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INTRODUCTION

When we do an experiment we automatically consider a set of
possible outcomes of the experiment. Each such outcome is called an
event. Let us define a new event from two given events a and b
This new event, a Ub is the event that either a or b is the
outcome (we indicate this new event by saying that either a or b
occurs ), We also can generate another new event from a and b s
which ls denoted by a N b and which ig the event that both a and
b are outcomes (in this case we say that both a and b occur).
Also if a is an event we say that not a is an event. For various
reasons, we wish to extend \ and N to encompass countable
collections of events. For a discussion of this extension process,
see Halmos.(lQBO). Thus, we assume that the events form a o-algebra.
It follows from the Loomis representation theorem that this o=
algebra of events corresponds to a o-algebrs of subsets of some set,
Q (c.f., Varadarajan (1962)).

Now we are often only able to learn of occurrences by studying
functions from Q tq_ R, that is a measurement of some objegt, For
example, %‘die with six sidesg, {el}, {eg}, coey {eé} generates 2K
events ¢ , {el}, Cay {el, €5 2oy 66} o In general we consider a
function f(ei) =1 and we study averages associated with the
throwing of the die. This example is interesting in that the space
[el,_.“, 86} = is a set weuéan not only conceptually consider
» but-may physically study as well, that is, it is not an abstraction.

In dontrast, consider a marble. Say we do an experiment with the



marble by treating it as though it were s die, i.e., we roll it and

"

find which "side" comes up. Now O ig an albstrsction, a geometric
point is not something we can physically identify, but the event

space generated by this is real and we can identify its elements, the
open "discs". TFor example, the marble could be painted with different
colored patches and the color of each experiment could be identified.
I we assoclate a number with each colored dise, as we do with the
case of the die, we would be considering s function f:() -  « Now in

general we want to consider all functions ©: O - R such that

S

-1

=Y

E) is an event for every Borel set E of R . We do this for
reagsons of completeness. Such functions are called random variables.
Notice that given a random variable f: Q - R , and a probability
measure o on (2 we have in a natural manner a measure E on R,
which is defined by E(E) = a(f-l(E)) and which is called the
distribution of the random variable. Thus we study Q by considering
random variables, whose distributions € are the actual objects of
observation.

We will use these brief remarks to inblroduce a more general
theory of events associated with experiments. obice that in the
classical situation which is described above, = (b , and s, ayhb

tne operations

are always defined. In our more general Trame
U and N are not alwsys defined. We will Tormuiate this new theory
via a sequence of axioms due to Mackey and cur discussion is a

slight modification of his.

Let 6 and & be non-empty sets and p & mepping from

6 X Bx B(R) » [0,1]



(here B(R) is the o-algebra of all Borel subsets of & ). The
elements of 6 are called observables and those of & are called
states. The axioms which follow list various properties of @& , &

and p which will be used throughout this thesis.

Axiom I:
If xe 6 and o € & the p(x,a,0) is a probability measure on
the algebra B(R) of R . The measure p(x,o) corresponds in

some sense to E(Ll) = a(f-l(-)) as discussed above.

Axiom IT:
If p(x,0,E) = p(x,03E) for all E and x , then ¢ = of
If p(%,0,E) = p(x’,a,E) for all E and o then x = x/
This is clearly reasonable, since otherwise we have no other ways

to distinguish observables and states.

Axiom III:

Let x be an observable and f a real valued Borel function,
then there exists y € 6 such that p(y,q,E) = p(x?a,f_l(E)) for all
@« €® and E in B(R) . This unique y will be denoted by

vy = £{x) .

Axiom IV:

s I 2rs such G .
Let {ti}i:N be a sequence of real number uch that tl =z 0

1

for all 1 and X ti 1. 1If {ai} is & sequence of states, then

there exists a state o such that p(x,q,E) = £ tip(x,ai,E) for all
E in B(R) and x in 6. We write o = & t,a; and o is called

a mixture of the states {ai} .



Before discussing the remaining axioms we first need to
distinguish a subclass of éhe class of all observables and to derive
some of the properties of the elements of‘thjs subclass.' The elemen@s
of this subclass are called "questions' and they correépond to

experiments which have only two values (yes-no or true—false). More

precisely, an observable x is called s question iff

P(X,Q', {OJ l}) =1

for each state o . When x is a question and ¢ is a state we

write ua(x) = p(x,e, {1}) .

The following proposition has proven to be guite useful.

Proposition:

If x 1is an observable then x2 = x iff x is a question.

Proof:

First assume x2 =X . Let E be any Borel set. Notice that

PlowB 0 {6 < 0}) = (0B N {t < 0}) = plaE N (5 < 0} )

P(X;Q”(b) = 0

il

if 0« & <« 1, then

P,a,8 N (6,1)] = p(x,aE N (6,1)) = P(x,asdE N (5,1) )

L

— h .
= p(X,a,\/.(é,J_) ) = p(%0,(67,1)) -



Thus

: s A
p(X-:Q’:E N (6}1)) < lim p(X,a, (6 J]—)) = p(X.,m N (6 :l)>
n- oo n=1
=0 .
Finally if 6§ > 1, then
1

p(x,a, (E N (8,+eco )) = p(xn,a,E N (6,+co))

s p(X)G’J (6n)+oo ))

and
P(X)Q’)E n (6)+OO )) < Llim P(X}Q’> (6n;+oo ))
n- oo
. n
= lim p(X,e, N (87 ,+c0 ))
n-+ oo
=0 .
Thus,

P(X)Q’;E) = P(X)%E ﬂ {O:l})

for all Borel E . Therefore x is a question.
The converse is obvious.
Now assume that x 1is an observable and that I e B(R) - We

define a question Q- by @~ = f(x) where #(s) = % (5) for each
4 E B

s}

€ R . OUbserve that QE is actually a question since



- ) -1 -1
and
-1 .
XE ({O)l-}) =R .

Thus, QE is the question, did the measurement of x lead to a value
in E ?
It follows that to each x , there corresponds a family of
guestions, {QE} and rfurther, we claim tnat x 1s uniquely determined
X o . x! X
by {QE} - By this we mean that if QE = QE for every Borel set E ,
then x = x/ (the proof is trivial, just write the definitions of Qg
x?
and Qg ).
Notice that we may impose a partial order on the set of
questions, that is, we say that Q, s Q, iff p(Ql,a,{l})
< p(QE,a,{l}) for every o in & (we often write Q < Q, iff
ua(Ql) < ua(Qe) for each state & ) . We clearly hLave the following

properties for arbitrary questions:

Qs Q

Ql < Q2 and Q2 < Q5 imply Ql < Q5

Define the observable 1 by p(L,a,{1}) =1 for all g ¢ ® .
Then 1 1is & guestion and 1 2.-Q for all & - For each question ¢
define 1 ~ @ to be the question for which p(l - Qu,E) = p(Q,a,EC)

for all o e & .
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t two questions are disjoint iff

P(Qlid’:l‘) + p(Qg:G’;l) <1

for all states. In this case we write Q, 5 For example, let x

L 2"
be any observable, and let E and F be Borel sets in R . - If
. - b4 X ' . X —_ X p:d
EcF, then @< Q. Moreover, if E ¥ = ¢ , then A 6 Q -

Suppose Q and Q. .are questions. If there is a guestion
PP 1. o g ‘ q

Q@ such that
P(Q:Q’y{l‘}) = P(QlJO’){]—}) + P(Qg’aﬁ{l})

for every state o then we denote @ by Ql + Qg . If B and F
are Borel sets such that ENF = ¢ and if x 1is an observable, we

note that

X X X
= + N
wr " % T %
To see that this i% sg merely observe that XEUF = XE + XF and

thus,

P(QEUF)G’;{J-}) = P(QE;G’;{l}) + P(Q}F()Q’:{l})

for each state ¢ . It follows from these remarks that QX is a
‘ question-valued measure, i.e., QX is a "o<homomorphism' from
B(R) into the set of questions. This statem=nt will be made more
precise in the discussion following Axiom Il and ic duscribed more
fully by Vardarajan (1962).

Notice further that if E and F are not disjoint sets,

bid x . - \ .
QE + QF 1s no longer a question. This leads us to Axiom V.



Let {Qi} be a'sequence of questions such that Qi § Q. ,

J
i j y then Q = Z@ﬁ exists in the sénse tﬁat there is a question  Q
which we denote by ZQL such that
P(@a,{1}) = Z p(q;,a,{1})
: 1

holds for all @ ¢ & .

Notice that Qq = @ all 1 . It can be shown that Q is the
least such question.

Also based on thevabove discussion, we introduce the following

axiom.

Axiom VI:

If {QT}F B(R) is a question valued measure then there exists an

tCEeB(W
- X Al
observable, x , such that q_ = QE for every Borel set E .
ful) ;

This is in a sense a superflious axiom, cince it is the case that
if [QE} i1g a question valued measure then one can enlarge the set 6
of observables to a new set 6’/ 1in such a way thsat G4 containg an

observable x such that
oy Nl - ’ X =y I o
b (XﬁQ’JXE (F)) =P (Q,E)Q’fi‘) = p\QT;)Q’)«“,)
e}

for all E and F in BR) and o ¢ & . Theo in 6’ we have

X T nk
Qp = Qp for cach E ¢ BR) .

Let Q.l and @, be questions such inat there exists questions

Q:s) R

-

}..J

B

and R, such that Q5 & Ri R Rl 8§ R, , Q = Rl + Q3 , and

[y

Q, = R, + Qﬂ - We then say that such questions are simultaneously

2
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anewerable. I x 1is an observable, then it is trivial to show that
X X , . . .
QE B QF are simultaneously answerable. I[f x zd ¥y are
obgervables vuch that their question valued measures are

simultaneously answerable, we say that x and y are simultaneously

observable, (we write x @y ) .

Theorem: (Varadarajan):

It x &y then there exists an observable 2z and Borel functions
Yoand g, ouch that x = f(x) and y - g(u) .

In that which appears below we denote the mean of x in the
state o by wu (x) . Thus, u (x) = fxdex(x) where eX(E) = p(x,a,E)

®. c!\ 2 o o o PAD

for all o and & .

It x =1(z) and y = g(z) , then it is clear that x + y is
defined. One merely defines x +y = (£ + g)(z) . Cobserve that with

this definition we have that
+ = + -
by (X + ) u,, () by ()

for each state @ . It is not, in general, possible to define x + y .

This leads to a modification of Axiom II, which we call Axiom II’,

Axiom II’/:

If ua(x) = ua(y) for all ¢ , then x =y .

With the aid of thiz axiom, we can defipe x + y to be an
observable such that ua(x +y) = ua(x) %vud(y) ror ecach state ¢ .
Of course, such an observable may not always exist.

Let € derote the set of all questions. Taen it is a partially

ordered set under < defined above. Morcover, 1f for each Q , we
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let Q" =1 - Q , then 4 is a complementation on € and €& Tbecomes

an orthocomplemented partially ordered set.

(With complementation

operator ¢ .) In general 1" & 1s & set with a partial order <

defined oan it we say that ‘4 is an orthocomplementation on g iff

the fcllowing conditions hold:

a) If a

a. §
A

17 8oy -

a,
d

are members

for 1% j (aé b i

there exists a unique least e

that

denoted by a = al U a2 U &

of' % such that
I & < b’) then

lement a such

ai < a for all i . The element a is

3

b) aUa’=byb’ for all a

denote this element by 1 .

for all

a .

¢) If a<b, then b=ay (b’

LY °

and b and we

Thus a U a’ =1,

Ua) .

That these axioms hold for the set of questions is ghown by

Mackey. Moreover when we congider strongly convex sets of probability

measures on € we can show that g-valued measures correspond to

observables and that the two systems arc equivalent.  Thus we may

consider partially ordered sets with orthocompiementation and g

Strongly convex sct

going Axioms. This

The set & 1is

Our next axiom

of probability measures

1

s the method used by V

instead of the fore-

aradarsjan (1962).

called the logic of the sygtem.

i

8§ a strong restricticon

allowed in our theory.

on the type of logics
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Axiom VII:

€ ig isomorphic to the partially ordersd cet of closed sub-
spaces of H where H 1is some Hilbert space of dimension X, and
where / corresponds to the usual orthogonal complementation opcracor

defined on subspaces of H .

Axiom VIII:

If Q 1s a non-zero question, then there exists a state g such
that ua(,g‘) = 1.

Axiom VIII is a powerful axiom which allows us to obtain a re-
formulation of the axiomé in terms of Hilbert space theory. For
example, observe that if Q 1is a question then 1t may be identified
with a closed subspace of the Hilbert space H whose existence
was asserted by'Axioﬁ VII. Moreover, the closed subspaces of H
are in dne—ane correspondence with the set of continuous projections
of H into itself. Thus, questions can be identified with the set of
projections of H into H . Moreover we have already indicated that
there is a one-one cérréspomdence between observebles x and their
question-valued measures {Qﬁ}EeB(R) . The upshot is that there is a
one-one correspondence between the class @ of all observables and
the set of all projection-valued measures on H . On the other hand,
every projection valued measure corresponds, via the spectral theorem,
to a self-adjoint operator on H and conversely. Thus, if x is an

observable, then there is a unique self-adjoint operator AX on H

which corresponds to x and conversely.
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We use Gleason's theorem (see Mackey (1963)) to show that the
states correspord one-one to positive definite trace one operators.
Moreover, if A 1is the positive definite trace one operator
corresponding to the state &, then we have the following

formulation for the mean ua(x) :
X :
ua(x) = tr(Ax) = fxd(tr A Pk) = jxqp(x,a,x) .

In particular, if o corresponds to A where A is one-

dimensional and where An = AT for some Ne H and ,k| =1, then

,LLCY(X) = Ikd(Pﬁ:n) = (Xﬂ,'ﬂ) .

We refer the reader to Mackey (1963) for the details.

We will now proceed to use the structure developed here to
consider a question involving statistical ensembles. Namely, to
explore the common technique of resolving a ;tatistical ensemble to
component parts, each of which possesses certain properties with
probability one. It is shown in Chapter 1 that when such techniques
can be carried out simultaneously with two observables, the
observables have a joint distribution. We will then proceed to
consider the strong operator topology as a conseqguence of assuming
that only a finite number of experiments with arbitrary accuracy.
Several aspects of this topology are considered. We then proceed in
the third chapter to consider what this mesne in terms of classical
probability. It is shown that convergence ln the strong operator
topology corresponds to convergence in distribution {of a random
variable). This structure is used to pose questicrs in terms of

stochastic processes.
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A THEOREM ON SIMULTANEQUS OBSERVAGILITY

A common technique often employed when ore studies phencomena
which he would like to observe accurately, is to conzider a statistical
ensemble to which a sorting mechanism is applied In order to isolate

subensarbles which possess the property of interest, i.e., the ensemple

is resolved into component parts. Let us say that the observvable A

is of interest. Let a be the property that a measurement or

irn E , B a Borel subset of R . Thus if 1§ - XE , Luer L
probability of having property a 1is equal to the probavbllit . of ithe
question f(A) . If we extract a subensemble which 1s ot 00 nave
property a , then the measurement of A vields a valae fu 1. ore-

over, we find that Varaf(A) = 0, where o is the stoic oo ihe sub-
ensemble -- we view a state of an ensemble as a mixture oi ciatcs of
the various component systems.

Now suppose it is wished to find accurate values for the
observable B at the same time that we know exact values ior A
The same procedure (as applied to A above) may be used to resolve
the subensemble in terms of the observable B . It ic krows Llat in
general such a resolution is not feasible for A and b simul-
taneously. We will show that in the event such = program works, then
it can be concluded that A and B have Jolnt probability
distributions in each state.

Assume that A and B are related in tre following manner., We
take an arbitrary cnsemble, SN s and arbitrary ¢ > O . Suppose )
15 a measuravle value of A and ¢ > O . Assume that A ard B are

related in such a way that there is a & > O and a resolution of SN
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into subensembles .S such that whenever Vara Acd,

1N
i
Prob{Ae (A - 6, A + 6)} = Prob{B ¢ (ua -, * €)} where @, is
i 1
the state of iSN and ua is its average value. When A and B

i
are so related we write A= B . The main result of this chapter is

that if A= B then B is functionally dependent on A (via the
spectral theorem). In particular this implies that A and B have a
joint probability disﬁribution. We proceed to develop the apparatus
needed to prove the theorem.

We will continue to refer to our axioms by the labeling system of
Mackey (1963). For the following discussion we adopt all of them
except Axiom VII, which states that the logic in question corresponds
1:1 to the set of closed subspaces of a Hilbert space. In the
following discussion, we let & be the set of states, 6 theAset of
observables, and € the logic.

Recall that when o € & and x e 6 , o(x) = p(x,a,-) is a
probability measure on R and the mean of x in the state o is

defined to be
u () = Ada()(A) ,  when  [|a]da(x)(n) <o

In a natural manner we define the variance of x 1in the state o

as

Var, () = (<) = (1, (6))7 = [ () aa(x) (1) -
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Proposition 1:

If o is a state in which Vara(x) = 0 then a(x)(ua(x)) =1
and, conversely, if t € R such that a(x)(t) = 1, then

Var (x) = 0 .
o

Proof:

0= Var (e) = [0 -, 6)) () () irr ale)(u (1) = 1.

Recall that the joint distribution of {xx|x e A} exists for
every state o , iff the family {Xklx € A} is simultaneously
observable. 1In this case the Jjoint distribution is defined by
Z: B(RA) -+ &, Z(H;l(E)) = XX(E) for each A ¢ A and E ¢ B(R)
(Varadarajan (1962). We let A = {1,2} for our further discussion.

When {xili = 1,2} is a simultaneously observable family we
write X, @& x and we say that x and x are simultaneously

1 2 1 2

observable. If X 0:x2 and z 1is their joint distribution, we
define the spectrum of z , o(z) , to be the set o(z) = (UN|N¥ is

open in R° and z(N) = O})C .

Proposition 2;

It x1 “ X, and 2z 1is their joint distribution, then

o(z) CZU(X]) X U(XE) - Moreover, in general, of(z) % U(Xl) X o(xg) .

Proof':
The inclusion follows directly from the definition. To see that

o(z) * U(xl) X O(XQ) we consider the following:
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bxample 1:

2 . .
Let € denote the logic of closed subspaces R with its usual

structure as an crthocomplemented lattice, i.e , the cperation '

is the usual complementary subspace operator _l s < 1s set inclusion,
and, for subspaces a and b, g Ub is the linear span of a and
b . We identify € with the set of all projections of R:E and &
with the set of positive self adjoint operators of trace 1. Pick a
subgpace of dimension one; let Pl be the corresponding projection

and let . = P% . We choose distinct resal numbaers, xi s 1 =1, 2,

3, 4 . Let x and ¥ be the observables corresponding to

I
I

x(hy) = By y(xB) Py

20p) =B, y(y) =B,

Extend x and y in the usual manner to homomorphisms. Now
20\1’}‘5) =P Z(?\Q’M) = P, , so that we have o(z) = {()\l’)‘B),

Ol # {001 X iy} = o(x) X o(y)

Proposition 3:

Suppose € 1is a logic which satisfies Axioms T-VI and that it,

in addition, satisfies

Axiom VIII: For each a ¢ @&, a % O , there

exists o € & such that g(a) = 1 .

If x arnd y are observables such that x e y and z 1s the joint
distribution of x and y then for each e > O and (xl,xg) ¢ o(z)

there exists @ ¢ & such that
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lua(X) - 7\3_' <N/§ s lu_ (¥)

o B in <

Moreover, Var (x) « € and Var (y) < ¢
o .

Proof:

If (lekg) € o(z) , then z((xl - M% st Mﬁ) x

(XE - Mﬁ s Kg + M%)) ¥ 0 and thus there exists & such that

a(z[(ry - M% yoAt M%) X (A, - i% sohy [%)]) = 1 (Axiom VIII) .
Thus,

=1

Xo‘l'v%’ "1+x%):z((7‘1 '4%’ "1+%)XR)
A, We/E

and ua(x) = fll 4JZ7Lxda(X)(k) . It follows that lua(X)-xl‘s Mg

and that

Var () = [p (e ()P0 (175 (1)
Ay +J€7L 5 -1
= IM _vm[(xl-x) (e () - )T (2 MG
Since (a+b)2 < 2(a2+b2) > a,b e R, we have

7 A, We/b
\/ara (x) = 2[]

(h,-2)% (e z-TTH ()
xlﬁ/e—/hl Qe zedly

. 1 : )
+ fﬂ ﬁ d(a-z-HX )(X)] < g(ﬁ 4 H) _

= & -

The corresponding inequalities for y follow in a gimilar fashion.
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Corocllary 1:
Let x Dbe an observable, then for every ¢ >0, X e o(x), and
@ ¢ & such that a{x(n - M% s N+ Ig)) =1, it follows that

|MQ(X)-X|< [% and Var (x) < e .

Proot:

Same as Proposition 3.

Of course Proposition 3 will not hold for arbitrary elements
(xl,xg) € 0(x) X o(y) . To see this consider the following example,

based on Example 1.

Example 2:

. Choose an aribt;ary orthonormal basis for R2 and, call its
elements x and y : Let x denote the observable corresponding to
the projection on the subspace generated by x and y to subspace
generated by y in such a way that o(x) = o(y) = {0,1} . Then
o(x) X ofy) = {(o,l)(l,o),(o,o),(l,l)} and if 2z is their joint
distribution, we see that o(z) = {0,1),(1,0)} by Example 1. We
consider (0,0) € o(x) X o(y) . States will correspond to an

arbitrary, positive matrices of trace 1. Let

¢ ) bttt =1, t. =2 0, t. 20

N
F_J
N

i

be such a state. Let us compute u (x)=t, , wu(y)=t.,
[o'; L (03 2

il

Vara(x) t. and Vara(y) =t . Now it is clear that if

2 1

Vara(x) < € then Var (y) > l-e .

o
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I we are doing some experiment, we will observe the mean values
of our observables. Importantly, we will often observe yes or no
observables, questions in Mackey's vernacular. Questions are the
";implest” observables from which all others can e constructed as
functions of many simultaneous questions, g.g., Theorem 3.3,
Varadarajan (1962).

At this point we will consider some examples which point out
difficulties arising from the fact that the axioms of Mackey are not
enough to insure that there exists sufficient states to "separate" the
logic.

Our first example deals with a particular logic, our old friend
Qg » With the usual structure on the logic. In contrast to Example 1,
in this example & is not the trace one operators, but a wvastly
reduced set, which is in no way connected to trace 1 operators. We do
not take all subspaces of Qg but simply take Pl P P2 as in
Exemple 1. Now choose some subspace § such that S M Pi( 2) = {0},
i=1, 2. (S is of course one-dimensional). Now let & denote the
lattice of six elements {l,O,Pl,Pg,S,Sl} and let o, p and y be

the states defined by

Q’(Pl) = Q(S) =1, V(Pl) = '% 3 ,‘/(Pll) = —;»
B(PjL) = B(SJ‘> =1, 7(8) :%" ’ lY(S‘J‘> =§ .

Further, let & Dbe the set of all convex combinations of &« , B and

Y . We define observables x and y by
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[p]
[
I
=

x(i) = P i=1 y(i) =

= P i=2 _ ol j=o2

We extend these to make them g-homomorphi sma.

Now x & y (c.f., Varadarajan (1969, p. 199)) but we have

i
O

Vara (x) Vara (y) -

I
O

Vara(x) VarB(y) =

thus Vars(x) =0 iff Vars(y) =0, 8 e¢6.

Consequently we have no way to distinguish the fact that x and
¥y are not simultaneously observable. Thus, if we can find a state in
which x can be measured accurately, i.e., zero variance, then
automatically y is known and further it is known with the same
precision as x and conversely.

At this point we wish to use the above discussion to enlighten
various aspects of Mackey's Axiom VIII. Note that at no point are we
assuming Mackey's Axiom VIII (the Hilbert space axiom). Henceforth,
we refer to Mackey's Axiom VIII as Axiom VIIIm and we introduce a new
axiom due to Varadarajan which we refer to as Axiom VITTv. This

axiom is:

if a, beel&, a#$b then there exists aq ¢ €

such that o(a) # a(b) .

In accordance with Gudder (1966) we will call a logic full in

case Axioms VIIIm and VIIIv obtain.
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For each a e @ 1let us define a set, Sa > ag Tollows.
S, = {ale € & «(0) = 1} . In a full logic, a ¢ ® implies 5, * b .
We say, following Gudder again, that a logic (state set) is

quite full in case,
Sa C:Sb implies a < b .

In view of our discussion we will now consider the six element
lattice € following Example 2 alove. We note that in that example,
€ dis full logic, but that. € 1is not quite full.

(By the way, if we let a Ub be the span of a and b as
above, then we have an anti-lattice. It is not a quite full logic,
c.f., Gudder (1966, p. 88 )

We will now prove a formula dealing with the variance of x in a
mixed state o , where ¢ = ; tiai . This will, in turn, be used to

1
consider some consequences of assuming a quite full logic.

Variance Formula:

2 n
Let g = & tiai ;X ti =1, ti 2 0. Then
i=1 1

2
Var (x) = Zt. Var_ (x) + 5 t.t. (kL (x) ~ u ).
o i @y iej T I @y o
Proof':

18

We will prove this strange formula by a ‘straight forward"

computation. We have

it

‘ n n
40 = Gy 0% = 3 v, 6F) - (2

Var (x)
o 5 1

o
i“ai(x))

n o 2 n o n n
T o(tiu, (x%) ~ tuf) + 3 tu; - 0 T htuu,
1 ai 11 1 1 i=1 j=1 1 J 13

i
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where we let oy o= ua (x) . since = ti = 1 , the latter expression
is equal to

n

. 2 T
Z ot Jaraa(x) t T titj(”j_ uiuj) = It Varaf(x)
L i i,J 1
n
AR 7 T (VIRRE TR VRSN Y T TN (VU T FPR
gy TaA JTL gy 1T i

After relabeling, we get
bl

Lot Var (x) + © bt (uy - du, ¢ (b, - owdul)
1 i o icj i gvi JT 1 J 1]

HMpP

2
b Var&.(x) + GZ. titj(“i - uj) .
i i

We will now make a definition of a relationship between two
observables in the general case. The following discussion will lead
to a demonstration that two observaebles with discrete spectra in a
quite full logic which are related in this way are indeed
simultaneously observable.

Assume x and y are observables. We will write x - y
provided the following condition holds: There is an x-null set N
such that for each € > 0 and each ) e o(x\N , there exists éx >0
such that whenever o 1is a state for which

IMQ(X) - A< N

and

then Varay < € .
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Proposition L:

Suppose x = y and that {an} is a seqguence of states such that

limu  (x) = »
n+co - n
for some- A € o(x) . If
lim Var_ (x) = 0,

n= 0O an

then {ua (y)} is a Cauchy sequence.
n

Proof':
€1,2
Say we are given € > 0 , then choose O <« € « (5—) and let

L>8, >0 Dbe chosen as the definition of x -+ y above. Moreover

A
let N be chosen such that n >N implies !ua (x) - k|< EL and
8 n
; A - . ‘
Varap(x) <z Let o tfwn + tgam for some my,n >N -and for
tl,t2 > 0 . By our variance formula, we have
Var (x) =t Var (x) +t, Var. + t .t (u (x) = u )2
o 1 o 2 o 12V T

n m n m

5 ’ 5
s (8 + t)5 + tltgt(uan(x) -\ - (unm(x) - V1 =

06° + 282 g 5

A L S Y S

+

Since, also,

i 6
lu (x) - Als b lig, () = 2]+ ATMOREL 2,

we conclude that Vara(y) < € . This implies by our variance formula

that t.t |u_ (y) - u (y)l2 < € and, by an appropriate choice of t
12 Q/n o 1

m
and t, we have that |uan(y) - uam(y)\< Ve 2 < €
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Proposition 5:

Let x and y Dbe observables with x - y and let N be an
X-null set as in the definition of x 4y . Let A ¢ o(x)\N and
assume that {an} is a sequence of states such that

lim ¢ (x)
n

il
>

and

lim Var (x)
%y

il
O

If {Bn} is a sequence of states such that

Lim ug (x) =2

n
and
lim Var ‘(x) =0
6n
then
lim Hg (y) = lim ey (y) .
n n
Proof:
Choose N, so that n >N, implies |u (x) - A < A ang
51 1 o, 2
varcv (x) < EL . Choose N2 in similar fashion for the seqguence
n

{Bn} . Let N be max{Nl,Ng} « We use an argument similar to that
above. Let ¢ = tlan + teﬁn . Then Iua(x) - x] < ) and

Vara(x) < 6X . Therefore, Vara(y) < t and we have Iudn(y) - uﬁn(y)l
< tl for n,m >N . Thus

limu, (y) = lmu_ (y) .
p o
n n
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Proposition 63

When x, y and {an} are as in Proposition 5 and

A=ILmp (y), then A e o(y) .
¥

Proof's
Choose t > O and for each )\ let ék > 0 be chosen as in the
definition of x 4 y . We choose Nl such that n > Nl implies

|ua (x)= Al <6, and Var (x) <6, . Recall that an(y) is a
n -

A o, A

probabllity measure in B(R) . Then by Chebysheves' inequality, we

have

(] ety 0] 261) ¢ 5 ver, (v) -

Therefore,

[0, (- F u, )+ D19=1- iﬁgvﬂ%(y) :
t

Fing l\T2 such that n > N2 1mp11es. Iuan(y) - Al < S Then

E-trr )o@, ) - gu, @) +3
n n

and we want to show that an[(ua (y) = u& (y) + %)] # 0 implies
n

-

o (y(A-t,A*+t)) # 0. Now note that if n > max (N, ,N,) , then

Var (y) <« t and
s

t ] L Y
0, 0T, &) - Zu, ) + 20D 21 - = Var, W)z l-—F5t>0.
n n t n t

Proposition 7:

f is continuous on o(xN\N in the topology induced by the usual

topology on R .
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Proof:

Let 2, € o(x\N and t>0. Choose 156 >0 corresponding

to %g as in the definition of x a4y . Iet A € o(x) such that
lx - Xl, < % . Choose two sequences of states {an} and {Bn} such

that

o

lim u_ (x) = » lim Ug (x) = Ay
n n

o1

lim Var (x) = O lim VQIB (x) =0 .
n n

et N Dbe a positive integer large enough so that n >N implies
& 8
X - — - —

Var (x) <—62— VarB (x) <
n n

oo

+ = = +
If tl 20, t2 20, tl t2 1 and 7n tlan tgﬁn , then

1

'uyn(X) - 7| \[tluan(X) SRS [tguﬁn(x) NSRS SRS W

"

tlluan(x) - A+ t2|u5n(x) =g+t - A

and

2
Varyn(x) =t Varan(x) + 5, Varﬁn(x) + tlté[“an(x) - M§n<X)] <8

where we have used the fact that 'Ha (x) - s (x)] <8 . Now it
n n
follows from the definition of x - y and the choice of § that
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t2
Varyn(y) <3g -

» we see that

P

Using the variance formulae for y with tl =t =

2

~
ol
[

1 o %
Flu ) ~uy D <=
n @, B, 36

or

luan(y) - uﬁn(y)l < % .

How for n sufficiently large it is clear that

£ - £ = [£() - uﬁn(y)l + luBn(y) - uan(y)I + luan(y) - £(a)]

A
Nt
+
N+
+
\N{ct

- The proposition follows.

This implies that
lt() - £00) < [£(0) - uan(y)l £ - uﬁn(y)l + luan(y) - uBn(y)l .

2

Choose W, such that n > N, implies Vary (x) « 6X and choose N
n
such that n >N, implies |f(r) - by ()] <-§ . If N = max(N, N,
n

NB) and n >N , then all three members of the right side of the

above inequality are less than % and ‘f(xj) -~ ()] <t .

Proposition 8:

When x 4y , o is a state, and ) ¢ o(x\N such that

t t
lt(x) - ua(Y)| < ME and Var_(y) <3, then

JE@) =P ®) <+ -
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Proof:

[

JEOW) -V = fE0) - by (7) +u (y) - %)
< 2L[(0) - u ()@ ) + [l ) - DPaaly) ()7

2@+ 2@ <t

We will now consider two cases of where x - y implies x & y .
This result is aimed at bringing some link between the abstract
theory and the actual observations of an experiment. Thus, when we
can measure x accurately we then know that by doing so we have in a
sense measured y . This is done by taking the measured value of x s
A€ (-”XH,HXH) then the corresponding y wvalue is f(\) with
arbitrarily small variance. A further application will be discussed
at the end of this chapter. The first case deals with an observable
which has a discrete spectrum.

First we proveva preliminary proposition.

Proposition 9:

If x 1s an observable and N is an x-null subset of o(x) ,

then each point of N is a limit point of o(x) .

Proof':
Let A eN. If )\ were not a limit point of o(x) there
would exist e > O such that (A - ¢, A +¢) N o(x) = {\} and since

x({1}) = O it would follow that x((x - €, % + €)) = 0. But by the
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very definition of .o(x), x{((A -~ ¢, A" ¢)) = O implies that
(A~ € A+ €)efo(x) contrary to the fact that X ¢ N < o(x) .
For the following discussion let o(x) = {li}ieN and let

N ={A]n is a limit ﬁoint of o(x) and x({a}) =0} .

Observe that since o(x) 1is closed, we have that N co(x) .

Proposition 10:

N is x-null.

Proof:
X 1s a’c-homomorphism and N is countable, therefore N is

X-null.

" Assume that x and y are arbitrary observables and that N
is the set of all X € o(x) for which x(\) = O . We assume that
o(x) 1is countable and,thus that N is x-null. Furthermore, we

suppose that x 4y on o(x\N .

Lemma 1:
In a logic satisfying Axioms I-VI and VIiIIm, VIIIv and Whicﬁ is

gquite full, X € o(x)\N implies
x(A) < y(£(1)) .

Proof':
By the quite full assumption and the fact that X ¢ oc(x NN

implies

x((\}) #0ee,
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we rave that there exists o such that

a(x({a})) = 1.

Therefore, by Proposition 1, Vara(x) = 0 and, ua(x) =X. By x4y,
we have Vara(y) = 0 and, thus, by definition, ua(y) =f£(A\) . Now,

if @ 1is any state such that Vara(x) = 0, then Vara(y) = 0 and so
a(x(A)) =1,
implies

a(y(f(x))) = 1.

Therefore,

“x(0) < Pyien))
which implies
x(\) < y(£()\)) .

Proposition 11:

Assume x and y are as above. If € satisfies Axioms I-VI,

VIIIm and v and is quite full, then y = f{x) .

Proof';

By Lemma 1, and the fact that x is a g-nomomorphism, we have

Ui e £ = v ()

for all X e o(y) , (c.f., Varadarajan, 1962).
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Now both x and y are o-homomorphisms, so we have that
L= Ulx(e @)X e o)) £ Uy (DR € o))
and thus,
Ux (IR € o)} = Uy ()X e o)) -
Further,
U (=T EN IR € oY sUly ()[R e o(rINAY )
and
(iR € soNR DL 2 U @IF < sonipL
Thus,
x(£7H (7)) 2 y({Rr)
and we have
(£ X)) = y(R) -

Therefore y = f(x) .

We would clearly like to obtain a theorem of the above nature in
the case of an observable having a continuous spectrum. We will
p{esent such a theorem for the case of a quite full logic. The theorem
we have, however, requires a stronger relation between the observableg
x and y than the relation x -+ y we have been considering.

Although we do not have an explicit counterexample, it is quite likely
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®that x + y does not generally imply that y = f(x) . We will show

that our new relation is fully equivalent to the equation y = f(x)
and thus that if x 4y is toimply y = f(x) then x 4y must be
equivalent to the new relation which we are agout to introduce. With-
out further ado, our new relation is defined as follows.

Assume that x and y are observables. We say that x BN y
(read x =4y strongly) iff there is an x-null set N such that for

every ¢ >0 and A € o(xNN there exists SK > 0 such that

ax)(n - Syo A+ 8,) = a(y)(u (v) - e, by (7) + )

for every state o such that Var(x) < Sx .
Intuitively x = y means that for an arbitrary error e > 0
there is a tolerance § > O such that the probability that y is in

the interval

(ua(Y) - ua(y) +¢e)

dominates the probability that x is in the interval () - 6§, ) + 8)
for any state o 1in which x can be measured with accuracy § . In
particular, if o« is a state in which x is certain then y will

also be certain in that state. FEven more crudely, y 1is at least as

certain as x .

Proposition 12:

If x and y are observables then x °u y implies x =4y .
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Proof':
Let € >0 and X\ € o(x)\N where N is the x-null set in the
definition of x = y - We show that x 4y on o(xN\N . Now there

exists éh > O such that

ax)(A - 85 At 6)\) < U(Y)(Ha(Y) - & u,(y) +e€)

for every state @ for which Vara(x) < 6A .

For any state « such that Varw(x) < ék , we have

var (v) = [Tg - u_ (1)1 (y)(g)

“ St Ve () 47108 - 1y (1)1 0 () (2)

. 5
' j[ua(Y)-Vé,ua(y)+Vg]C[§ - HQ(Y)T der (y) (g)

< e a(y)((u, @)-Ve, u (r)We))
+ W () (1, () = V& () + VE)%)

< e+ Ml (- 6,0 2+ 8)°)

On the other hand, Chebyshev's inequality implies that

622G (0 - 8,5 & +6)°) = var_(x)

A

and thus that

vVara(y) < e + h”y”2

1
)2 Vara(x) .
A
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Now if we let Bx = min{éx, % L égé} , then §

— A > 0 and for any
Iyl

I

state o which Varq(x) < gk we see that

- 2 1 -
Var (v) = e + Wly|” —— 8, < 2 .
A
It follows that x =+ y .

Proposition 13:

Let x be an observable and f: o(x) + R a bounded function

~which is continuous on the complement of an x-null set. Then

x % f(x) .

Proof':
Let N denote the set of discontinuities of f . TFor each

€ >0 and A e o(x)\N there exists &, > O such that

A

|§')\|<6)\

implies

|£(g) - £(\)] < ¢/3 .
If o 1is any state, we have by Chebyshev's inequality,

lu, (£G)) = )] = |[£(E)aa(x)(€) - [T())dnx)(E)]
< JI£(g) - £(0)]da(x)(g)

* 2 (x) (A - 6y, & +5,)%)

A
A\Nfm

€ 1
<3+ oM EE Vara(x)
A



where M 1is a bound for

If o« is a state such that Vara(x) <8

35
|f] on o(x) . Now let

/", then

A

1 €
M 5 Vara(x) <3

and

5 ,

g (£G)) = 20| < 55

Let C = o(x)\N and y

(7\-6') )\+6’)

A A

and

x(h - 87, A+ ai)

Thus,

I

n

]

A

f(x) , then

cer () -5t + 5)

c f"l(ua(y) - & n (y) + 6)

x((x - 84, A +8/) N C)
(£, (7) - € u(v) + €))

£x)(uy, (v) - e, uy (v) +€) .

a(x(h = 8, 4+ 87)).= @y, (v) - & 1, (y) + ¢))

and x v -
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Proposition 1kL:

Let x and y be observables on a quite full logic -such that

X 54 y and let

f: o(x) =+ a(y)

be the map defined immediately following the proof of Proposition 6.
If € >0 and X\ e o(x) is a point at which f is continuous, then

there exists SX > O such that

x(h = 85 A+ 8,) s y(E() - &, £(A) + €) .

Proof:

Observe first that the map

f: o(x) » o(y)

exists since x Sy ¥y by Proposition 12. Also we know that f is
continuous (gi. Proposition 7) except on an x-null set N . Let
€ >0 and A e o(xNN . By the definition of f there exists

Gi > 0 such that if @ 1is a state such that

- 4
IMQ(X) A < 84
and
!
Vara(x) < GX

then

iy @) - £ <5 -



Moreover, since x £, y , there exists 6&’ > 0 such that

a(x(h - 677, % + 81)) 5 aly(u (v) -

Eé) ua(y) + %))

for every state « for which Vara(x) < b Let

',
A

8 =lmin{6' 8§27 l}
AL Ao e

We intend to show that

x(n - 8,0 At 5A) <sy(A) - e, £(A) + €)

by showing that for every state @ for which

U(XO\ -6 7‘)\ + 5}\)) = 1

A

It also follows that
a(y(f(A) - €, £(A) +e)) = 1.

The desired conclusion then follows from the fact that our logic is
gquite full.

This is easy, if @ 1is a state such that

a(x(h - 8,, A"+ 5)\)) = 1 g

}\)

then we see that

fl

Jte - uo‘,(#.)fda(x)(g)

Vara(x)

W

2f/(g - M) () (8) + 2fTr - u, ()]0 (x) (E)

2 p) )
< 2(5>\) + e(ax) < u(sk) < ua}\ .

hji
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Thus
&4
Vard (x) < 6}\
and

1= Q’(X(}\ - 5}\) At 6)\)) < Q(X()\ - 5;\'; At 6;\'))

salylu,(y) - 5 u, (v) +3)) -

But
Vara(x) < 6;\ »
thus
€
IUQ(Y) - £(0)| <3
and

(4, ) = 5w, (¥) +5) e (£EA) - ¢, £(A) + €) .
It follows that
Ls a(yl,(0) - 5 1, (¥) +2) < aly(E() - ¢, £(0) + €))
and thus that
a(y(f(A) - e, £(A) +€)) = 1.

The proposition follows.
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Proposition 15:

Let x and y be observables such that x Eﬂ ¥y « Then there

is a function
f: o) = o(y)

which is continuous on the comp;emeﬁt of some x-null set and which

S

has the property that y'= fx), i.e., f has the property that
. 3 1
y(B) = £(x)(B) =x(+7(8))
for every Borel set E .

Proof':

Let
f: o) +0(y) cg
be the function defined after the proof of Proposition 6, i.e.,

f(lmpu (x)) = limu  (£(x)) .
n-» oo o’n n4co T n
We first show that
-1
x(f 7(E)) = y(E)
for E any open set. For % ¢ E choose “ek > O such that

If C denotes the set of points of o(x) at which f is

continuous then, for each
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-1
tef (A - € At ek) nece
there exists ét > 0 such that

(t-st,t+6t)ncr(x>sf'l(x-e,Hek)o

A

By use of Proposition 14, we see that we can (by choosing 6t

smaller if necessary) assure that
w6 - 60t 4 8,) S y(£(6) - ay, £(5) + a,)
where
d, = min{|f(t) - (A - eh)|, [£(t) = (A + ek)l} .
But
(f(t) = dtJ f(t) + dt) < ()\ = €>\.’ At E)\)

and thus

X(t - St) t+ ét) < Y(f(t) - dt’ f(t) + dt) < y(>\. = €>‘., At GA.)

< y(E) .
Now

-1 ~1 :
£ - e, At ) NCeul(t -8, t+s)|te s (r- s A ¥ ex)ﬂ&}

and thus there exists a sequence {t,} in



f("--e}\))\'*_e)\)nc
such that

o - o ArelNnCey(t -8, Lt +6
i i

ti)

(recall that

A WP e)Nc

A
is separable since R is). Thus,

2(@E0 s h ) =x(EH0 - e, A v e ) n )

sux(ti-ét,ti+6t)
i i i

< y(E) .
Now E 1is separable and

E=U(>\.-€,}\+€),
AcE A A

thus there exists a sequence {A;} in E such that

E=yU (Al —el-, }\i -*':‘e}\. ) e

i i i

Then

=
~
1l

..l X
UT TRy =& o2 v e )
1 1

and

L1



x(E7HE)) = x(U 70, - € s A e, )
i i i

< U X(f-l()\i - G}\ ’ )\i + €>\ )) < y(E) *
i i i

It follows that x(f-l(E)) < y(E) for every open set E .

Now let a e E. We will show that
x(t7(a) = y({a}) .
It
A€ f-l(a) nec

then by Proposition 14 there exists ék > 0 such that

X(X - 6X’ At 6k) < Y((a - €, a + G)) .

Since f-l(a) N C 1is separable, there is a sequence [Ai} in

f’l(a) N C such that

-1
Foa)ncalU (A, =6 , A +6, ).
P Ai i Xi

Thus,
x(£7@)) = x(Ha) nc) s ux(r; - 6. , A + 6, )
5 i AT M A
1 1 1
sy(la-€ a+¢e).
Now

.x(f%l(a)) syla~-€, a+e)

42



for arbitrary e thus

oo
-1 1 1 !
x(f (a)) = N y(a - o & t) =v({a}) .
n=1
Finally, let E = (a,b) be any open interval. Thus
E® = (-o0, a) U{a} U (b} U (b, +co)
and if
U = (‘OO: a) U (b, +co )

then U 1is open and

x(£™H(U)) 5 y(v)
x(f71(a)) = y({a})

x(£7H ) = y({b]) -
It follows that

x(£7HE%)) = x(€7 W) U £ ) U £ 1))
= x(£7HU) U x(€7 @) U x (& )
<y@U) uy({al) uy({{p})

= y(E°) .

Thus

L3



y(E%)7 < x(£7H(ES))/
and
-1
y(E) = x(£77(E)) .
It follows that
-1
y(E) = x(£ ~(E))
for every open interval E . C(Clearly

y(E) = x(£7H(®))

for any open interval (finite or not) by a minor modification of the

above argument. Since every open set is a disjoint union of open

intervals
y(E) = x(¢"HE))

for every open set E .
To complete the proof of the proposition, observe that the

collection
A={BeB®R)yB) =x(c1@))

is easily shown to be a o-algebra which contains all open sets.
Since B(p) is the smallest such o-algebra we have that A = B(R)

and thus that

v(8) = x(£7(B))

for every Borel set B .

Ly
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At-this point we summarize the findings of this chapter in one

theoremn.

Theorem:
Let x and y be observables with values in a quite full logic

and let
f: o(x) =+ o(y)
be the naturally induced mapping. Then

(1) f 1is continuous on the complement of an
x=-null set,

(2) the relation x 3N Yy 1is equivalent to the
functional calculus equation y = f(x) ,

(3) the relation x 54y implies x =+ y , and

(4) if x has a countable spectrum and x = y
on the complement of the x-null set

N = {A|x({A}) = 0}, then y = £(x) .

Finally we note that we do not know, in general, whether or not
X 4y implies y = f(x) but we rather suspect that this is not so,
i.e., we believe that the relation x — y 1is distinct from the

relation x =y .
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TOPOLOGY QIT OBBERVABLES AND CHANGE OF STATE

When one studies a system he sets up several experiments anq
proceeds to measure aspects of the system. He can db at most a
finite number of experiments. Each expaeriment will consist or
studying a probability distribution on the.real line - or more
generally on RN - The observer can do this with limited accuracy.
say e, is the error of the iﬁE experiment. This leads us to stuay
a topology on elther the observables or the states of our model.
Since both the observables and the states are constructs, it is not
clear which should have the topology. We do N .éxperiments and we
obtain My the mean of the iEE experiment,.and Vari < éi (we mean
here that we have done many experiments, see for example von
Neumann, 1955). To impliment these thoughts on our model, we need to
consider two possibilities.

Are we doing n experiments with the systen in oue state, say
X , and considering n observables in that state? In this case, we
would consider as neighborhoods of the state x those determined. by

!

the A, (i-t’:-lr—1 observable, corresponding to the 3 2 experiment) and the

e. . By this we mean that

]LAiX, x) - uil < e,

determines the semi-norm on the states.
Our other alternative is to consider that each experiment
corresponds to a state, X and that we are interested in neighbor-

hoods of observables. We are thus studying one observable A and we
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are interested in neighborhoods of it. In this case we say that B

is contained in a neighborhood of A determined by {xi} Li
(B - A)Ex X, ) <e
i7 s i

The former construction &iélds a model in which the observables
cgrrespond to experiménts and the state is,in essence; the object of
the study. This is called the weak * topology on the stateg (see-
for example Haag, 1972). We will not pursue this“any further.” In the
latter structure the emphasis is shifted to the observables and the
states correspond to the experiments. It is thiSLSécond mgdel which
is of interest to us.

The next chapter will consider in more depth the comparison of
putting the strong oﬁerator topology on the observables with the weak

topology on distributions.

Proposition 1:

Suppose An = A in the strong operator topology. Then AV1 - A

in the weak operator topology.

Proof': 1 1

(8, - )%, ¥) = (&, - )%, )2y, )2

This means that if two observables are near each other,: then

their  average values are also near each other.

Proposition 2:

As before, let An -» A sthHgly, then, for each positive

integer m , Aﬁ + A" strongly.



Proof':
First we note that there exists a real M such that Al = M
(see, for example, Riesz and sz.-Nagy, Functional Analysis, p. 200).

Then

ICag - &%)l < A, (&, - 4) + (& - a)aTx]

< MH(Arl - A)x|| + ||(Arl ~ A)x|| .
Now use induction and the result follows.

Proposition 3:

L8

Suppose, as above, that .An -+ A strongly and assume, as usual,

.

that each A is an observable (i.e., is self-adjoint). If f is a

continuous function, f: R + R , then f(An) -+ f(A) strongly.

Proof:

Let M Dbe as above, then we may clearly assume that f has
domain [-M, M] . Thus, f is the uniform limit of polynomigls
(Stone-Weierstrass Theorem). Now, since we have Aﬁ - Am. strongly
and since addition is continuous in this topology, pm(An)~4 pm(A)

strongly, where pm' is any polynomial of degree m . So now

I, - sl = Ylecay) - o™a )l + | (2™ (a)

- o) + 1 ay) - pMa))x -

This completes the proof. This proposition may be found in

Dunford and Sclwartz, 1963, (Vol. II), pp. 922-23.
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Thus, we have that we study functions (¢ontinuous functions, that
is) of the observable and the proper relations are preserved. We
should also Aotice that it is important to be able to do -experiments
with small variances. If we ignore variances and consider only means,
we would then wish to show A -+ A weakly implies f(An) + f{4A)
wéékly. We think that this is rfalse.

Parenthetically, we should note that we may always consider
bounded observables. Say that A is an observable in which we are
interested. If A 1is unbounded, we are really only interested in
the spectral measure which corresponds to A >, through which we may
define functions of A . We consider the arctan  function, or
for that matter, any homeomorphism f from R onto a bounded
interval (a, b) . We notice that f(A) is defined and is bounded.
Further, when t e o(f(A)) there exists 6 > O such that if x is
a state such that qu(f(A)) - t] «8 and Var ((£f(A)) < 8 , then we
have VarX A < e . This comes from the fact that f is assumed to
be continuous. Thus we can be assured of making accurate measurements
of A by studying f(A) ; that is, we can, in a sense, recover A
from a study of f(A) . Actually we can recover A when we study
any invertible Borel function of A .

We recall that when one does an experiment and gets a certain
result the state of the system is changed. That is, it is now in a
state such that the new state will yield the same average with the

same observable and with small (zero) variance. Of course, one does
not really observe an observable with a continuous spectrum, he

observes discrete values (i.e., something is in an interval or it is .
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not in the interval - a question). See von Neumann, 1955, for a
fuller discussion of this. We will discuss this at greater length in
conjunction with the discussion of classical models.

We now prepare to consider some interesting points that deal with
(observations) observables causing a change of state. ‘

Before doing this, we will first éonsider an example of a net
which converges in the strong operator topology to the "position"
observable. This particular example is quite important due to the
fact that all observables are (in a sense to be made precise below)
position observables.

The following notation will be used in sequel. Let A be a
self-adjoint operator with a continuous spectrum on thé Hilbert space

H . Recall that we may resolve H with respect to A, so that

A

o(E) = (PE

£, f)

with f being a cyclic vector for A . In general, the measure o
is not unique since f is not unique. Moreover, there eni-. . -

unitary operator U: H - SQ(-HAH, HAnH)such that
-1
UAU ~(£)(t) = tf(t) .

This is, of course, a result of the spectrum theorem. As was
mentioned above, we may view the spectral theorem as telling us that
in our model, every observable is a position observable - that is,
every observabié is unitarily equivalent to a position observable (we
cannot distinguish between two unitarily equivalent observables).

When we ask where something is, we really ask whether or not it ig in



some Borel set E . This leads us to consider the two valued

observable, PE , which is 0O on EC and 1 on E ,

PoE(E) = % (6)£(t) .

This is the spectral measure corresponding to the operator A
above. This 1s ilmportant since as we well know, every measurement
. corresponds.tq_the position of some object. (See Mackey's
"Induced Representations of Gréupé and Quantum Mechanics", 1968,

pp. 62-63, Tor a discussion of the nature of the position
observable. Also, see Nelson's "Dynamical Theories of Brownian
Motion", 1967, where the correspondénce between observables and

‘position is mentioned.) We now proceed to the example.

Proposition 4:

Let I ¢ R be a closed interval and ¢ a continuous Borel

probability measure on I . Let A be the operator on £2(I, o)

I

given by (Af)(t) = tf(t) . Then for each € > O there exists a

partition P of I such that if
B= iEi}ieZ

is any refinement of P then

J'I[tf(t) - Zlaici.Xi(t)]edcr(t) < e

where X.i = X_ ,



(@]
n

[Jg £(t)ao(6)1/o(E,)

o
I

[IE,tdg(t)]/U(Ei) .
i

Proof':
First we show that for each e >.0 there is a partition P

that if E = [Ei} refines P then

(1) JIe(t) - = ciXi]gdo(t) < erH2

with ¢, and Xi as above, To see this, let
E, = [ - 1)e, ie]

for 1 € Z and note that for each f ¢ £2(I, o)

f[f(t) -2 ciXi]Edo(t) =(f - ? c; %5 T = f cixi)
‘= (£, £) - 2 = ci(xi, £y + 2 ch(Ei)
< @,f)-eznfc@i)+2<fc@i)=(a ﬂ'-Zciﬂﬁ)
i ©i i '
= 5 fE f(t)gdc(t) - Zoc [, £t)do(t)
i i i
=5 [, [(6) - ¢, (t)]a0(t)
1 1
=3 IE.f(t)[f(t) - ci]dd(t) .
1 1
But if A\ ¢ E, , then

52

SO
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(2) 120 = ¢;] = |[fy 10ao(s) - [ £()ao(2))/o(x,)|

g [£() - £(£)1do(t)]/a(E, )

[IE. € dG(t)]/G(Ei) =€ .

1

Thus,

I[f - ? ciXijgdU(t) < f Jﬁilf(t)uf(t) - ci|dc(t)

< eflz(t)]ac(t) = elje]® .
As a consequence, we have for £f(t) =t ,
(3) Tt - £ a.x Ta0(t) < eo(1)? .
i1

Observe that our proof above works for any refinement of the

specific {Ei} chosen, since the crucial property is that

|f(tl) - f(t2)| <€

for t t in the same member of the partition. Now fix any

R
f e 32(I, o) and € >0 and choose a partition P so that if
{Ei}iez is any refinement of P then (1) and (3) hold and
-1-,. .
E, cf (1 - 1)e, i€]
for each i € Z . Now recall that if a, b e R then

(a + b)2 < 2(a® + ba)

and thus



free(t) e X (R Tdolty = TTUE - S oAl iX, f % oa, fX. - 7wl el 19dg
" 1 - PR i i i1
. 2
)lL{s SID DS U } do
¥ 1 .
SfLE A, ™ - e e T
¢ L 1
2 y
Ar g NE oy < ) “do !
5 2017t L2 t - a. )X, do \t,\
- ‘J / ‘,l 4 1>.1>

+

]

2[T% &, (£(t) - o, )%, (£)3%d0(1)

i

23 Jg £(0)2(t - a)%an(t)
i |

+

L Ze _ —2 )
ELaijEi[f(t) ey 1%do(t) -
By (2) for f(t) =t we have for each t e E,

toal<e
Similarly, for each ¢t ¢ Ei we have
lr(t) - Ci' < €

Thus,

-~ ) -

~ 7o 2/ :) VAPR ””;’a N 2 AR "“‘l“‘i
% IEii(t) (L - aj) do(t) < ¢ Jp.i(t) doit) = 7l

g
and
y s i) Q

- 2 - - , B z_‘) N . e 8 N < - N < .
% aiJF [e(L) - c.]do{t) «e” 2 aiO(Ei) s e ZalE ) = e"o(D)
i 1 - i i
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. P TR 2y e P
JLEECE) - 2w e (6) JTao it )« eIl v oty

The proposition follows.
We now introduce a bit of notation. For each partition
E =1{E, 1.
{ l}lGZ

of the interval 1  define

Ap: £, o) » £, o)

by
AT = T oa.el X
B ez TUE
where
ai=:UE;ﬂc&)Vc@i)
and

oy = [ T(t)do(e)l/o(E,)
1

are defined as before. If PE is defined'by
g ,

Pp 1= {[JE.f\t)dogt)J/U\Eij}YE-
1 1 1

then we see that PE is a projection on the crve dimensional subnroos

3

Wt

spanned by XE and

oL



(compare with the remarks introducing Proposition L). Note that for
each E , AE is an observable, i.e., AE is a self-adjoint linear
transformation.

Proposition 6 may now be rephrased as follows:

Proposition 53

The net {AE} converges to A in the strongest operator

topology.

Proof':
We assume that {fi}ieh is a sequence in £2(I, o) such that
bX ”fiH2 converges. We show that Ap - A goes to zero in the

1

Semi-norm determined by {fi}ie + Thus we must show that for each

h
€ > 0 there is a partition P such that
* 2
(1) z lag - A <«
i=1
for each partition E which refines P (cf. Sakai, 1971, p. 34, for

the definition of the strongest operator topology). Before doing th

it is useful to show that

(2) llage Il < He i

for each n . To see this, observe that
Al = = aepx|
Metall =1 2 2

ﬁfhére

a; = [Jﬁltdc(t)](q(Ei)

56
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and

n .

c; = [JEifn<t)da(t)]/a(Ei> :
Thus,

llage |IF = : ar (eh)?|x, °
< = (M (E.
> ()% 5,
<> {[j'Ekfn<t>2dcr(t)J[J'Ekdc(t)]/G(Ek)}c(Ek)

< e JI° 2 o(5,) = i) -

Thus, (2) holds. We now prove (1). Let e > O and choose N e

such that
:iﬂ”%f<€ﬂu+ww+um%.
Then
T Ny - M - g - IR S - e
o =l n=N+1
: 2, F -
s B G - I 2 g e )T

N 2 o o
Z - A)(f + 5 AT
< = Il (A }( N o lagt i

W A s 5 lalBie 12
A HAEan_anH L
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< Iy - AEIE S e R Al S e
n=1 - B R n=N+1 7
+ Al e L; f '2
I1A]] Z e !
N \ 2 e
R CERVCRS

>

Now for each 1 < n < N choose a partition an_such that

I - DEN < &

for each refinement E of Pn (that this is possible is due to
Proposition 4). The proposition clearly follows since we now see that
o
€

= N, - AP < 3
n=1 AE n | < n=1 N

rojm

Since we have observables such gs AE near the positiog
observable A , it is interesting to'ask the question as to whether '
the new states arising from measurements of the AE will converge in
some appropriate topologye If so, thén we could define the limit of
this new sequence to the new staté resulting from a measurement of A .
It appears that this is a futile prégram but we are unable to produce
the necessary gounterexample; Wé.wiil discuss this in more detail in
‘the final paragraphs of this chapter. The next five propositions are
concerned with elsborating these idéas.

Note that AE is not strictly speaking an observable with a
simple discrete spectrum, but we can modify it slightly so that its

modification has' a simple discrete spectrum and in such a way that any,



limit of the net is not changed. - For each partition E = {E.} of I

i
let
A(E) = max n(E, )
1<i<n
where m(E,) is the Lebesque measure of E, . If X, = XE is the
i i 1 R

characteristic function of Ei, then {Xi} is an orthogonal subset

of . £2(I, o) and, for gach E , we choose an orthonormal Basis

' LI

{wj(E)} for the orthogonal complement of the subspace of §£(1, o)
spanned by in} . Finally let

_ Lye

where Pcp (E) is the projection of £2(I, o) onto the one-
T B :

dimensional subspace spanned by wj(E) . Observe that

lag - Bl

S N~ e

< ;(53) A(E)HPm_(E)H < X(E)(EH) .
J J :

It is clear that

lim A (E) = 0
E

and, thus, the nets {AE} and {BE} have the same limits (in norm).

We now consider the new observables obtained after a measurement.

)

Tiet ﬁF be the new state arising from B, glven that it .was in
state U . Then

n
U, = .§ tr(UPX.)PX.

+ & tr(UP
i=1 i 1 J

?, (EQP%(E) ‘

Let
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We first show that the sets (ﬁE} and {U;} have the same limits in

the weak topology.

Proposition 6

Let Q Dbe any projection and € > O . Then there exists a

partition E* such that if E is any finer partition then

N (M -~ 1) O ’
t.t(&UE_ UE)Q,, :

" Proof':
First write U.5 X aini where ai 2 0 and Pfi is the
projecﬁion of £2 onto the subspace. spanned by fi < Uleurly we
. , : o0
may assume that ”fi” =21 and that X a,  converges. We have that
n=1 ‘

tr (U - Uplt) = tr(J; tr(UPq,J_ (E))chj (z)%

= 3; tr (UP(pj (E))tr(P(pj (E)Q)

A

Z tr(Up

; 2 (E)>

l-Z.tr(UPX ) .
i i

To show that the latter is less than e for appropriate E-, we

choose any fn » re-label it more simply by f , and consider the

case when U = Pf . Then



Tf(UPXi} = tr(PP, ) = (PP V(X)) X /1%, I1%

[t}

((xs £)f, % )/o(E,)

and
Lo tr(UPxi) = (£, ) - z L, (6, %)% )/o(8,))
= (£, £ -2 [(f, %)/o(E,)Ix,)
< £ 0 - 2 T %, )/a(B;) %]
1
=lf - 2 el
1
where

oy = (5 %)/0(8,) = [[y 2(t)ao(t)Vo(E,) -
1

By (1) of the proof of Proposition I we see that there is a

partition E¥* of I such that whenever E refines Ex ,
fle) - = ciXi]gdcr(t) <e® .
i
Thus for any refinement E of E¥ ,
2 tr(P, P ) =If -2 e Xl ¢ e .
3 f wﬁ(E) no Uit

This concludes the proof for the case that U = Pf.
. . . . n
case, choose N such that

61

For the general



O
2 a <«
n=n+1 2

rolm

Apply the proof given above to obtain a partition E* such that for

every refinement E of FE* and for 1€ n < N 5

X tr(P P (E)) <

J 2( z a +1)
. n
n=1

bX tr(.UPcp (E)) =52 al tr(P P (E))

J J Jn
N 0
= §i[n§l &, tr(PfhP¢5(E>) + ﬁ§N+1 2, tr(P P
N ob
< n§1 a § tr(P P (E)) 3 N+1 a <€ .

From this we see that

tr((ﬁE - UE)Q) <z tr(UPw‘(E)) <€ .
J

The proposition follows.

Praposition 7:

T

Let A be an observable such that
lim tr(U_Q)
. B
E
exists for each projection q in the spectral resolution of
Then

lim tr(U_A)
. E



exists and

lim tr(U_A)
E E

= lim [2\d tr(U_q,)
o J E\

where £QF}F5B(R) is the projection valued measure of A .

Proof:

Since A is self-adjoint there is a projection-valued measure
‘ ~

B - QE such that

= [aaq

Thus if e > O then there is a partition E* of [-||al|, ||a]]] such

that for any refinement E

of Ex*

o - Mol <$

We have assumed that

llm tr (U QE

+

exiEtS'for each Ei and we wish to show that

lim tr(U=A)
B E

exists. We will show that
showing that it has a limit.

partitions of ENMLIMN

(1) 1tr(UFA) - tr(UKA)I <

il

{tr(UEA)} is a Cauchy net thereby
Ta do this assume that F‘ and K are
and consider the inequality}
m

| tr (U ) - tr(UF(§ AiQEi))l

lit

+A‘tr(UF(Z AiQE_)) - tr UK(Z xiQE')|
1 i 1 1

63
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"l U= Ae ) )]

We ‘wish to show that each 6f the three summands on the right-hand

side of the ineduality goes to O . First observe that if

m
K -d[Kj}jzl . then

B
o

. i

1

m
(2) Itr(UK(§ \eg ) - tr (V)| = |

J=1 J

n
Z

ﬁr(UPK.)tr(PK_A)!
J J -J

1

(9 (% D> %y
i 7]

.
Z tr(UPK.)tr(PK'QE )

J i

)
;

¢

A
1

i

n™Ms

n
|-% tr (UP, [

. i oK.
J=1 J i ( J)

(805 )5 %, )

- J J'”
U(Kﬁ) '

1

2 hydg 05 ) - A0

) % )

138

Z o tr(up, )|
J::

J
I a0, - all Iy lI7
i J

“G(Kﬁ)

tr(UP.,, )
1 Kj

n
oMb

J
< |1z - Al w5 .
12 A9 3
i
The latter inequality is independent of K-, thus
a €
(3) ltr(UF<§ xiQEi)) - tr(UpA)] <5 -

Finally,

J|‘|

o

N
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m m
(%) | tr (Up (2 2;Q5 D) - 2 (UL(E 4,95 )]
1 i 1l i

m
< iiki‘ [tr (U - U, )|

and since the map J - tr(UJQE ) is a Cauchy net (for each i ), we
) i

have that, for each i , there exists a partion R' such that

- It%(UFQEi) - tr(UKQEi)I < %ﬁ

for arbitrary refinements F and K of Rl . Now let R be a

common refinement of Rl y R2 s eeey . If F and K are finer

than R then

ltr(UFQEi) - tr(UKQEi)l <f§ﬁ .

Adding the three inequalities (2), (3), and (4) and substituting into

(1), we get
|tr(UFA) - tr(UKA)l <€ .

Thus J - tr(UJA) is a Cauchy net and hence has a limit. Moreover,

inequality (2) shows that for each partition K,
tr(UA) = de[tr(UKQx)]
and, thus,
Hn tr(Ugh) = din Daler (a7 -

The proposition follows.

In the next proposition we assume o 1is & continuous measure.
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Proposition 8:

If

is a projection whose image is a finite dimensional subspace P(sg)
of £2(I, o) then

lim tr (U_P) = O .

E

E

- Proof:
For gny partition E = [Li} of I let X = XEi denote the
charactefistic function of Ei , let PX be the projection of £2
) 1

outo the ohe dimensional subspace spanned by Xi , and let Pi be

defined by
(Pif)(t) = Xi(t)f(t) .

e {wi} is an orthonormal basis of the orthogonal complement of the
Ctubspace of fg spanned by Xi , the observe the

tI‘(UPi) =Z': ((UP]-_)YJ-) ‘YJ) + ((UPi)(Xi)’ Xi)
P ;

and

' - + (UP - (U )
tr(UPy ) = Z (UBy ¥, Yj) (W2, 0605 %) = (s %)
. i 3 i i

Thus,

tr(UPi) = (UXi, xi) = tr(UPXi) .
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Now suppose P 1is a projection onto a one dimensional subspace
and lét ¢ be a unit vector in P<£2) . We have for any partition E
of I,

n

2 2 , . 2 s

Z tr(UB, Yo X /X7 s 2 tr (U] () as(n) -
i i i i
Now, we claim that if we define

£)(t) =

(Pg)(8) = X (6)1(t)

for each Borel set, B, then the map
B -+ tr(UPB) _

is a probability measure. Moreover, this measure is absolutely
continuous with~respéct to o . To see that this is so, simply nete

that if o(B)

I

0 , then

f

(PBf)(t) XB(t)f(t) =0 (o almost everywherd

and thus PB

Now if € > 0, there is & > 0 such that if B is a Borel

0 and tr(UPB) =0 .

set and o(B) « 6§ , then tr(UPB) < ¢ (see page 125 of Halmos'
Measure Theory, 1950). Sincé ¢ 1is continuous there exists a
partition R of I such that if E is any refinement of I  then
G(Ei) <6 for every i . Thus, for any E which refines R ,

tr(UPi) = tr(UPEb) < €
i
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and
. 2 . . 2 /
Z tr(UP)[p o(\)7aoc(A) s € £ [, 9(A)ao(d) = ¢f|g]| = e .
i i i i o .
It follows that tr(UFP) < € and
Lim tr(U_P) = O .
, E
B
Fipally if P 1is a projection onto a finite dimensional subspace
and P(xg) is spanned by an orthnormal set Lml, ®nr -ees 9.} then

P=Pr + P + ... +P and
¢l ¢2 P

™Mb

lim (tr(UEP)) =

lim tr(UP ) = 0.
E i B o

1 E i

Theorem 1:
Let H = 52(1, o) where o is a continuous measure. If A is
any obs;rvable on H whose spectral resolution is a series
<o
A= ifl kiPi
in which each of the projections Pi has a finite dimensional range,
then
lim tr (U A) = O .
B E

In particular this is true for all compact operators and all trace

class operators.
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Proof:

It follows from Proposition 7 that
- SN ) A
lim tr(U_A) = un[llm[tf U_P. 1]
i E In E A

n . L ) A ,
where {PB}BEB(R) 1s the spectral measure of A . But

A O
fxd[lim tr(UEPk)] = £ 3, lim tr(UEP_)
E i=1 E *
and
tr(UEPi) = 0
by Proposition 8. Thus
[ec]
lim tr(UEA) = 51 A l;m.tr(UEPi) =0 .

E i

The theorem follows.

Proposition 9:.

As before, for each partition E = {Ei} of an interval I let

Xi = XE and Px the projection onto the subspace of gg(I, o)
i 1 ,
spanned by Xi . Define a map Pi: £2 - £2 by

(Pif)(t) = Xi(t)f(t) .
Let UE and UE be the operators given by

L= 3 TR
UE ; tr(UiX.)PX-
1 1 1

e - ; tr(UPi)PXf
1 1
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If Q & - £2 is a projection, then either both the limits
lim tr(UEQ)
E
and
lim tr(U_Q)
m E

exist or both fail to exist. Moreover, if both limits exist,- then

they are equal.

Proof':
Let {vj} denote the orthonormal basis of the orthogonal

cémplement of the subspace of £2(I, o) spanned by {Xi} . Then

tr (UEQ) tr \Q(f )

I

=L@ 04) %)/ 1%+ 2 (@ v))
i J

i
™

% tr(UP L)y X)) X, ||<
2 wr (U ) (@R, )(%), %, )1

2 tr(UP,)((QP, Jl(y.)s y.)
: k X, Y30 Y

+
. M

= 2 (U (@, X, )/, |17

i
™

tr (UP, )T(Q%, %, )/o(E, )]

and thus



TL

er(U7Q) - tr(UgQ) ,
(@, %) (@, %)
B U e B T oo
s (QXi,Xi)

> [tr(UPi) - tr(UP&i)] _57§;7—_

<X [tr(U?i) - tr(UPX')

=1 - tr(Up,
1 1

)

But in the proof of Proposition 6, it was shown that there is a
partition E* 5o that for every refinement E of E*

Ztr(UR, ) <e .
J J

(Note that in Proposition 6 the family [Yj} is denoted by {wj(E)} ).

Tt is clear that

1 - ; tr(UPX_) = ; tr(UPY') s

1 1 J J
thus we see that

0 < tr(UEQ)l- tr(UEQ) <€ .

Proposition 10:

If A is the multiplication operator on 55(1, o) for some
2 .
measure ¢ and if P is a projection of § such that ©PA = AP ,
then there is a Borel subset F of I such that Pf = X f For all

fe £2(I) a) .
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We will first show that P(f) = f~P(l> fér all polynomials f
and use the fact that the set of all polynomials is dense in £2(G)’
to conclude that P(f) = £*P(1) for all f e £2(U) . But observe

that for each n ,

p(t") = p(et"h) = P(A(tn'l)) =ae@r™h)) = ™Yy .

Thus
p(t") = t"P(1)

for all n . From this it is easily seen that P(f) = f-P(1) for
all polynomials f . Thus P(f) = f.P(1) for every f ¢ £2<U) . In

particular
P{1) = (P'P)(1) = P(P(1)) = P(L)P(1)

and thus P(l) is a function having only O and 1 as its values.
Thus P(1) = Xy for some Borel set F and P(f) = Xpr T

The authof is indebted to Stephen Campbell for showing him the

- proof of this "well-know:' proposition (Proposition 10).

Proposition 11:

Let B be a Borel subset of ® and PB the map from

3
gc(I,;g) into SE(I, o) defined by

PBf = XBf :



. s .
If P is a projeé%ion of £ which commutes with ©P.

B for every

Borel set B then

lim tr(U_P)
5 E

exists and

]

lim tr(UEP)

£X_da
. II 7

L

for some non-negative function f ¢ sl(K,U) and for some Borel

1i

subset L of R such that Pg XL-g for every g ¢ £2(If o) .

Proof':

By the previous proposition we see that P = PL where L is

¥

some Borel subset of ‘R . By Proposition 9 we see that

i

lim tr(UEP)

lim tr(UEP)
E E

(PO )y X )

O?Ei)

=z tr(UPE.)
i i

JOg o 1ao
= % tr (UPy, ) ———E%E;S—— .

i i
Now. {L, L°) is a partition of I and if we take E = {Ei} to be

a refinement of this partition we see that for each i either
LN Ei =@
or

Ln hi = E



Thus

1lim t'r(UEP) = bX tr(U'PE ) .
E i,EB,h i

Since the measure B = tr(UPB) is absolutely continuous with
respecé to o0 we know that there exists a function f ¢ Sl(I, o)

such that

tr (U".EB) = J pfdo

fqor every Borel set B . It follows that

z tr(UPE..) = z jEifdcr = JLde'.

i,Ei;L i i,EigL

Thus,
l%m tr(UEP) = ijdc

and the proposition follows.

Theorem 2;
T ————
If A is the multiplication operator on £2(I, o) , then
lim tr(U_A)
E E

exists. Moreover, lim tr(U_A) = tr(Ua) .
& E E
T3

Proof':

If A is the multiplication operator and

o A
A —‘dePx

e
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if the spectral resolution of A then the projection values

A
measure {PB}B€B<R) is given by

(B0 (6) = X (£)2(t) -

If B 1s any fixed Borel set it is clear that Pg commutes with
all the other projections P? for F e B(R) . Thus, for fixed B ,
it follows from Proposition 11 that

lim (U

P‘g)
E

E

exists. This holds for every B , thus Proposition 7 implies that
lim (UEA)
E

exists. Moreover,

lim (U_A) = lim j‘xd(tr(U PA))

E E EA

where
4 = = ph
Lm tr (UEP‘B‘) j'Ifdeo = tr(UPg)

. for every B¢ B(R) . The Theorem follows.
At this point we summarize and interpret our findings.
Throughout this thesis we havé viewed the projections as being
"events" in our generalized probability theory. As in ordinary
probability thecry we are interested in the set of probability
medsures on the event space (see the introduction). Now by Gleasbnfs

theorem, the set of probability measures on closed subspaces of
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Hilbert space correspond to the set of positive definite trace class
one operators. - We have interpfeted these operators as being the
states;of our.theory, |

Tn this chapter, we have supposed that we are given a physical
system whose state'is represented by the trace class one operator U .
Tt is assumed that a measurement is made on the system and that, as
a result, the system is forced into a new physical state. It has
been our object: to détérmine the trace class one opérator co}fesf
pording to this new state. OQur point of departuré has'been to notice’
that von Neumann (1953) has already defined a "new state" operator
provided one makes only observations whoéevcorresponding observablés
have a simple discrete spactrum. We are also motivated by the
‘Campton-Simons experiment in which the position observable was
measured. From the conclusions of this experiment von Neumann
formulated a new axiom; This axiom asserts that when a meésurement is
carried out, the system is iq a new state which has the property that
its mean is the‘value obtained by the measurement and its variance
is zero.

The basic idea of the lafter part of this chapter is to determine
whether or not there exists a positive definite trace clags one
operator UA corresponding to the change of phygical.s£aﬁe pbtained
when one measures the position operator A . We Qanted to‘déﬁerminé'
whether it was possible to define U

A

changing state is continuous in a certain weak topolbgy. .To

-in such a way that the process

accomplish this we found a.net {BE} of operators with discrete

spectrum converging to A in the strong topology. We defiqe the
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change of state operator due to the measurement . BE to be an operator

+ Uy as did von Neumann (recall that the spectrum of B_ is discrete).

B E

We then attempted to find an operator U, such that {UA} has limit

A

U, in the same weak topology. (The topology which we have been

referring to is the weakest one defined on the state space which makes

the functions defined by
V + tr(VB)

continuous for every observable B .) We have shown by Theorems 1

and 2 that no such A exists. To make it absolutely clear that

———— e, et mecimran, et

Theorems 1land 2 imply that there is no such UA we will assume-that

UA exists and use Theorems 1 and 2 to get a contradiction. By

Theorem 1 we see that
tr(UgB) = 0
for any observable B such that B = TA P, . Thus if U, exists

A

then tr(UAB) = 0 for every B = ZA;P, . But U, should be a state

and thus is itself a trace class one operator. Thus, for B = UA R
tr(UAUA)‘= O, . and- UA = 0 . On the other hand, Theorem 2 implies

that
tr(UEA) -+ J‘xd(J')\ f do) = tr(Js)

for appropriate f . Thus tr(UAA) = O . Thus we have that
U, =0 and tr(UAA) % O, a clear contradiction.
Ve can only conclude that if

lim tr(U_B)
.E E /



exists for every observable B then it will not arise from a
measure on the event space. (Observe that the mapping

B -+ lim tr(U_B)
B E

is a linear functional (provided that the limit exists for all B )
and thus it can be viewed as a "generalized" state. For further

discussion of these states and other matters, see Sakai (1971).

78
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AFPLICATION TO CLASSICAL PROBABILITY THEORY

The causal view of the world is that there is some Borel space,
X , of impossibly complete descriptions of states, such that when a
boint, X , 1s chosen in the space X , it corresponds to an
impossibly complete description of some state and the results of any
observation of the system are predetermined. Now, as we all know, we
cannot actually attain such a description, we can only in some sense
approximate it. ASo we assume we can factor X into A X B in such a
way that we can determine values of states in B and that we have no
exact informatioﬁ regarding the description of states in A . Thus,
in some sense, we assume that we can "split" the space into a part B
where values can be determined and another part A whoée values are
not determined. Since in A , the values are not determined, it is
natural to associate to it a probability structure. Now an
'observation or measurement is usually a.number of an n-tuple of
numbers. So we identify the results with elements of Rn for some

n . Thus, to synopsize we assume that X = A X B and that there is

a function
h: X R

We will dévelop ahother viewpoint of this collection of ideas,
starting with tﬁe same idea of the space of impossibly completé,
déscriptions. In the end, we will have a measure space in a sense,
and'there_will be a natural association between the classes of
sxperiments and the measures on one hand'and between the observables

and the real Borel functions on X on the other.
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So let us assume that there exists such a set X of
impossibly complete descriptions and that a point of X again
determines the results. (This is, of course, assumlng that the laws
of nature are causal.) Now let us make the following observation.
When we set up a class of experiments, we are in effect partitioning
X into a known (almost known) and an unknown part, and further we
then have a probability measure corresponding to our lack of
infofmation about the remainder of X .

Since X = AX B, we fix some b € B which in turn determines
some probability measure, “b s on A . Thus, sincé we cannot reaily
find the point b '"exactly", we should also have a probability
measure v on B . This yieldsva candidate for a probability

measure on X , namely

fFfEdub dv .

We could consider that we can enlérge B at A's expense, and hence
we really should consider measures on X itself.

We afe.led in a natural féshion to make the following con-
ventién.f A class of experiments will correspond to a probability
measure on X . Tbe variables whose valueé are of interest to us and
which we measure are real valued Borel functions on X.-. We do not,
of course, know if all méasures correspond to classes of experiments.

We now proceed to develop a Hilbert space, calléd.the space of
o-functions on X and which we denote by H(X) . From H(X) we can

recover all probability measures on X and it yields a natural way to

interpret the correspondence between classes of experiments and the
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probability measures and between the observabies (random variables)
and Borel functions. That which follows is from E, Nelson (1969) and
is réally added for completeness,

We consider equivalence classes of ordered pairs (f, u) where
u is a real valued Borel measure on X and where f 1s a complex
valued function on X such that f ¢ £2(X, ) . The relation ~ is

defined between pairs of such elements as follows:
(fy 1) ~ (g, v)

Lff there exists a real valued Borel measure 3 such that AD>>u,

A>>v , and
ﬁJ%% = g%%% . (A almost everywhere) .

Claim:

~ 1is an equivalence relation.

Proof':
We need to showr that it (1) is independent of % . Ascsume .
1s a Borel measure 3 A’ >>u and A >y . hen we show that
addu gJEU ’
=g (Kae)

Let A" >> X’ and \’’ >> A, e.g., M+t A=A . Then

fdu _ dv
Ao Y < VR <V
a Va8 Vg A ae)
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d
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d,

The rest of the proof is clear.

An equivalence class of such pairs is called a g-functiaon and we
write fdu for the class (f, i) . We denote the set of o-
functions with finite Borel measureé by H(X) .

We can make H(X) into an inner-product space gnd we will show
that it is complete with respect to the imner-product, We use the
finiteness of the measures to do this, which for us is no limitation,
since we are interested in probabilities which are finlte measures.

Addition is defined as follows:
™Ndu + gfdv) = (f'\/g‘% + gJ%’:Ndx

where A\ >>pu , A > v . This is clearly independent of the choice
of representation and also of A . If ace @ » then we define
a(f, u) = (af, u) . Thus H(X) is indeed a vector space.

Finally we define the imner-product, ((f, u), (g,v)) , by

(o7, /) = oz V3 B

(recall that the measures are all real). This is well defined, iig.,

it is clearly independent of choice of representatives and of A .
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It remains only to show that H(X) is complete., Assume that
co
{fnvaﬁn}n=l

is a Cauchy sequence. We first find A such that )\ >> un for all

n, e.g.,

(this is where we used the finiteness of the measures ). Thus,
£ By
[ n dy }nzl

is a Cauchy sequence in £2(X, A) and thus it has a limit, say f , in
£2(X, A) and we notice that
f/d) = lim £ Vdu
, boon
in H(X) .

Let us consider some examples. Let X = {l, 2, 5, ..., nl a
finite set. Then H(X) =c" . If X =N , then H(X) = I,g(lN) LIt
is clear that as X Dbecomes bigger, H(X) rapidly becomes un-
tractable. We believe that H(X) is not separablé in the case ‘A is
(0, 1) . We will see later that in some sense, H(X) , will be some
sort of L2 , but that the measure will be a direct sum of measures
and the space a product space.

Let us proceed to consider random variables on X +  Ordinarily
& random variable or observable is a Borel function from X into .
In this case we need to extend the concept to take into account the

fact that we do not have a fixed measure on X but an entire family
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@*%(X) of them. Here @%(X) denotes the set of all finite real

valued Borel measures on X . We define an observable or random

variable in this context to be a famil h

u e B*(X) , B, is a Borel function from X inte R and where

where, for each

A >> u 1implies that
(*) h = hk (u almost everywhere) .

We denote the set of all random variables on X by & . It is trivial
to show that 6 is an algebra over R with the usual obviously
defined operations. For the purpose of simplicity we extend & to

the set © of all "random variables" which are complex-valued, i.e.,

(b))

1w’ uel* (X)
Borel map on X and the family (hu) is subject to the condition (*)

is in 6 iff, for each u , h, 1is a complex-valued

above. Now 6 is an algebra over C since we may admit scalar
multiplication of elements of & by complex numbers. Moreover 6
admits an involution namely complex conjugation of the elements of a
family belonging to & . Thus 6 is a complex algebra with invalution.

More than this is true. Actually 6 is a C*-algebra, 1.e.,, there is

anorm | || on 6 such that

llxyll < [l
fqr all x, y in ® and

Jock]| = 11|

for all x € 6 . To see this, let h = (h )

b f
U e@* (X) e any element o

& . We define ”h“H(X) by



2
il ey = o o sup” . (h,&au, h N ) .

(Actually & doesn't consist of all (hu) as defined earlier but
must be cut down to include only those h for which '“h”H(X) is
finite.) One must check to see that & 1is indeed complete with
respect to this norm and that the conditions required of a (C*-

algebra are met. In particular we will show that

It = fn))®

2 _ _
”hUH(X) = S': Hf\jﬁill . (b, Vau, hufﬁu)

= |N£”ljmh)&mw

I¥)
i1
= su (h & )(£F)°(rF)%au
2 ofagyo L
L 1
<sup  sup  [[(n B TeF)au]’ [(£F)aud?
2 oy 0 J
1
. - 3
= sEp HE&%&H:l ((n b )fNdu, (n b )2VaL)
= ol oy -
Thus,
I8 < Jjnaxl| < |f6]- frx]
and since ||hj| = ||b*|| we see that

2
[[an*]] = |Jnl]

85
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Thus 6 is a C¥-algebra and is merely the complexification of
the real algebra of observables, © . We will show shortly that 6
is actually a Wx-algebra, i.e., tﬁat is is a C*-algebra which is the
dual of some Banach space (see Sakai (l972> for an exposition of W¥-
algebras from this point of view). Before doing this we wish to draw
a parallel between the causal description of reality we have been in
the process of describing and in the description of reality as
presented in previous chapters.

As we have already indicated the observables in this context of
this chapter are families h = (hu) . For each such h, let Ah be

of the operator on H(X) defined by
A (V) = huf’\/-"du .

The operator Ah may be defined for any h ¢ & but is self-~adjoint

only for h € 6 , indeed, if h € ® then for A>>u, A>S>v,

(8, (8ED), g/®) = [(n o2y (38 )ay

) =@'\/§§
= fhxinx TR

n

(f\/a-ﬁ ] Ah(g\/'c-i_v)) ¢

Moreover, the elements of H(X) are the states of this theory and if

o = Ndy and h = (hu) is an observable, then the mean of h in the

state o is

ua(h) = J'huff‘d,u .
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In our operator theory we had
uo (A = (A, (V&) #/d) = fu rPau

which shows the consistency of the parallel between the two theories.
We now show that 6 is a W¥-algebra. First observe that 6 is
an algebra over R and thus has a trival involution (h* = h) .
Moreover, it is a C*-algebra since 6 is and since G is a *-sﬁb-
algebra of 6 5 L.e., the norm of @ has the required properties.‘
Thus, to complete the proof that & is a W¥-algebra, we have only to
show how to obtain a space which we will show is the predual of 6 .
We call this space Ll . The definition of Ll prdcedes in a
parallel manner to that of H(X) . Suppose u and vy are finite
Borel measures on X and further that f e Sl(X, w) and
g € £l(X, v) (f and g are real-valued functions). We define ~
via (f, u) ~ (g, V) iff there exists a finite Borel measure A such

that A >>u , A >V, and f o g i) (A almost everywhere).

dx an
Thus L5 is the set of equivalence classes of (f, u) for u a
finite Borel measure on X and f ¢ Sl(X, 1) . The procedure which
shows that L:L is a Banach space is carried out just as with o-

functions.

Now if h e & Llet zh: Ll - R be defined by
2,((£, w)) = Jh fau .

It is easily shown that 2h is well defined, and is a continuous

linear functional of L:L . It is linear, since if (f, u) and

(g, v) are in LY, then
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(f, u) + (g, v) = (f g% + g %%, A)

(for A>>u, A >>v) and

£, ((£51)) + 2, ((8,v)) = [n fau + [n gav

= Ihkfdu + fhkgdv

du .. dv
f==drn + |h,g — d
IEN Nt e g a

li

TR
o If o + g g

i}

1l

zh((f)ﬂ) + (g)V)) .
Similarly,
zh(a(f)ﬂ)) = a.eh(f,u) .

Conversely, let £ be any linear functional on Ll . Then, for each

1, the map

£ 0((f50))

is a linear functional, on gl(X, u) and thus by the Riesz
Representation Theorem there is a Borel map hu in éxYX, L) such

that

£((2, u)) = [rn au .
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Now we show that (h )
1 el (X)

to be an observable. TIet A >>u , then

satisfies the requirement needed

') g ttw)
anq on Ll(u) we see that
2((g;1)) = [h gdu .
Moreover,
CHDRVECE- Y

and thus

fojecu = 4((n)) = 2((e &, 1)) = [me G @

= fhxgdu .

Since the latter equation holds for all g , we see that hk = hu
(4 almost everywhere ). Thus, h = (hu) is in 6 and it is clear

that 4 = 4 One now shows that the correspondence

n

(*) h =g,

is an isometric isomorphism from the Bahach space 6 onto the

Banach space of continuous linear functionals of Ll . To do this,
recall that the Riesz theorem gives an isometric isomorphism between
the dual of £1(X, ©) and Ex?X, i) . Moreover, the norm on gcxkx,u)
is the essential supremum norm. Thus with minor modifications of

this proof. We can show that the correspondence (*) above is an
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isometric isomorphism provided that we show

Il = I

We proceed to prove this equality.
Now 1t is clear that we could impose another norm on © via its
position as the dual of Lt This new norm is denoted by | || -

and Tor he 6 ,

i) - = gun Hh\)“\) o

where || Hvoo denotes the essential supremum norm relative to the

measure vy .

We proceed to show that these norms are identical.

Clearly,
{E=N] sup [h h fFav < |0 || .
v Lg(u o=tNIv J wo v ®
Thus,
”hHH(X) = ”h“ P
To show that they are equal, we let C = ”h”oo , then if e >0,

" v such that

Hh\)”\)oo> C-c
Thus, there exists N ¢ X such that
(1) V() £ 0

and
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(2) N c:‘x]\hv(x)l >C - )

If we define o ¢ H(X) as

then-weahave

X ~ B
(hva, hva) = ‘hvhv ;?§;I7§ dv 2 (C - €)2 5

hence

el g = il -

Hence we have two'views of @ which are clearly equivalent.
The elements of @l may be identified on the oné hand as self-
adjoint operators on H(X) and on the other hand-as continuous
linear functions on Ll .- We will use the view of- 6 as‘operator:
oh‘.H(X)- for a propositién dealing with mixtures of states. In !l
coptext of causality, a mixture ol states behaves as a pure stetle
again.

NQW suppose A 1s a positive definite crace one operator oo
H(X) . Then in the usual manner A is & measure on the closed

subspace of H(X) and hence on the ¢vent space.

Proposition 1:

Let A be a positive definite trace agwoperator on H{¥)

Then there exists o ¢ H(X) such that if X% ¢ & , then

tr(xA) = (xo, &)



92

First we consider the observable x = PE where PE is defined

by

P () = fo’\/?i'E,
Then the map

E - tr(XEA)

is a measure én X . Call this measure m . Let

£ = Wdm e H(X) .
Then

Il§|IH(};) = [1dm = m(x) = tr(a) = 1.

Moreover,

(PEz-;, £) = IXEd.m = n(E) = tr(PEA) .

Thus, x = PE satisfies ‘the conclusion of the proposition. Now let

X be any observable,

(xg, &) = [ra(B)E, ¢)

Iaaler ()]

1l

te (fAap))A]

tr(xA) .

)

The proposition follows.
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We will now relate the theory we have developed with the
classical theory of convergence of distributions. As has been
mentioned, the real interestisin measures on the real line, siﬁce our
space X 1s but a construct - an abstraction. More precisely, we

consider the measure defined by
-1
b () = ax™(8))

where x 1s an observable and ¢ 1is a state. We thus proceed to
the following definition.

We say that a sequence of distributions converges, Fn -+ F , iff
F {1} + F{1}

for every bounded interval of continuity of F (a bounded interval I

is an interval of continuity iff the endpoints of I are non-atomic).

This definition is from Feller (1966, Vol. 2).
We have the following theorem which will be useful to us in the

sequel.

Theorem 1:
~ Let {Fn} be a sequence of proper probability distributions (a

probability distribution F  1is proper iff FH(R) = 1), then

(a) In order that there exists a proper or defective
distribution F such that Fn -+ F , it is
necessary and sufficient that the sequence of

" expectations

En(u) = jhan
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converges for

u e CO(-oo, +00 ) .
In this case
(*) En(u) + E(u) .

(b) If the convergence is proper (*) holds for

all
ueC(-c0, +to©) .

Here proper convergence means that F 1s a proper probability

distribution. The above theorem can be found in Feller (1964, vol. 2,

p. 243).

Now let x e & and X the associated multiplication operatar
x(Mdo) = foVdU .

Recall that if « is a state and ua is the measure definad by

ud(E) = (XEa, o) where o = A do , then

(xa, @) = [x (t)a(t)d(t)do(t)
= Jr () (¢)

= j‘tdua (x;l(t)) .

X
Thus if ua is the spectral measure of x in the state @ then
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uz(E) =X _; a@ a).

(Observe that uz has compact support since x 1is bounded.) Using

this notation we have:

Theorem 2 :

If {xn} iS a Sequence in G then in - }-(. in the Strong
operator topology iff there is one interval which contains the supports
X

X
of the distributions [uan} and {uan} converges in distribution to

X
ua for every o .

Proof:
First assume that in 4 X strongly. Then, by Proposition 3,
Chapter 2, f(in) -+ £(x) strongly for each continuous bounded function

f . Thus, f(in) -+ £(x) in the weak operator topology and

(f(in)a, a) + (f(x)a, @) for each state ¢ . Note, however, that if
- n
X, = fxdpk

then

(f(E s @) = [£(t)a(Pa, a)

= ff(t)duan(t) .

(Here we have used the fact that the projection valued measure of a
multiplication operator is given by multiplication by characteristic

functions. ) Thus
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X
, n bid
JE(E)au M (6) » fr(t)an (v)
bd
n X . . .
and ua -+ ua as distributions.

X

X . . .
Conversely, assume that uan - U as distributions for each o .

By assumption, there is a bounded interval which contains the supports
b'd

of all the measures {uan} and also that of uz . Let I Dbe such an

interval. We have that

fItduzn(t) - fltdui(t)

2 Xn 2. %X
j‘It du (t) - j‘It dua(t) .

(Here we use (a) of the Theorem cited from Feller and the fact that
x
the supports of the {uan} lie in I .) It follows from the spectral

theorem that

-2 -2
(XHQ’: Q’) -» (X o} oz).

(x @ o) » Ko, @) -
Since {in} converges weakly to x , (ini} and {iin} both

converge to 72 (cf. Naimerk (1970), Chapter 7) . Thus,

. - -2 . =2 -~ - - -2
lim ((Xn - X) o, @) = l;m((xn - XXn - XnX + X7 )a, ) =0

and

. = 2
Unle - x)oll” = 0 .
n

It follows that in -+ X strongly. The theorem follows.
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We have seen that considering convergence of distributions on R
is the same as imposing a topology on the observables which is a
strong operator topology. Thus, convergence of distributions is
equivalent to the view that only a finite number of experiments with
an arbitrary but not absolute, accuracy can be done. (By accuracy,
we mean that the variance of the difference of two random variables
is small.)

Now a family of random variables which is parameterized by time
is called a random process. Say {ht} is such a process. Then,
given a finite set {ti}ii

L

finite dimensional distribution of the process. When an experiment

we will call the associated {ht }i a
i

is performed and followed in time, a finite dimensional distribution
is usually the object of study. Thus, the interest of a study is to
somehow recover {ht} from a finite dimensional distribution. This
is clearly; in general, not possible. We must content ourselves with
asking what we may say about {ht} when we know only some finite
dimensional distribution. This is really a rephrasing of the third
problem of van der Vaart (1973). That is, given a difference
equation find a differential equation whose solutions behave in a
similar manner.

We know of one result along these lines, which is found in
Gikhamn and Skorokhod {1969), which will be stated without proof.-

This theorem requires some bit of introduction. Let Q .by our
basic probability space and & the measure under considerétion. Then

if {gt} is a process, we call the function,

g(w): [a,b] » R,
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E(0)(b) = &, ()

a sample function (w e Q is fixed as t changes. For this
theorem we will consider a special class [gn(t)} and [gt} of
processes, where the sample functions are in C[a,b] with

probability 1 . We have now a space X c ¢[a,b] where
x = fufu(t) = g (w), w ¢ 0]
and further we have a natural measure for X . If AcX,

w(8) = a({w]g, (v) = u(t), ue 4}) .

This is called the measure corresponding to the process.

By our discussion on page Q7 , we are interested in ihe
convergence of finite dimensional distributions of [gn(t)} to the
procesgs of {gt} (in the strong operator topology or equivalently as

convergence in distribution).

Theorem 5:

Suppose that the finite-dimensional distributions of the
processes {gn(t)} converge (as above) to the finite dimensional
distributions of a process {gt} . Then for the sequence of
distributions of f(gn(t)) to converge to the distrivution of f<§£)
for all functionals f that are continuous on C[a,b] , 1t is
necesgary and sufficient that

Lim sup of sup [g (87) - g (¢/7)] >t} = 0
ha0 n  |t/-t//|sh " A

for every ¢ > 0.
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If f 1is a continuous functional on * cfa,b] , it corresponds via
the Riesz Representation Theorem to a function g , of bounded

variation (or as often stated, to the measure generated by g ). Thus,

E(£(gy)) = [fu(t)aeg(t)du(u) .

. The functionals, f , of gt correspond in some sense to time

averages. One could presumably check these.



100

LIST OF REFERENCES

Dunford, N. and J. Schwartz. 1963. Linear Qperators, Part II.

¥

Interscience Publ., New York, New York.

Feller, W. 1966. An Introduction to Probability Theory and Its
Applications, Vol. II. John Wiley and Sons, Inc., New York,
New York. :

Gikhman, Skorokhod. 1969. Introduction To*The. Theory of Random
Processes, W. B. Saunders Co.), Philadelphia, Pa.

Gudder, S. 1963%. Spectral methods for a generalized probability
theory. Trans. American Math. Soc., 119:423-LL2,

‘Gudder, S. 1966. Uniqueness and existence properties of bounded
observables. Pacific J. of Math., Vol. 19, No. 1, pp.:81-93.

Haeg, R. 1972. Quantum field theory. Math. of Cont. Physics,
pp. 1-14. (R. Streater, Editor). Academic Press, New York,
New York. -

Mackey, George W. 1963. -Mathematical Foundations of Quantum
Mechanics. Benjamin Publ., New York, New York.

Mackey, George W. 1968. Induced Representations of Groups and Quantum
Mechanics. Benjamin Publ., New York, New York.

Naimark, M. A. 1970. Normed Rings. Walters-Noodhoff Publ.,
Groningen, Holland.

Nelson, Edward. 1967. Dynamical Theories of Browman Mobion.
Princeton Univ. Press, Princeton, New Jersey.

Nelson, Edward. 1969. Topics In Dynamics, I: Flows. Princeton
Univ, Press, Princeton, New Jersey.

Rlesz, F. and B. Sz.-Nagy. 1955. TFunctional Analysis. Frederick
Ungar Publ., New York, New York.

Sakei, S. 1971. C¥-Algebras and W¥-Algebras. Springer-Verlag
Publ., New York, New York.

van der Vaart, H. R. 1973. A comparative investigation of certain
difference equations and related differential: Implications for
model-building. Bull. of Math. Biology, Vol. 35, pp. 195-211.



101

Varadarajan, N. S. 1962. Probability in physics and a theorem or.
simultaneous observability. Comm. of P. Appl. Math., Vol. XV,
pp. 189-217.

von Neumann, . 1955. Mathematical Foundations of Quantum Mechanics.
Princeton University Press, Princeton, New Jersey.

Yosida, A. M. 1962. Functional Analysis. Springer-Verlag, Berlin,
West Germany.



