ABSTRACT

ABDO, MOHAMMAD GAMAL M OHAMMAD MOSTAFA Multi-Level Reduced Order
Modeling Equippedwith ProbabilisticError Bounds.(Under thedirection of Hany S. Abdel
Khalik, Dmitriy Y. Anistratov, lise C. F. Ipsen and Ralph C. Smith

Over thepast fewdecads, engineering analysteaveincreased their reliance on high
fidelity modelingto betteremulate i.e., simulatethe behavioiof complex engineering systems,
such as nuclear reactors. While thgproachhas a tremendous benéfitterms ofdevelopinga
betterunderstanding of system behavior under bhe@adrange of conditions expected during
normal and offnormal conditions, it comes atsignificantcomputaional costthat may not be
feasible for dayto-day engineering calculationshis followsbecause high fidelity simulatias
typically basedon extremely detailed models with tightlycoupled physicswhich require
substantial computing resources as comparedémgmenological models that arere suited
for routine engineering analysel order to reap the benefits of high fidelity simulation,
significant improvements in the computational efficierarg warrantedo allow execution of
computationally taxing engineering analyses such as uncertainty quantification, sensitivity
analysis, and design optimization.

This thesis develaprobust reduced order modeling (ROM) techniques to achieve the
needed #ficiency to render feasible the use of high fidelity tools for routine engineering
analysesMarkedly different from the statef-the-art ROM techniques, our work focuses only
on techniques which can quantify the credibility of the reduction whiclbeareasuredvith the
reduction errors uppéyounded for the envisaged range of ROM model applicatiour.
objective is twefold. First, further developments of ROM techniques are proposed when
conventional ROM techniques are too taxing to be computationedltipal. This is achieved

via a multilevel ROM methodology designed to take advantage of the -suale modeling



strategy typically employed for computationally taxing models such as those associated with the
modeling of nuclear reactor behavi&econdthe discrepancies between the original model and
ROM model predictions over tHall range ofmodelapplication conditions are uppbounded
in a probabilistic sense with high probability.

ROM techniquesmay be classifiedinto two broad categoriessurrogate construction
techniquesand dimensionality reductiotechniques, with the latter being the primary focus of
this work.We focus on dimensionality reduction, because it offers a rigorous approach by which
reduction errors care quantifiedvia upperbounds thatare metin a probabilistic sense.
Surrogate techniques typicallgly on fittinga parametrienodel form to the original model at
number oftraining points,with the residual of the fit taken as a measofghe prediction
accuracy of tB surrogate This approach however,does notgenerally guarantee that the
surrogatemodel predictions gbointsnot included in the training processdll be bound by the
error estimated from the fitting residual

Dimensionality reduction techniques however employ a different philosophy to render
the reduction, whereirandomized snapshots dhe model variables, such as the model
parameters, responses, or state variables, are projected onto lower dimensionaesubspa
referred to as the fAacti ve s ub-defineccpersoa ofthevhi c h
snapshots variation®©nce determined, the ROM model application involves constraining the
variables to the active subspaces. In doing so, the comdribfrom thevariablesdiscarded
components can be estimated using a fundamental theorem from random matrix theory which
has its roots i n Di x3Thstheoy weae ioitially presehtedorelihearp e d i n
matrix operators. Aethesis extendthistheorend s r esul ts t o all ow reduc

nonlinear operatord.he result is an approach by which the adequacy of a giettre subspace



determined using a given set of snapshgémerated either using the full high fidelity model, or
other models with lower fidelitygan be assessedhich provides insight to the analyst on the
type of snapshots required to reach a reduction that can satishdefseed preset tolerance
limits on the reduction errors

Reactor physics calculatiomse employeds a test bed for the proposed developments.
The focus will be on reducing the effective dimensionality of the various data streams such as the
crosssection data and the neutron flux. Tdeveloped methods wille appliedo representative
assembly level calculations, where the size of the @eston and flux spaces are typically
large, as required by downstream core calculationyrder tocapture thebroadrange of

conditions expeed during reactor operation.
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CHAPTER 1

INTRODUCTION

To understand the behavior efalworld complex systemsyne must be able to model in
det ai | the various phenomena affecting the sy
sufficiently complex like nuclear reactors, the associatedats can be extremely epensive
which may render their use computatiltywanpractical for routine engineering calculations. To
overcome this challenge, some level of reduction is typically required to allow repeated
execution forroutine engineering calculations and engineedrignted studies such aesign
optimization, gnsitivity analysis, and uncertainty quantification. The computational framework
employed to introduce the reduction is typically referred to as reduced order modeling (ROM).
ROM entails any process by which the complexity of the calculations can be deduee
complexity can be measured in terms of the computational cost required to execute the model,

the dimensionality of the state variables, and the input and output data interfaces.

1.1 Overview

In the next fewsubsectionswe provide a short overview different ROM methods. Our
goal is to highlight the salient features of each method and its associated challenges. This is to
motivate the two primary objectives of this thesistlined belowand will be referenced later in

the discussion.

U Developmenbf accurate and realistic error bounds on the reduced models to allow for
reliable extrapolation to the entire range of vaédity of the original model, i.e., prior to

its reduction.



U Further development of existing ROM methods to allow for a more efticendition of
the reduced model when the original model is too expensive to exacuegiuired by

existing ROM methods.

1.2 Literature Review
ROM methods may be classified into two categories: Surrogate Construction methods
(SC) (also referred as function approximation) and Dimensionality Reduction methods (DR), as

highlighted inFig. 1-1.

ROM
Methods
R | — —

_— —_

Statistics- L Physics- L Linear L Nonlinear
based based

A, £

|
{EPGPT L PCA

L

LDA LPPCA, L MD% L LLE LTSA,
KPCA LLTSA

I o e

L somaps Laplacian L Hessian
|| Eigenmaps LLE
\l

Fig. 1-1. ROM Methods

To help motivate the pros and cons of ROM methods, we employ a generic model to

describe the original model for which a reduction is sought. Consider a model with y responses,

andx input parameters, whefés a general smooth nonlindanction, i.e., y = f(x).



1.2.1Surrogate Model Construction (SC)

Surrogate constructionSC) or function approximationmethods aim to use an
approximate representatiofi (also known asmetamode) as a substitute fothe original
function f to approximatethe relationship between the input data (parameters) and the

responses of interesta analytic functions with undemined coefficientr featuresThis can

be mathematically described as:
f(x)° f(/\/l(x)) (1.1)

where xi R" is the originafeature while M(X) is a linear or a nonlinear map that maps

x to a differentn-dimensional space via transformations that preserve either local or global
properties depending on the algorithm used, but gets rid of the correlation between the original
variables. These algorithms aim to reduce dimensionality, reduce complexity andrémeal

the so-calledlatent variables necessary to describe the system aftrddating the originah
variables. In nuclear applicatiorgan be the cross sections which are known to have noticeably
high degree of correlation resulting from constraints dictated by either the physics or the designer

herself.

These coefficientfeaturesare usually determined via fitting or optimization witie
discrepancyetween the original and the surrogate mquletlictions drivinga cost functionfor
an optimization searchDepending on thé&pe ofanalytic functionemployed SC methods are

categorizd into two categoriesstatistics(or data)andphysics(or model}basedmethods



1.2.1.1 Statisticsbased Surrogate Construction

In this category,the surrogatdéunctional form is heuristally selectedrelying eitheron
t he model ergeanedeox@amge reimbereof model executions conducieedr a
wide range ofoperationalconditionsor dictated by techniques such as Guassian Processes
Analysis of theseexecutionsprovides observabletrends that enablethe modeler to identify a
palette ofmathematial functions that shbelieves are representative of the model behavior over

the range of conditions of interest to the application.

A wide variety of methodfalls under this category such lsear regressiorpolynomial
chaos expansion, stochastic collocation, Lagrange polynomial expapselgnomial response
surface (PRS), radial basis function (RBfé)dial basisneural network (RBNN), kriging (KRG),

support vector machines (SVM®tc[1, 7.

SC methods hav been widely used and developed independently in many scientific
fields for model approximation, validation studies, and design optimization, etc. For example, i
1998 Isukapalli [3] employed stochastic response surface methods (SRSMs) to propagate
uncerainties in environmental and biological systems such as estimating doses of toxic
chemicals in human body to get around the prohibitive number of simulations dictated by the
standard Monte Carlo and Latin Hypercube Sampling and hence lends feasibility to
comprehensive uncertainty characterization of-veadld complex applications. Few years later
(2001) , (Kennedy and OO6Hagan) [ 4] used Krigi
blackboxedcomputationallyexpensivenodels. One year lat&oeblinget al. [5, 6] proposed a
metamodel response surface of the LANL threaded assembly that enables a better validation

framework for structural dynamics. Giunta et al. (20004)used different sampling methods to



build a response surface of a RosenbrocktfancChen et al. (20048] developed a surrogate
usingtensorproductbasis functions to perform sensitivity analysis and uncertainty quantification
to optimize the design of an engine piston. Liem (2Q0F)developed a mukagentcollective
method onan aviation system for environmental impact by estimating aircraft emissions.
Bliznyuk et al. (2008)10] hybridized RBF andsaussianProcesses interpolants with Markov
Chain Monte Carlo. Of course the RBF and the GPs interpolants aimed to reduce the

compuational cost and hence lend feasibility to the MCMC integrals.

Surrogate models have been widely employed in the nuclear engineering community,
starting from Hevesi et al. (199P)1] who employedco-Kriging to infer precipitation values of
a nuclear wae site using sparse measurements, then Roston et al. (19p@hp focused on
modeling excessive vibration of control rods by hybridizing physical models vetinain
networks. This was synchronized with the bgdR] published by Uhrig &Tsoukalaswhich
synergistically combined fuzzy and neural networks to gain feature extraction and modeling
capabilities of both approaches. Next Hines & Uhrig (2005) managed to address issues facing the
operation of nuclear power plants with computational intelligengeh sas noise analysis,
regularization of iHposed problems, eline monitoring and sensor validati¢h4]. Few years
later Fouet and Probst (2009) used Surrogates to perform sensitivity analysis during Large Break
LOCA on ZION nuclear power plarjil5]. Khalafi et al. (2011) then developed an artificial
neural network to predicteutronicsand thermehydraulics parameters in a large VVER nuclear
reactorg16]. In 2004 Krivtchik et al. managed to build a surrogate model for a depletion code
for uncertainty popagation[17]. Lockwood & Anitescu (2011) developedgyeadientenhanced

universal Kriging model for uncertainty propagation in nuclear engineering applicgit8jns



Finally, Yankov (2015) presented a full analysis of reactor simulations using non
intrusive techniques to build the surrogate models such as kriging and ar8NSD&A

decomposition [9] coupled with collocation techniques.

Polynomial Chaos techniques were bowmiithe stochastidinite elemens andhad been
conducted in nuclear applications, aiming to expand variables from the governing partial
differential equations in terms of orthogonal polynomials usually followed by some sort of
orthogonal projection such &alerkin projections. Nuclear engineeftenlook at this from the
same perspective as expanding scattering cross sections in terms of Legendre polynomials.
Similar to other spectral methods, this enables the collocatiddnoértainty Quantification
(UQ) under the generality of stochastic sampling but still inherit the accelerated convergence of
the deterministic methods. In (2007) Willian#0[ used polynomial chaos to trace how random
material properties can affect radiation transport through a sigB0L1) Fichtl and Prinja2fl]
employed polynomial chaesollocation to draw a picture of how the uncertainties in total cross
sections reflect in the scalar flux probability density function in both absorbing and diffusive
media. Nonlinear polynomial cha was conducted by Ayres and Williams (2012 fto relate
uncertainties in cross sections uacertaintiesn eigenvalue, they leveraged the use of linear
methods against the ndinear conventional polynomial chaos by performing some sort of
simultaneas diagonalization of matrices which yielded accurate results yet faster than the

nonlinear PC with a factor that sometimes reaches more than 100.

SC methods have received large popularity becausecttmelge applied in aortintrusive
manner, meaning that no code modifications nor direct knowledge of the wchet@dds are
required. Neverthelessit is challenging to quantify the errors resulting from the surrogate

approximations in a manner that allofes a credible extrapolation of stogate predictions to a
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wider range of operational conditionEhis is becauseany of thessurrogate model foraare
selectedstatistically i.e., not informed by the physics of the simulati®his limits the use of
surrogate models constructed in tfashion to be used for interpolation purposes only, typically
done at points in the parameter space which are close to the training points used to determine the
unknown coefficients/features of the surrogate mode¢ second challenge faci®f methods

is that the number ahodel executions requirefor training can be overwhelmingly higfor
complex models such as those encountereceactor analysis problems. This bgcause the
number of requirednodel executionds a function of the number of parameters as well as the
order of the nonlinearity of the model, that is to sayhé modeler is building a linear surrogate

for a model withn parameters themat a minimumn executionsof the original model are
required This could be prohibitive in reactor physics where the number of parameters could be
in the order of 18 For higher order models, e.g®drder, the number ahodel executions

typically grow exponentiallyvhich is often referred to as the curselimhensionality.
1.2.1.2 Physicsbased Surrogate Construction

Physicsbased SC methods derive the functional form ofsileogateusing the physics
equationsgoverning the behaviaof the original model. Thispproach precludes the need for
selection of functions, fitting, and training. Most importantiyje can esblish robust error
bounds on the surrogate model predictioviich can be defended mathematically, thereby
allowing thesurrogatemodel to be extrapolated over the entire rangapglicability of the
original model The primary challenge is that one must have an intimate knowledge of the inner
anatomy of the model, implying knowledge of governing equations, types of solvers and
sometimes the availability of an adjoint solver iguieed.One exampl®f such approacts the

exactto-precision generalized perturbation thedeyGPT) surrogate model developed Wang
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et. al., 2013 [3], where he combined reduced basis methods, range finding algorithms with
generalized perturbation thiy to construct a unified framework that enables the reduction of
high overhead computations involved in reactor calculations with errors that are within the
machine precision and hence came the terminology Eaguecision generalized perturbation
theaem ErGPT). Another example would be the work of Mickus et al. (2014) y2ork which
proposed an approach to physioEsed surrogate for application with Integrated Deterministic
Probabilistic Safety Assessment. In this method, the authors chose not to use tteowell

Neural Networks methods since there is no actual physactelingrendered, in addition to the

huge number of data points required for the fitting procEsss. leads tsome lack of reliability

and robustness of the surrogate model outside the experimental domain given that any
extrapolation will acquire no pisics reasoning. Instead, the authors selected the most important
physical phenomena to be resolved by the surrogate model and then calibrated the model to
capture parameters that were not directigdeledin the surrogate and henegrived at an

intermedate stage between pure neural networks and analytical solutions.

1.22 Dimensionality Reduction (DR)

Instead offinding an approximag¢ function to replaceghe original functionf, DR
techniques attempt teeduce thentrinsic dimensionality of themodel variables,such asthe
input parameters afa the output responses, i are related by the functidrwhich remains
unchangedThis is accomplished bgearcimg for correlationsbetweenthe variableswvhich, if
present, the implication is théte intrinsic dimensioality of the variablesnay bemuch less
than the nominal dimensiafity. In such casepne can identify a smathumberof reduced
variables which can be used to describe the dominant features of the model variations over the

expectedange of operational conditioriBhis can be mathematicaléxpresseas:
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f(x)° f(M(x)) (1.2)

where xi R" is the originain-dimensional feature an:zi/l(x) is again either a linear (LDR) or a

nonlinear map (NDR) that maps theginal featureto a world of norcorrelatedvariables.

If the relationship between the reduced variables and original variables is linear, the
reduced variableare described bysupsaces, denoted hereinafter by
reduction methods are referred toliasar DR or LDR for short. The use of subspaces provides
two advantages, a geometric advantage which allows one to provide an intuitive understanding
of the mebanics of reduction, anal mathematicahdvantage wherein linear algebra and matrix

theory methods may be leveraged to describe the red(i26e28].

In LDR, dl variables variations that are orthogonal to the active subspaces are considered
to havea negligibleimpact on the model behavior as measured in terms kéytsesponses of
interest This implies that the physics model as applied to the engineering application of interest
constraints the variables variations to the active subspace, and/oaribhlesvariationsthat are

orthogonal to the active subspace have very low sensitifdtidse responses of interest.

The implication of LDR is that one can recast many engineering analyses whose cost
directly depends on the number of input pararseand/or output responseaso a reduced form

that is described by the reduced variables.

Examples includé&ncertaintyQuantification(UQ), Sensitivity Analysis (SA)and Data
Assimilation (DA) whose cost is known to be very sensitive to the number of model variables.

Earlier work has shown that for typical reactor analysis models, the number of variables could be



in the order ofL0*10° whereas the number of reduced variables is in the ofdH¥wvariables

only. This dramatic reduction can enable these analyses to be computationally tractable.

For LDR methods to be reliable, one must be able to characterize the errors resulting
from constraining the variables variations to the active subspauy. This represents one of the
objectives of this thesis where the aim is to develop uppends on the LDR errors when the
reduction is rendered at some or all of the models interfaces, including the parameters and the

responses for single and megthysics models.

It is important here to note that LDR methods have been resedortover a century by
many scientists from different backgrosngith the same idea forming the basis for many
methods The firstLDR methodcan be traced back to the work by Karl Peai28hin 1901 on
Principal Component Analysis (PCA)Jhe PCA method searches a number of raliftiensional
snapshots for the most informative directions that can be used to describe the data variations to a
user-defined tolerance. Bout 30 yeas later, the same idewasfurther developed by Hotelling
(2933) [30] which remained popular in the multivariate quality control community under the
name ofHotelling Transformation. Tén basic idea of LDR found its way the works of many
scientists in a wide number of scientific disciplindsor instance,the KarhunenLoeve
Transformation (KLT)commonly employedn the signal processingommunity the Proper
Orthogonal Decomposition (POD) in the mechanaaineeringcommunity,the Singular Value
Decomposition(SVD) in the linear algebra communitthe EckartYoung theorem (Harman,
1960) or SchmidMirsky theorem in psychometricthe Empirical Orthogonal Functio(EOF)
in the meteorological sciencandspectraldecomposition in vibration communijtgll represents

examples of methods with roots in linear dimensionality reduction.
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Another important extension of the basic LDR idea is the work by Fishennaar
Discriminant Analysis (LDA)in 1936 for classification[31]. LDA expands the dependent
variables as a linear combinationméasuredeaturesoy searching for a linear map to maximize

some measure of separability betwearta pointgo allowfor credible classification

Before ending thisextion, we note that DR may be rendered in a nonlinear manner as
well, meaning that the relationship between the original and reduced variables may be selected
to be nonlinear, implying nonlinear dimensionality reduction or NDR for shibR methods
are categorized into three families dependingvhat themethodpreserve while searching for
the required mafi.e., the linear or nonlinear transformatioh the original and the reduced
variables) methods thapreservdocal properties sth as Local Linear Embedding (LLE}2],
Laplacian Eigen Mapg33], and Hessian Local Linear Embedding (HLLBY], methods that
preserve global properties suchMsltidimensional Scaling (MDS|35], Isomapg36], Kernel
PCA [37], diffusion mapd38], Gereralized Discriminant analysis (GDA39, 40], Multilayer
Autoencodef41], Stochastic Neighbor EmbeddingNE) [42]. Or methods thgberformglobal

alignment of local properties likeocally Linear CoordinatioLLC) [43].

NDR methods will not be discussed here, and the interested reader may 253Ul
47] for more detailsand comparisons between theNDR methods are out of our scope for
several reasongirst, the payoff of LDR methods for reactor physics applications is sufficiently
large and the methods have not yet been fully explored in the nuclear engirveenimginity
Therefore it is reasonable to leverage LDR methods first before considering morestscadbd
NDR strategies. Second, the computational cost of reactor physics methods is extremely taxing
which renders NDR methods less attractive since their associated computational cost is typically

much higher than LDR methods.
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And finally, because NDRisually succeeds on tailored highly nonlinear problems such
as the welknown Swiss roll dataset, while the real applications success for NDR is scarce,
especially that a vast number of NDR techniques flourish with complex topologies, high

curvatures, clusred, noisy, or sparse data, which is not the case in nucldamatipps [4].
1.22.1 Mathematical Representationof LDR Methods

A nonlinear functionf with n input parameter&nd m output responses said to be

reducible and oparametersntrinsic dimensionr, (0<r, &) andresponseéntrinsic dimension

r,(0<r, @n) if there existsan n3 n operator P, with a rank ofr, and anms m operator

P, with a rankof r, such thatr, andr, arethe smallest integesatisfying:

“f(x)'ny(Pxx) ce x Is.

|
IO

where H*H used throughout thithesis is the Euclidean noramd e is a userdefined tolerance

and S is the domain over which the original model is considered to provide an acceptable
representation of real behavjdypically referred to as thdomainof validity of the original
model Notice that we are not concerned here with the question of whether the original model is
valid or not. Instead, we are only interested in building a reduced model that approxireates th
original model for all conditions of interest. Thegmditionsare typically determined when the
domainof validity of the original model is known, whids assumed to be a prequisite for the

reduction process.
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In our context,P, and P, are projector operators onto the parameter spadeesponse
space respectively, such thef = U, U}, and P, = U U], where U, | R™*and U, I R™Y are

matrices containing the orthonormal columns spanning the active parameter and response
subspaces respectively.The intrinsic dimensionalities of these operators, i.e.

dim(R(P,)) =r,;z =,y- with R being the range of the operat®s - are typically much

z
smaller than the original dimensions of the parameters and responses spaces, Ii.e.

max(, r, )<< minfn,n. The algorithms to construct these matrices are discussed in details in

Chapter3. Further, we show that this inequalitpndition may be satisfied in a probabilistic
sense with a high probability of10° wheres is a small integer representirzg additional
number of model executions, referred to as esamples, more details about this will be

presented in Chapter 4.

We make several remarks about thiBR definition. First, note that géhdefinition makes
no assumptions about the properties of the functjoimplying that while the relationship
between the reduced and original variables is linear, as given by theah@t®on, the function

f being reducedan in generalpe nonlinear.

Second, esuring that the above inequality conditiorsaéisfiedwith an uppeibound e
that is not too conservativamployinga reduced dimensionthat is not too large represents the
primary challenge oL DR techniques. Satisfying this condition with a conservative bound is not
practical as the bound is often too large to render valuable the predictions of the reduced model
variables for subsequeangineering analyses. Satisfying the condition with a higddueis also
not practical as it defeats the wholespurpo:c

significantly to render subsequent engineering analysis computationally tractablenyivitah
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models, the originanodeldimensions are in the order of millions, whereas the reduced model
dimensionis sought to be in the order ¢éw hundredvariables only. With limitedmodel

evaluations of the order of the reduckchensionr,

Third, if the inequality condition can indeed batisfiedwith smallr and acceptable
tolerancee, the implication is that amited number of degrees of freedann theactivespace is
sufficient to characterize to a hidavel of accuracy all possibleesponse variations, whose
original dimensionalities are often much larger thaklathematically, this means that parameter
perturbations belonging to the active parameter subspace are the ones responsible for the
observed modelesponse variations, whereas all parameter perturbations that are orthogonal to
the active subspace induce negligitségiationsin the responseswhich can be bounded by the

tolerancee.

Finally, to gain computational efficiendp subsequent engineering analyses requiring
multiple model executions, ROM confines all parameter perturbations to the active subspace,
since its dimensionality is much smaller than the original parameter $fmaoexample, one can

recast all engineeringnalyses, such as UQ and SA, in terms of the reduced variables
X" =U!x IR*, premised on the assumption that they describenglortant parameters

variations.

In this thesis, the focus will be on reducing the effective dimensionality of the various
data streams associated with neutronic calculations. This includes reducing the dimensionality of
the crosssection space and the flux space. The developed methdtsheviapplied to
representative assembly level calculations, where the size of thesemtigs) and flusspacesare

typically large. Assembly level calculations are carried out to characterize thgrdeyw cross
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sections used in downstream core calcofetias functions of a wide range of conditions, such as
the assemblytype, fuel burnup, fuel and coolant temperature, poison content, etc. This requires
several thousands of flux evaluations which could be rendered more efficiently using ROM

methods.

In our development, we rely on twbasic ROM methods, gradietitee and gradient
based reductionThe gadientfree reduction is designed to render reduction at the output
interface for the associated model using forwanddel executions only. Gradieitased
reduction employs derivative information, often obtained using adjoint methodsntter
reduction at the input interface. Earlier work has demonstrated thkeretical and
implementation details of these twoethods Experience with thesmethodshas shownthat
although significanteductioncan be rendered, the number of model executions could still be
computationally expensiveFurther the quantification of the reduction error could be
problematic especially whemultiple reductionsare renderedat modelto-model interfaces.

These two challenges aaddressein this thesis.
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CHAPTER TWO

NUCLEAR REACTOR CALC ULATIONS

2.1 Design Calculations

Nuclear reactor physics calculations, representing the focus of our work, are overviewed
in this chapter. Reactor physics calculations model the transport of neutrons inside the reactor
core and the change in fusbtopicsand other core materiathue toradioactive transmutation
over the expected range of reactor operational conditionsfuflkdamentakquations employed
are the Boltzmann equation which describes the transport of neutrons and the Bateman equation
which describes the transmutatiohfuel and other core materiatotopics The salient features

of these equations are described here ttheettage for the discussionROM methods.

The primary source of heat in fission reactors is due to the scission of heavy nuclei by
slow (i.e., themal) or energetic (i.e., fastleutrons.Shortly after thescissionof a nucleus two
lighter nuclei, called fissiorfragments few neutrons called prompt neutrons, and few gamma
rays, called prompt gamma, are relea§deemajority of themass defe¢thedifferencebetween
the mas of the original heavy nuclead thecombined mass dighter fission fragments and
promptneutrons, is released in the formkafietic energyimparted to thdission fragments and

promptneutronsOne typical fission reaan isdescribed by the followingquation
n+U - Y“Xe +5Sr 2n 260 Me\

As the fission products collide with surroundiagpms they slow down converting the

kinetic energ into heat.The heat generation is sustained wadditionalfission eventsinduced
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primarily by the newly bormeutrons The goal of reactor core design is to ensure that the
number of neutrons born in a given generation is equal to the numobein the previous
generation toensurethe reaction is sustainable and controllable. Wheis talance is
established, the reactor is said to be critical, with the criticality described using the multiplication
factor k which measures the ratio of neutrons production to nelbsby parasitic absorption

and leakage. Parasitic absorption implae neutron capture event that does not lead to fission,
e.g., the captureof neutron under thdéow-lying resonances of 1238 capturel by special
materials, called neutron absorbers, deliberately introduntedhe reactor to control criticality.

The godis to keepk at a value of 1.0 throughout operatimy continually balancing neutron loss
and production term&henk < 1.0 ork > 1.0,the number of neutrons will decrease or increase
forming subcritical or supercritical reactorsespectively.When the reactor power is to be
increasedk is increased for a short period of time by reducing neutron loss until the desired

power level is reached, théns returned back to a value of 1.0.

To compute and contré] one neeslto model in detail the &imsport and transmutation of
neutrons inside the core along with the various physics phenomena leading to the production and
loss of neutrons. Although the physics of transport and transmutations auendedstood, the
associated computational cost teck#be the neutron population in the entire reactor core is still
considered computationally overwhelming even sapercomputersTo combat this situation,
reactor physicists have devised complex schemes to reduce the computational cost to render
practicd the prediction of reactor states under the wide range of conditions expected during
normal and offnormal operation. The idea is highlighted in the figuk @here the calculations
are split over multiple levels to capture the various physics affetiegmacroscopic core

behavior.
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Fig. 2-1. Core Calculation Levels

The smallest level represents the unit cell comprising a single fuel pin. The second level
is the fuel lattice, representing a 2D slide of a fuel assembly. The third level is a @&Dahtte
whole core. These three levels are designed to decoupldothénant dependencies ttie

nuclear crossectiongi.e., space, energy, angle, and time).
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Crosssections arethe basic nuclear parameters that characterize the probability of

interadion between neutrons and various core materials. Given the complicated dependence of

crosssections and the heterogeneous core design, the neutron flamdsea complicated

function of space, energy, angle, and time. The first two level focus in detdiecenergy, and

angle dependence of the neutron flux, whereas the third level describes in details the spatial and

temporal dependence. This separation of dependencies has proven to be an effective approach for

reactor physics calculationBefore explaning these levelswe introduce the neutron transport

equation to highlight some of the challenges associated with its solution for reactor problems.

Figure 2-2 depicts the flow diagram for the calculation procedure.

Step 1: ENDF LIBRARY GENERATION

Differential Cross-Section
Measurements

t Bayesian GLLS l

Analytical Nuclear Reaction
Models

Step 4: CORE CALCULATIONS

Step 2: MULTI-GROUP CROSS-SECTION GENERATION

Nuclear Reaction Model

Parameters and - F?:::T::e

Few-group Cross-sections

and Uncertainties

Core-wide Models

Uncertainties

Step 3: LATTICE CELL CALCULATIONS

Multi-group Cross-sections - Cell Lattice Model
and Uncertainties

Burnup/Branch Specs

Core Attributes and

Uncertainties

Fig. 2-2. Computational Sequence

For a fast overview about the nuclear reactor calculation reader can consult the

summarized chapter written by Keisuke Okumura, Yoshiaki Oka, and Yuki Ishiwatari.
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2.1.1Neutron Transport Equation (Boltzmann Transport Equation)

The equation governing theeutrons distribution in a reactor coise referred as the
Neutron Transport Equation (also known as the Boltzmann Equation) can be warinous
forms due to the assumptions and simplifications that can be carried out to render the equation
suitablefor the required application and analytically solvable if possible. In most forms the

dependent variable is the angutautron flux in [#/cr/sterad MeV/sec]

Ly ()« ol sB) B{E 4 (2.8 )y m(n. £

vV ut

rate of change Leakage rate density Total Collision rate External source gatien rate
+fpEiR S(T, EW - B~ Et)y (T E ) dWE | (2.1)

0 4
- scattering Rate

E)® = o

+%p) FREI Af$(T.E.§) AT EvEit)difv
0 ap

Fission rate

where y is the angular neutron flux [neutromsn? sec! sterad® MeVY], and S, are the

macroscopic totahnd fissioncross sectios respectively in[cntl]; v is the average neutrons
speed in §m sed]; n is theaverage number of neutrons produgetd fissionreaction.The

v
[l

position vector of the neutrorz is the fissionspectrumandfinally S; is the double differential

angular variable\ = is a unit vector in the direction of the neutroavel and ris the

macroscopic scattering cross section in energy and direction.
It is noteworthy that eq. (2.1) can only be analyticabived for a small number of
idealisticscenarios which are considerably different from real reactor problEmsBoltzmann

equation if anonlinear integrodifferential equationwhich must be solved in tandem with
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another equation, that describes the change in various materials concentassansd to be

input to the Boltzmann equation. For example, thacroscopic cross sections depend on the
number densitiesi.e., isotopic concentrations. Number densities are calculated using the
Bateman equation which is a system of ordinary differeatjaktions that are used to update the
nuclei concentrations based on their respective production and loss terms. The production and
loss terms depend on the neutron flux which is calculated by the Boltzmann equation. To
decouple the Boltzmann and Batemajuaion, thequaststatic assumptioms typically used,
wherethe reactor core is assumed to operate at steadyfestadeshort period of time during

which the number densities are assumed constant to solve for the flux; then the flux is used to
calculatethe production and loss rates for the various nuclei which are used to updateléie

via the Bateman equation.

Given thesteadystateassumption, the Boltzmann equation is assumed to have a solution,
which is only possible if the reactor is criticdlb overcome this, the-&igenvalue is introduced
as a knob that determines the deviation from criticality. The designers can change the various
model features to ensure k is as close to 1.0 as possible throughout the c& Ii#el) can

then be writtn as:

Fo(r ) e (1 (8 mea gl Fw el e
° ¥ ) (2.2)
+%%§)fﬂ54ﬁnﬁ$(? E)ifT EVE)d §
here thek-eigenvalue is the multiplication factor.

The next obstacle facing practitioners is the energy dependency of each term in the

equation crosssections trends sl a rather complicatedependence oneutron energyTo
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render numerical solutions, the energy range is split over multiple ranges, where the cross
section is assumed constant over each range. These ranges are called neutron groups, and the
corresponding constant values are referred to asipgrorosssections. In the group

representation, the Boltzmann equation may beriten as

B, (r B (7E) g(v Fra mLs(r B o

9=tap (2.3)
+——njE| nm$ ( E\)\d

This equationis achieved by integrating eq. (2.2) w.r.t to energy ovegthenergy group (i.e.

g1
TME ) whereNg is the total number ofroupsin the selectedenergystructure which is
E

9
dictated by the required accuradyhe figure below shows the continuous cresection and the
group crosssections which ar@iecewiseconstants. The primary challem@f reactor physics

calculations is the ability to calculate the group crsmstions in a manner that preserves the

reaction rates and the multiplication factor.

o (E) Continuous Cross Section Oy Multi-Group Discritization
Energy
Discretization
I [ I ol
E Ng cees g e 321

Fig. 2-3. Cross section discretization over ener@§oshiaki Oka et. al.)
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2.1.2Multi -group Crosssection Generation

In this step, the pointwise crossections are collapsed into a mugtoup structure using
assumed flux shapes. This structure is decided based on an educated trial and error relying on
expert judgment attempting tosave all aspects of the flux spectrum, expected to affect the
integralquantities of interest such as eigenvalue, reaction rates, etc.

The uncertainties of the mulgroup crosssections can be estimated by propagating the
uncertainties of the nuclear reaction model parameters using the standard sandwich relationship.
The multigroup crosssections contain essentially two different soaroé uncertainties, one
originating from the nuclear reaction parameters used to construct the continuotsectioss,
and the other from the assumed flux shape. Most tools account only for the first source of
uncertainty (assuming linearity). Wherede tflux shape uncertainty is difficult to estimate
because the real flux shape is unknown a priori. Therefore, assumed flux shape uncertainty must
be treated as a source of modeling uncertainty. To estimate this source, one must be able to
compare the prections againsta high fidelity model that directly uses the continuous eross
sections, i.e., without any collapsing. The discrepancies between the predictions of the low and
high fidelity models can be used estimate the modeling bias, which has to btedefpetake
into account its dependence on other modeling conditions, such as composition, temperature,

etc., i.e., control parametefhe group averaged cross sectianscomputed as follows:

f(E)= fi{r.E B \ (2.4)
4p

f,(F)* A {E.7)dE (2.5)
&
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2.13 Lattice Cell Calculation

A lattice is a 2D slice of a fuel assembly, where the Boltzmann equation is solved using a
large number of energy groups. The solution obtained for the flux is used to reduce the

dimensionality of the crossections from many groups downfew groups andaveraged over
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the entire latticeThe fewgroup crosssections are subsequently used in eeige calculations
which are 3D models of the entire reactor cdiee goal here is to model each assembly as a
group of axial nodes, where each node is repreddanteorewide calculations as a uniform
region with fewgroup crosssections. This requires the ability to smear all the energy and spatial
dependence of the cresections at the lattice level prior to entering earde calculations. This

smearing procss is referred to dsomogenizatiomnd is carried out as follows.

In this sep, one calculates the fegroup crosssections for the cell lattices. These
calculations must be repeated every time a new cell lattice design is introduced. Cell lattice
calculdions start with the mukgroup crosssectionsand calculate the fe\group crosssections
for a wide range of core conditions.

To provide an ideaof the size of the data streams flowing through cell lattice
calculations, consider a typical transport cddat is used to calculate the feroup cross
sections. The code is to be executed a number of times eqNyxtidc x N.times,
whereNg refers to the number of burnup steps, Bads the number of branch cases required to
functionalize crossection dependence on core conditions such as fuel and coolant temperature,
coolant voiding, boron contengtc, andN. is the number of cell lattice types in the core. To
propagate uncertaies, one would need to repeat these model execWtidinges, which is in
the order of few to severalindred This results in in the order of AModel executions which is
prohibitive in practical applications.

Further, if one is interested in identifying the dominant contributors to the propagated
uncertainties via an SA, one needs to exethdesolvera number of times that is proportional to

the number of model parameters. In this case, the parameters mephesenultigroup cross
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sections. This increases the number of required code runs to be in the ordérnmfl®0
executions, which isverwhelmingly highdespite the expected increase in computer power.

In this sep, two sources of uncertainties anéroduced, one from the muliroup crosssections
propagated from the previougeptand the other resulting from the modeling assumptions, such
as the use of reflective boundary conditions, the use of a deterministic transport solver, and the
use of muii-group instead of continuous cressctions. The first source is again straightforward

to account for. The computational cost becomes impractical when sensitivity information is
required, i.e., to understand the contribution of the individual rgudtiip crosssections on the
propagated fevgroup uncertainties.

The second source depends on the modeling decisions taken and therefore must be
treated as a source of modeling errors. First, regarding the use of deterministic transport solver
and multigroup cosssections, this source could be identified by comparing model predictions
against a high fidelitgontinuouscrosssection Monte Carlo model. The second souragaase
difficult to account folbecause it depends on the type of neighboring bundles ieabtor core.

Finally, similar to the previous e, the correlations between the mgtoup
uncertainties and the modeling uncertainties (resulting from the transport modelgnowyti
crosssections, and e i g habproximadions) are to be invesiigd
This sep can be accomplished through twaobsteps: Homogenization and Feroup Cross

section generation.

2.13.1 Homogenization In this step microscopic cross sections and number densities
are averaged such that different mixtures of different materialassemed to be a single
homogenized mixture occupying the whole volume. This can be mathematically expressed as

follows:
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fha 4 = (2.11)

Then cross sections can be computed such that:

=81V

]

a Scail oV
J

And hence:

a S.ife )V, a Rai 4V
-

S _ (2.12)
’ foV' a’yV
J
Similar trend can be applied tloee number densities:
&Ny
I\Iih 12 Vh ; J 4’2’“' Nnuclides (213)

2.13.2 FewGroup Crosssection Generation The homogenized values can then be
used to prepare for the core calculatibgscollapsing the energies intacaarser structure. This
will render the core calculations feasible with an acceptable error. This can be achieved using a

similar procedure based on the conservation of reaction rates as follows:

1A Fi 42,-NG (2.19
el
as./,
s 198 2.15
g G
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where NG<<Ng. This can be used in core calculation to speed it out in addition to some
acceleration algorithms such as the coarse mesh finite difference acceleration (CMFD) that will

not be in the scope of this report.
2.14 Downstream Corewide Calculations

The last stage involves the calculation of eatde power distribution during steady state and
transient conditions starting with the feywoup crosssectiondata. Thenumber of fewgroup
crosssections is equal tN¥re X N X Nc X NL whereNrg is the number of fewgroup cross
sections generated per a single transport model execution, which is in the order of 10,
representing the thermal and fast absorption esestons, transport croesgction, fission cross
sections, prompt neutron yield, aadergy release, and Xe and $astand thermal absorption
crosssections. If macroscopic depletion model for core calculations is used, the total number of
few-group crosssections is in the order of 40f microscopic depletion models are used, this
number is scaled by the number of nuclides tracked at the core level to account for the individual

nucl i deectionscr os s

The sources of uncertainties in cavele calculations include, uncertainties from the
few-group crosssections; uncertainties fromethradiation transport model employed (e.g., nodal
diffusion theory assumptions, and two enegggup crosssection representation); and
uncertainties from noeneutronic models, e.g., therrt@ydraulics models, and their associated
correlations used to desee the transfer of the heat from the fuel to the coolant, and the
corresponding feedback into neutronics calculations, e.g., fuel temperature feedback, coolant and

moderator temperature and density feedbacks; and finally any uncertainties from thé contro
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parameters such as the lattice dimensions, fuel compositiow, rates inlet coolant
temperatures, etc.

The first source, i.e., fexgroup crosssection uncertainties, can be treated using a
standard UQ. The second source, i.e., the radiation tramapdel, can be estimated using the
UQ methodologyia corewide Monte Carlo models.

This concludes the maitofv of manyneutronicscodes, for more details reader can consult one

of the codes manuals such as SCABBSEIDON and CRANE[49-51].
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CHAPTER THREE

REDUCED ORDER MODELI NG

3.1Introduction

Reduced Order Modeling (ROM3$ sought torender computationally intensive tasks
such as design optimizatiobQ [3, 8, 53-55], SA [58-64] and DA[65-70] practically feasible
for realworld engineering modeldROM leverages an interesting property of most complex
models that is their associatedinput parametersand/or responses of interest live in lew
dimensional manifoldsThis occursbecause although the physics models may be general
enough, the engineering application introduces many constrahith result in introducing
many correlations whicheducethe effective dimensionality of the system. The reductian
therefore,be intoducedat the various model interfaces. For example, one redncethe
dimensionality of the parameter space which allows one reduce the computational cost
associated with investigative studies that attempt to identifkelygparametersThe reduction
can alsobe introducedat the state space, which could be leveraged to reduce the computational
cost required to obtain numerical solutions for the sfidte. eductioncan also be appliet the
responses of interest, especially when the responses repiissentitions over the entire phase
space. Depending on where the reduction is applied, different methods have been developed
which are discussed in this chapter. Moreover, depending on how much reduction is introduced,
the associated reduction errors eadculated and uppdrounded using rigorous methodis.the

next section, a quick literature review is deducted then the algorithmsnessiown.
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3.2 Literature Review

As discussed in the introductory chapter, linear dimensionality reduction techniques have
been employed by analysts to reduce the dimensionality of-cioignsional data for over a
century. In the past 15 years, interest in thtesbniquedas been revied to support the surge
witnessed in the area of predictive modeling, where high fidelity models utilizing the cheap and
abundant computer power are sought to proddeetter understanding of complex systems
behavior such as nuclear reactors. In 2004,eMBthalik [52] presented the idea of LDR under
the name of efficient subspace methods (ESM), where the subspaces represent lower
dimensional manifolds onto which the model variablespaogected. Later, the terminology of
6active subs pa ote feseahars such@Russieird20[®!), Constantine in
2012[56], and Webster in 20157], and AbdelKhalik in 2010[58, 59], emulating the language
of active constraints from optimization theory. The notion of active implies that variables
variations along the subspaces impact the model behavior, whereas variations over the
orthogonal compl ement s, i .&haltheini 2840i veo,
called by Webster in 2012, subspaces, have negligible impact on thebebdeior as measured

in terms of a number of useelected quantities of interest.

Since then a lot of work on LDR has appeared under the name of subspace methods or
active subspace methods. One can also trace the use of this terminology to the wkkk GyaE
in 1983 on pattern recognitiod] who startedat the Institute of Physiologgt the University of
Finland exploring how the brain works, studying the neurons was the natural entrance for the
machine learning and artificial intelligence world. 1882 he managed to simplify the neuron

model as a principal component analyzer, a year later he collected his linear methods in a book
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called dédsubspace methods of pattern raboegogni t i

with interesting enginearg applications for subspace methods.

Notice thatin principle one can findaninfinite numberof active subspaces that meet a
userdefined present tolerance, which bounds the discrepancies between the original functions
predictions and the reduced function predictions. The goal is toafisdbspacéhat is not
necessarily unique, withvery small sizery to capture the dominamiarameter variations. In our
work, we show that one can find an active subspace with slightly larger size in a computationally
efficient manner that outperforms existing algorithms attempting to find the smallest possible
active subspace. This is possible using our proposed Hewiti ROM strategy which employs
approximate models, i.e., models of lower fidelity, or models constrained ‘dosudins of the

overall problem domain, to obtain an approximation for the actibspace.

The remaining sections discuss how the active subspaces are ex#éétbmagha great
number of algorithms have been proposed by various researchers, one could argue that all
methods rely on one of two essential ideas. The first idea emaoglemized snapshots of the
forward model simulations to identify an active subspace for the modeltaegponses or state
variables. In the second idesmapshots of the gradient of the model responses with respect to its
input parameterare usedo identify an active subspace for the model parameters. Hybridization
of these two techniques allows one to reduce the dimensionality of-phyfics models,
wherein the input to one physics model is produced as an output bypaopessor physics

model[71].
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3.3 Reduction Algorithms

This section is dedicated to providing a comprehenewerview of the theories and
algorithms that form the basis for our rendition of reduced order modeling to general nonlinear
models. In particular, the next Subsections will cover the followintipreesubjects:identifying
the active input subspace for a scalar valued fundt@mtifying the activeinput subspace for a

vectorvalued functionandfinally identifying theactiveresponse subspaatgorithm[73].

3.3.1 Active Input Subspace Identification Algorithm (AISIA) for a salar-valued

function:

Let f:R"- R pe a scalavalued nonlinear function that maps rugdimensional input

vector of model parametersuch as cross section into a single response such as the effective
multiplication factorkes. The goal is to determine thenportantdirectionsin the parameter
spacej.e., directionsalongwhich a perturbatiom the model parametevdll cause anoticeable

impact on the response of interelbtice that if the model is linear, there is only one such
direction, t h & with sespéchte thegmodetl parameters. d-6r general nonlinear
models howeve, there could be as many as n directions that affect the response. The goal of the
reduction is to identifyrx directions that capture the response variations to a given preset
tolerance(]. Ideally, rx should bemuch less tham, the nominal dimension ofhé input

parametespace The subspace forming the span of thélirections is referred to dke active
subspace’,, == spar{ L;“}irle; y; IR", meaning that the original featuxecan be written as the

sum of an active variable and a ractive one as follows:
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. éU(r)T g
x=U,Ux Ul yb gd(:_m a 80 UM x UEI Ul T x
X active variable inactive variabl¢

where U( i R *is the matrix whose orthonormal columns span the active subspaneyther

words: The active subspads the range 01U(Xr) , Xt R(U(Xr)). The superscript indicates that

the newattribute x") = U(X’)x is a reduced input vector due to a linear projectibthe original

(r)

featurex onto the active subspacEhe matrix U,’ containsrx columnswhich spanthe active

input subspace.

One may visualize this considering a tdiensional functiorf that is intrinsicallyone

dimensionali.e., i1D)[74] such that:

F0= (0% %) =o(d ¥

Then theFouriertransformof such a function will be:

=6(dwa((1, -ud) 4
whereF, G are theFouriertransformsof f andg respectively. As follows

o

F (% %) = F(w) =i £(} dx = ﬁé i ) (Y dxd

RZ

o

Fo(x} =G(W =& (¥ o

- O
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and X=u' x, W=u w are the reduced variables in both the original and the frequency domains.
With d being the Diradelta function, the Fourier transform férstates that the function

vanishes in the directions normaltp and changes governed by the function G in the directions

parallel tou,. This can be generalized to the case whkesnominal dimension is and the

X

intrinsic dimensionality isr, and f (x) = g(U(r)T x). In this casethe variation of the function in

the directions parallel to the subspace spanned b trthonormal columns ofu”) significant

X
when compared to the negligible impact brcaused by an input vector that is perpendicular to
that subspacd.he identification of such active subspaces is accomplished ugnagli@ntbased
algorithm that constructs an active subspacte input parametespace employing the adjoint
model to calculate the first order derivatives of a general pseudo response with respect to input
parameters. Theseuderesponseis not a physical quantity but a mathematical abstraction
representing a random linear combination of all model responses. For a justififahieruse of
pseuderesponsegshe reader may conswgéction 3.3.2.1The algorithm may be described by the

following steps:

Inputs: X I R"is the reference input vector (i.e., cross sections).

dx is the relative perturbation from the reference value.

f:R"- R is the forward model of interest.

f*:R"- R is the adjoint model (needed to compute the sensitivities).

1. Set X:{X:XI']R“;xef(l ax X xg(1 aS)}F is an n-dimensional

hyperrectangle.

35



w

10.

11.

12.

13.

14.

15.

16.

17.

Generaté random realizatiof X} ;1 X ~[x,, -d% %, +&".

. Initialize: 3 =1].

fori = 1 tok
Y« f(x)

(%)« (By)
Je [3j(x)].

[U,.4,.V,] «svd(3).

F (X))~ (U, (525)U7(20)X o)
f (X |

-
& « Construct an error bound as showrsection (4.3.4)
1 60¢ &

r«i

Ul =u, (;,1:).

Return
end if

end for

r,=k,U"" 4 (no reduction ocaued).
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3.3.2 Active Input Subspace Identification Algorithm (AISIA) for Vecor-valued

functions:.

For f:R"- Rm, the abovealgorithm can be intuitively repeated for each component in

the response vector and hence find an individual active subspace for ¢helmafomponents
as presented by Russi (201Thisrenders the process impractical for large number of responses
and hence motivates for the pseudsponse trick

3.32.1 ThePseudoresponseTrick:

Earlierwork [73] has shown that vectaalued functions can be tackled using the pseudo
response which is a nguhysical quantity and hence find an individual active subspace for each
of the m-components. This starts to be impractical right aftexxceeds 10. In a tymt reactor
physicsapplication m might be in the order (#a.(P) which motivates the neddr a way to get
around this obstacle and render the algorithm feasible evéuderresponse vectors

Mathematically, the pseudo response is just a random linear combination oésffense
componentsR™“= w'y( x) wherew is the weighting vector. This can be analogous to what is

done inthe input perturbation process since a randguot perturbation reflects a movement in
random directiongn the input spacean the adjoint world a similar trend is to randomly perturb
the response vector which can be accomplished raadomlinear combination othe response
vector

In [73] the authorsshowed that one can extract the active subspace using the sensitivity

profile of the pseudo response w.r.t. the input paramétbesprocedure goes as follows:
Inputs: X | R"is the reference input vector (i.e., cross sections).

dx is the relative perturbation from the reference value.
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f:R"- R™is the forward model of interest.

f*R"- R"is the adjoint model (needed to compute the sensitivities).

10.

11.

12.

13.

14.

15.

. Set X—{x X IR %, (1 &X % xg(1 aS)}l- is an n-dimensional

hyperrectangle.

Generate k random realizati§i} ;x1 x ~[x,; -d% x,, +&"-
Initialize: J =[] .

fori=1tok

i« f(x)

F\’pseUdO« WTy , Wherew are some random weights.
i (%)« (DRPS‘“"’)T [using the adjoint model].

Je [3j(x ).

[U,.4,.V,] «svd(3).

f (Xiesr) X(:,1:i)UTX(:,1:i)X tes)
(%) |

€, € Construct an error bouras shown in sectiof#.3.4).

If eb ¢ Lger

[«

Return
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16. end if

17. end for

18. 1 =k, U(Xr) 3., (no reduction ocaued).

If no reduction occurred within the firgtruns, k is gradually increased until either the error
criterion is satisfied ok reachesn which states that the model is mg@ducable. Fig. 3-1.

illustratesthe procedure of active parameter subspace identification.

Adjoint Pseudo Sensitivity

Input model responses Profile
Parameterg

Active
Parameter
subspace,

Active Input
Parameters Forward Output

U.UTx Model Responses
X=X

Fig. 3-1. Active Parameter Subspace Identification.

Notice that discarding components in the parameter space will give rise to errors in the
response space even if no reduction in the response space is reitiradting the total
response error resulting from reduction at each or both parameteespulse levels will be

discussed in the next chapter.
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The proposed error bound is based on a theorem developedsiatisgcal and applied
mathematical communities’$, 76]; they are introduced below for the sake of a complete

discussion. The interested readers m@ysultthe cied references for more detalils.

3.3.3 Active Response Subspace Identification Algorithm (ARSIA):

Unlike the algorithm in the previous subsection thigoathm extracts the active
subspace of the response of interest aslces the dimensionality using forward model

snapshotsvithout the need to calculate derivatigsadientfree) Consider the reducible model

under inspection to be describedthg malel y = f (X) ; thealgorithm proceeds as follows:

Inputs: X I R"is the reference input vector (i.e., cross sections).

dx is the relative perturbation from the reference value.

f:R"- R™is the forward model of interest

1. Set X:{X:XI']R“;xef(l ax X xg(1 aS)}F is an n-dimensional
hyperrectangle.

2. Sety:{y: y =f(x) R™y ¢ y}t is anm-dimensional hyperrectangle.

3. Generaték random realizatiof X} ;1 X ~[x,, -dx ¥, +&".
4. Initialize: Y =] .

5. forj=1tok

o

yj « f(XJ)

7. Y f(x]).
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10.

11.
12.
13.

14.

15.
16.

17.

18.

Note that slectng the dimensionality of the reduced space for the responses,tasheh
thatr, ¢ min(m, k) implies thatthe active subspade identifiedas the range of the firgt

columns of the matriHy, denoted b)U(y') .The figure below shows a schematic layoithe

guy’ay’vy H(SVd(Y)'
E=Y U, (1)Ul (11:)Y

Y (i,)- U (,2:)uT 1 )Y ()

err, = H

€’ « Construct an error bouras will beshown in chapter.4

et g

r, « j .
ul=u,(,1:5).
Return

end if

end for

=1 Yy i
r,=k,U,’ U (no reduction ocaued).

Gradientfree algorithm.
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Input Model 1 Output
Parameters Responses

Active Active
Response Responses

SubspacéJ, uuly

Fig. 3-2. Active Response Subspace Identification

Adjoint Pseudo Sensitivity

Input model responses Profile
Parameters

Active
Parameter

subspacb'X

Active Input Model 1 Output

Parameters

U Ux

Responses

Active

Active
Response

Responses
subspacle’y U UTy
yoy

Fig. 3-3. Active Parameter and response Subspaces Identification
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CHAPTER FOUR

PROBABILISTIC ERROR BOUNDS

4.1 Introduction

It is mandatory to equip ROM techniques with an error amatpol to credibly defend the
predictions of the reduced model. This tenbblegheuserto decide ifshe needs to increase the
size of the active subspace sait the application of the reduced model over the range of
operational conditions of intereDur goal is to derive a general error analysis for a general
multi-physics model. To this end, we first develop the error analysis &ngle physics model
due to a single reduction at a single interfaggy., parameterspace, response space,..etc
followed by an error analysis for a single physics model at two interfagegeductionin both
paramete and respnsespacesFinally, we extend the analydis cover multiple interfaces for
variousphysics models.

The backbone of the err o8 whachwil besexpkined im Di x o0
details in thenext section just after discussing the literature review of related .\Wdr& direct
application of this theory typically results in a very conservative error bound; methods to relax
this level of conservatism is discussed in the following subsedti@nthirdsubsectiordescribes
the quantification of reduction errors at multiple interfaces under a single andphysics

settings.
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4.2 Literature Review

Although a great deal of research has heeasted in the development of error bounds,
for realistic models, thedmundstend to be extremely conservative which diminishes the utility
of the reduced model, and makes its construction computationally taXiisgsection provides a
short overviewof the stateof-the-art methods used to quantify reductiemorsand highlight
some of their challenges.

The most notable work on error quantification resulting from reduction has been done in
the POD communityScientistshave invested idifferent POD error estimation techniquésy
of them have even performed nonlinear enhancements bybridizing with the Discrete
Empirical Interpolation Method (DEIM)A quick overview about the POD error estimation will
be conductedollowed by introdwcing the SmalkSample Statistical Estimation method which
will be compared against the propoda@idomial estimatarRathinam and Reold provided a
priori error bound for POD reducexstder model and studied the effect of small perturbations on
the active subspaces. Petzalthmescy and Serban eobined error estimation using adjoint
methods with small sample statistical conditionreationto construct error bounds for POD.
Kunisch and Volkweirn(2001) developedoriori error estimategor Galerkin POD for parabolic
P D E.#aasdonk and Ohlberger (20059velopeda posteriori error estimate for tiséate and
response variablebjore pubications on POD and POD error estimates can be fourkvigg].

Next the most intuitive error analysis tood that for the POD methods, since an
analytically proved expression is providééext, a quick overviewof the POD methodand the
corresponding error analysis is provided, followed by the difference between this approach and

the probabilistic error bound presented in this work.
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Consider a physics modely = f(X); x IR", y R™ and assume that the active parameter

with dimx=r, ¢, and the active

s

subspace x= Spar{ KR
P | .

f X %rx

|
pseud pseudo
9 mpseudo
1
\

response subspack=spaf y,..., y} ER™ with dimY=r, dn, PX:U(Xr)U(XrF,Py :U(;) U(ry)r
are projector operators onto tlaetive parameter and response subspaces respectively, and

U(X')I' R”“X,U(yr) iR™" are the matrices containing the orthonormal columns of each subspace.

Then the error iparameters due to parameter reduction anértibein response due to response

reduction can be computeelspectivelyas followsin 4.1 and 4.2

2

=, (4.1)

ex=;":k't x -&Xu,)y,
i=1 j 2

Whereu, ; is thej™ column ofUE(r) (i.e., thej™" basis of the spanning set of the parameter active

subspace) an(zfxyi = i,i is thei'" POD eigenvalue (the square of tiesingular value of the
sensitivity matrixG). Similarly, the error in response will have the form:

2

=d, (4.2)

e, =a Y -_é(m) y,

Again, u, ;is thej™ column of U’ (i.e., thej" basis of the spanning set of the parameter active

subspace) andyvi = ii is thei™ POD eigenvalue (the square of tifesingular value of the

aggregatedesponses matriX ).
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The previous error metrics enable the analyst to compute the aresrsnterface due to
a reduction at that same interfa@e., error inx due to areductionin x or error iny due to
reduction iny), but what if she needed to compute the error in response duestiucionin

parameters?

Furthermore, the previous mesido not say anything about futunens andhenceif the
input parameterare perturbed then the error must be recomput&de need tofind an error
bound that guarantees thiak is perturbed within the same density functitire error due to the
projection will not exceed the predictdsbund This motivates the probabilistic framework

discussed in section 4.2.3.

The previous two questiopsompedthe construction of erranetrics andound which

will be discussing in the followingulsection.
4.2.1 Subspace Containment:

One intuitive metric foerror estimation is the subspace containment measure which was

introduced by Sastry and Varaiya in 1981, analyze®4ij then used later by Russi 20[54]

on interesting engineering examples. Suppd'seis the subspace spanning parameter sfdce

where XS) is the reduced subspace capturingrdluential directions in the sense that variations

in thesedirectionswill lead to a significant impact on respg®s of interestThe measure of

containment is then defined as:

m(x,x,)=(1 v uT)u?

(4.3)
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where U, contains the orthonormal columns spannidg, , while U(Xr) aggregates the
orthonormal columns forming the basis for the reduced active subs}jﬁceThis measure is

bounded below by 0 revealing that the whéfg) EX ,and bounded above by 1 reflecting that

U(X') contains vectors that aperpendicular toY .

The former metric gains its usefulness from its ability to compare subspacts rafiécthow

much information in the first subspace is not contained in the second one.
4.2.2 Angle between Subspaces:

Another natural metric is to compute the angle between subspaces which cameasily

computedrom:

UXUZ _U(XV)U(;)T

G, =| | (4.4)

This is upper bounded by Holodnak, Ipsen and Smith in 2015 with a high probability as follows:

£ /. e
Pfsmq%x&r) :‘ 1

o U §-he

4 hi2p, (4.5)
d ¥

=

where /,--- /,, are the first ri+1 singular values of exact covariance matr®:

c=R®(x)( B(x) r(¥dx & ,Wwith r(x) being the probability distribution function

RI’\

of x, andassuming a big gap occurring at the cutoff location (intrinsic dimensionality) such

li- la

that O<e =T 1 and d is a usedefined failure probability provided that enough

1
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samples are drawn to reach that proligbiFor more details about the sufficient number of

samplesproof, and algorithmthereademay consult $5].

The former two metrics gain their usefulness from the providing a methodology to
distinguish between different subspaces and pick the most informative subspace in the sense that
they sharemost important directions. This angle between subspaces will asraéasisto
justify picking some lowfidelity models and use them to extract subspaces spanning parameter
spaces ofandher high fidelity model this method known asM ROM will be discussed in

chapter 5.

While mathematically sound, these metrics suffer from three challenges. First, they
require knowledge of the exact subspace, to be further reduced by ROM techniques, which is not
always possible, especially when the exact subspace requires many codmrexacublving
high fidelity computationally taxing models. Secoed;ors as measured in terms of projection
operators or angles between subspadesot directly correlate with responses of interest which
represent the object of the reduction. Thittgse metrics do not provide prior error bounds,
meaning that they do not guarantee the reduction error for other model executions that were not
used to render the reductiofor these reasonsther methods that provide probabilistic error

bounds are disased next.

42.3 Small-SampleStatistical Estimation [1994):

The idea of SmalltSamplenorm estimation presented by Kenny and Laub aimed to
accurately gauge general functions sensitivities by computing the effect of random perturbations
at the points of function evaluations. The fact that it is a trandpesenethod motivated its use

in various problems in contrast to the commonly used yet limited power method since the latter
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requires the access to tmeplicit Fréchet derivativesThis flexibility enabled the Smabample

Statistical condition Estimation to be used with mappings betweteretit dimensions

providing the ability to construct componemise estimates as welBeveral estimators were
presentedand the probability that these estimators would lie within a fatctet from the actual

norm was analytically computesithd eep roots i n Dixonbés theory
next section.In this section two of these estimators are illustrathé averaged statistical

estimator and the subspastatistical estimatoas well agzhe associated probabilitieghich will

be compared to the proposed probabilistic bound.

Let xi R" be the input parameter for a nonlinear vector valued funcfioR" — R™

and letEl R™“be the error matrix due to active subspace reduction such that each Eow of

demonstrates the error in a single responghem responses where each column represents a

f ( )Tf

f(X)

single run from theN random runs such thatE= H H and

X1 R™N are theN random input parameters used to estimate the error norm. And hence

e [ R™™ is thej™ row of E (i.e., the error in th¢" response ). Next levi R™ beiid sampled

from a known distributionw~ D . And with s being a positive integer representing the number

of w vectors usedhen the probabilistic statement sought will look like:

P|7¢estlmator( 3 (V;H ;—:ﬂ u® p(HD, ¥ (4.6)
f Y

4231 Averaged Statistical Estimaor Z(s) :
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In this method thew 's~ g\ (0, J) g:i= 1 2,...sover the unit hypersphere;Sas shown

in details i n Di xoncasgthaehtimatoisy di scussi on, I n t
e w)|+|e W] +. | W
2(= e - [ W) @
SE,
whereE, is computed from:
§1 n= 1
|
22 -
}/p n= 2
En:%M n is odd>2 (4.8)
12.4.6.(n- ]
7
T22.4.6..(n- ) 1 is evens
fp135.(n-1

andwith few manipulations with the probability distribution function that can be fourjdén

96], the probabilistic statement can be written as follows:

142s K

f"H 2 S 10 0#%7 iémaxe p) ' (4.9)

4.2.3.2 SubspaceStatistical Estimator 1(s) :

The only difference here is that tsgandom vectors (i.ewd s ) are ownvahogone
Gram-Schmidt QR decomposition or SVD decomposition to construct an orthonormal basis for
ans-dimensional subspace that has been randomly selected from sdilitnensional subspaces
from R". Then the subspace estimator is taken to be directly proportional to the norm of the

projection of vector under inspection (i.e,) ontothe spanafd s such that:
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i +| Je\(ﬁ)‘z (4.10)

and hencethe probabilistic statement can be recast as:

where

Ov.s(€)=

Pl SHE, 6
PiH ¢n(s) MT%H u ’Eksae— 0 G i (4.11)
= h 7&9
i E .
5
I
To foe¢ 0
Tl foe2 1
T 4 3
;e%%(l TR %E ‘g!:!(l 67§ ros ledeeN
T -
{2 &sint(e) 2 2 (N- 4)n (n-92 ©
%;—79?7%1 - %’) ?;(1 2—)5' ---++(N_ 3)”(1 2) e g‘ors leven N
il' (l _ez)(N-z)/z o= 2
i (N-2)ne? (N- 92
%QN&Z(Q) (s- 5 “(N -Q!!( - ) forevens 2,
i (N-1)1 E, &2 (N-92
%gst(e) s 2)”(N”_S)” (1- &) for odd s 32,

where the double factorial symbol (!!) is the skip factorial (ird!,=n(n 2)(n 4)--- p;and

N, =1 if nis odd and 2 ifn is ever. For more details about theseethods the readermay

consultthe formerly mentioned referencfd6-97]. The difference between the Smakhmple

Statistical Estimation and the proposed methodology can be summarized as:
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U wis sampled from a binomial distribution with a useecified probability of failure.

U The multiplier (factor)? is computed numerically for a givgmobability (R.H.S).

U The estimatomb(s) = max

i=1,2;--s

g V\(})‘. And hence the probabilistic statement can be written

as:
P{lefern(s} 2 &R T (4.13)

Before discussing more details about this probabilistic nestimator the root of all these

theories namely Dixonhés theory is to be discu

4.3 Supporting Theories

43. 1 Di xonbés Theory [1983]:

Probabilistic error bounds were first introduced by Dixon (1983) when he estimated the
largest (and/or the smallest) eigenvalue and hence the condition number of a real positive
definite matrixA [75, 76]. His theory can be regarded th® cornerstone of probabilistic error
bounds frameworkThis theory finds an estimate for the upper bound of thed2m of a matrix
by multiplying it with few random vectors sampled from a known distribufidre probability
of the actual norm being lesisan the estimated upper bound depends on the distribution from
which the random vectearesampledSeveral attempts to make use and develop this theory can
be found in §9-93]. These methods need a solid background in linear algebra and numerical
methods, the reader may consul-f80Q for refreshing these topic¥o get a better grip on this
theory and hence make the required modification to render our boundeabiséc the original

theory will be explored.
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Lemma. Let z=[73-- z|'; N2 2, andZ Sareiid ~ A'(0,1) one can show that

Y ﬁ%l(-l,l) (4.14)
.,z 8l N-1 4.1
Tl e o

The previous lemma assures that if theivical compoents of a vector are sampled from a
normal distribution then the normalized version of this vector is distributed over a unit
hyperphere wheras squaring each compmmn makes the probability distribution a Beta

function. This is necessary for the following theorem.
Theorem. Let Al R™M be a real positive definite matrix whose eigenvalues are

/2 | 2. 2/ 0

Let S::{Wi R [W'w =} be a unithypersphersuch thatN2 2 andw ~%/(0,1) overS And

if gi R>1then

P{wWAwe/, ¢qVAW P E\/Eq. (4.16)

Proof. Since A is a real positive definite matrix, one can write that:
A=UDU",

where U is orthogonal, andd =diag(/,-+ {). Let us expandw using the same orthonormal

basis:
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Then:

WAwW=WUUDUU W =WDW AW -+ (&

¢/1(V~V12 *e WZN) f
=1

So far we have proved the first inequalWAW¢ /,..Next, we prove that/, ¢ IWTAW or

more precisely find the probability of this event being true since there are cases wheadlsthis
/¢ ‘WTAW = (01\7\? + K"m)

This dfinitely occurs whengVif 2 1

where f_, (t) is the probability densi function of W which is iid and ~A (0,9 over

S(normalized tof*| ). From lemma we know that:

N-

(1 t)T 0 te¢1

N‘n—‘

fe(t)=0

RN )=
J
-Q: O
£
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GéN 0
: o & 0 !N
where a, is the normalization constang, =— & -~
a1 ggl\la 0
e &m0
; e N-3
Ile C—lygzﬁaNt (1 92 dt (4.17)

This integral can be analytically evaluated, but Dixon has chosen to fingbanhound instead

which is larger than the actual probability.

péazel O - t'%l t—¥dt 2 \/%/E 4.18
Al qgﬁ% (19 % ' (4.18)

which means:

P{WAwe/, ¢qVAW 2 \/g\/ﬁq (4.19)

Corollary . If Bi R™N is areal matrix such thaf =LL" B8 B whereL =B is theCholesky

factor of A andif $;2 -+ 2§ © are the singular values & (i.e. /, = $), then the previous

theorem can be written as:
, 12 N
Pfloe(s, 48l) <dou 122N (420

Selectingg = g éaZ
é

|-

where a>1 yields:

O

PfIIBII ¢a\/gm B gzl 2 (4.2

55



4.3.1.1Finding the Exact Probability for Rank-oneM atrices:

Note that hesingular values being posittes an expl i cit condi ti on
proof, yet it is important to test the performance of the theory for numerically singular matrices
especiallysince it is most likely to be used to estimate the8m of error matrices. To answer
such a quesin let us give the proof a geometnatureand explore how a matrix with few

significant singular valuewill behave.Let us writeB as the sum of outer products:

r¢min{m,N}

B= 4 suy

i=1

wherer is theintrinsic rank of B;S; is the i singular value oB, U, and v are thei" left and

right singular vectors respectiveljyhen:

r¢min{m,N}

Bw= Ia_1 sy (\(TV\)

But (ViTW) is the component ofv in the directionV; (i W) which is the cosine of the angle

betweerw and\ (remember that botv and Y, are unit vectors).

szasi COS( mq = 1$0£ 1)01 + GD@ 2) ug .-+, C(@Sr ) u
and hence:

plef’ cglpwl’} 2{ § elg?eos(,) g cc (,)-p 422
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If the first term in the upper bound gseater tharS; thendefinitely the bounds satisfied. This

means that:

P{|BI" ¢ glBwi’] :Pfcos?( D Z 0=, (0d 1 =F()d 423

Q N
>

<

This 1 s the exact s a[fbebutdoeking dtit as Vecta meingprojeated 0 s
onv0s scaled by Ub6oslirectiors eemeals tioat thet peoloability gredicted by the

theory is much less than the actual probability for the following reasons:

1. The actual integral of the congmhent event is replaced by an upper bound which is
larger than the exact integral.
2. The probability is computed based only on the first singular value:
a

£ d
Pl c qlew|’} 1 ¢ ¢Fies () q fcad( ) oy 429

I (; neglected

In other wordsthere are cases where the first terrness thanSl2 but the rest of the terms will

pr

compensate that. Those cases are not accounted for in the predicted probability. Which is another

reason for making the predicted probability less than the actual one and hence the

complementary probability greater than theual one. We will compute the exact integral

instead of an upper bound. We can pigko be a ranfone matrix, which is the worst case

scenario of singularity and then the bound will only be satisfied if the value®{g, ) 2 1
q

So the firal step would be to compute the analytic integral corresponding to this probability:

57



PlBlovalBw) 1 a (o d

In

N-3

NP

=yt 2(1 t) 2 dt
Use the substitution:
t =sin’(y) @=0y =0
dt = 2sin(y) cog y) dy @ i y = s‘ihgei
q Vg
N-3

Using integration by parts:

arrdl 8 sirtd 1 ﬁl_cggﬂ
I :2(coé“‘3(y) sir(y))O &g 2+ﬁ & “sif(y) cds*(y) dy

I —25l os‘ée'sirﬁlé 1 66%3 LI
= e 608 ——
" ¢ ¢ Q\/a ++§ q
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25310601 mlél 66%3
o
BT ¥ 1 s
N N-2 Jg N -2 %7

-3 o ~
N 2and, 2siie= 3, = (425

3
2 g =° Vg

Finally, if the matrixvector multiplication was repeategtimes then the probabilities will be

N -
N

raised tos since these are independent events.
4 s 4 g
va(')”} 2 (gl 1¢$/z\/ﬁ , (4.26)
c'PV gq.
a2

where N 2 2;¢g 21;usually §= 5% @; 410 and:
ch =+

(8] ¢ Vg max

i=1,2;-s

This analytic integral gives a very close probability to the numerical tests when -anmank

matrix is used becausd 8o sources of inaccuracy aeséminated

One intuitive question arisdsereif the error due to a reduction based on a specific
dataseis bounded how can we guarantee that this will still holddffferent input parameters?

To answer this question we need to eswvihe Tensoifree expansion which is needed to prove
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that any otkr input parameter once abrained to the active subspace will produce an error that

is necessarily less than the bound.
4.3.2 Tensor-Free Expansion

This expansioni3] is a generalized version of Taylor expansion that theoretically expands
any Taylor expandabléunction in terms of arbitrargncedifferentiable scalafunctional basis
as shown next.

R(X)= R(¥) *aJ/.l(él L ay( % 0,7y 1

ipj, 3

(4.27)
2 v () oD m), O
A (#70) o B 0) o
which can be written in a shorter form as:
R(X)- /%) A 4 Oy, (8" ¥ (428)

K=Lip iy, 2 j=1
where xi R" is the parameter vectorb6s are the bEéss avect dres o
differentiable basis functions.

Next, we show thathe m responses from a nonlinear functicfr(X) can be constraineth a

subspace and hence can be ugygmemded.The individual components of the response vector

can be written as:

M, =f(x), p %21

where[Y] ,is thep™ component of the response vegfoAssuming that the function$,, (X) are
integrable everywhere in the parameter space, implying that therendxisttionsz, such that:
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&:[y]p =f,(x), p &2,--m | (4.29)

Without loss of generality, we pick = g and assume that the integrated functipyere smooth

and can beTaylor expanded and hence can be expanded usingetis®rfree expansion as

follows:

2,(9=4 & v (479wl WY A U5

K=Liyipsig 4

whose derivatives with respectxare given by a vector:

p7,(9 8 & v (479 w( 4 58 1

k=L jpogi ok 2

This expansion was developed in support of graehesed reduction algorithm described
section 3.2.2The previousexpressionmplies that the derivative at any point in the parameter
space may be viewed as a linear combination of a numbervettors. By randomly sampling

the derivatives, one could identify a basis of reduced dimension that approximates the égrivativ

anywhere in the parameter space, and uppand the error resulting from the reduction.

Next form a super vector that aggregates all the derivatives for ai, fiuactions as

follows:

g=%a (X" .. By g '
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Since one can find a basis in th@rameter space that can uppeund the construction error for

each of thepz, (x) vectors, one can find another super basis that upper bounds the construction

error for the vector g. This was proved in earlier work utiiegdea opseudoresponse

Now, design a matriK such that:

Ki R™™ 4K, .. K]

where K p Is the null matrix except thp™ diagonal element is given bk £:1.0. This

matrix is designed to pick the derivative of the functzgpmith respect to th@" vector in order

to take advantage of E(1.29):

Kg:' %
B

£
ooy
J

This equation implies that given a subspace that constrains the geatbrthe reduction errer
upperbounded,one can find a subspace for the vegtowhich alsoensures that its associated

reduction error is uppdyounded.

4.3.3 Numerical Inspection of Different Distributions used toconstruct Error Bounds:

The previous discussion gave rise to some important questions suahhasif the
singular values of the matrix were close to each other? This means that the other singular values
(that were neglected in the analysis) will render the bound much largetht@aactual norm

which will result in a nofrealistic bound that can be orders of magnitudes off the actual tiorm.

is desirable that the probability of failuievery small and that the multipliec/a (we will call it

h from now on)is as close to 1 as possible. This meansthiegireferabledistributions are those
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that have a small area under the pdf curve from:b/{@)2 then a sharp increase frcilcnf/72 to 1.
This is exactly the opposite caskEboth normal and uniform distributions whiexplains why
thesedistributionsresult in a conservativerror boundThe advantage of the normal distribution
is that it allows one to calculate the bound analyic@ne however can inspect other forms for

the distributions and calculate the bound numerically as shown p&0sy106]:

S,

o 5 S
P{||B||¢hg§§ Bw/ H} il =1 po (9t g 1=( g (4D ) (4.30)

This allows one tocompute the multiplier? for a generaldistribution and a usedefined
probability. For illustration wepick s = 1 and probability of failure p; (h,D)d:O.l then
numericallysearch forh that makes the actual norm less than the estimated one in 90% of the

cases. This is repeated for madigtributionsand the multiplier/? is tabulated in table. lin

practice, after deciding which distribution will besed and numerically computing the
corresponding multiplier, the random matBxwill be replaced by the error matrix which is a

problemdependenérror operator.

63



Figures 4-1 through 43 depict the comparison between using the normal, uniform and

binomial distributions with a probability d&ilure p; (h,D) ¢0.1.

Frequency

Frequency

Uniform Distribution Pr(failure)=— 0.0019
600 ‘ 10 -
(
500 8| ]
==% |
400 e f
E o |
300 —
=
200 =
o
-t
100 |
o .
-1 o 1 % S50 10
R.V. (w) Estimated Norm 77 || Bw||
Fig. 4-1. Uniform Distribution.
Gaussian Distribution Pr(failure)=— 0.002
2000 10 / : 7
__ s |
1500 = /'
§ G| | :
1000 =
=
=
=
S00 - o |
0] 0O .
-5 0 S L0 ) S50 100
R. V. (w) Estimated Norm 77 || Bw||

Fig. 4-2. Normal Distribution.
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Binomial Distribution Pr(failure)=— 0.0037

6000 10

S5000; — s S

4000 1=
=3 E 6
g =
=.3000] 1=
= = 4a .
= 2000/ 1 £ ,

—-r
10007 1 2
: 0 - ,
o s 10 o s 10
R.V. (w) Estimated Norm 77/|Bw||

Fig. 4-3. Binomial Distribution

The figures show that fixing therobability of failure gves the least multiplier? when
sampling from the binomial distributiofrurther, thesame distributionmesults ina lineartrend
with narrow scattearound the 4%legree solid red linenplying that for tke failed instances the

actual norm will be very close to the estimated one.

4.3.4 Proposedinomial Estimator b(s)

It is instructive to questionvhy binomial distribution unlike the normal or uniform
distributions as used by Dixon, Kenney, LaGudmundsson, and otheexhibits this appealing
behaviorin which the estimated bound is very close to the true evdesshed some light on
this question in this section.

It is undeniable that the Gaussiéire., normal)distribution is the most widelysed

distribution in many naturally and marndriven systems and has beenmell studied and
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analytically explored byractitioners and scientists from various backgroufdsddition due

to the central limit theorem and loosely speaking, the interactioveba many distributions in

most engineering problems can be well approximatea@ Grussian distributio®notherreason

for using a Gaussian is the existence of the lemma discussed in section 4.3.1 which assures that

the pdf required to compute an analytic form for the probabilistic statement is known:
_ Al n-1 6. (n-3)
pdf, ()= b -:9-4%(1 9" %

To mimic this work for the binomal distribution one needs to look at the distribution of the
squared components of unit vectors drawn from a binomial distribution. This is carried out
numerically revealing that the resulting distribution is also Gaussian with a mean and standard

deviaton that depends solely ®&) the length of the random vector. If one fixes the lower bound

aun? - (t m?
of the probability of successp, =1 &€ e >’ dt in case of using a binomial
P2 s

dun? 5 (N-s)/

distribution orp, =1 &nt 2(1 t—) 2 dt in the caseof using aGaussiardistributed random
&o

unit vector, it is easy to numerically determine the value @dr each case.

This relation can be explored further by fitting a curve to predict the valéeabfanyN. This

can beseen in figure 4.
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Fig. 4-4. Multiplier Values vsN.

From the previous figure one can infer that shean be modeled as a quadratic function ifor

the Gaussian case., N =& (hG)2 +a° /¥ & andas a power function for the binomial case

NB:alB(/;B)aZB from the observation that forp, ¢ 0.3 h° decreases withN, where the

superscripts G, B refers to Gaussian and Binomial Distributiespectively. This can be

G G c)? G
N”- & +(al ) aie ;. For the shown caser1 the Gaussian case gave

rewritten ash® = = .
%  4ag) 22

the coefficientsal =0.01545,a° =0.032263 =1.0< looking at these constants reveals that

hG<iG\/W B/Nthis is consitheprgwhenpwi & h 6D iardothud s

V&
a =10 which means that the multiplier will b(i/ga«/ﬁ° 7.979/N . Whereas fitting le

binomial case gave thata®=1.138E -7 and a; = 64.766¢ or in other words,

h® =1.28N"%"** as shown in figure 4. Many facts can be inferred from the figure, for

67



instance, adl increases thé@® increases, on the contraryMsncreases?® decreaseas long as
p, ¢0.3. This is a very appealingehavioras one should not amuchfor the value oN when

dealing with the binomial distributioimstead the value alN = 2 (minimum) can be safely used

for it corresponds to the maximum multipli€&urthermore, théigure shows how the binomial
distribution gives a multiplier that significantly less than the one from the Gaussian distribution
rendering the estimated notim be norconservative enough to lend it more robustniBiext, it

is natural to look at how does the probability of failure affect the relation between the binomial

multiplier #° and N. Figure 4-5 performs this inspectiorand reveals that forp, >0.3 the

multiplier #° increases as a consequence of lakger

p,=0.99
p =09
p=0.8

p =0.7

p =0.6
p=0.5

p =04
p=0.3

p =02
p =0.1

p =0.01
p =0.001
p =0.0001

1.8+ a

1.6 g

® © ® @ © 0O @ @ &8 O @ 0 O
-

1 1 1 1 1 1 1 1
200 300 400 500 600 700 800 200 1000
N

Fig. 4-5. Binomial Multiplier vs.N for different probabilities of failure.
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44 Propagating Error Bound s acrossDifferent Interfaces:

Here we are concerned with theopagtion oferror bounds across variolesvels thats
to estimate the error due to both reductions based on a reduction in the parameter space only, and

a reduction in the response of interest spadg. This can be regarded as a brick in the multi

physics error estimation framewdrk07]. Consider thghysical modely = f (X) . Let

X=[x % - x]andy Fy y - y]

where the vectorsx0 s ar e gemaraded mdalizations for the parameters whose

corresponding responses are given by:

Y, = f(x)
Let
x*=u"yrx;
where u(;) defines a basis for the parameters active subspace. Next, define:

Y=gy % 0 W §

X

with y* = f(US)UWx). Note that the vectoly* corresponds to the response value resulting

from a single reductioim the parameter space. Next, define:

—yyr
vy =ullytry
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where UV

snapshots matriX (obtained fronthe Gradienfreeagorithm). Let
xy = 1)y x
Y¥=U,/UL"Y
This equation implies two reductions, one embedded* due toa reduction in the parameter

L S )yl
space followed by another reduction in the response spacthevigrojectorU,’Ul" . To

calculate the t@l errors resulting from both reductions, define the follovarmgr bounds:

€ = hmax
y i=1,2; -k

(Y v )w); (431)
is the response error due to parameter reduction, and

ef,’ = hAmax
i=1,2;-k,

(Y v)wl; (4.32)

is the response error due to resporeskiction.Then the response error due to both reductions

can be calculated from:

P{v-v~| e 4 (2 ;91 .9 (433

Proof. Fromthecorollaryin sectiond.3.1 one can write:
IP’{HY-YX qe;} b &) (4.39)
Hv-v) e} b &) (439
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But
Y-vo 4y owY) uBUOT(y v .
And hence:

vy

dv ¥ Ll

W‘( Y (4.36)
Provided thatU , has athonormal basis, we know that:

ooty

‘:1.0.

Pluggingthis into @.36), then taking the probability and substituting frof34) and @.35) we
get@.33) . 1

Based on the previous theorem it is possible now to establish a stoppimgprerite the
reduction algorithms based on that the ugpmrnd computed bghetheory should be less than a
userdefined tolerance and once this is achieved then we have found the intrinsic dimensionality
corresponding to this tolerancé. is time now to introduce the definition, algorithms and

applications of ROM in our contéx

4.5 Numerical Tests and Results

In this sectionfwo case studies are presentegupport of the previous discussiois the
first casestudy, the binomial estimator is compared to the Averaged S8waliple Statistical
Estimator and the Subspace Statistical Estimator discussed in section 4.2sc®hdcase

study adopts the propagation technique in sectichtd.a PWR UQ pin cell. A two-stage
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reduction is performed on the parameter level and the response tbeal on both

simultaneously.

45.1 Case Study 1Comparison between SmalSample Estimators and theBinomial
Estimator:

A comparison between the Sm&ample Statistical Estimah methods using both
averaged and subspace estimators, and the binomial variant of the small sample estimator is
presented. This case study employs computing the norm estimates for aNsdigiensional
vector using the three formerly mentioned methods, averaged -Sample Statistical
Estimation, Subspace statistical Estimation, and Bhemial Variant of the small sample
estimator. These estimators will be compared once by fixing thealpitity of success and

search for the least multiplier then fiying the multiplier # thenthe winning methd is the one

giving the least probability of failure. Figude6 depicts the case where the upper bound of the

theoreticaprobability of failure is fixed to 0.1 with a single matsnector multiplication $= 1).
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Fig. 4-6. Comparison between norm estimation methods. Upper left: Small-Sample method.
Upper right: Subspace norm estimation. Lower left Binomial Distribution. Lower right: Norm

Comparison using the three methods. (Pr = 0.1, s=1).

The figure shows that the binomial distribution outperforms the other two methods in this
case as it gives the lowest multiplier= 1.2383 and hence the least conservative bound. Using
the binomial distribution exhibits ¢hfollowing desirable features:

U A linear structure around the 4kegree solid black line which promises that even in the
failed cases the actual norm is very cltiséhe estimated one.

0  Alessconservative estimate is constructed which reflects a more robust and realistic bound
without violating the expected failure probability.

U  The binomial distribution shows less variance as can be inferred from the lower left and
right graphs, this explains that most of the tests will be very close to the actual norm.

U  Worst case scenario occurshat 2 which means that however large Wathe analyst can

avoid precomputingthe corresponding multiplier and uses the one correspondiNg-t&
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using a conservative bound but still far less conservative than the other methods using

standard normal distributions.

Next to give room forthe subspace condition estimator to betierform we need to
increases and hence use more orthonormal vectors to enhance the performance of that method.
Figure 47 compares the methods usisg= 4 and still use the multiplier values results in a
comparable probability of failure of 0.1. The figighowsthatwith as low afour matrixvector
multiplications (or four orthonormabasis vectors for the subspace method), the binomial
distributioncanpick a more accurate estimate.

Figure 47 supports that the binomial distribution exhibits a significantly less variance
(lower left corner) and a closer mean to the actual mean where the remaining two methods
sometimes are off by two orders of magnitude from the actual norm as can be infanetdr
right lower corner. It can be concluded from a quick peak to the top two graphs that both tests are
identical in the estimated norms, this is obviously because only one random vector was used (i.e.,
s=1). This will not show the significance of tkabspace estimator until more vectors are used.

Figure 47 depicts the same test using 4 random vecgsrsd).
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Subspace norm estimation. Loweit: Binomial Distribution. Lower right: Norm Comparison using
three methodsP¢= 0.1, s=4).

In this casethe Subspace estimator gives better results than the-Samajple estimator in
the sense that it results in a smaller multiplier and éenclose estimate, yet the binomial

distribution is still giving slightly closer estimates and less failed cases. These cases are
conducted based on a probability of failure @f=gp, (#,D) g+0.5623" ®.. This was
selected to be impractically high torce more failures, in practice this probability is taken to be

at leasP, =gp; (1, D) Sg $0.1" 6.000. Figure 47 draws a more practical view of the test.

To correctly predict %99.99 of the cases the estimated norm/bound might reach at least 10 times
the actal norm in both SmaBample estimators whereas this multipligr) will still lie

between 1-2 using the binomial distribution. These values can be verified from tables I,
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[104] for N = 20, m = 4 andp = 0.9999 a =10 which are similar to ourN, s, pand /

respectively).

x10® P 0001, Py = 00001, 7 =115 9P~ 0.001, P, = 0.0001, 7= 10.9
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Fig. 4-8. Comparison between norm estimation methods. Upper left: Saaiple method. Upper rig
Subspace norm estimation. Lower left: Binahistribution. Lower right: norm comparison using 1
three methodsP = 0.0001s= 4).

Previous tests examined the performance of the binomial estimatovorSmaltSample

Statistical Estimation by fixing the usdefined probability of success. What if the multiplier

is fixed, which estimator will outperform the rest?

Figures 49 through 4-11 illustrate the cases where the multiplieris userdefined and the

probabilities of failure are inspected along with the error from the actual norm in each

case.probabilities of failure are inspected along with the error fromctoal norm in each case.
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Fig. 4-9. Comparison between norm estimation methods. Upper left: Saaiple method. Uppe
right: Subspace norm estimation. Lower left: Binomial Distribution. Lower right: norm comps
using the three methods7 €5 ,s=1).

Figure 49 clearly shows that a multiplier of 5 is too large for the binomial estimator and
unlike the other methods where some cases lied close to {tiegdée solid line showing that
actual norm can still be closw maybe larger than the estimated one, the binomial estimators
were all very far from the line which means that these bounds (estimators) are impractically
conservative. This motivates the use of the multiplier values from the binomial distribution for
al other methodsmoreover the bottom right graph is replaced by relative errors in norm
estimation instead of plotting the nowalue because these values are expected to be close to

each other for the three methods since we have forced the same emultipli
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right: Subspace norm estimation. Lower left: Binomial Distribution. Lower right: norm comps
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It can be seen in figure-H0 that the binomial estimator can be within a factor of 1.241
from the actual norm and still gives a probability of failure that is less than 0.1 using a single
random vector multiplication, whereas in both Sr&dimple variants the probability of failuie i
exceeding %50 for the same factbr=1.241 . However, Even with the sammaultiplier, the
binomial estimator relative error is from3Lorders of magnitudes less than the other Small
Sample methods. This can be enhanced even more using 4 random vector multiplications (i.e.

s=4 implying 4 orthonormabasisvectorsin the subspace estimatorethod) as shown in the

following figure.
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Usings=4 enhanced both the Sm&ample and the Subspace estimators but the binomial
distribution still gives a probability of failure op, :(0.1)4 =0.000: , where the probability of

failure for both SmatSample and Subspace estimators methods are reduced to 0.242 and 0.2

respectively. The relative error is still at least one order of magnitude less than the other two.

4.5.2 Case Study 2: Bounding a Ndinear Vector-Valued Function.

In this case study, a nonlinear muktisponse function is tailored smlequatelyassess the
outcome of nonlinearity oractive subspace identification algorithmompare the classical
GradientBasedmethodology to the use of the pseudo response trick and finally compare the

binomial estimator to Smafample Statistical Estimators showing how these methods can set a

priori bound and use it for future runs. For these goals consider the futyctidr( x) where
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xI R® andyl R™. Suchthaty=(y[ y )T ;

:(alTx (abéz cos(§>) sir(d} talﬁé%)T;

=&os (¥ sif(dy tai(d) & 1f 148 ¢

0

and
e,r : 2\ g
Yin =§X sin 6}1 COS( g, x +612 ) SII'( & X ( -%2)<) C
where the (*) operator stands forthe product of corresponding elements, i.e.,

alﬂi((rahxl A X% o @5)1>gS)T.It is obviously clear that ma

either linearly or nonlinearly. Also among the components itfelf, few constraints are added
to inject some correlations and hence reducibility. The gradient is analytically computed using

the symbolic differentiation in MATLAB and the pseudo response is defined such that

R™=pTy: whereb is a random weigtg vector, the derivativsof the pseuderesponsgare

W

ij

stored inJ where the derivatives of the original individual responses are stor[@lkﬂrul =

The Simgular Value Decomposition (SVI)93, 9] for both derivatives are carried cantd based
on that the orthonormal columns of the active subspaceshé&wmwhole function and the
individual responses are identified from the left singular matrices Jrand G respectively.

The following first set of figuresdepict the comparison betwedhe binomial estimator, the

Averaged SmalBample Statistical Estimation and the Subspace Statistical Estimator and their
ability to estimate the norm of error vector due to projection onto the active sub@ﬁéce

extracted from the sensitivities of  pseuderesponses ie.,
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The figuresdemonstratehe same result of the binomial estimator outperforming the averaged
and the Subspace Statistical Estimator giving the least multiplier fewitbr failures (higher

actual probability of success). This is showing that the methodology not only works for
estimating random norms but also predicts reasonable estimates for the errors resulting from
constraining the inputs to the proposed active subsde figures defend the claim that the

high nonlinearity might affect the quality of the basis and hence increase the errors for a given
sizeof the activesubspace but this nonlinearity will not affect the accuracy of the estimators and
hence the estimateztror bounds will reflect the quality of the active subspace suggesting more
sampling and better basis. Next set of figures (i.e., from-2§ t 4-37) assess the bounds for

new runs showing whether these bounds are violated once new perturbatiorsf@mea

given that these perturbations are still constrained to the same subspace.subspace but this
nonlinearity will not affect the accuracy of the estimators and hence the estimated error bounds
will reflect the quality of the active subspace suggestioge sampling and better basis. Next set

of figures (i.e., from fig 24 to 4.36) assess the bounds for new runs showing whether these
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bounds are violated once new perturbations are performed given that these perturbations are still

constrained to the same subspace.
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It is noteworthy thaty,, gives an extremely large error which reflects that this particular

responseavas not efficiently captured by the active subspace and thus theagskto sample to

add more basis vectors to the active subspace if this individual response is of hagh. inter

Next, we compare the subspaces extracted for each response individually versus the
subspace extracted using the pseudo response. FigB8thd 450 are dedicatetb that goal,
each figure illustrates the error in one response due to projection onto the subspaces extracted
based on each response along with the subspace extracted based on the sensitivities of the pseudo
response. It is intuitive to expect that for instance, theran a certain response will be
minimum using the active subspace extracted from the sensitivities of that same response, but

how will it the other subspaces behave? The answer can be inferred from the following figures.
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Fig. 4-38. Errors in y, due toprojection onto all subspaces.
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Fig. 4-39. Errors in y, due toprojection onto all subspaces.
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Fig. 4-40. Errors in y, due toprojection onto all subspaces.

0 100 200 300 400 500 600 700 800 900 1000
Test Index

Fig. 4-41. Errors in y, due toprojection onto all subspaces.
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Fig. 4-42. Errors in y, due toprojection onto all subspaces.
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Fig. 4-43. Errors in Y, due toprojection onto all subspaces.
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Fig. 4-44. Errors in Yy, due toprojection onto all subspaces.
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Fig. 4-45. Errors in Y, due toprojection onto all subspaces.
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Fig. 4-47. Errors in y,,
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Fig. 4-48. Errors in y,, due to projection onto all subspaces.
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Fig. 4-49. Errors in y,, due to projection onto all subspaces.
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Fig. 4-50. Errors in y,; due to projection onto all subspaces.

From the previous figures and discussion, one can infer that although the subspace
extracted from an indidual response will lead to the least erfor the givenresponsgit will
not be representativa other response On the other hand, the active subspace extracted via the
pseudo response representative of alesponseand results in errors that are comparable to the
single response active subspaceother words, if we consider the whole problem (i.e., all the
responses), we will find that the pseudsponséasedsubspace outperforms the individual

active subspacder the same sizédf course one can take that to the next level and solve an
optimization problem to get the optimum weiglts: such thatR™**= Q;ty minimizes the

error for that subspace siz&€his is beyond the scope of this wpdspeciallythat thesubspace
captured by the random pseudsponseaives an acceptable errofhis conclusion can be tested
if all the active subspaces are plotted and the relative position or angles are visualized. One

obstacle is the high dimensionalitf the subspaced-or illustration, we showhe first three
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components of the active subspacé&igure 451. The figuresupports this conclusion and hence
defends the claim that the pseudo response is an essential entity in identifying the active
paramete subspacdor vectorvalued functionsespecially when the number of responseass
largeas nuclear reactor applicatiotisis number is typically in the order of 400° which means

that to get the parameter subspace one needs to firiDactive subspaces and then somehow
aggregate thento find a single active subspace which isipractical in reactor physics
applicationsFig. 451 illustrates few of the active subspaces with the red subspace places such

that it gives the minimum error amg all the active subspaces as shown in the former figure.

Principal Dr. 3

4 AS_

Principal Dr. 2

Principal Dr. 1

Fig. 4-51. Active Subspaces from individual responses and from the pseudo response(showing
only the first 3 principal directions).

45.3 Case Study3: Propagation of Error Bounds.

This case studgims to employ the estimator to construct error bounds due to reduction at
different interfaces, for this purpose a PWR A4ffih cell model is engaged enthree steps test
wherethe reductionis performedat the parameter level, then on tewte level then bothA
PWR UQ pin cell is depleted to (3.0 GWd/MTU) and is used as the refer@maghich the

active subspace extraction is badeok that purpose SCALE 6.29] is used, sequences like t
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depl tnewt and tsunar2d are needed for depletiongutronics and sensitivity analysis
respectively.

The original parameter space contains 7 nuclides * 2 reactions * 238 energy groups = 3332
parameters, whereas the nominal dimension of the response isp288 representing the
material flux at 238 energy groups usual the probability of failure is intentionally picked to
be huge (10 %) which gives room for some failures to occur. After making a statement about the
probabilistic error bound for this aasand extracting the active subspaces, these subspaces are
then tested in completely different conditions. The goal here is to check if the 3.0 GWd/MTU
was the proper point for designing our spaces? Are the spaces capturing all the expected physics?
Shall they behave as good when the some of the conditions change, (say temperature for
instance)? And most importantly, will the error bound act as an alarm for the user to direct him
to go sample the active spaces at different conditions or even advise hdohrtwee directions
to hissocalledii mportant directionsodo spanning the acH
another case is employethis time the initial composition came from a depletion of 24

GWd/MTU and at roontemperature.

Next Figures. 452 through4-59 display the resultdue to reductions in parameter and/or
response spacein the oddnumbered figures, the response is the total collision rate in the
energy range 1.85 to 2.35 MeV. The even figures show the same response but in the thermal
range between 0.975 and 1.0 eV. We use these small ranges to depict the power of the reduction
in capturing localized responses. In each of the figures, the left graph compares the actual error
resulting from the reduction to the error bound calculatech fim. (413). The 45degree solid

line indicates the limit of the failure region, i.e., when the actual error exceeds the bound
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predicted by the theory. The right graphs show the actual variation of the response due to a

random perturbation of 30% in thaameters.

r =100, Pr(failure)=0.074074 Error bound vs actual variation
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Fig. 4-52. Fast Collision Rate ErroisParameter Reduction Only

rx=100, Pr(failure)=0.098765 Error bound vs actual variation
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Figures 4-52 and 453 show a parametarnly-based reduction, meaning that the reduction is
renderedn the parameter space. Both the level of reduction in terms of the rank of the active
parameter subspacg and the actual probability of failure are shown on the top of the right
graph.The readershould remember that we pickednd the multiplier in eq. (43) such that the
probability of success is 0.9. In realityis picked to be 5 which results in a probability of
success of 99.999%. Figd.54 and 455 employ responsbased reduction only, implying no

reduction in the pameter space. The rank of response active subspaces indicated in a

similar manner.

ry=100, Pr(failure)=0.049383 Error bound vs actual variation
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Fig. 4-54. Fast Collision Rate ErroisResponse Reduction Only
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Error in Collision Rate due to both reductions (rx=ry=100),

Pr(failure)=0.098765 Error bound vs actual variation
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Fig. 4-57. Thermal Collision RateBoth Reductions.

The previous six figures are for a 3 GWd/MTU depleted pin cell used to construct the bounds,
notice that the reduction errors calculated will depend on whétegrarametebased reduction
captures the important parameter directions that control the model response variations.
Moreover, the response reduction, if not captured correctly, will miss directions along which the
response is expected to vary. This gibrawill be clearer when we consider different physics
conditions as done in the next case study.

Next, the following six figures emplohe active subspaces extracted from the previous
reference model to predict the response variations at differentcphg@nditions. We employ a
24 GWd/MTU depleted fuel simulated at cold conditions. This emulates the effect of starting up
a reactor with a onekurned fuel.
Figs. 4-58 through 463 correspond respectively to Figs:52 through 457, where now the
model isbeing evaluated at different physics conditions, using the reduction results from the

previous case study, i.e., same ranks for parameter and response spaces, same responses, and
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same size of parameter perturbations. The idea here is to check whethed#éheaaduced at hot

conditions could be employed at sufficiently different physics conditions.

rx=10l], Pr(failure)=0.074074 Error bound vs actual variation

8 8
6f 26
= =
g 2
e —
= 4 g4,
g e 2 ® *
1.; y g * “M
- ‘ ® T O FE . fg
2r e e < 21 &
4 ég 5
% ¢ *** ’%‘:Mf:,ﬁ* *
*:*’g& -
0 g% *1x
0 2 4 6 8 0 2 4 6 8
Error Bound (%b6) Error Bound (%)

Fig. 4-58. Fast Collision Rate ErrorsParameter Reduction Only
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Figs. 4-58 and 4-59 show that the actual errors and the predicted bounds due to the
parameter reduction are slightly higher than the errors in4i§2 and4-53. This indicates that
the active subspace extracted using the reference model have approximately the saofie level
accuecy at new physics conditions.

Figs. 4-60 and 4-61 behave in a different fashion, where now results indicate that the
actual errors and their bounds have noticeably increased beyond those hF4gmd 4-55.
This indicates that the respons¢she new physics conditions are changing along new directions
in the response space that are not captured by the reference physics models. Also, notice that in

all cases, the actual probability of failure is always less than the theoretical vala&%f 1

ry=1 00, Pr(failure)=0 Error bound vs actual variation
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Thefollowing table shows a comparison betweenréduction errors in case of parameter
reduction, response reduction and simultaneous reductions for selective responses. The table
shows that error bound for both reductions is greater than or equal to thef shentwo error

bounds for each interface separately which numerically prove 88).(4.
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Table I. Errors at Different Reduction Interfaces.

Energy(eV) Parameter Reduction (%) | Response Reduction (%) Both (%)

1E-01-1.25E01 3.440119127 1.96191E07 3.440119194
5E-02-6E-02 3.349602423 2.0457E07 3.349602447
6E-02- 7E-02 3.955629492 1.97934E07 3.955629436
7E-02 - 8E-02 3.7945243 2.53609E07 3.794524287
4E-02 - 5E-02 3.44621065 1.9803E07 3.44621063§
1E-02-2.53E02 4.188254639 1.21176E07 4.18825466
8E-02 - 9E-02 3.453572923 3.03608E07 3.453572969
3E-02- 4E-02 3.902596376 1.47336E07 3.902596405
9E-02- 1E-01 3.433820983 2.47241E07 3.433820863
1.25E01-1.5E01 3.526796356 2.4417E07 3.526796456
2.53E02-3E-02 3.752223964 9.76915E07 3.75222389
1.5E01-1.75E01 3.70786145 1.63389E06 3.707861774
1.75E01-2E-01 3.445241801 4.65338E06 3.44524029
7.5E03-1E-02 5.357536753 1.0331E05 5.357536306
2E-01-2.25E01 3.952214865 1.43248E05 3.952211457
5E-03-7.5E02 7.886686911 1.28685E05 7.886686507
2.25E01-2.5E01 3.352496404 5.18546E05 3.352499921
4.0E03-5.0E03 7.322258969 0.000120071 7.322260748
2.5E01-2.75E01 3.620834966 0.00010714 3.620834811

3.0E0371 4.0E03

7.887529058

0.000171297

7.88761267§

2.75E01- 3.0E01

4.290836693

0.000178194

4.29087128¢

5.0E0Q 5.4E00

3.563834792

0.002618404

3.564156127

3.0E01-3.25 EO1

3.572903889

0.000407313

3.57302442¢

4.0E01-4.5E01

3.701153845

0.001769107

3.70137785]

2.5E03-3.0E03

7.004411863

0.000816018

7.004288304

4.75E005.0E00

3.229780944

0.008471093

3.23164588§

4.0E004.75E00

3.257848945

0.007573203

3.258867235

3.25E01-3.5E01

3.599056621

0.000905715

3.598498847

4.5E01-5.0E01

3.228058887

0.004004937

3.22862494

2.0E03-2.5E03

8.00777732

0.001022243

8.007345547

5.5E01-6.0E01

3.268039191

0.00951038

3.265611306

5.0E01-5.5E01 3.456567367 0.007802879 3.457179184
3.5E01-3.75E01 3.471976284 0.001599284 3.472051206
1.5E03-2.0E03 8.404778008 0.001760966 8.405178647
3.75E01-4.0E01 3.549323071 0.004358526 3.547520923

1.0E03-1.2E03

2.933508304

0.005250533

2.934386114

3.05E+025.5E+02

2.844417009

0.04124776

2.84356193¢

5.40E+066.00E+00

4.074100721

0.016322211

4.07494469§

6.50E01-7.00E01

3.570617637

0.034846603

3.56734263

6.00E01-6.25E01

3.299556823

0.040263079

3.314687676
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Table I. Continued.

Energy(eV)

Parameter Reduction (%)

Response Reduction (%

Both (%)

8.10E+009.10E+00

2.979535709

0.053468195

2.971807272

1.20E03-1.50E03

8.806732958

0.005031538

8.80763299¢

6.25E01-6.50E01

2.85300282

0.048711304

2.85797193¢

7.00E01-7.50E01

3.000604253

0.032137416

3.00553380§

1.22E+021.86E+02 3.096156876 0.14700422 3.09838686§
1.86E+061.94E+00 3.30643634 0.435769093 3.274282031]
7.50E04-1.00E03 10.14884207 0.008543768 10.14911996¢
3.15E+063.50E+00 3.304932906 0.70442187 3.32199467§

7.50E01-8.00E01 3.481919803 0.110131449 3.485124135
1.00E03-1.20E03 8.921925394 0.025576981 8.926885303
8.00E01-8.50E01 3.340759312 0.083782018 3.344441834
8.50E01-9.00E01 3.408852916 0.074667076 3.398109037
3.73E+0064.00E+00 3.267999643 0.588855401 3.277918267
5.00E04-7.50E04 10.9842659 0.026901158 10.99812037
1.50E+001.59E+00 3.229417345 0.569922291 3.270350255
1.77E+001.86E+00 3.363233823 0.632339006 3.427290995

2.00E+0062.12E+00

3.121457334

0.486267471

3.213677634

1.94E+062.00E+00 3.14323654 0.707228962 3.249938464
1.00E04-5.00E04 10.31416024 0.035525182 10.3148048¢
1.40E+0061.45E+00 3.18535022 0.794470291 2.84917482
1.35E+0061.40E+00 2.438763758 0.765872509 2.47824448¢
1.45E+0061.50E+00 3.671618674 0.611078126 3.782569923

1.30E+0061.35E+00 3.454533038 0.416090082 3.651712544
3.50E+003.73E+00 3.175719636 1.04835234 3.02546859§
1.68E+0061.77E+00 3.158062497 0.459241369 3.082581375

1.59E+0061.68E+00

2.979590178

0.673087997

2.840554963

1.15E+031.50E+03

3.228473236

0.949831745

3.528308305

6.83E+029.50E+02

3.25350879

0.563854646

3.326281454

1.44E+011.51E+01

3.971263281

0.36431594

4.03736115¢

1.38E+011.44E+01

3.416538128

0.7029957

3.3529768

1.25E+0061.30E+00

3.460826456

0.370328831

3.32033501§

8.20E+019.00E+01

3.616811469

1.051309343

3.766329772

2.57E+002.67E+00

5.429779234

0.113663378

5.472640915

1.70E+011.85E+01

3.585454991

1.220966558

3.756504833

1.00E+011.15E+01

3.766336589

0.880316917

3.699577556

2.67E+002.77E+00

5.36234571

0.09530898

5.350362995

2.47E+002.57E+00

3.686998979

1.120642066

3.926400591

3.90E+036.00E+03

2.938200081

0.994489016

3.003289723
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Table I. Continued.

Energy(eV) Parameter Reduction (%) | Response Reduction (%) Both (%)
1.85E+062.35E+06 3.176916754 1.745885613 3.087929813
3.00E+064.30E+06 3.219765218 1.536677144 4.01260657

1.50E+061.85E+06

3.208845536

1.238970135

3.33348812¢

9.10E+001.00E+01

3.008185386

0.831895875

2.921320334

2.40E+022.85E+02

3.280331754

1.461150385

3.34838823¢

9.00E01-9.25E01 5.900216027 0.217383742 5.84683601
2.00E+052.70E+05 3.175679906 0.380489859 3.12146127
9.00E+011.00E+02 3.302432797 0.799491871 3.336966003

1.70E+042.50E+04

3.162743498

0.598742178

2.929230334

2.12E+002.21E+00 3.05428968 0.411605753 3.11842038¢
6.00E+006.25E+00 4.832544945 0.171753354 4.795208137
2.38E+002.47E+00 2.72963177 0.77101732 3.013134903

2.10E+022.40E+02

3.282014086

1.783145197

4.011639266

2.48E+063.00E+06

3.220309362

1.920806293

2.831543037

9.50E+021.15E+03

3.033028898

1.357191091

2.742660931

9.25E01-9.50E01

6.634054631

0.205969842

6.698071554

3.00E+044.50E+04

3.067794821

0.60935555

2.79227243¢

1.50E+052.00E+05

3.178987788

0.448914218

3.10929216

2.21E+002.30E+00

2.666092295

0.517205142

2.67572875§

5.50E+026.70E+02

3.388384206

1.817784541

3.976954492

2.77E+002.87E+00

3.064841491

2.00378162

3.143030637

1.19E+011.29E+01

3.018142829

1.225637723

3.303674481

2.70E+053.30E+05

2.972939308

0.395030859

2.90421054

2.25E+012.50E+01

3.230008405

1.376279935

3.236231644

3.18E+013.33E+01

3.415804606

1.037478497

3.25407874§

9.50E01-9.75E01 6.682313603 0.191869864 6.70300759
2.30E+002.38E+00 3.036527504 0.510561599 3.093250825
3.30E+054.00E+05 3.159357046 0.319790829 3.110190193

6.00E+038.03E+03

2.987608679

0.997613659

2.89094669¢

9.50E+031.30E+04

3.153772264

0.644871842

3.382349245

2.87E+002.97E+00

3.381593419

0.609806148

3.318457369

4.10E+014.24E+01

3.630283599

2.251093178

3.060625834

9.75E01-1.00E+00

14.67190246

0.080256984

14.69449436

5.34E+015.90E+01

2.995121721

0.945342045

2.945282557

1.80E+032.20E+03

3.221452043

1.049650986

3.499907353

1.51E+011.60E+01

3.244212774

0.713549379

3.324859705

1.23E+0061.25E+00

4.120721904

0.592750393

4.10324626§

1.15E+0061.18E+00

6.757476819

0.188408885

6.78605527§

2.75E+013.00E+01

2.98640029

0.70862293

2.81875584

1.18E+0061.20E+00

5.51424824

0.592085803

5.353111837
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Table I. Continued.

Energy(eV)

Parameter Reduction (%)

Response Reduction (%

Both (%)

1.20E+0061.23E+00

6.519062845

1.032079949

6.787587662

1.00E+051.28E+05

3.106382777

0.379456487

2.90765335]

3.05E+003.15E+00

3.156117489

0.640844263

3.110611465

3.00E+033.74E+03

2.959276793

1.26489337

3.143872342

1.29E+011.38E+01

2.780480768

0.893004549

2.794946271

2.85E+023.05E+02

3.414493735

2.186812974

4.33111915

1.60E+011.70E+01

3.026020104

0.926802482

3.14107531¢

2.50E+012.75E+01

3.276564717

0.855370687

3.044203329

6.25E+006.50E+00

7.718007084

0.159837643

7.743665695

6.00E+056.70E+05

3.111038929

0.379657044

3.103192327

7.50E+058.20E+05 3.138093844 0.473529887 3.047403204
1.30E+041.70E+04 3.040135793 0.841119545 3.057165875
6.79E+057.50E+05 3.087013798 0.441131027 2.95748767§
1.55E+031.80E+03 3.485925075 1.597105019 3.580792575
4.24E+014.40E+01 3.110838432 0.407541857 3.0321975771
2.10E+012.25E+01 3.972201745 0.673281038 3.89828236
2.58E+033.00E+03 3.059333736 1.03751009 3.04530966§
1.93E+022.08E+02 3.945704236 2.392708959 3.052332641
4.40E+014.52E+01 3.063421027 1.343540369 3.08832264¢
3.96E+014.10E+01 3.476759919 1.156999111 3.555916767
1.00E+021.08E+02 3.786351292 1.133611191 3.766836025
5.00E+035.50E+05 2.771590123 0.329781379 2.769015993
6.00E+047.30E+04 3.168675541 0.422676647 3.004628167
6.75E+017.20E+01 3.072821349 0.688226534 2.882766621
1.10E+061.20E+06 3.215990021 0.418189124 3.039951691

7.20E+017.60E+01

2.931155169

1.204872421

2.984211672

1.28E+051.50E+05

3.206134953

0.388075407

3.176003786¢

1.19E+021.22E+02

3.422767266

0.629001011

3.326796357

1.08E+021.15E+02

3.317528966

0.638192322

3.36693609¢

8.50E+041.00E+05

3.143749013

0.339079111

3.038985281

3.00E+013.13E+01 3.07794049 0.70222597 3.16283641
8.03E+039.50E+03 3.031021515 0.728528284 3.104140285
1.90E+012.00E+01 4.133089518 4.090490463 4.511339704

2.29E+032.58E+03

2.821658604

1.291395743

3.11700155§

9.20E+051.01E+06

3.249781302

0.376999228

3.20933786§

2.50E+043.00E+04

3.352517707

0.657106035

3.054070866

4.80E+066.43E+06

3.217052189

2.319122544

3.67914225]

7.60E+018.00E+01 2.864366502 0.407879056 2.919077853
6.10E+016.50E+01 2.822762656 1.340351087 2.768349664
1.40E+061.50E+06 3.220109072 0.782115017 3.32546595§
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Table I. Continued.

Energy(eV)

Parameter Reduction (%)

Response Reduction (%

Both (%)

1.01E+061.10E+06

2.850855869

0.349376802

2.79422865

7.00E+007.15E+00

8.589577168

1.104430241

8.61011722S

4.52E+014.70E+01

2.9472128

0.403652145

2.95007791¢

1.85E+011.90E+01

2.743295308

2.218707703

3.38546367

2.00E+012.10E+01

6.313389666

0.715807596

6.487809101

5.20E+046.00E+04

3.189945148

0.473294298

3.047901321

3.00E+003.05E+00

3.328896003

0.560353476

3.322918577

1.86E+021.93E+02

3.484060881

3.379121918

4.520543885

3.33E+013.38E+01

3.449448095

1.525843365

3.99119751¢

1.15E+011.19E+01

3.627915331

2.494369694

3.678287139

8.20E+058.61E+05

3.19292962

0.384499932

3.149225937

2.35E+062.48E+06

3.116400309

1.884333592

3.36153073§

1.13E+0061.14E+00

16.06272664

1.012493116

15.96943347

1.14E+0061.15E+00

13.1215594

1.332576348

12.9162969§

5.90E+016.10E+01

3.259753985

1.062406668

3.17144362§

1.12E+0061.13E+00

19.25408896

0.823583447

19.19507661]

1.11E+061.12E+00 28.40826643 0.73792133 27.70563315
1.00E+0061.01E+00 29.54845937 0.556872689 29.4284275]
1.25E+061.32E+06 3.176745292 0.406012148 3.172296959

1.10E+061.11E+00

25.29329731

0.774812724

25.47794365

3.80E+013.91E+01

3.922997667

3.947742267

4.614513315

4.70E+055.00E+05

3.045699092

0.373784125

3.02149152¢

1.01E+061.02E+00

33.59576825

0.387101223

33.5840984¢

1.09E+061.10E+00 33.95068191 0.428600223 33.85923349
1.02E+0061.03E+00 32.50851034 0.411412637 32.42343229
1.08E+061.09E+00 32.30224322 0.61779347 32.44405121
1.03E+0061.04E+00 33.12480181 0.577589705 33.03925809
1.07E+0061.08E+00 33.98903723 0.54448215 33.9531930§

3.91E+013.96E+01

3.70884527

1.822419546

4.009509314

1.05E+0061.06E+00

34.14680566

0.586645806

34.30480535

1.04E+0061.05E+00 36.22793192 0.58966325 36.1624296§
1.06E+061.07E+00 36.9548458 0.529419599 37.00397494
5.73E+056.00E+05 3.148913957 0.463502702 3.093421134

4.50E+045.00E+04

3.190552737

0.728944164

3.143101155

4.70E+014.83E+01 2.695623736 0.558037829 2.789307483
2.97E+003.00E+00 3.089020785 0.561902161 3.185111705
1.20E+061.25E+06 3.18827519 0.335803718 3.154405387
6.75E+007.00E+00 14.35002581 0.675049151 14.3685254¢
4.40E+054.70E+05 3.203942912 0.350165622 3.139106614
4.30E+064.80E+06 2.851389668 2.397640085 3.502489547
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Table I. Continued.

Energy(eV) Parameter Reduction (%) | Response Reduction (%) Both (%)
7.50E+048.20E+04 3.019653098 0.49038035 2.92751609¢
5.06E+015.20E+01 2.947144339 0.864449708 3.024941283
5.50E+055.73E+05 2.949834038 0.41911658 2.977260384
3.70E+013.80E+01 10.15670657 2.414522085 10.12591683
5.20E+015.34E+01 2.982918243 1.505588734 3.468357397

4.92E+015.06E+01

3.021375114

0.745479296

3.00200507¢

6.50E+016.75E+01 6.177972558 2.480591822 6.278510841
1.36E+061.40E+06 3.174124473 0.580356312 3.095144704
4.00E+054.20E+05 3.217378809 0.31385384 3.16663353
8.00E+018.20E+01 6.523370161 3.214616095 7.12305274§
3.38E+013.46E+01 2.873542407 2.509087363 3.4127157271
4.83E+014.92E+01 3.323443568 0.493222469 3.43098238

1.15E+021.19E+02

3.592186254

6.269392312

5.84961804§

3.46E+013.55E+01

4467109911

5.323014233

4.524150726¢

8.75E+059.00E+05

3.267598485

0.401438877

3.157889337

3.74E+033.90E+03

3.174379477

0.937937011

3.212323745

1.50E+031.55E+03

3.304687874

0.927158984

3.241155242

4.20E+054.40E+05

3.192573025

0.364518198

3.159269541

1.32E+061.36E+06

3.198147667

0.385882945

3.10516558

3.13E+013.18E+01

3.125820739

0.620673846

3.127160324

6.43E+068.19E+06

3.087081522

5.276383593

4.923731049

2.20E+032.29E+03

3.210812464

1.068281042

3.247702304

3.55E+013.70E+01

7.779992563

5.828968455

7.894776261]

1.00E05-1.00E04

13.52273172

14.21245979

11.2026107¢

9.00E+059.20E+05

3.089582199

0.501323351

3.116603694

8.20E+048.50E+04 3.099841581 0.468170183 3.03378280¢
5.00E+045.20E+04 3.3158727 0.549254122 3.195619214
8.61E+058.75E+05 3.26386224 0.40454677 3.17831173
6.70E+026.83E+02 3.242498873 0.404983734 3.226443691
6.70E+056.79E+05 3.108524743 0.392184974 3.01318687§
7.30E+047.50E+04 3.145353031 0.439195326 3.12832051§
8.19E+061.00E+07 3.184262661 4.855364239 5.669018221

6.50E+006.75E+00

39.82442634

67.38295168

56.4444572¢

2.08E+022.10E+02 10.77085537 19.76873596 17.47878447
1.00E+071.28E+07 4.414708119 6.038002502 6.052646317
1.28E+071.38E+07 4.903521462 5.554203188 5.623117927
1.38E+071.46E+07 6.812689533 6.177168865 8.31239257

1.46E+071.57E+07

6.782327127

7.961462528

9.245218544

1.57E+071.73E+07

5.82694347

9.705894792

8.7259121772

1.73E+072.00E+07

8.510243016

13.30405731

10.70046423
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Table I. Continued.

Energy(eV) | Parameter Reduction (%) | Response Reduction (%) Both (%)
max 39.82442634 67.38295168 56.44445726¢
Mean 5.797226707 1.395116938 5.987287655

4.6 Conclusions:

The binomial estimator is presentednd is comparedto two of the most successful
methodologies; the Averaged Sm38lhmple Statistical Estimatorand the Subspace Statistical
Estimator to estimate vector/matrix norms. The proposed distribution and numerical
methodologydefendthe argument that we do not neeedg need to find an analytic closed
form for the probability and that via numerical sampling from a binomial distribati@can
find the multiplier necessary to give a uskefined probability of success. This enables the
analyst to build a robust estate that is much closer to the actual norm than the saalple or
the subspace estimatdssually, these smalkample methods accept a multiplier of the order of
10-100 which gives an estimate that is within two order of magnitirdesthe actual normThe
binomial distribution on the other handjives an estimate that is withinZlfrom the actual
norm. This relaxation in the bounds enabled the analyst to perform more reductions and reaches
a probability of 0.99999 only with the cost of 5 additionadtrx-vector multiplicationsThe
binomial estimator has succeeded to pmrform both versions of Smalbample estimators in
both aspects (i.e., giving the least multiplier for a fixed probability of success and the highest

probability of success for fixed multipliers).
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The binomial distribution showed the tendency to piok-consevative realistic bounds,
furthermoreit exhibits a linear structure around tfalure fence determined by the -di&gree
solid line in the estimated vs. actual norm plot revealing that even for failed cases, although the
actual norm is greater than thdiemted bound but they are so close to each other which lends
robustness to the constructed bound. The reason for this behavior is the very low variance
resulting from the squared components of the binomial random vector compared to other
distributions. Tis low variance negates the divergence of the test points and explains the linear
structure near the actual norirhis work motivates a more rigorous exploration for the binomial
distribution and maybe analytical forms for the probability of success amdttmes relate to

the multiplier #. This is left for future work for the author has mainly focused on the

applicability of the bound in reatorld applications. Having such a reliable bound motivated the
propagation of reductioerrors due toeductiors at different interfaceas shown in case stu@y
This work has equipped previoustieveloped ROM techniques with probabilistic emetrics
that bound the maximum errors resulting fromréduction. Given that reductialgorithms can

be appliedat any of the various mob@terfaces, e.g., parametesgate, and responses, the
developed metric effectivelgropagateshe associ@d errors to estimate an ertmound on the
response of intereghat efficiently predicts th#otal error due to reductions at different interfaces

and thus can be generalized to loosmypled multiphysics problems.

119



CHAPTER FIVE

DEVELOPMENT OF MULTI -LEVEL REDUCED ORDER MODELING

METHODOLOGY (M LROM):

5.1 Introduction

Over the past few decadethe vast majority of computational scientistave been
heavily investing in the developmentmbdeling and simulation techniques. Empowered by the
exponential growth in computing powers, sciest@intinuouslyseekto improvetheir models
by adding additional levels of details (i.e., employing 4mesh fine energy resolutiomnulti-
phaseanalysis tightly coupled multiphysics etc). Although these models are expected to
improve the understanding of thpdysics and physicddehaviors and despite this noticeable
increase in computing powehe performancef such high fidelity modek still handicapped by
the overwhelmingly high computational cost especially when computationally intensive
analyses are of interest suchdasa assimilation, sensitivity analysisjcertainty quantification
and design optimization. To address this challeag®/e subspace identification techniques can
be applied to reducéhe complexity of the original models thufelp realize the goals of
advanced modeling and simulatitechniques

Chapters 3 and Bave showrthata small number of code runs can be used to reduce the
effective dimensionality of the model interfaces. For examygmgry adjoint runscan identify
the active parameter subspace whereas usifgyward runsis enough to capturthe active
response subspaoshererx andry are the intrinsic dimensions of the parameter and response
spaces respectivelyVhile this basic approach proved valuable, and has been shown to reduce

the dimensionality by several orders of magnitude for reactor physics calculations, it may not be
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enough to render ROM practical, especially when the intrinsic dimensionality of tthelamns

too high, which is the case for extremely detailed models operating on leadership computing
platforms. In this chapter, we explore an alternative approadlenidemg a reduction that
significantly reduces the cost of buildiag ROMwhen the exadion of the full model either in

the forward or adjoint model is computationally taxing. Specifically, we show that a lower
fidelity model, i.e., one employing simpler physics model, or coarser mesh, can be used to render
a reduction with comparable penfieance to that produced using the original high fidelity model

We refer to this methodology as muiivel ROM [L08]

5.2 MLROM Methodology

The general outcome of thmmethodologyis that one maydentify the active subspaces
and thusrender reductiorfior a high fidelity model by executing such model a number of times
equal tor (theintrinsic dimensionality of the modéls p a rardforeespensespacesvhichis
typically in the order of few hundredsf reactor physics models),this is several orders of
magnitude smaller than the origirdimensionality,which measures either the size of the state
space (i.e., flux), the parameters (e.g., cgEsgions), or responses (e.g., pin power distribution),
all expected to be very large inntensionality (typically in the order of 181C° for reactor
applications) Notwithstanding this significant reductidiew hundred run®f high fidelity codes
remainsmpractical even on supercomputdviulti-level ROM (MLROM) is a newdevelopment
in ROM, which allows one to extract thective subspacdsy executinga lowfidelity model in
lieu of the high fidelity modebn a small sulbdomain of the overall problem domaife., pin

cdl or 2D lattice vs. whole coregcoarse mesh vs. fine mesh, homogenireakterial vs.
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