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JoINT MeASURES AND CROSS-COVARIANCE (PERATORS

Charles R. Baker
University of North Carolina at Chapel Hill

ABSTRACT

Let Hl (resp., H2) be a real and separable Hilbert space with Borel o-
field Fl (resp., T2), and let (HIXHZ’ lerz) be the product measurable
space generated by the measurable rectangles. This paper develops relations be-
tween probability measures on (Hlez, Plxrz), i.e., joint measures, and the
projections of such measures on (Hl’ Pl) and (HZ, Fz). In particular, the
class of all joint Gaussian measures having two specified Gaussian measures as
projections is characterized, and conditions are obtained for two joint
Gaussian measures to be mutually absolutely continuous. The cross—-covariance

operator of a joint measure plays a major role in these results, and these op-

erators are characterized.



JOINT Measures AND CROSS-COVARIANCE OPERATORS®

Charles R. Baker
University of North Carolina at Chapel Hill

INTRODUCTION

Let Hl (resp., H2) be a real and separable Hilbert space with inner pro-

duct <°, °>1 (resp., <°, °>2) and Borel o-field T, (resp., Pz). Let Plxrz
denote the o~field generated by the measurable rectangles AxB, AeTy, B€F2.
Define HIXH2 = {(u,¥): u in Hl’ v in HZ}‘ HlXH2 is a real linear space,
with addition and scalar multiplication defined by (u,v) + (z2,y) = (utz, vt+y)
and k(u,v) = (ku, kv). H,xH, 1s a separable Hilbert space under the inner
product [e,°] defined by [(u,v), (t,2)] = <E’E>1 + <x,g>2; moreover, the

oper. sets under the norm obtained from this inner product generate T,xT, {1].

Let | -||l (resp., ||°||2) denote the norm in Hl (resp., H2) obtained from
the inner product, and let || - “ denote the norm in H1><H2 obtained from the
inner product. A probability measure on (HlXHZ,FIXB) will be called a

joint measure.

A probability measure on (Hi’ Fi) (1 = 1 or 2) that satisfies

My

[l g < - ®
Hi

defines an operator R, in H, and a mean element m, of H, by (mi’3>i =
IH1<5’¥>1d“1(5) and  (B;u,¥); = in<§-gi’¥>i (xmy»x);duy ()5 Ry is a covar-
iance operator; i.e., it is linear, bounded, non-negative, self-adjoint, and

trace-class. My is Gaussian if the probability distribution on the Borel sets

* This research was supported by the National Science Foundation under

Grant GU-2059 and by the U.S. Air Force Office of Scientific Research under
Contract AFOSR-68-1415.



of the real line induced from Hy by every bounded linear functional on Hi
is Gaussian. If e is Gaussian, (*) is satisfied; moreover, to every covar-

iance operator R and element m in H, there corresponds a unique Gaussian

i
measure [2]. All measures on (Hi,Fi) considered in this paper are probabil-
ity measures that satisfy (*).

We are interested in determining relations between joint measures and
their projections on (Hi,Fi). In particular, the following questions are ans-
wered: (1) What is the relation between the covariance operator of a joint
measure and the covariance operators of its projections? (2) Given two

Gaussian measures on (Hi,Pi), i = 1 and 2, how can one characterize the

M4
set of all joint Gaussian measures having My and u, as projections?

(3) What are conditions for equivalence of two joint Gaussian measures, given
in terms of operators on H1 and HZ? The answers to all three questions in-

volve eross-covariance operators, and a characterization of such operators is

given.



JOINT MEASURES

A probability measure on (H1XH lerz) will be called a joint measure.

29
Suppose that Moy is a joint measure; the projection Hy is the probability
measure on (Hl,Fl) induced from Hyy by the I‘IXI‘Z/I‘1 measurable map Pl,
Pl(z,z) £ x. Similarly, the projection My is the measure on (H2,P2) in-
duced from Hyy by the map PZ’ Pz(g,x) = y. Note that there will, in gen-
eral, not be a unique joint measure having Hy and By as projections; the
notation Hyy is used to relate the joint measure to its (unique) projections.

A joint measure is Gaussian if the probability distribution on the

Hxy
Borel sets of the real line defined by

P('g’x)[A] = UXY{(?\E,X): [(%,%)>(u,0)] € A}
is Gaussian for all (u,v) in H,xH,. ple,¥) is clearly Gaussian for all

(u,v) in H,xH, 1f and only if the distribution PO(E’X) on B[RZ] defined

1772
by

PO(E’,Y) [AXB] = “XY{ (z,y): <532>1 € A, <X’X>2 € BJ

is Gaussian for all (u,y) in H. xH

172
Moy will have a covariance operator RXY and a mean mXY in H1XH2
if
2 _
[ Mol agen < - (%)
H, xH

172
this is always the case if Hyy is Gaussian [2]. We will assume that (**) is
satisfied for all joint measures considered in this paper. This is consistent
with the assumptions for the measures on (Hi,Fi), since if Hyy is a joint

measure with projections u and Hys then

X



[ Ml agee = [ sl 2] gy
H,xH kE,xH
172 172

2 2
N IR T e
H HZ

so that My satisfies (®*%*) if and only if both My and Hy satisfy (*).
Given a joint measure Hyys We will use gx and By (resp., gY and EY) to

denote the covariance operator and mean element of the projection Hy (resp.,

y)



Cross-CovARrIANCE OPERATORS

Suppose Mgy is a joint measure satisfying (**), Define a functional G

on H1><H2 by

G(g,¥) = J (5mg4)1 (L By o 0), gy B -

H.xH
172
For fixed u (resp., ¥), G 1is a linear functional on H2 (resp., Hl).

1
Moreover, lG(g,x)Iz < ||gx?g||12||gY%g||22, where R, and By are the co-

X

variance operators of My and By Hence, for fixed u, there exists by

2
every y in H,. Similarly, for fixed yeH

Riesz' theorem a unique element g4, ir H, such that G(u,v) = <gu,x>2 for

2 there exists a unique element
g,€H; such that G(u,y) = <gv’9>l for all yeH,. Define a map Ryy: HyoH,;
by BXYx = gx. EXY is single-valued, by the fact that gx is unique. BXY

is defined everywhere in H is clearly linear, and is bounded since

2,
2
2 2 <g¥’g>1 l6Ce,w |
HBgyul 1" = llg 01" = sup———5- = sup —————
~ HEHl I'Hlll Beﬁl ||Hl|l
% 2
Ry ul 14 5
By'x 2 2
s sup ———=— | R, %¥|]," = IR, VIBell, gl -
2 2 1 2 2
well; | fully

% *y = = =
Clearly Ry *: H »H, is defined by R, *u 95' Thus G(u,v) <5XYX’2>1
<X’BXY*H>2 for all uH, and y in H). Ve define BXY* = Ryx* The opera-
tor EXY will be called the cross-covariance operator of By A partial
characterization of the cross-covariance operator was given in [3] for the case
where EX and BY are both strictly positive, Hl = HZ’ and Hyy Was in-
duced by a map from a probability space into (HxH,I'xI'). Here the characteri-

zation will be extended, and without these restrictions.



Let EX (resp., gY) be the projection operator mapping Hl onto
range(gx) (resp., H2 onto range(gY)), where range(R) denotes the closure

of range(R). We then have the following result.

THEOREM 1. A) 1If Hyy is a joint measure with a covariance operator and mean

element, then the cross-covariance operator gXY has a representation as

EXY = BX%QBY%’ where V is a unique bounded linear operator such that

v: H2->Hl ’
(B) If R: Hz*ﬂl is a bounded linear operator of trace class, then there

¥/l <1, and ¥ =pye.

exists a joint Gaussian measure Hyy such that R is the cross-covariance op~
erator of Hyye
ProoF: (A) Let g8 be any fixed element in range(gY%), with 2z any element

of H, satisfying gY%g = g, Define a linear functiomal fS on range(gx%)

~

o8]

by

1
fﬁ('gxzto LI tz <'}"(“EX’H>1 <X“EY’E')Z duXY(‘z‘(’x)

1

(Reom)ys all ge Hy.

% % %
Since |f§(,13X wl s ll§|l2 l|gxeg|ll, f§ is bounded on range(gYe) and thus
can be extended by continuity to a bounded linear functional on range(gx)
(= gx[HI]). Note that the extension has norm < I]gl'z. By Riesz' theorem,
there exists a unique element h in gX[Hl] such that fs(g) = (g,g>1 for all
w in gx[Hl] and ||b||1 < ||§||2. Define a map Y': HyoH, by V's =h. V

%

is defined for all s in range(ng), is clearly linear and single-valued,
and is bounded because Ilz'glll < ||§l|2. V' can thus be extended by contin-
uity to a bounded linear operator V defined on gY[HZ]; note that

X~~YS
the domain of V to all of H, by defining ¥y =0Q for u in (gY[HZ])l.

Vs = P.VB.s for s in gY[Hz], [lvl| <1, and fg(g) = <2§’E>1' We extend



Thus, for any 2z in Hz, for g = BY%E’ and for any u in H;, one has

%
£ By W = (Bryzot); = (B FzRFu), so thar By =R, |yl s 1, and
E = Engy‘

%
To see that ¥ is unique, suppose that R, = BXQQBY%’ with ||g]| =1
% E

and G = P,GP,. Then (Y-G)R, u = &{z(y-g)g;g =0, all yeH,, so that
Vu = Gu, all u in RY[HZ]. Since Vu = Gu =0 for w41 B,[H,], ¥ =G on
H2'

(B) By the polar decomposition theorem [4], R = ggz, where T: H2+H2,
22 = (g*g)%, and U: H2+H1 is partially isometric, isometric on gT[Hz] and
zZero on (gT[HZ])l, with range(U) = range(R) (gT = the projection operator in

H, with range equal to range(f)). Since R is trace-class, T and UL are

%
Hilbert-Schmidt. Further, TU* = E(gzzg*)z for a partially isometric

§: H>H), N dsometric on range (UT“U*), and with range(W) < range(T) =
e 2 2, %,
range(R*R). Thus R = UT" = (UT"U*)°W*T.

Since T is self-adjoint and Hilbert-Schmidt, there exists a Gaussian mea-

sure u, on (HZ,Fz) with covariance operator Iz and null mean element. De-

fine Y: H2+H2

measurable as a continuous map, and thus induces from by a probability mea-

as the identity map, and X: H2+H1 by Xy =Uv. X is I'2/I‘1

is Gaussian, with null

sure ., on (Hl,rl), uX(A) = uY{v: UveA}, AeT

X
2

mean element and covariance operator gx = UT U*,

1© Py

The map (X,Y): H2 + H XHZ, &,V () = (Uv,v), 1is I‘Z/I‘lxr‘2 measurable,

1
thus induces from Wy @ measure . on (H1XH2,FIXF2), defined by uXY(C) =

uY{u: (Uu,u)eCl, Cel' xT,. Moreover,

xH

Bt = | i

(3:2); (2:8)y dugy &0
2

- fh (2:0%%), (1.9), duy @)
2



= <5Yg*g,g>2 for all u in H v in H

2° 1°

Hence gXY = LRy = gzz = R. Finally, it is clear from the definitions that

uXY is Gaussian. This completes the proof.



CovARIANCE OPERATORS FOR JOINT IEASURES

Suppose that Hxy is a joint measure satisfying (**). We proceed to de-
termine the relations between the covariance operator and mean element of Hyy?

and the covariance operators and mean elements of the projections Hy and Hye

ProP, 1: Let Hyy be a joint measure such that IHleZIH(E’X)IHZdHXY(B’x) < ™,
Let RXY and Moy be the covariance operator and mean element of Byy? and
denote by gx and By (resp., BY and QY) the covariance operator and mean
element of the projection By (resp., uY). Then, Moy = (EX’EY)’ and
RXY(B,X) = (gxg + Byy¥s Byv + BYXB) for all (u,v) in H xH,.

PROOF: 1t is clear that Moy = (mx,gY); for example,

<Ex’2>]_ = JHl <?5’l.1>1 dux(?é)

fﬁlxuz [G&0), (8,0] dugy (x,3)

Imeys (@01

To describe the covariance operator RXY’ we can assume that Yyy has
null mean element. Then
[RXY(B'X)’ (S;E)] = JH xH [(ﬁsz): (Hp!)][(ﬁs!)s (,S,,,E) duXY(?S9x)
IHlxu2{<’~‘"~‘>1 + (2"~’>2} {<’~"~‘5>1 * <x’5>2}d“xy(’~"x) = (Bgwt); *
<4'7c¥‘~”£>1 + (5“5,9>1 + <5Yz,.x>2 = [(Bgu + Ryy¥s By¥ + Byyw), (8,2)1.

One thus sees that &,& mdgn mmh&thmauueRm.
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CHARACTERIZATION OF JOINT GAussIAN MEASURES

One can now characterize the set of all Gaussian joint measures having

given Gaussian measures and By as projections.

9’4

THEOREM 2: Suppose that Hy and uy are Gaussian measures on (Hl,Pl) and
(HZ,FZ), respectively. Let BX and By (resp., gY and gY) denote the

covariance operator and mean element of 1 (resp., uY).

X

(A) A joint Gaussian measure u, having R as covariance operator and

m as mean element, has and by as projections if and only if m==(mx,gY)

Hx
= % : =
and R(u,v) (BXB + Rey¥s Ry¥ + gng) for all (u,¥) 1in HixH,, where R.o

BX%YBY% for a bounded linear operator V: H with ||v|] =< 1.

2"
(B) Let V be any bounded linear operator mapping H2 into Hl’ with
! %
|l¥]] < 1. Define an operator Ryy: Hy?Hy by Rey = BX§YBY2, and define
. = *
R: HyxH, + H xH, by R(u,v) (gxg + Ryy¥s Byv + BXYB) for all (u,v) in

HIXHZ. R 1is then a covariance operator, and the Gaussian joint measure having
R as covariance operator and (EX,EY) as mean element has uX and My as

projections.

ProoF: (A) If y 1is a joint Gaussian measure with projections Hy and Hys

then the assertion on the form of R and m follows from Prop. 1.
Conversely, suppose that u 1is a joint Gausslian measure with covariance

operator and mean element having the form given in the statement of (A). Sup-

pose also that u has projections and By and that these measures have

Hz
covariance operators gz and gw and mean elements o, and o The pro-
jections must be Gaussian, and by Prop. 1, m = (EZ’EW) and also R(u,v) =
(gzg + Rou¥s Ry t ngg) for all (u,v) in H,xH,, where R, 1is the cross-
covariance operator of wu. It is clear that By = By and g, = m,. Now let

{gn} be a c.o.n. set in Hl; for any u in Hl’ one has that
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{R(u,0), (gk,g)] = <BX2’BR>1 = <522’9k>1 for each it in {gn}, so that
BX = gz. Similarly, BY = 5w. Hence, My = uz and By = W by the unique
correspondence between a Gaussian measure and its covariance operator and
mean element.

(B) It is sufficient to show that the operator R 1is a covariance op-
erator, with R as defined in the theorem, and with V any bounded linear
operator mapping HZ into H1 with |[|y]| < 1.

It is straightforwérd to verify that R is linear and self-adjoint; since
R 1is defined everywhere in HlXHz, R is also bounded, by the closed-graph
theorem. To see that R is non-negative, [R(u,v), (u,v)] = <EXH’H>1 +
(Ryvsx), + 2(Reytow); = ||,13,X;§B| 1,2+ ”BY%¥| |22 + 2<X£Y%z,5x%s>1
2 |IRy"ul 1% + 1Ryl 1,7 - 21 1Rl [y IRy Pl 1, = IRg®ully - 1Ry®ulD? = 0.

It remains to show that R is trace-class. Let {gn}, n=12,... be

c.o.n. in H,, and let {xn}, n=1,2,... be c.o.n. in H,. Then the set

{(gn,g), n=1,2,...}1 u {(g,gn), n=1,2,...} is c.o.n. in HleZ’ and

121 [R(g,,9), (y,,9)] +rzl [RQ,y,, Q)] E (Ryu o8 ), + ,Z, (Ry¥, %) 2

Trace Bx + Trace EY'

Thus, R 1is a covariance operator, and by (A) the joint Gaussian measure
having R as covariance operator and (gx,gY) as mean element has My and

By as projections.

COROLLARY, Let R be a bounded linear operator in H If there exist

1XH2.
bounded linear operators R,, R, and Rqs with Ry: HpHy, Ry H2H,, and

. = *
Ry: HyoH,, such that R(u,v) (512 + Ry¥s Ry + R, u) for all (u,v) in

HIXHZ, then these operators are unique.

PROOF: Follows directly from the second part of the proof of (A).
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FURTHER PrOPERTIES OF THE CoVARIANCE OPERATOR

This section contains more details on the covariance operator RXY for a

joint measure Included is an explicit expression for the square root of

U)(Y'
RXY’ and a description of spectral properties of operators related to the

cross—covariance operator,

The following result will be used in this and succeeding sections.

LEMMA 2 [5]. Suppose that H 1is a real Hilbert space, and that R, and R,

are bounded linear operators, R,: H.»H, R,: H,»H. Let P

2° 72 1
the projection operator mapping Hl (resp., Hz) onto range(gl*) (resp.,

(resp., 22) be

range(gz*)). Then range(gl) = range(gz) if and only if there exists a bounded

linear operator G: HI+H2 such that gl = BZS’ G = gzggl = ggl.

PROOF: The "1f" part is obvious. Suppose that range(gl) c range(gz), and

define G: hl-*HZ by Gx = leg = 22 12 = }52

to show that G 1is single-valued; G is obviously linear; and one can show G

u when R u. It is straightforward

is closed. By the closed-graph theorem, G is bounded.

COROLLARY  [5].

(a) Range(gl) < range(gz) <=> there exists a scalar k < «» such that
'lgl*B||2 < kl|gz*g||2 for all u in H <=> there exists a
bounded linear operator Q: H,*H, such that glgl* = gzggz*.

(b) Range(gl) = range(gz) <=> there exists a bounded linear operator Q
having bounded inverse with (glgl*)% = (5252*)%Q <=> there exists a

bounded linear operator T having bounded inverse with R.R.* =

1~1

% %

%* *

(RZRZ ) T(R2R2 )<,

(c) (RlRl*)é = RlA*, where A 1is partially isometric, isometric on

range(R,*) and Au=0Q for yu 1 range(R,%).
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In many applications, such as determining equivalence of two joint
Gaussian measures, one must verify conditions involving the square root of a
covariance operator. In this section, we give an explicit representation for
the square root of the covariance operator of a joint measure Mgy
Let Ran denote the covariance operator of Hy ® uys the product mea-
sure for By and Hy on (H1XH2,F XFZ). For Hy ® Hys the cross-covari-

ance operator is the null operator, so that

X®Y(u v = (Ryu,Rev)
Hence RX %(u v) = ( g % R
oy MY gx E’EY v), and one can write RXY as XY(B’X) =
BBy + Byls Ryg®) = Rygy (D) + G U, "y, By TR (where By =

¥ % %
Ry Wy s Y2 HypHy, [Y]] s 1) = R o (u,w) + Rygy VR gy’ (), with V(g,y) =
(Vy, V*¥u). V 1is a self-adjoint bounded linear operator with vl = Hxell,
as can be easily verified,
We have established the following result,
ProP, 2: R 2[I+V]R % and R ¥ . ;5[1+V]2A* where A is a

XY X@Y Xey °? XY h@Y

partially isometric operator, isometric on range(RXY), and zero on the null

space of RXY’ and I is the identity operator in HyxH,.

The second part of this result follows from the corollary to Lemma 1, and

the fact that range(RXY) = range(RXY%).

Note that Prop. 2 and Lemma 1 imply that range(R 2) c range(RXQY;)
with equality if and only if I + V has bounded inverse.

The operators I+V and V, defined above, play an important role in the
study of equivalence of joint Gaussian measures. We proceed to examine the
spectral properties of these operators. Recall that the set of limit points of

the spectrum of a self-adjoint bounded linear operator consists of all points

of the continuous spectrum, all limit points of the point spectrum, and all
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eigenvalues of infinite multiplicity. The identity operator in Hl and the
identity operator in H2 will both be denoted by the symbol I; the appropri-

ate space will be clear from the context.

THEOREM 3. (a) VV* has a c.o.n. (in Hl) set of eigenvectors if and only if
V*Y has a c.o.n. (in H,) set of eigenvectors.

() V(g,¥) = A(g,y) <=> WW*u = A%y, Y*Uy =M%y, and Y*y = )y <=>
V(u,-v) = =A(u,-v). V has a c.o.n. set of eigenvectors if and only if VV*
has a c.o.n. set of elgenvectors.

(¢) V 1is compact if and only if V 1is compact.

(d) 1T +V 4is compact if and only if both Hl and H2 are finite-
dimensional spaces.

(e) 1If there exists a scalar a < 1 such that 'IX*BI‘ZZ < a||1~1||12 for

all u in Trange(I-VV*), then I+V, I-Y*V, and I-YV* each has closed
%
range, and I+V 2 [1-a®]] on range(I+V).
(f) o is a limit point of the spectrum of I+V 1if and only if 1—(1-;1)2
is a limit point of the spectrum of I-VV¥*.
ProoF: xu = A2
(a) Suppose VV 1 S with {gn} c.o.n. in Hl. Define

A = y* for all n such that X # 0. Then g*ggn = Aznxh' Now suppose

v
n~n ~n

that there exists y in H2 such that (g,3h>2 = 0 for all X, Then Yy
is in the null space of V*, so that YV*Vy = Q. Hence {gn} u {null space of
V*V} contains a set that is c.o0.n. in HZ' The converse follows by symmetry.
(b) V(g,¥) = Mu,y) <=> Y%y = Ay and Yy = Ay <=> YW*y = \%g and Xy =

Uky <=> Y% = A%y and -A(-®) = Vry <=> V(g,-¥) = -A(g,-w). If {(g,y))

is a complete set in HlXHZ, then {gn} must be complete in Hl’ so that
VV* has a complete set of eigenvectors if V has a complete set. Conversely,
1f VYU*u = A2y, define y by Ay =Yty 1f 1 #0, and y=0 if 2 =0.

Then V(u,v) = A(u,v). If [(m,2), (y,¥)] = 0 for all such eigenvectors
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(u,v), then (g,g)l + (z,¥), = 0 and also (m,u}; - (2:X), = 0 (by the first
part of (b)), so that m =0 if the eigenvectors of Y*V are complete in H,.
In this case, the eigenvectors of V*V are complete in H2, by (a), and the
proof of (a) shows that the non-zero point spectrum of V*V is identical to
the non-zero point spectrum of VV*. Thus, the element 2z above must belong
to the null space of V*V. If {gn} is c.o.n. in the null space of V*V, the
set {(Q,gn)} are eigenvectors of V corresponding to the eigenvalue zero.
Hence, the union of this set with the eigenvectors {(u,y)} derived as above
from the eigenvectors of VV* constitutes a complete set in HleZ.

(c) Follows directly from (b).

(d) From (b), I+V cannot have zero as the only limit point of its non-
zero eigenvalues, since )\ is an eigenvalue of I+V if and only if 2-)1 1is
an eigenvalue. I+V 1is thus compact if and only if range(I+V) is finite-
dimensional. The above eigenvalue relation also shows that the dimension of
the null space of I+V 1is equal to the multiplicity of the eigenvalue A = 2.
Hence, the dimension of the range of I+V will be finite-dimensional if and
only if HIXH2 is finite-dimensional. This occurs if and only if both Hl
and H, are finite-dimensional.

2
(e) Suppose there exists a < 1 such that Ilg*gllzz < a||g||12 on

range(I-VV*). Then, YV* < ol on range(I-YV*), Y*V < ol on range (I-V*V),
and hence V2 < al on ;EEEEIT:UTT. If u is in ;ZHEZZT:VES; the above in-
equalities yield [(I+Vu,u] = (1—a%)|Hu|H2. Suppose that U L range(I-V2);
then either « L ;EEEETT:UY or else (I+V)u = 2u. Noting that the null space
of I+V 1is contained in the null space of I-Vz, one sees that I+ 2 (l-a%)l
on range(l+V). This implies that I+/ has closed range. The fact that

I-VV* and I-V*V each has closed range follows from the preceding inequalities.
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(f) o 1is a limit point of the spectrum of I+V 1if and only if there
exists a normalized sequence (gn,xn) in HlXHZ which is weakly convergent to
zero, and such that |H(I+V—a1)(gn,xﬁ)|“->0 [6]. (I+V-al)(y .y ) > (0,0) 1if
and only if (l—a)gn + Yy >0, (l-a)xn + Ve > 0, and (1-0;)25n - W > Q.
If ||gn||1 is bounded away from zero, it is clear that 1 - (l-a)2 is a
limit point for I-VV*, since {gn} must be weakly convergent to zero. Thus,

suppose that u > Q for some subsequence {u, }. Then Y*u > Q and hence
k k k

¥, > Q0; this contradicts the assumption that {(u ,v )} 1s normalized in
Yn, 7 % DA
H xH,. Hence, Ilgnlll must be bounded away from zero, and thus 1 - (l-a)2

is a limit point for I-VV¥*.

Conversely, suppose that {gn} is a normalized sequence in Hl, weakly
convergent to zero, with (l—a)zgn - yy*gn + Q. Define positive scalars {kn}
by k2=1+ a2 [yrg Il Oy, (- 74y} 1s anormalized se-
quence in H1XH2, weakly convergent to zero, with
[I+V—oc1](kn-lgn, kn_l(a-l)—lg*gn) + (0,0). o is thus a limit point of I+V
when 1 - (l-a)2 is a limit point of I-VUV* This completes the proof of the

theorem.
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EQUIVALENCE OF JOINT GaussIAN MEASURES

For two Gaussian measures on a real and separable Hilbert space, necessary
and sufficient conditions for equivalence (mutual absolute continuity) have
been the subject of extensive investigations. It is known that the two mea-
sures are either equivalent (denoted by ~) or orthogonal [7][8]; the neces-
sary and sufficient conditions for equivalence can be expressed in terms of the
covariance operators and mean elements of the two measures (see, e.g. [91,
Theorem 5.1,0or [10]). Since these results apply to any two Gaussian measures
on any real and separable Hilbert space, they can be used to determine equi-
valence or orthogonality of two joint Gaussian measures on (H F xI'y).
Our objective here is to formulate conditions for equivalence in terms of op-
erators and elements in the individual spaces H1 and Hz.

Throughout this section, we will consider two Gaussian joint measures,
UXY and Moyt The cross-covariance operators will have the form BXY =
RXZVRY and R, =R, TRw where V and I are linear, |[[Yll s 1 and

Tl < 1. sy has mean My = ('@X’H}Y)’ and How has mean m, = (%,mw).

We will also assume that range(R

X@Y) = range(RZQW) H1XH2, where RX@Y

the covariance operator of By ® Bys similarly R for My ® W This 1is

Zew

%
no restriction, for the following reasons: (1) range(RXYz) < raﬂge(RXQY%)s

as shown previously; (2) conditions for equivalence of How and By de-

—————
pend only on elements in, and operators defined on, range(RVYz) and

range(RZw ), by Lemma 2 below; (3) My ® ug Ly, ® u, if
range(RX®Y2) # range(RZew ), as one can easily show, and we will see that
Hyy Ly if My ® By L Hy ® By independently of the assumption that

range G%{@Y%) = range (sz%) H,xH,.

The two lemmas below are fundamental to our results.
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LEMYA 2. [9]. Suppose Hy and u, are two Gaussian measures on the Borel
. o-field of a real and separable Hilbert space, H. Let R, and m, be the
covariance operator and mean element of My Then My ™ Uy if and only if
%
(a) D - o, is in the range of Rl
%

WR

where W is a Hilbert-Schmidt operator that
does not have -1 as a eigenvalue, and W is identically zero on

the null space of R,-

This is simply a restatement of Rao-Varadarajan Theorem 5.1 [9], slightly
modified to allow for W # H. The extension follows easily from
Theorem 4.1 of [9], and the fact that the support of a Gaussian measure is the
closure of the range of its covariance operator [11] (note that W =
_x'-a-r@(;__(g—_z—).). Since the values of W' on the nullspace of R, do not affect

the values of Ry =R, +R ‘W'R ¥ on H, it is clear that if one defines ¥

~2 2 2
‘ by W=4' on range(gz), and W=0 on range(gz)l, then R, = R2+R22WR2;5
Lerma 3, By ® Uy Uy B W if and only if wug ~ w, and Uy ~ M

ProoF: Suppose g ~ W, and uy ~ u,. Then ug @ uY[A] =

JH “X{5: (x,y) € A}qu(x), so that by ® uY[A] =0 1f and only if
uX{x: (x,y) € A} =0 a.e. duy(y) and uely: (%,3) € A} = 0 a.e. du(x). It
follows easily that My ® By ~ Hg ® By For the converse, one notes that
Hye (B) = ug ® ug(BxH,).
We now examine the equivalence or singularity of the joint Gaussian mea-
% %
:\1 a - 2 2
sures uﬂ and u,,.. We have szen that RXY RX®Y (I+U)RX®Y and

R d (I+T)R

i ZGW where V(u,v) = (Yv,V*uw) and T(u,y) = (Ty,T*vw). If

%
“ZeW °
range(R}f) = range(R.. ) and range(%Y%) = range(g}f), then by Lemma 1 there

exist bounded linear operators H>H, and B,: H2+H2 such that both B,

~1‘11 =2

. and B, have bounded inverse, and BZ By ~l’ Rw RY 3, We can then
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define an operator B in H,xH, by B(u,v) = (ng,gzg). B 1is linear,

. bounded, and has bounded inverse.

TreoREM 4, if and only if

"y T Vzw
(a) uy ~uy; and Hy ~ oy
(b) There exists a Hilbert-Schmidt operator W 1in H1XH2 such that W

does not have -1 as an eigenvalue, and
I +V = B{I+T1B* + B[I+T]* W[I+T]"B*

oo o0k
(c) Moy = Moy belongs to the range of R [T+V1°.

XeY

REMARK: Note that condition (a) implies (Lemma 2) that the operatoer B (de-

fined above) exists and is linear, bounded, and has bounded inverse.

PROOF ¢ (A) Suppose ., ~ W,,. Condition (a) is obviously satisfied, since,
XY FAYS

for example, u,(A) = n, (Axil). This implies (Lemma 3) that
X Xy

¥ %
~ . gi . = * 2 -BB%
My ® Uy ~ W, ® w3 since RZ@W RX@Y BB RXGY , the operator I-BB* is

Hilbert-Schmidt and does not have -1 as an eigenvalue, by Lemma 2.
%

70 where K is Hilbert-

' %
Hey ™ Mo also implies that RXY = sz (I+K)R

Schmidt, K can be taken as zero on the null space of sz, and -1 1is not
% 2 %

X%k * =
Ry Ran BA (T+K)A*3*R , where AA 14T,

XY
R also can be written as R_, =R %(I+V)R %
XY XY XoY X®y °

an eigenvalue of K. Hence R

Hence

I1+vV

BAA*B* + BAKA#B*

B[I4T]B* + BII+T]? W[I+T] B*

where W = D*KD, D the partially isometric operator satisfying

% L 2
R.?=R %[I+T]2D*, A= (I+T)6D*. Condition (b) is satisfied.
yAYS ZOW
Finally, Mey ~ Moy implies that Moy = My belongs to range(RXY%).
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%
Since RXY% = RX®Y2[1+V]%G*, G partially isometric and isometric on
N o EoE
. range(RXY), one sees that mey = mu RXGY [I+V]1°m for some m in HlXHZ.

(B) Suppose conditions (a), (b) and (c) are satisfied. Condition (a) im-

Y%BB*R ¥  1-BB* Hilbert-

plies the existence of the operator B, RZ@W = Rx8 <8y *

Schmidt, and BB* having bounded inverse. Assumption (b) then implies that
¥ %
- = Z = *
RXY RZW P‘ZW KRZW , where K = DWD*, 0 partially isometric, isometric on
range(sz) and zero on range(RZw)‘L. K 4is thus Hilbert-Schmidt, vanishes on

the null space of R and does not have -1 as an eigenvalue. Assumption

ZW?

(c) implies m in range(RXY%), by Prop. 2. Conditions (a), (b) and (c)

Xy "z
thus imply Bey ™ Moy by Lemma 2, and the theorem is proved.

The necessary and sufficient conditions given in Theorem 4 are completely
general. However, they are stated in terms of operators in H1><H2, whereas
one might prefer conditions given in terms of operators in Hl and in HZ'

‘ The next result gives such conditions for equivalence for a wide class of joint

Gaussian measures.

THEOREM 5. Suppose that ||vy*x| |2 < al|x] |1 for all x in range(I-VV¥),

some o < 1. Then Mey ~ Moy if and only if
(a) wg ~w, and uy ~uy

(b) V-B.IB*, is Hilbert-Schmidt

1~ 2
A(c) There exists a finite and strictly positive scalar A such that
AB, (I-TI%)B*, < 1-YU* s A 7B (I-TI0B*, and
-1
~T%T)B% ~y* —T*T)B*
AB, (I-T¥DDB*, < L-Y*U < X B, (T-T*D)B*,.

ere exist elements u n an v n suc that
(d) Th i 1 y in H and y in H, h th
%
By = By (sIy) and myomg = Ry (D).

ProoF: (A) Suppose

Hey ™ Mgy Condition (a) is necessary, from Theorem 4,

. and implies that I-BB* in Hilbert-Schmidt. Condition (b) is then implied by
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%
condition (b) of Theorem 4. To see that (c) holds, one notes that range(RXYz)

%
= range(sze) implies the existence of strictly positive and finite scalars

from Lemma 1. This is equivalent

3] and 82 such that B8.R . < RXY < 82R

1 17ZW FALM
to BIB(I+T)B* < I+ < BZB(I+T)B*, which is equivalent to range([B(I+T)B*]%)
= range[(I+V)%]. This implies that the null space of I-YV* dis identical to
the null space of gl(L-gz*)g*l
)g*z. The assumption that ||¥*§||2 is bounded

and that the null space of I-Y*V 1is identical
to the null space of QZ(L—Z*E
away from ||§|il for x 4in range(I-VV*) implies, by Theorem 3, that I+V,
I-y*Y, and L-VV* each has closed range. Hence, (I+V)% has closed range,

and range(I+V) = range(B[I+T1B*), so that range(B[I+T]1B*) is closed. This
implies that the range spaces of gl[l—gg*lg*l and 52[3-2*3]2*2 are closed,

so that range(I-VV¥*) = range§1[£4zz*]§*i and range(I-V*V) =

rangeB, [I-T*L]B*,. Since these range spaces are all closed, condition (c)

follows.
Finally, Moy ™ Moy implies that My Mt belongs to the range of
% - % %
RXY , So that Mg = RXGY [I+V]®m for some m in HleZ' This implies

condition (d), since range([I+V]%) = range (I+V).

(B) Suppose conditions (a)-(d) are satisfied. (a) implies that RX@Y =
RZ@W%BB RZ@W%’ where I-BB* has bounded inverse. The assumption that
||g*§||2 < a||§||1 for all x in range(I-YV*), some a < 1, implies that
I-yv*, I-Y*Y, and I+V have closed range. Condition (c) then implies
range[gl(g—gg*)g*ll = range(I-VYV*) and range(I-V*V) = range(gz[Lfg*g]g*z),
so that range(B[I+T])B*) = range(I+V). Since range([I+V]%) is closed, this

%,

%
implies that range ([I1+V1?) = range ([B(I+T)B*] so that by Lemma 1 there

exist finite and strictly positive scalars 81, 82 such that
BIB[1+T]8* < T +V =< BZB[I+T]B*.

This is equivalent to B R, € R, < B,R,., which implies range(RXY’f) -
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range(sz%). Thus, there exists a bounded linear operator K such that K = 0
on the null space of RZW’ with RXY = RZW[I+k]RZw, and I+K 1is bounded
away from zero on range(sz),

One now has
I +V = B(I+T)B* + BAKA*B*

where AA* = I+T, or I1-BB#+V-BTB* = 3AKA*B*, Since B has bounded inverse,
and 1-BB* {is Hilbert-Schmidt, condition (b) implies that AKA* is Hilbert-
Schmidt. The null space of K contains the null space of sz, so that

1 % —_—
But Rzﬁf = A*R_ 2, so that range(K) c range(A*).

range (K) < range(K 7ol

ZW)'
The assumption that ||23{|2 is bounded away from llEl'l for u in

range(I-V*V), and condition (c), imply that i“A(BsE>”|2 2 k||| us) |||  for al1

—_— J— 1
(u,v) in range(A*A) and some k > 0. Moreover, range (A*A) = range[ (A*A)?]

= range(A*)., Hence if {(Hh’xh)} is a c.o.n. set in range(AA*), then
D AkaxCe w12 2 T KAs w0 2 = 1 T ik e I
5 ~n’~n 5 ~n’~n B 5 ~n’~n ’

so that K is Hilbert-Schmidt and does not have -1 as an eigenvalue (the
latter because I+K is invertible).
Finally, it is easy to show that condition (d) implies mXY—mZW belongs

to the range of RXY%’ This concludes the proof.

REMARK: Note that if R_, = R and either = or = n,, then con-
XY By = By By = By

AT
dition (a) of Theorem 5 is necessary and sufficient for uXY ~ Mot

In the case where Hou = VYyey? simple and general condition for equiva-

lence can be given.

THEOREM b, if and only if ||v]] <1 and ¥ is Hilbert-

My ~ Hx @ Wy
Schmidt.
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¥ %
X8Y X8y

only if V dis Hilbert-Schmidt, and V has -1 as an eigenvalue if and only

ProOF: Rey = R [I+VIR From Theorem 3, V is Hilbert-Schmidt if and

1f YV* has +1 as an eigenvalue. If Y is Hilbert-Schmidt, [y|| =1 if
and only if VV* has 1 as an eigenvalue, since the set of 1limit points of
the spectrum of a self-adjoint compact operator contains only zero. The result

follows from Lemma 2.

COROLLARY: if

Mgy T Vzu
() gy ~u, and g~ Uy
@) ||v]] <1 and ¥ is Hilbert-Schmidt.

(¢) |lz}] <1 and T is Hilbert-Schmidt.

~

PROOF: (b) implies (c) implies and (a)

implies By ® By ~ My ® By
We give an example of two equivalent joint Gaussian measures which sat-
isfy neither condition (b) or condition (c) of the corollary. Suppose that

~u and let W be any bounded linear operator mapping H1+H2. Define

Z’
by uY[B] = ux{gz WxeB} for BeFZ, and define Hy by uw[B] =

Hx
Hy
by {x: WzeB}. Also define w,y and w,., by

“XY[C] = ux{g: (x,Hx) € Cl, Cerl T,

wo L€l = u iz (X,Hx) e Cl.
Then Hyy ~ Mouo and both Hyy and M,y are Gaussian if Hy and My are
Gaussian. However, R . = BX%QBY% (gY = WR N*, and Roo = gxﬂ*), where U

A o Ban %
is a partially isometric map of H2 into Hl, similarly, BZW = gz ggw ’

where § 1is a partial isometry of H, into H,. Thus |lgll=||§||= 1, and
neither U nor § is Hilbert-Schmidt if range(Ry) is infinite-dimensional.
From the proof of the corollary, it is clear that Mgy L Moy if (b) or

(¢) (but not both (b) and (c)) of the corollary is satisfied.
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APPLICATIONS TO INFORMATION THEORY
The average mutual information (AMI) of a joint measure Byy is defined
as

du du

XY XY
XL (y,v) Log|o—a- (g,u)| dug © My (u¥)

AMI (u,,) = J
XY duXGuY dux®uY

HyxH,

if Hyy <y ® Hys and equal to +» otherwise. For Gaussian Hyys AMI(uXY)
is clearly finite if and only if Hyy ~ My ® Hye The most comprehensive re-
sults on AMI are due to Gel'fand and Yaglom [12]. In [3], necessary and suf-
ficient conditions for AMI(uXY) to be finite, stated in terms of covariance
operators, were obtained for Hyey Gaussian, and Hl = HZ' That result was
an extension of the work of Gel'fand and Yaglom. Theorem 6 gives necessary and
sufficient conditions for AMI(uXY) to be finite without requiring H1 = H2,
provided My is Gaussian, and is independent of the results of Gel'fand and
Yaglom.

Our final result is of interest in information theory applications. Let
H,=H,=H, T, =1, = ', and consider the measure By x defined by

1 2 1

uY_X(A) = uXY{(g,x): y-x€A} (this is a well-defined Gaussian measure, since

f(u,v) = y-u 1is a continuous linear map from (HxH,I'xI') to (H,I)). In in-

formation theory applications, Hy_x represents "noise", u, 'signal" and

X

Uy "signal-plus-noise". Typically, these measures are induced by measurable
mean-square continuous stochastic processes, with Hl = H2 =} = LZ[O,T] for
some finite T. Of interest is the AMI(uXY) (the "average information about
the signal obtained by observing signal-plus-noise') and the equivalence or
orthogonality of Hy and Py.x* For, if AMI(uXY) < o, one might intuitively
expect that Byox ~ My» and conversely, since By LUy _x allows one to
discriminate perfectly between noise and signal-plus-noise. It is known that

~

does not imply AMI(uXY) < », [13], [3]. In the case where

Pyox T My
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Mgy,x = Py-x @ Vx> Hajek [9] has shown that AMI(uyy) < @ 1if and only if

By and by x 2are strongly equivalent; i.e., gY_X = gY%[L+E]5Y%, where W
is trace-class and does not have -1 as an eigenvalue. The significance of
strong equivalence is partly because one can then explicitly express the
Radon-Nikodym derivative in series form {13], [9]. In the following, we show
that not only is strong equivalence of Hy.x and by not equivalent to

Hey ™ ¥y ® uy when My x,X # By x @ Uys but also that Hgy ~ My ® uy does

not even imply that Byox ~ Vye

THEOREM 7. 1f gy ~ Uy @ My, and Ilgxil = ||mYl| =0, then uy o~ My 1if
1
and only if R, = BY?QEY% for Q Hilbert-Schmidt.

PROOF: Define Byvex by uYeX(A) = ® uY{(g,x): y-x€A}, AeT. ©Note that

*x
Mgy T Mg @ Wy T Wy x 7 Hyex:

Suppose first that By x ~ Myl then By ~ VYyex? and By ~ Pyox => RYex =
BY + BY%QBY%’ Q Hilbert-Schmidt, -1 not an eigenvalue of Q. But BYGX =
EY + EX; hence EX = gY%ggY%, where Q 1is Hilbert-Schmidt.

¥ %

Conversely, suppose BX =Ry QEY » Q Hilbert-Schmidt. Then Pyex ~ Vy»
since Q 1s non-negative. Hence by ~ Wyoxe

As an example where Mgy ™ Hx ® Uy but My_x L Hys one can take any co-
variance operator R, such that |IRy|| <1, and define Ry = Ry, Ryy = 5Y3/2‘
Then the Gaussian joint measure

EYS/Z as cross-covariance operator is equivalent to By ® Hye However,

Hyy having By and by as projections and
by g LMy by Theorem 7, since gx = BY%LBY%‘

Although the result of Hajek quoted above does not hold when uY-X,X +
By x ® uX, it is true that if BY 2 5Y-X’ then uXY ~ ux ® By => Py.x is
strongly equivalent to My [3].

These results indicate that the concept of mutual information is not com-

pletely satisfactory, since one may be able to discriminate perfectly between



Uy and Wy x while having only a finite value of AMI(uXY), or, AMI(uXY)

can be infinite while 1t is impossible to discriminate perfectly between My

and By xe
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