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Introduction and Summary

The concepts of the "relationship matrices" and the "relation-
ship algebra" of a design introduced by A, T. James /1_/ seems to
offer an interesting methematical tool to explore the theory of
experimental design. It has been shown by Jemes /1_/, that in
the snalysis of a balanced 1lncomplete block design the partition
of the total sum of squares corrected by the mean into partial sums
of squares due to treatments; blocks and errors corresponds exactly
to the decomposition of the unit element of its relationship algebra
into mutually orthogonal principal idempotents.

Since a balanced incomplete block deslign is & speclal partially
balanced incomplete block design with only one associate class, and
furthermore there are classes of balanced incomplete block designs
whose dual designs are partially blanced, it 1s in itself interest-
ing to construct the relationship algebra for a partially balanced

incomplete block design and to analize its algebraic structure in

1l This research was supported by the Office of .Naval Research.
under Contract No. Nonr-855(06) for research in probability and
statistics at Chapel Hill. Reproduction in whole or in part for
any purpose of the United States Government is permitted.



in connection with the "association algebra" of the partially balanced
incomplete block design, that had been introduced by R. C. Bose [}2;1
It so turned out that the relationship algebra of PBIBD is a natural
generalization of the relationship algebra of BIBD., In case a BIBD

has a dual design being partially balanced the relationship algebra

of the original design turns out to be a subalgebra of the relation-
ship algebra of the dual design. Thus there are some speciasl structual

features of BIBD belonging to this class of designs.

1. The association algebra of an association.

We say, following Bose lré_jg that an association is defined

in a set of v elements, if we are given certain relations among elements
of the set, called the association, in such a way that

(a) eny two elements of the set are either the lst, or 2nd,
coey OF mth associates,

(b) every element of the set has n, (which is independent of
the individual element) 1B associates, and

(¢) if the two elements @ and B are 1B associates, then the
number of such elements y as are Jth associates of ¢ and at the same
time kth associatesf B is p?k which is also independent of the indi-
vidual pair (Q,B).

An element & can be regarded as the oth assoclate of itself.

Thus it will be consistent to add the following conventions:

(1.1)



where au = l, if i =k,

0, if 1 #k.
With these notational devices, the relations which exist

among the parameters which describe the given association can be

expressed as follows [__ 2__7:

2?=o By =ve.
kK _ k
pij - Pdi .
(1.2) ot
=0 P3x " T 2

13 _, k
BP0 7 PgPix T Py

The association matrices are defined as follows [-27:

ag=lle l,1201,2 «,n

(1.3) where th

B _ 1y if two elements O and B are 1 associates.

81 = 0, otherwise

It will be clear that Ao is nothing but the unit matrix of degree v.
From the very definitions of the association matrices it
follows immediately that they are all symmetric, linearly independent

and

(l.h) A°+A1+ ...+Am=GV .

where G 1is the matrix of degree v whose elements are all unity,

Furthermore, it can be shown /2 / that

k
(1.5) Aghy = Bero Byy Ay -



Iy

By the symmetry of p}; 3 with respect to i and Jj, it is readily seen

that
(1.6) A, A, =A A

i.e. the multiplication within the set éZof all association matrices

is commutative. (l1.5) expresses the fact that the linear closure [0/
of the matrices set 0[_ s 1.2., the totality of finite linear combina- |
tions of the association matrices Ao,Al, soey Am with resl coefficients,
is closed with respect to the multiplication. In other words, the
liﬁear clogure Z__ 03_7 is a linear associative and commutative algebra,

which we call the association algebra of the given association and

denote it by ou . The matric algebra [ 017 generated by the association

matrices is a faithful representation of degree v of the abetract

algebra o .
Since the constants pIi::j constitute the so-called "structural

constants" of the association algebra oy, it is well-known that the

mapping

(107) (Ol) : Ai——_'-aPio i=0’ 1’ 2, seey I
vhere

(108) Pi = "pgi” . 1= O, l, 2’ resg I

gives a representation of ¢y , and it is called the regular representa-

tion of ¢r and denoted by ( o7 ).

Since g1 is the so-called "abstract counterpart" of the matric

algebra L_OZ_—/ generated by symmetric matrices Ai it is completely re~

ducible in the field of all rational numbers, hence in any field of
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characteristic O. On the other hand, Shur's lomma th_]'shows us that
any irreducible representation of & commutative algebra in-an
algebraically closed field must Ve linear, In particular any
irreducible representation of a commutetive matric algebra in a
field containing a2ll charactéristic roots of the mabrices
must be linear. Any representation of a completely reducible

algébra decomposes into irréducible constitutents;, each of

~whieh 18 oquivelent to one of the irreduciblé constituents of

the regular represmtation () /B 7 /[B 7.

Hence the regular representation

(ot): &y ——> Piy1=0,1, co0, m

of the association algebra must decompose into inequivalent m + 1 linear
representations in the field of all complex numbers. But these linear
constituents are the characteristic roots of the symmetric matrices Ai’
bence they are all real. Thus, after all, the regular representation
(#) decomposes into m + 1 inequivalent linear representations in the
field of all real numbers. Even more, if the characteristic roots of
all associlation matrices are rati@nal, ( o) decomposes into m +1
inequlvalent linear representations in the field of all rational mumbers.,

On account of the fact that
(1.9) AG, =GA =nG, 1=0,1, o, m

we can choose a non-singular matrix C of degree m + 1 in the field of

real numbers, being of the form

1 1 .01
C

11 ClE°" Cm

(1.10) L=

00
LR

L]
L
o
]
0ce c

ml “m2 mm“

Clo
Q o




in such a way that simultaneously

oi
-1 11
(1.11) CP:LC = .. ’ i= O, 1., seey m
.Z
mi

where
(1012) Zoi = ni, i= O, l’ svey m
and, of course

zoo = Zlo = eoo =Zm = 1,

Ifm+ 1 Pi are actually given, we can determine the transforming matrix

C excepting proportionality factors.

Let
*
(1.13) Ay = 2‘1’:;0 cyghps 1= 0, 1, cuey m,
then
k
* = =
Ay B Zero© 15 A% = Teeo Dheo C1t Py Ak
k k{ ¥ *
1.1% = 5, 5 K = 5 8
(1.14) { “tyk=o ®it Pyt ¢ ¢~ =02 {3 i¢q(/
"Eis ™

Multiplying c, ., to both sides of (1.1k) and summing up with respect to
kJ

Js, we get

(1‘15) Alt A? = (z%l=0 ck,j Zij) A’{ L]



On the other hand, the commutativity of multiplication of association

matrices yields

(1.26) MAT = A = (B oy e

Since £Ai] is a set of linearly independent metrices and C is non-singu-
lar the set {A;] must be a set of linearly independent matrices, it

follows that

(1.17) 2o ©1g %y = O for i 7K
and hence
(1.18) AY A% =0 for 1 £ k.

This means that the set of matrices

(1.19) (& )~

J=0 cij zi‘_j A ’ i=0,l,...,m

¢
J=o “13 %3
is a set of m + 1 mutually orthogonal idempotents of the algebra
Zfznaﬂ and each of which gives rise to a linear representation
(1.20)(06): Ai —'—92{}1, i=o,l,ooc’m; Q=0,l,..-,m.

It should be remarked here that

Indeed, suppose that

=

o C15%13° %

for some index i, then this together with (1.1l7) give us .



But this is evidently impossible because of the non-singularity of C,

From the relations (1.4), it follows immediately that

pin

10 %03 = o 23 =

(1.21)
2,., = 0, i=l,2,.oo,m
We shall determine the multiplicities of linear representations
in the matric algebra [_62:7. Let cﬁ), Cyy eooy % be the respective
multiplicity of linear representation in [72:& then by considering

the trace of Gv we get
(1.22) o =1,
Comparing the traces of Ao’ Al’ vaey Am, we also have

I + O F oo F = -
al o > am v 1

] OqZyy * Qg * eoe + B Z 0 = - ny

(1.23)

080000 CO00CA00BCOIR0NOCROIBECOEOIDEODE

! alZlm + CZEZem + oe0 *+ Cthmm 2 - nm

Since the matrix || 2, | of degree m + 1 is non-singular (because of

5 |
the inequivalence of m + 1 linear representations), al’a2’ cesy am
are determined uniquely by any set of m linearly independent equations

of (1.23).



2. Examples of association algebras.

There is a certaein amount of detailed knowledge concerning the
types of association scheme which give rise to assoclations with two
associate classes /| 6__7, [,

Now we shall look at some of the types of frequent occurrence
from the point of view of the corresponding association algebra.

Given an association scheme, we can write down the association matrices
Ao, Al, and Ae, and from which the association algebra is generated

as their linear closure. The association scheme may be regarded as

the realization of the association expressed by the association matrices,
Thus the problem of existence of the association with given parameters

is reduced to the following: Given an association algebra with given

parameters, is it possible to select a set of basic matrices with

elements either O or 1 and all diagonal elements are O's uniquely

except for permutations of rows and columns? This problem is out of

the scope of the present paper.

1. Group divisible type. The number of elements isv=mn

where m and n are positive integers. They can be divided into m
groups of n elements each, such that any two elements in the same
group are lst associates and two elements in different groups are
2nd associates, If the elements are numbered in the dictionary
order with respect to groups, i.e., the jth element in the ith group
has the number (i-1)+Jj, then the association matrices have simple

forms:



(2.1) Ath) =

It is easy to see that
(2.2) n, =n-1 ,n,=n (m-1).

The regular representation is given by the mapping

Ay —> P = I,
|
o 1 0 nel l
Al — Pl =in-l n-2 O =C'l n-1 c
0O 0 n-l -l!
(2.3)
0 0 1 n(m-1)
AP, 0 0 n1 Jl=ct -0
n(m-1) n{m-1) n(m-2) 0

The multiplicities of irreducible coastituents are

(2.,‘!’ a =1 &

S = m-l, o= (n-1)m

respectively,

10

Three principal idempotents of this association algebra are

-1 =1,2

(2.5) A = (zF;=o ¢y #13) ﬁgzo ciyhy 1
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(2.6) Ay = z:m_o RE (2.‘3‘_0 1 13) A¥*, 1=0,1,2,

It is known that in this case the association scheme is determined

uniquely by the parameters [_—8_7.
II. Triangular type. The number of elements is v = n (n-1)/2

where n is a positive integer. We teke an nxn square, and fill the
n(n-1) /2 positions above the main diagonal by the different elements,
teken in order. The positions in the main diagonal are left blank,
while the positions below the main diagonal are filled so that the
scheme 1s symmetrical with respect to the main diagonal. Two elements
in the same column are lst associates, whereas two elements which do
not occur in the same column are 2nd assoclates.

The regular representation of the association algebra is given

by the following mapping.

]
=~

Ao—'é Po 50
A—>p = | 0 1 0 on-b
1 1 1

2n-k n-2 I =C n-b

0 n-3 2n-8
(2.7)
R N
A—> Pé = n-3 n-f =L -n+3
(n-2)(n 3) (n- 5)(n-h) (n-h)(n-S)

Three linear representations have respective multiplicities
(2.8) o =1, @.=n-1, Qg==n(n-3)
: o 7 1 » e

in Z]ﬁi7.
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I1L L2 Type: The number of elements in this case is v=n2,
where n is a positive integer. Thase n2 elements are arranged in an
nxn sQuare in such a way that any two elements in the same row or the
seme column are lst associates, whereas any two elements neither in
the same row nor in the same column are second associates.

The regular representation of the corresponding association

algebra is given by the mapping:

A.o‘-‘> Poel3,
0 1 0 “ 2n-2
A,—>P. = =L c
1 1 - I 2n-2 n-2 2 = -2 R
0 n-1 2n-b4 I n-2
(2.9)
0 0 1 (nd?
A—> B, = 0 a1 enh | =c7t 1 c.
(n-1)° (n-1)(n-2) (a-2)2 I -+l

Three linear representations have respective multiplicities

(2.10) o =19

= 2(n-1), a, = (n-l)2
in /0.

IV, Cyclic Type: We shall consider the numbers 1,2,3,...,V are

the v elements. The lst associates of 1 are
i+dyy 14y, eoey 14 dql (mod. v),

where d's satisfy the conditions

(1) the d's are all different and 0< d, < Vv, J=1,2,.,.,n

3 1
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(2) among the nl(nl-l) differences dj'dj’ reduced mod. v, each of the
numbers dl, d2, ssey dn1 occurs ¢ times, whereas each of the numbers

15 8y seap ene occurs B times, where

dl, saey dnl, el, ssay en

2

are all different v-1 numbers 1,2,3,e0e5 V-1,

Evidently there should hold a relation

(2.11) n,@ + np = nl(nl-l) .
The regular representation of the corresponding association

algebra is given by the following mapping:

| 0 1 0 Nk '
Ay ~>P = |Imy a B = 2n |
0 0 1l 1 n2
by —> P, = 0 n, -0-1 B =C Z1s
n, ny-ny- @l ny-n 4Bl Zos "

Three linear representations have respective multiplicities

(v-1)2,.+n (v-1)z, 48
(2.13) o =1,q = Z % 1, Oy = -~ _%l 1
21 "1l 21 "1l

in /70/;
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3. The relationship algebra of a partially balanced incomplete block

design.
We say that a partislly balanced incomplete block design (PBIBD)is

given, if along with an association among v treatments, the following
conditions are satisfied:

(1) each of b blocks contains k different treatments,

(2) each treatment occurs in r blocks, and

(3) any two treatments which are 1th associates occur together in Ai

blocks.
The parsmeters of the association are given as in Section 1, and

we have further relations

(3.1) Zggonixi = rk. where we have put AET
and
(3.2) ¥ = rv =n (say)

Thus there are n experimental units or plots on the whole, We number
them in gepe way but once for all, for instance, the ith experimen-
tal unit in the jth block bears the number (j-1)+i.

We shall define the relationship matrices of this PBIBD. To

this end it is convenient to define the incidence vectors and the in-

cidence matrices for treatments and for blocks. These are defined as

follows: +the incidence vector of the treatment o is
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gal
Qae ’1, if the experimental unit f receives
° the treatment <,
(3:3) Ly=| « | 5 where Ly = 0, otherwise:
o

and the incidence matrix of treatment is

(301‘-) B ¢ = " gl _s.a “ce £V ” °

o~

The incidence vector of the block a is

~

nal
Na2 1, if the experimentel unit f belongs
(3.5) =1 . » where n_, = |  to‘the block a,
‘ 0, otherwise.
{naa

and the incidence matrix of block is

(506) ¥ = ” ﬂl ﬂe oo, 3b "'

There are four groups of the relationship matrices corresponding

to four types of the relations among the experimental units [:1;7 :

(I) Identify relation: Corresponding to this relation we take I=In, the

unit metrix of degree n.

(II) Universal relations: This relation must be represented by G=G, ,
where Gn stands for the matrix of degree n whose elements are all

unity,
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III. Block relation: This is represented by & watrix

(3.7) \ B = (b, )

fe

where

1, if the two experimental units f and g belong to

(3.8) v tg ~ the same block

0, otherwise.
It will be seen that
(3.9) B = W' .

IV, .Treatment relations: These can be described by mtl matrices of

degree n
(3}10) To, Tl, seey Tm
where
i
Ty = (tpg)s
and

1, if the two experimental units f and g receive treatments
-
(3.11) tfg = and ¢ and B which a,re':l.th agsociates
LO, otherwise.

It can be seen that

(5.12) Ti = ¢ Ai @,' i=l’2,too, Mo
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Since 4 _ T, = G = G, it follovs immediately that

(515) BT -G,
Also,
2 2
(3.14) G°=nG, BG = GB = kG, B = kG
and
(3.15) T,G = GI, = rn; G, 1=0,1,2,...,m.
Since
o2 r*l, if the treatment @ occurs in the
25 % = Zeoy Yoger = Poa " block a,
0, otherwise;
we get a relation
(3.16) N =0y

is the incidence matrix of the design.

It has been well known Zfé;7 that

7 = = =
(3.17) OtYYd = 0*BO = NN* z‘f___o M, -

Multiplying to both sides of the above relation @ from the left and

¢' from the right, we get a relation

(3.18) T BT = E‘LO ATy

By making use of (3,17), we obtain more general relations
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(3.19) T BT, = IO (g ‘V*‘)T
19 B I R A F LS
It is readily seen that
(3.20) T,T, = rz‘};

Thue it is easy to see that the linear closure of the matrices set

of kmt+3 metrices
(3521) I, G’ B, Tu’ TuB’ BTu’ BTuB, u=l,2,...,m.

is multiplicatively closed, i.e., these b+ 3 relationship matrices

generate a lineér associative slgebra®, which we call the relationship

algebra of the PBIBD,

The multiplication table of this algebraR can easily be worked
out by means of (3.1l4), (3.15), (3.18), (3.19) and (3.20),

The relationship algebra R contains a subalgebra (J7* consisting of
I)G:Tu, u=1,2;..0,m which is isomorphic to the association algebra (JT
corresponding to the assc;ciation defined for treatments.

As a special case, the relationship algebra of a BIEDis the linear

closure
(3.22) (1, G, B, T,, BT,, T,B, BB/
or changing the basis by means of the relation

T+ T

l=G,whereT=‘=-T,

(+]
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the relationship algebra of & BIBD is expressed as
(3.23) /i, ¢, B, T, BT, TB, BIB /
This is the one which was discnssed by Jemes /1 7/ in some detail.

L, The analysis of the relationship algebra of a partially balanced

incomplete block design.

The relationship algebra’R of a PBIBD is non-commutative in
general., Since® 1s generated by symmetric matrices, it is completely
reducible, Hence all irreducible representatiors of R are obtained by
the reduction of its regular representations of factor algebrasof R
L WAVEWE

[ G_/, the totality of multiples of G, is a cne-dimensional

two-sided ideal of (R end as we have seen in the previous section

6°-nG, BO=GB=kG; T,G=0T,=rn,G, 1=1,2,...,m,

i i

hence we obtain a linear representation of ®; i.e.,
(h’pl) mél) H G"‘; n’ H kg Ti_érni, i=l,2,3,u.,m.

Next we shall consider the factor algebra® mod G. To this

end, it will be convenient to change the basis of 7R, Put

(4.2) T+ = QAX¥D! = Io

i 1 J=O ciJTJ, i’o,l,e,oooymc

Then it is easy to see that the m sets

(4.3) [T*, BI¥, TXB, BI¥B 7/, u=l,2;...,m
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form m two-sided ideals of R mod. G and they are annihilating each other.
Hence there must be m inequivalent irreducible representations of the 2nd
degree eachcf whih is derivable through e one-sided ideal of each of the

two-sided ideal, provided that
(4.4) TXB # BT¥

Now by direct calculations it follows for each u that
B/T*,BI*, T¥B, BI*B_/

(b.5) = [T*, BT*, T#B, BI¥8 / |0 0 0 O
1 k 0 O
0 0 0 O
0 0 1 k
and -
Ti[T;;,BT:,T*uB,ET;;B 7 . (
(4.6) = [T%, BT*, TXB, BI*B 7/ Zot o PuBi & O 0
0. 0 0
3 2 ol
0 0 Iﬂhilézgg%&pﬂgk
0 0 0 0

for i=0,1,2, ceny M,
Indeed,

% = TOANDY = t = p P! =
T iTu A, D d’Au@ rdA 1A§<I> rZu mua rZ  T#

i i uitu

and

t

T, BTy z:l.leso ciJTiBTJ; 2o ®u3 Tomo (k? 'kpgkp(/,j) Ty
- ' % N

= zg?o (k§¢'Akpik 2§=o cuijﬁ) z§=o Che T§

= Lo

£t
(kf:(/)‘kpik IO Kkt o
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Since

CP C = .. ’ i=o,1,uoc,m,

mi
it follows that
rme e 2 (5 NehZ )T = BB T

Thus we obtain m inequivalent irreducible representations of the

2nd degree as follows:

(2) 1 0 0 0 0 0
B’ I > G —> s B—> s
o 1 00 1 k
("“07) q
rZui k? Zu(/pik}k
Ti "'9 s i=l,2,c¢o, m.

0 0

The irreducibility of ?R‘(la) can be expressed as follows: Suppose

that CR‘EE) is reducible, then it is possible to find & non-singular matrix

Q




and

9 i=1’2, scc’m.

(
2o Dyl L1 _ |77
0 0 0o *

These leads to the relations

11 21
CooC +kC, C = 0
12 ¢ 21 _ _
Cllrzuiczlc + zZuWikN&CElc - 0, i—l,2,.-.,mc
: 11 21
Now eince C is non-singular, it can not be that C™" =C™ = 0O,
Cp1Con # 0, then
1 k
(’4_.8) - 5o (;/ = 0 for i=l,2yaoe, e
ui {/’k“u{/pik
or

Uy - _
(li».8) f,k Zuypik)\k =rk Zui) i—l,g,...,m.

1f Cpy = 0 and Cpp # 0, then ¢2! = 0 and consequently c't = o,
Cop = 0, and Cyy # O, then
ll . 21 = QI .
(4.9) ¢ ¢ (/}‘:k ZoPikhe ¢ - g
cr
y ' ¢ . _ _ '
(.10} szu(/ Pich = 05 1=1,2,...,m.

22

Ir

If

Thus the representationfﬁéa) is irreducible unless (4.8) or (4.10)

hold.
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Other irreducible representations of R are obtained by con-
sidering the regular representation of the factor algebra R mod.

[G, Ty9 u=1,2,.e¢,m_79 These are all linear and given by

mél): 1—>1, G—>0,B—>0, T, —> 0 |
(holl) i=l’2’oea,m9
a;J(‘l): 1—>1, 6—>0,B—>k, T, —> 0

Since R 1s a completely reducible algebra, it must be of the form

(k.12) R 63&1) + al“cRS) + ac}Rél) + £ u=1°ﬂu*‘1(12)'

Now by considering the traces of matrices G, To » Tl’ cvoy Tm and B, I,

we get
¥ &=
(4.13) o =1
s ¥ 3% -
(h.1k) a1+a92('+..,.,+am =V -1
y OYZyq + OFpy *oeee T Oy = - Dy
4 © & © & o O & ® © e e o & & O &
* = -
| 47y O Byt oo+ Oy = -y
and
% ¥ =
(4.15) ﬁl+ao+al+,“+a;§ b.
%
(hﬂlé) 50'*'31‘*'@"0('4‘20{"' ca.+2am=no

Comparing (4.14) with (1,23), it follows immediately that

(h‘ol’() aa = Clu, u=192,maopmo



2k

This means that the irreducibdle representation of second degree of the
relationship algebra R corresponding to the irreducible constituent
{Zu{/} of the association algebra /., w has the same multiplicity ¢, in

@ as thet {Z,.) has in /77,
From (4.15) and the first equation of (4.14) 5 we get

(4.18) By =b -v.

Then from (h;16) , we obtain

(4.19) Bp=n=-Db-v+1l .

T%ms finelly we can determine the structure of R completely as follows:
(4.20) ® (bR + (pv il /i) 4 B o m(2),

‘ u=l"u u

In ZR(Q) T = To is represented by

u 7
r 7

(k.21) T — “
0 0

where

(4.22) Z, = z:‘;;o Zoa N

In particular for a balanced incomplete block design
(k.23) Zy =2, N+ LN = -,

hence for a BIBD, ER&E) turns out to be
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o

T r-A

00
0 0 '3“9”11:"

y T —>

| (2). 10 “ 00
vhich confirms the James! result /1 _7/.

5. BSignificance of the relationship algebra of a design to its analysis.

We shall denote the observations arranged in the order of experimental
units by an n-dimensional vector x. Then the treatment totals and

block totels are given by

(5.1)

3
]

8'x, where T _%’_15‘, Q=ly cooy V

ﬂ;?ﬁ» 8=ly oesy D

B= \yiic., where Ba

respectively. And

1 =2 -1
E_y(;§ =nx , where x = o Z:;:l Xos
L i < L BV
(5.2) = x'Tx = = (@'x)" (0'x) = r(T1+"°+Tv)’
1 1 2, .2
X' Bx=g% (¥'x)* (¥'x) = (Bl+a.,.+ B).
Let
(5.3)  84(B) =n, B, + «oo + BB, and .8 (B) = 1Ba= nkx

then it follows that

I

' TBx = Io (0'x)'0'W(V'x) = 2o TV NB = 3o 27 8 (Q)

i
. K
(5.k)
-3'-2- 'BTBy. =S
rk rk

(B)

1%

20—-1



26

We have seen in Section 1 that

-1 1 1 ~
) ztin_o auAi Z'il:Oc u Ai, u—o,l,uoo,m

(503) '#Au = (z;n-:o c i Ui

are mutually orthogonal idempotents, i.e.

@ 4 .
Au Au = (fAu buv

or
ot A dp =4
z?;;b % Ai Ay = A uv
;
or ;,f
_ ; . .
(5..4) oz, =8 .
Thus we get
o@ + n 09 + eeotn =1
a°+a°+ ...+a =1
o] 1
o /)
aonl+a1 11+ ’"+amzml 0
(5'6) © L [ 4 < L] o L] [ ] * - [ ] ® L [ [ ] » [ ]
o
CZ n +CZ1Z1m ooo'l"‘amzmm:O

Comparing (5.6) with(k,lh), it follows that

o4 0
o_1 o _ ™M1 o _ n
(5'7) ao had V’ al - 7 Sree e,am - """v

and consequently

(5.8) =al=,,, ==l
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Let us put
' 1
(5.9) ﬂTu = ZI:;;:O au Ti, u=°,l,o-¢,m
and consider m matrices
¢p . dgop yap . L
(5.10) v, = (o, - PR (T, - 7T, B), us=l,...ym

Since
97 = o4y T
u u

1t follows that

(5.11) V. =1 (0 - % eyt (or- %wa)

Hence

Vier® (@ -2 wh (eI - Zww)da (00 v)

r(k-l)-Z )‘-l e Z 7\ 1
w = um m ¥ (¢fﬁ YY) Au(Q:_%ch)

r(k-l)-zulhl,.. Zumkm
=7 n \'

(5¢12) = I

u

In other words,

k 1 1
(5 013) ré‘(k'l)"zul)\l oo oZume_/ (['tTu"EB#I.u)(F‘I.u‘E#TuB), u=l, ae o,m

are mutually orthogonal idempotents having the traces

al, es sy am L ]
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Thus there are m corresponding sums of sqQuares which are mutually in-
dependent and obey the chi-square distributions with respective degrees

of freedom.ai,...,amo For each index uy; the sum of square is

k 2 #p Lip B)
E'(#Tu kBﬂTu)( Tu kﬁTuB) X
ré—r(k-l ) -ZU.J.L]. X "Zumhm J
k

(Gak) = 7 —— Q' "A_Q, usl,...,m.
r(k'l)"zulxl [ '-Zum}"m u ? )

or
X 2
(5.15) RS,
r (k-l 5 ‘Zul)\-l LR XY "Zumhm Ot-l ua
where
= . 1
By =A@ =0y 8+ 0 487 ooo t aﬁAmg
or

_ 1 m
(5.16) Ry = % & + O Sl(Qa) IRTTR - (Qa), O=l, seey V

Since'*‘hu is of rank au, there should be only au non-vanishing components

Rua' Thus the sum of squares due to treatment (eliminating the block

effect)

k : 1 1
o __xv (¢ 2arp ) Lep B)x
Pusl r [7(k-1) 2 oA vedB A T wk® w Tuk

can be decomposed into v-1 independent constituents as

(5.1 =£§—1‘“‘§ & 1)]; Y Rea
- rik-1)-B M oeZyply o
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6. Exact distribution of statistics in the analysis of a randomized

block design.

Given b blocks each of which contains k more or less homogeneous
experimental units and k treatments to be compared by experiment, we
shall say that the design is a randomized block design if we assign k
treatments at random to plots within each block. The important point
in this set up is that the incidence vectors ga, O=l,00e,V Of trgg#-

ments are random vectors, whereas the incidence vectors1ux, a=l,seeyb of

blocks are fixed vectors.

In this case there are only four relationship matrices, i.e.;
(6.1) 1, G, B, T

and they are commutative. It is easy to see that

(6.2) 62=nG, B°=kB, T°=bT., n=bk.

Hence the relationship algebra R is the linear closure
(6.3) ®=/1,6, 3B, T /.

Indeed, the multiplication table is as follows:

1 B T ¢
B kB G kG
(5.4) T G bT be
G kG bG nG

The decomposition of the unit element into orthogonal idompotents

is given by



6 r-lorgedoe ook abin
or

1.1
(6.6) 1 (k -—G) + (-'I‘-—G) + (l'_B"‘B'T 2a) .

The underlying model is that the conditicnal distribution of

(6.7) e=x-gl -0t-v¥b

give 0 is N(O, &2 In)° There will be no harm in assuming

(6.8) 811, =b'L =0 ;

If we denote the nxk matrix whose elements are all unitgrby )

Jy we have

(6.9) G=J0 =0 J°
and since
a7 - 26 = (31-26)(3r-26)= =(200+-2501) (001 -2 0g1)
(6.10) 1 1
= (—@-—J)@“tb(—ib' J! )-b(-(b-—J) (-<1>' -=d)
and
(%f-lm Jx=gl +0'0 t + 'Y b = Y T S
pv gy /XELTee b =g L3I g
(6.11) + %— @fe-?;-l Jle

- o dos
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it follows that
1.1 _ 1. 1 1., 1
| X' (F2-50)x = e'b (50 -27) (F01-20')e
(6.12) 1.1
+ 2t¢ b(gb‘-HJ' Je + bt't

Take an orthogonal matrix of the form

1 1 1 1 1, 1
/% 5@ te) 7 Jenerdo e oy
2
(6015) P = ° “
1
n &
and let
g* = Pe
or
(651)4-) e = P,'E* .

then we have

I 1, 14,1, 1
X' (FT-56)x= ¥Ry (§o-Zd)($01 -=J1 )P

(6.13)
- 1., 1,y1 41
+2 /b e}/ t0(g0r-2T)(E 0-20)E + by’
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Now
1., 1 ' 1., 1 1,1 PR R 1, 1
PEO'-2T) = || /B (050 NE-39)/ [erb(or =ut ) (g2t
B (50-37)
1, 1
2y (5259
hence
1 0O sae 0
0

(6.16)  vr(o-ga)(For L ypr= |

°
O

Therefore

(67) x' (§F - §8)x = & + 2 JBTE + bu't + Qe vvuy €¥)

= (ei" "'1,53'3)2 + Q(eg, so0sy e;)

The conditional distribution of this statistic divided by 62 given
® is a non-central chi-square distribution of degrees of freedom k-1
(the rank of %T-%G) eand with non-centrality parameter bg'g/be. Hence
consequently the absolute distributions of this quadretic form is also
the same non-central chi-square distribution.

As far as the author is aware, no one took care of the random .
assigoment of treatments in his analysis. This point is taken care of

by the description given above.
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T. The association algebre of the dual design of a BIBD.,

Suppose that a BIBD with parameters
Vy b, r, k, A
which satisfy the well-known conditions
(7.1) rv = kb, r(k-1)=A(v-l)

has the dusl design being partislly balanced with m associste classes.

Let its incidence matrices be ¢, ¥ and N, then there hold the

relations

(7;2) N = 0ty

and

(7.3) NN = (r-A)I, +AG, .

Now the association in the dusl design will be defined as
follows: Two blocks are szid to be ith assoclates if they have ex-
actly 1 treatments in common for i=1,2, ..., m-1l, and two blocks are

said to be mth associates if they have no treatment in common. It is

known /8_/ that
(r-Ak) g m-1 = [2Netr(z-rek) 7.

A block is regarded as Oth associate of itself. The assoclation matrices

Ao, Al, sesy A.m of this association must satisfy the relations
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(T.4) A+ Ay + covt A o+ A =G
(7.5) VITY = NN = kA + Ay 4 24, 4 4o0 ¥ (m-1) A
and
t
(7.6) Ahy = B Pry Ay

where pEJ are the constants of the association.

Let the regular representation of this association algebra be

| C, i=0,1,...,m.

—
Q

(T.7) A=>By= [logpy | =c?

‘ | Zmi

Due toc the relations (5.4) and (5.5),we get relations

fk+n +2n +.¢.+(m"'l)nm-l=rk

1 2
K Zyg + 225 00 o4 (n-1) Zopoy = TN
(7.8) {k-&- 221+2222+ o« o o+ (m-l) zzm_l--o
l =
and
(7.9) l+ny+n,+ .. otn ,+n =b
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Furthermore we know that the following m relations to hold:
1+ le + Z12 + 26 ot Zl = 0

m
(7010) ® & & ¢ & & o * o & e o £ O @ ©

l+2

m ¥ Ot e o H B, =0

and by considering the traces of association matrices we have

'1+al+a2+...+am=b

Oy ¥ 02y g 0pZet o o o + Q70 =0

(7.11)

1] L] ? * L ] . o L] [ ] 3 L] L] 2 ® > ) L ] . *
n + al Qim + ag Zem + o 0w am me =0
where al, ae, ceey Oﬁ are the multiplicities of m inequivalent linear

representations in the association algebra.

By putting
1
2
e = I .| i=], »and“!fzuiﬂ
m-l' .

these can be written as
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T ork | b
Zg = =N Z_]_.' =10
o] .
(7’12) L] ! .
0 0
e —— JURGIS. §

and
(1, al’ aa, cee am)z = (b O eoe 0)

Hence it follows that

1 1
-1
- €
| o zt™z {1
(7.13) ) )
| % | 1

From (7.13), the multiplicities Qs eeey O can be calculated as
(7.1b) o =% 2 2°%  =2"%, uwl,2,...,n

t=0 8=0

On the other hand, from the first and third equations of (7.12),
it follows that

(7.15) rk + @) (r-A) = kb,

hence, if r-A £ 0, ve get
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(7.16) o, = XL 2
Thus
(7+37) 7o = (v-1)

Now we shall determine the assoclation algebras of the dual
designs of certsin balanced incomplete block designs.
Case I, [ 9_7 Suppose that a balanced incomplete block design

with parameters
Vy, by, ry ky A=1

is given. 1In this case it is easy to see that no two blocks have more
than one treatment in common.

We can introduce an association among the biocks by calling two
blocks lst associates if they have exactly one treatment in common and
2nd associates if they have none in common.

The fact that this definition of the association satisfies the
conditions (a), (b), and (c) in Section 1 will be proved in the following.

Let the incidence matrix of the original balanced incomplete block

design be N which satisfies the well-known relation
. t = (o
(7.18) NN* = {r-)\) I, + G,

We shall define three matrices Ab’ Al, and A2 by

A= Ty
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and for i=1,2

B

(7.19) Ay = (aaBi) where 8y =

1, 1if two blocks & and B have (2-i)
treatments in common ,

0, otherwise

Then it will be evident that

(7.20) A+ A+ A, =G
and
(7.21) N'N = kA + Ay

If we can show that these 3 matrices generate a commutative
linear associative algebra, then they constitute a set of association
matrices corresponding to the assoclation defined above.

Now since
Ai Gb = niGb’ i=1,2 and n, +n, = b-1,

where n, denotes the number of blocks which have (2-i) treatments in

i
common with & given block, it follows from (7.20) that

2

(7.22) Al + A1A2 =0, Ao + (nl-l) Al * o0 A,
2
(7.23 AlA2 + Ay =1, A° + n, Al + (ne-l) A,

Further

(N'N)° = N'(NN')N = (r-1) N'N + kzcb

= [k(r-1) + X° 7 A+ (k2+r-1)Al + k2A2,
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whereas
(N'N)° = kaAo + 2kA. + A°

1 1

hence we obtain a relation

(7.24) Ai = k(r-1) A + (k2-2ktr-1) A+ k2A2
Consequently we get

- 2 - 2
(7.25) Ay = [o-Me-1) A+ [0, -k4+2k-r /A, + (n,-k")A,

- - o
(7.:26) 82 = [Byn *k(r-1) JA + (ny-hy+Eo-2krr)As+ (ny-n, +E7)A e

Thus it ls readily seen that Ao, Al’ and A2 generates a commutative

linear associative algebra. The structural constants of this algebra are

_ 0 _ 1 . 2 2 _ .2
Dy = Ppq Kr-1) , Pyp = r-2+(k-1)°, Py =k .
0 1 2
(7.27) Py = 0 s pp = (k-1)(r-k), P, = k(r-k-1).
2 2
-0 . 1 _ (1) (r-k)(r-k-1),p5,, = (r-k) +2(k-1)
By = Ppp = b-1-k(r-1),pp, = & 22 “y(r-1)
k

The regular representation of this algebra is given by the

mapping



b—> P = I,
0 1 0 a

Ay—> By= ) r-2+(k-1)% 17 < Ty

1 ) k(r-1) r-2+(k-1)" . n
0 (k-1)(r-k) k(r-k-1)
(7.28)
0 ) 0 . 1
Ag—>F= 1 © e-D(r-k)  k(r-k-1)

fp-vrk(ry) el ) HER)
In this case evidently xb:k’ A1=ly 12=O, Hence

k+n ::rk’

1
k+ 221 = 0

Thus we have

( | Z,, = T-k-1 Zyp = ~(r-k)
T+30

Z21 = - Kk, 222 sk -1
The multiplicities al and a2 are determined by

Qﬁ + a2 = b-1
(7.31
(r-k-1) o, - ko, = - k(r-1)
i.eq,
bk-rk

(7032) Otl <3 = v-l, 052 = b-v

as were expected.

=C

21

-1

Z

Lo

12

22
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Case II, It is known /B_/ that a balanced block design with

paremeters
(7.33) v = 2k(kel), b= & (ir1)(k+2), reke2, k, Med

is given, then any two blocks have one or two treatments in common.
Let the incidence matrix of the design be N, which satisfies

the well-known relation
(7.34) NN' = (r-2)I+2G .

Now define three matrices Ao’ A, and A2 by

1
Ao = Ib and for i=l,2

g
(7.35) Aia(aai) where & in common

P - { 1, if two blocks ¢ and B have i treatments
o
0, otherwise

then evidently
(7.36) . A+ A +A =G .
and

+ 2A. .

(7.37) N'N = kA + A .

Starting from relations (7.36) and (7.37) and proceeding exactly

seme as in Case I, we get relations
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2

+ bAA, + bAS = 2k ay + (2®-x)a, + (21{“’-3::)142

A2
Ay
2 2 1
A+ 28.A, ¥ Aj = -(k +3k)A = (k +§k-2)A + = (k +3k-2)A
(7.38) A2+ an, =2k A+ (2k-1) Ay + 2k Ay,

e 1,2 1,0 1,2
Ajdy + Ay = 5(k -k)Ao + 5 (K°-k) Ay + 5 (k ~k-2)A,,
whence we obtain
2
Al = ekAo + kAl + hAe

X

(7.39) A (k-1)a, + 2(k-2)A,

2 =
2 [ 1 }-’ .J; - \
A2 = Zu(r-1)a_ + S(k-1)(k-2)A, + 5(k-2)(k-3)A,

Thus it is readily seen that Ao’ Al and A2 generate a commutative

linear associative slgebra, whose structural constants are given as

follows:
n, =po, = 2k pl = k p = b
1 11 4 1l ’ 11
o 1 2
(7.40) P1p = 0y Typ = k-1, Pyp = 2(k-2).

n, = Bop = Bu(k-1) by, = 5(k-1)(k-2),05, = F(k-2)(k-3),

This means that if we call two blocks the ith agsoclates when they have

exactly i treatments in common (i=1,2), the above defined matrices

Ao’A and A, are the corresponding association metrices of this

1 2
association.

The regular representation of this association algebra is glven

by the mapping
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Ao - Po = 13

0 1 0 ny
-1
A, —>P = |k Kk b Z14 Cs
0 k-1 2k-h Zy
(7.41) 0 0 1 n,
_ -1
A, —> Py= 0 k-1 2k-k =C Z1p c
1 - 1 1
Zk(k-1) 5(k-1)(k-2) 5(k-2)(k-3) Zon

In this case Ab=k, A1=l, A2=2, hence we have

kE+ 2.+ 2%Z,, =12

11 12
(7.42) K+ 2. +2%.. =0

21 22

Thus we obtain

Zyy = THk, 2y, = Tok-l

(7.43)
Z21 = k-2, 222 = k+l
with multiplicities a1=v-1 and a2=b-v respectively.

Case 111, A balanced incomplete block design with parameters

vV, b, r, k, A 1s said to be affine resolvable if the b blocks can be

separated into r sets, each forming a complete replication such that

any two blocks of different sets have the same number of treatments in
common. It has been shown that the parameters of such a design can be
expressed in terms of two positive integers nand t (n 32, t 3 0) in

the following manner:
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v=nkan21Ttn-l)t+l;7g b=nr=n(n2t+n+l), r=n2t+n+l,
(7.14) -
k =n /(n-1)t+1_/, A = nt+l
[
It cen be easily seen that the dual design is partially balanced with

two associate classes.

Let the incidence matrix of the original design be N, which

satisifies the well-known relation

(7.45) NN = n /{a-1)t+1 AV * (nt+l) Gye

Let the association matrices of the dual design be Ao = Ib’ Al, and

A_ satisfying the relations

2
(7.46) A+ Ay + A, =0

and

(747} WN =n [(n-1)t+1_/A + @&

where o denotes the number of treatments common to two blocks from the

different sets.

Now clearly since

(7.48) n, = n(r-1) and n, = n-1,
and

Ai G = niG,
we have
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2

Ai + Al A, = nle + (nl-l)A + nIAa
(7.49) A A+ A n A+ + (n -1)A

B Bo l
= (b-l)°.°+ (v-2) A+ (v-2) A,

172
2
Al-reﬁ_Ae + A

NP

On the other hand

(W) 2=N'* (NN )N=n [Zn-l)t+1_7m1\r + (nt+l)n2[-(n-l)t+l_72(}b
= 0% /(n-1)t+1 Plotr2) A _/"xz(ﬁ'ii't+1)or(nt+1)n2(5'-‘1't+1)___27

. Al+(nt+l)nezrln-l)b+;;7gA2,

whereas

(N*N)%en® [(n-l)t+1_72Ao+2on [{n-1)t+L /o + oQAg .

hence we obtain a relatlon

o (ot+1)?/ -1)t+1_72 (m;+1)n2 [(n-1)t+1 7o
Ay = 5 e
(7.50) @ | -
n[(-n-l)t+l__70 + (nt+l)n2/:(n-l)t+l_72
Z 1 2 Aa

Hence we can»seethat
(T.51) 0= (n-1) t+1,

and consequently

A, = n2(nt+l) Ao+n(n2'b+n-l)Al+n2(nt+l)A2

1
(7.52) Ahy = (n-1) A
A2 = (n-1) A + (n-2) A
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Thus the parameters of the association are

-0 _ .2 1 _ 2 2 2
n, =P, =0 (nt+1). o n(n“t+n-1), P =0 (nt+l),

0 1 2
(7.53) Pip =0, Pyp = 8-1, Pyp = O
1 2 ;
'y = ppp = B-1, P =0 Ppp = 1-2

The reguler representation of this association slgebra is given by the

mapping
by —> B, = I,
-0 1l 0 j n1
A—> P = 2(nt+l) n(n2t+n-l) na(t+l) -l z, C,
0 n-1 0 Z21
(7.54)
0 0 1 n,
-1
i n-1 0 n-2 Z12
In this case it is seen that
(7.55) A =n [ (n-1)t+1_7, N = (o-1)t+1, Ay = 0
hence
— 2 -
-1 )4+ + -1)t+ Z, .= + =1)t+
(1.56) n/(o-1)t+1 7+ [(n-1)t 1_Z 11=(a %o l)n[-(n-l) 1/
8/(o-1)t+1 7+ [(n-1)t+1/ 2= n [ (n-1)t+1 /
Thus
2., = ne(nt+l) 2o = - ne(nt+l)-1
( 11 ’ 12
7.57) - ‘
Zyy =0 s Zyp=-1
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with multiplicities

a = V-l, a = b-V

1 2

respectively.

8. The relationship algebra of the dual design of a balanced incomplete

block design.

Let

(8.1) B, =B, B, =¥ A ¥, u=l,2,...,m

The relationship algebra R of the original balanced incomplete block

design that is

(8.2) ®= /1,6, B, T, BT, TB, BIB /

turns out to be a subalgebra of the relationship algebra

(8.3) R [:'[,G,T,Bu,TBu,BuT,TBuT, u=l,2,0005m_/

of the dual design which is partially balanced with m associate classes.
“WR* is also completely reducible. We want to find out all irre-
ducible representations of (R¥,
If we proceed formally as in Section L, these are following

possibilities:
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(801") ag(l): I —-> l’ G ""9 O, T —'9 0’ Bi —"> O 151,2,.o.,m

m*l&(l): I—>1,6—>0,T—>r, B, —> 0,

and for u=l,2,...,m

00
lr

00
00

K1 k(fu(/pikpk

sI=> 0

(8.5)ZR§;(2): sB;~>

i=192, nc!gm

If the above m 2nd degree representationsma(z) s U=1l,2,...,m were

irreducible, we would have relations (4.1%) and (4.15) where v and b

are interchenged. But since vg£ b, this is evidently impossible.
Now m%{(z) induces a representation of the 2nd degree of the

subalgebra ®R of ®*, that is

~(2). 10 H” 00 T__éu 00 || gyl z-n

(8.6) ZR oI —9” O 1 ’ ? . ! |O O

which is equivalent to

@) &3 —9" 1o G—»“ T r-) ,B—>” 00 "
0 0 1k

Since ?R'(e)is irreducibie ,ZR'Z:(Q) must be irreducible with multiplicity v-1.

In particular for the case m=2 m*(e)must decompose into two
e

linear representations

(8.8) a2l () g (V)
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where
(8.9) aag(l): I—>1,G—>0, T—> 0, B—kZ,, 1=1,2,...,m
SinceZR* is completely reducible, it must be of the form
(8.10) zR*N,Bgﬂg(l),'rB lZI1,1,.(1)%B éng(”m F,{(a)m%(l)
Now, by comparing the traces of G, Bo, Bl’ 32 and T, we see that
(8.11) @ =1, 0 = V-1, By = b-v, By = 0, By = n-b¥2v-1
The fact that Bl = 0 1s not surprising, because, as & matter of fact,

Te [ B, TB,, BT, TBT, u=1,2,.;.,m_7

henceZRf(l) does not appear in the regular representation of ®¥.
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