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SULIARY

The method of approximating a continuous distribution by a discrete
distribution is used to approximate certain multidimensional ranking
integrals. In the location and scale parameter cases the method results
in a simple iterative counting algorithm. A bound on the error term
is given. The algorithm is applied to the problem of completely ranking
normal means and shown to be quite accurate and fast. Applications of
the above complete ranking problem are given, and the results are used
to compute upper confidence bounds for mean differences in a trend

situation.
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INTRCDUCTION
This paper is concerned with presenting approximations to the
ranking probabilities
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where the independent random variables Xl""’xk have the same
distribution within each group and differ between groups only by scale
or location parameters. The probabilities (1.1) have a number of
applications in the ranking of populations according to their scale

or location parameters. For example, if there are only two groups
(that is, k = tz), the probabilities reduce to the classical correct
selection probabilities of the indifference zone formulation

(Bechhofer (1954)) and the subset selection formulation (Gupta (1965));
in the context of the latter formulation, the probabilities become

a lower bound on the probabilities of correct selection of a subset
containing the t(22) best populations (Deverman (1969), Carroll,
Gupta, and Huang (1975)). Another example in which there are more
than two groups (that is, t2 < k) and for which tables are unavailable
occurs in the problem of obtaining upper confidence bounds for mean
differences in a trend situation; this is discussed more fully in
Section 4. We feel that the application of ranking theory to the
problen of ranking populations into groups, with special reference to
the goal of completely ranking populations (t1=1, t2=2, ... ), has
suffered due to a lack of tables and even methods for computing (1.1).

Wle discuss below why standard numerical computing techniques are not



really applicable to this problem, and propose an approximation
algorithn.

The key feature is that the ranking probability (1.1) is a multi-
dimensional iterated integral. In general, even in the special case
where the random variables have normal distributions with a common
known variance, the computation of iterated integrals is difficult and
time consuming. We have found in the course of our study that simply
combining Gaussian quadrative with Simpson's rule to compute prob-
abilities in the complete ranking problem is very expensive for k 2 5.
Milton (1972) applied a method based on a multidimensional iterated
Simpson's quadrative to the problem, but when applied to a special case
of our problem (his section on the probabilities of rank orders when
the random variables are i.i.d.) it seems that the number of computer
evaluations and the time involved increases rapidly (possibly
exponentially) as k increases. The tetrachoric series can sometimes
be used to compute multivariate probability integrals but is generally
unattractive for k = 4 (see Gupta (1963 a,b) for a discussion).

Dutt (1973) transforms this series into a finite sum of multivariate
Fourier transforms and then uses Gaussian quadrature but quadrature
becomes increasingly difficult as k increases (see Milton (1966)).
None of these approaches extends readily to nontnormal distributions.

Somerville (1970)(1971) described a method for estimating the
percentage point of a distribution. The important idea in his paper,
which is used here to develop our algorithm, is to approximate a con-

tinuous distribution by that of a discrete random variable with r



mass points, each of mass r7l. Because our algorithm is iterative in
nature the computation becomes quite feasible. In his paper,
Somerville (1970) shows that his method is often more efficient than
!Jonte}Carlo methods with the same accuracy and conjectures that the
error is O{rwl). We will be able to show that the error in our
algorithm for approximating (1.1) is no worse than krfl, and that in
practice it is actually considerably smaller.

In Section 2 it is shown that in location and scale paraneter
families the discrete approximation algorithm given here admits a
simple iterative counting representation. This representation has a
number of appealing features:

(i) Its iterative nature allows the construction of fairly

extensive tables.

(ii) Repeated evaluations of or approximations to distribution

functions or density functions are not necessary.

(iii) The algorithm can be applied to any continuous distribution.

In Section 3, the algorithm is applied to the problem of
completely ranking normal means and variances; it is shown to be
surprisingly accurate in a number of cases. A method for using the
algorithm in the general case is also given.

In Section 4, we discuss in detail the application of the tables
and the algorithn to ranking problems and the computation of upper
confidence bounds for mean differences in a trend situation. An

application of this complete ranking problem to drug trials is given.



METHOD AND ERROR TERM

We will first restrict our attention to the case where the random
variables Xl""’xk have continuous distribution functions

F(Xfel)""’F(X‘ek)s where

(2.1) 0= ...8 =0 g -6=...=0 -8=..=8 -s§ (60

This is the equally - spaced means case; the more general case of .non-
equal spacing as well as the scale parameter case will be considered
at the end of this section.

Now, in this location case under (2.1), the ranking probability

(1.1) becomes

(2.2) J sor J dF(xl) con dF(XP) s
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This is an iterated integral, and the discrete approximation will become

where R = {(xl,...,xtl) < (xt IREREREES ) +8 < ... < (xT +1,...,xk) + s8}.

an iterated sumn.

Choose (for j = 0,1,...,7) aj such that F(aj) = j/r. Let

J
function with mass points Yyseres Yy each of probability 1/r. Since

aj—l < yj <a. (j=1,...,7r) , and define Gr to be a distribution

Gr converges to F as r - « , and in fact suplGr(x) - F(x)l < 1/r,
x i

an approximation to (2.2) becomes
2.3) ] rf=1p_(8),
R

where the sum is taken over all possible k-truples of the mass

points yl,...,rr of Gr which are elements of R.



Theorem 1 (Somerville (1970)):

iiz Br(6) = { =y J dF(xl) .o dF(xk)

Theorem 2:

lBr(G) . f o;ﬁ J dF(xl) een dF(xk)! < krf1

Proof: See the appendix.

In the next section, it will be shown that the bound given above
is somewhat conservative. In fact, if r = 100 and % = 7, 1in the
complete ranking case the true error seems to be less than .01.

This is not too surprising since Somerville (1970) found that for
computing percentage points of one-dimensional statistics, r = 20
will usually yield an error of less than .0l. Another point of

interest is that if one defines y; to satisfy F(yi) - F(ai~1) =

F(ai) - F(yi) then the bound in Theorem 2 becomes k(2r)71, since

supIGf(x) - F(x)] < (21')"1 . However, computing yi in this way
X

can become time-consuming.

Let Y .,Yk be independent with distribution Gr‘ Before we

1’

can state the algorithm we need the following definitions:



(2.4) L(§,1i) = largest integer j such that yj < y; * §

C(q,i,3) Pr{yi=min(Y1,...,Y0) < max(Yl,...,Yq) < yj}

Note that if q =1, C(q,i,j) =1 .

The algorithm is contained in the following result, the proof of which

is given in the appendix.

Theorem 3: Let Y »Y, be independent with distribution function G_.

17

Define for £ = 2,3,...

(2.5) pi(a) = Pr{(Y,,. ,Ytl) <a, + 6}
P16y = pri(y Y. ) < (Y Y. ) + 6
i RREERRSP NI CPFTEREEEE
1 1 2
< ... < (Y yeoosY, ) + (£-1)8 < a., + LS}.
t£w1+l 2 1
Then
2 Y
(2.8) Pi(5) = (L(S8,i)/1)
L(s,1)
£+1 ’ £ . .
PL(8) 23-21 PY(8) C(tp-ty 453,L(8,1)

and the ranking probability (1.1) is given by



s+1

pS $(OC( -t ,i,1) = P (8)
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Note the iterative nature of the algorithm. If, for example, one

wants to use the algorithm to compute Pr{Xlsxzs . SXS} where
Xl,...,X5 are nornmal random variables with common unit variance and
means My, ...,Hg satisfying HywHy = Uap=My = .00 = Ui, = s,

one obtains in the process Pr{X =X } PriX _X2<X3} and

Pr{X ﬁX2§X3£X4} in the terms Pr(S), Pr(6) and Pr(é).

It is obvious that most of the time to be used in the implementation
of the iterative algorithm in Theorem 3 revolves around the use of the
functions L(§,i) and C{q,j,L(S§,i)) . Fortunately a number of time-
saving features are available. Suppose one wants to use the algorithm
with a number of different & values, say 60, 61,..,, Gn ; this
will be true if one is attempting to compute percentage points. For a

given j there is a j* such that L(ﬁj,j*) = v and as éj increases

the threshhold value j* decreases. This means that

(1) If L(8;,8) =7, then L(8,i%) = ... = L(8,i*) =1 if i* > i,

.. . £ _ sl . . .
(ii) 1If L(Gj,l) T, %*(aj) = Pr(Gj) if i* x> i

Thus, as § increases, it becomes less difficult and time consuming
to compute L(6,i) and P?(S).

The same is true of the fuunction (C(q,j,L(§,1)) Dbecause it is a
function of q and L(S8,i) - j alone. Hence, for a given ¢, one

need only an easily computed array of size r to have all the



possible values of C(q,j,L(8,i)) available. Note that in the
important special case of probabilities of complete rankings,

C(L,i L (5,1)) = ¢t

if j £ L(6,i) , so that virtually no time is
spent on computing this function.
In the scale parameter case with F(x) = 9 if x <0, Xl,...,Xk

have distribution functions F(x/el),...,F(x/e where

»

2.7) 6, = ... = 0, = et1+1/a = ...

_ - - S
. = Ot /A= .., = Ok/A (a>1) ,

2

and the region of integration R in (2.2) becones

S
(2:8) = Llxpoeooxg ) S G ygoeeesxg J/AS 00 S (g e omd/8).

Then Theorems 1 and 2 still hold while Theorem 3 holds if L(6,i) is
defined as the largest integer j such that yj < yiA.

The configuration (2.1) and (2.7) are the equally-spaced config-
urations; while these arc important configurations, it is worthwhile
to also study the general case. Suppose &(1) < 8(2) € ... € 8(m) (n = s)

and one wishes to approximate the probability (2.1) in the case

(2.9) 61 = ... = th = 0t1+1j6(81) = ... 0= 6t2-6(82) = .., = Ok—d(Bs) s

IA
w

where {B B8} dis a subset of {1,...,n} and Bl < B, £ ...

172 Pg

Then Theorem 3 would still hold with

8



PI(S, (8))) = (L(8(8)),1)/m) !
£+1
P, 808)))
H(L,1) 2
- jzl SICICRRERICTRY) C(t‘,i»tzil,j’ﬁ(z,i)) ,

where H(L,1) = L(G(BE) - 6(62»1), i).  The calculation of
L(G(Bl),i),...,L(G(BS) - 6(85‘1),i) can be accomplished quite easily
by taking into account the monotonicity of L(§,i) mentioned above
(see the next section).

Finally, if it were not true that G(Bl) < 6(B,) £ ... = 6(85) ,

5)
then even in this case, the aigorithm may be modified to yield an
approximation to the probability (1.1), with no change in Theorem 3;

of course if Y * 6(Bj) - 6(Bj_1) < yy» one should set

L(G(Bj) - G(Bjjl)’i) = 0.

COMPLETE RANKINGS IN NORMAL POPULATIONS

The algorithm given in Section 3 was used to calculate (1.1) in
three special cases on the IB! 360 machine at the University of North

Carolina and the CDC 6500 at Purduc University.

CASE I Compute Pr{X1 < X2 $ v, < Xk}, where Xl""’xk are

independent normal random variables with common variance ¢~ =1 and

means given by (2.1)

O



(3.1) ei - 61—1 = a(i:}) (i=2,...,k).
CASE II Compute Pr{xl < X2 < ... S Xk}, where xl/el,...,xk/ek
are independent chi-square random variables with 10 degrees of

freedon and parameter configuration given by (2.7).

CASE II1 Compute Pr{(Xl,Xz) < CXS’X4) < ... < (xk_l,xk)},

where X Xk are independent normal random variables with common

JEEERE

. 2 _ .
variance ¢ = 1 and means given by

[

3]

O
H

4 - o - = - = -
(3.2) 6, = 0, = 0,-6=0,-6 =0 8,-26 ...

The first case, the normal means case, was studied in the greatest
detail. In Table la, results are given for the parameter configuration
(2.1) using r = 1000, k = 2(1)7 and 6 = 0.0(.10)4.20 . This
table also provides selected approximate running times, including the
computation of L(§,i); for example, if & = 1.6 the computation
of PriX; < X, #8}, Prix, < Xy+8 < Xo+28}, ..., PriX; € X, 46 < ... = X, +96}
took approximately 61 seconds total. In Table 1b, results are given
for the parameter configuration (3.1) with r = 1000, k = 2(1)6, and
6 = .25(.25)3.75 . The running times in Table 1b are smaller than
those of Table la because of the addition of certain program-specific
modifications, together with the fact that L(i(iil)G/Z) is easy
to calculate for i 2 3 and § 2 2.50. The apparant stability of

the tables from k =5 to k = 6 is due to the fact that

Hg = Wg = 156.

10



The complete results were spot-checked by a lfonte-Carlo experiment
with 5000 trials, with a maximal disagreement of .008.

For k =4, the results were also checked by computing the
probabilities under (2.1) and (3.1) by using a combination of Gauss-
Hermite quadrature and Simpson'’s formula. The maxinal difference
between our algorithm's results and this quadrature method was .0005;
most differences were of the order .0003 and smaller. This brings
out an important point; that while the maximum possible error in the
algorithm is krml, the actual error in this case seems to be at
most k/(10r), which is very good.

The values of Yys+++sY, weTe obtained by setting Yy = 2,

a.+a.
y.=a., Yy.= 0 R L S 0, and y. = .75 a, + .25 a. if

J 2 j j ] i-1

a. > 0. By Theorem 3, the results have a maximal possible error for
T = 1000 of k(.001), and it seems reasonable based on the above
discussion to suppose that the true maximal error is k(.0001).

The algorithm was alsc run in the configuration (2.1) with r = 100
and r = 200. A point to note is that the maximal difference between
the results for r = 100 and 1 = 1000 is .007, so that the
results for r = 100 are correct to the second decimal. This is much
better than predicted by Theorem 3. Since the same conclusion holds
for the variances problem (see below), checosing r = 100 or r = 200
will be acceptable in practice to get results correct to the second

decimal place. The time for computation decreases appropriately as

r decreases.

11



For the variances case, values of (1.1) for various k, 6§, and v
(the degrees of freedom) are available in a set of tables computed by
Schafer (1974) with 20,000 lonte-Carlo trials. The algorithm was
used when v = 10, &§ = 2,3, k = 2(1)7, and r = 100, 200. The
maximal deviation from these tables for r = 100 was .007 and the
total running time (including compilation) was 5 seconds, or about .5
seconds per iﬁtegral. When r = 200, the maximal deviation was .004
and the running time (including compilation) was 8 seconds or about
.7 seconds per integral.

Case III was considered to see if the excellent performance of
the algorithm (both in time and accuracy) in the cases of complete
rankings is due to the special behavior of the function C(q,i,]j)
(recall, this function is a constant in the complete rankings problems).
Table 2 presents the results of our study for Case III. The running
times are quite comparable to those of the complete ranking case.

The results were spot-checked by a ionte-Carlo simulation with 20,000
trials; for & 2 2.00, the maximal difference was .002, while for
1.60 < § < 2.00, the maximal difference between the algorithm and

o

the simulation experiment was .005,

APPLICATIONG OF THE TABLES

RANKING AND SELECTION: Suppose one has k normal populations

. . 2
ﬂl, cees ﬂP with unknown neans Mps eees My but a common variance o,
AN

12



The goal will be to find the correct (but unknown) ordering
“[1] < u[2] < ... 5 “{k] , where “{i+1] - u[i] 1s expressible in

¢ units, i.e.,, either

(4.1) u[i+1] - u[i] = ho > 0, i=1, ..., k-1, or

4

et
i
—
-
.
.
-
=~
1
prmd

(4.2) u[i+1] - u[i] z iAo > 0,

Tables la and 1b may be utilized. One may use the work of Eaton (1966)

or Savage (1957) to show that the ‘most likely" ordering cf the sample

y

averages Xl’ cees Xk based on n observations from each of

ﬂl’ e “k is X1 < X2 < ... < Xk if By <

the best procedure is to rank the populations according to the

My < ... < My so that
observed rankings of the sample means. Table la presents as a
function of & = vn A an exact lower bound on the probability of
making a correct decision under the configuration (4.1), while
Table 1b may be utilized for configuration (4.2). One chooses the
sample size n(A) as the samllest integer n for which the lower
bound given in the tables as a function of vn A is at least a
value P*, 1If u[i+1] - [i] is not expressible in o units
(i.e., u[i+1] - u[i] > A in equation (4.1)) and o is known, the
tables present the probabilities of making a correct decision as a
function of & = vn A/o. If o 1is unknown and Mrie1 T M[i] is
not expressivle in o units, one must either estimate o or use a
sequential procedure.

If the distributions of the populations ﬂl, cees ﬂk are not

. n .
normal but there is a constant ¢ such that — (X, - u.}) 1is

13



asymptotically normally distributed, then for n sufficiently large
the results of this section are applicable.

Wle now show how Table la might be used in a drug-testing
situation. In Table 3 data (collected for the Hational Cancer
Institute by the Arthur D. Little Company) are given for the weight
loss (in grams) of mice inoculated with a certain type of tumor. The
mice have been given the same drug at five different dosage levels
but are all on the same schedule; the number of mice in each group
is eight and the pooled sample standard deviation was ; = 19.5.

To make a correct complete ranking at least 75% of the time under
configuration (4.1) requires vn A 2 2.134 (by interrolating Table 1a),
so that A ® .754 must be assumed and Ao ® 14.7. Thus, in order

to guarantee that one makes a correct decision 75% of the time, one
must assume that the means are spaced by an amount at least as large

as 14.7; the data may cast some doubt on this assumption. If one

were willing to assume Ao ® 8.00 then one needs A = 8/19.5 and

hence vn = 19.5(2.134)/8, which means that one should have taken

at least n = 28 observations at each dosage level.

CONFIDENCE INTERVALS FOR CONTRASTS. Consider the problem of the

previous subsection with the common variance ¢~ assumed for the
moment to be khown. In a trend situation where it

is known that My < My < ... = My it would be of interest to
obtain upper confidence intervals on the amount of trend, i.e., on

My o Mps Mg = Hos eeeny o My . It may be pointed out that Schefifé (1953)

&

14



and Tukey (1953) have considered the problem of simultaneous confidence
bounds on the contrasts of unordered normal means. Table la may be
used to find confidence intervals with coverage probability (l-a) of

the form

Hy - My S X2 - Kl + 8og/vn
ug - uy S Xg - K, 4 8a/vn
S S R A

where 6 > 0 is read from Table la. Again, if 62 is unknown, it
nay be replaced by an estimate (with a small loss in coverage

probability).
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TABLE la

Approximations to Pr{X1 <X, < ... <X, } for X o X

2 ’ k 1’

. . . 2
normal random variables with common variance o~ = 1 and means

k

T

Mis ooes My where i 7 Wy

13



Table 1la

k Time in

0.00 |.500 |.167 [.041 |.008 |.001 |.000 |.000 |.000 |.000

9.10 |.528 [.196 |.056 |.014 |.003 |.001 |.000 |.000 |.000| 53

0.20 [.556 |.228 |.077 |.023 |.006 [.002 [.090 |.000 [.000

0.30 |.584 |.263 |.101 |.036 [.012 |.004 |.001 |.000 |.000| 57

0.40 1.611 1.299 |.130 |.052 {.020 |.008 |.003 |.001 |.000

0.50 1.638 |.337 |.162 |.074 [.033 |.014 |.006 |.003 {.001] 63

0.60 |.664 [.376 }.192 |.100 [.050 {.025 |[.012 |.006 |{.003

0.70 |{.690 {.416 }.237 |.132 |.075 |{.040 {.022 |.012 |.006] 63

0.80 {.714 [.456 {.279 |.163 |.101 {.060 |.036 |.021 |.013

0.90 |.738 |.496 [.324 |.208 |.134 |.086 {.055 |.035 |.022}64

1.00 {.760 |.536 }.369 |.252 [.172 {.117 |.080 |.054 |.037

1.10 |.782 |.574 }.415 {.298 [.214 [.154 |.110 |.07¢ |.057| 63

1.20 1.802 |.612 |.461 |.346 [.260 |.195 |{.146 |.110 |.082

1.30 |.821 {.647 |.506 |.395 |.308 |.240 [.187 |.146 |.114| 53

1.40 .839 |.681 |.550 [.444 |.358 |.288 |{.232 |.187 |.151

1.50 {.855 {.714 |.593 |.492 }.408 |.338 |.281 |.23% |.193

19



Table la (continued)

k Time in
8\ 2 3 4 5 6 7 8 9 10 Seconds
1.60 |.871 |.744 |.633 [.539 [.458 [.390 |[.332 [.282 {.240 |61
1.70 {.885 [.772 |.671 [.584 [.507 [.441 [.384 |.334 }|.290
1.80 |.898 }.797 [.707 |.626 |.555 {.492 [.436 [.386 |.342 |63
1.90 {.910 |.821 {.740 [.667 [.601 |.541 |.488 {.439 |.396
2.00 [.921 |.843 |.770 |.704 |.644 |[.589 |.538 {.492 |.450 |58
2.10 |.931 [.862 {.798 |.739 |.684 |.633 [.586 [.543 |.503
2.20 |.940 |.880 [.824 [.771 |.722 |.676 |.632 |.592 |[.554 |56
2.30 {.948 |.856 [.847 |.800 |.756 |.715 |.675 |.638 |.603
2.40 |.955 |.910 [.867 |.826 }.782 [.750 |.715 |.681 |.649 |51
2.50 {.961 }.923 {.886 |.850 |.816 [.783 {.752 [.721 }.692
2.60 |.967 [.934 [.902 |.871 |.841 |.812 {.785 |.758 |.732 |47
2.70 |.972 1.944 |.916 |{.890 |.864 |.839 [.815 |.791 |.768
2.80 |.976 |.952 [.929 |.906 |.884 |.863 |.842 [.821 |.801 |41
2,90 1.978 [.960 |.940 |.921 {.902 883 |.865 |.847 }.830
3.00 1.983 |.966 |.950 |{.933 [.917 {.901 |.886 |.871 |.856 |36




Table la continued

k Time in
8\ 2 3 4 5 6 7 8 9 10 Seconds

3.10 |.936 |.972 [.958 [.944 }{.931 |.917 [.904 |.891 {.878 |31

3.20 |.988 .977 |.965 |.953 |.942 |.931 [.920 [.909 |.898

3.30 1.990 }1.981 |.971 [.961 |.952 |[.942 [.933 |.924 {.915 |26

3.40 [.992 [.984 ].976 }.968 |.960 |.953 [.945 |.937 |.930

3.50 [.993 |.987 {.980 [.974 ].963 |.961 |.955 |.948 {.942 |21

3.60 |.995 }.989 }.984 [1.979 |.973 |.968 |.963 |.958 |.953

3.70 1.996 |.991 |.987 |.983 |.978 {.974 |.970 |.966 [.962 |16

3.80 |.997 |.993 [.990 |.986 |.983 [.979 |.976 }.972 |.969

3.90 1.997 }.994 {.991 {.989 |.986 [.983 |.981 |.978 |.975 |13

4,00 {.998 1.996 ].993 {.991 |.989 |.987 |.985 |.982 |.980

O
[lo]
(o]
O
o
[o:e]
5w
[o]
)}
(o]
o]
£y
(]

4.10 {.993 |.996 }.995 |.993 {.991

4,20 1.999 |.997 [.996 |.994 |.993 [.992 }.990 |[.989 |.938

(o]

4.30 1.999 |.998 {.997 ].996 }{.995 |.994 |.992 |.991 |.990

4.40 {.999 [.998 |.997 }.997 |.996 |.995 |.994 |.993 |.992

21



TABLE 1b

Approximations to Pr(x1 <X, < ... <X for X > X

k) 1’

. . . 2
normal random variables with common variance o~ = 1 and means

k

Hys vees Wy where - My = 8i(i+1)/2.

ui+1

22



Table 1b

(2]

Time in
8\ 2 3 4 £ 6 Seconds
.25 .570 .289 .158 .101 074 | 31
.50 .638 .430 . 344 .311 .289 | 33
.75 .702 . 567 . 529 .519 .517 26
.00 . 760 .684 .671 .699 .669 | 17
.25 .811 .773 .770 .770 .770 14
.50 .885 . 839 . 837 .837 . 837 9
.75 .892 . 885 .885 .885 . 885 4
.00 .921 .917 .917 .917 .917 3
.25 .944 .943 .943 .943 .943 11.0
.50 .961 .961 .961 .961 .961 .36
.75 .974 .974 .974 .974 .974 .18
.00 .9863 .983 .983 .983 .983 .09
.25 989 .989 .989 989 .989 .03
50 .923 .993 .9903 .9¢3 .993 .04
.75 . 996 .996 .996 .996 . 996 .04

23




TABLE 2

Approximations to Pr((XI,XZ) < (X3,X4) < ... < (Xk_l,XP)),

where Xl, e Xk are normal random variables with common

variance 02 = 1 and means u u with w, =y U, =
1> " k2 1 22 73

uk-].:uk and us..'u2=6, us—u4=(§, etc.

Hyos



Table 2

X Time in
6\ 4 6 3 10 Seconds
1.60 .662 .411 .253 .155 50
1.30 .721 .499 .344 .237 50
2.00 .775 .585 .441 . 332 49
2.20 .821 .664 .537 .433 47
2.40 .861 .735 .627 .535 44
2.60 .894 . 796 .708 .630 41
2.80 .921 .847 .778 .715 37
3.00 .943 .887 .835 .786 33
3.20 .959 .919 . 881 .844 28
3.40 .572 .943 216 890 23
3.60 .981 .961 .943 .924 19
3.80 .987 .874 9262 249 15
4.00 .992 .083 .975 267 12
4.20 .995 .989 .984 .079 2
4.40 .997 . 094 .990 . 987 6
4.60 .998 .99¢ .994 .992 4
4.30 299 .998 .997 9296 3




TABLE 3

The weight loss in grams of mice inoculated with a certain

type of tumor.

Drug Level Average Weight Loss
A 23.25
B 46,25
C 56.25
D 29.25
E 11.00
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APPENDIX

This appendix presents the proofs of Theorems 2 and 3. A
general induction proof for Theorem 2 is possible but very messy;
in order to illustrate the method, the proof is given only for the
special case k = 6, t1 = tz = 2, Define a A b = min{a,bl}.

Now, let € > 0 be arbitrary, and let G* be a continuous

distribution function with sup{|G*(x) - Gr(x)]: - ®<x < w}<eg,
Then sup{|F(x) - 6*(x)]: - ® < x < ©} < r(e) = r1+e. Since
the joint distribution of Xl’ . Xk under G* converges

(as € =+ 0) weakly to the joint distribution of Xl, vees Xk

under G, and since R 1is convex, the probability of the event
R and under G* converges to the probability of the event R

under G. Thus, to show Theorem 2, it suffices to prove that
(A1) |P{R|F} - P{R|G*}]| < x(e).

Let Fi = F(xi) and G; = G*(xi). Then, the error term (Al) is

©® X_AX_+ § X AX,+ §

5776 3774
| JJ JI JJ dF...dF. - dG%...d5?|

=00 - OO0 - 00

it

XeAX, + 6 ngx + 6

r 5 ' 4 ‘
© IJJ J (dF,dF, - dG3dA%)dF,.. . dF|
2 XshXgh 6 xg) far 6
+ . )
| JJ JJ j d33d3% (dF,.. . dF, - dbg,,.dcg)].

- 00 - O -



By changing the order of integration,

< ”’ JJ JJ dF...dF,(dF,dF, - d5%dGY)]
- Xy x -3 x3Vx4i6
® stx6+6

+ IJ Jf H(x;,X,,6) (dF;...dF, - dG%. d”*)l,

-0 - 00

where H 1is a monotone continuous function bounded by one.

Let a v b = max{a,b}. Then,

| Jj JI JJ dF,...dF d6¥ (dF,-d63) |
@ X VXy-8 X VX, -8
- | JJ fj jJ dF,...dF.dF,(dF, dG*)|
- xlvxz-s x3vx455
o XSAx6+6
+ | IJ jJ H(xg,%,,8) (dF,. . .dF, - d6%...d5%) |

Since Gi, G; are continuous in Xis Xy each of the first

two terms are bounded by r(e), so the term (Al) is

o X_AX_+8

576
2r(e) + | JJ JJ H{x,,%,,08) (dF;. . .dF, - dG¥ df*)l

P o] -0

IN

IN

4r(e) + | [J H* (%, X, 8) (dFdF - dB2dGE)| < 6r(e),

the last two inequalities following in a manner sinilar to the

above.
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t
Proof of Theorem 3: That P,(8) = (L(8,i)/1r) 1 follows from the

i
independence of (Yl,...,Yt ). Now, by induction

1
L(§,1)
£+1 £ .
P, 7 (8) = P.(8) Pr{a.=min(Y yeeesY )
: j=1 J tp-1*t te
<max (Y see0,Y, ) <a, + 8}
t£_1+1 t£ i
L(%sl) ﬁ
= P.(8) Pria.=min(Y Y.)
521 j J t£_1+1 tK
<max (Y seeo,Y, ) £ L(S,1)}
t£-1+1 tz
L(§,1) 2 )
= jzl Py(8) Cltp-ty g5 35 LIS,

showing the first part of (2.6). Then

< ... < (Y Y ) + £8}

PLCY.,...,Y. ) o
1 Y tp+l tor

£+1 BTN
. Py (&) Pr{ai-mln{{t£+1,...,Yt£+1}}

1y
[ st L]

i

£+1 .
P, 7 (8) Clty, -tp, i, 1)

H]
it o1

i=1
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