
ABSTRACT

SINGH, MAYANK. Data-Driven Koopman Predictive Control with Physiological Sensing for
Ankle Assistance. (Under the direction of Nitin Sharma).

Neurological disorders such as stroke, multiple sclerosis, and spinal cord injury frequently

lead to gait deficits like drop foot, where insufficient ankle dorsiflexion compromises mobility

and safety. Functional electrical stimulation (FES) is a promising intervention to assist, reha-

bilitate, and restore ankle movement by artificially stimulating ankle muscle groups - ankle

dorsiflexors (Tibialis Anterior (TA)) and Plantarflexors (gastrocnemius (GAS)). However, unlike

brain, FES does not follow a motor unit size principle based muscle recruitment pattern, and

tends cause rapid onset of muscle fatigue. Moreover, designing optimal FES stimulation profile

is challenging due to nonlinear neuromuscular dynamics, subject-specific variability.

This dissertation proposes a unified framework for data-driven modeling, non-invasive

physiological sensing, specifically ultrasound (US)-derived fatigue measurements, and real-

time control of FES-elicited ankle movements.

To address subject-specific variability, I formulate a Koopman operator–based, data-driven

model of FES-assisted ankle movement. To make the data-driven model responsive to muscle

fatigue, I integrated US sensing in the loop. Three US-derived features: Strain, Muscle Thickness,

and Echogenecity are explored and investigated as interpretable proxies of internal muscle’s

fatigue state. Based on the computational requirement, one of the proxies: Echogenecity is

selected for augmenting the Koopman predictor and parameterizing a data-driven fatigue

model. The full framework is specified mathematically and analyzed for convergence and

stability guarantees. Two frameworks with and without US-based feedback are implemented

for closed-loop gait assistance. I evaluated the approaches in treadmill walking tasks with

neurotypical participants and participants with multiple sclerosis. Reported outcomes in-

clude ankle trajectory-tracking metrics, online prediction and identification performance, and

fatigue-related indicators derived from US-based sensing.

My dissertation also studied the effects of incorporating both US-based sensing and elec-

tromyography (EMG) in improving the prediction of ankle movement. Using ankle kinematics

data, EMG, and US-derived echogenecity signals from 10 neurotypical participants, a Koopman-

based data-driven ankle model is derived and the prediction accuracy quantified. Further, I

introduce a new dimensionally reduction approach, called Dynamic Active Subspaces (DyAS),

to study the contribution changes in the ankle muscles at different walking speeds. I report

a dramatically different contribution that result from the DyAS analysis, when compared to

conventional analysis approaches: Principal Component Analysis (PCA) and Non-negative



Matrix Factorization (NMF).

Beyond single-muscle joint control, my dissertation also develops a new control design

framework using Koopman-based data-driven modeling and DyAS-based dimensionality

reduction to control a multi-joint hybrid exoskeleton system that combines both FES and a

wearable robotic exoskeleton. I resolve actuator redundancy by projecting control inputs into

dominant low-dimensional synergy spaces, enabling real-time control allocation between FES

and robotic actuators under fatigue constraints. Detailed numerical experiments are provided

to show a fatigue-informed adaptive allocation between FES inputs and exoskeleton torque.

Collectively, this work establishes an ultrasound-informed, data-driven predictive control

framework for ankle assistance such as in people with rop-foot. The new framework may also

be scaled for multi-joint FES systems, and importantly lay the groundwork for physiologically

adaptive, intelligent rehabilitation technologies capable of transforming gait assistance and

restoring mobility for individuals with neurological impairments due to Stroke, Spinal Cord

Injury, and Multiple Sclerosis.
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CHAPTER

1

INTRODUCTION

1.1 Introduction

Neurological injuries such as stroke and spinal cord injury frequently lead to lower-limb motor

impairments that jeopardize safe and ef�cient walking [Hornby et al. (2020)]. A prevalent

de�cit is drop foot, the inability to dorsi�ex the ankle during the swing phase, which causes toe

dragging, compensatory movements (e.g., hip circumduction), elevated fall risk, and increased

metabolic cost. Functional Electrical Stimulation (FES) can restore ankle function by eliciting

arti�cial muscle contractions in paralyzed plantar�exor and dorsi�exor muscles through the

application of non-invasive electrical stimulation, and thereby facilitating improved joint

function [York and Chakrabarty (2019); Durfee (2006)]. Functional Electrical Stimulation (FES)

physiologically engages impaired muscles to improve strength, muscle size, and neuroplasticity

[Andrews and Wheeler (1995); Grif�n et al. (2009)].

FES has been utilized in multiple con�gurations to correct drop foot (DF), from single-

channel stimulators targeting the tibialis anterior (TA) [Singh and Sharma (2023)] or the com-

mon peroneal nerve to multi-channel systems [Seel et al. (2016b)] coordinating dorsi�exors and

evertors; comprehensive surveys appear in [York and Chakrabarty (2019); Lyons et al. (2002)].

Early and still widely used clinical implementations are event-triggered or open-loop: a heel

switch or inertial/tilt cue initiates a �xed-amplitude or trapezoidal stimulation burst to elicit
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TA contraction during swing, improving toe clearance without automatic intensity modulation

across speed, terrain, or session variability [Burridge et al. (1997); González-Graniel et al. (2024)].

Research prototypes extended sensing and personalization; for example, [Hayashibe et al.

(2011)] designed adaptive torque tracking using Surface Electromyography (sEMG)-derived

activation [Zhou et al. (2018)]. Optimization-based formulations have also been explored: [Be-

noussaad et al. (2013)[] posed an MPC for ankle trajectory planning with stimulation and joint

constraints (of�ine optimization), demonstrating feasibility yet without guarantees of recursive

feasibility or closed-loop stability. Subsequent efforts devised MPC schemes tailored for FES at

lower-limb joints [Kirsch et al. (2017b,a)] and extended them to robust tube-based MPC that

tolerates model mismatch and bounded disturbances during knee regulation/tracking [Bao

et al. (2020); Sun et al. (2021)]. Beyond MPC, DF controllers have included high-gain/robust

nonlinear control, delay compensation, adaptive control, iterative learning, and repetitive

control, often achieving improved kinematic tracking in short bouts but relying predominantly

on joint kinematics as feedback and requiring nontrivial subject-speci�c tuning [Sharma et al.

(2011); Alibeji et al. (2017a); Puttaraksa et al. (2019); Gallego et al. (2015)].

In commercial practice, widely used peroneal-nerve systems (e.g., ODFS/Odstock, WalkA-

ide, Bioness L300/L300 Go) remain largely trigger-based and clinician-programmed [González-

Graniel et al. (2024)]: during an in-clinic calibration, practitioners manually set timing windows

relative to gait events, ramp-up/ramp-down times, and stimulation parameters—amplitude,

pulse width, and frequency—often with a constrained set of pro�les; on-device IMUs or

footswitches then trigger a preselected pattern during swing [González-Graniel et al. (2024)].

Day-to-day and within-session variability (electrode placement, skin impedance, gait speed,

spasticity) typically require repeated manual retuning or patient-operated “intensity up/down”

adjustments Everaert et al. (2010). Because the control loop is open, users may over-select

amplitudes to guarantee clearance, which can exacerbate stimulation-induced fatigue and

discomfort York and Chakrabarty (2019). sEMG-triggered devices exist but face practical lim-

itations: sEMG during stimulation suffers from artifacts, cross-talk, and session-to-session

variability, and it correlates imperfectly with mechanical output as fatigue progresses Hayashibe

et al. (2011); Mandrile et al. (2003); Cifrek et al. (2009).

A central, unresolved challenge in functional electrical stimulation (FES)–based movement

restoration is muscle fatigue. Because electrical stimulation recruits motor units in a nonphysi-

ological order—typically from large, fast-twitch �bers to small, fatigue-resistant ones—muscle

force declines rapidly within minutes of activation [Vøllestad (1997); Rogers and MacIsaac

(2011)]. This premature fatigue limits both the duration and quality of FES-induced movement.

Prior mitigation strategies have largely targeted stimulation parameters, such as frequency,

pulse width, or spatial distribution using multi-pad electrodes [Popovi ć Maneski et al. (2011);
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Bo et al. (2014); Mizrahi et al. (1994); Georgakis et al. (2003)]. While these approaches can delay

fatigue onset, they do not explicitly account for the evolving physiological state of the muscle

during prolonged activation.

1.2 Closed-loop FES control

A broad spectrum of feedback strategies has been explored to cope with the nonlinear, time-

varying, and delay-dominated characteristics of FES-actuated limbs. Model-reference and

adaptive control schemes then emerged to compensate inter- and intra-session variability

by online parameter adaptation (e.g., stimulation–torque gains, delay surrogates), improving

tracking with bounded inputs but still relying on simpli�ed muscle models and persistent

excitation that can be hard to guarantee in gait [Alibeji et al. (2017a)]. Delay-compensation

approaches (e.g., predictor-based feedback) explicitly target electromechanical delay and

stimulation–activation dynamics to reduce phase lag during swing, with encouraging trahectory

tracking results when the delay is slowly varying [Hayashibe et al. (2011)]. Repetitive and

internal-model control exploit the near-periodicity of gait to obtain a ILC model, yielding

steady-state error reduction without intensive plant identi�cation [Page and Freeman (2020)].

Optimal-control formulations have also been used for trajectory tracking tracking tasks

[Kirsch et al. (2017a); Bao et al. (2020)]. Model predictive control (MPC) was utlized to account

for constraints enabling explicit bounds on joint angles, stimulation current, and toe-clearance

envelopes [Kirsch et al. (2017b,a)]. Robust tube-based MPC further cushions parametric and

unmodeled dynamics uncertainty during knee/ankle regulation and tracking [Bao et al. (2020);

Sun et al. (2021)].

Among contemporary closed-loop control methodologies, Iterative Learning Control (ILC)

has been extensively researched for FES-based joint functionality improvement [Seel et al.

(2016a)]. ILC schemes are often model-free or rely on linear time-invariant dynamics, simpli-

fying implementation. For instance, Seel et. al. [Seel et al. (2016a)] used ILC with six inertial

sensors to estimate ankle angles in post-stroke patients, achieving rapid convergence but intro-

ducing discontinuities by resetting control inputs after each gait cycle and requiring substantial

sensor data. Freeman et. al. [Page and Freeman (2020)] improved the ILC design by developing

a continuous repetitive control scheme, eliminating reinitialization, reducing computational

burden, and enhancing trajectory tracking. Similarly, Jiang et. al. [Jiang et al. (2020)] designed a

framework for dorsi�exion assistance using dual parameters to reduce stimulation intensity

and mitigate muscle fatigue. Müller et. al. [Muller et al. (2015)] extended ILC to assist both

knee and ankle motion, showing adaptability for individual stimulation patterns but requiring

re�nement to address sensitivity to knee angle resets. ILC-based FES designs, including those
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in [Jiang et al. (2020)] and [Page and Freeman (2020)], are often developed under linear system

assumptions without explicitly addressing disturbances or model uncertainties.

Nonlinear control of FES for ankle control was demonstrated by Zhang et. al. [Zhang et al.

(2023b)], where ultrasound-derived muscle activation was integrated into a nonlinear model

for drop foot correction. However, their state feedback-based adaptive impedance controller

lacked optimization, risking overstimulation and rapid muscle fatigue due to unaddressed FES

input constraints.

Moreover, results on FES based gait assistance/improvement presented in [Seel et al.

(2016b); Jiang and Jiang (2012); Zhang et al. (2023b)], have primarily focused on drop foot

correction. In these results, FES mainly targets the TA muscle during the swing phase, foregoing

stimulation of plantar�exors, which are critical for push-off [Awad et al. (2020)]. Ef�cacy of FES

stimuli to plantar�exor muscles has been shown for correcting post-stroke gait de�cits [Kesar

et al. (2009)] and improving walking after SCI [Bajd et al. (1994)]. It was noted in [Kesar et al.

(2009)], [Awad et al. (2020)], that applying stimulation to both plantar�exors and dorsi�exors

results in improved gait that is closer to the normal gait cycle in chronic stroke survivors. De-

spite the evidence on the signi�cance of FES-elicited plantar�exion, closed-loop control of

both FES-evoked plantar�exion and dorsi�exion remains unexplored.

Existing closed-loop FES controllers share several limitations: they often depend on linear

or locally linear surrogate models whose accuracy drifts with stride-to-stride variability, speed

changes, electrode shift, spasticity, and posture, leading to phase lag, steady-state errors, and

higher stimulation demand Zhang et al. (2022b); Singh et al. (2025); sensing is often kinematics-

only (IMUs/encoders) Seel et al. (2016b,a), leaving internal mechanical state (contractility,

fatigue) unobserved. Hence, to account for arti�cial nature of stimuation of FES it is essential

to measure the FES-induced muscle fatigue.

1.3 Physiological Sensing for FES Control

Recent advances suggest that fatigue should be managed not merely through stimulation

heuristics but through continuous monitoring of muscle contractility metrics caused by FES

[Zhang et al. (2019, 2020)]. Mechanical and morphological indicators such as strain, thickness,

and echogenicity that re�ect the underlying muscle state in real time. Incorporating these phys-

iological measurements into control and modeling frameworks offers a pathway to adaptive

FES strategies that dynamically adjust stimulation based on the actual contractile capacity of

the muscle, rather than relying solely on pre-set stimulation parameters or indirect kinematic

feedback.

4



1.3.1 Limits of EMG under Stimulation Artifacts

Past studies have explored sEMG in presence of stimulation to account for muscle fatigue and

voluntary contribution, using sEMG in presence of FES induces stimulation artifacts which

increases computational processing due to an additional cumbersome �ltering process Chen

et al. (2023). sEMG in the presence of electrical stimulation remains an open problem [Frigo

et al. (2000)].

1.3.2 Ultrasound-in-the-Loop Control

In light of stimulation artifacts corrupting sEMG derived metric, real-time B-mode ultrasound

offers direct, noninvasive observation of muscle morphology and motion changes to quantify

thickness, echogenicity, and strain—features that correlate with activation and fatigue and are

inherently immune to electrical stimulation artifacts [Zhang et al. (2023c,a)]. Fusing ultrasound

with EMG improves intent and torque estimation, detects fatigue earlier than kinematics, and

sustains performance across speed changes [Zhang et al. (2023b, 2022b); Iyer et al. (2024)].

From a control perspective, embedding ultrasound in the loop enables: (i) state estimation of

activation/contractility and fatigue; (ii) scheduling of prediction models to maintain accuracy

as physiology drifts; and (iii) adaptive constraints and costs that temper stimulation when

fatigue rises and reallocate effort to exoskeleton motors when appropriate.

1.4 Koopman Operator Theory for Learning and Control

To analyze the nonlinear dynamics of the ankle under FES actuation, and motivated to derive a

data-driven approach, we utilize a Koopman framework to build a linear predictor which fully

captures the nonlinear time-varying FES actuation. The Koopman operator provides a linear

perspective on nonlinear dynamics by evolving observables—functions of the state—instead

of the state itself. For an autonomous system, the in�nite-dimensional Koopman operator

advances any observable exactly; in practice, one builds a �nite-dimensional approximation

by choosing (or learning) a set of observables and estimating a linear map from data [Korda

and Mezic (2018)]. Algorithms such as Dynamic Mode Decomposition (DMD) Kutz et al. (2016),

DMD with control (DMDc), and Extended DMD (EDMD) [Proctor et al. (2018)] estimate the

linear operator and, when inputs are present, yield either lifted linear time-invariant (LTI) or

bilinear/control-af�ne predictors [Singh and Sharma (2023); Korda and Mezic (2018)]. Recent

work has explored learned dictionaries (e.g., autoencoder-based lifts, deep Koopman) to auto-

mate observable design and improve long-horizon prediction [Kaiser et al. (2017); Abraham

and Murphey (2019)]. For control, Linear MPC in the lifted space with constraints [Korda and
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Mezic (2018)], and (iii) robust MPC via disturbance modeling or tube constructions Korda and

Mezi ć (2020); Bevanda et al. (2021) have been explored in the past.. Most Koopman based MPC

remains con�ned to simulation studies [Calderón et al. (2021); Korda and Mezic (2018); Korda

and Mezi ć (2020)].

Advantages for closed-loop control. Koopman-lifted predictors offer a compelling trade-off

between �delity and speed for embedded control: (i) they capture salient nonlinear behavior

through judicious observables while maintaining linear prediction and constraint handling;

(ii) they admit external inputs (stimulation, exoskeleton torque); (iii) they are well suited to

recursive updates, enabling online prediction; and (iv) they integrate naturally with convex

optimization backends for real-time QP-based MPC. Prior applications have demonstrated

improved prediction and control across robotics, �uid �ows, and manipulated mechanical

systems; surveys detail theoretical guarantees, numerical conditioning, and practical design

choices (dictionary size, regularization, noise handling) [Bevanda et al. (2021); Proctor et al.

(2018); Korda and Mezic (2018); Korda and Mezi ć (2020); Abraham and Murphey (2019)].

1.5 Koopman Operator for FES-Driven Ankle Dynamics & Data-

Driven MPC

The ankle exhibits phase-speci�c mechanics: dorsi�exors (TA) dominate during swing for toe

clearance; plantar�exors (SOL/GAS) contribute during stance for push-off. Koopman-lifted

models are well-positioned to: (i) incorporate stimulation and exoskeleton torques as inputs;

(ii) use state measurements; and (iii) embed physiological features— ultrasound (US) and

sEMG based contractility/fatigue (echogenicity, axial strain, thickness)—as slow variables to

preserve accuracy over minutes-long sessions [Zhang et al. (2023b, 2022b); Iyer et al. (2024)].

The physiological sensor can be incorporated as observables to improve Koopman operator

based prediction.

From prediction to real-time MPC. The Koopman-based predictive model, being linear

in the lifted coordinates, allows the control problem to be formulated as a convex quadratic

program (QP) with linear dynamics, following standard model predictive control (MPC) for-

mulations [Borrelli et al. (2017)]. This structure enables ef�cient real-time optimization and

maintains feasibility [Korda and Mezic (2018). Typical constraints encode stimulation safety

and actuation feasibility—bounding pulse width, duty cycle, and current amplitude to ensure

user comfort; imposing joint angle and velocity limits to prevent hyper�exion; and enforcing

toe-clearance envelopes and actuator saturation limits for exoskeleton motors. The cost func-

tion balances multiple objectives: trajectory tracking (ankle angle and velocity), stimulation
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energy or dose, motor torque effort, and input smoothness to ensure natural, fatigue-resistant

control behavior [ Iyer et al. (2023)].

1.6 Hybrid Exoskeletons

Hybrid exoskeletons combine functional electrical stimulation (FES) of biological muscles

with electromechanical actuators to generate joint torques for locomotor assistance and reha-

bilitation. This hybrid actuation leverages complementary strengths: FES recruits the user's

own musculature, promoting muscle conditioning and potential neuroplastic changes, while

motors provide precise, reliable torque to ensure task completion and safety when biological

output is insuf�cient [Zabaleta et al. (2007); Kirsch et al. (2017b); Andrews et al. (1988)]. By

sharing effort between muscle and machine, hybrid devices can reduce peak motor torque

and energy consumption, mitigate user deconditioning associated with over-assistance, and

extend the effective duration of training sessions by of�oading work when FES-induced fatigue

accumulates [Bao et al. (2020); Sheng et al. (2022)].

Despite these bene�ts, hybrid actuation introduces nontrivial control and systems-integration

issues. The combined FES–motor system is over-actuated: multiple inputs (stimulation chan-

nels and motor torques) can achieve the same joint-level objective. Moreover, the two actuator

classes are fundamentally different—motors are fast, repeatable, and well modeled, whereas

FES is nonlinear, delay-dominated, subject- and session-speci�c, and strongly time-varying

due to fatigue and electrode placement [Kirsch et al. (2017b); Iyer et al. (2024)]. Hybrid con-

trollers must therefore be (i) adaptive to fatigue and gait-speed changes, (ii) constraint-aware

for safety and comfort (toe clearance, joint limits, stimulation dose and duty cycle), (iii) com-

putationally ef�cient for wearable, real-time deployment, and (iv) scalable to multi-actuator

assistance while integrating physiology-aware sensing (EMG/ultrasound) to expose internal

muscle state.

Redundancy resolution and allocation. Control input allocation (CIA) is central to hybrid

exoskeletons: given a desired joint trajectory and safety envelopes, how should net torque

be split between muscle and motor to minimize stimulation dose, limit motor power, and

respect comfort and clinical constraints ? Classical approaches—pseudo-inverse allocation

with null-space shaping, dynamic CIA, or full MPC-based allocation—provide useful baselines

but typically assume linear or slowly varying actuator maps and do not directly incorporate

physiology or fatigue states [Johansen and Fossen (2013); Galeani et al. (2015); Zaccarian

(2009); Luo et al. (2004)]. In hybrid settings, allocation must explicitly account for phase-

dependent muscle effectiveness and rapid contractility changes; otherwise, controllers either
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over-stimulate (accelerating fatigue) or over-rely on motors (hindering engagement).

Synergy-Informed View of Hybrid Actuation

A principled way to understand and organize hybrid actuation is through the lens of muscle

synergies. Evidence from motor neuroscience suggests the central nervous system produces

movement by co-activating groups of muscles in low-dimensional patterns (synergies), with

complex behaviors arising from time-varying combinations of a few primitives [Alibeji et al.

(2015); Ting (2007)]. Translating this idea to hybrid exoskeletons, we can treat the joint task

(e.g., ankle trajectory tracking with toe-clearance safety) as being supported by a small number

of actuation synergies that span both FES channels and motor torques.

This synergy-informed parameterization has three advantages. First, it reduces dimension-

ality: instead of independently tuning many actuators, the controller modulates a handful of

synergy coordinates, improving real-time feasibility and interpretability [Alibeji et al. (2017b,

2018a)]. Second, it aligns with physiology: allocating effort along synergy directions tends

to avoid antagonist con�icts and produces coordinated, natural-feeling assistance. Third, it

supports fatigue-aware allocation: as ultrasound/EMG-derived indices indicate declining

contractility in a synergy's muscle components, the controller can automatically shift weight

toward the motor contribution within that same synergy without changing high-level objec-

tives.

1.7 Thesis Contributions

The three primary aims of my thesis are:

• Aim - 1 Data-driven modeling of FES actuated or volitional ankle dynamics with and

without US-based sensing or EMG

• Aim - 2 Explore US-based sensing to quantify FES induced muscle fatigue for improved

data-driven modeling and real-time optimal control of ankle muscles during walking

• Aim - 3 Derive a Dynamic Active Subspaces-based framework for muscle synergy de-

composition and optimal control input allocation in a multi-joint hybrid exoskeleton

system

The three aims lead to following contributions

1. Data-driven modeling of ankle dynamics under FES actuation using koopman op-

erator Instead of using phenomenological Hill-based muscle modeling or modi�ed
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Hammerstein-type muscle models, I use a compact, lifted linear (control–af�ne/bilinear)

predictor identi�ed directly from synchronized wearable data. Joint kinematics/velocities,

ground-reaction proxies (or gait phase), sEMG envelopes (for intent), and ultrasound-

derived contractility/fatigue features (e.g., echogenicity, axial strain, thickness) are fused

into an observable vector; Extended/DMD with control and regularized least-squares

yield a �nite-dimensional Koopman operator that advances these observables under

FES inputs (pulse width/frequency) and optional exoskeleton torques. The model is

phase-conditioned for stance/swing asymmetry and fatigue-scheduled so prediction

accuracy is preserved as physiology drifts.

2. Data-driven model predictive control for optimal ankle plantar�exion and dorsi�exion

assistance during walking -

I design a real-time MPC that leverages the lifted-linear (Koopman) predictor to generate

phase-aware, constraint-satisfying FES commands for ankle dorsi�exors (swing) and

plantar�exors (stance). The controller solves a fast quadratic program each control step,

enforcing hard bounds on pulse width/frequency/duty cycle, joint angle/velocity limits,

and toe-clearance envelopes, while minimizing a task cost that balances tracking accu-

racy, stimulation dose/comfort, and smoothness. Multi-rate sensing is handled explicitly:

fast kinematics/IMU updates close the inner loop, while slower ultrasound-informed

fatigue/contractility indices schedule model parameters and adapt costs/constraints

to temper stimulation as fatigue rises. Warm-starting, condensed QP formulations, and

low-rank operator updates ensure embedded feasibility at 50–200 Hz without sacri�cing

prediction �delity. A CLF–CBF safety �lter wraps the nominal MPC to certify forward-

invariance of safety sets (e.g., toe clearance, joint limits) under bounded model error,

minimally altering the commanded stimulation. This contribution establishes the opti-

mization backbone—model integration, constraint handling, robustness margins, and

computational tooling—that later aims extend to (i) recursive Koopman updates for

sustained accuracy across sessions and speeds, (ii) ultrasound-informed fatigue man-

agement policies, and (iii) coordinated allocation across multiple actuators.

3. Ultrasound-derived metrics to quantify FES-induced loss of muscle contractility dur-

ing walking - I develop a B-mode ultrasound pipeline to measure within-stride and

across-stride changes in tibialis anterior (dorsi�exion) and triceps surae (plantar�exion)

contractility under FES during treadmill walking. The system includes rigid probe �x-

ation, per-subject ROI de�nition, speckle-tracking–based tissue displacement/strain

estimation, and real-time envelope/texture extraction with time-synchronization to

IMU/encoder kinematics, ground-reaction-force gait-phase indicators, and stimulation
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logs. From these signals we compute a compact set of fatigue/contractility features: (i)

peak axial strain and cycle-averaged strain (mechanical shortening proxy); (ii) echogenic-

ity (ROI mean/percentile intensity and its drift rate as a fatigue correlate); (iii) morphology

(muscle thickness trends); and (iv) composite fatigue indices that normalize for session-

to-session imaging gain and depth using baseline windows and quantile scaling.

4. Ultrasound-in-the-loop data-driven MPC for ankle dorsi�exion assistance during

walking - I integrate real-time B-mode ultrasound into a data-driven model predictive

controller for ankle assistance. The ultrasound stream provides simple, loss in contrac-

tility using echogenicity (fatigue trend). The controller uses a Koopman-based MPC

framework with an added US-derived safety �lter which mitigates FES induced loss in

contractility.

5. EMG and US-derived Echogenecity-informed Koopman modeling of volitional ankle

movement and synergy discovery with Dynamic Active Subspaces (DyAS) - I build

ankle-motion predictors that are explicitly informed by physiology. The lifted (Koopman)

state includes joint kinematics, sEMG activation, and ultrasound features. These signals

act as physiological observables variables so the linear predictor remains accurate across

FES induced fatigue. On top of this model, we develop Dynamic Active Subspaces based

low-dimensional combinations of control channels (dorsi�exors/plantar�exors) that

most in�uence a cost index. Similar to Principle Component Analysis (PCA) and Nonneg-

ative Matrix Factorization (NMF), DyAS lower dimensional muscle synergy coordination

pattern, but also informs about the most in�uential synergies for a speci�c task.

6. Optimal control input allocation with Dynamic Active Subspaces (Dy A S ) for hybrid

FES–exoskeleton assistance. I design a principled allocation strategy that resolves actua-

tor redundancy by optimizing over a low-dimensional, task-relevant input basis learned

from data. For a sit-to-stand case study (simulation), we embed this Dy A S basis in-

side a constrained MPC, converting the original overactuated problem into a smaller,

low-dimensional program with explicit stimulation and torque limits. A fatigue-aware

allocation criterion dynamically reweights the subspace to shift work from fatigued mus-

cles to the motor when needed, and back to FES when capacity recovers. This yields (i)

coordinated muscle–motor assistance that mirrors physiological synergies, (ii) reduced

online computation and improved numerical robustness, and (iii) interpretable, subject-

speci�c control policies that maintain safety while optimizing effort distribution across

tasks (e.g., sit-to-stand, level walking).
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1.8 Dissertation Outline

Chapter -2 and Chapter - 5 address Aim - 1, focusing on the data-driven modeling of FES-

actuated and volitional ankle dynamics using Koopman operator theory. These chapters intro-

duce the lifted linear modeling framework, demonstrate its accuracy across gait phases, and

establish the foundation for real-time control formulations.

Aim - 2 is explored through Chapter - 3 and Chapter - 4, which investigate the use of

physiological sensing—particularly ultrasound imaging—to quantify FES-induced muscle

fatigue and integrate such sensing into closed-loop predictive control. These chapters establish

the experimental ultrasound pipeline, extract mechanical and morphological fatigue features,

and incorporate them into ultrasound-informed Koopman MPC formulations for adaptive FES

control during walking.

Finally, Aim - 3 is developed in Chapter - 5 and Chapter -6, where Dynamic Active Subspaces

(DyAS) are employed to analyze muscle coordination patterns for a variable speed task. Chapter

6 uses DyAS for an optimal actuator input allocation for hybrid FES–exoskeleton assistance.

Chapter 5 focuses on DyAS-based synergy discovery and comparison with PCA/NMF across

varying gait speeds, while Chapter 6 extends these insights to a control allocation framework

that distributes effort adaptively between FES and robotic assistance under fatigue based

allocation for a sit-to-stand task.

Chapter 2: Data-Driven Predictive Control for Ankle Motion Dynamics—A Koopman

Perspective. Develops a Koopman-based framework for modeling and predictive control of FES-

actuated ankle motion during gait. The chapter details data-driven lifting, �nite-dimensional

operator identi�cation, and phase-speci�c MPC design for dorsi�exion and plantar�exion

tracking.

Chapter 3: Ultrasound-Informed Muscle Fatigue Characterization During FES-Assisted

Walking. Chapter 3 builds an ultrasound (US) sensing and signal-processing pipeline for

real-time quanti�cation of muscle contractility and fatigue during walking under FES. The

chapter establishes US metrics to quantify muscle contractility and fatigue using axial strain,

echogenicity, and muscle thickness. We demonstrates how these features differentiate FES-

induced versus volitional contractions during walking.

Chapter 4: Ultrasound-Informed Koopman MPC for Drop-Foot Assistance with CBF

Safety. Chapter 4 integrates the sensing and modeling threads into an ultrasound-informed

KMPC controller for ankle dorsi�exion assistance, augmented with a lightweight safety �lter. It

�rst revisits dorsi�exion dynamics under Koopman lifting and then introduces a recursive, US-

informed update mechanism to maintain model �delity as physiology drifts. A nominal KMPC

is formulated to balance trajectory tracking, toe-clearance margin, stimulation comfort/effort,
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and actuator/joint limits. On top of the nominal controller, a safety layer based on control

barrier functions (CBFs) enforces joint and toe-clearance.

Chapter 5: Physiological Sensing–Informed Koopman Learning and Dynamic Active Sub-

space Analysis for Muscle Synergy Coordination Chapter 5 generalizes the modeling frame-

work to incorporate a richer set of physiological observables and develops tools for muscle co-

ordination analysis. We extend the Koopman modeling to include EMG and ultrasound-derived

features for physiology-aware prediction and coordination analysis. Introduces Dynamic Active

Subspaces (DyA S ) to reveal speed dependent muscle synergies.

Chapter 6: Dynamic Active Subspaces for Model Predictive Allocation in Over-Actuated

Systems. Chapter 6 addresses hybrid FES–exoskeleton control as an over-actuated allocation

problem. We formulate a Dynamic Active Subspace (DyAS) framework for reducing input

dimensionality in hybrid FES–exoskeleton control for a sit-to-stand task. A Koopman-based

predictor is presented for data-driven ef�cient model predictive control allocation within a

low-dimensional synergy space, ensuring safe, fatigue-aware redistribution of effort between

muscle stimulation and motor actuation across tasks such as sit-to-stand for fatigue based

allocation.

Chapter 7: Conclusion. The �nal chapter synthesizes the dissertation's contributions and

�ndings, highlighting how ultrasound-in-the-loop sensing, physiology-informed Koopman

modeling, KMPC with safety, and Dy A S allocation jointly enable safe, adaptive, and ef�cient

gait assistance. We discuss future direction for each Aim.
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CHAPTER

2

DATA-DRIVEN MODELING OF ANKLE

DYNAMICS: A KOOPMAN OPERATOR

PERSPECTIVE

2.1 Introduction

Functional Electrical Stimulation (FES) has been widely employed to restore dorsi�exion and

plantar�exion functions in individuals with neuromuscular impairments such as stroke, spinal

cord injury, or multiple sclerosis. Despite its clinical ef�cacy, traditional FES control approaches

often require subject-speci�c musculoskeletal models or extensive system identi�cation, both

of which are time-consuming and prone to inaccuracies due to inter- and intra-subject vari-

ability.

To circumvent these challenges, this chapter develops a data-driven predictive control

framework for FES-driven ankle motion without relying on explicit physiological modeling. The

proposed approach employs Koopman Operator Theory (KOT) to construct a linear predictor

of the nonlinear ankle dynamics actuated by FES [Singh and Sharma (2023); Proctor et al.

(2018)]. This linearization allows the design of a Model Predictive Controller (MPC) that operates

directly on data-derived models derived from state measurements. The linear prediction
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transformation makes the data driven model predictive control real-time feasible. As the linear

prediction model is obtained without any jacobian linearization, and FES induced muscle

fatigue effects are accounted for during Koopman operator modeling. Experimental results on

an individual with Multiple Sclerosis validate the real-time feasibility and effectiveness of the

proposed scheme for achieving adequate dorsi�exion during gait.

This chapter establishes the mathematical foundation of Koopman-based predictive con-

trol for FES-driven ankle dynamics, emphasizing the formulation of nonlinear neuromuscular

ankle dynamics under FES actuation, the derivation of a �nite-dimensional Koopman approx-

imation via Extended Dynamic Mode Decomposition (EDMD), and the development of an

MPC framework with analytical results on feasibility and stability.

2.2 Modeling FES-Driven Ankle Dynamics

2.2.1 Nonlinear Musculoskeletal Dynamics

The FES-actuated ankle motion can be described by the nonlinear dynamic equation

J ¨� + M g (� , � e q) + M v ( �� ) + M e(� ) + d (t ) = �, (2.1)

where J 2 R2�2 is the limb inertia matrix, � , �� , ¨� 2 R 2 denote the ankle pitch/roll angles, angular

velocities, and accelerations respectively, and M g ,M v ,M e 2 R2 represent the gravitational,

viscous, and elastic torque contributions. The disturbance d (t ) 2 R2 captures unmodeled

effects. The net ankle torque generated by FES is modeled as

� = �(� , �� ) � u, (2.2)

where � (� , �� ) encodes the muscle's force–length–velocity dependence, � denotes a slowly vary-

ing fatigue or activation scaling factor, and u is the FES control input (pulse width, amplitude,

or frequency).

De�ning x a = [� > �� > ]> , the system can be rewritten as

�xa = f (x a ) + g (xa )u, (2.3)

where f : R4 ! R 4 represents passive musculoskeletal dynamics and g : R4 ! R 4�1 denotes the

nonlinear actuation pathway.

Assumptions.
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1. The inertia term is positive and bounded: J l � kJ k � J u , Jl , Ju > 0.

2. The disturbance term d (t ) is bounded by kd (t )k � d u for some d u > 0.

3. The desired trajectory x d (t ) and its derivative �xd (t ) are Lipschitz continuous.

2.2.2 Tracking Error Representation

Let e = xa � x d denote the tracking error. Differentiating yields

�e = f (xa ) + g (xa )u � �xd . (2.4)

De�ning the augmented state x = [e > x >
d ]> 2 R6, the combined dynamics can be expressed as

�x = f e(x ) + ge(x )u, (2.5)

where

fe(x ) =

–
f (e + xd ) � �xd

�xd

™

, ge(x ) =

–
g (e + xd )

0

™

.

Discretizing (2.5) via zero-order hold yields

xk+1 = f d (xk ) + gd (xk )uk . (2.6)

2.3 Koopman Operator Formulation

2.3.1 Koopman Operator Preliminaries

Consider the nonlinear system (2.6) with state xk 2 X and input u k 2 U . The Koopman opera-

tor K is an in�nite-dimensional linear operator that advances a set of observable functions

	(x , u) : X � U ! R 1 forward in time:

	(x k+1 , uk+1 ) = K 	(x k , uk ). (2.7)

Although K exactly linearizes the nonlinear system, it is intractable to compute due to its

in�nite dimensionality. Therefore, we approximate it via a �nite-dimensional operator ˜K 2

RP �P using Extended Dynamic Mode Decomposition (EDMD).
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2.3.2 Finite-Dimensional Approximation via EDMD

Let M denote the number of time samples. De�ne the lifted observables

	 k = 	(x k , uk ) =
”
x >

k u k  1(xk , uk ) � � �  W (xk , uk )
—>

, (2.8)

where f i gare nonlinear basis functions (e.g., polynomial or trigonometric). The goal is to

�nd ˜K minimizing the prediction residual

˜K � = argmin
˜K

M �1X

k=1

k	 k+1 � ˜K 	 k k2. (2.9)

Setting the gradient to zero yields

˜K = F G †, F =
1

M

M �1X

k=1

	 k+1 	 >
k , G =

1

M

M �1X

k=1

	 k 	 >
k , (2.10)

where G † is the Moore–Penrose pseudoinverse.

Partitioning ˜K as
˜K =

”
˜K x x

˜K x u

—
,

the Koopman-based lifted-space prediction dynamics become

	 k+1 = ˜K x x 	 k + ˜K x u u k . (2.11)

2.3.3 State Reconstruction

To recover the original state from the lifted coordinates, we de�ne a reconstruction matrix C

such that

xk = C 	 k . (2.12)

The matrix C is obtained by solving

C � = argmin
C

M �1X

k=1

kC 	 k � x k k2, (2.13)

yielding C = X 	 †, where X = [ x1, . . . , xM ]. Substituting 	 k = C �1 xk into (2.11), we obtain the

linear predictor:

xk+1 = Ax k + Bu k , (2.14)
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with

A = C ˜K x x C �1 , B = C ˜K x u C �1 .

Remark. The approximation (2.14) enables the use of linear MPC on an originally nonlinear,

FES-driven neuromuscular system, provided the dictionary 	 captures suf�cient nonlinear

features for local Koopman invariance.

2.4 Model Predictive Control Formulation

2.4.1 Optimization Problem

Given the linear prediction model (2.14), de�ne the prediction horizon N and cost function

J =
N �1X

i =0

€
x >

k+i jk Q xk+i jk + u >
k+i jk R uk+i jk

Š
+ x >

k+N jk P xk+N jk , (2.15)

subject to

xk+i+1jk = Ax k+i jk + Bu k+i jk , (2.16a)

xk+i jk 2 
 x , uk+i jk 2 
 u , (2.16b)

xk+N jk 2 
 f . (2.16c)

Here, Q,R � 0 are weighting matrices, P � 0 is the terminal cost, and 
 x , 
 u , 
 f denote

admissible state, input, and terminal sets. The �rst input u �
k jk from the optimal sequence is

applied to the system at each sampling instant.

2.4.2 Recursive Feasibility and Stability

The terminal cost matrix P and the terminal feedback gain K f are selected to satisfy the discrete-

time Lyapunov inequality:

(A + B K f )> P (A + B Kf ) � P +Q + K >
f R Kf � 0. (2.17)

The terminal control law u = K f x ensures asymptotic stability within the terminal region


 f = fx j x > P x � �g.

Theorem 1 (Recursive Feasibility and Asymptotic Stability). Under Assumptions 1–3 and if
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(A,B) is stabilizable, the MPC problem (2.15)–(2.16) is recursively feasible and the closed-loop

system is asymptotically stable.

Proof. Feasibility follows by induction: if xk 2 
 f admits a feasible control sequence fu �
k+i jk g

satisfying (2.16), then applying u �
k jk yields xk+1 2 
 f due to the invariance of 
 f under u = K f x .

Stability follows by showing that the cost J serves as a Lyapunov function:

J (xk+1 ) � J (x k ) � �x >
k Q xk � u >

k R uk � 0.

2.4.3 Phase-Speci�c Koopman Operator for Plantar�exion and Dorsi�ex-

ion

Switched ankle dynamics. During gait the ankle evolves with continuous dynamics in stance

(plantar�exors dominant) and swing (dorsi�exors dominant), with a discrete transition be-

tween them. Let � 2 fP,D g denote plantar�exion (stance) and dorsi�exion (swing), and let

� 2 R be the ankle angle. The continuous dynamics are

J� ¨� + f �
J (� , �� ) = � � + � ext, � � = g �

J

�
� , �� , u �

�
, (2.18)

where u � 2 R is the FES input (to GAS for P and TA for D ), and � ext = r (� )FGRF(t ) is the external

torque in stance from the ground reaction force. Let xa = [ � �� ]> and x = [ e> x >
d ]> 2 R3 with

e = xa � x d . For each phase

�x = f � (x ) + g � (x , u � ), � 2 fP,D g, (2.19)

and, under zero-order hold with sampling time T s, the discretization reads

xk+1 =

8
<

:

f P (xk ) + g P (xk )u P
k , t 2 t st,

f D (xk ) + g D (xk )u D
k , t 2 t sw.

(2.20)

Let the phase indicator be � k = 0 in stance and � k = 1 in swing, so the full switched system is

xk+1 = (1 � � k )
�
f P (xk ) + g P (xk )u P

k

�
+ � k

�
f D (xk ) + g D (xk )u D

k

�
. (2.21)

Phase-wise EDMD identi�cation. For each phase � , collect snapshots f (xk , u �
k , xk+1 )g

M �

k=1 and

de�ne a lifted observable vector

	 k = 	(x k , u �
k ) =

”
x >

k u �
k  1(xk , u �

k ) � � �  W (xk , u �
k )

—>
2 RP .
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The �nite-dimensional Koopman operator ˜K � 2 RP �P is obtained by EDMD:

˜K � = F � (G � )†, F � =
1

M �

X

k

	 k+1 	 >
k , G � =

1

M �

X

k

	 k 	 >
k . (2.22)

Partition ˜K � = [ ˜K �
x x

˜K �
x u ] so that the lifted prediction is

	 k+1 = ˜K �
x x 	 k + ˜K �

x u u �
k . (2.23)

State reconstruction and linear predictors. Recover the original state via a least-squares

map C 2 R 3�P :

C = argmin
C

X

k

kC 	 k � x k k2, xk = C 	 k .

Substituting 	 k = C �1 xk in (2.23) yields the phase-speci�c linear predictors

xk+1 = A � xk + B � u �
k , A� = C ˜K �

x x C �1 , B � = C ˜K �
x u C �1 . (2.24)

Using the phase indicator � k , the compact switched linear model used by MPC is

xk+1 = (1 � � k )
�
AP xk + B P u P

k

�
+ � k

�
AD xk + B D u D

k

�
. (2.25)

Assumptions. (i) At slow gait speeds, ankle kinematics (position/velocity/moment) are con-

tinuous across the switch, and f � (�),g � (�) are locally Lipschitz at the transition; (ii) Each ( A� ,B � )

is stabilizable; (iii) � k is measured (e.g., via GRF/IMU) and known along the MPC horizon.

2.5 Experiments

This study was approved by the Institutional Review Board at North Carolina State University

(IRB Protocol #20602). Participants included three able-bodied individuals (A1, A2, A3; age

27.4 � 3.1 years, height 1.73 � 0.15 m, mass 82.0 � 7.1 kg) and one individual with Multiple

Sclerosis (S1; age 62 years, height 1.53 m, mass 49 kg). All walking trials were performed on a

treadmill at speeds f 0.1,0.2,0.3gm/s. An IMU measured ankle kinematics; FES was delivered

to the tibialis anterior (swing) and gastrocnemius (stance) with �xed frequency (33 Hz) and

bounded current ranges. A Speedgoat target executed real-time Koopman prediction and

MPC at 200 Hz. Phase timing used ground reaction forces (GRF) to form the indicator � k

(stance/swing).

The experimental setup is shown in Fig. 2.1. The subject walked on a treadmill while FES

was delivered via surface electrodes targeting the tibialis anterior (TA) muscle. An IMU on
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the foot segment measured real-time ankle angle, which was used as input to the Koopman

predictor and MPC controller.

Figure 2.1: Experimental setup for Koopman–MPC evaluation. IMU and FES electrodes were
placed on the foot and TA respectively. The Koopman predictor ran in real time in MAT-
LAB/Simulink on a Speedgoat target.

To validate the proposed Koopman-based predictive control framework, experiments were

conducted on four participants (Table 2.1). Subject S1 was diagnosed with Multiple Sclerosis

(MS), while A1–A3 were neurologically intact individuals (ND). The dataset used to train the

Koopman-based MPC framework for gait rehabilitation was derived from 150 gait cycles.

Each gait cycle consists of 200 samples, with an even split between the stance and swing

phases to capture phase-speci�c dynamics. This sampling approach resulted in a dataset

with approximately 30,000 samples. To construct the dataset, we �rst sample initial states

(x , �x , u f e s) 2 [25, � 20] � [� 2,2] � [0,50]. Here, x represents the initial position, �x represents the

initial velocity, and u f e s denotes the FES (Functional Electrical Stimulation) input level. These

ranges were chosen to account for variability in patient gait patterns, the extent of ankle joint

movement during gait cycles. The control inputs were linearly varied within the range of 0 to

30mA. This ensured that the dataset captured the system's response to different stimulation

levels. A sampling frequency of 200 Hz was used. With the generated dataset the Koopman

operator was designed.
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Table 2.1: Subject demographic information.

Subject ID Condition Height (m) Weight (kg) Age (years)
S1 MS 1.57 57 65
A1 ND 1.72 74 26
A2 ND 1.71 82 27
A3 ND 1.78 72 30

2.6 Results

Accuracy of K is tested with simulation results. Simulation were performed by using the

parameters from [Kirsch et al. (2017a)] with different initial conditions to obtain the samples of

actual system trajectories.

Figure 2.2 reports mean � SD of prediction errors for A1–A3 and S1 using the selected dictio-

nary. Errors remained low and stable for able-bodied participants across speeds; S1 exhibited

larger variance near heel strike due to longer swing durations and slower transitions. These

results con�rm that the �nite-dimensional Koopman approximation learned from treadmill

data provides a suf�ciently accurate linear predictor for receding-horizon control at the chosen

sampling rate.

2.6.1 Koopman Model Predictive Control Results

The participants walked on a treadmill while Functional Electrical Stimulation (FES) was

applied to the tibialis anterior (TA) and gastrocnemius (GAS) muscles during the swing and

stance phases, respectively. The experimental setup is illustrated in Fig. 2.1. For dorsi�exion

assistance, the FES electrodes were placed over the �bular head (cathode) and the lateral

malleolus (anode) of the TA muscle. For plantar�exion, the cathode was positioned on the

head of the GAS muscle and the anode above the Achilles tendon.

The data-driven Model Predictive Control (DDMPC) computed the optimal stimulation

amplitude. The controller switched between the two stimulation channels based on a gait

phase detection indicator function, � k , derived from the ground reaction force (GRF) signal.

This allowed automatic phase-speci�c activation—TA stimulation during swing for dorsi�exion

and GAS stimulation during stance for plantar�exion. The primary control objective was to

prevent foot drag and ensure suf�cient toe clearance throughout the gait cycle, maintaining

the ankle pitch angle within �20 � (i.e., 20� > x 1 > �20 � ).

The closed-loop controller was implemented in MATLAB/Simulink (R2019b, MathWorks,

Natick, MA, USA) and executed in real time on a Speedgoat target machine (Speedgoat Inc.,
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Liebefeld, Switzerland). The Koopman Model Predictive Control (MPC) framework was realized

using the Gradient-based Receding Horizon Model Predictive Control (GRAMPC) solver Englert

et al. (2019). GRAMPC employed a prediction horizon of 0.1 s and a control sampling rate of

200 Hz, using a gradient-based optimization approach. The algorithm dynamically switched

the control effort between the TA and GAS muscles according to the GRF-based gait phase

indicator � k .

For controller implementation, each subsequent session consisted of four treadmill walking

trials conducted at speeds of 0.1 m/s, 0.2 m/s, and 0.3 m/s, yielding 12 trials per session. Rest

intervals of 5–7 minutes were provided between trials to mitigate muscle fatigue.

Figure 2.2: Prediction error statistics (mean ± SD) across subjects. The Koopman model
accurately captures ankle angle evolution for both neurologically intact (ND) and impaired
(MS) participants.

Figure 2.6 summarizes the evolution of trajectory-tracking error, FES input, and ultrasound-

derived fatigue metrics across multiple walking trials. The top-left panel shows that the average

root-mean-square error (RMSE) between the desired and actual ankle angle progressively

increased over successive walking trials for all participants, indicating performance degradation

associated with FES-induced muscle fatigue. The participant with Multiple Sclerosis (MS)

exhibited the largest increase in RMSE, consistent with reduced voluntary contribution and

faster fatigue accumulation. The right-hand plot illustrates that tracking error also increased

with walking speed, with the highest error observed at 0.3 m/s, re�ecting the greater torque

demand required at higher gait speeds.

The bottom-right panel presents the ultrasound-derived fatigue index, computed from
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Figure 2.3: Tracking performance under completely rested muscle condition. The Koop-
man–MPC achieved accurate dorsi�exion angle tracking with minimal overshoot.

Figure 2.4: Tracking performance under fatigued condition. A reduction in stimulation ampli-
tude effectiveness caused increased steady-state error.

normalized echogenicity values over time. A monotonic increase in echogenicity was observed,

indicating progressive loss of muscle contractility in both dorsi�exor and plantar�exor muscle

groups. Correspondingly, the normalized FES input (bottom-left plot) rose with trial progres-

sion, showing that the controller compensated for the reduced muscle output by increasing
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