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1 Introdu
tionA major fo
us of the Clean Air A
t Amendments of 1990 has been the e�e
t of atmospheri
ally-transported pollutants on terrestrial and aquati
 e
osystems. The 1990 amendments in
lude newrequirements that will appre
iably redu
e sulfur dioxide (SO2) emissions. Monitoring data for SO2are analyzed as part of the pro
ess for assessing 
omplian
e with the Clean Air A
t Amendmentsof 1990. The ground-level 
on
entration of SO2 will depend on the proximity to the sour
e, theprevailing meteorology, and the nature and extent of atmospheri
 
hemi
al rea
tions between thesour
e and re
eptor. The intera
tion of these 
hemi
al and physi
al atmospheri
 pro
esses and thesour
e lo
ations tend to produ
e data patterns that show large spatial variability. Be
ause spatialpatterns of SO2 
uxes and 
on
entrations are nonstationary pro
esses, in the sense that the spatialstru
ture 
hanges with lo
ation, standard methods of spatial interpolation are inadequate. Wepresent a new statisti
al methodology for predi
tion of nonstationary pro
esses, with the obje
tiveof obtaining in an eÆ
ient way the total loading of SO2 
on
entrations and 
uxes over di�erentgeo-politi
al boundaries.In re
ent years, probably the most extensively studied method for nonstationary spatial pro-
esses is the deformation approa
h due to Sampson and Guttorp (1992); see also Guttorp andSampson (1994), Guttorp, Meiring and Sampson (1994). Maximum likelihood versions of themethod were developed by Mardia and Goodall (1993) and Smith (1996). In a series of papersbest represented by Haas (1995, 1998), T. Haas has proposed an approa
h to nonstationary spatialkriging based on moving windows. Higdon, Swall and Kern (1999) give a model for a

ountingfor heterogeneity in the spatial 
ovarian
e fun
tion of a spatial pro
ess, using a moving averagespe
i�
ation of a Gaussian pro
ess. Another approa
h has been developed by Ny
hka and Saltz-man (1998) and Holland et al. (1999), that extends the \empiri
al orthogonal fun
tions" (EOF)approa
h that is popular among atmospheri
 s
ientists.2



In this paper we give a new methodology for spatial interpolation of nonstationary pro
esses.More spe
i�
ally, we represent the pro
ess lo
ally as a stationary isotropi
 random �eld with someparameters that des
ribe the lo
al spatial stru
ture. These parameters are allowed to vary a
rossspa
e and re
e
t the la
k of stationarity of the pro
ess. We present a nonstationary pro
ess Zobserved on a region D as a 
onvolution of lo
al stationary pro
esses:Z(x) = ZDK(x� s)Z�(s)(x)ds: (1)where K is a kernel fun
tion and Z�(x); x 2 D is a family of (independent) stationary Gaussianpro
esses indexed by �. If K is a sharply peaked kernel fun
tion and �(s) varies slowly with s, thishas the property that for x near s, the pro
ess \looks like" a stationary pro
ess with parameter�(s). On the other hand, sin
e �(s) may vary substantially over the whole spa
e, it also allowssigni�
ant nonstationarity.This paper is organized as follows. Se
tion 2 des
ribes the 
urrent kernel approa
hes to non-stationary spatial pro
esses. In se
tion 3, we propose a new model for nonstationarity and weintrodu
e some �tting algorithms to estimate the spatial stru
ture. Se
tion 4 dis
usses predi
tionfrom a Bayesian point of view, to take into 
onsideration in the predi
tion the un
ertainty in the
ovarian
e parameters. In Se
tion 5, we dis
uss the 
hange-of-support problem that o

urs whenthe modeled data and the required predi
tions are de�ned on di�erent spatial s
ales. Se
tion 6 isan appli
ation of the methodology presented in this paper to the SO2 data. Finally, in Se
tion 7we present some 
on
lusions and �nal remarks.2 Models de�ned by kernel smoothingA broad 
lass of stationary Gaussian pro
esses may be represented in the formZ(s) = Z K(s� u)X(u)du;3



with K(�) some kernel fun
tion and X(�) a 
onstant-varian
e Gaussian white noise pro
ess. Themotivation for de�ning a spatial pro
ess as an integral of white noise 
an be said to go ba
k toWhittle (1954), who gave a similar representation for dis
rete spatial pro
esses. Mat�ern (1986)used this representation to derive a wide 
lass of stationary spatial pro
esses. Higdon, Swall andKern (1999) 
onsidered extensions of the formZ(s) = Z Ks(u)X(u)du; (2)where the kernel Ks depends on position s. The idea of Higdon et al. was to model Ks(u) as anunknown fun
tion in terms of spe
i�
 parameters whi
h 
an then be estimated in a hierar
hi
alBayes framework. In the 
ase where Ks is a Gaussian kernel for ea
h s, this leads to tra
tableexpressions for the 
ovarian
e fun
tion and hen
e the likelihood fun
tion for the pro
ess.This approa
h is promising, and a quite di�erent idea from earlier approa
hes for nonstationarypro
esses, but it has the disadvantage of not being easily related to traditional spatial models. Thedevelopment of Higdon et al. relies heavily on the Gaussian form of kernel fun
tion and it is not
lear how restri
tive this is. Our own approa
h also uses kernel representations, but has a quitedi�erent motivation.3 A new model for nonstationary spatial pro
essesFuentes, (2001a) and (2001b) presents some new spe
tral approa
hes to study the spatial stru
tureof a nonstationary pro
ess, using a Fourier-Stieltjes representation of the pro
ess and assuming thepro
ess behaves lo
ally as a stationary isotropi
 random �eld. The model used in Fuentes (2001a)and (2001b) represents a nonstationary pro
ess Z observed on a region D as a weighted average oforthogonal lo
al stationary pro
esses, Zi for i = 1; : : : ; k, with 
ov(Zi(x); Zi(y)) = 0 for i 6= j,Z(x) = kXi=1 Zi(x)wi(x) (3)4



where S1; : : : ; Sk are well-de�ned subregions that 
over D, and Zi is a lo
al stationary pro
ess inthe subregion Si, wi(x) is a positive kernel fun
tion 
entered at the 
entroid of Si.In this arti
le, we propose to write model (3) as an integral to obtain a 
ontinuous representationof Z. Thus, we represent a Gaussian spatial pro
ess Z as a 
onvolution of stationary pro
esses:Z(x) = ZDK(x� s)Z�(s)(x)ds: (4)where K is a kernel fun
tion and Z�(x); x 2 D is a family of (independent) stationary Gaussianpro
esses indexed by �, where � is the parameter asso
iated with the 
ovarian
e fun
tion. Thesto
hasti
 integral (4) is de�ned as a limit (in mean square) of approximating sums (e.g., Cressie,1993, p. 107, Yaglom, 1962, p. 23). The parameter fun
tion � is allowed to vary a
ross spa
e tore
e
t the la
k of stationarity of the pro
ess.The pro
esses Z�(s) are stationary with auto
ovarian
es C�(s), then they 
an be represented inthe form: Z�(s)(x) = ZR2 Ks(u� x)Xs(u) (5)where Ks is a kernel for ea
h s, and Xs are independent white noise pro
ess for ea
h s. A dire
tattempt to rewrite (4) in the form (2) does not work be
ause the pro
ess Xs is an independentwhite noise pro
ess for ea
h s, and we 
onje
ture that there is no way of redu
ing the present modelto one of the stru
ture of (2), with a 
ommon underlying white noise pro
ess X.There is a possible alternative interpretation of (5), in whi
h the pro
ess Xs; instead of beingan independent white noise pro
ess for ea
h s, is a 
ommon pro
ess for all s, so the pro
essesZ�(s) are 
orrelated. In that 
ase it is straightforward to rewrite (4) in the form of (2), though thekernel Ks(u) would be diÆ
ult to evaluate in pra
ti
e. Be
ause of its additional 
omputational
omplexity, we have not pursued that approa
h in the present paper.In the proposed nonstationary model (4), if K is a sharply peaked kernel fun
tion and �(s)5



varies slowly with s, this has the property that for x near s, the pro
ess \looks like" a stationarypro
ess with parameter �(s). On the other hand, sin
e �(s) may vary substantially over the wholespa
e, it also allows signi�
ant nonstationarity. The method has features in 
ommon with Haas'sapproa
h, but in view of the representation (4), there is no problem about it being a well-de�nedpro
ess with a positive de�nite 
ovarian
e fun
tion (this is also an attra
tion of (2), of 
ourse).We 
ould even use a variant of Haas's approa
h to estimate the model, for instan
e, by estimating�(s) for a �nite set of values of s assuming stationarity within some window, and then smoothingthe fun
tion �(s) by kernels or splines. In the dis
ussion to follow, however, we shall outline anumber of more sophisti
ated estimation pro
edures. Another attra
tion of model (4) is that itallows all model parameters � to vary over D, unlike the two-dimensional version of the Guttorpand Sampson (1994) model.We treat Z as a zero-mean pro
ess, and we have a separate smooth surfa
e for the mean fun
tion.The 
ovarian
e of Z�(s) is stationary with parameter �(s);
ovfZ�(s)(x1); Z�(s)(x2)g = C�(s)(x1 � x2):The 
ovarian
e C(x1;x2; �) of Z is a 
onvolution of the lo
al 
ovarian
es C�(s)(x1 � x2);C(x1;x2;�) = ZDK(x1 � s)K(x2 � s)C�(s)(x1 � x2)ds: (6)We assume that �(s) is a 
ontinuous fun
tion of s. As an example, the pro
ess Z�(s) 
ould havea Mat�ern stationary 
ovarian
e:C�(s)(x) = �s2�s�1�(�s)(2�1=2s jxj=�s)�sK�s(2�1=2s jxj=�s); (7)where K�s is a modi�ed Bessel fun
tion and we have �(s) = (�s; �s; �s): The parameter �s measureshow the 
orrelation de
ays with distan
e, generally this parameter is 
alled the range; �s is thevarian
e of the random �eld, i.e. �s = var(Z�(s)(x)); the parameter �s is usually refereed to as6



the sill; and the parameter �s measures the degree of smoothness of the pro
ess Z�(s), the higherthe value of �s the smoother Z�(s) would be, e.g. when �s = 12 , we get the exponential 
ovarian
efun
tion. If we 
onsider the limit as �s !1 we get the Gaussian 
ovarian
eC�(s)(x) = �se�jxj2=�2s :In (6) every entry requires an integration. Sin
e ea
h su
h integration is a
tually an expe
tationwith respe
t to a uniform distribution, we propose to evaluate (6) by Monte Carlo integration. Wedraw an independent set of lo
ations sm, m = 1; 2; :::;M over D, C(x1;x2;�) byĈ(x1;x2;�) =M�1 MXm=1K(x1 � sm)K(x2 � sm)C�(sm)(x1 � x2) (8)In this notation, the \hat" denotes a Monte Carlo integration whi
h 
an be made arbitrarilya

urate and has nothing to do with the data Z. The size of the sample, M; 
ould be sele
tedusing the same kinds of 
riteria as are used for assessing 
onvergen
e of simulation pro
edures inBayesian inferen
e.3.1 Choi
e of weight fun
tion and bandwidthIn most settings where kernel methods are employed, e.g. density estimation or nonparametri
regression, it is 
riti
al to 
hoose the bandwidth parameter in a way that a
hieves reasonablebalan
e between bias and varian
e. In parti
ular, too small bandwidth would typi
ally 
reate anestimator that is too rough (too large varian
e). In 
ontrast, analyti
 form of the kernel is generally
onsidered to be of mu
h less importan
e.In the present setting, the smoothness of the spatial pro
ess is largely dependent on howsmoothly �(u) varies as a fun
tion of u. The bandwidth of the kernel is more important. However,the proposed 
omputational method requires that, for ea
h point of predi
tion x, at least one ofthe sampling lo
ations sm (1 � m � M) satis�es K(x� sm) > 0: This de�nes a lower bound on7



the permissible bandwidth.Therefore, in pra
ti
e we use a kernel of the form K(u) = h�2K0(u=h), where for K0 we haveused the two-dimensional version of the Epane
hnikov (1969) kernel,K0(u) = 2� (1� kuk2)+: (9)and the bandwidth h is 
hosen near the minimum value for the previously mentioned 
ondition tobe satis�ed. In the 
ase that s1; : : : ; sM lie on a regular grid with distan
e l between neighboringgrid points, it suÆ
es to take h = l=p2: This is the value used later in Se
tion 7.Our 
onvolution model 
ould be also 
onsidered a generalization to spatial problems of thedelta sequen
es used for probability density estimation (e.g.. Walter and Blum (1979)). With deltasequen
es, small values of h are ideal to preserve the \shape".4 Hierar
hi
al Bayesian modelThe parameter fun
tion �(s) for s 2 D, measures the la
k of stationarity of the pro
ess Z. It wouldbe natural to treat �(s) as a sto
hasti
 pro
ess, with 
orrelated errors. Alternatively, we 
ould usea spline approa
h to model �(s), though the approa
h presented here allows splines as a spe
ial
ase. We 
onsider a hierar
hi
al Bayesian approa
h to model and take into the a

ount the spatialstru
ture of the parameter �(s) in the predi
tion of Z: The essen
e of the hierar
hy that we suggestis the spe
i�
ation of Z as a parameterized pro
ess model:[pro
ess, parameters℄=[pro
ess j parameters℄ [parameters℄.Bayes' Theorem provides [pro
ess, parameters j data℄ by 
ombining with an observational datamodel [data j pro
ess, parameters℄.Stage 1:
8



The pro
ess Z is written as a 
onvolution of lo
al stationary pro
esses:Z(x) = ZDK(x� s)Z�(s)(x)ds: (10)where K is a kernel fun
tion, and Z�(x); x 2 D is a family of (independent) stationary Gaussianpro
esses indexed by �. Thus, the distribution of Z given � is Gaussian.Stage 2:We present an approa
h to model �. The parameter fun
tion � is modeled using a Bayesianversion of the median polish approa
h (e.g. Cressie, 1993). Assume the pro
ess Z is observed in agrid n1 � n2; then we propose the following model for the parameter fun
tion ��(s) = a+ ri + 
j + ��(s) (11)where s = (si; sj); for i = 1; : : : ; n1 and j = 1; : : : ; n2: The pro
ess ��(s) represents some spatially
orrelated zero-mean noise. We assume ��(s) is Gaussian with mean zero and a Mat�ern stationary
ovarian
e, 
ov(��(x+ y); ��(x)) = C�0(y); with parameters � 0. We use �0 to denote the hyper-parameters a, ri for i = 1; : : : ; n1; and 
j for j = 1; : : : ; n2;. The ve
tor parameter �0 is unknown.If � does not 
hange very rapidly with lo
ation, then only few values of r and 
 (i.e. small n1 andn2) should be enough to 
hara
terize the large s
ale stru
ture of �.The kernel fun
tion K in the representation of Z is a kernel smoother with bandwidth h. Thefun
tion K is not representing the la
k of stationarity. The 
ru
ial parameter here to explain thela
k of stationarity of Z is �. The bandwidth parameter h is 
hosen using the algorithm dis
ussed inSe
tion 3.1. Another alternative that has not been used in this paper, it is to in
lude the bandwidthparameter h in this hierar
hy. Thus, in stage 1, we would have [Zj�; h℄; and the Bayesian modelwould be 
ompletely spe
i�ed on
e we give a prior distribution to h and �.If the goal is to predi
t Z at a lo
ation x0, given observations Z = (Z(s1); : : : ; Z(sN )), then the9



Bayesian solution is the predi
tive distribution of Z(x0) given Z,p(Z(x0)jZ) / Z p(Z(x0)jZ;�(s) for s 2 D;h; �2) p(�(s) for s 2 D;�2; hjZ) dh d�2 d�; (12)and a MCMC approa
h was used to simulate m values from the posterior of the parameters �, h,and �2; and the predi
tive distribution was approximated by the Rao-Bla
kwellized estimator:p(Z(x0)jZ) = 1m mXi=1 p(Z(x0)jZ;�(s)(i) for s 2 D;h(i); �2(i))where �(s)(i) for s 2 D;h(i); �2(i) 
onstitute the i-th draw from the posterior distribution. Noti
ethat to sample from the posterior of � we need to spe
ify �rst the priors of the hyperparameters�0 and � 0:p(�(s) for s 2 DjZ) / Z p(Zj�(s) for s 2 D)p(�(s) for s 2 Dj�0; � 0)p(�0; � 0)d� 0 d�0:Thus, on
e we determine the priors for the parameters h and �, and for the hyperparameters �0and � 0; the Bayesian model is 
ompletely spe
i�ed. The joint posterior for �; h; and �2 is de�nedas follows:p(�(s) for s 2 D;h; �2jZ) / p(Zj�(s) for s 2 D;h; �2)p(h)p(�2)Z p(�(s) for s 2 Dj�0; � 0)p(�0)p(� 0)d� 0 d�0;where p(h); p(�2); p(�0); and p(� 0) are the prior distributions for h; �, �0 and � 0:5 Change of SupportThe 
hange-of-support problem o

urs when the supports of the predi
tand and the data are notthe same. In the present instan
e we are interested in making predi
tions about the random pro
essat a point lo
ation Z(x0) from data on blo
k averages, Z(B1); : : : ; Z(BN ).Here, we observe Z, the output of a physi
al model, averaged over regions, B1; : : : ; BN ofdimensions 36km� 36km and we want to predi
t Z at a lo
ation of interest x0; e.g. at the lo
ationwhere we have a monitoring site. 10



The 
ovarian
e for the blo
k averages is de�ned as follows
ov(Z(Bi); Z(Bj)) = ZBi ZBj C(u;v)dudv=jBijjBj j; (13)where C(u;v) = 
ov(Z(u); Z(v))C is a nonstationary spatial fun
tion. In pra
ti
e, for ea
h pixel Bi we draw an independent set oflo
ations uir; r = 1; 2; : : : ; Li uniformly over Bi; and we approximate the integral in (13) with thefollowing expression 

ov(Z(Bi); Z(Bj)) = L�1i L�1j Xr Xr0 C(uir;ujr0): (14)Gelfand et al (2000) have independently studied this problem using approximation (14) to the blo
k
ovarian
es. We approximate the point predi
tion E(Z(x0)jZ); where Z = (Z(B1); : : : ; Z(BN ))with Ê(Z(x0)jZ); whi
h is obtained using (14) as an approximation of (13). It is useful to notethat, if we de�ne Ẑ(Bi) = L�1i Pr Z(uir) for i = 1; : : : ; N , then the solution Ê(Z(s0)jZ) is a
tuallyE(Z(s0)jẐ). In the Bayesian approa
h if we use (14) as an approximation of (13), the Bayesianpredi
tive distribution we obtain to sample Z(x0) is a
tually f̂(Z(x0)jZ). Note that f̂(Z(x0)jZ) =f(Z(x0)jẐ). Hen
e, we need Ẑ(Bi) P�! Z(Bi): If 
ov(Z(u); Z(v)) is a 
ontinuous fun
tion on u andv, then Z is mean square 
ontinuous (see e.g. Stein, 1999, p. 20), whi
h implies Ẑ(Bi) P�! Z(Bi).By the de�nition of the nonstationary 
ovarian
e 
ov(Z(u); Z(v)) in (6), if the lo
al stationary
ovarian
es are Mat�ern, then 
ov(Z(u); Z(v)) is 
ontinuous on u and v.In this paper, we de�ne the pro
ess Z in terms of a pointwise 
ovarian
e C(u;v), but then weuse (13), approximated by (14), to derive the 
ovarian
es of the blo
k averages Z(Bi); i = 1; : : : ; N;in terms of the pointwise 
ovarian
e C(u;v): This is then used to de�ne a likelihood fun
tion forthe parameters of the 
ovarian
e fun
tion for the pro
ess Z in terms of the observed blo
k averagesZ(B1); Z(B2); : : : ; Z(BN ): 11



6 Appli
ationWe have two sour
es of data for dry deposition 
uxes and 
on
entrations of SO2:1. The �rst sour
es of information are the regional s
ale air quality models. These models,e.g. Models-3, are run by EPA and the U.S. States and provide SO2 areal 
on
entrations and
uxes in regular grids in parts of the US (see Figure 1 (a) ). The 
urrent resolution of Models-3 is 36 km � 36 km. The primary obje
tive of Models-3 is to improve the environmentalmanagement 
ommunity's ability to evaluate the impa
t of air quality management pra
ti
esfor multiple pollutants at multiple s
ales, as part of the regulation pro
ess of the air pollutantsstandards.2. EPA provides point measurements at 50 irregularly spa
ed sites in the eastern U.S. known asthe Clean Air Status and Trends network (CASTNet) (see Figure 1 (b)). At ea
h site, EPAmeasures dry deposition 
uxes and 
on
entrations of di�erent atmospheri
 pollutants.Models-3 is used to examine the response of the air pollution network to di�erent 
ontrol strate-gies under various high-pollution s
enarios. To establish its 
redibility, however, it is essential thatit should a

urately reprodu
e observed measurements when applied to ground data. Models-3 usesas inputs metereologi
al data, emissions data and boundary values of air pollution. The availableemissions data are 
ombined with numeri
al models of lo
al weather (the Mesos
ale Model ver-sion 5 (MM5)), the emissions pro
ess (the Sparse Matrix Operator Kernel Emissions (SMOKE)),as well as information about land use and 
over, to estimate pollution levels in spa
e and time(the Community Multis
ale Air Quality (CMAQ) output) and produ
e maps (Dennis et al, 1996).Models-3. are not statisti
al models but numeri
al deterministi
 simulation models based on sys-tems of di�erential equations that attempt to represent the underlying physi
s, and take the formof huge blo
ks of 
omputer 
ode. 12
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(a) (b)Figure 1: (a): SO2 
on
entrations (ppb) from Models-3 for the week of July 11, 1995. The resolution is36km� 36km. (b): SO2 
on
entrations (ppb) at the CASTNet sites for the same week.One of the main obje
tives of the work presented here is to evaluate Models-3, and thereforewe need measures of how well Models-3 output and real data agree. We present a methodologythat uses Models-3 output to 
ome up with probabilisti
 predi
tions of SO2 
on
entrations at thepoint measurement sites. In our approa
h we take into a

ount the 
hange of support problembetween Models-3 (areal measurements) and CASTNet (point measurements). This appli
ationrequires, as a �rst step, �tting some random �eld model to Models-3, but it is unrealisti
 to assumethat a stationary isotropi
 model applies over su
h a large geographi
al area. Therefore, we neednonstationary spatial models.The �rst step of our analysis is to understand and to quantify the spatial stru
ture of airpollutants using the output of the regional s
ale air quality models (Models-3). Models-3 estimateshourly 
on
entrations and 
uxes of di�erent pollutants. As an example we examine sulfur dioxide.The spatial domain, D; is a regular grid (81�87), and the dimensions of ea
h pixel on the gridare 36km � 36km: Models-3 provides the estimated average 
on
entration for ea
h pixel. Figure13



1 (a) shows the weekly average 
on
entrations of SO2 for the week starting July 11, 1995. Weimplemented here the nonstationary model (4) with a kernel fun
tion with 
ompa
t support, thekernel used being the quadrati
 weight-fun
tion (9), presented in Se
tion 3.1. We applied thealgorithm dis
ussed in Se
tion 3.1 to 
hoose the bandwidth, trying to preserve the general \shape"of the data. The value of h in this appli
ation is 229 km (h = l=p2), be
ause M = 81 = 9 � 9(sample size) and l (distan
e between sampling points) is 324 km (9 � 36km). Note that the valueof h 
hanges with M . We obtained the value of M using Bayesian 
riteria for 
onvergen
e of theposterior distributions in the Bayesian hierar
hi
al model. For the purpose of illustrating the needof the te
hnique presented in this paper, Figures 2 (b) and 3 (a) show the posterior distributions of
ovarian
e parameters at the sele
ted sites plotted in Figure 2 (a). We used vague gamma priorsfor all the 
ovarian
e parameters, ex
ept for the sill parameter that we usedp(�) / ��1;whi
h is a uniform prior for log(�): The sill parameter is 
hanging with lo
ation as illustrated bythe variation in the distributions in Figure 3 (a). This indi
ates la
k of stationarity. We 
an 
learlyappre
iate this fa
t in Figure 3 (b). Figure 3 (b) shows a map of the modes for the posteriordistributions of the sill parameter of the Mat�ern 
ovarian
e for the Models-3 SO2 
on
entrations,for the week starting July 11, 1995. Figure 3 (b) indi
ates 
learly that there is a deviation fromstationarity. We modeled the 
ovarian
e parameters (�) using the model proposed in (11). Thus,for the sill parameter (�) we have �(s) = a+ ri + 
j + ��(s)where s = (si; sj), for i = 1; : : : ; n1 and j = 1; : : : ; n2; the ri's values explain the longitude e�e
tand the 
j 's values explain the latitude e�e
t. The pro
ess ��(s) is Gaussian with mean zero anda Mat�ern stationary 
ovarian
e, 
ov(��(x+ y); ��(x)) = C� 0(y); with parameters � 0. We have14



n1 = 9 and n2 = 9 (the number of sampling points is M = 81). The mode of the hyperparametersri for i = 1; : : : ; n1; and the hyperparameters 
j for j = 1; : : : ; n2; are shown in Figure 4 (a). Infa
t, Figure 4 (a) shows a smoothed version using a 
ubi
 spline of the longitude e�e
t (ri's) andthe latitude e�e
t (
j 's), and also the semivariogram of the error term (��) for the sill parameter,�. The longitude e�e
t shows higher sill values in a region between 80ÆW and 90ÆW , and thelatitude e�e
t suggests an in
rease of variability (sill) from 35ÆN to 40ÆN, followed by an almostlinear de
rease at higher latitudes. This 
orresponds to what we observed in Figure 3 (b), wherewe obtained higher values for the sill parameter in the Midwest. In Figure 4 (a) (bottom graph) weassumed a Mat�ern model for the semivariogram of the error term (��), the 
ovarian
e parametersfor this Mat�ern model are the modes of the posterior for the hyperparameter � 0. The posteriormode of the smoothing parameter for this Mat�ern 
ovarian
e estimates the spatial lo
al behaviorof the sill, in this 
ase the mode of the smoothing parameter is only :09 whi
h suggest that the sillparameter is not a very smooth pro
ess. The range and the smoothing parameters do not 
hangemu
h with lo
ation, the mode of the range is approximately 75 km almost everywhere (see Figure2 (b)), and the mode of the smoothness parameter is approximately .5. The S02 varies rapidlywith lo
ation, so it is not surprising to obtain these short ranges of auto
orrelation. Regarding thesmoothness of the pro
ess, we should keep on mind that we are working with prepro
essed data,the output of a numeri
al model. Therefore, the smoothness parameter was not expe
ted to varymu
h with lo
ation, be
ause the data have been already smoothed and pro
essed.The evaluation of the regional air quality models is 
ru
ial. We use the ground measurementsfrom the Clean Air Status and Trends Network (CASTNet) (see Figure 1 (b)), to evaluate weaklyaverage 
on
entrations of SO2 estimated by Models-3. The 
oordinates for Models-3 do not mat
hthe lo
ation of the CASTNet sites. Thus, we spatially interpolate the output of the models at thelo
ation of the CASTNet sites. We should do the interpolation by taking into 
onsideration the15
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(a) (b)Figure 2: (a): Sele
ted CASTNet sites. (b): Posterior distributions for the range parameter (km) of theMat�ern 
ovarian
e for Models-3 SO2 values, at the 6 sele
ted sites.spatial stru
ture of the pollutant 
on
entrations. Furthermore, Models-3 
on
entrations are blo
kaverages over the 36km � 36km. We use here a Bayesian approa
h to the interpolation te
hniquefor nonstationary �elds taking also into a

ount the 
hange-of-support problem (we 
al
ulated theblo
k averages 
ovarian
es drawing a set of 4 lo
ations in ea
h pixel). We use posterior predi
tive
he
ks (PPC) as suggested by Rubin (1984) for validation of the air quality numeri
al models. Thus,we 
ompare the posterior predi
tive distributions of the physi
al models (Figure 4 (b)) at di�erentlo
ations to the observed data (Figure 2 (a)), to determine if the numeri
al models generate datathat are similar to the CASTNet data. Figure 4 (b) shows the predi
tive values of the Models-3SO2 weekly average 
on
entrations at the CASTNet sele
ted sites. As expe
ted, we get very highvariability at the Indiana site, this site is very 
lose to several 
oal power plants, and thereforethe SO2 levels 
an be very high or very low depending on wind speed, wind dire
tion, and on theatmospheri
 stability. The sites in Maine and Florida have the lowest SO2 levels and variability.The agri
ultural site in Illinois and the site in North Carolina have similar behavior regarding SO216



levels. The site in NC is not far from the Tennessee power plants, and the site in Illinois is alsorelatively 
lose to some Midwestern power plants. The site in Mi
higan, whi
h is very 
lose to thelake Mi
higan and relatively far from power plants has also low SO2 levels.
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(a) (b)Figure 3: (a):Posterior distributions for the sill parameter of the Mat�ern 
ovarian
e for Models-3 SO2
on
entrations, for the week starting July 11, 1995. At the 6 sele
ted lo
ations showed in Figure 2 (a).(b):Map of the modes of the posterior distributions for the sill parameter of the Mat�ern 
ovarian
e forModels-3 SO2 
on
entrations, for the week starting July 11, 1995.We do not 
onsider CASTNet measurements to be the \ground truth", be
ause there is mea-surement error. Thus, we assume there is an underlying (unobserved) �eld Z(s), where Z(s)measures the \true" 
on
entration/
ux of the pollutant at lo
ation s. At station s we make anobservation Ẑ(s), 
orresponding to the CASTNet observation at this station, and we assume thatẐ(s) = Z(s) + e(s); (15)where e(s) � N(0; �2e ) represents the measurement error (nugget) at lo
ation s. The pro
ess e(s) isindependent of Z(s): With the purpose of estimating �e, EPA has two 
ollo
ated monitors at the17
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(a) (b)Figure 4: (a):Longitude e�e
t (ri's), latitude e�e
t (
j 's) and semivariogram of the error term (��) forthe sill parameter (�), where �(si; sj) = a + ri + 
j + ��(si; sj) for i = 1; : : : ; n1 and j = 1; : : : ; n2; andthe pro
ess �� is Gaussian with mean zero and a Mat�ern stationary 
ovarian
e with parameters � 0. In thebottom graph we plot the Mat�ern 
ovarian
e model of the the error term (��), the 
ovarian
e parameters forthis Mat�ern model are the modes of the posterior for the hyperparameters � 0. (b):Predi
tive distributionsfor the Models-3 SO2 
on
entrations, at the 6 sele
ted lo
ations showed in Figure 2 (a), for the week startingJuly 11, 1995.Ma
kville site in Kentu
ky. The 
ollo
ated monitors in Kentu
ky have been 
olle
ting weekly datasin
e 1993. We estimate �e using the mean squared di�eren
es of all the available CASNet valuesat the two 
ollo
ated sites, the estimated value is :3 ppb.The graph on the left in Figure 5 presents a naive approa
h for evaluation of Models-3. Thisgraph shows Models-3 versus CASTNet, without doing any spatial interpolation of Models-3. In thisgraph we simply have the values of Models-3 for the pixels that are the 
losest to ea
h CASTNetsite, without 
onsidering the 
hange of support. In some areas the atmospheri
 pollutants varysigni�
antly at s
ales smaller than the grid size of the model, therefore 
omparing the value of thegrid 
ell with a point measurement in the ground would lead to erroneous 
on
lusions. In Figure18



5 the dotted lines indi
ate a 90% 
on�den
e region for CASTNet (CASTNet values �1:64 � �e).The graph on the right in Figure 5 shows the modes and 90% 
redible intervals of the predi
tiveBayesian distributions derived from Models-3 at the CASTNet lo
ations versus the CASTNet data.The latter plot is mu
h more informative about the �t of Models-3 to the real data, sin
e we
ompare values that have the same spatial support instead of 
omparing grid 
ells with pointmeasurements. The un
ertainty in the estimated Models-3 values in this �gure depends on lo
ationand is represented by the varian
e of the distributions in Figure 4 (b). The 90% 
redible intervals inFigure 5 show that at some lo
ations, the bias in Models-3 is not signi�
ant. This Bayesian approa
hgives more reliable predi
tion errors, by taking into a

ount the un
ertainty in the 
ovarian
eparameters, and the 
hange of support. In Figure 6 we plot all CASTNet values versus the meansof the predi
tive distributions of Models-3 at those lo
ations. There are 3 sites where Models-3overestimates the SO2 values 
onsiderably, a site in Indiana, a site in Maryland, and a site in WestVirginia. These three sites are 
lose to power plants. In Figure 7 (a) we show these predi
tive valueson a map, and in Figure 8 (a) we present the 
orresponding standard errors also on a map. Figure6 is just an illustration of the powerful appli
ation of the te
hnique presented in this paper, thoughit does arises some important questions that are 
urrently being dis
ussed with the Models-3 groupregarding the formulation and improvement of the physi
al models. Some of the main sour
es ofun
ertainty that a�e
t the performan
e of the models are the following; the photo-
hemistry modelparameterizations (whi
h is the treatment of photo-
hemistry phenomena varying at s
ales smallerthan the grid size of the model), the boundary 
onditions, the treatment of the land use/land 
overat smaller s
ales than the grid size, the quality of the emissions input that goes into the air qualitymodels, and the air dispersion modeling of pollution plumes (at smaller s
ales than the grid size).The fa
t that the models perform worse in areas 
loser to power plants suggests that the dispersionmodeling of pollution plumes in that areas needs to be improved. The Models-3 output used for19



the analysis in this paper assumes that the SO2 di�uses uniformly within ea
h grid 
ell. Newdispersion models are 
urrently being added to Models-3. For more information about dispersionmodeling of pollution plumes, see e.g. Bey
hok (1995).We 
ompare now our proposed modeling approa
h with a geostatisti
al kriging predi
tion ap-proa
h (see, e.g. Cressie, 1993, for more information about kriging). In a geostatisti
al krigingapproa
h for spatial predi
tion the 
ovarian
e stru
ture is estimated �rst, and then the estimated
ovarian
e is used for interpolation. The properties of the interpolants based on an estimated
ovarian
e stru
ture are not well understood, and it is 
ommon pra
ti
e to ignore the e�e
t ofthe un
ertainty in the 
ovarian
e stru
ture on subsequent predi
tions. Our Bayesian approa
h tointerpolation of spatial nonstationary pro
esses provides a general methodology for taking into a
-
ount the un
ertainty about parameters on subsequent predi
tions. We used for both approa
hesthe same model for nonstationarity. For the kriging predi
tion the 
ovarian
e parameters were themodes of the 
orresponding posterior distributions. In Figure 7 (a) we show the Bayesian predi
tivevalues (mean of predi
tive posterior distribution) at the CASTNet lo
ations, and in Figure 7 (b)the kriging predi
tive values. Figure 8 shows the Bayesian standard errors (standard error of thepredi
tive posterior distribution), and Figure 8 (b) the standard errors from kriging. Figure 9 plotsthe Bayesian standard errors at the CASTNet lo
ations versus the Kriging standard error. Thepoints in Figure 9 where the Bayesian standard errors are mu
h larger than kriging, 
orrespond tolo
ations 
lose to power plants.As one would expe
t the Bayesian approa
h tends to originate larger standard errors, sin
e italso takes into a

ount the un
ertainty about the 
ovarian
e parameters. The Bayesian standarderrors are parti
ularly larger than kriging in areas with high emissions, mainly be
ause the proximityof power plants and the un
ertainty asso
iated with that. In these areas the SO2 values are high orlow depending on the atmospheri
 stability, wind dire
tion, and many other atmospheri
 fa
tors.20
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Figure 5: The graph on the left shows CASTNet measurements for the week starting July 11, 1995,versus the values of Models-3 for the pixels that are the 
losest to ea
h CASTNet site, without
onsidering the 
hange of support. The graph on the right shows the CASTNet measurementsversus the modes and 90% 
redible intervals of the predi
tive Bayesian distributions derived fromModels-3 at the CASTNet lo
ations.The dotted lines indi
ate a 90% 
on�den
e region for theCASTNet values.
21
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Figure 6: CASTNet values versus the mean of the predi
tive posterior distribution at ea
h site.The kriging standard errors are quite stable everywhere. This kriging method fails to 
apture therelatively larger un
ertainty in areas 
lose to power plants.7 Con
lusions and �nal remarksWe introdu
e in this paper a new statisti
al methodology for nonstationary models, the spatial �eldis represented lo
ally as a stationary isotropi
 random �eld, but the parameters of the stationaryrandom �eld are allowed to vary 
ontinuously a
ross spa
e. Kernel fun
tions are used to ensure thatthe �eld is well-de�ned but also 
ontinuous. New �tting algorithms are developed. The methods areextended to predi
tion/interpolation questions using Bayesian approa
hes to a

ount for parameterun
ertainty. In this paper we also take into a

ount the 
hange of support problem that o

urswhen data and predi
tant have di�erent spatial resolution.One of the main obje
tives of the appli
ation presented in this paper is to evaluate the physi
alair quality models (Models-3). Therefore, we need measures of how well Models-3 output and real22
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(a) (b)Figure 7: (a): Mean of the predi
tive posterior distribution at ea
h CASTNet site. (b): Kriging predi
torat ea
h CASNet lo
ation, with a nonstationary 
ovarian
e.data (CASTNet) agreed. We 
ompared Models-3 with CASTNet at all the 50 CASTNet lo
ations,taking into a

ount the measurement error in CASTNet, and the 
hange of support problem.Previous attempts to evaluate dry deposition values from Models-3, did not take into a

ountthe fa
t that Models-3 estimates grid-
ell averages and not point values, leading to misleading
on
lusions about the performan
e of Models-3. For instan
e, in Figure 5 the CASNet site in NCdoes not seem to disagree with the models (if we ignore the 
hange of support). But, a more
areful analysis, using point predi
tions at the CASTNet sites suggests that Models-3 does notperform there as well as expe
ted. Models-3 group is analyzing this site and other suggestedlo
ations, mainly in the areas 
lose to power plants, where the models do not perform very wellwhen 
ompared to the ground measurements. It is very 
omputationally expensive to run thesephysi
al models. Therefore, it is 
ru
ial for the modelers to understand where the numeri
al modelsdo not perform very well. Be
ause, they 
an then run the models for these areas of interest under23
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(a) (b)Figure 8: (a): Standard error of the predi
tive posterior distribution at ea
h CASTNet site. (b): Standarderror of the Kriging predi
tor at ea
h CASNet lo
ation.di�erent emissions s
enarios, and under di�erent model parameterizations and plume dispersionmodels, with the goal of improving the air quality models and understand better the reason for thedisagreement between models output and ground observations.We also 
ompared our proposed modeling approa
h with a kriging predi
tion method, thatignores the un
ertainty in the 
ovarian
e parameters. Both approa
hes were implemented usingthe same model for nonstationarity. Our approa
h gave larger standard errors than kriging for theModels-3 predi
ted values, spe
ially in areas 
lose to power plants. This re
e
ts the diÆ
ulty inestimating the 
ovarian
e parameters in these areas. The kriging approa
h reported rather uniformstandard errors everywhere. For the evaluation of the physi
al models, we studied where CASTNetvalues lay with respe
t to a 
on�den
e interval for the SO2 predi
ted values from Models-3. Usingkriging for the predi
tion we underestimated 
onsiderably the length of the 
on�den
e intervalsleading to wrong 
on
lusions about the performan
e of Models-3.24
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Figure 9: The standard error of the predi
tive posterior distribution at ea
h CASTNet site, versusthe standard error of the Kriging predi
tor.The spatial model proposed in this paper 
ould be also applied to spatial temporal data. Rightnow Models-3 is being run for short periods of time, but in a near future we should get a

essto longer periods of time than one week to 
ondu
t a spatial temporal analysis. Then, we wouldmodel Z as a spatio-temporal pro
ess,Z(x; t) = �(x; t;�) + �(x; t)where E (Z(x; t)) = �(x; t;�), and the pro
ess � represents some spatial-temporally 
orrelatedzero-mean noise. We 
ould represent Z(x) using the model in Se
tion 3 where x now varies over adomain D 
ontained in a 3-dimensional Eu
lidean spa
e R3 . However, if we assume that the lo
alstationary pro
esses have a separable 
ovarian
e, then we model Z as follows:Z(x; t) = ZDK(x� s)Z�(s)(x; t)ds: (16)25



where �(s) = (�(s);�(s)) and the lo
al pro
esses Z�(s) have a separable spatial-temporal 
ovarian
e,
ov �Z�(s)(s1; t1); Z�(s)(s2; t2)� = C(1)�(s)(s1 � s2) � C(2)�(s)(jt1 � t2j) (17)where C(1)�(s) is a stationary spatial 
ovarian
e with parameter �(s); for instan
e a Mat�ern (7), andC(2)�(s) is a stationary temporal 
ovarian
e with parameter �(s): For instan
e we 
ould model C(2)�(s)as the 
ovarian
e of an autoregressive AR(1) temporal model. Forms su
h as (17) have a historyin spatial-temporal modeling; see e.g. Mardia and Goodall (1993) and referen
es therein.Then, the 
ovarian
e of Z 
an be written as follows:
ov (Z(s1; t1); Z(s2; t2)) = ZDK(s1 � s)K(s2 � s)C(1)�(s)(s1 � s2) � C(2)�(s)(jt1 � t2j)ds (18)this is a nonstationary spatial-temporal 
ovarian
e. Note that the 
ovarian
es for the pro
esses Z�(s)are separable but the 
ovarian
e of Z is not separable. We should a
knowledge that a separablemodel for Z would be no longer 
onsidered a

eptable by many users. For ea
h lo
al pro
ess Z�(s)spatial asso
iation at a �xed time point is 
aptured through C(1); de
ay in su
h asso
iation overtime is 
aptured by C(2).8 A
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