3.2)

where

V =



yg,1
...
yg,Ng−1

Yg

p
u
v
w
T


, ~u =



yg,1
...
yg,Ng−1

Yg

1
u
v
w
H


, ~v =



∂p /∂yg,1
...
∂p
/
∂yg,Ng−1

∂p /∂Yg

∂p /∂p
∂p /∂u
∂p /∂v
∂p /∂w
∂p /∂T


=



0
...
0
0
1
0
0
0
0


, Θ =

1

V 2
ref

− 1

a2
,

(3.3)
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and V 2
ref is a suitably defined reference velocity. The quantity a is the sound speed

as defined in Appendix A. In the limit of an incompressible flow (a2 → ∞), this

preconditioner reduces to a variant of Chorin’s artificial compressibility method [48],

while
∂U

∂V
is recovered as V 2

ref → a2. The reference velocity is usually defined as

V 2
ref = min

[
a2, max

(
|~V |2, V 2

∞

)]
, (3.4)

where |~V | is the local fluid velocity magnitude, and V∞ is a user defined cutoff

velocity, which is designed to prevent singular behavior in stagnation regions. As

shown in Refs. [15; 18; 49] and [50], this choice may be not adequate for low speed

unsteady flows at small physical time steps. Another choice of the reference velocity

for unsteady preconditioning is defined as [28; 47]

V 2
ref,un = min

a2, max

|~V |2, V 2
∞,

(√
∆x2

i

∆t

)2
 , (3.5)

where
√

∆x2
i is a length scale characteristic of a cell. In the following sections,

different choices for the reference velocity will be used in different parts of the interface

flux in the implementations of flux-splitting method.

According to Appendix B, the eigenvalues of the flux Jacobian of Eq. 3.1 in the ξ

direction, P−1 ∂E

∂V
, are U and U ′ ± a′,

U ′ ± a′ =
1 + M2

ref

2

U ± a

√
(1−M2

ref)
2
M2 + 4M2

ref

1 + M2
ref

 , (3.6)

U = ξxu + ξyv + ξzw, ξx =
ξx

|∇ξ|
, ξy =

ξy

|∇ξ|
, ξz =

ξz

|∇ξ|
, (3.7)

where U is the normal component of the contravariant velocity in the ξ direction,

Mref and M are the reference Mach number and the Mach number defined as:

Mref =
Vref,un

a
, M =

U
a

. (3.8)

In the limit of an incompressible flow, the acoustic eigenvalues revert to
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U ′ ± a′ =
1

2

(
U ±

√
U2

+ 4V 2
ref

)
, (3.9)

which scale as the reference velocity.

3.2 Flux-Splitting Scheme

The inviscid fluxes in the governing equations are discretized using low-diffusion flux-

splitting scheme (LDFSS) [17; 18], which belongs to the ‘AUSM-family’ [51; 52].

These schemes are hybrid flux-vector/flux-difference splitting methods that combine

high resolution with efficiency and compactness of formulation. The viscous and

diffusive terms in the governing equations are discretized using central differences.

3.2.1 LDFSS

The version of LDFSS used in this study is valid for real fluids undergoing phase

transitions [18; 28; 46]. Details regarding the original development of LDFSS may

be found in Refs. [17; 53]. The algorithm is formulated as an upwinding procedure

in one dimension, and then applied to three spatial dimensions. For simplicity, the

derivation that follows is for the ξ direction flux only. For clarity, the accents denoting

Reynolds and Favre averaged quantities are omitted in this section. The inviscid ξ

direction flux E can be split into convective and pressure contributions:

E = Ec + Ep =
|∇ξ|
J

(
UΦ + pΨ

)
, (3.10)

Φ =



ρYV,1YV
...
ρYV,NV −1YV

ρYV

ρ
ρu
ρv
ρw
ρH


, Ψ =



0
...
0
0
0

ξx

ξy

ξz

0


, (3.11)
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Figure 3.1: Upwinding stencil used for LDFSS algorithm (ξ direction).

Fig. 3.1 shows the computational stencil used in this work. The upwinding scheme

is performed at the cell interfaces, using the properties at the left (L) and right (R)

states. This results in the inviscid flux being split into convective and pressure parts

as the sum of left and right components:

Ei+ 1
2

= Ec
i+ 1

2
+ Ep

i+ 1
2

=
|∇ξ|
J

(
U+ΦL + U−ΦR

)
+
|∇ξ|
J

P 1
2
Ψi, (3.12)

where the split velocities U± and the interface pressure P 1
2

are defined as

U+ = ã 1
2

[
M+ −M 1

2

(
1− pL − pR

2ρLV 2
ref, 1

2

)]
, (3.13)

U− = ã 1
2

[
M− +M 1

2

(
1 +

pL − pR

2ρRV 2
ref, 1

2

)]
, (3.14)

P 1
2

=
1

2
(pL + pR) +

1

2

(
P+ − P−) (pL − pR) + ρ 1

2
V 2

ref, 1
2

(
P+ + P− − 1

)
,(3.15)

where ρ 1
2

is the interface density, Vref, 1
2

is the interface reference velocity as defined

in Eq. 3.4 or Eq. 3.5, and ã 1
2

is a “numerical speed of sound” [49; 50; 54] derived

from the acoustic eigenvalues of the preconditioned system and evaluated at a cell

interface:

ã 1
2

=


√

(1−M2
ref)

2 U2
+ 4V 2

ref,un

1 + M2
ref


1
2

, (3.16)

where the ‘1
2
’ subscript indicates the evaluation using cell-averaged velocity and sound
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speed data, and Mref is the reference Mach number as defined in Eq. 3.7. This study

utilizes arithmetic averaging for the cell-averaged data. For instance, the averaged

sound speed looks like, a 1
2

= 1
2
(aL + aR) . Other quantities needed are Mach numbers

at left and right states, and van Leer/Liou polynomials in Mach number [55]:

ML,R =
UL,R

ã 1
2

M±
(1) =

1

2
(M ± |M |) ,

M±
(2) =

 ±1

4
(M ± 1)2 , |M | < 1,

M±
(1), otherwise,

(3.17)

The properties at the left (L) and right (R) states used in the above definitions will

be specified later in Section 3.2.2. The split Mach numbers in the above equations

are given as:
M+ = α+

L (1 + βL) ML − βLM+
(2),L,

M− = α−R (1 + βR) MR − βRM−
(2),R,

α±L,R =
1

2
[1.0± sign (1.0, ML,R)] ,

βL,R = −max [0.0, 1.0− int (|ML,R|)] ,
M 1

2
=

1

2

(
M+ − α+

LML −M− + α−RMR

)
,

P± = α±L,R (1 + βL,R)− βL,R

2
[1.0± g (ML,R)] ,

(3.18)

where g (M) is a γ-polynomial proposed by Liou [51; 55]:

g (M) =


M, in first degree,(

3

2
+ 2γ

)
M −

(
1

2
+ 4γ

)
M3 + 2γM5,

{
in third degree, ifγ = 0,
in fifth degree, ifγ 6= 0.

(3.19)

In the current work, g (M) is chosen to be in first degree.

Different reference velocities may be used in the developments of Eqs. 3.13-3.15.

For the split velocities U±, the unsteady reference velocity (Eq. 3.5) is used. For the

interface pressure P 1
2
, the steady reference velocity (Eq. 3.4) is used. These choices

require different expressions for ã 1
2

and ML,R, in addition to V 2
ref, 1

2

.
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3.2.2 Second-Order Extension

The second-order extension of the LDFSS is achieved by a TVD-type limited inter-

polation [56] of the primitive variables to the cell interface.

The interpolation of an arbitrary property, q, to the left and right states can be

expressed as:

qL = qi +
1

2
P l

i · avg (qi+1 − qi, qi − qi−1) ,

qR = qi+1 −
1

2
P l

i+1 · avg (qi+2 − qi+1, qi+1 − qi) ,
(3.20)

where P l is a pressure limiter introduced in Ref. [57] and avg(a, b) is an averaging

procedure. P l
i is defined as:

P l
i = 1.0−max

(
|(∆p)i|

|(∆p)i|+ κ0p∞
,

|(∆αg)i|
|(∆αg)i|+ κ0

)
,

(∆p)i = pi+1 − pi−1, (∆αg)i = (αg)i+1 − (αg)i−1,
(3.21)

where κ0 is a user-defined constant, and p∞ is the freestream pressure. The function

avg(a, b) is one of the TVD-type limiter. Van Leer type and minmod type limiters

are used in our study, and can be expressed as [58]:

avg(a, b) =


1

2
[sign(1.0, a) + sign(1.0, b)] min

(
|a + b|

2.0
, 2|a|, 2|b|

)
, van Leer,

1

2
[sign(1.0, a) + sign(1.0, b)] min (|a|, |b|) , minmod,

(3.22)

3.3 Time Integration

The governing equations are solved using a cell-centered, generalized coordinate finite

volume discretization. The discrete representation of the governing equations given

in Eq. 2.59 can be expressed as:

∂Ui,j,k

∂t
= −Ri,j,k (3.23)
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where Ri,j,k is the residual vector that represents the “steady” part of governing

equations at grid point (i, j, k),

Ri,j,k =
(E− Ev)i+ 1

2
,j,k − (E− Ev)i− 1

2
,j,k

∆ξ
+

(F− Fv)i,j+ 1
2
,k − (F− Fv)i,j− 1

2
,k

∆η

+
(G−Gv)i,j,k+ 1

2
− (G−Gv)i,j,k− 1

2

∆ζ
− Si,j,k. (3.24)

In order to advance the solution in time, the following backward Euler time lin-

earization of the system is built to approximate the discretized governing equations:[
P

∆τ
+

1

∆t

∂U

∂V
+ A− ∂S

∂V

]n+1,m

i,j,k

∆Vn+1,m+1
i,j,k + Bn+1,m

i,j,k ∆Vn+1,m+1
i−1,j,k + Cn+1,m

i,j,k ∆Vn+1,m+1
i+1,j,k

+Dn+1,m
i,j,k ∆Vn+1,m+1

i,j−1,k + En+1,m
i,j,k ∆Vn+1,m+1

i,j+1,k + F n+1,m
i,j,k ∆Vn+1,m+1

i,j,k−1 + Gn+1,m
i,j,k ∆Vn+1,m+1

i,j,k+1

= −Rn+1,m
i,j,k , (3.25)

where ∆τ is the pseudo time-step, ∆t is the physical time-step, the matrices A-G are

functions of the inviscid and viscous flux Jacobians which are constructed as outlined

in Appendix C and Ref. [17], and R is the unsteady residual vector. At physical time

level n + 1, pseudo time-level m, the unsteady residual vector is given by:

Rn+1,m =
3Un+1,m − 4Un + Un−1

2∆t
+ R

(
Un+1,m

)
. (3.26)

Eq. 3.25 may be factorized using incomplete LU (ILU) method [19] as follows:

A∆Vn+1,m+1 = (L + D + U )∆Vn+1,m+1 = −Rn+1,m
i,j,k (3.27)

where A is the system Jacobian matrix. L and U are defined as:

L = B + D + F, U = C + E + G. (3.28)

D is defined recursively as:

Di,j,k = Pi,j,k−Bi,j,kPi+1,j,kCi+1,j,k−Di,j,kPi,j+1,kEi,j+1,k−Fi,j,kPi,j,k+1Gi,j,k+1, (3.29)
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where P is defined as:

P =
P

∆τ
+

1

∆t

∂U

∂V
+ A− ∂S

∂V
(3.30)

The matrix A is approximated by the following matrix M:

M = (L + D)D−1(U + D), (3.31)

A nonlinear ILU approach for advancing the solution in pseudo-time is imple-

mented in two steps, a backward and forward step in ξ direction as follows:

step 1 : ∆V
n+1,m+ 1

2
i =

(
Dn+1,m

i

)−1
[
−Rn+1,m

i −U n+1,m
i ∆V

n+1,m+ 1
2

i+1

]
, (3.32)

step 2 : ∆Vn+1,m+1
i = ∆V

n+1,m+ 1
2

i −
(
Dn+1,m

i

)−1
L n+1,m

i ∆Vn+1,m+1
i−1 . (3.33)

Jacobian matrix elements are stored over the number of blocks mapped to a partic-

ular processor, allowing the “freezing” of the matrix elements and their factorization

over the duration of the subiterations. This reduces the computational workload

significantly. The reference velocity as it appears in the preconditioning matrix, the

definition of the local time step, and in the implicit Jacobian matrices is always chosen

to be the “unsteady” definition (Eq. 3.5).

A correction scheme is used to help correct the update the primitive variables as:

∆Vn+1,m+1
correction = ∆Vn+1,m+1 −M−1A∆Vn+1,m+1. (3.34)

The advantage of introducing this procedure is that it implicitly couples the solution

across block boundaries, thus allowing a more rapid transfer of information across

the domain. However, it is also more expensive since it introduces more calculations.

Finally, the primitive variables at the new pseudo-time level m+1 is then updated

by:

Vn+1,m+1 = Vn+1,m + ∆Vn+1,m+1
correction. (3.35)
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Chapter 4

Implementation

This chapter describes the experimental procedure, computational grid, and boundary

conditions.

4.1 Experimental Procedure

Experiments were carried out inside a subsonic wind tunnel in Test Cell 18 of the

Air Force Research Laboratory, Wright-Patterson Air Force Base. Aerated-liquid jets

were injected vertically upward into the subsonic wind tunnel with the nozzle exit

flush with the tunnel bottom wall. The wind tunnel has a rectangular test section

with a width of 125 mm, a height of 75 mm, and a length of 406 mm. The distance

between the axis of the aerated-liquid injector and the leading edge of the test section

is 114 mm. Three quartz windows installed on the top and both sides of the test

section provide visual observation and optical instrumentation access. Large vacuum

pumps are connected to the end of the tunnel to maintain a constant backpressure.

The airflow is provided continuously by two large reciprocating compressors.

A plain-orifice aerated-liquid injector, consisting of an internal tube for liquid

flow and an annular passage for aerating gas, is schematically illustrated in Fig. 1.2.

Nitrogen was used as the aerating gas throughout the test program.

The liquid and aerating gas injection system consists of a large liquid tank, two

flow meters, and a nozzle unit. A schematic of the liquid supply system is illustrated

in Fig. 4.1. The relatively large volume of the injection tank insures a constant

liquid supply pressure. Liquid and aerating gas volumetric flow rates are controlled
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Figure 4.1: Schematic of liquid supply system

by pressure regulators and measured by flow meters. The flow meters are calibrated

to an uncertainty of less than 2%. Pressure measurements inside the aerated-liquid

injector were obtained using a 152 µm OD pressure probe. The probe has an inside

diameter of 50 µm and was inserted from upstream of the aerated-liquid injector.

The probe was positioned at various axial locations from the nozzle exit to 50.8 mm

inside the injector, in order to establish the pressure profile. Due to the small inside

diameter of the pressure probe, a measurement time of 40 minutes was carried out

for the pressure reading to reach the steady state.

Table 4.1: Test conditions

Gas-to-Liquid (GLR) (%) Plenum pressure Liquid volume flow Gas volume flow
mass ratio (%) (psia) rate (l/min) rate (stl/min)

0.0 N/A 0.454 0.0
2.0 98.2 0.454 7.83
4.0 134.3 0.454 15.5
8.0 214.2 0.454 31.5

Table 4.1 presents experimental mass flow and plenum pressure levels for GLR

values ranging from 0 (no gas injection) to 8% for the 1.0 mm diameter injector.

Fig. 4.2 presents the corresponding gauge pressure distributions as a function of non-

dimensional distance away from the exit of the discharge tube. For the higher GLR
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Figure 4.2: Pressure profiles within the out-in injector

values, the distributions do not recover the ambient pressure levels at the tube exit.

(Ambient pressure levels are indicated at the first plotted data point, but this actually

is a reference condition, not a measurement location.) This implies that the gas

injection forces the choking of the flow somewhere within the tube.

4.2 Computational Grids

There are three types of computational grids with different geometries used in this

study. Two of them are injector types: one contains the central injector tube only;

the other one also includes the surrounding gas plenum chamber. The third type is

the crossflow domain.

Fig. 4.3 shows details of a grid of the injector configuration. GridPro software

(Program Development Corporation) was used to generate a simply-connected, multi-

block structured mesh encompassing the central discharge tube, the surrounding

gas plenum chamber, a small region downstream of the tube exit, and the array

of aerating-gas holes.
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Figure 4.3: Injector grid arrangement details

In the injector simulations involving only the discharge tube, the tube grid plus

external air region consists of 1852 blocks. Two grids, one containing 194, 560 interior

mesh cells and the other containing 1, 556, 480 interior mesh cells, are used for the

calculations with discharge tube. The grid blocks are partitioned over a fixed number

of processors (16 or 25, depending on the grid size) using “METIS” load-balancing

software [59]. In the injector simulations with plenum, only one grid containing

454, 912 mesh cells is used. This grid consists of 3108 blocks and is partitioned over

16 processors. Also, the probe effects are considered using level set method and

immersed boundary method with this grid. In these simulations, the flow of aerating

gas into the discharge tube is calculated directly, rather than being imposed as a

boundary condition.

Fig. 4.4 shows details of domain decomposition of the crossflow field configuration.

The distance between the axis of the injector and the leading edge of the crossflow

domain is 100 mm. The entire domain consists 192 blocks containing 312, 384 interior

mesh cells. These blocks are partitioned over 16 processors. Also, a refined grid

containing 1, 853, 568 interior mesh cells was used for same calculations.
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Figure 4.4: Crossflow grid blocks

The calculations were parallelized with Message-Passing Interface [60; 61] stan-

dard and run on the IBM Blade Center at North Carolina State University (see

http://www.ncsu.edu/itd/hpc).

4.3 Boundary Conditions

For the injector simulations involving only the discharge tube, liquid water enters

through one end while gaseous nitrogen enters through an array of small holes, ori-

ented around the perimeter of the tube. At these entrance ports, the mass fluxes of

liquid and vapor are fixed at their target values and the pressure is extrapolated from

the interior. The exception is where the pressure drop is such that the flow within a

gas injection hole is choked. In this case, the pressure is fixed at the choke-point value

given from the isentropic analysis. The mass flux of gas is imposed as a boundary

condition over each aerating hole, with values determined from experimental mea-

surements of the pressure drop across the hole (the difference between an adjusted

plenum pressure and the measured pressure level in Table 4.1) and isentropic flow the-

ory. A uniform discharge coefficient is calculated from experimental measurements

of the gas mass flow rate and is used to scale the individual mass flux values for
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each hole. The two-phase mixture exits the tube into a small external region. As

the flow is predicted to be choked under the conditions simulated, the flow expands

supersonically into the external region. Extrapolation boundary conditions are thus

used. No-slip, adiabatic wall boundary conditions are used along all solid surfaces.

In the injector simulations with plenum chamber, different inlet boundary con-

ditions were used. These conditions include subsonic inflow boundary condition like

the above, and Bernoulli inflow boundary condition. In the subsonic boundary con-

dition, the properties, such as u, v, w, T , Yg, etc., are fixed, while the pressure is

extrapolated from the interior of the domain. In the Bernoulli boundary condition,

the total pressure p0 is fixed as:

p0 = p∞ +
1

2
ρ∞u2

∞ = constant. (4.1)

Meanwhile axial velocity, u, is extrapolated from the interior of the domain. Extrap-

olation boundary conditions are used as the supersonic outflow boundary conditions.

In the simulations involving the measurement probe, a level set immersed boundary

method is used to determine the interface between the probe and flowfield. If a grid

is determined as an interior point within the probe, then all properties at this point

will be set to freestream values.

In the crossflow simulations, the subsonic inflow boundary condition is used for

the inflow air. At the injection hole, all properties are fixed since flow is choked. A

subsonic outflow boundary condition is used for tunnel outflow, where the pressure is

fixed at the backpressure and other properties are extrapolated from the interior of

the domain.

The decomposition introduces interface boundaries between adjacent blocks. The

flow variables along interface boundaries were updated using adjacent interface data

during the block communications.
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Chapter 5

Results and Discussion

Several simulations are performed on three types of geometries (injector only, injector

with plenum, and crossflow field) respectively. The results of these simulations are

discussed in detail in this chapter.

5.1 Injector Simulations

Injector flowfields at three GLR mass ratios are simulated: 2%, 4% and 8%. Also,

turbulence modeling is used in some cases. For the GLR = 2% case, simulations on

a refined grid are also performed. Table 5.1 lists all cases simulated in this section.

Table 5.1: Description of injector simulations

Case GLR (%) Description
1 2.0 coarse grid, laminar
2 2.0 coarse grid, turbulent
3 2.0 refined grid, laminar
4 2.0 refined grid, turbulent
5 4.0 coarse grid, laminar
6 4.0 coarse grid, turbulent
7 8.0 coarse grid, laminar
8 8.0 coarse grid, turbulent

In this section, the basic flow features within the injector are described in detail,

based on the results of coarse grid and refined grid simulations at GLR=2%. Then,

a theoretical analysis is made to predict the exit pressure and inlet pressure. After

that, the centerline pressure results of different cases are compared with each other,

and mass conservation is also discussed.
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5.1.1 Basic Flow Features

First, we will investigate the basic flow features of the two-phase flow in the injector.

In order to do that, mixture density contours are plotted within the injector flowfield.

Fig. 5.1 presents snapshots of density contours within the injector after a statistically-

stationary state has been reached. The GLR mass ratio is 2%, and the flow is assumed

to be laminar. For clarity in viewing the figures, the Y and Z scales are both exagger-

ated by a factor of 2.5. The coarse grid (194, 560 interior mesh cells) is used. From

this figure, we can find that the aerating gas is displaced toward the walls of the tube,

forming a gas “sheath” that forces the liquid flow toward the centerline. The breakup

of the narrow liquid jet (as represented by the “mixture” model) occurs about 4 tube

diameters upstream of the exit. This effect is different from the in-out injector [6; 9],

in which gas interaction forces the liquid flow toward the walls to create an annular

jet.

Figure 5.1: Snapshot of density contours: coarse mesh, GLR=2%

Fig. 5.2 presents density contours from a laminar calculation at GLR=2% on the
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Figure 5.2: Snapshot of density contours: refined mesh, GLR=2%

refined mesh (2, 119, 932 interior points). We can find that instabilities along the

gas-liquid interface are captured more clearly on the refined mesh and the breakdown

of the liquid core into a highly mixed two-phase fluid occurs further upstream of the

exit. Some evidence of a swirling (sinuous) mode of jet instability is seen in the 3-D

snapshot and the gas jets are more clearly delineated in the 2-D centerplane snapshot.

This implies that decreasing the grid size does help capture flow features more clearly.

Fig. 5.3 illusrates the two-phase mixing process through iso-surfaces of gas mass

fraction extracted from the solution on the refined mesh. At this relatively low aer-

ation level, the gas does not penetrate far into the liquid core. Therefore, liquid

occupies the majority of the discharge tube.

Fig. 5.4 presents density contours along the X-Y centerplane for different GLR

values assuming both laminar and turbulent flow. As before, the Y scale is exagger-

ated by a factor of 2.5. Since the distribution of aerating gas changes for the different

GLRs, the gas is injected from different locations within the array of aerating holes.
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Figure 5.3: Snapshot of gas mass fraction iso-surfaces: refined mesh, GLR=2%

Figure 5.4: Snapshot of density contours: Coarse mesh, different GLRs
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In the laminar flows, with increases in GLR value, the aerating gas forces the liquid

flow toward the centerline more quickly, initiating a more rapid breakup of the liquid

core due to large-scale interactions of the aerating gas jets with the liquid stream.

Density contours for cases run with the turbulence model are also included. The gen-

eral flow pattern is similar to the laminar results, except that the gas-liquid interface

is more diffuse. This models, to some degree, the action of small-scale turbulence in

stripping liquid filaments and small droplets from the central liquid jet. As a result,

the two-phase mixture is more homogeneous at the exit plane.

5.1.2 Theoretical Analysis

A one-dimensional theoretical analysis is used to predict the exit pressure and inlet

pressure for cases where the two-phase mixture flow is assumed isothermal (as in the

calculations) and thermal non-equilibrium (with a liquid-phase energy equation from

Saurel, et al.[35].) In each case, the flow is assumed to be a homogeneous mixture of

liquid water and nitrogen vapor that is choked at the injector exit. Frictional forces

are neglected due to the small axial extent of the injector and gravitational effects

(though included in the analysis) are found to be negligible. This theoretical analysis

is used to provide a consistency check when comparing pressure predictions with

experimental measurements in the next section. Details of the theoretical analysis is

discussed in Appendix D.

Table 5.2 and Table 5.3 list the theoretical predictions for inlet and exit pres-

sures, exit temperature, and sound speed for the isothermal case and thermal non-

equilibrium case, respectively.

As shown in the thermal non-equilibrium case, the predicted liquid temperature

is very close to the predicted gas temperature at the exit plane for each GLR value.

This implies that the flow can be actually treated as in a state of thermal equilibrium.

43



Table 5.2: Theoretical predictions for some properties (isothermal)

GLR (%) Inlet pressure Exit pressure Exit liquid Exit gas Sound speed
(psia) (psia) temp. (K) temp. (K) (m/s)

2.0 118.96 59.33 300.00 300.00 51.13
4.0 170.00 84.72 300.00 300.00 67.87
8.0 245.27 122.12 300.00 300.00 90.57

Table 5.3: Theoretical predictions for some properties (thermal non-equilibrium)

GLR (%) Inlet pressure Exit pressure Exit liquid Exit gas Sound speed
(psia) (psia) temp. (K) temp. (K) (m/s)

2.0 118.71 59.16 299.79 298.75 51.07
4.0 169.38 84.29 299.60 297.79 67.74
8.0 243.67 120.95 299.23 296.08 90.26

Also as shown in these two tables, the inclusion of thermal non-equilibrium effects

results in similar predicted pressure levels and sound speed relative to the isothermal

results. This implies that we can furthermore assume that the flow in the injector is

in an isothermal state, which is done in our numerical simulations.

5.1.3 Centerline Pressure Results

In this section, centerline pressure results of several simulations will be compared

with the experimental data and with the theoretical predictions described in the

above section.

Fig. 5.5 presents a snapshot of the centerline pressures obtained on coarse and

refined grids for GLR=2% assuming both laminar and turbulent flow. The results

are compared with experimental data and with inlet/exit values determined from the

theoretical analyses. From this figure, we can find that all numerical simulations and

the theoretical analyses show higher pressure levels than indicated in the experimen-

tal data. In the upstream section, the coarse-grid laminar result is about 10 psia

44



Figure 5.5: Centerline pressure distributions (GLR=2%)

Figure 5.6: Centerline pressure distributions, after adjustment (GLR=2%)
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larger than the experimental data, while the refined laminar result is 20 psia larger.

The turbulent results display more of a difference between inlet and exit pressures,

indicating that enhanced frictional effects are playing a role. The predicted inlet

pressure for the refined-grid laminar simulation is in close agreement with the theo-

retical prediction. Also, exit-plane pressure values of all cases are in close agreement

with the theoretical predictions, but the experimental results display a much lower

pressure. This may indicate that the actual flow is not choked at the GLR=2% con-

ditions. Another possible reason that explains the pressure difference at exit plane is

the effect of the measurement probe which will be discussed in Section 5.3.

To better compare the shape of the pressure distributions, Fig. 5.6 presents an

adjusted view in which the computational predictions are scaled to be at the same

inlet level as the experimental results. With this view, it is evident that the fine-grid,

laminar and turbulent flow predictions agree best with the experimental distribution.

Fig. 5.7 presents a snapshot of the centerline pressures at GLR=4% and on the

coarse grid as compared with theoretical results and with experimental data. Again,

the computational results overpredict the experimental pressure levels but agree well

with the theoretical predictions. The differences between turbulent and laminar pre-

dictions are less pronounced in comparison with the GLR=2% cases. The adjusted

distributions are shown in Fig. 5.8. The pressure drop across the region of gas in-

jection is less than indicated in the experimental data, and again, the choke-point

pressure is predicted to be larger.

Fig. 5.9 presents a snapshot of the centerline pressures at GLR=8% and on the

coarse grid as compared with theoretical results and with experimental data. Again,

the computational results agree well with the theoretical predictions, but are larger

than the experimental data. The laminar result is getting close to the turbulent

result. The differences between these results are smaller in comparison with the
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Figure 5.7: Centerline pressure distributions (GLR=4%)

Figure 5.8: Centerline pressure distributions, after adjustment (GLR=4%)
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Figure 5.9: Centerline pressure distributions (GLR=8%)

Figure 5.10: Centerline pressure distributions, after adjustment (GLR=8%)
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GLR=2% and GLR=4% cases. The adjusted distributions are shown in Fig. 5.10.

Again, the pressure drop across the region of gas injection is less than indicated in

the experimental data, and the exit pressure is predicted to be larger.

Comparing Fig. 5.6, Fig. 5.8, and Fig. 5.10, we can find that with increases in GLR

value, the predicted centerline pressure profiles generally approach the experimental

data. Also, the discrepancies between the laminar and turbulent predictions get

smaller with increasing GLR. This is most likely due to the fact that, at the higher

aeration levels, gas-liquid mixing occurs at the largest scales, which are resolved

adequately on the grid. For GLR=2% on the coarse grid, assuming laminar flow, gas

injection results in the narrowing of the liquid jet but not its breakup. The inclusion

of turbulence effects enhances the mixing rate substantially for this case, leading to

a more homogeneous flow exiting the nozzle.

5.1.4 Mass Conservation

Figs. 5.11-5.14 show inlet and exit mass flow rates for the mixture and for the gas alone

for the GLR=4% and GLR=8% laminar coarse grid cases. Good mass conservation

is indicated for both cases once a statistically steady state is reached. Similar results

are obtained for the GLR=2% cases.

5.1.5 Concluding Remarks

Simulations of the transient, three-dimensional, two-phase flow within the “out-in”

injector discharge tube have been performed, and the results compared with experi-

mental pressure measurements. With increases in GLR, the aerating gas forces the

liquid flow toward the centerline, inducing large-scale mixing that acts to break up

the liquid jet well before the exit of the tube. Only at the lowest GLR value of 2% is

a relatively intact liquid core predicted to exist, and then only under assumed lam-

inar flow conditions. Predicted centerline pressure distributions are consistent with
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Figure 5.11: Total mass flow rates for laminar coarse grid (GLR=4%)

Figure 5.12: Gas mass flow rates for laminar coarse grid (GLR=4%)
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Figure 5.13: Total mass flow rates for laminar coarse grid (GLR=8%)

Figure 5.14: Gas mass flow rates for laminar coarse grid (GLR=8%)
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theoretical analyses that assume choked flow at the exit of the injector tube, but

exhibit systematically higher absolute levels compared with the experimental data.

The shape of the pressure distribution induced by gas injection is best predicted when

turbulence effects are modeled and when very fine grids are used.

5.2 Injector Simulations with Plenum

In section 5.1, numerical results for simulations of two-phase flow in the discharge tube

are discussed in detail. The predicted centerline pressure distributions are consistent

with theoretical analyses, but exhibit systematically higher absolute levels compared

with the experimental data. One possible reason is that the geometry used in the

simulation is different from the experiment. Only the discharge tube is used in those

simulations. Thus, certain boundary conditions have to be imposed over the array

of aerating-gas holes around the perimeter of the tube. But in the experiments,

the aerating-gas flows into the system from the plenum inlet. In order to be more

consistent with the experimental environment, a injector grid (454, 912 internal mesh

cells) including the surrounding gas plenum chamber is used. With this grid, there

is no boundary condition imposed over the array of aerating-gas holes. The flow into

or out of the discharge tube is calculated directly.

Table 5.4: Description of injector simulations with plenum

Case GLR (%) Boundary conditions at inlet
1 4.0 Subsonic B.C. for both gas and liquid
2 4.0 Bernoulli B.C. for gas, subsonic B.C. for liquid
3 4.0 Bernoulli B.C. for both gas and liquid
4 4.0 Bernoulli B.C. for gas (170 psia), subsonic B.C. for liquid

Only one GLR mass ratio (4%)is chosen in the simulations, and laminar flow is

assumed. Different inlet boundary conditions are used for gas and liquid. Table 5.4

lists all cases simulated in this section.
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5.2.1 Basic Flow Features

Figure 5.15: Snapshot of density contours: Coarse mesh, different BCs

Fig. 5.15 presents snapshots of density contours within the injector and the plenum

along the X-Y centerplane after a statistically-stationary state has been reached. The

GLR mass ratio is 4%, and the flow is assumed to be laminar. As before, the Y scale is

exaggerated by a factor of 2.5. From this figure, we can find that the flow features are

very similar to each other among all cases with plenum. In the upstream section, since

the pressure in the discharge tube is larger than the pressure in the plenum chamber,

the liquid flow is injected from the tube into the plenum. In the downstream section,

the plenum pressure is larger than the tube pressure, thus the aerating gas is dispersed

through the array of small holes into the discharge tube and is displaced toward the
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walls of the tube, forcing the liquid flow toward the centerline. This feature is very

similar to the results of discharge tube cases.

5.2.2 Case with Subsonic BCs for Gas and Liquid at Inlet

Figure 5.16: Centerline pressure distributions, subsonic BCs

Fig. 5.16 presents a snapshot of the centerline pressure obtained with subsonic

boundary conditions. The results are compared with experimental data and with

inlet/exit values determined from the theoretical analyses. From this figure, we can

find that the numerical simulation and the experimental data show lower pressure

levels than the theoretical analyses. But the shape of the pressure distribution of the

simulation is more like that of discharge tube simulations: in the upstream section, the

numerical result agrees well with the experimental data, but the exit-plane pressure

is predicted to be larger than the experimental data.

Fig. 5.17 shows inlet and exit mass flow rates for the mixture. As shown, the exit

mass flow rate approaches the inlet mass flow rate as a steady state is reached. But
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Figure 5.17: Total mass flow rates, subsonic BCs

Figure 5.18: Gas mass flow rates, subsonic BCs
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as shown in Fig. 5.18, the gas mass flow rate at the outlet (about 2.0 × 10−4 kg/s)

does not approach the gas mass flow rate at the inlet (about 2.93× 10−4 kg/s). The

relative error is about 32%. This error is possibly due to the relatively short run

times, which are not long enough for pressure disturbances to feed upstream through

the array of holes to the plenum so as to adjust the pressure level to the value that

would produce the correct mass flow rate.

This leads us to think about how to fix the gas mass conservation problem. One

partial solution is to impose a variable gas mass flow rate at inlet. This can be

implemented using Bernoulli boundary conditions. With the Bernoulli boundary

condition, the total pressure is fixed at the inlet, but the static pressure and the

velocity are variable. Thus, the inlet gas mass flow rate can be changed according to

any change in the pressure distribution within the injector.

5.2.3 Case with Bernoulli BC for Gas at Inlet

This case starts running from the solution of Case 1 at 4900 iterations. Fig. 5.19

presents a snapshot of the centerline pressure obtained with Bernoulli boundary con-

dition for inlet gas. The results are compared with experimental data and with

inlet/exit values determined from the theoretical analyses. The centerline pressure

distribution for this case is very similar to that of the case with subsonic inlet bound-

ary condition for the gas phase. The numerical results are close to the experimental

data, but are lower than the theoretical analyses. At the exit-plane, the numerical

result is also larger than the experimental data.

Fig. 5.20 shows inlet and exit mass flow rates for the mixture. As shown, the

exit mass flow rate approaches the inlet mass flow rate as a steady state is reached.

Fig. 5.21 shows inlet and exit mass flow rates for the gas phase. This time, the outlet

gas mass flow rate agrees well with the inlet gas mass flow rate when a steady state
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Figure 5.19: Centerline pressure distributions, Bernoulli BC for gas at inlet

Figure 5.20: Total mass flow rates, Bernoulli BC for gas at inlet
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Figure 5.21: Gas mass flow rates, Bernoulli BC for gas at inlet

is reached. But both rates approach a value (about 2.1 × 10−4 m/s) which is much

lower than the expected value (about 3× 10−4 m/s). This corresponds to an effective

GLR of 2.8 %.

5.2.4 Case with Bernoulli BCs for Gas and Liquid at Inlet

This case starts running from the solution of Case 2 at 13500 iterations. Fig. 5.22

presents a snapshot of the centerline pressure obtained with Bernoulli boundary condi-

tions for both gas and liquid at the inlet. The results are compared with experimental

data and with inlet/exit values determined from the theoretical analyses. The cen-

terline pressure distribution for this case is also very similar to that of the case with

subsonic boundary conditions. The numerical results are close to the experimental

data, but are lower than the theoretical analyses. At the exit-plane, the numerical

result is also larger than indicated in the experimental data.

Fig. 5.23 shows inlet and exit mass flow rates for the mixture. As shown, the exit
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Figure 5.22: Centerline pressure distributions, Bernoulli BCs for gas and liquid

Figure 5.23: Total mass flow rates, Bernoulli BCs for gas and liquid
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Figure 5.24: Gas mass flow rates, Bernoulli BCs for gas and liquid

mass flow rate approaches the inlet mass flow rate as a steady state is reached. Since

the Bernoulli boundary condition is also imposed on the inlet liquid, the total mass

flow rate at inlet (about 6.9 × 10−3 kg/s) deviates from the expected value (about

7.5 × 10−3 kg/s). Fig. 5.24 shows inlet and exit mass flow rates for the gas phase.

Again, the outlet gas mass flow rate agrees well with the inlet gas mass flow rate when

a steady state is reached, but both rates approach a value (about 2.3 × 10−4 m/s)

which is much lower than the expected value (about 3×10−4 m/s). This corresponds

to an effective GLR of 3.3 %.

5.2.5 Case with Bernoulli BC for Gas at a Higher Gas Pres-
sure at Inlet

From the results of above three cases, we find that the outlet gas mass flow rate is

much lower than the expected value when either the subsonic or Bernoulli boundary

condition is used for the inlet gas. The aerating gas flowing into the plenum is driven
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by the pressure drop acrosss the injector. Thus, if the pressure of the freestream is

higher along with a constant backpressure, the more gas will flow into the plenum.

With this assumption, the inlet gas pressure is assumed to be at the same value as

the theoretical analysis in this case, which is about 170 psia.

This case also starts running from the solution of Case 1 at 4900 iterations.

Fig. 5.25 presents a snapshot of the centerline pressure obtained with Bernoulli bound-

ary condition for inlet gas at a higher pressure. The results are compared with experi-

mental data and with inlet/exit values determined from the theoretical analyses. The

centerline pressure distribution of this case is very similar to those of the cases with

discharge tube discussed in the previous section. The numerical results agree well

with the theoretical predicitons at inlet and outlet. They both show higher pressure

levels than indicated in the experimental data.

Figure 5.25: Centerline pressure distributions, Bernoulli BC for gas at inlet (170 psia
gas pressure)
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Figure 5.26: Total mass flow rates, Bernoulli BC for gas at inlet (170 psia gas pressure)

Figure 5.27: Gas mass flow rates, Bernoulli BC for gas at inlet (170 psia gas pressure)
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Fig. 5.26 shows inlet and exit mass flow rates for the mixture. As shown, the

exit mass flow rate approaches the inlet mass flow rate as a steady state is reached.

Fig. 5.27 shows inlet and exit mass flow rates for the gas phase. This time, the outlet

gas mass flow rate agrees better with the inlet gas mass flow rate when a steady state

is reached but is still not completely matched. This implies that the chosen plenum

pressure is slightly high. This behavior is also like that observed in the discharge tube

cases.

5.2.6 Concluding Remarks

Simulations of the transient, three-dimensional, two-phase flow within the “out-in”

injector with plenum chamber have been performed, and the results compared with

experimental pressure measurements. The flow pattern is very similar to those simu-

lations with discharge tube cases. The aerating gas forces the liquid flow toward the

centerline, and breaks up the liquid jet well before the exit of the tube. Predicted

centerline pressure distributions with all boundary conditions except one (Bernoulli

BC at a higher gas pressure at inlet) are close to the experimental data, but are lower

than the theoretical analyses that assume choked flow at the exit of the injector tube.

The total mass gas rates at outlet in these cases approach the total mass gas rates

at outlet, but the gas mass rates at outlet approach a value lower than the expected

value. Predicted centerline pressure levels for the case with the Bernoulli BC at a

higher gas pressure in the plenum at inlet agrees well with the theoretical analysis,

but are consistently larger than the experimental data. The gas mass flow rate at

outlet for this case does approach the expected value, however.

These results are consistent with those of the discharge tube cases. This implies

that inaccuracies exhibited in comparing with experimental data are not the result

of simplifications in the injector geometry.
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5.3 Injector Simulations with Probe Effects

The results presented in the previous two sections show some discrepancies between

the numerical predictions and the experimental data. If the numerical results of the

mass flow rates for both mixture and gas at the outlet are at the same level as the

experimental data, the centerline pressure level will be higher than the experimental

data. On the other hand, if the centerline pressure at the inlet in the simulations is

at the same level as the experimental data, then the gas mass flow rate at outlet in

the simulations will drop below the experimental data, resulting in a lower effective

GLR value. Since the pressure probe’s diameter (152 µm) is not small compared

with the injector diameter (1 mm), the intrusion of the probe can change the flow

characteristics of the two-phase flow inside the injector, and this effect may not be

negligible. Thus, we need to take the probe effects into account in the simulations.

Table 5.5: Description of injector simulations with probe effects

Case GLR (%) Probe tip location at x axis (m)
1 4.0 0.03
2 4.0 0.04
3 4.0 0.045
4 4.0 0.0475
5 4.0 0.05
6 4.0 0.055
7 4.0 0.06
8 4.0 0.0625
9 4.0 0.06469 (exit)

Only one GLR mass ratio (4%)is chosen in the simulations, and laminar flow is

assumed. All simulations are initialized from the solution of the baseline (Case 4 in

Section 5.2) at 13400 iterations. The effect of the probe on the flowfield is simulated

using an immersed boundary method (Appendix E). The probe tip is positioned at

various axial locations. Table 5.5 lists all cases simulated in this section.
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5.3.1 Basic Flow Features

Fig. 5.28 presents snapshots of density contours within the injector and the plenum

along the X-Y centerplane, where the probe tip is at x = 0.03m location. The GLR

mass ratio is 4%, and the flow is assumed to be laminar. As before, the Y scale

is exaggerated by a factor of 2.5. The probe is blanked out by only displaying the

positive signed distance in the contour plots. As shown, the probe is whollly within

Figure 5.28: Snapshot of density contours: Probe tip at x = 0.03m

the liquid core, and the flow features are very similar to the plenum cases in the

previous section. In the upstream section, since the pressure in the discharge tube is

larger than the pressure in the plenum, the liquid flow is injected from the tube into

the plenum. In the downstream section, the plenum pressure is larger than the tube

pressure, thus the aerating gas is dispersed through the array of small holes into the

discharge tube and is displaced toward the walls of the tube, forcing the liquid flow

toward the centerline. This feature is also shown in Cases 2-4, where the probe tip
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ranges from x = 0.04m to x = 0.0475m. This implies that the probe’s presence has

little effect on the flowfield if it is contained wholly within the liquid core.

Fig. 5.29 presents snapshots of density contours within the injector and the plenum

along the X-Y centerplane, where the probe tip is at the x = 0.05m location. As

Figure 5.29: Snapshot of density contours: Probe tip at x = 0.05m

shown, the probe is not wholly within the liquid core any more. The probe tip is in

the two-phase mixture flow, and the flow features are not as similar to Case 1 (see

Fig. 5.28) and the plenum cases (see Fig. 5.15, especially in the downstream section.

In the upstream section, the liquid flow is injected from the tube into the plenum as

before. But in the downstream section, the breakdown of the liquid core into a highly

mixed two-phase fluid right behind the wake area is accelerated due to the intrusion of

the probe. The two-phase mixture is more homogeneous at the exit-plane compared

with Case 1 and previous cases. Cases 6-9 also follow this change of liquid breakup.

This implies that the probe’s presence does affect the flowfield if the probe tip is in

the two-phase fluid area.
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5.3.2 Pressure Distributions

In this section, pressure distributions along the outside of the probe surface and

downstream of the probe tip are compared with centerline pressure results of the

baseline (Case 4 in Section 5.2), theoretical analyses and experimental data.

Fig. 5.30 presents a snapshot of the pressure distributions for Cases 1-4, where the

probe tip location is from x = 0.03m to x = 0.0475m. The pressure distributions of

these cases are very close to that of the baseline. The numerical results agree well with

the theoretical predicitions at the inlet and outlet. They both show higher pressure

levels than indicated in the experimental data. These pressure distributions further

indicate that the probe has little effect on the flowfield when it is wholly within the

liquid core.

Figure 5.30: Pressure distributions, Probe tip at x = 0.03m-0.0475m

Figs. 5.31-5.35 present snapshots of the pressure distributions for Cases 5-9, where

the probe tip location ranges from x = 0.05m to x = 0.06469m (exit). The pressure
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distributions of these cases are very close to that of the baseline along the outside of

the probe surface in the upstream section. In the downstream area, the pressure levels

are lower than that of the baseline, but are still much higher than the experimental

data. Also, right near the probe tip’s location, there is a pressure dip. It is not a small

drop (about 20-40 psia) compared with the pressure value (at the order of 100 psia).

That also further indicates that the intrusion of the probe does affect the flowfield of

the two-phase flow if the probe is not wholly within the liquid core. The dip appears

to be associated with the expansion of the two-phase flow around the probe tip. At

these downstream positions, the two-phase flow is supersonic, by virtue of the low

sound speed of the two-phase mixture. Thus, a Prandtl-Meyer wave is generated,

followed by a recompression downstream of the recirculation region located at the

probe tip. The pressure tap at the probe tip would actually measure the pressure

downstream of the expansion wave, which is lower than that away from the probe.

Figure 5.31: Pressure distributions, Probe tip at x = 0.05m
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Figure 5.32: Pressure distributions, Probe tip at x = 0.055m

Figure 5.33: Pressure distributions, Probe tip at x = 0.06m
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Figure 5.34: Pressure distributions, Probe tip at x = 0.0625m

Figure 5.35: Pressure distributions, Probe tip at x = 0.06469m (exit)
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Figure 5.36: Pressure distributions, extracted from all probe tip locations

Figure 5.37: Pressure distributions (adjusted), extracted from all probe tip locations
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Fig. 5.36 shows the pressure level at each probe tip location extracted from the

above results. From this figure, it is clearly that the pressure level at the probe

tip is progressively lowered as the probe is moved near to the exit-plane. Fig. 5.37

shows an adjusted view of the pressure distributions in the same way described in

Section 5.1. We can find that in the two-phase mixing region, the shape of the

pressure distribution for the probe simulations is closer to the experimental data.

The distributions presented were extracted from instantaneous flowfield data. Some

of the non-smooth behavior could possibly level out with time-averaging of the data,

which is more insteady with the probe located toward the exit plane.

5.3.3 Mass Conservation

Figure 5.38: Mass flow rates for probe tip at x = 0.03m

Figs. 5.38-5.46 show inlet and exit mass flow rates for the mixture and the gas

alone for the cases discussed in this section. It is shown that the gas mass flow rate

at the outlet approaches that at the inlet for all cases. The total mass flow rate at
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Figure 5.39: Mass flow rates for probe tip at x = 0.04m

Figure 5.40: Mass flow rates for probe tip at x = 0.045m
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Figure 5.41: Mass flow rates for probe tip at x = 0.0475m

Figure 5.42: Mass flow rates for probe tip at x = 0.05m
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Figure 5.43: Mass flow rates for probe tip at x = 0.055m

Figure 5.44: Mass flow rates for probe tip at x = 0.06m
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Figure 5.45: Mass flow rates for probe tip at x = 0.0625m

Figure 5.46: Mass flow rates for probe tip at x = 0.06469m (exit)
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the outlet approaches the inlet value like the baseline does where the probe is wholly

within the liquid core. But for the cases where the probe is not wholly within the

liquid core, the total mass flow rate at the outlet approaches a lower value than that

at the inlet. That is probably because that the intrusion of the probe requires a much

longer time period for the flow to reach the steady state. Also, the immersed boundary

method ”blanks out” center cells and interpolates flow variables (see Appendix E).

This treatment is not necessary conservative.

5.3.4 Concluding Remarks

Simulations of the transient, three-dimensional, two-phase flow within the “out-in” in-

jector with plenum chamber and with the intrusion of the probe have been performed,

and the results compared with experimental pressure measurements, theoretical anal-

yses and the baseline result of Case 4 in Section 5.2. The flow pattern and the pressure

distribution are very similar to the baseline results of Case 4 in Section 5.2 when the

probe is wholly within the liquid core. But the two-phase mixture is more homogeous

at the exit-plane if the probe tip is in the two-phase fluid area, and the flow is more

unsteady. And there is a pressure drop near the probe tip’s location in these cases.

These features imply that the intrusion of the probe does affect the flowfield if the

probe tip is in the two-phase area, instead of the liquid core. This effect could ex-

plain some of the discrepancies evidenced in the shape of the pressure distributions

in the two-phase mixing region but does not explain the discrepancies evidenced in

the absolute pressure level in the injector.

5.4 Crossflow Simulations

In order to further facilitate the use of the aerated-liquid jets in practical applications,

such as a scramjet combustor, a detailed characterization of the corresponding spray
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plume and droplet properties in a crossflow enviroment is needed. The effects of

freestream Mach number on the evolution of the spray structure is also examined,

and results are compared with experimental imaging data.

Only one GLR mass ratio (4%) is chosen in the simulations, and turbulent flow is

assumed. Subsonic boundary condition is used for inflow air. At the injection hole,

all properties are fixed since flow is choked. Subsonic boundary condition is used for

tunnel outflow. Table 5.6 lists all cases simulated in this section. All cases have same

initial static pressure and temperature conditions for the tunnel. They are set to be

140 kPa and 293 K, respectively. The diameter of the injector hole is 1 mm.

Table 5.6: Description of crossflow simulations

Case M∞ Grid Initial conditions for the injector hole
1 0.1 coarse grid results of theoretical analysis
2 0.2 coarse grid results of theoretical analysis
3 0.3 coarse grid results of theoretical analysis
4 0.3 coarse grid solution of injector simulation with Bernoulli BCs

for gas and liquid at inlet
5 0.3 coarse grid solution of injector simulation with Bernoulli BC

for gas at 170 psia pressure at inlet
6 0.3 refined grid solution of injector simulation with Bernoulli BC

for gas at 170 psia pressure at inlet
7 0.3 refined grid results of theoretical analysis

The Mach number of the freestream air, M∞, in the subsonic wind tunnel varied

from 0.1 to 0.2 and 0.3. Contour plots of liquid mass density (ρlαl = ρYl) at the X-Z

centerplane are compared with experimental shadowgraph images in the figures that

follow. All contours are scaled from 1 to 3 kg/m3. In the experiments, the jet-to-air

momentum flux ratio q0 is used and is defined as:

q0 =
ρlw

2
0

ρ∞u2
∞

, (5.1)

where w0 is the injector exit velocity in injection direction when the GLR value
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is assumed to be zero, and u∞ is the freestream velocity. As discussed by Lin et

al. [1; 2; 5; 7], the effective momentum flux ratio for the aerated-liquid jet is higher

than q0 and is difficult to quantify. In a M∞ = 0.3 crossflow, the numerical calculation

of the jet-to-air momentum flux ratio is 5.08 if the injector exit velocity is obtained

from the previous injector simulations for GLR=4%. This calculated q0 is close to the

experiment (q0 = 5.0), so we can use the injector solutions as the initial conditions for

the jet hole. In M∞ = 0.1 and 0.2 cases, the velocity of the freestream air is smaller

that that of M∞ = 0.3 case, so injector flow rate must change to keep constant q0.

Since the experimental conditions for M∞ = 0.1 and 0.2 are not available for us, we

can only use theoretical analysis results as the initial conditions for the jet hole.

5.4.1 Freestream Mach 0.1 Case

Fig. 5.47 presents the experimental shadowgraph for injection into a Mach 0.1 cross-

flow. From this shadowgraph, we can see that the two-phase flow is injected vertically

into the wind tunnel. Then it bends in the streamwise direction under the drag force

imposed by the freestream air and disperses into a spray plume due to the breakup

of the liquid into small droplets. The shadowgraph shows that the spray hits the

top wall of the wind tunnel test section at around the x
d0

= 50 cross section plane.

Some liquid concentrates near the top wall downstream of the impingement points

as indicated by the darker region in the shadowgraph. Fig. 5.48 shows predicted

liquid mass density contours at the X-Z centerplane for Case 1. Like the experimental

shadowgraph, the liquid mass density contours show that the two-phase flow injects

into the crossflow vertically as a spray plume. There are several differences between

the shadowgraph image and the numerical results. First, the flow in the numerical

simulation initially penetrates more vertically than indicated in the experiment. Sec-

ondly, the numerical results show a larger curvature of the spray in the streamwise
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Figure 5.47: Shadowgraph, M∞ = 0.1, GLR=4%, q0 = 5.0

Figure 5.48: Liquid mass density contours, X-Z centerplane, Case 1 (analysis)

direction. Thus, the calculated two-phase flow does not hit the top wall of the wind

tunnel. Finally, the numerical results show less lateral dispersion of the plume at the

furthest downstream section. Fig. 5.49 shows predicted liquid mass density contours

at the x
d0

= 30 cross section for Case 1. The spray plume in the cross section shows

a horseshoe-shaped structure for the aerated-liquid jets. This structure results from

the interaction between the freestream air and the blockage of the aerated-liquid jet.

The resulting axial vortices enhance mixing by carrying liquid from the upper portion

of the spray plume toward the bottom plate of the wind tunnel. Also, the peak liquid

mass is located away from the center plane.

80



Figure 5.49: Liquid mass density contours, x
d0

= 30 cross section, Case 1 (analysis)

Figure 5.50: Liquid mass flow rates, Case 1 (analysis)

Fig. 5.50 shows inlet and exit liquid mass flow rates for Case 1. Good mass

conservation is shown for these cases once a statistically steady state is reached. The

code is started with first order spatial accuracy, and is altered to second order spatial

accuracy after 1500 iterations. This explains the occurrence of the spike in the liquid

mass flow rate at outlet near 1500 iterations. This occurs in all cases in this section.

5.4.2 Freestream Mach 0.2 Case

Fig. 5.51 presents the experimental shadowgraph for freestream Mach number of 0.2.

Like the M∞ = 0.1 case, we can see that the two-phase flow injects into the wind

tunnel vertically, then bends in the streamwise (x) direction and disperses into a spray
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plume. Since the freestream air velocity is larger, the drag on the two-phase flow is

larger, and it forces the spray to curve towards flow direction more quickly. This

results in a more dispersed spray plume and a lower penetration.

Figure 5.51: Shadowgraph, M∞ = 0.2, GLR=4%, q0 = 5.0

Figure 5.52: Liquid mass density contours, X-Z centerplane, Case 2 (analysis)

Fig. 5.52 shows calculated liquid mass density contours at the X-Z centerplane

for Case 2. Like the experimental shadowgraph, the numerical liquid mass density

contours show that the two-phase flow injects into the crossflow vertically as a spray

plume. Still, the numerical spray plume is less dispersed laterally than indicated the

experiment.

82



Figure 5.53: Liquid mass density contours, x
d0

= 50 cross section, Case 2 (analysis)

Figure 5.54: Liquid mass flow rates, Case 2 (analysis)

Fig. 5.53 shows predicated liquid mass density contours at the x
d0

= 50 cross section

for Case 2. The spray plumes in the cross section show an asymmetric horseshoe-

shaped structure for the aerated-liquid jets. This asymmetry is probably caused by

the following reasons. First, the grid is not symmetric about the X-Z centerplane.

Secondly, there is no symmetric condition enforced in the numerical calculation. Fi-

nally, this asymmetry is a consequence of the capturing of the natural modes of jet

instability where the eddy viscosity is not large enough to initially suppress them.

Fig. 5.54 shows inlet and exit liquid mass flow rates for Case 2. Again, good mass

conservation is shown once a statistically steady state is reached.
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5.4.3 Freestream Mach 0.3 Cases

Fig. 5.55 presents the experimental shadowgraph image for a freestream Mach number

of 0.3. Like the previous cases, we can see that the two-phase flow injects into the

wind tunnel vertically, then bends toward the tunnel floor and disperses into a spray

plume. Since the freestream air velocity is the largest, the drag force imposed on the

two-phase flow is the largest, and it forces the two-phase flow more quickly toward

the freestream flow direction and results in the least penetration of the jet.

Figure 5.55: Shadowgraph, M∞ = 0.3, GLR=4%, q0 = 5.0

Figure 5.56: Liquid mass density contours, X-Z centerplane, Case 3 (analysis)
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Figure 5.57: Liquid mass density contours, X-Z centerplane, Case 4 (Bernoulli BCs)

Figure 5.58: Liquid mass density contours, X-Z centerplane, Case 5 (170 psia)

Fig. 5.56-Fig. 5.58 show liquid mass density contours at the X-Z centerplane for

Cases 3-5. All numerical liquid mass density contours show that the two-phase flow

injects into the crossflow and forms a less dispersed spray plume. Numerical results

show more expansion of the two-phase flow right after the injector exit. This may be

due to the fact that the pressure levels at the injector exit in the simulations and in

the theoretical predictions are higher than those measured in the experiment. The

result of Case 5 (170 psia gas pressure) shows the highest penetration among the nu-

merical results. The result of Case 4 (both Bernoulli BCs) shows a lower penetration
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Figure 5.59: Liquid mass density contours, X-Z centerplane, Case 6 (170 psia)

Figure 5.60: Liquid mass density contours, X-Z centerplane, Case 7 (analysis)

compared with Case 5. This is probably due to a lower injector exit pressure of Case

4. Case 3 (theoretical analysis) has almost the same injector exit pressure as Case

5 does, but the penetration height is lower than that of Case 5. The two-phase jet

of Case 3 is uniform at the injector exit plane, as properties were obtained by the

one-dimensional analysis of Appendix D. In contrast, the exit conditions for Cases

4 and 5 were obtained by time-averaging exit plane results from simulations of the

actual flow within the injector. These different injector exit conditions may cause the

difference in the penetration heights among these three cases.

Fig. 5.59 and Fig. 5.60 show numerical results of liquid mass density contours at
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centerplane for Cases 6 and 7. These refined-grid results show smoother liquid mass

density contours. Liquid mass density contours of Case 6 (170 psia gas pressure)

agrees best with the experimental shadowgraph right after injection.

Fig. 5.61-Fig. 5.65 show numerical results of liquid mass density contours at the

x
d0

= 50 cross section for Cases 3-7. Again, the spray plumes in the cross section

show a horseshoe-shaped structure for the aerated-liquid jets. Liquid mass density

contours obtained on the coarse grid are more narrowly distributed about the center-

plane, while those obtained on the refined-grid are distributed further away from the

centerplane. Also, the results obtained using the theoretical exit plane conditions are

more symmetric about the centerplane.

Figure 5.61: Liquid mass density contours, x
d0

= 50 cross section, Case 3 (analysis)

Fig. 5.66 shows the velocity streamlines at the x
d0

= 50 cross-sectional plane for

Case 5. As mentioned earlier in Section 5.4.1, the axial vortices enhance mixing

by carrying two-phase fluid from the upper portion of the spray plume toward the

bottom plate of the wind tunnel. These streamlines further explain the formation of

the horse-shaped structure for the aerated-liquid jet.
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Figure 5.62: Liquid mass density contours, x
d0

= 50 cross section, Case 4 (Bernoulli
BCs)

Figure 5.63: Liquid mass density contours, x
d0

= 50 cross section, Case 5 (170 psia)

Figure 5.64: Liquid mass density contours, x
d0

= 50 cross section, Case 6 (170 psia)
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Figure 5.65: Liquid mass density contours, x
d0

= 50 cross section, Case 7 (analysis)

Figure 5.66: Velocity streamlines, x
d0

= 50, Case 5 (170 psia)

Fig. 5.67-Fig. 5.71 show inlet and exit liquid mass flow rates for Cases 3-7. Again,

good mass conservation is shown once a statistically steady state is reached.
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Figure 5.67: Liquid mass flow rates, Case 3
(analysis)

Figure 5.68: Liquid mass flow rates, Case 4
(Bernoulli BCs)

Figure 5.69: Liquid mass flow rates, Case 5
(170 psia)

Figure 5.70: Liquid mass flow rates, Case 6
(170 psia)

Figure 5.71: Liquid mass flow rates, Case 7
(analysis)
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5.4.4 Structures of Aerated-liquid Jets

An important feature of the aerated-liquid jet is its penetration height at a partic-

ular cross-sectional plane. The penetration height is the top point of the visualized

aerated-liquid jet at a particular cross-sectional plane. Fig. 5.72 shows the aerated-

liquid jet penetration heights of different freestream Mach numbers and different GLR

values measured from the experiments.

Figure 5.72: Experimental data, aerated-liquid jet penetration heights

Table 5.7: Aerated-liquid jet penetration height ( h
d0

) at x
d0

= 30

M∞ Shadowgraph Cases 1-3 Case 4 Case 5 Case 6 Case 7
(analysis) (Bernoulli) (170 psia) (refined) (refined)

0.1 50.5 39.9
0.2 36.5 31.4
0.3 30.5 25.2 28.2 30.8 26.4 21.9

Table 5.7 lists the penetration heights of the aerated-liquid jets of the experimental

shadowgraphs and the numerical liquid mass density contours. In the shadowgraph
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and liquid mass density contours, the penetration height is taken to be the the top

edge of the dark color area. As shown in this table, at x
d0

= 30 plane, the penetration

height of Case 5 (170 psia gas pressure) is the most closest to the penetration height

of the experimental shadowgraph, and Case 7 (refined grid, theoretical analysis) has

the lowest penetration height.

To summarize the typical structure of the aerated-liquid jets, Fig. 5.73-Fig. 5.75

show the three-dimensional distributions of liquid mass density for the aerated-liquid

jets with M∞ = 0.1, 0.2, and 0.3, respectively. Half planes of the cross section and

the centerplane are used to display three-dimensional structures of the aerated-liquid

jets. As shown, the liquid mass density distributions in the cross-sectional planes are

diluted as streamwise distance ( x
d0

) increases.

Figure 5.73: Liquid mass density contours, 3-D, Case 1 (analysis)

92



Figure 5.74: Liquid mass density contours, 3-D, Case 2 (analysis)

Figure 5.75: Liquid mass density contours, 3-D, Case 3 (analysis)
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5.4.5 Concluding Remarks

Simulations of the thermal non-equilibrium, turbulent, three-dimensional, two-phase

flow within the subsonic crossflow domain have been performed, and the results com-

pared with experimental shadowgraphs. The two-phase flow vertically injects into

the crossflow domain. Then it bends towards the streamwise direction under the

drag force imposed by the freestream air and disperses into a spray plume due to the

breakup of the liquid into small droplets. With increases in freestream Mach num-

ber, the penetration height of the aerated-liquid jet decreases. In the cross-sectional

planes, the liquid mass contours show a horseshoe-shape structure of the jet, and are

diluted with increases in the streamwise distance. For freestream Mach 0.3 cases, the

penetration height of Case 5 (170 psia gas pressure, non-uniform jet inflow) is closest

to the experimental shadowgraph, and Case 6 (refined grid, 170 psia gas pressure,

non-uniform jet inflow) agrees best with the shadowgraph on the jet profile right

after injection. These results provide additional evidence that the previous injector

simulations are valid and credible.

5.5 Cross-flow Simulations with Droplet Transport

Model

In the crossflow experiment, many droplet properties are measured or calculated.

But not all of these properties can be calculated in the simulations with the mixture

model. For example, separate liquid droplet velocities can not be obtained, nor can

predictions of average droplet size. In order to understand more liquid properties, a

droplet transport model is implemented in a decoupled fashion in this work. In this

model, one liquid mass continuity equation in conservative form, along with three

liquid momentum equations discretized in divergence form, are solved in a similar

matter used in the mixture model. No droplet energy equation needs to be solved
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since the droplet temperature is assumed to be frozen at the injector exit value.

Droplet equations are solved separately from the mixture equations. As a first step,

the droplet distribution is assumed to be monodisperse with an inputted diameter.

Only one GLR mass ratio (4%) and one freestream Mach number (0.3) are chosen

for the coarse grid simulations, and turbulent flow is assumed. Table 5.8 lists all cases

simulated in this section. All cases are initialized from the solution of Case 5 in the

previous section. The injector exit plane conditions are obtained from the solution

of Case 4 in Section 5.2. Other conditions are set to be the same as described in the

previous section.

Table 5.8: Description of crossflow simulations with droplet transport model

Case Droplet diameter size ddrop (µm)
1 5
2 10
3 20
4 40

Fig. 5.76-Fig. 5.79 show liquid mass density contours at the X-Z centerplane for

Cases 1-4. All numerical liquid mass density contours show that the two-phase flow

injects into the crossflow and forms a dispersed spray plume Numerical results show

more expansion of the two-phase flow right after the injector exit. With increases in

droplet diameter size ddrop, the two-phase flow injects into the crossflow less vertically

and bends in the streamwise direction more quickly. The contours become less smooth

in the edge of the dark area. Also, liquid mass density contours become darker with

increases in droplet diameter size. This indicates that more liquid is concentrated on

the centerplane when droplet diameter size increases.
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Figure 5.76: Liquid mass density contours, ddrop = 5µm, Case 1

Figure 5.77: Liquid mass density contours, ddrop = 10µm, Case 2

Figure 5.78: Liquid mass density contours, ddrop = 20µm, Case 3
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Figure 5.79: Liquid mass density contours, ddrop = 40µm, Case 4

Figure 5.80: Liquid mass density contours, x
d0

= 50, ddrop = 5µm, Case 1

Figure 5.81: Liquid mass density contours, x
d0

= 50, ddrop = 10µm, Case 2
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Figure 5.82: Liquid mass density contours, x
d0

= 50, ddrop = 20µm, Case 3

Figure 5.83: Liquid mass density contours, x
d0

= 50, ddrop = 40µm, Case 4

Fig. 5.80-Fig. 5.83 show predicated liquid mass density contours at the x
d0

=

50 cross section for Cases 1-4. The spray plumes in the cross section show that

more liquid concentrates on the X-Z centerplane, and the horseshoe-shaped structure

observed in the previous section fades away with increases in the droplet diameter

size. This indicates that liquid material accumulates to the centerplane. There are

two possible reasons to explain the clustering.

First reason is described as follows. Fig. 5.84 and Fig. 5.85 show vertical and lateral

velocity contours at the x
d0

= 50 cross-sectional plane for Case 5 of the mixture model.
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Figure 5.84: Vertical velocity contours, mixture, Case 5 (170 psia)

Figure 5.85: Lateral velocity contours, mixture, Case 5 (170 psia)

Figure 5.86: Vertical velocity contours, ddrop = 20µm, x
d0

= 50
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Figure 5.87: Lateral velocity contours, ddrop = 20µm, x
d0

= 50

Fig. 5.86 and Fig. 5.87 show vertical and lateral velocity contours at the x
d0

= 50 cross-

sectional plane for ddrop = 20µm of the droplet model. As shown, the magnitude of

the vertical velocity is much larger than that of the lateral velocity. That implies that

the drag force in vertical direction is much larger than the drag force in the lateral

direction. Thus, in the droplet transport model, the two-phase flow disperses more

in the vertical direction, but less in the lateral direction.

The second reason is mainly due to the lack of a pressure gradient term in the

droplet momentum equations and the degenerate hyperbolic nature of disperse gas-

particle flows equations discussed in Refs. [62–65]. In [64], a one-dimensional eigen-

analysis shows that the particle equations have three equal eigenvalues indicating that

the particle equations are hyperbolic. Because of this degeneracy in the eigensystem,

information can only travel through the computational domain in the direction of the

particle pathlines. Since there are no pressure forces in the particle equations, particle

vacuums can exist. Also, as interactions between particles have been neglected, the

particle paths can cross. Lagrangian methods can readily deal with particle paths

that cross. Eulerian methods, however, sometimes generate solutions which are not

only inaccurate but also physically incorrect. Examples are presented in [63; 64].
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Figure 5.88: Liquid mass flow rates, Case 1
(5 µm)

Figure 5.89: Liquid mass flow rates, Case 2
(10 µm)

Figure 5.90: Liquid mass flow rates, Case 3
(20 µm)

Figure 5.91: Liquid mass flow rates, Case 4
(40 µm)

Fig. 5.88-Fig. 5.91 show inlet and exit liquid mass flow rates for Cases 1-4. Again,

good mass conservation is shown once a statistically steady state is reached.

Table 5.9 lists the penetration heights of the aerated-liquid jets of the experimental

shadowgraph and the numerical liquid mass density contours. As shown in this table,

at x
d0

= 30 plane, the penetration heights of Cases 1-3 are all close to that of the

experimental shadowgraph, but the penetration heights of Case 4 is lower than others.

In this section, a droplet transport model is used in the simulations of the thermal

non-equilibrium turbulent two-phase flow within the subsonic crossflow environment.

The spray structure is similar to that in the previous section in the X-Z centerplane,
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Table 5.9: Aerated-liquid jet penetration height ( h
d0

) at x
d0

= 30

M∞ Shadowgraph Cases 1 Case 2 Case 3 Case 4
(5 µm) (10 µm) (20 µm) (40 µm)

0.3 30.5 31.0 31.5 30.5 27.7

but is very different in the cross-sectional plane. The horseshoe-shaped structure

observed in the previous section fades away with increases in the droplet diameter

size, and liquid mass accumulates to the X-Z centerplane. This is mainly due to

the lack of a pressure gradient term in the droplet momentum equations and the

degenerate hyperbolic nature of disperse gas-particle flow equations.
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Chapter 6

Conclusions

The present study makes an effort to understand the two-phase fluid dynamics charac-

teristic of aerated-liquid injector and spray structures in the corresponding crossflow

domain. Simulations of the transient, three-dimensional, two-phase flow within the

“out-in” injector and the corresponding crossflow domain have been performed, and

the results compared with experimental pressure measurements of the injector and

shadowgraph of the crossflow. Several simulations are performed on three types of

geometry (injector only, injector with plenum, and crossflow field) respectively.

For injector discharge tube simulations, three gas-to-liquid mass ratio (GLR) have

been used: 2%, 4% and 8%. With increases in GLR, the aerating gas forces the

liquid flow toward the centerline, inducing large-scale mixing that acts to break up

the liquid jet well before the exit of the tube. Only at the lowest GLR value of

2% is a relatively intact liquid core predicted to exist, and then only under assumed

laminar flow conditions. Predicted centerline pressure distributions are consistent

with theoretical analyses that assume choked flow at the exit of the injector tube, but

exhibit systematically higher absolute levels compared with the experimental data.

The shape of the pressure distribution induced by gas injection is best predicted when

turbulence effects are modeled and when very fine grids are used. Reasons behind

the observed discrepancies may include such experimental factors as leakage in either

the gas or liquid flow lines and changes in the flow characteristics due to the presence

of the probe.

Only one GLR mass ratio (4%) has been chosen in the injector simulations with
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plenum part, and laminar flow has been assumed. The flow pattern is very similar to

those simulations with discharge tube cases. The aerating gas forces the liquid flow

toward the centerline, and breaks up the liquid jet well before the exit of the tube.

Predicted centerline pressure distributions with all boundary conditions except one

(Bernoulli BC at a higher gas pressure at inlet) are close to the experimental data,

but are lower than the theoretical analyses that assume choked flow at the exit of the

injector tube. The total mass gas rate at outlet in these cases approaches the total

mass gas rate at outlet, but the gas mass rate at outlet approaches a value lower than

the expected value. Predicted centerline pressure levels for the case with the Bernoulli

BC at a higher gas pressure at inlet agree well with the theoretical analysis, but are

consistently larger than the experimental data. The gas mass flow rate at outlet for

this case does approach to the expected value, however. These results are consistent

with those of the discharge tube cases. This imply that inaccuracies exhibited in

company with experimental data are not the result of simplifications in the injector

geometry.

Only one GLR mass ratio (4%) has been chosen in the injector simulations with

plenum chamber and with the intrusion of the probe, and laminar flow has been

assumed. The flow pattern and the pressure distribution are very similar to the

baseline results of Case 4 in Section 5.2 when the probe is wholly within the liquid

core. But the two-phase mixture is more homogeous at the exit-plane if the probe

tip is in the two-phase mixing region. And there is a pressure drop near the probe

tip’s location in these cases. These features imply that the intrusion of the probe

does affect the flowfield if the probe tip is in the two-phase area, instead of the liquid

core. This effect could explain some of the discrepancies evidenced in the shape of

the pressure distributions in the two-phase mixing region but does not explain the

discrepancies evidenced in the absolute pressure level in the injector.
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One GLR mass ratio (4%) and three freestream Mach numbers (0.1, 0.2 and 0.3)

have been chosen in the crossflow simulations, and thermal non-equilibrium turbu-

lent flow has been assumed. The two-phase flow vertically injects into the crossflow

domain. Then it bends towards the streamwise direction under the drag force im-

posed by the freestream air and disperses into a spray plume due to the breakup of

the liquid into small droplets. With increases in freestream Mach number, the pen-

etration height of the aerated-liquid jet decreases. In the cross-sectional planes, the

liquid mass contours show a horseshoe-shape structure of the jet, and are diluted with

increases in the streamwise distance. For freestream Mach 0.3 cases, the penetration

height of Case 5 (170 psia gas pressure) is closest to the experimental shadowgraph,

and Case 6 (refined grid, 170 psia gas pressure) agrees best with the shadowgraph

on the jet profile right after injection. These results provide additional evidence that

the previous injector simulations are valid and credible.

One GLR mass ratio (4%) and one freestream Mach number (0.3) have been

chosen in the crossflow simulations using droplet transport model, and thermal non-

equilibrium turbulent flow has been assumed. The spray structure is similar to that

in the previous section in the X-Z centerplane, but is very different in the cross-

sectional plane. The horseshoe-shaped structure observed in Section 5.4 fades away

with increases in the droplet diameter size, and liquid mass accumulates to the X-Z

centerplane. This is mainly due to the lack of a pressure gradient term in the droplet

momentum equations and the degenerate hyperbolic nature of disperse gas-particle

flows equations.

Some future work will be focused on the following areas:

1. to improve the mass conservation properties of the immersed boundary method;

2. to include particulate dispersion terms in the droplet momentum equations to

improve the solution of the droplet transport model;
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3. to develop a fully coupled gas-droplet approach for better spray prediction;

4. to use the two-phase flow simulation techniques for future simulations of spray

development within hydrocarbons-fuelled scramjet combustors.
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Appendix A

Real Fluid Sound Speed

The sound speed of the real fluid system may be quite complex. It depends on many

properties. In order to determine it in the mixture of gas and liquid in our study, an

eigenvalue analysis is employed in a generalized equation of state,

ρ = ρ (p, T ) , h = h (p, T ) (A.1)

For simplicity, a 1-D Euler system is used to determine the eigenvalues,

∂U

∂t
+

∂E

∂x
= 0, U =

 ρ
ρu
ρH − p

 ,E =

 ρu
ρu2 + p
ρHu

 ,V =

 p
u
T

 (A.2)

where U is the conservative variable vector, E is the flux vector, and V is the primative

variable vector. H is the total enthalpy, H = h + 1
2
u2. Then the eigenvalues, {λn},

are the roots of the characteristic equation resulting from the determinant,

det

(
∂V

∂U

∂E

∂V
− λI

)
= 0. (A.3)

Since it is difficult to compute
∂V

∂U
directly, we compute

∂U

∂V
first, then take its

inverse.
∂V

∂U
and

∂E

∂V
are obtained as:

∂U

∂V
=

 ρp 0 ρT

ρpu ρ ρT u
ρpH + ρhp − 1 ρu ρT H + ρhT .

 , (A.4)

∂E

∂V
=

 ρpu ρ ρT u
ρpu

2 + 1 2ρu ρT u2

ρpHu + ρhpu ρH + ρu2 ρT Hu + ρhT u

 . (A.5)

112



Taking the inverse of
∂V

∂U
we get

∂V

∂U
=


ρT H + ρhT − ρT u2

ρρphT − ρρT hp + ρT

ρT u

ρρphT − ρρT hp + ρT

− ρT

ρρphT − ρρT hp + ρT

−u

ρ

1

ρ
0

ρpu
2 − ρpH − ρhp + 1

ρρphT − ρρT hp + ρT

−ρpu

ρρphT − ρρT hp + ρT

ρp

ρρphT − ρρT hp + ρT


(A.6)

Thus
∂V

∂U

∂E

∂V
in Eq. A.3 is obtained by multiplying

∂V

∂U
by

∂E

∂V
:

∂V

∂U

∂E

∂V
=


u

ρ2hT

ρρphT − ρρT hp + ρT

0

1

ρ
u 0

0
ρ− ρ2hp

ρρphT − ρρT hp + ρT

u

 (A.7)

Then the characteristic equation of the determinant (Eq. A.3) is:

(u− λ)

[
(u− λ)2 − ρhT

ρρphT − ρρT hp + ρT

]
= 0 (A.8)

Solving this equation, we get the roots:

λ1 = u, λ2,3 = u±

√
ρhT

ρρphT − ρρT hp + ρT

. (A.9)

These roots are similar to the results, (u, u ± a), if the ideal gas equation of state is

used. Thus, the sound speed for a generalized equation of state is obtained as:

a =

√
ρhT

ρρphT − ρρT hp + ρT

. (A.10)

When the ideal gas equation of state is used, the sound speed reverts to a =
√

γRT .

If the flow is assumed isothermal, then the sound speed is simplified as:

1

a2
= ρp. (A.11)
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Appendix B

Eigenvalues of the Preconditioned System

The one-dimensional Euler system described in Appendix A can be preconditioned

as:

P
∂V

∂t
+

∂E

∂x
= 0 (B.1)

where P is the preconditioning matrix obtained using the same method described in

Section 3.1:

P =

 ρp + Θ 0 ρT

(ρp + Θ)u ρ ρT u
(ρp + Θ)H + ρhp − 1 ρu ρT H + ρhT

 , (B.2)

Θ =
1

V 2
ref

− 1

a2
. (B.3)

The eigenvalues of the preconditioned system, i.e., P−1 ∂E

∂V
, are obtained as follows

using the same procedure described in Appendix A:

λ1 = u, λ2,3 = u′ ± a′ =
1 + M2

ref

2

u± a

√(
1−M2

ref

)2
M2 + 4M2

ref

1 + M2
ref

 , (B.4)

where

Mref =
Vref

a
, M =

u

a
(B.5)

are the reference Mach number and the Mach number respectively.
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Appendix C

Interface Flux Jacobian Matrices

The matrices A-G in Section 3.3 are functions of the inviscid and viscous flux Jaco-

bians. This chapter introduces an implicit formulation to construct these matrices,

which is detailed in [17; 66]. Implicit techniques are used to integrate the unsteady

Navier-Stokes equations. A local time linearization of the nonlinear system is usually

required. Also, a matrix inversion procedure for solving the linear system at each

time level is required too.

A first-order linearization of the LDFSS interface flux Ei+ 1
2

(in ξ direction) can

be constructed by defining

∂Ei+ 1
2

∂Vi+ 1
2

∆Vi+ 1
2

= A+
i+ 1

2

∆Vi + A−
i+ 1

2

∆Vi+1,

A+
i+ 1

2

=
∂Ei+ 1

2

∂Vi

, A−
i+ 1

2

=
∂Ei+ 1

2

∂Vi+1

,

(C.1)

where Ei+ 1
2

is the interface flux as defined in Eq. 3.12,

Ei+ 1
2

= Ec
i+ 1

2
+ Ep

i+ 1
2

=
|∇ξ|
J

(
U+Φi + U−Φi+1

)
+
|∇ξ|
J

P 1
2
Ψi. (C.2)

The direct calculations of the above expressions are rather complicated and expen-

sive to compute. A simpler, approximate linearization with good stability properties

can be derived by contracting the expressions for the ‘positive’ and ‘negative’ flux

Jacobians A+
i+ 1

2

and A−
i+ 1

2

to the grid nodes i and i + 1, respectively. This procedure

results in the following implicit representation:

∂Ei+ 1
2

∂Vi+ 1
2

∆Vi+ 1
2

= A+
i ∆Vi + A−

i+1∆Vi+1, (C.3)
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where

A±
i =

1

2

[
∂Ei

∂Vi

±

(
∂Ei+ 1

2

∂Vi

∣∣∣∣∣
i

−
∂Ei+ 1

2

∂Vi+1

∣∣∣∣∣
i

)]
. (C.4)

The last two derivatives in Eq. C.4 are both contracted to grid node i to make the

Jacobian matrix simpler. Ei is the actual flux as defined in Eq. 3.10,

Ei = Ec
i + Ep

i =
|∇ξ|
J

(
UΦi + piΨi

)
. (C.5)

Thus, the differentiation of Ei can be expressed as

∂Ei

∂Vi

=
|∇ξ|
J

[
U
(

∂Φ

∂V

)
i

+ ΦiΨ
T
i + Ψi~v

T

]
, (C.6)

where ~v is defined in Eq. 3.3.

The linearization of flux Jacobians can be obtained by index contraction as follows:

∂Ei+ 1
2

∂Vi

∣∣∣∣∣
i

−
∂Ei+ 1

2

∂Vi+1

∣∣∣∣∣
i

=
|∇ξ|
J

[∣∣U∣∣ ( ∂Φ

∂V

)
i

+ Φir
T + Ψis

T

]
, (C.7)

where

r =



0
...
0
0
2ã 1

2
M 1

2
/(ρiV

2
ref )

ξx [(1 + βi) sign (Mi)− βiMi]
ξy [(1 + βi) sign (Mi)− βiMi]
ξz [(1 + βi) sign (Mi)− βiMi]
0


, s =



0
...
0
0
(1 + βi) sign (Mi)− βiMi

−ξxβiρ 1
2
V 2

refg
′ (Mi) /ã 1

2

−ξyβiρ 1
2
V 2

refg
′ (Mi) /ã 1

2

−ξzβiρ 1
2
V 2

refg
′ (Mi) /ã 1

2

0


. (C.8)

The flux Jacobians A±
i , then, may be expressed as

A±
i =

|∇ξ|
2J

[(
U ±

∣∣U∣∣)( ∂Φ

∂V

)
i

+ Φi

(
ΨT

i ± rT
)

+ Ψi

(
~vT ± sT

)]
, (C.9)

where
∂Φ

∂V
can be expressed as
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∂Φ

∂V
=



ρYg + ρYg,1Yg,1Yg · · · ρYg,Ng−1
Yg,1Yg ρYg1 + ρYgYg,1Yg ρpYg,1Yg 0 0 0 ρT Yg,1Yg

...
. . .

...
...

...
...

...
...

...

ρYg,1Yg,Ng−1Yg · · · ρYg + ρYg,Ng−1
Yg,Ng−1Yg ρYg,Ng−1 + ρYgYg,Ng−1Yg ρpYg,Ng−1Yg 0 0 0 ρT Yg,Ng−1Yg

ρYg,1Yg · · · ρYg,Ng−1
Yg ρ + ρYgYg ρpYg 0 0 0 ρT Yg

ρYg,1 · · · ρYg,Ng−1
ρYg ρp 0 0 0 ρT

ρYg,1u · · · ρYg,Ng−1
u ρYgu ρpu ρ 0 0 ρT u

ρYg,1v · · · ρYg,Ng−1
v ρYgv ρpv 0 ρ 0 ρT v

ρYg,1w · · · ρYg,Ng−1
w ρYgw ρpw 0 0 ρ ρT w

ρYg,1H + ρhYg,1 · · · ρYg,Ng−1
H + ρhYg,Ng−1

ρYgH + ρhYg ρpH + ρhp ρu ρv ρw ρT H + ρhT


(C.10)
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Appendix D

One-Dimensional Injector Theoretical
Analysis

In the injector simulations, a one-dimensional theoretical analysis is used to provide a

consistency check when comparing pressure predictions with experimental measure-

ments. The two-phase mixture flow is assumed isothermal (as in the simulations) and

thermal non-equilibrium (with a liquid-phase energy equation from Saurel, et al.[35]).

The flow is assumed to be a homogeneous mixture of liquid water and nitrogen

gas that is choked at the injector exit. Frictional forces are neglected due to the small

axial extent of the injector and gravitational effects (though included in the analysis)

are found to be negligible.

For the two-phase mixture model under isothermal conditions, the sound speed a

resulting from the eigenvalue analysis is given in Eq. 2.43:

1

a2
= ρp =

(
ρ

ρg

)2

Yg
∂ρg

∂p
+

(
ρ

ρl

)2

Yl
∂ρl

∂p
. (D.1)

Then ue = ae, where the subscript ’e’ represents the exit plane of the injector. Ac-

cording to the mass conservation and momentum conservation, we have the following

equations for mass and momentum.

continuity :

∫
A

ρv · ndA = 0, (D.2)

gas phase continuity :

∫
A

ρYgv · ndA = 0, (D.3)

axial momentum conservation :

∫
A

ρuv · ndA = −
∫

A

pnxdA +

∫
V

ρgdV, .(D.4)
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We can evaluate Eq. D.2 over the surface of the injector tube, considering gas

mass injection as defined by the GLR value. The continuity equation can thus be

written as a function f1:

f1 = ρeae − (1 + GLR)ρiui = 0, (D.5)

where the subscript ’i’ represents the inlet plane. Combining continuity and gas phase

continuity equations, we have

Yg,e =
GLR

1 + GLR
. (D.6)

With this, Eq. D.5 can be solved iteratively using Newton’s method to yield the exit

plane pressure. Similarly, from the momentum equation, we have

pi = pe − ρl,egLtube + ρea
2
e − ρ∞u2

∞, (D.7)

where pi is the inlet pressure, g = −9.81 m/s2 is the gravity acceleration, and Ltube

is the length of the tube.

For the thermal non-equilibrium case, the energy equation must be considered in

the analysis. In this case, the sound speed from the eigenvalue analysis is given as

a2 =
ρhT

ρρphT − ρρT hp + ρT

, (D.8)

where

ρT =

(
ρ

ρg

)2

Yg
∂ρg

∂Tg

+

(
ρ

ρl

)2

Yl
∂ρl

∂Tl

, (D.9)

hT = Yg
∂hg

∂Tg

+ Yl
∂hl

∂Tl

. (D.10)

The adiabatic energy equation is also added to the system:∫
A

ρh0v · ndA = 0. (D.11)
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After some substitution steps, we get two more functions f2, and f3:

f2 =

(
hl +

1

2
a2

)
|e − h0l|i = 0, f3 =

(
hg +

1

2
a2

)
|e − h0g|i = 0, (D.12)

Now we need to simultaneously solve the coupled equation system (Eq. D.5 and

Eq. D.12) iteratively using Newton’s method to yield the exit plane temperature and

pressure.
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Appendix E

Immersed Boundary Algorithm

An immersed boundary technique developed by the Edwards group (references avail-

able soon) is used in simulations for the injector flowfield with the probe. The pro-

cedure is not restricted to Cartesian grids. It starts from the basic idea of Fadlun, et

al. [24]. In Ref. [24], the key concept is that the velocity of the fluid must be equal to

the velocity of the moving body at its surface. This is achieved by applying a forcing

function to the momentum equations such that the desired boundary velocity is re-

covered as the solution at each time step. In Edwards’ method, the forcing function

is defined in the context of the subiteration step. This is achieved by formulating the

governing equations as an implicit system at time level n + 1. The flow properties,

V = [yg,1, . . . , Yg, p, u, v, w, T ]T are updated from time level n (V n+1,m=0 = V n) to

time level n + 1 over mmax subiterations (V n+1,m=mmax = V n+1) expressed as follows:

Rn+1,m
yg,1,IB =

(
1−G(φn+1)

)
Rn+1,m

yg,1
+ G(φn+1)(yn+1,m

g,1 − yn+1,m
g,1,B ), (E.1)

Rn+1,m
Yg ,IB =

(
1−G(φn+1)

)
Rn+1,m

Yg
+ G(φn+1)(Y n+1,m

g − Y n+1,m
g,B ), (E.2)

Rn+1,m
c,IB =

(
1−G(φn+1)

)
Rn+1,m

c + G(φn+1)(pn+1,m − pn+1,m
B ), (E.3)

Rn+1,m
ui,IB

=
(
1−G(φn+1)

)
Rn+1,m

ui
+ G(φn+1)(un+1,m

i − un+1,m
i,B ), (E.4)

Rn+1,m
E,IB =

(
1−G(φn+1)

)
Rn+1,m

E + G(φn+1)(T n+1,m − T n+1,m
B ). (E.5)

where G(φ(x, t)) is a sharp Heaviside function:

G(φ(x, t))


= 0 x ∈ field points
= 1 x ∈ band points
= 1 x ∈ interior points

(E.6)
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and φ(x, t) is a signed distance function:

φ(x, t)


> 0 x ∈ field points
> 0 x ∈ band points
< 0 x ∈ interior points

(E.7)

The quantities VB are values to which the hydrodynamics solution will relax within

the course of the subiteration procedure. These are defined according to interpolation

methods presented later. Fig. E.1 shows different types of cell center points in the

domain including an immersed body.

Figure E.1: Different cell center points in the domain including an immersed body

The signed distance is calculated from each field point xk to the nearest surface

point on each surface xs,l(k). First, approximate nearest-neighbor searching techniques

are used to get the unsigned distance. In practice, this is done only for the number

of field points that are within a “bounding box” surrounding the particular surface.

Distances outside the “bounding box” are assigned to be a very large positive number.

Then, the signed distance function is obtained by multiplying the unsigned distance

with the sign of the inner product of the distance vector with the outward normal:

φs(xk, t) = sign[(xk − xs,l(k)) · ns,l(k)]|xk − xs,l(k)|. (E.8)

Finally, the global signed distance function at point xk is taken as the minimum of
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the individual signed distance functions at that point:

φ(xk, t) = mins[φs(xk, t)]. (E.9)

The flow properties at field points are calculated from Navier-Stokes equations,

which is in the limit G = 0 in Eqns.E.1-E.5. For band and interior points, the Navier-

Stokes equations are not solved. The flow properties at these points are forced as a

function of the field point solutions in neighboring cells and surface velocities. The

velocity solution within the band (ui,B) needs to be determined using interpolation

techniques, as it is not required that the band cell align with the immersed body.

For interior points, the forcing velocity uiB is set to that of the nearest surface

point, and the other variables are assigned constant values.

For band points, a velocity distribution is first defined in terms of the normal

coordinate n. Given that the vector ni = nxi + nyj + nzk defines the local surface

normal at the nearest surface point xs to the band point in question, a general velocity

distribution is written as follows:

ui,B(n) = [(uI,i − us,i)− ni(uI,i − us,i) · ni]

(
n

dI

)k

+ Ani(uI,i− us,i) · ni

(
n

dI

)p

+ us,i,

(E.10)

where uI,i is an interpolated velocity and dI is the location in the direction of the

normal coordinate at which the interpolated velocity is defined. Functional forms for

these will be presented later. The quantity us,i is the surface velocity corresponding

to the nearest surface point to the band point in question. The forcing velocity for a

particular band point xk is obtained by evaluating Eq. E.10 at n = φ(xk, t).

The velocity distribution is written in terms of a general power law ∼ nk. The

constant A (0 or 1) is a “tangency correction” flag that allows the normal component

of velocity within the band (ui,B(d) · ni) to vary in accord with a different power law

(∼ np) (for A = 1) or to remain equal to the surface normal velocity (us,i(d) · ni)
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throughout the band (for A = 0). The calculations for the injector flowfield with the

probe use k = 1, p = 2 and A = 1.

A general procedure for interpolating the pressure or some other quantity to the

surface is given by the following. The quantity of interest q is represented as a second-

order polynomial in the normal distance n for points within the band:

q(n)− q0 = A + Bn + Cn2, (E.11)

with boundary conditions at n = 0 given as:

(q(n)− q0)|n=0 = qw − q0 = A,
d(q(n)− q0)

dn


n=0

= β(qw − q0) = B. (E.12)

where β is a parameter that enforces either a Neumann boundary conditon (β → 0),

a Dirichlet boundary condition (β →∞), or some kind of mixed boundary condition

for 0 < β < ∞. Substituting these conditions into the polynomial form (Eq. E.11)

and its first derivative gives:

q̂(n) ≡ q(n)−q0 = (qw−q0)(1+βn)+Cn2,
d(q̂(n))

dn
≡ d(q(n)− q0)

dn
= β(qw−q0)+2Cn.

(E.13)

At the location of the interpolation point outside the band, these expressions become:

q̂(dI) = (qw − q0)(1 + βdI) + Cd2
I ,

d(q̂(n))

dn


I

= β(qw − q0) + 2CdI . (E.14)

Solving this system for the unknowns qw − q0 and C yields:

qw − q0 =
2dI q̂(dI)−

d(q̂(n))

dn


I
d2

I

2dI(1 + βdI)− βd2
I

, C =
−βq̂(dI) + (1 + βdI)

d(q̂(n))

dn


I

2dI(1 + βdI)− βd2
I

(E.15)

Substituting these expressions into the functional form (Eq. E.11) gives the interpo-

lation polynomial as follows:

q̂(n) =

(
2dI(1 + βn)− βn2

2dI(1 + βdI)− βd2
I

)
q̂(dI)−

(
d2

I(1 + βn)− (1 + βdI)n
2

2dI(1 + βdI)− βd2
I

)
d(q̂(n))

dn


I
.

(E.16)
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The calculation of
d(q̂(n))

dn


I

is equivalent to ∇q̂(n)|I · n, with n = nxi + nyj + nzk.

The desired result will be obtained by evaluating this equation at the band point

n = φ(xk, t). This procedure, with β = 0 (Neumann condition), is used for all mass

fractions, pressure, and temperature within band cells.

The location at which interpolated properties are defined, dI , is calculated for a

particular field point as

dI =
∑

l

ωl(xl − xk) · n, ωl =
wl∑
m wm

, (E.17)

where wl is a merit function defined as follows:

wl =


1√

(|xl − xk|)2 − ((xl − xk) · n)2 + ε
if (xl − xk) · n > 0,

0 otherwise.
(E.18)

where ε is 10−12. The index l ranges over the 26 cells that surround the given mesh

cell.
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