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TOURNAMENTS THAT ADMIT EXACTLY ONE HAMILTONIAN CIRCUIT

by

Robert J. Douglas

ABSTRACT
In this paper is given a characterization of those tournaments
that admit exactly one Hamiltonian circuit. In addition, we determine
the number of non-isomorphic tournaments, with n vertices, that admit

a unique Hamiltonian circuit.

I. INTRODUCTION

A tournament is a directed graph where, between each two vertices
v. and w, either the ordered pair (v, w) or (w, v) 1is an edge, but
not both. Tournaments have been studied by a number of authors, and
John Moon's book [3] contains a good review and an extensive bibli-
ography on the subject. The present paper gives a solution to a problem
raised by Branko Griinbaum (oral communication), namely finding a charac-
terization of those tournaments that contain a unique Hamiltonian cir-
cuit. (All paths and circuits are simple and directed, and a path or
circuit is Hamiltonian if it passes through all the vertices of the
graph.) Frequently in combinatorial mathematics, once a characterization
of a class of objects is found, an enumeration theorem follows. Such
is the case here where we also give the exact number of non-isomorphic

tournaments, with n vertices, which admit a unique Hamiltonian circuit.

Research partially sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force under
Grant AFOSR-68-1406.



The analogous problem for Hamiltonian paths is easy, and is given

by the following theorem due to Rédei [4].

THEOREM. The tournament Tn with n vertices has a unique Hamil-

tonian path vy, v,, «.., V if and only if T is oriented in the
1 2 n n

following way: the directed edge (vi, vj) is in Tn if and only if

i<j.

II. SOME NOTATION
If S 1is any set, IS] will be the cardinality of S. G: (V, E)
will denote a graph G with vertex set V and edge set E. Tn: (v, E)
will denote a tournament with ]V| =n. For veV, p(lo(wv)] is
the number of edges with v as initial [terminal] vertex. If

P: vy, «cvy v and Q: Wy, ..., w, ~are paths in a graph, then

k
P(Vi’ vj), for i < j denotes the path Vis Vigro ceeo vj, and
P + Q denotes the path Vs eees Vs Wos eens v provided Vi =W o

Finally, if G: (V, E) is a graph, and V' SV, then S(V') is the

section graph determined by V', i.e., the graph with V' as vertex

set and whose edges are all those edges in E which connect two vertices

in V'.

III. STATEMENT OF THE RESULTS

THEOREM 1. If C: v cees V (= Vl) is a (simple) circuit

1’ K> Vil

in a strongly connected tournament Tn: (V, E), then for any vertex

x € V~ C, there exists a (simple) path P: w oo W in V~C

l’

which has x as starting vertex or terminal vertex, and such that P

can be inserted between some two adjacent vertices of C to obtain




a longer circuit, i.e., such that there exists an 1 where (vi, wl) € E

and (wm, Vi+l) ¢ E and hence

Vs Wy + P + W Yy + C(v,

i+1] i+1? vi)

is a circuit. (P may consist of only the vertex X.)

COROLLARY 1. In any strongly connected tournament Tn’ eve

(simple) circuit C can be extended to a Hamiltonian circuit H, i.e.,

there exists a Hamiltonian circuit H such that the order of the

vertices of C in H 1is the same as their order in C.

We thus obtain the following result which abounds in the literature

(cf. P. Camion [1], J.D. Foulkes [2], J.W. Moon [3]):

COROLLARY 2. A tournament admits a Hamiltonian circuit if and only

if it is strongly connected.

PROPOSITION. For n =z 5, a tournament Tn: (V, E) admits a

unique Hamiltonian circuit H if and only if the following three con-

ditions hold:

There exist vertices C = {cy, ..., Ck} # 6

and D ={d, ..., dm} (possibly empty)

and a circuit

H: x, c cees Cs Yo dl’ eeey d , %

1? m

where b @)
n=mkt2 and p(x) =1 = o(y)
and, for |i - jl = 2,

(ci, cj) e E if 1 > j

(44, d) € B 1f 1<



and
(d , c) € E, (¢, d) ek (2)
and

\
If i<j, r<s, and (ci, dr) € E, l

(3)
then (c,, d ) € E. J
Lhen 3* %
C
C -
2/\/' e
TN i
€
L
X X
\\
e
T o
D
Figure 1. Condition 3 Figure 2.

Notice that (1) completely determines the section graphs
S({x, ¥y, cys «ve) Ck}) and S({x, y, d;, -.., dm}), while (2) and (3)
are conditions on the edges joining the sets C and 0. Also notice

that (3) holds if and only if (3) holds for j =i + 1.

COROLLARY 3. 1If Tn is strongly connected, and p(v) = 2 for all

v, or o(v) 2 2 for all v, then Tn admits at least two Hamiltonian

circuits.



We would like to replace the "forbidden subgraph' condition(3) in
the Proposition by an explicit description of the orientation on the
edges with one end point in C and the other end point in 0. To

accomplish this,we now define (see figure 3) a class Tn of tournaments

Tn: (V, E) on n = 5 vertices:

DEFINITION OF T . Let C=4{¢c, «ve, c, } #d, D={da, ..., d }
e = 'n 1 k 1 m

(possibly empty), V = {x, y} u Cu D, and let (1) and (2) hold. If

D = ¢4, then Tn: (V, E) 1is completely described by (1). If D # 4,

fix
3\
0 £p < min(m-1, k-1)
1<i,. <i. < ...<i <k (4)
0 1 P
1= < jJj, < v € =£m
iy < Iy ip
For j =2 i define [ci, cj] = {ci, cees cj},
]ci, cj[ = {Ci+1’ e cj_l}; similar definitions are used for

]Ci’ cj], [di’ dj]’ etc. If S, < C and S, < D, define

(s SZ) € E

1’

to mean (sl, Sz) e E for all s, € Sl and s, € 82. (A similar def-

inition holds for "(S

09 Sl) € E".) We will inductively describe all

the edges between C and D. We first give the edges with one end point

in [c;, c; ] and the other in D.
0




Let
(c, , d, ) € E
0 Jp
([d,, d, [, ¢, ) € E
1 Jp 10
@, ey, e, D € E
0
i,=1 = m # jp'
Also let S, be any subset of ]dj . dm] = D, f (5

P
subject only to the condition that

i, = 1 = dm ¢ SO,

and let

(ci s SO) e E
0

(b, ~ S

0 00 € ) € E.

0

This starts the inductive definition. Now, for 1 < q < p, assume the

edges with one end point in [Cl’ c; ] and the other end point in U
gq-1

are given. We will extend the definition to give the edges joining the

sets [cl, c; ] and D. To do this, we need to give the edges between

q

]ci > 4 ] and D.

q-1 q



For 1 < q < p, define

(Je; »e; 1, d,  ,dDekE
lQ‘l q Jp"q+1 "

d- [’ ]Ci ‘, ci [)éE

q P—q
([dl’ djp_q[, ciq) e E.
! (6)
Also let Sq be any subset of ]d. , d, [ =D ,
p-q  Jp-qtl T
and write
(c. , 8 ) € E
i
q q
(Dq ~ Sq’ c; ) € E.
q J
Finally we let
ey » ¢ 1, D) € E. @)
P
REMARK. For q =20, 1, ..., P,
(]C ) Ck]s {dJ Py dm]) € E.
q P-4
With n 2 5, each choice of the parameters
k, p,s io9 sees ip3l=j0a j19 sy jp’ SO’ ey Sp (8)

defines, by means of (1), (2), (4), (5), (6), and (7), a tournament

Tn: (V, E). Also it will be shown (see the proof of Theorem 2 in

Section IV) that any two different choices of parameters (8) result in

isomorphically different tournaments. The collection of these tour-

naments is denoted by Tn'



p(x) =1

Figure 3.



THEOREM 2. (MAIN THEOREM) : An arbitrary tournament Tn’ on

n =5 vertices, admits a unique Hamiltonian circuit H if and only if

Tn is isomorphic to an element in Tn. Furthermore, every two different

choices for the parameters (8) define isomorphically different tourna-

ments in Tne

THEOREM 3. For n > 5, there exist exactly

n-3 min(k-1, n-k-3)
1+ Z X 2
k=1 p=0

n-k-p-4., ,n-k-3, k-1 n-k-4, k-1
[2( D )(P+l) + ( D ) ( 0 )]

many non-isomorphic tournaments Tn, on n vertices, that admit a

unique Hamiltonian circuit H. (Here (:) =0 if b > a.)

IV. THE PROOFS OF THEOREM 1, THE PROPOSITION, THE REMARK, AND

THEOREMS 2 AND 3.

PROOF OF THEOREM 1l: Let

C: Vl’ ooy Vk’ v,

be any circuit Tn: (V, E), and suppose x 1is a vertex of Tn not in

C. For each i, (vi, x) € E or (x, Vi) € E.

Case 1: For each i =1, ..., k, (x, Vi) € E.
There exists a simple path Q in Tn from v, to x. Let v, be

the last vertex in Q which is also in C. Then

X, V + C(v

i+1 s vi) + Q(vi, X)

i+l
is a circuit in Tn which is longer than C. (Here P = Q(w, x) where

w 1is the vertex in Q that follows 4 2)
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Case 2: Say (Vi’ x) e E, 1i=1, ..., k.
Reverse the orientation on all the edges of Tn’ apply Case 1, and then
again reverse the orientation on all the edges of Tn to obtain the

required circuit.

Case 3: Assume there exist p, q such that (vp, x) ¢ E and

(x, vq) € E.

Without loss of generality p = 1. Let 1 be the largest integer such
that (Vl’ X), (V2, X)y ooy (vi, x) are each in E. Hence 1 < 1i < g

and (x, Vi+1) ¢ E. Consequently

+
Vis ¥ Vit Cvg s V)

is a circuit longer than C. (Here P consists of just the vertex x.)

This completes the proof of Theorem 1.

DEFINITION. If H: v cees Vo,V is a Hamiltonian circuit in

1’ n

a tournament Tn: (V, E) we define A to be a type c vertex (or a

c-vertex) if (Vi+1’ Vi—l) e E, and a type a vertex (or an a~-vertex) if
(vi 1 Vi+l) ¢ E. These definitions depend on the given circuit H.

n_n

["c¢" is for the circuit Vi_ys Vye ¥V a" is for

i i+1? Vi-1°

"anticircuit'.] See Figure 4.

PROOF OF THE PROPOSITION:

Assume Tn: (V, E) has exactly one Hamiltonian circuit

H: v cees Vn, Vi

19



vj(type c)
S
Vv, -1 / < &\‘V
J NG £
}
/
/
/
Vi,
\\\Vi+l -~ 1
" vi(type a)
Figure 4.

LEMMA 1.

PROOF: I

(see Figure 5)

is a Hamiltonian circuit different from H,

v, 1is
i

can be
ferent

Figure

Figure 5.

11

Figure 6.

H has at least one c-vertex and one a-vertex.

f each \ is of type

¢, and n =

Vs Vopoor Vogour tvt Voo Vop 10 Vopogo

of type

extended, by Corollaries 1 and 2,

from H.

7.

¢ and n = 2£ is even,

Vs Vop 13 Vops Vop s Vopour ttes Vys V

If

(vl, v

Now assume each vi

20-2

is of type

) € E,

2£-1

3’

a,

A4

n

ey V

is odd, then

3’

a contradiction.

2L,

v

If each

then (see Figure 6) the circuit

to a Hamiltonian circuit dif-

and see
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then
Vage3? Voge1r Vi Vapepr Vopr Vo T C(,Vop 5)
is another Hamiltonian circuit; while if
(Vopp> ¥y) € Es
then
Vis Vs Vs wees Vop 05 Vops Vs Vs Vs wees Voo o V)

is a Hamiltonian circuit different from H. Finally, if each A is of

type a, and n = 2£-1, then
Vis Vgs eees Vop 15 Vos Vis cees Vop s V)

is another Hamiltonian circuit. (See Figure 8.) This final contradiction

proves Lemma 1.

m

=

v
248-1

Figure 7, Figure 8.
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Let t(vi) be the type (with respect to H) of the vertex v,

LEMMA 2. If t(v;) = c and t(v,, ) = a, then o(v = 1.

i+! i+1)

(See Figure 9.)

Proof: Without loss of generality i 2. Say c(v3) > 1; so
there is a j such that n =2 j > 4 and (vj, v3) € E. But then (see

Figure 10) the circuit

Vj’ Vas Vs Vs Y, + H(vu,vj)

can be extended, by Corollaries 1 and 2, to a Hamiltonian circuit dif-

ferent from H, and the contradiction proves Lemma 2.

Figure 9. Figure 10.

As a consequence of Lemmas 1 and 2, we have that there exists

exactly one i such that t(vi) = ¢ and t(vi+1) = g; furthermore,

t( ) = a. Without loss of generality, we can, therefore, say

v,
i+o

that the following situation holds:
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For some k, 1 < k < n-2,
t(vj) =¢ for j=1, ..., k \ (9)
t(vj) =a for j=k+t1, ..., n.

J

Since t(vn) = a and t(v]) = ¢, it follows from Lemma 2 that
plv) = 1. (10)

To see this, reverse the orientation on all the edges of Tn’ apply
Lemma 2, and then again reverse all orientatioms.
Therefore, using (9), (10) and Lemma 2, we can write H in the

following way:

H: x, Cls soes Cs Vs dl’ ooy dm’ X

where
p(x) = 1 = o(y)

and C = {Cl’ ey ck} + ¢ is the set of all the c-vertices, and

Du {x, y} is the set of all the a-vertices, where D = {d,, ..., dm}

(which may be empty). So k=1 and m+ k + 2 = n. (See Figure 2.)

Figure 1l. Figure 12.
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Hence (2) holds, and (1) will hold if for [i-jl

\%

3 we can prove that

(ci, cj) e E for i > j

(di, dj) € E for i<j.

v
w

Assume there exist i and j such that 1 - j and

(cj, Ci) € E; see Figure 11. Then

Y, Cj+1’ c , cj, cy + H(ci,y)

j-1
is a circuit which can be extended to a Hamiltonian circuit different

from H, a contradiction. (Here we assumed j > 1; if j =1,

replace cj_1 by x in the above.) Now say there exist i and j

such that j - 1 2 3 and (dj’ di) € E; see Figure 12. Then
Yy +d

Vs dj’ d;, + H(di’dj— d,,, + H(dj+l’y)

1 =17 T3+l

is a circuit which can be extended to a Hamiltonian circuit different

from H. (If j = m, replace dj+1 by x in the above.) This

contradiction proves (1).

We now will show that (3) holds. Say this is not the case, i.e.,

there exist 1 < j and r < s where (Ci’ dr) ¢ E, yet (ds, cj) € E.

Figure 13. Figure 14.
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Then (see Figure 13) the circuit

cys dr + H(dr,ds) + ds’ cj + H(cj,y) + vy, x + H(x, ci)

can be extended to another Hamiltonian circuit; hence (3) is proved.
To complete the proof of the Proposition, we must show that if a
tournament Tn’ on n vertices, satisfies (1), (2), and (3), then H
is the only Hamiltonian circuit in Tne Assume H' 1is a Hamiltonian
circuit different from H. Edge (x, Cl) e H' as p(x) = 1. Let

i 2 1 be the largest integer such that the path

) C.
l’ b i

is a subpath of H', yet (ci, Ci+1) ¢4 H' . (Such an i exists as if

X, C. 5 «eey C, 1is a path in H', then H =H' as o(y) =1 and

1 k
because there do not exist r an s such that s > r and
(ds, dr) € E.) Let (ci, dr) € H' and see Figure 1l4. By (3), there
does not exist a j > i with (dr’ c.) e H'. As o(y) =1 and

because, by (1), there do not exist u and v such that v > u and

(d,» 4) < E,
P+ c.» dr’ dkl, dkz, cees dks, Cj

must be a path in H' for some s where r < k1 < k2 < vee < ks and

\ . hi _
j > i. But then we have (ci, dr) ¢ E and (dks, cj) e E which con

tradicts (3). This proves the Proposition.

PROOF OF THE REMARK: Let
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q
implies (Aq—l’ Bq—l) € E. Note that Aq c Aq—i and Bq_1 < Bq’
whence (A , B ) € E, and we are done as (A ~A,B ) ¢ E

q q-l q-1 q q-1
by (6).

PROOF OF THEOREM 2:

We notice that by the Proposition we are to show that a tournament
belongs to Tn if and only if (1), (2), and (3) are true. First we
assume (1), (2), and (3) hold for a tournament Tn, and we will show
that T e T - We are dome if D=¢, sosay D% 4. Let i, be the

smallest index such that (ci . dj) e E for some j, and define ¢t
0

as the smallest index such that (ci . dt ) € E. Certainly i, exists
0 0

as (ck, dl) € E. Given 1q—1 and tq_1 , let 1q be the smallest
index > iq_1 such that (ci ,dj) ¢ E for some j < tq—l’ and define
‘ q

tq as the smallest index < tq_l such that (ci ,dt ) € E. Continue
q q

this procedure until we are forced to stop, say with ip and t . For

q=20,1, ..., p, define

and notice that j0 = 1 as (ck’dl) ¢ E. Clearly (4) holds. (See

Figure 3.) Now

as (cio, djp) e E and (dm, cl) e E. Define
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w
"
—_
o
.
A
[
IA
=]

.t _ and c. ,d,) € E} ,
0 j D ( 10, J)

and for q=1, ..., p, we define

s = {d,: j < j <

j and c. , d,) € E},
q it Jpq Jp~q+) (e; » dyp)

q

and note that

i, =1 = d ¢S,

as (dm, cl) € E by (2). From the above definitions, we immediately
obtain (5), and, except for
(lc q-l, ciq], [djp_q+l’ dm]) € E (11)
we also obtain (6). But so far we have not used the assumption that
(3) holds for Tn' Using (3), we conclude that (7) and (11) hold, and
it therefore follows, using the above parameters, that Tn € Tn'
We next show that if Tn € Tn’ then Tn satisfies (1), (2), and

(3). The only thing to prove is that if D + ¢, then (3) holds. Let

i<j, r<s, and (ci, dr) ¢ E.

Case 1: For some q, 1< q < p, c; € [ci s 4 [
q-1 q
By our definition of T_, d_ ¢ [d, ,d]. Now r <s implies
n T i
p—qtl
dS € [dj s dm], and i < j dimplies Cj € ]ci s ck]. Hence, by
p-qtl q-l

the Remark, (cj, ds) e E.
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Case 2: c, € [ci s ck].
P
Thus cj € ]ci . ck], whence, by (7), (cj, ds) ¢ E.
P
Case 3: ¢, ¢ [es Cio[

By definition of Tn’ (D, [Cl’ cio[) e E, whence (dr’ ci) € E,

which shows that the hypothesis of (3) cannot hold in Case 3.
Since these three cases exhaust all the possibilities, we have

proved the first part of Theorem 2.

Turning to the second part of Theorem 2, we first note that, by
the definition of Tn’ (1) and (2) hold for any Tn € Tn’ and from
(1) and (2) we see that the collection C in (1) is the set of all
c-vertices in T (with respect to H) and {x, y} u D is the set of
a~vertices (with respect to H). Now let T; and Ti be isomorphic

tournaments in Tn' For i =1, 2, let

be the Hamiltonian circuit in T; given by (1). The image of H!

under the isomorphism must be H2 because Ti has only one Hamiltonian

circuit. Without loss of generality, we assume v% and V§ corre-

spond, for all j. Then, for all j, v;

is a c-vertex (with respect
to H!) if and only if v? is a c-vertex (with respect to H?). Using

this, it easily follows that the corresponding parameters for Té and

Ti are equal, which proves Theorem 2.
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PROOF OF THEOREM 3:

Fix n 2 5. By Theorem 2, we are to determine lTni. Define
T;[T;] as the set of all those tournaments Tn € Tn such that D # ¢

and i, > 1[i, = 1].

We first determine IT; :

We have k 21, D% 4, and m=n-k - 2 2 1. As noted in
Section III, the section graphs S({x, y, ¢, -.+; ck}) and

S(x, y, dys «vns dm}) are uniquely determined by n and k. We have

where
0 < p <€ min(k-1, n-k-3).
Also, for q=1, ..., D,

S c]d, ,d}l and S < ld, , d. [
0~ m =
Ip 17 Jpq Jp-gh

k-1

p+l) choices for the

Hence, for fixed k and p, there exist (

IR ip, (n—§—3) choices for the sequence
. . m-j :
Jgs 3y vees 3po 2 “P choices for 8,» and
R S |
ZJP a+17p-q choices for each Sq (g =1, «.., p). Therefore we

sequence iO’ i

have the following:
n-3 min(k-1,n-k-3)

Tl o= e L £ ¢(n,k,p)
= = =5 3 .o i < n~-k-
k=1 p=0 1 3y < 3g< < Jp n~k-2
1 AE TN i <k
p

(12)
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where the inner sum, for fixed k and p, 1is taken over all sequences

iO’ ens ip’ jO’ cees jp such that the indicated equality and

inequalities hold, and where

m—j P 3._...-3._ -1
0 = ¢(n’ k: P) = 2 P Il 2 P q+l' p-q
q=1
is the number of choices for the sequence SO, Sl, seay Sp for a given
jO’ jl’ e jp' But ¢ reduces to
p( 1)
203 + i P
m-j q=1"P74T1 7P m-jp  Jp~3g~P n-k-p-3
2 P .o = 2 P . 9P 0 = 2 ,

and hence is independent of the choice of jo, ceey jp (and of course

io, e ip). Thus (12) reduces to
n-3 min(k-1,n-k-3)
T = = z 2
n k=1 p=0

n-k-p-3 | n-k-3, k-1

We now determine |T;[:

If i, = 1, then Jp + m and dm 4 SO' Hence S0 c ]dj , dm[ R
p
m-js-1 . k-1 )
and there exist 2 choices for SO, ( . ) choices for
1= i0 < we. < ip < k, and (n—k—4) choices for
1= jo < ... < jp < n-k-2. With these changes, we proceed as in the

first case to obtain:

n-3 min(k-1,n~k-3) m—-j -1 ip=do—P
" = 2 L L 2 P P
n =1 p=0 1=jy <. <J, < n-k=2

) =

l=iO <,, <1 <k

n-3 min(k-1,n-k-3)
> —k-p-4 n-k-4, k-1
z 5 grkop=d (okedy - kol
=1 p=0 p p



Finally, as there exists exactly one Tn € Tn with D = 4,

have
- \i "
T = 1+ 0T+ 70|,

which proves Theorem 3.

V  REMARKS

From Theorem 3, we obtain the following table:

T(n), the number of non-isomorphic tournaments,
with n vertices, that admit a unique Hamiltonian

circuit

n’345678910

T(n), 1 1 3 8 21 55 144 377

The three non-isomorphic tournaments in T5:

Figure 15.

we

22
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The eight non-isomorphic tournaments in T.:

A\
7

Figure 16,
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