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ABSTRACT
For applications in texture synthesis, we derive two approximate Bayes criteria for selecting a
model from a collection of Markov random fields. The first criterion is based on a penalized
maximum likelihood. The second criterion, a Markov chain Monte Carlo approximation to the

first, has distinct computational advantages. Some simulation results are also presented.

KEY WORDS AND PHRASES: BIC, model selection, Gibbs random fields, Markov random

fields, texture synthesis, Markov chain Monte Carlo.
AMS CLASSIFICATION: primary — 62F15, 62E25; secondary - 62A15, 60J10.

The first author acknowledges partial support from ONR grant N00014-93-1-0043. The second
author acknowledges partial support from ONR grant N00014-89-J-1760 and NSF grant DMS-
9310322.

1 Introduction

Markov random fields (MRFs) ~ equivalently, Gibbs random fields (GRFs) - were ori-
ginally introduced as models in statistical mechanics. Hassner and Sklansky (1980) first proposed
the MRF as a statistical model for digital images. Since Geman and Geman (1984), MRFs have
been used often in imaging problems, such as image restoration (Geman and Geman, 1984; Besag,
1986), boundary detection (Geman, Geman, and Graffigne, 1987; Geman, Geman, Graffigne, and
Dong, 1990), and texture segmentation and synthesis (Cross and Jain, 1983; Geman and
Graffigne, 1986; Derin and Elliott, 1987; Acuna, 1992; Hu and Fahmy, 1992). More general
surveys may be found in Geman (1991) and Karr (1991). The overview by Rosenfeld (1993) also



contains relevant references.

This work is motivated by texture synthesis: For an image consisting of a single texture
with no degradation, we seek to choose a model from a collection of MRFs which produce typical
samples resembling real textures. Since the likelihood for MRFs may be written as an exponen-
tial family, we take an approach similar to that of Schwarz (1978) to derive approximate Bayes
criteria (BIC) for choosing a “best” model.

In Section 2 we give a brief introduction to GRFs, a Bayesian formulation of the prob-
lem, and our main results. Section 3 is devoted to the likelihood and Markov chain Monte Carlo
likelihood, which are basic elements in our solution to the model selection problem. In Section 4,

we present a small simulation study our results. All technical proofs are kept in Section 5.

2 Set-up and Main Results
2.1 Markov Random Fields and the Related Model Selection Problem

For simplicity, we consider GRFs induced by translation-invariant pair-potentials of
finite range. The extension to other pair-potentials is straightforward but involves heavy nota-

tion. For general definitions of GRFs, see Ruelle (1978) or Georgii (1988).

With each pixel site i € Z?, associate a random variable X; taking values in a finite set S
with discrete topology. Let Q= 512 be the configuration space and each z € Q be a realization of
a random field X. Here z = {z,,i € 2%} and X = {X,,i € Z%}, where z; represents the observed
gray-level (or some other local attribute) at the pixel i. For every A C 22, the subconfiguration
space is Q, = SA, so write z,={z,i€A}€Q, and X, = {X;,i € A}). For every i € 22, also
write ;z = {z;,j #i} and ;X = {X;j#i}.

A collection U = {hU,(z,), ﬂjUz(zo,zj): z,z;€5;j€ Z?)}, with o representing the ori-
gin, is called a (pair-) potential of range R > 0, where
(i) U,:S—Rand U,:S x S—+R are two known functions, and U, is symmetric;
(ii) h €R (the external field coefficient) is an unknown pafameter; and
(i) B ;ERjE Z? (the coupling coefficients) are also unknown parameters satisfying
Bi=B_;Vi (symmetry) and B;=0V jwith|j|> R, where |-| is a norm on Z:. In
particular, g, = 0.
We let @ be a generic vector parameter with components consisting of the external field and

coupling coefficients.

A Gibbs measure (GRF) induced by a potential U is a probability measure P on 2 such
that for every z € Q and any finite A C 22,



exp [‘H A(‘:)]

2.1)
zA(zAC)

PXp=zp| X e=2 )=
with the energy associated with z on A

HA(I) = —hz Ul(z.-) —% E ﬂj_,-Uz(z.-, IJ) -— Z ﬂj_.-Uz(z,-, 3j), (2.2)
$€EA $,3€EA TEAGEA
o<limil< R li-i|<R

and the partition function (normalizing factor)

Balzye)= Y exp[-H (2)}
Za

When A = {i}, the (single-site) conditional probabilities {P(X; =z, ;X = ;z),z € R}, are called
the local characteristics at i. Indeed, the left-hand side of (2.1) is determined by all local
characteristics at i € A (Geman, 1991).

Under our assumptions on U, the set §(U) of GRFs induced by U is always non-empty,
but need not be a singleton (phase transition). In general, §(U) is a convex, compact Choquet

simplex.

Example 2.1 Let U,(z;) =z, Uy(z;z;)=z;z;, and §={-1,1}. This corresponds to the
general Ising models. In particular, if 8 ;= B >0 for |j|=1 and B ;= 0 otherwise, then we have

the well-known two-dimensional Ising model.

Example 2.2 Let Uy(z;) =0, and Uy(z;,z;) =1/[1+0(z; - zj)z], where o is a positive constant.
This potential is used in Geman and Graffigne (1986) for the texture models.

A neighborhood system R is a collection {N;:i € 7%} where N; C Z? is the set of neigh-
bors of i € Z? satisfying i ¢ N, and i € N,@jeEN;Vije€ Z2. Define the boundary of a finite
region A C Z2 by A =(U'. € AN i)\A- Note that every P € §(U) is a MRF with respect to a
neighborhood system R in the sense that for every z € Q and any finite A C 72,

P(XA=zAIXA‘::"'AC)=P(XA’:’:AlXaA:zaA), (2.3)

with N; = {j € Z%:8,_;

# 0} for every i.
Specification of a potential consists of specifying both the dimension of the parameter ¢
and the neighborhood system 3 (which are related). Let © = RX be the parameter space of in-

terest, which is decomposed as a disjoint union of several subspaces:



M
©=J 6m 6, N6, =0 ¥m #m,, (2.4)
m=0

where each ©,, corresponds to a candidate model (i.e., a potential) parametrized by an element
6 € R*m, We assume that every closure ©,, is a k,,-dimensional linear subspace of RX, m=
0,1,...,M. In particular, ©, corresponds to the fully specified model with no unknown parame-
ter. Denote the set of all candidate models by M = {0,1,...,M}, and let N, be the neighborhood
system for the model m € #b. Notice that two models m, # inz are distinct if their parameter
spaces have different dimensions (i.e., k""l # km2); or they are associated with different neigh-
borhood systems (i.e., !tml # 9!,,‘2); or both.

The following examples will be used throughout this paper, including in simulations. For
these, let U,(z,;) =0, Uy(z,,z;) = z;z; and § = {-1,1}.

B 8, ¥
B i+ B By, i By ¥ B i B «
8 - L Y B v
Figure 1 (m,;) Figure 2 (m,) v

Figure 3 (mj3)

Example 2.3 The model depicted in Fig. 1, denoted m,, is for the two-dimensional Ising model.
Each site i has four nearest neighbors. The same coupling coefficient 3 is imposed for each pair
(i) J )1 J € N '

Example 2.4 For the model in Fig. 2, denoted m,, every site { again has four nearest neighbors.

However, different parameters 8, and (3, are used for a “vertical pair” and “horizontal pair”

interactions, respectively.

Example 2.5 For the model in Fig. 3, denoted mj;, the neighborhood system has an expanded
graph which includes the twelve neighbors of each site for two layers. The two parameters # and

<« are associated with the inner layer and the outer layer, respectively.

In these examples, mml = Slm2 # Slms, and k"‘l =1 while km2 = k"‘a = 2. Several syn-
thetic textures generated from m,, m,, and mz by the Gibbs sampler are shown in Fig. 4. The
coupling coefficients are assigned different values to produce different imaginary patterns:
“sands” (4a), “clouds” (4b), “wood grain” (4d), and “wall papers® (4c, 4e, 4f). Of course,

samples from such simple models are far from resembling real textures.



(Insert Fig. 4 here.)

In general, starting from 6 € ©, a different model can be obtained either by equating
some components ﬁj in @ (e.g., letting B8, = B, & B in m, to obtain m,), or by letting some
B;=0 (e.g., letting v =10 in my to obtain m,). In this way an exponential family may be re-

duced to its minimal form.

Taking the Bayesian approach of Schwarz (1978), we represent prior knowledge of the can-
didate models by a prior distribution » on © which is a mixture of mutually singular probability

measures on the subspaces ©,,, m € fb: M
=) a7, (2.5)
m=0

where a,, > 0, m € M, are constants such that }_ a,, =1, and 7, is a probability measure sup-
m

ported on the closure §m with a positive smooth density p,., m € .

Let A, C Z? be the nxn symmetric square centered at the origin. Let the data
Th, 2 2(n) be a single realization of X An C X(n), where X has a distribution P € G(U). We
write P, for P to indicate the parametrization. Extend 2(n) to a periodic configuration Z € Q by

periodization (or “tiling”). Note that Z depends on z(n). Then the likelihood is defined as

exp [‘H A,.('f)]

~ . (2.6)
25, (Zaa,)

2(z(n),0) = Pg(X(n)= EAn | Xaa, =Zaa,) =
Any 6@ which maximizes the likelihood is called 2 maximum likelihood estimate (MLE) based on

z(n), and is denoted by 8.

The posterior distribution on © given z(n) is then given by

], Latm,0)dx(6)
Hetmf) = T~ Tzt )2 (5)

V¥V measurable A C ©. 2.7

The decision to select a model m based on z(n) is denoted by p(z(n)) = m, where p: QM s
the decision function. Imposing 0-1 loss, the posterior Bayes risk of p( - ) given z(n) is therefore

Ramin) = [olyggq dlinf®)=1 -n,(,,)(ep( ,(.,))) (2.8)

The Bayesian solution to the model selection problem is to choose a model M with O,n)(03) 2
On)(Om) VmE M.



2.2 Main Results

Our main results are that the two selection criteria of procedures (x1) and (*2) defined in
this section are BIC (i.e., give approximations to the Bayesian solution). The proofs are left to

Section 5.

The likelihood given in (2.6) is a full K-dimensional (standard) exponential family (cf.
Barndorff-Nielsen, 1978, or Brown, 1986). Any exponential family which is not minimal can
always be reduced to a minimal exponential family through sufficiency, re-parametrization, and
proper choice of the reference measure; hence for each m € b let L (z(n),f), 8 E§m, be the
likelihood written as a k,,-dimensional minimal exponential family, and let 5," be a corresponding
MLE restricted to -ém, when the MLE exists. The same notation @ is used for the new para-

meters after re-parametrization unless further distinction is needed.

More specifically, write
L(z(n),0) = exp{| A"y - b(o)]}, 0¢®, (2.9)

where 67 is the transpose of the (column) vector 6; lAnl is the cardinality of A,; the sufficient

statistic Y is a K-dimensional vector whose components are

1E€Ap i€Apn
i+)€An i+3J € OAn

ﬁj; Uy(%;) and l_Al—llt% Z U(FpZin )+ D, Ul 55’5&:')]
nis€An n [

corresponding to h and 5 in @, respectively, for each j € N; and the cumulant generating func-

tion 5(6) (depending on Z, A,) is given by

b(6) = 7 log 3 exp{|A, |67V }.

At

Analogously, for each m € Mt we can also write
L, (2n38) = exp{| A, |[7Y .~ 5,0}, 0 €5, (2.10)
where the sufficient statistic Y, can be expressed as
Yo=Y Zms (21D

with each Z, ; dependent only upon z N and b,,(8) is the corresponding cumulant generating
]

(-]



function. For example, suppose i is in the interior of A_. Then for model m,,

T
1 ~ A
mz, ( ZH Zit §2st'zi+j) )

where Y H is a sum over the two horizontal neighbors of i and zv is a sum over the two
vertical neighbors of i. Slight modifications are needed for i on the boundary of A,,. va,- and

z ms, i MaY be written likewise.

For each m € M, define the criterion

k
V= T8, logl,(ztn)p)—~F log|A,| (2.12)

=|A,| v;“gm[,ory -bm(¢)]——1og|A |

Then the first selection procedure (1) is to choose the model of largest Q("l‘ )

The following three assumptions are needed to show that (1) is an approximate Bayes

procedure.

(A1) Identifiability condition. Write {p,(z;0),z € Q,i € Z?} for the local characteristics with
parameter 8. Then 8 is identifiable if p(z;8) # p,(z;8') for some z € Q whenever § # ¢'. Identifi
ability can also be imposed via conditions on potentials (Georgii, 1988; Gidas, 1993).

(A2) Uniqueness of the GRF. The potential U satisfies

2 |ﬂ |U2<2
where jeN

U, =zng’a;.r:§U2(zo, z;) —zrgingz(zo, z;).

This is the uniqueness condition of Simon (1979) for the GRF in our set-up. This inequality,
although slightly stronger than the uniqueness condition of Dobrushin (1968), is sharp (Georgii,
1988, p. 158) and easy to check.

(A3) Positivity of the covariance matrix of Y. For each m € A& and every 8 € ©,,, there exists
a positive definite matrix B, (8) such that

Hminf [An| EJ(Ym = E¥ m)(Yom = EY )| = Bnl6)



where Ey(-) is the expectation with respect to Po. Under (A2), the “lim inf” in the above
expression can be replaced by “lim,” and B,,(6) is always non-negative definite (but may be dege-
nerate). A sufficient condition for the limit to be positive definite is that the additive terms Z_, ;

in (2.11) have positive correlations under P,.

Theorem 1 Under (A1) - (A3), (#1) is an approzimate Bayes procedure Pgy-a.5. as n— o0o.

It is difficult to use (#1) in practice since MLEs are intractable. We give the following
Markov chain Monte Carlo (MCMC) alternative which relies on the likelihood approximation de-
veloped by Geyer and Thompson (1992).

Fix a sample z(n) and let P¢ be a GRF with known parameter ¢. Simulate an ergodic
Markov chain {X(”(n)}r:__ ; under a probability measure P such that its equilibrium distribution

is the conditional probability measure P (- Iz, An) on 2,  given Z A FOT each m € M, define
¢.(L,0)= |An| 6%y, —logr,(L,9), (2.13)
where the sufficient statistic Y, is based on z(n), and
1 L
rm(L8) =1 exp {| A (6= ¥)Y,, ,}, (2.14)
=1
where for each { =1,...,L, the sufficient statistic Ym, ; depends on both Z,4 An and X(”(n). We

call any 6 which maximizes ¢, (L,0) a Monte Carlo MLE (MCMLE) restricted to ©,, and based
on z(n) and X(l)(n),...,X(l’)(n). We denote such a 8 by 5,,,(1,).

Now for each m € M, define the criterion
su k
A=, 8 tm(Lip) — 5 log| A, 215

Then the second selection procedure (#2) is to choose the model of largest Q(nf).

Let P4 be the joint measure of Py and P.

Theorem 2 Under (A1) - (A3) there ezists a sequence L, such that (+2) with L = L, is an approz-

tmate Bayes procedure Pg-a.5. as n—oo.

Some important issues related to the use of (#2) will be discussed in Section 3.2.



3 Parameter Estimation
3.1 The MLE

Fix an arbitrary model m € /& and a parameter 6 € ©,, throughout this section and in
the corresponding proof of Lemmas 1 and 2 in Section 5. We suppress the dependence on m to
save notation. Let X(n) be a sample generated from Py, Vb(y) and V2b(p) be the gradient
vector and Hessian matrix of d(i) with respect to ¢, respectively. Then the likelihood equation
may be written as Y = Vb(p) = E (Y | %, An) Where the conditional expectation of Y is over all
possible configurations Z, with Z5, fixed. It follows from (2.11) and the multidimensional

ergodic theorem (Theorem (14.A8) of Georgii, 1988) that
Jim [Y —Vb(0)] =0, Pga.s. 3.1

Lemma 1 Under (A1) - (A3), ¢ < vTVZb(go)v < C for some constants ¢,C > 0, uniformly for all

unit vectors v € RF, all ':EaAn, all p in a small neighborhood of 0, and all large n.

From Lemma 1, there exists a small open neighborhood, say O, of # on which V&(-) is a homeo-
morphism, so Vb(0) is an open region for large n. It follows then from (3.1) that the likelihood
equation has a solution Pga.s. The log-likelihood is globally concave, and locally strictly
concave; hence 8 is the unique MLE. Cométs (1992) proved exponential (strong) consistency of )

under (A1) only, assuming it exists.

In spite of these existence, uniqueness, and consistency results, the MLE is impractical

because the partition function is intractable. We propose the following alternative.

3.2 The MCMLE

Geyer and Thompson (1992) developed a method of Monte Carlo approximation to a like-
lihood function that cannot be calculated nor well-approximated. We extend their result in our

context.

Lemma 2 Let ng be a small compact neighborkood of the true parameter 6 such that Lemma 1

kolds for each ¢ € ng. Then

¢L,p) — log L(z(n),p) +|A,| b(¥); 3.2)
V¢(L,p) — Vieg L(z(n),p); 3.3

and
V2¢(L,p) — VogL(z(n),p), (3.4)



are uniformly convergent for eack ¢ € g P-a.s. as L— oo.

The MCMC likelihood €(L,¢) is globally concave since its Hessian can be expressed as a covari-
ance matrix. In addition, log L(z(n),¢) is strictly concave on 54 by Lemma 1. Lemma 2 then
gives the strict concavity of &(L,¢) on 5y P-a.s. as L— 0. Therefore (analogous to the argument
for the existence and uniqueness of the MLE) the Monte Carlo likelihood equation Vé(L,p) =0
has a solution 5(L) € ng which is the unique MCMLE.

There are some important issues to consider when using the MCMLE as an estimate of
the true parameter. We have found in our simulation studies that the magnitude of n requires
that L must also be large in order to provide a good estimate of 6. This has serious computa-
tional consequences, since generating a sequence of MCMC images is cumbersome. Also, although
¥ is arbitrary in theory, the choice does affect the number of MCMC samples needed to get a
good approximation to the likelihood. Geyer and Thompson (1992) indicated that ¥ must be cho-
sen close to the MLE in order to get a good estimate for § with a reasonable number of MCMC
samples. In fact, for n = 100, a value of ¥ which is off by ten percent from 8 required more than
500 MCMC samples to get an MCMLE (Seymour, 1993). Geyer and Thompson (1992) proposed
an iterative method to get 1 ciose enough to 8 for a good estimate, but we could not get enough
MCMC samples to make this method work. For convenience, we took ¢ to be the maximum

pseudo-likelihood estimate (MPLE) (Besag, 1974, 1986; Geman and Geman, 1984) of 6.

4 Implementation of the Monte Carlo BIC

Although there is an extensive literature in various Markov chain simulation algorithms,
we use the simple Gibbs Sampler (Geman and Geman, 1984) for both simulating textures and for
the MCMLE. We systematically update each site in an nxn random field, and we call a com-
plete pass over the entire random field one iteration, as in Besag, York, and Mollié (1991), Smith
and Roberts (1993), and Besag and Green (1993). Such an implementation yields a Markov

chain with stationary transition probabilities.

In all of our simulation studies, we have used the three of models m,;, m,, and m3 which
were introduced in Section 2.1. For convenience, we have omitted including a “largest” model
among the candidates. In addition, we chose m, as the true model for its more complex direc-
tional features; we rejected m, because of its simplicity, and we rejected m; because the MCMLE
seems to have difficulty with it. See Seymour (1993) for more extensive studies including m, and

m3.

Table 1 provides the results of using the MCMLE in simulation. For model m,, condi-

10



tion (A2) is given by |8,]+18,| < % The results presented are for n = 100, and for the sake of
comparison, the MCMLE has been computed for L = 5, 100, and 500, as indicated in the column
MC(-). An entry of NC means that the estimate was not computable. Note the difficulties
encountered by the MCMLE when (A2) does not hold.

(Insert Table 1 near here.)

Table 2 displays the results of using (+2) when (A2) is satisfied by the realization. For

m,; and my, B, in the table corresponds to 8, while 8, corresponds to 4. The symbol ## indicates
* the chosen model. Obviously, the performance of (#2) is acceptable, and the choice of model is
quite clear in the sense that there are no other values close to the maximum index. The results in
Table 3, using (*2) for model selection in which the true model does not satisfy (A2), are not so

pleasant. In all cases, the procedure had difficulty evaluating the MCMLE under mg.
(Insert Tables 2 and 3 near here.)
5 Proofs

Proof of Lemma 1. Refer to (2.11). For i € A, write Z; = Z;— Eg(Z; 1Z5a,,)s and note that
Ey(Z;)=0.

It follows from standard calculation that

V2b(p) = |An|[E¢(YYT 1Za0n)~ (¥ 1201, ) Eo(Y EaAn)]

B

Under (A2), the family of continuous functions in ¢ given by {V2b(y):Z, An €34,y NE zt}

converges to B(y) (given in (A3)) as n— oo uniformly for ¢ in a neighborhood of 8. Hence the

(A3) implies that vYV2b(p) v > ¢ for some ¢ > 0.

%@EZ

1€ An

To show
2)5 C|A,] (5.1)

for some C > 0 and uniformly for all ¢ in a neighborhood of # and all large n, notice that the
parameters satisfying (A2) form an open set, say a neighborhood of 0. Following Proposition 8.8,

11



Example 8.28 (1), and Corollary 8.32 in Georgii (1988), X is a uniform mixing GRF under P
In particular,
|E0(7£7j) I < Cl exP['Cl d(A.‘a AJ')] (5.2)

for some ¢,,C; > 0 and all i,j € A, with |i~j| sufficiently large, where A, = {{}JUN,, i € Z?, and
d(-) is the Euclidean distance between two sets. O

Proof of Lemma 2. Let r(p) = Ew[exp{lA'J (p- '/’)TY}]' and note that r(L,p)—r(p) P-a.5. and
L—oo. It is a matter of simple manipulations to establish that each convergence in (3.2), (3.3),
and (3.4) holds P-a.s. as L — oo for fixed ¢ € RF.

Let

expi| A, | (¢ = ¥)TY(XUXn))
VjL(‘P)= T {I | }

'2 exp{| A, | (o~ 9)Y (X VAm)) }
=1

for j =1,...,L. For every uniformly bounded function f:Q An-oR, consider the family

L
F={ EfujL(-),LeN}.

i=1

Note that F is uniformly bounded. The gradient of v ;; with respect to ¢ is

_ L
Vv () =|An|v jL(‘P)[Y(X(J kn)— lz:] Y (zny) VIL(‘P)}

so that

L L . L L .
V{E l:ijL(¢)J=|An|{ 2 :fY(X(J)("))VjL(‘P)"[.z :ijL(‘P)][E :Y(X(J)(n))VjL(‘P)]}-
1=

1=1 1=1 1=1

This latter gradient is uniformly bounded in norm since Y(-) is uniformly bounded in norm
(since, in fact, the potentials which make up Y(-) are so). Thus F is equicontinuous, and the

Ascoli-Arzela Theorem implies that F has a subsequence which is uniformly convergent on 7.

Let F, ={¢L,-),LeN}, F,={V¢L,-),L €N}, and F; ={V?¢(L, -),L €N}. Note that
F, and F3 are F-type families (as above). Then both F, and F;3 have uniformly convergent sub-
sequences on 7,. In addition, F, is uniformly bounded, and it is equicontinuous since F, is uni-
formly bounded. Again, by the Ascoli-Arzelad Theorem, F, also has a uniformly convergent sub-

sequence on 1),.

12



Each convergence (3.2), (3.3), and (3.4) holds pointwise but not uniformly for ¢ in a count-
able dense subset of 1y P-a.s. as L—o00. Since each of the limits in (3.2), (3.3), and (3.4) are con-

tinuous functions on ny, it follows that these hold uniformly for each ¢ € 74, P-a.5. as L—oco. O

Proof of Theorem 1. We show that the model i, chosen by (#1) is (asymptotically) equal to the
model which maximizes the posterior probability IIz(n)(Om). Write the collection of candidate
models as b = M (@)U {w)} UMy (w), where w e M is the true model, 6 € O, is the true
parameter, b (@)= {m EM:0 ¢ 'e‘m}, and Sby(w)= {m € sz'ée C -ém}. Moy (@) corresponds
to an under-parametrized choice of model or incorrect specification of neighborhood system (dif-
ferent neighborhoods will correspond to different subspaces which may have the same dimension),
while b (@) corresponds to an over-parametrized choice. Note particularly that ‘éw is a proper
subset of the spaces corresponding to models in Moy (w).

This proof will proceed in three steps. In Step 1, for a model m € b () where the MLE
exists and converges Pg-a.s. to the true parameter 6, we shall show that the posterior probability
n,(,,)(em) is asymptotically equivalent to Q(,;) as n—oo. In Step 2, we sill show that the
Bayesian procedure will not choose any model m € M (w) as n—oco. Finally, in Step 3, we will

show that (1) will not choose any model m € M,(w) as n— oo.

Step 1: We seek to choose the model m € M (w) which maximizes n,(,,)(em); equiva-

lently, we may maximize the log of (2.7):

logIl, .\(©,,) = log ) em.!.(z(n), p)dz(p)—log [ oL (z(n) P)dm(p). (5.3)

The second term is not a function of m, and therefore does not affect the maximization problem.
Concentrating on the first term in (5.3), write the likelihood as a function of m via reduction of
the exponential family to its minimal form. Thus, since wm,(em) = 0 for m’ # m, it suffices to

show that the asymptotic expansion

108 [ o, OmLm(m),@)dT,(0) = @) +0(1) (5.4)

holds uniformly on {z(n): || 5m-0||< 6} for some 6 >0 and for ¢ € ©,,. This will imply that

asymptotically, (1) and the Bayesian procedure choose the same model in Mby(@).

Choose § > 0 so that Lemma 1 holds for all ¢ with [|¢ — 8] < 35. On the left-hand side of
(5.4), write
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log [ o_amLm(#(n),9)d%,(p) = log L,,(atn),,,) + (5.5)
L L _(z(n
log I R amﬂ)ﬂdﬂm(¢)+‘[ R am—L"L——)’,gf—)-dwm(gp)
lo-Bn]<6 “ LntetmrBa) lo-3al> 8 "™ EmtemiB,)

Using the minimal exponential family version of the likelihood, we may write

;_:(:(::a?) = exp{| 0| (Y 12 = ) = [B) Y 1~ b @]}

Now, ngYm —=b,.(¢) is concave in ¢ for all pE §m; by Lemma 1, it is strictly concave in a small
neighborhood of 8. By Taylor expansion about the MLE, we have

Y = bn(#) = [ B "Y = b @) | = — Ko = 8,)7V% (") — B,)

for some ¢’ 66," satisfying “ gp'—?m “ < ||¢-§m ". Then by Lemma 1 and for ||¢-§m || < é, we

have

OTY = bn(0) ~[ B Y 1 = b @]
P <-3
le-5al
In particular, for "(p 8, "_ 8, we have 'Y, ~b_(p) - [(0 )Y, —bm(Om)] ~£62. Then by
concavity of 7Y, —b_(¢p), for “(,p ) “ > & we have

N’IQ

<

Ml

Y = b(0) = [0)TY = b,u(0,)] < ¢ (5.6

where € = 6‘25 > 0. Hence the last integral term in (5.5) is

2 (z(n)p)

oot g s miamiy @S ool ®

We must now investigate log of the first integral term in (5.5). Recall that =, has a density
#, > 0. Hence,

L, (z(n)p)
1 J -
[ PP =y

logJ _ amexp{—%Mn”l(p_b"m llz}#m(p)d(p
lo-2nalse

d’rm(‘x’) <
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Integrate by substitution using u = ‘/ cIAnl (¢ - 5m), and we get

k -~
= ——" log| A, |+ ]og c'I a, expd -1 Null2bu, (8, +—% du
£ loel [ Hull <8yfe[al] ™ 4 1 Vel

for some ¢’ > 0. Therefore, as n— oo,

2 (z(n)¢)

k
log.[ ~ a, —"———dr ((p) < -t log|A_|+ 0(1). (5.8)
“9’-9.,."56 "L (xn)0,,) " 5 log| A, |

By the same token,

‘ L, (2(n),¢)
: -[ e d
®lp-tal<s T Latemiy
2] PR E a““e""{“%l“nl||¢—5mllz}ﬂ,,.(<p)dso
- mi —

k
Z—T"‘loglA“H o(1). (5.9)

Thus (5.4) follows from (5.6), (5.7), (5.8), and (5.9).

Step 2: Let M is the “largest” model (i.e., the model which can be reduced to any of the
other candidate models), so that ém C éM for all m € #b. Note here that §M =RX, and that
we may write iM =8 since EM is a “global” MLE over the set .

We show that as n— oo, the Bayesian procedure will not choose any model m € (@)
Since 6 ¢ 6,,, we have |[p—8]>36 for all p€6,, and some §>0. Note that with large
probability and for large n, " 8- 0“ < é so that " P - 5" >6forall p€O,,.

Now, for m € Moy (w),

sup sup
ves, gL (zmye)=|A,] T8 [Jy ~b(p)} (5.10)
From the derivation of (5.6), it follows that
su ~
vel [oTY —b(p) <[0TV —b(@)]-¢ (5.11)

for some £ > 0. Therefore
Iem.!.(z(n), p)dn(p) = fgmam exp {I Al [¢pTY - b((,o)]}dwm(gp)
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< o, L(2(n),0) exp{—EIA,. I}

By (5.4), .
log [ o, L(atn), ) dn(p) = |4, |[F7Y = 58)] -2 1og] A, |+ 0()
~ k
= log L(z(n),8) --y log|A,, |+ O(1)
Hence

log ] o, L(etm) #)dx(s) <1og [ o, Llatmsp)da() - e] Aol 242 og| A, ]) +00)
<log[g, L(ztn)p)dn(y)

for large n. The Bayes solution therefore will not choose a model in ().

Step 3: We show that as n—s oo, (#1) will not choose any model m € A (w). It follows
from (5.6) that

ky K
@50 ~[etanl-(34-"p) sl <
for large n. Hence, (#1) will not choose a model m € M, (w)as n—oo. O

Proof of Theorem 2. Again, let M denote the largest model, so that 5M(L) = E(L) is a “global”
MCMLE over the set M. Recall that P is the joint measure of P, and P.

Decompose b as in the proof of Theorem 1, and suppose that m € M;(w). In the same
spirit used in (5.10), we may write

sup _ sup
¢ €EO6m em(Lv ‘)o) T eE 'e-m e(Ls ‘P)

Note that §(L)—->9 Pga.s. as n—oo and L—oo.

For m € Mb(m), 6 ¢ ©,, and thus 6 is some positive distance from ©,,. Similarly there is
some positive distance between the MLE 8 and ©,,, as well as between 8(L) and ©,,, because of
their existence and uniqueness properties. Then (5.10), (5.11), and Lemma 2, imply that there

exists some 6 > 0 such that
sup

¢ €8 UL9) S ULBL) ~ 6|4,

Therefore,
k k
o2 <0 ~{o1A,|-(32 4o . < o
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for large n. Hence (+2) will not choose a model m € A,(w) as n— 0o and L — oo.

Now, suppose m € {@} U My(w). Then there exists a unique MCMLE 5m(L) € ngN®,,.
For every large n, Theorem 1 holds Pga.s. Fix such a large n, and let /i denote the model cho-
sen by (#1). By Lemma 2, Cm(L,Em(L))—vlog.Lm(z(n),?m)+|An| b, (¥) P-a.s. as L=L_ ~ 0.
Hence, Q(,,z‘) is close to Q(,,l.) plus some constant for each m € {@}U My(w), P-a.s. for large
L=1L,. Q('%) is thus sifted out as the largest among {Q(,;‘:):m € {@} UMy (w)}. Therefore (»2)
chooses the same model as (1) P-a.s. as L =L —oc; and in addition, (#2) chooses the same

model as the Bayes procedure Pg-a.s. as n—oo and L, —oc0. O
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MPLE MC(5) MC(100) MC(500)
B, | 01| .007899 -.338189 2005851 005171
By | 0.1 .099767 —.571546 099162 .099127
B, 10.1] .096094 —.506890 .096130 .096169
B, .01} .011600 -1.10292 009396 .009783
By | 1.0 .996524 NC 1.00293 .997085
By | 0.1 | .105420 NC 091354 095746
By 10.1] .109033 NC NC 086748
By | 1.0 [ .956369 NC NC 1.01163
Table 1 MCMLE for m,
fy=01 B,=.1
MCMC - -
sample size model B, B, Q(,,zl)
100 1 .05197 - 52
*#2 .00483 .09988 90
3 .05300 .00037 47
500 1 .05181 - 52
*%2 .00493 .09955 90
3 105224 —.00041 47
By=.1 B,=.01
MCMC - -
sample size model b, B2 Q(mz)
100 1 .05243 - 52
**2 .09620 .00976 83
3 .05236 .00187 46
500 1 05222 - 52
%2 09568 00967 83
3 .05236 .00082 46

Table 2 Model Selection under (A2)
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Bi=.1 B,=1

saylgllggze model El Bz Q(,g)
100 *x1 .49334 - 6342
2 NC NC NC
NC NC NC
500 1 .49338 - 6343
*42 09718 08382 7869
3 NC NC NC
Bi=1 By=.1
saltrdlgllggze model El 32 Q(,z)
100 1 .49715 - 6473
%2 1.0017 09577 8237
3 NC NC NC
500 1 49723 - 6474
%2 95175 .06875 8239
3 NC NC NC

Table 3 Model Selection not under (A2)
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Textures for Figure 4 follow.

Captions for Figure 4, respectively:

a) m; f=0.1

b) m; B=1.0

c) m B=-1.0

d) m, 8;,=10,5,=01
e) my B;=1.0,8,=-10
f) my f=10,7y=-1.0
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