ON THE ASYMPTOTIC OPTIMALITY OF UI-LMP RANK TESTS FOR RESTRICTED ALTERNATIVES *
MING-TAN M. TSAI AND PRANAB KUMAR SEN
University of North Carolina at Chapel Hill

SUMMARY. For testing against restricted alternatives, the optimality of UI-LMP
rank tests is characterized in the light of the asymptotic most stringency and
somewhere most powerful character. Under additional regularity conditions, this
characterization is also extended to the multivariate case. Some allied asympto-

tic optimality results on the UI-LMP rank tests are considered in the same vein.
1. INTRODUCTION
Host of nonparametric tests against ordered, orthant and other forms of

restricted alternatives have mostly been considered on ad hoc basis. The union-
intersection (UI-) principle of Roy (1953) has also been effectively employed by
Chatterjee and De(1972,1974) and Chinchilli and Sen(198l1a,b), among others. These
authors have studied the (asymptotic) power superiority of the UI-rank tests to
their global versions., However, these were done mostly under rather restrictive
conditions on the associated covariance matrix and noncentrality vector, leaving
open the possibility fdr relaxation of some of these conditions. Sen (1982) incor-
porated the theory of locally most powerful (ILMP-) rank tests in the UIl-setup .
However, the resulting tests may not have the asymptotic optimality in a conven-

tional sense. This naturally raises the question on the asymptotic optimality of

UI-LMP (and other related UI-) rank tests in a well defined manner. Our main
contention is to provide an affirmative answer in the light of asymptotic most

stringency and somewhere most powerful character of these tests.
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Section 2 deals with the basic regularity conditions, preliminary notions

and a general formulation of such restricted alternatives yhere UI-rank tests
have been considered. Asymptotically optimal rank tests for restricted alternatives
in the univariate case are derived in Section 3. This characterization is extended
to the multivariate case in Section 4. Some further remarks on the asymptotic
optimality of UI-rank tests are appended in the concluding section.

| 2. PRELIMINARY NOTIONS

Let X ..,XN be independent random variables (r.v.) with continuous distri-

1’

bution functions (d.f.) F .,F., respectively, all defined on E = (-%,©). Suppose

1 N

that Fi has an absolutely continuous probability density function (pdf) fi, where
fi(x) = f(x;ENi) where EN1= (Blc

]
) are g-vectors of known constants, not all equal , and

Nil""’chNiq)’ i=1,...,N, (2.1)
the ¢, = (cNil""’CNiq
§ = (Bl’°"’8q)' is a gq-vector of unknown parameters; q > 1. [ To be more precise,
we should have started with a triangular scheme of r.v.'s and d.f.'s. However, for
the sake of notational simplicity, this refinement will be suppressed.]
In a nonparametric testing problem, one is usually interested in the null

hypothesis (HO) of the homogeneity of the Fi’ i.e.,

HO : Fl=...=FN
In testing for H

= F (unknown) or,in (2.1), B8 =0 . (2.2)

0 against a global alternative, we allow g to be arbitrary. On the

other hand, in testing for H, against a restricted alternative, we need to pose

0
the parameter space (of B ) in a more structured way. We assume that there is
a positively homogeneous set I' , such that under the alternative
*
H*: BeTl ={Bc¢ gd: p=AB>0, where A 1is of order aoxq and (2.3)
is of full rank a (l<a <q) }.
o — o—
. X +q
The simplest form of [ relates to the orthant alternat1ve:§ 39 i.e., I =E , the

positive orthant in EY. Other notable forms of [ relate to the ordered alternative:

B

1 <...< B , with at least one strict inequality, umbrella alternatives, tree
- = 9q

alternatives, loop alternatives etc. These alternmatives are all special cases of

I' , defined by (2.3), and often,in practice, they appear to be more realistic than
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the global alternative that ? # 9 . Hence, we confine ourselves to a general form
of restricted alternatives [', and study the asymptotic optimality of UI-LMPR tests
for this problem.

Generally, for the nonparametric hypothesis testing problem , rank tests are
distribution-free (and hence, valid for a broad class of d.f.'s). However, they
are based on the use of some scores , suitably chosen to maintain the high power

property for an important subclass of such d.f.'s. In testing for H, against a

0

global alternative, a convenient way to choose such scores is to maximize the local
(asymptotic ) power of the test for a specific family of d.f.'s. In the literature,
this is referred to as the locally most powerful rank (LMPR-) test. A very elegant
treatment of LMPR tests is given in Hdjek and E&dék (1967) . We shall find it
convenient to adapt their notations for the restricted alternative case too.

First, note that for the orthant alternative problem, we have [ = {B: B >0 }.

~ ~ T

For any given y = (Yl,...,yq) (with nonnegative elements), we denote by
*

HY : B= 38y , for some arbitrary and positive § . (2.4)
Then, we have
* R ’
o= \J.u . (2.5)
YTy
Alsa, for every € > 0 , we let
*g * *c L_) *c
H = {H ;0<8 <¢ and H = H 2.6
Y {Y sel yel 7y (2.9)

~ -~ ~ ~

The basic idea is to incorporate the LMPR test theory for a given Yy , and then to
use the UI-principle to have the test constructed for the entire class in (2.5).

Towards the formulation of such UI-LMPR tests, we make the following assumptions:

- -1.N
[Al] For every N, we define °y N zi=lENi and let
N - - 1
= = - - . 2.7
Cy = (CCgqe)) = I C oy ~ Sy 20 Sy ~ & (2.7)

We assume that there exists a positive definite (p.d.) matrix C , such that as

N increases, N—lCN converges to C , and further

. max - ' -1 -
lmﬁm { 1<i<N T G

(A2] Let us define fi(x;GY) as in (2.1) with B = 8y, i > 1. Then, (i) for every

) b= 0. (2.8) 7

-~

i( >1), fi(x;dY) is absolutely continuous for almost all x and L E I'nso that if



we let fie(x;g) = (a/ag)fi(x;g) and fiY(x;GI) = (a/aé)fi(x;éz), then, for ? =6X .

: = '. - + o - .
fiY(X;dp =Y fie(X;dp’ Y € I'cn x € E. (ii) For almost all x and Y, the limit ‘
L h -1 . L.
0) = 14 30Y) - ; . i
fiy(x’g) llm5+o § [ fi(x X) fi(x 9)] exists. (iii) For every Y € r,
- 0 . m : . s I3 .
11m6¢0 /. Ifiy(x;éz)|dx =/__ !fiY(x,Q)ldx is finite. (iv) The largest character-

istic root of I(f) = EG[ (8/88)logf(x;6)(3/86')logf(x;6)] is finite.

~

Consider now the score generating function (vector)

* -1 * * !
£ (x) = {£(x;0)} 7 £,(x30) = ( fl(X),---,fq(X) ) , x €E, (2.9)
< -
and let ’2N(') = ( aNl(.),...,aNq(.)) with
() = E{£ (U )}, i=1 N, j=L (2.10)

aNj(l) E 5 (Uyg) 7> i=1,...,N, j yeeesQ .

where UGl ,...,U;N are the ordered random variables of a sample of size N from the
I\

d.f. F ( for which the p.d.f. is f(x;0)). Finally, let RNi be the rank of Xi among

Xl,...,XN, for i=1,...,N. Then, we define the vector of linear rank statistics
L N * = .
Tng = 7 Zian g iR T Pi=1OnaglngRaedo 3L @
_ ' (2.11)
zN ( Tnl rere TNq)
v
For every (fixed) Y € I' , on letting TN(Y) = Y'TN, and proceeding as in .

Hé}ek and Sidik (1967) and Sen (1982), it follows that the test with the critical
. P - . , , s
region WN\Z) {(Xl,...,XN) : TN(I) z_kN(a)} ( with suitable critical value kN(a))

*
is the LMPR test for HO against HY , at the level of significance a ( 0 < a < 1).

~ \
Note that for every y € r, E[TN(I IHO] = 0 and Var[TN(X)IHO] =y gNI , where
*

L ijj,N‘lchj, )) = (( ijj'Chﬁj' )) with Vo = (( ijj,)) defined by
vggpr = FDTU I A (ay (1), for 5,5" =1,...uq (2.12)
Thus, if we let
* ' %
Ty = fymg vy} Ty » for y € T, (2.13)
then, in accordance with the UI-principle of Roy (1953), as in Sen (1982), we .

may consider the following UI-LMP rank statistic
*
Qq = supl Ty§) : ¥ e r 3. (2.14)

A8 has been mentioned earlier, we consider the case of ' of the form in (2.3),

so that for the computation of Qn in (2.14), we need to maximize v't suhiecr £A

t
u=AY>O0 and I'MNI =1 . If we let h(z) = -y EN , hl(z) = - é Y and hZ(X)

-~



|
=Y MNY - 1, then incorporating the Kuhn-Tucker-Lagrange (K.T.L.) point formula

theorem, we arrive at the following solution. Let

-1 -1,

QN = é M TV and éN = é gN é (2.15)
and also let J be any subset of P = {l,...,a } and J' be its complement. For each

a
of the 2 © set J , we partition (following reorganization, if necessary) UN and AV

k() '
. - N ' and A Nun Swed (2.16)
e k() TR AR R ANAN
Also, for each J :  E€J < P , we let
- l \ 1}
DNy T N T S s H NG (2.17)
! = - ' -1 [ [}
Sy = Snwny T B )i N (2.18)
Then [viz., Sen (1982)], we have
2 _ -1
U = {MN MN A Ly é My P Iy ot
l
z {QN(J 2! )~N(JJ J") N(J J' )}I(UN(J W1y O)I(AN(J 171y Y N(J ) <0, (2.19)

JSJ<P

where I(B) stands for the indicator function of the set B. Our main interest is

to study the asymptotic optimality of this UI-LMPR test.

3. ASYMPTOTIC OPTIMALITY OF THE UI-LMPR TEST
As a first step, we shall study the asymptotic power equivalence of the UI-LMPR

test and the UI-LR (likelihood ratio) test for local alternatives. Towards this,

- - '
we define §N = (SNl,...,SNq) with
N * .
ENj zi=l cNij fj(xi) , for j =1,...,q . (3.1)

Note that the summands in (3.1) are indepeundent, so that the central limit theorem

(in the multivariatz case) can easily be invoked to conclude that for every vye T,

BRI o!
-4

* '
SN(X) = ( Y §N I) Y §N > N(0,1) [under HO] s (3.2)

-
where §N = (( NJJ,@ 1)) with E(f) = ((qﬁj'))° If we let

o
Qp = supl SN(X) :ye T }, (3.3)

then, by virtually repeating the proof of Sen(1982), we obtain that as N » = ,

Q. - Q; R 0 , under H, as well as a sequence of contiguous

O 1
alternatives [ Ky : B=N 2 Yiy e T} (3.4)

~



o . : . R
Now, QN corresponds to the UI-version of the efficient scores statistic, .

and is asymptotically (power-) equivalent to the UI-LR test statistic ( for

restricted alternatives) , under HO as well as {KN} - As such, we conclude that

the UI-LMPR test based on the specific scores aN(.) in (2.10) is asymptotically

power-equivalent ( under {K\I} ) to the UI-LR test, and thus the two tests share
L

* *
the same asymptotic optimality properties. Note that C\I - C (p.d.) as N > = s0

tiat there exist p.d. matrices M and A, such that M, E M and A, p ,2S8 N ~o,

~ ~,_1 ~

A

As such, defining uJ.Jv and A,J..J, as in (2.13) and (Z.1v), we mav conclude
~ . ~ef el .

that for every y € [ , there is only one J : § € J <« P, such that uJ.J, > 0
and AJ,J,uJ, < 9 . Then the UI-LMPR test has asymptotically the best constant
power over the ellipsoid in the parameter space specified by Y'{M—l—M_lA a™t —l}Y

+ ELI;J'éJJ:J’BJ:J' = constant, and is also the asymptotically most stringent test

against the restricted domain T. However, it is generally not the asymptotically

most powerful test against the entire domain of alternatives in '; in fact , . -

there may not be any such optimal test for restricted alternatives. Towards our

main objective of locating a subspace of T for which the UI-LMPR test has

asymptotically the best power, we consider the following.

THEOREM 3.1. For each J ( # < J< P), let r, = { H=A4y € % s Hpge >0 }

and I’O = nﬁ'—.’-JEP I;o where % is ao-dimensianal positive orthant space. For

testing (2.2) against (2.3) ( wnder local altermatives in (3.4)), the UI-LMPR test

in (2.19) is asymptotically most stringent for T and is asymptotically most

powerful for 1"0 s at the respective significance level o .

Proof. Consider a r.v. W having a q-variate normal d.f. with mean vector EIX and

a (known p.d.) dispersion matrix M. Let Z = AM—lW , and define )
ewelaChtethy e B @ g Lsar) Wiy > O '

I(A T J’ <0, (3.3

where the partitioned matrices and vectors are defined as in (2.16)-(2.19). Then,

~Jd!

~

by virtue of (3.2)-(3.4), it suffices to show that for testing HO: Y = 0 against

Hl:u > 0, the test with the critical region Q* > ko. is the most stringent one

-~
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for ' and most powerful for Fo’ where [ and FO are defined in the theorem. For
this, it suffices to show that the shortcoming of Q* is equal to O for some Y

inside the positive orthant I' (excluding the null point). Towards this, we show

that Q* is power equivalent to the most stringent test for testing H.: vy =0

5"
against HI: By > 0, where B is a given qXq matrix of real constants. Since A
is p.d., there exists a upper triangular matrix B such that BAB' = D (say) is
h T N -1
a diagonal matrix. For each J (@ € J<P), we take B = BJ = ( E - éJJ’éJ’J') .
T 0 I ,
Dy S\ _ ( Logigr O ~ ~
so that D = DJ = i D = 0 A . Then we have
b - \ ~J'J ~J 'Y ~ ~J'J!
Yrriat T %r T Lapgr (3.6)

We also let X = gg and partition Z as in (2.15), so that g' = (g' . ZJ, ). Then

we may rewrite (3.5) as

- -— _— - — 1]
o* = wor o tanaTtaw by + 2. (Y L

L TS Rt -

-1
POIO@ Yy <9
(2.7

Tregr

Then the UI-efficient score test for HO: Y = 0 against HJ

(3.7). Thus, for each J( #ZLJ<P ), the most powerful property holds for Q*

: Ju > 0 is given by

whenever Y lies in T 0 FJ » so that Q* is most powerful for the region
(jﬂSJaP { F(WFJ } ( which is by definition Fo), and hence, the desired
result follows. Q.E.D.

Note that in the characterization of the asymptotic optimality of the UI-LMPR

test, the Ul-efficient score statistic and (3.4) play the basic role. We shall

see in the next section that this feature remains true in the multivariate case also

4, MULTIVARIATE GENERALIZATIONS
Suppose that Xl,...,XN are independent r.v.'s with continuous (p-variate)

d.f.'s Fl""’F respectively, where p > 1 and, as in (2.1), we assume that

N’
= . P = i= 4

Fo(0) = F(x38y), x € B 5 Gy = (( lecNijz))lijip;liziq » i=1,...,N, (4.1

where B = ((ng)) is a pxq matrix of unknown parameters and CNi T ((CNijQ )), i=

l1,...,N are pxq matrices of known constants. The general multivariate linear

model, treated in detail in Chinchilli and Sen (198la,b) , is a special case of



(4.1) where SNi gSNl the ENi are g-vectors and F(};ENi) = F(§- ENi)' For the
general model in (4.1), the null hypothesis HO relates to the homogeneity of the ’
F., i.e.,
i

HO : Fl = .. .= FN =F (or @ = 9 ), (4.2)
and we consider a restricted alternative of the form

* Pq
H:B el ={BeE " : prk=A(vecB) > 0}. (4.3)

where a, is a positive integer (< pq) and é is of oder aoqu 5 vec? denotes
the pg-vector obtained by stacking the rows of @ under each other.

For this generalized orthant alternative problem, the test'procedure is similar
to the one considered in the previous sections. First, we consider a simple null
hypothesis HO against a simple(local) altermative for which for a fixed Y € r,

B = 8y, where § >0 . To obtain LMPR test for this specific case and to incorporate °

~

the same in the formulation of UI-LMPR tests, we make the following assumptions.

f(X;@ )y

' 22
= (Gl,...,G ) € T , which satisfies the conditions : (a) For every i( 1<i<N), .

~

[Al] F is absolutely continuous with continuous density function f(x)

f,(x;éy) is absolutely continuous for almost all X and Y el', so that if we let
£,0(x:0) = (3/30) £ (x;0) and £, (&8N = (/3 £, (x36Y), then for © = 8y, 'fiy(}f;dp
ZvecY) vec f (x SY), \f X € Ep and YE [ . (b) Conditions (ii) and (iii) ;n [A2]
of Section 2 hold. (c) Let
(6 = EO[(a/BveCQ)logf(§;§D(3/3(veCQ)')10gf(§;9)] (4.4)
where EO denotes the expectation under the null hypothesis. Then, E(f) is p.d.

[A2] For the p-variate pdf f(x;0), we denote the conditional pdf of the jth coor-

dinate , given the others, by fj(xj; Q Ix) , and let

g.(x.5 0 |0 = (3/38.)log £(x;6) = (3/88,)logf (x,;0 |x), (4.5)
~] 1 ~ '~ ~] ~ ~J 1 3~ '~
for j=1,...,p. Also, let f[j] denote the marginal pdf of the jth coordinate, and
*
f x.;9.) = (9 36, logf x.; 0.) , j=1,...,p. (4.6)
~[9J]( i ~J) (a/ )log [j]( i ~J) J ' P
Note that both the g 3 and f[e ] are q-vectors. We demote the corresponding pq-vectors .
*

by g(x @) and f (x @), respectlvely, and assume that there exists a p.d. matrix L

such that .
;0) , for almost all x € EP . (4.7)

09
—~
»
o
~
1
[ o
*

122
—~
(]
X =)



For multivariate linear models, (4.7) holds for elliptically symmetric d.f.'s

[A3] For the Cyi’ [A1] in Section 2 holds (where we use the vec Cyi if

needed) and assume

sup ~ sup  sup ey .| = O[ J log log N ] (4.8)
1<ICN 1¢j¢p 1¢€<q J N
[A4] For each j (j=1,...,p) and ¢ (¢=1,...,q), ffj]e(x:o) is differentiable
with respect to x on (aj‘bj)' where —o ¢ aj ¢ -sup(x; F[j](x;O) = 0},
*° 2 b, = inf{x; F,..(x;0) = 1}, and (i) f,..(x:0) > O on its s ort
> b, (x; Fpj (x:0) = 1) (1) £1(xi0) upp

. , B
(aj‘bj)' (ii) let ff ]e(x ;0) =

[3]€ (x; 0) then assume for some

sup sup |f* 5 ]e(X 0)] a.s. o(Nr) (4.9)
1IN 1<5<p

Further, let

Eo{f*(¥i:€)(f*(§i;g)'} = I* = ((or

am ) (4.10)

I<m;m'<pq
and define the bolck diagonal matrix of I* by

B(I*) = Dlag[E {f

~ .

E {f[p] (X 8 )(f[p] p ))'}] (4i11)

THEOREM 1.1 For the family of distributions f(x:8), under the assumptions

[A1] and [A2], then L = B(I*)I* L.
roof. Let 6° = (6%, 1) be the maximum likelihood
broot. N Nje''j=1,...,p;e=1,...,q

estimator (M.L.E.) of @ (parameter of multivariate density function f}) and

6.0 _ (910 6.9 " (5ot ) be the M.L.E. of 8. ( t £ th
. = s by . , =l,..., e e Y I ¢ ] . arameter o e
"N Nj1 Niq J p v P

AN

jth coordinate density function f[j])' Under some regularity conditions, B

~\

A : N . —
and ezo may then be solved by the likelihood equations Zi=l g(gi,g) = 9 and
~ 4
A*O *Q! ~%Q’ .
Zg_I:l g (X 6) = (3, respectively. Note that ~\I (6\11 ye ey ?Np ). Sln(-:e I:

N . . =
is assumed toc be nonsingular, Z;=l %(§i;9) = 9 iff Zi=l g*(§i,?) 9.‘Hence
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~ AO A* ,\*O

9N = vec GN QN = vec QN . (4.12)
Under the regularity conditions of Wald (1943), 3 is a consistent estimator, .
~ %
so that the usual expansion of the scores Z lg(x1 eg) and Z§= f*(X ~NO)

around 6 [ under HO] and the use of the weak laws of large numbers lead to

CYEA -1 - N
K - + = . .
NI Oy - 00t o ()= THHINT I 8(x50) ), (4.13)
T8 - 0){L+ o (1)} N Y ex(x 500}
N ( N - > ) gp ) - (I ) N i= lf (§1,~) ’ (4']—4)
and these two equations lead us to
EB(I*) = I(f) = LI*L' . (4.15)
This completes the proof of the theorem.
Let R,. be the rank of X,, among the set X »X.. », for i=1,...,N,
1] 1] 1j 23 Nj
*
and j = 1,...,p, and let RN be the pxN rank collection matrix and RN be the

pxN matrix formed by permuting the columns of gN in such a way that the top
row is in the natural order; it is termed the reduced rank collection matrix.
For any given :!_t; , let S(g) be the set of N! possible rank collection matrices .
which can be reduced to 5; by column permutations. Then, by virture of the
Chatterjee-Sen (1964) rank permutation principle, we have
* -1 *

PUR =1 | SRY ,Hy} = (NO77, vr €5(R) . (4.16)
We denote by PN the permutational probability measure generated by (4.16).
Also, for every j (=1,...,p), working with the fre’](.;g), we define the scores
EN(i), i=1,...,N,as in (2.10)[ with F being repla;ed by F[j] ]; note that

b _.(k) = (b NJl(k), ..,b . (k))','for k=1,...,N and j=1,...,p. (4.17)

~Nj
Consider then the pXq matrix T = (( T )) of linear rank statistics
0 -5 N N * L Lol
= = .. ,Db R,.), j=l,...,p; 2=1,...,q.
Tnge™ N 2521 SNij PngaRiy? Zi=1°N135L nyje(Ryg) > P q
(4.18)
For later use, we write
- 0 *ante, = (( & 4.19
Ty = vec Ty and Co = N "Co = (( CNmm'))m,m'=l,...,pq , (4.19)
= .. N R, ),...b (R, )", (4.20)
gNi (Nll(R )5 qu(Rll) Npl( lp) Npq' ip ‘
for i =1,...,N, and let
-1 N Yo , (4.21)
Yy = (=D 7 I BB Tt OVt Vamt =1,.. ., pq
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We assume that VN is p.d., in probability. Then, as in Puri and Sen(1969), we

have
= ! =

ECTy | Pg) =0 and EC T TC | Py ) Iy o (4.22)

where
*

Ly = (Ceg vy v )) , and we let I = limg E(§N|HO). (4.23)
Further, under the Assumptions [Al] - [A4] ,

b 14 z and T -—JQ N (Zx, Z) , A= vecy (4.24)

~N ~ ~N {K\\[} Pq ~~ < = L

where {KN}is a sequence of contiguous alternatives, defined as in Section 3.
THEOREM 4.2. For the family of distributions in (4.1), under the assumptions

[Al] through [A4], the test with the critical region (vecy)'LT kN(a) is

>
N Z

*
locally most powerful rank (LMPR) test for testing Hy in (4.2) against H,

B =06y ,vy €' and fixed, at the significance level o .

Proof. Note that

N ’ ) .
®
PRy = rlHy) =T .0 B £(x;5¢y;) dxy dxy ... dxy
R, =r i=1
RyT
N
sdo 0w f(xg0)dx L dxy
R,.=r i=1
Ry=T
N N
* fﬁ';'f [.? B(xji6y) - 7 f‘fi‘?’]d§1 dxy (4.25)
-N_E i=1 i=1

Then, virtually repeating the elegant proof (for the uniparameter case) of
Hajek and Y1dak (1967,pp.71-72) and extending it to the multiparameter case,

we obtain that under [Al] through [A4]}, as & + O,

N
f....1 'n f(fi;g)dfl e dTN
RN=r i=1
N
N o} q h
. C(x..:0]x) T f(x.:0)
c8 I T ooy Ty oo g (xgyi0lx R A
i=1 j=1 ¢=1 RN—E
dfl"'di + 0(8) (4.26)

Noting that the gradients in (4.5) have all null expectations, we obtain on

*
summing over all r € S(§N) that as § + O,
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N
*
Z ., P{R,=r|H } =N!f....J & f(x,;0)dx,...dx,_ + o(6) (4.27)
res(y) N L R=R, i-1 -1~ 1 N
- N ~NTLN
From (4.26) and (4.27), we have
*
= *
PRy VT 2, P(R =r|H )} ]
reS(Ry) T - 1 (4.28)
N p q N '
R T RRURY N gy (X, 50[x) I dF(x ;0
1 [i=1 j=1 e=1 “RoZy TNije Tie Eje | =1 -1
= |1 + 8 N . © 0(8) .
N! N J
J.... g n dF (x;0)
Ry=Ry 1=l

whefe (N!)-1 represents the probability ratio under H Hence, using the

0
Neyman-Pearson Lemma on this conditional probability setup, we obtain that a

LMPR test statistic for testing HO

in the right hand side of (4.28); using (4.7), (4.16) and (4.17), we may

*
vs. HY is given by the coefficient of

further simplify this as

N N
(vec 7)' L Z f [f*(x O) Xxc, ] & F(x )
-~ R JNiT
i=1 -N i=1
(4.29) .
N
Nt ..£ I dF( 0)
Ry-Ry 11
where for every k(=1,...,p) and i(=1l,...,N),
*
; = . ;0 ")
F*(x;:0) x cyy ((f[1](x 10) x o) o (Frpy(Ripi0) x ey p)")
* 3
Frey ®ix 9 X Sk * (f[kll(x k1 fkiqXik 9 %nikg!)  (4-30)

Now, for every k(=1,...,p), let Uik’i=l""’N be i.i.d.r.v.'s having the
uniform (0,1)d.f., and define

Ffi](t) = inf{ x : F[k](x;g) >t} , fort e (0,1) . (4.31)

Also let
_ -1N - -
GNk(t) = N Z.= l(Ui < t) and Z (t) V I GNk(t) t ], t e (0,1), (4.32)
where the quantile function GNk( .) is defined as in (4.31). Then, for (N+1) —l N < .
1

t < (N+l)_HRik+D:a heuristic Taylor series expansion of F. (G (t)) yields that

[k ]
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* *

-1 - $1 o1 |
e ®io® ) = Epp Frig (030 +IN 20 (O 118, (F1 1 (8)50)] (4.33)

-k
for some £ such that [t-E|< N zlsz(c)]. Let ey = (25 loglog N)/N = (25 log,N)/X.

Then, by [A4], we have for some r € (0, %),
a.s.

k01 -
€ 12 Flig 6259 7 f[k](F[i](g);g) | = oY) . (4.33a)

sup

<€ <-e

N N

Further, by Theorem 4.5.5 of CsGrgd and RévesSz (198l), the first factor of the second

term on the right hand side of (4.33) satisfies

.} 1 - L
lim sup N2z, (6) |/ {e(l-) 12 /(N log M) < 4 a.s. . (4.33b)
Nk 2 —
N0 ENiCil-E:N

*
Thus, combining (4.33) through (4.33b) and letting wkl(Rik) = f[k]ﬂ(xik;g) -

*
f[k]Q(F[k](R /(N+1));0) , we obtain that for every £ : 1 < < q,as N > ®
en T luL,RY | = o(((eg, (4.34)
<Ry /(W< 1-e 1 <k <p ' "k ik 82 ' '

Next, we claim that for every k(1l<k<p) and & (1 < £ <q), as N ~+» =

b

(N+1) Sui CRRELN W 12 Rix )| = o((n"" l°g2N> ) a.s.. (4.35)

We verify (4.35) only for Rik _<__(N+l)£-:N » as a similar proof holds for the upper

tail. Let 0 <t < ex For N sufficiently large, if Uik <t , then

*

| M O] = | g 5 @ = Lreqe By (0:0)]

=It

®
[ [k]e(F[k](s) ;0) / f[k](F[k](s) 0)}ds|
C

ik
log2
< o(ND)Et ¢ o(Nr)eN = o[ ] a.s. (4.35.a)
Nl-r
If Uik > t, then
r _ ry~-1
| W (8)] € o(N)U; = o(N)Gy, (t)
r logaN
< o(N )(|GNk N eN| + eN) < O(N") [4 - ./eN(l—eN)«-.N]
= o(log,N / Nl—r) a.s. (4.35.b)

This proves (4.35). By (4.34) and (4.35), we obtain that for every £:1 <2 <q,
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* - log N
sup  sup £ (x. 3 0) - f* ‘ 1 [ 1k] a.s. 2
ICIGN 1¢kgp | KPP ik TS (kje F k) off "= o l-r] (4.36)
N

Using (4.8) and (4.36), we may reduce (4.29) (a.s.) to (vecI)'Ez , and this
completes the proof of Theorem 4.2.

We may remark that for the coordinatewise independendence case, we do not need
(4.9) as the Héjek—gidék (1967) arguments directly apply to (4.27)-(429). In general,
the LMPR test statistic based on (vecz)'gz depends not only on Y but also on the
unknown matrix L. For testing (4.2) against (4.3), according to Roy's (1953) UI- -

principle, the overall test statistic is given by

Q. = sup(x'L T / JA'LZ_ L'A , A =vecv, v €r) (4.37)

N ~ ~aN .. -

Thus we let h(A) = -A'LT hl(A) = -4 = -AA  and hz(A) = A'LzuLli -1, then

'
-~ ~~N -~ -~ -~ ~ -~ ~ LA ZAR 4

for this non-linear programming problem, the K.T.L. point formula theorem

can be used again. For the lagrange function

z(A,tl t ) -A'L Ty - tlAA + t (A Lz L A-1)
* E ] *
the point (A ,tl.tz) is a K.T.L. point if it satisfies the system
*) - [ )
(d) t, 20
*
(b) AA 20
* 1 *
(c) A L ZNL'A -1 =20 z (4.38)
x ! *
(d) t1 AA =0
(e) 3 2(A,t t,)/3A « x x =0
(At t) = (At )
From (4.38)-(e), we have
2 ¢ A" s L)t oy ad ‘
tpd = L2y L) LTy~ (LZyLY) Aty (4.39)
After some manipulations, consequently we arrive ’
* -1 z RN 0
2ty e e Az e At so ()
Define
* -1 -1 *
MN = A(L ZN L') L T + A(L Z L ) A't1 (4.41)
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and
0 -1
My-AB

where B(ZN) is defined as in (4.11),

* P
My - MN - as N o » (4.43)
Further let
- -1 = -1 '
Ug = AB (Z)Ty and 4y = AB (z y Zy B (Zy)A (4.44)
Then from (4.40) and (4.43) we have
x ! *
Sl (gN + fN El) = 0 in probability as N » e (4.45)
If we denote J be any subset of A0 = {1,2,....a0} and J' be its complement,
thus (4.45) implies
t 0, t a} >
b T % Yoy T Ny Wveny 20 (4.46)
and
Unign >0 (4.47)
)
Moreover, Kudo (1963) showed that the collection of all 2 sets
ao -1
RN(J = {gN € E N(J 7" > 0 AN(J 7 -N(J y < 0} (4.48)
4
is a disjoint and exhaustive partition of E Therefore we have
. -1 | 4} £ 4.49
A LTy = {TN T™v = Uy Ao S (4.49)
where J is the set such that conditions (4.46) and (4.47) hold. Therefore
the UI-LMPR statistic in (4.37) is given by
2 -1 -1 S e | -1
Qv ~ TN[ N B (ZA4 Al ({N)}TN * 2 Uy ANaan)Nen)?
. ¢§J§Ao
< 4.50)
1Uyg0y > 9 1{"N(J 3y Yy 9 (

(Zy) Ty + A B

_1 *
(Z ) Z (2 )A't

z ~N B ZVA Y (4.42)

Then by Theorem 4.1 and (4.23) we have
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in probability, where the partitioned matrices and vectors are defined as in

(2.16)-(2.19).
THEOREM 4.3. For testing (4.2) against (4.3) (under the local alternative
{KN)),if [Al]- [A4] hold, then the UI-LMPR test statistic QS and the

corresponding UI-LR test statistic are asymptotically power-equivalent.

Proof. Define
o_ Y - . :
N T [[1=1 Nijt gi’ olx)]]i=1.....p;€=1,....q (4.51)
0 ([ 7 o 0 .52
N [[1=1 “Nije Ule"‘ ’”J=1,....p;e=1,....q o (4.52)
and write
0 * *0
§N = vec §N and ?N = vec §N

then it is easy to show that

3 t B
E{Sy Snltig) = 2y and E{Sy Sy [Hy) = Z, (4.53)
where
A~ x ) .
EN = _[mmm cNmm"]m;m'=1,...,pq with L(f)z((wmm))’ )
and
4V r * x Sa
N T L[wmm cNmm'J]m;n'=1....,pq (4.354)
1 z°1 * -1t d 4 Az la 2" -a
Also, let zy = A Zy" Sy (Zy = A B (Zy)S\) and 4y = A Z A" (4 = A

-1 ~% Ak -1 AR
B (ZN) zN B (zN)A'). Then the UI-score statistic for testing (4.2) vs.

(4.3) turns out to be of the form

2 _ o fe-1 _ 2-1,, -1, o-1 ' -1 .
o = §N[§N Iy A4y A2y ]?N vz { N(I:J') NI ?N(J:J')}

L .
I(ZN(J LJ") > 0} I{AN(J 18 EN(J ") < 0} . (4.55)
We also define ’ ) ’
*2 x1fox_q -1 °* ~k_ 1 Z )] * (4.56
Qy = Sy [~N - B (Z)A4 AB o
o o @
z 7 2| ) :(JJ)1 Uy >°}1MNU~J) o 220
+ JJ:J' :
pesch, 1 Zn (3:9") AN« |



17

*

~ ~ *
Note that ZN = LZVL'(as SL = LSN ), and hence, by Theorem 4.1 and the implications
~ ~ (N~ ~ ~ o~

of contiguity, we have

A~

Ex

P

Nk A*_l AR
- §(§N)§N §(§N) - 9 (as N ~» °°),‘under HO as well as {KN} . (4.57)

Thus, by (4.48) and (4.12)-(4.14), ng and ng aré asymptotically equivalent in
distribution under Hy as well as {KN} . Furthermore, under some regularity conditons
the UI-score statistic ng and the corresponding UI-LR statistic are asymptotically
equivalent in distribution under {KN} .For this we may refer to Chapter 4 of Puri
and Sen (19385) where the asymptotic quadratic mean equivalence of T6

Nkl
N * *
Zi=l CNike f[k]ﬁ(xik;g) (for k=1,...,p; 2=1,...,q) has been established. Thus, the

and

L 2 .
test statistic QN and the corresponding UI-LR statistic both have the same asymptotic

power function under {KN}. This completes the proof of the theorem.

THEOREM 4.4. Let 7 = A B '(Z)IX and 4 = lin For each J (8gJehs)
i A4 . EC(a,,|[Hao) . >
- Newo ~N
+a0 _1 :
- - : - - = r..
define I = (7 € B "0y 5 =0y -4y dyig, 950200 andrg= () 7,

¢§J§Ao
Yhen for testing (4.2) vs. (4.3) (under {KV})' the UI-LMPR test statistic
L
2

N(v) = {X; QN 2 kN(a)} is asymptotically most stringent

with critical region W
for I and is asymptotically most powerful for ro at the respective level of

significance a.

Proof. The proof follows directly from Theorem 3.1 and Theorem 4.2, and hence
is omitted.
5. GENERAL REMARKS

We consider here some specific problems and append some useful discussions.

(I) Univariate k-sample location/scale alternative problems. Let Xij’ j=l,...,n,
i=1l,...,k be independent r.v.'s with continuous d.f.'s Fij(x) ,X ¢ R , where
= = - j=1,...,n31i=1,...,k. 5.1
Fij(x) F.(x) = F((x Bi)/Gi), j=1,...,n51i=1,...,k (5.1)

In the conventional case, we take the scale parameters S to be all equal

L N 6
1’k

(and equal to 1, without any loss of generality), so that (5.1) corresponds to a

]
SNL Tt T S TR 0see 0 gy T Sypp

1
s oo ey EN((k—l)n+l) = ,,.= EVN = (0,...,0,1) and N = kn. Here, we are

special case of (2.1) where

0,1,...,0)"



138

interested in testing for

1 . . : .
Ho : Bl .. Bk (i.e., the homogeneity of the Fi) y (5.2)
against the simple ordered alternative )
-1 1 0...0
:8 el ={BecE: AB>0with A=[0 -1 1...0 0 } oo (5.3)

-~ ~ —~n— T

(D

-----------------

Let Rij be the rank of Xij among the N observations of the combined sample,
for j=1,...,n, i=1,...,k. We also denote the corresponding order statistics by

xN(l) < W.. < XN(N)’ respectively. Thus, as in (2.7), we have the scores

aN(r) = E {-E(XN(I))/f(X )}, forr =1,...,N, (5.4)

N(r)

and the corresponding linear rank statistics are given by

_ =1 _n . . _ '
TNi = n zj=l aN(Rij)’ i=1l,...,k; IN = (TNl,...,TNk) (5.5)
We let
2 _ -1 _N - 2 - _ -1\ .
ON = (N-1) Zr=l[ aN(r) ay 17 ay = N Zi=laN(1) (5.6)
Then the dispersion matrix of TN (under HO) is given by
_ 2 ' - '
MN_ON( kzk-}} ) ’ }"(l"'°)l) ’ (5.7) hd
- N2 = = amt
Also, note that under KN , § =N Y M éz and UN AM Ty > SO that
-1 cp ¥ * * . .
A, = AMZIA'=0°A  where A = ((§,.)) with 2 ,1=13j,
=N T EONRATON = ~ ij * (5.8)
§.. =¢ -1, |i-j] =1,
1}
0, |i-j| >2.

*
Partitioning u and A as in (2.16) - (2.18), it is easy to verify that here

>0 M i:0cica=10,...,k1} ,ifu 20 (5.9)

Hy.g

and hence, by Theorem 3.1, we may conclude that for testing (5.2) against (5.3)

(under local contiguous alternatives), the UI-LMPR test based on the score function

in (5.4) is asymptotically uniformly most powerful for all alternatives in the
order-restricted parameter space. »

Consider next the scale problem ( with homogeneous locations), where

F (x) = F( §;7%) , for i =L,...,k , x €E. (5.10) ¢
Here the null hypothesis relates to the homogeneity of the Gi while we have an

’
ordered alternative as in (5.3) with the vector § replaced by § = ( 61,...,6k)
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For this k-sample scale ordered alternative problem, using the scores

by(r) = E{ -xN(r)f(xN(r))/f(KN(r))} , L = 1,...,N, (5.11)
it can be shown that the corresponding UI-LMPR test is asymptotically UMP for the
entire (restricted) parameter space under the ordered alternative.

(I1) Bivariate two-sample ordered location problem. Chatterjee and De (1972, 1974)

developed an UI-rank statistic for this problem and showed that their test statistic
is better than the unrestricted one . A generalization of this result to the general
multivariate case is still an open problem. However, instead of the maximization

of the Bahadur-efficiency [as has been considered in Chatterjee and De (1974)],

we may maximize the Pitman-efficiency to determine the.UI—LMPR test for the

general restricted alternative problem under more stringent assumptions omn the
underlying density function. For the particular problem considered by Chatterjee

and De (1972,1974), our UI-LMPR test is asymptotically uniformly most powerful for
the restricted parameter space undefvthe altefnacivebhypotheses.

(II1I) Other models. The asymptotic UMP property of the UI-LMPR test holds for

other problems as well : (i) a positive orthant alternative when the limiting
dispersion matrix is diagonal, (ii) an orde:ed alternative problem when the
limiting covariance matrix is of the form E Q gl + (%{')69 §2 ,» and this is
typically the case with randomized block designs and with multivariate multi-sample
problems, (iii) profile amalysis and (iv) in alternatives which put constraints

on the parameters in the form of lower dimensional hyperspaces. Chinchilli and Sen
(1981b) have considered the power superiority of the UI-rank test in the general
multivariate problem under certain restraints on the covariance matrix. Under the
same condition on the covariance matrix, by our Theorem 4.4, we are able to obtain
the asymptotic UMP character of the UI-LMPR test for a wider class of alternatives.
In passing, we may.remark that the UI-IMPR test is invariant under any permutation
of the p-coordinates, while the corresponding rank test based on the step-down

procedure is not so, and the latter may not be asymptotically UMP.

(IV) A nonparametric version of Schaafsma and Smid (1966) procedure. For simplicity,



20

we consider only the case of the positive orthant alternative where A = T and

. o
+
I =t P% | Under assumptions [Al] and [A2] in Section 4, the use of the Neyman~—

Pearson Lemma (on the distribution of the ranks) leads us to the LMPR test of

size a which rejects H., for

Q) = X Ty /YNNIy A2 k()

N (5.12) .

where TN and .’.'\J are defined as in (4.19) and (4.22) respectively.
~l

~

Assume ¢ is the half-line of points 6 X, &§ > 0 and for any two such

vectors ¢ and m, let ?(¢,m) = cos—lj<e,m> / S et Hmil 1 {5.13)
. ~ - . -~ Z - Z ~ Z
1 ~N ~N -NI
where <->z denotes the inner product with respect to ZN and ll-llZ is the
~N ¥ <N

Euclidean norm with respect to ZN.

Following Schaafsma and Smid (1966), the
test in (5.12) is asymptotically most strigent somewhere most powerful if

eo €I satisfies

?0 = sup P(€_.,m) = inf sup ¥(¢,m) (5.14)
mer - eelr mer v

where the desired half-line €0 can be determined by applying the method of

Abelson and Tukey (1963). Namely

0 0 0
?(svsl) = ?(f.'sz) = ... F ?(E,Spq) (5.15)
where the edges e? (j=1....,pq) is defined by
eg : xj > 0 and Ak =0 if k #j v j,k=1,...,pq (5.16)

Since the maximum shortcoming of this test is an increasing function of

¥ (e

O,m), it becomes unsatisfactory for large values of ¥ _.

0
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