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@ 1. INTRODUCTION

The assumptions that treatment and environmmental effects are
additive, and that the experimental errors are independently distrib-
uted in & normal distribution are made when the analysis of variance

, and customary tests of significance are used to analyze a set of data.
In many situations the experimenter may not wish to make these assump-
tions but would still like to determine if significant differences
exist among the various treatment means. More particularly, the ex-
perimenter may be interested in more than a test of whether any dif-
ferences exist among the means of the set of populations sampled in the
experiment; his interest may be in locating all differences whose
presence is manifested by some test criterion or suspected on the basis

. of prior experience.

When the assumptions of the analysis of variance are met, the
F-test which tests the over-all hypothesis of & common population mean
vhas limited value in locating differences. This test is a joint_test
of as many independent comparisons as there are degrees of freedom in
the numerator, say ft“ Using the familiar procedure of partitioning the

. treatment degrees of freedom and treatment sum of squares, one can ob-
tain a set of ft orthogonal or uncorrelated sums of squares to test

- corresponding comparisons among the population means. However, in
practice, the most meaningful set of comparisons mey not be an inde-
pendént or uncorrelated set. Performance of correlated or non-
orthogonal comparisons should not necessarily be discouraged, but it

‘should be kept in mind that tabulated probabilities must be carefully

related to a definition of error rate.



Considerable research has been conducted on multiple comparison
procedures intended to indicate the locations of differences for non-
orthogonal, as well as orthogonal, comparisons.

For proper appreciation of tabulated probability levels, fhese
multiple comparison procedures msy be grouped in terms of the defini-
tion appropriate to the Type I error rate. The two most common types
of multiple comparison error rate are probably the per comparison and
the experiment-wise error rate. The first is defined in terms of the

expected proportion or long run average of erroneous inferences as:

Nunber of erroneous inferences when
the null hypothesis is true
Total number of inferences attempted *

Per comparison or
comparison~-wise
error rate

On the other hand, experiment-wise error rate is defined as the expected
proportion of experiments with one or more erroneous statements when

the null hypothesis is true. That is,

Nunber of experiments with one or
more erroneous statements when the
Experiment-wise _ null hypothesis is true
error rate - Total number of experiments

The least significant difference test, l.s.d., based upon the work
of "student” [13], & modification of this proposed by Fisher [T7], and
the studentized range test proposed b& Tukeyl are examples of multiple
comparison range tests. Tests using as a test criterion a range
‘dependent on the number of means involved are tests of the homogeneity
of a set of sample means.

The l.s8.d. test can be used, and the tabulated probability levels

will be valid, when making orthogonal or non-orthogonal comparisons

lTukey, J. W., 1952, "Allowances for various types of error rates."
Private circulation. Department of Mathematics, Princeton Unlversity,
Princeton, New Jersey.



provided the treatments to be compared have been selected prior to
observing the results of the experiment, that is, provided the tests
are not suggested by the data. The calculated error rate is valid as a
comparison-wise error rate. Tukey's test, sometimes called the honest-
ly significant difference procedure, h.s.d., is an example of a test
with an experiment-wise error rate, which allows the experimenter to
make allvpossible pairwise comparisons among treatments simultanéously.
The procedure may also be used to compute a joint set of confidence in-
tervals. The above mentioned range test of Fisher also allowing all
posgible pair-wise comparisons, has its Type I error rate in terms of
the expected number of wrong statements per experiment (error rate per
family), an error rate not formally defined here.

For the 1l.s.d4. test, Fisher's test, and the h.s.d. test, only one
value of the test criterion is calculated for the entire test. These
tests are sometimes called fixed range tests. For other test proce;
dtres, the test statistic changes at each stage of the test. Thus we
have the Newman-Keuls' test [10], Tukey's x—proceduree, and Duncan's
new multiple range test [4] as examples of multiple range tests.

The Newman-Keuls' test considers the number of treatments involved
at any stage of the procedure, and the error rate is kept constant at
each stage. That is, if the level of significance is set at o % then
at each stage of the test procedure the probability of a Type I error

is o %. Successive stages test the homogeneity of a decreasing number
of treatment means with the same level of significance, on the assump-

tion of the null hypothesis that no real differences exist among the

2ukey, J. W., 1953. 'The problem of multiple comparisons.” Pri-
vate circulation. Department of Mathemstics; Princeton University,
Princeton, New Jersey.
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true means presently under test. If a set of means is declared signif-
icent, the next test of a smaller set is carried out on the assumption
that the inference just drawn is a correct inference. Once a set of
means 1ls declared not significant no further tests are performed on
this group. This permits g decision ag to which differences are or are
not significant. It is noted that the maximum value of the test cri-
terion is the same as Tukey's h.s.d. procedure would require for a
given experiment, while the minimum value is the same as the l.s.d.
value.

Tukey's x-procedure is a pompromise between his h.s.d; test pro-
cedure and the Newman-Keuls' test. The test statistic for each stage
is the arithmetic mean of the h.s.d. value and the appropriate Newmsn-~
Kéuls value. Obviously, this statistic, ﬁidway between the h.s.d. and
the 1l.s.d., is smallest when only the homogeneity of two treatment
means is tested and is largest, equal to the h.s.d., when the homogene-
ity of all treatment means igs tested.

Duncen's new multiple comparison range test was developed to
compare each treatment mean with every other treatment mean. The
method calls for a set of significant differences of decreasing size.
-The size depends upon the.closeness, thet is the number in the set
being tested, of the treatment sample means after ranking, with the
largest value for the extreme means and the smallest for adjacent means.
Once non-significance is declared between the extremes of a given set
no further comparisons are made among the remaining means of the set.

_ Instead of the usual idea of confidence limits, Duncan uses what he



calls special protection levels against finding false significant
differences; these levels, based upon the degrees of freedom, are given
by (l-cz)k"l where k is the number of means in the set or subset under
test. This test, although not as powerful‘as an earlier multiple com~
parisons test by the same author, has strong appeal because of its
simplicity. ‘

In many situations the experimenter ﬁay not wish to make all
possible pair-wise comparisons among the treatments, but may wish onlyi
to compare the different treatments with a standard or a control.
Dunnett [6] developed a test criterion for handling such a problem.
Tables for one and two-tailed tests are available and require only a
éingle difference for judging the significance of the cbserved compari-
sons. Dunﬁett's work also includes a method for computiﬁg a joint set
of confidence intervals. Again, an experiment-wise rate applies.

The multiple comparison procedures mentioned thus far are all
based upon the assumptions of normality and homogeneity of variance,
Kramer [9] and Dunn [5] considered the multiple comparison problem when
the data are normal but with unequal variances. When the experimenter
finds he cannot make the normality assumption, he is likely to turn to
nonparametric or distribution-free statistical tests in order to make
the tests he desires.

The nonparametric tests considered in this paper are extensions of
the sign test discussed by Dixon and Mood [2]. The sign test is one of
the simplest nonparametric tests and is based on the signs of the dif-

ferences between paired values. The null hypothesis is that the two
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treatment populations have the same medians rather than means. The only
assumption necessary in applying this test is that the variable under
consideration has a continuous distribution. The test does not make
any assumptions about the form of the distribution, nor does it assume
that all subjects are drawn from the same population. When the subjects
are drawn from different populations, say with respect to age, sex,
intelligence, etc., the only requirement is that within each pair the
experimenter has achieved matching with respect to the relevant ex-
traneous variables. The signvtest when applied t¢ a number of simul-
taneous comparisons is an analogue of the l.s.d. test in that the error
rate is per comparison.

An extension of the sign test to a multiple comparison situation
was proposed by Steel [11]. His proposal is for comparing all treat-
mentsin a randomized complete block design with a standard or control
treatment. It is a nonpafametric multiple comparison sign test.
Analogous to Dunnett's procedure, and, like it, this test haé an
experiment-wise error rate.

In Chapter 2 of this study, the multiple comparison test for
comparing all treatments against a single control is further developed.
The general theory is presented. Exact distributions appropriate for
making both one and two-tailed significance tests are extended beyond
those originaily obtained by Steel. Methods used for determining the
exact distributions are discussed in detalil. The approximate distribu~-
tions, arising out of available tables of the distributions of certain

statistics of equally correlated normal variates, are compared with the



exact distributions. An approximation for determining the two-tsiled
critical values is suggested. Also, methods for constructing upper and
lower confidence limits are given.

A second extension, considered in Chapter 3, of the sign testbis a
multiple comparison test for comparing all possible pairs of treatments.
Douglas [3], working wiﬁh Steel, introduced this procedure but unfor-
tunately obtained only a severely limited number of usable results.
This chepter presents the general theory for this sign test énd shows
the way in which critical values for the test criteria, analogous.to the
Newman-Keuls' and Tukey's tests, were obtained.

In the last chapter, the per-comparison and experiment-wise error
rates for certain tabulated critical values are compared. A meﬁhod for
determining the corresponding pef comparison error rate for a giﬁen
experiment-wise error rate, and vice versa, is presented.

In summary, the purpose of this paper is to present general theory
for two multiple comparison extensions of the sign test, to calculate
exact and usable tebles of critical values, to find suitable approxi-
mations where use of the exact distribution is impractical, and to
give methods of constructing confidence intervals; also, to present a
comparison of the tabulated critical values with an experiment-wise
error rate and the corresponding critical values with a per comparison

error rate.



2. A MULTIPLE COMPARISON SIGN TEST FOR COMPARING
ALL TREATMENTS VERSUS A CONTROL

2.1. Introduction and Statement of the Problem

The text developed here was first considered by.Steel tll] and isr
an extension of the sign test given by Dixon and Mood [2]. It is a
nonparametric sign test, which hes an experiment-wise error rate,
applicaeble to comparing all treatments against a control in a randomized
block design.

Let XOj and Xij’ i=l,...,k and j=1,...,n be the measured responses
on the control and i-th treatment in the j-th block. There are k com-
parisons with the control, and the proposed test considers only whether

the differences, dij = X. . , are positive or negative. The test

15~ %o3
criterion is based on the number of plus signs (positive differences)
and minus signs (negative differences) observed in each of the k set of
n differences. The Xoj and Xij need not have a common distribution over
all replicates. However, it is required thet the Xoj and Xij be inde-
pendent between replicates, that all X's within any replicate have a
common distribution, and that the dij's, i=l,...,k, have the same
median for all Jj.

The null and alternative hypotheses are stated in terms of the
location of the medians of the multivariate distributions of the
k-tuples of differences (dlj’ dzj’ cooy dkj)’ where we define median
(dlj’ ceey dkj) equal to (median dlj’ co., median dkj)'

Consider for the null hypothesis that the distributions of the

(dlj’ veus dkj)Ahave zero medians. Thus



H: Each k-tuple of differences (dlj""’dkj) =

(x,, - X cee ij - Xoj) has a joint probability

1J
distribution with median zero.

0j?

For the one-sided test, the alternative hypothesis is:

Hi: The k-tuples of differences have joint probability
distributions with common medien in which at least one
component is greater (or less) than zero.

(The expression " common median" implies that whatever the vector of
medians is, and there is no need for the components to be identical,
it remains constant from trial to trial.) , Co
For the two-sided test, the alternative hypothesis is:

Hi: The k-tuples of differences have probability distribu-
tion with common median in which at least one component
is not zero. |

The usual modifications of the sign test may also be carried out

for this multivariate sign test. In particular, testing for percentage
or additive increases can be done by considering the null hypotheses,
respectively, that the distributions of the k-tuples (X , - a.X

oJ i I R

o5 = akaj) or of the k-tuples (Xoj - (a._.L + le), coos Xoj - (ak + ij))

have zero medians.

The test criterion is based on the distribution of (rl,...,rk)

where ri is the nunmber of minus signs (or plus signs) observed for the

differences Xij - Xoj’ for j=1,2,...,n, & small number of minus signs

indicating that the i-th treatment is superior to the control. Hence,

record each of the k differences in (le - ij, ceey - ij) as one

ij
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if the difference is negative and zero if positive. Do this for each
replication and so obtain n vectors each of which is made up of k
elements which are either zero or one. By adding these n~-vectors one
obtainsv(rl,re,...,rk). Obviously, the number of plus signs is
n - r

(Il-I’ 2, o ey n-I‘k).

l,
When the null hypothesis is true, each difference, xij - X5
has probability .5 of being positive or négative in any given trial.
Thus under H there a;gw(k + 1)! equally likely arrangements, that is,
orderings of X's in each block, giving rise to.ek possible vectors.
For example, if k=5, there are 6% = 720 possible arrangements, but only
25 = 32 possible vectors. The vector (0, O, O, O,\O) appears in 5%,
possible arrangements, being the smallest observation; also, the vector
(1, 1, 1, 0, O) appears in 3'2! = 12 possible arrangements; and so on.
Hence, the ratio of the product of the number of possible arrangements
of the observations on each side of the control to the total number of
arrangements is the probability the vector sppears in a given trial.
Steel [11] denotes the set of vectors in a single trial by Vs Vps
sees Vg where s=2k and their corresponding probabilities by pi, Pps - ‘s
P . Then the probsbility of obtaining a given (rl,rg,w..,rk) as the
sum of the vectors in n trials is the sum of the coefficients of the

products of powers of the ni's in one or more terms of the expansion

of (2.1.1).

n
(2.1.1) (plxl + DX, toel Psxs)
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To find an appropriate terﬁg(a.l.e) must be solved for the ni's
]
subject to the condition I n, =n.
i=1

s .
(2.1.2) iil n,v, = (rl, Tps eees rk)

Each solution of equation (2.1.2) is a set of exponents of the

x.'s in expression (2.1.1) and therefore determines a term.

i

1"r2’ P rk), the test

criteris are developed. The test procedures proposed here are to have

Based on the distribution of the (r

an experiment-wise error rate, defined as the proportion of experiments
in which at least one wrong inference is made when the null hypothesis
is true. An appropriate criterion for a test against the one-sided
alternatives mﬁkes use of the minimum L and for the two-sided glter-

native, the minimum r, or minimum (n-rj), whichever is less.

2.2. The Probability of (rl, Tps oo rk)

A procedure for computing the probability associated with a
particular value of (rl, Ty ooy rk) which satisfies equation (2.1.2)
was given by Steel [11]. To illustrate this procedure, consider the
following particular case.

For k=3, n=5 the method of obtaining (rl, T r5) = (1, 1, 2) is

as follows. There are s=2k possible vectors, namely

vy = (1) v = (on)
v, = (110) Vg = (010)
(2.2.1) vy = (101) v, = (001)
V), = (100) Vg = (000)
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with their probsbilities being p, = pg = 1/k and Py =P =P =P = D4

= p7 = 1/12. Now, using these vectors and the restriction 151 n, =n,
8 4

i.e., I n, =35, write equation (2.1.2) as equation (2.2.2).
i=1

-

1 1 1 1

(2.2.2) (nl,,..,n8) =(1, 1, 2, 5)

Lexicographically ordered, single trial vectors serve as the first
k=3 elements of the row vectors in the coefficlient matrix. The remain-
ing elements, ones, provide for the restriction. Starting with the
first entry in the r vector, i.e., rl=l, and the restriction that n=5,
observe that we need a single one and 4 zeros. In other words, we must
choose one of the first 4t vectors and four from the remaining four

vectors with repetition permitted. This is the first step towards a

solution; see (2.2.3).

Step 1
First entry Tines vi with specified
in V3 first entry is chosen
, 1 1
(2.2.3) o L

Restriction n=5
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Note that 1 x1 +0x 4k =1 = Ty . This part solution is carried
into step 2 (2.2.4), where the second column of the coefficient matrix

is considered. In step 2, there are seen to be two part solutions.

Step 2
Entry in v:.L Times vy with two
specified entries
1lst 2nd is chosen
1 1 1 0
1 0 0 1
(2.2.4) From (2.2.3) 1 1 .
0 1 0 1
0 0 4 3
From (2.2.3) in L

The two part solutions now avallable are read vertically. The

entry ry has not altered; to check Tys We now find: 1x1+0x0
+1x0+0xk=1= r, for the first part solution and
1x0+0x1+1x1+0x3=1-= Ty, for the second, as required.

Finally, we have step 3 (2.2.5), with the first part solution of

step 2 providing two solutions, and the second providing four.



(2.2.5)

Step 3

Entry in vy

1st 2nd 3rd

Times fully specified

v, is chosen

i
Solution number 2 3 L 5 6
1 1 1 0 0 0] 0 0
1l 1 0 1 0 0 0 0]
From (2.2.4) 1 0 0 0 o
1 0 1 0 1 1 0 0
1 0 0 0 0 0 1 1
From (2.2.4) 0 1 1 1 1
0 1 1 0 1 o] 1 0
0 1 0 0 0 1 0 1
From 2.2.4) 0 1 1 1 1
0 0 1 2 0 1 1 2
0 0 0 2 3 2 2 1
From (2.2.%) L L 3 3 3 3
We have now obtained six solutions to equation (2.2.2). Entries

1

and Ty have already been checked. We now note that

1k

l1x1+0x0+1x0+0x0+1x0+0x0+1x1+0x3=2-= r3,

for the first solution.

checked.

The remaining five solutions may be similarly
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The six solutions given in 2.2.5 determine six terms in the
expansion of (2.1.1) for k=3, n=5, which give (rl, Y5 r3) = (1, 1, 2).

The required coefficients of these terms are shown in (2.2.6).

oty (1M1/1205 prdisr (LMP(1L/2);

(2.2.6) s (P12 st (1/WP/2);

! ' L
ey (/P2 gt (1) (1)

The sum of these probabilities is the probability that
(rl, Ths r3) = (1, 1, 2) in 5 trials.

Due to symmetry, the probability that (rl, Tpy eeds rk) will be
observed isAthe same as that for (n-rl,fn-re, ceey n:rk), all k. _ That
is, if ry is the number of negative differences or the number of posi-
tive differences, the probebility associated with a given (rl, ceey rk)
is the same. Also note, since the numbering of the treatments is
random, the probabilities of any permutationkof (rl, Tps eees rk) are
all equal. This is true for any number of treatments for a given num-
ber of replicates.

Unfortunately, the number of terms in the expansion of (2.1.1)

increases rapidly as either k or n increases and thus other procedures

are needed in order to construct the desired probasbility tables.
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2.5. The Distribution of Minimum.ri and of Min%mum

(min (ri, n-ri)); k=2

For k=2 the four vectors involved are given by (2.3.1).

= (1, 1) with p

'V':L — = 1/3
' v, = (1, 0) withp =1/6
(2.3.1)
Vs = (0, 1) withp = 1/6
V), = (0, 0) with p =1/3
The probability that v, oceurs n, times, ..., V), occurs m) times in an

experiment with n replications is

: ' + +
(2:3.2) Ty T amt tamz 3

subject to ny + n, + n3 + ny, = n. It follows directly that the prob-

ability that (rl, r2) = (a, b) is the sum of terms like (2.3.3),

(2:33) (b-ggt (e bra)! (1/3)7787PHRY (3 ), )3+0-2

where the summation is over all values of & which make the terms in the
denominator non-negative. .

The distributions of the min (ri) and m%p (min (ri, n-ri)) are
easily obtained by solving (2.3.3) for every possible value of a and b
and classifying accordingly. For values of n=1(1)24, the distributions
of the min (ri) and min (min (ri, nrri)) have been tabulated by méans
of a computer and thelresults given in Tables 6.2.1 and.6.2.3,
respectively. Tables 6.2.2 and 6.2.4 give the corresponding cumulative

probability distributions.
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2.4, The Distribution of Minimum r, and of Minimum

i

(min (ri, n-ri)); k>2

When k is greater than two, expressions similar to (2.3.3) can be
obtained where summation is over more than two parameters. However,
simplificatioﬁ does not seem possible. In this situation, it seems
better to expand the multinomial (2.1.1), evaluating every term and
recording its value as the partial sum of the (rl, Tos eees rk) to
which it belongs. TFor example, when k=5, the possible vectors are
given in (2.2.1)_gnd the required coefficients of the individual terms

in the expansion of 2.1.1 are of the form (2.4.1).

: t n. +n n-n. -
(2.k.1) e amt Pam) 1P,
3 l.n,a.... 8-

: If (nl’ooc’nB) = (l’ l, O, O, 2, 2, o, O), the Value Of (2‘)4‘01) iS

: 8
given by (2.4%.2). Note that £ n; =n.

i=1
(2.4.2) S (1/4) (1/12)° = 0001808
T 1715220 T

This is one of the terms giving rise to (rl, Tps r3) = (2, 6, 3) as may
be seen by evaluating the left hand of an equation like (2.2.2) using

the n, given above.

1+1+0+0=2

T

S T S
(2.4.3) r, =ny +m, +ong 4

r, =n +n, +n_ +n

>3 A

L+1+2+2=6

1+0+42+40=3

By this means, namely generating all probabilities, the distribu-

tion of (rl, cees rk) and, in turn, of min (ri) and min (min(ri, n-ri))
s :
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have been obtained for k=3, n=1 (1) 15 and k=b, n=1 (1) 7. These re-
sults are given in Tables 6.2.5 and 6.2.7 respectively for k=3 and in
Tebles 6.2.9 and 6.2.11 for k=4. Corresponding cumulative distribu-
tions are given in Tables 6.2.6, 6.2.8, 6.2.10 and 6.2.12.

Appendix 6.1 gives the Fortran Program used in computing Tables
6.2.5 and 6.2.7 for the case of k=3. The program for k=4 is an ex-
tension of this case. As n and/or k increases, computer time soon
becomes the major factor in restricting the tabulation of more exten-
sive tables. |

In view 6f the rapid increase in computations associated with an
inerease in either or both of k and n it is desirable to have an
-approximation for the calculation of the distribution of (rl,ra,...,rk).

Before contemplating an approximation, the correlations between the

various r,'s of (rl,.;.,rk) must be, obtained.

i

2.5. Correlation of the ri's

Equal correlations exist between the various ri's of (rl,...,rk).
Consider first the case of k=2. Here, as stated before, the four pos-

gible vectors are

v, = (1, 1)
(2.5.1) Yo = (1, 0)
V'3 = (O, l)
vy = (0, 0)

with respective probabilities 1/3, 1/6, 1/6, and 1/3. If

(r., r,) = (r, &) then (2.5.2) follows.
1’ 2
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o
_ ___ T8
Prs
(oo
rr 8s

)’2"

E(rs) - E(r)E(s) .
[(E(x?) - (B(r))?) (B(s®) - (8(s))P)12

i

zrs p(rs) - (Zrp(r)) (Zsp(s)) _
[2x%p(x) ~ (zrp(x))P1% [5oe) - (Zsp(s))F12

(2.5.2)

_o(2/3) +1(1/3) = (0(1/2) +1(1/2)) (0)1/2) +1(1/2))
(0%(1/2) + 15(1/2)) - (0(1/2) + 1(1/2))?

1/12 = 1/4 = 1/3

where p(rs), p(r) and p(s) are probabilities derived from the joint
distribution of r and s.

The addition of further treatments will not affect the probabili-
ties, p(rs), p(r) or p(s). For example, if another treatment is added
to the two used in the illustration, there will be eight possible
veétors arising from the (k + 1)! = 2k possible arrangements. For a
given ordering or permutation (relative to magnitude) of treatment one,
treatment two and the control treatment, insert the new treatment.
There are k + 1 = 4 possible different insertions, all of which leave
the first two elements of the difference vector unchanged. Hence, the

nunber of arrangements which give rise to the same first two elements in

the difference vector for k =3 is k + 1 4 times the nunber of ways

2. And since the total num-

I

in which it could arise in the case of k
ber of arrangements is k + 1 times the total arrangements of the pre-
vious cese, the value of p(rs), p(r) and p(s) will be unchanged. By

induction, this is true for any number of treatments.
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2.6. A Multivariate Normal Approximation

The equal correlations, namely p = 1/3, between the various ri's
and the fact that the individual ri's are distributed binomially with
p = 1/2, suggest the multivariate normel distribution with all correla-
tions equal to 1/3 as an appropriate approximation.

Gupta [8] has tebled, among other distributions, the probability
that k=1(1)12 standard normal varisbles with common correlation equal
to 1/3 are simultaneously less than or equal to H. To do this, he

evaluates equation (2.6.1).

Y L
(2.6.1) Pr(all x's < H|p) =f Fk(y—flyf) £(y) dy
cw | (1p)?

where £(y) is the unit normal density function and

Z 11':2
e 2
F(z) =J[ dt
-00 1/ 2n
From relation (2.6.2) for k=2

Pr(min r, < H|k=2) = Pr(at least one r, < H|k=2)
(2.6.2)

= Pr(rl < H|k=1) + P:c(r2 < H|lk=1) - Pr(rl, r, < H|k=2)
and similer relations for larger k, along with Gupta's tables, the
probability that the minimum Ty is equal to or less than some given
value may be derived. Clearly, these results will be useful in tabu-
lating critical values for one-tailed tests. The minimum ri are

standardized, as in equation (2.6.3), in order to tabulate the



approximation probaebilities.

minimum ri + 0.5 - np

(2.6.3) H= with p=q=1/2
, -~/ npq
2.7. Exact Distribution Versus That Based on the
Variace NO PPTOXLMATLon

Comparison of the exact and epproximate distributions follow,

(2.7.1) through (2.7.7), for a number of values of k and n.

k=2, n=1.4 Cumulative Probabilities
Minimum Ty " Exact Approximate  Difference
0 L1127 L1213 .0085
1 L4769 4783 .00k
(2.7.1) 2 .8519 8612 .0093
3 .9877 .9876 -.0001
L 1.0000 1.0000 -
k=3 n=4 Cumulative Probabilities
Minimum T, Exact Approximate  Difference
0 1544 L1671 0127
1 5786 5851 .0065
(2.7.2) 2 9145 L9241 .0096
5 .9961 .9963 .0002

=

1.0000 1.0000 -
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k=4 n=»L4 Cumulative Probabilities

Minimum r, Exact Approximate  Difference

0 .1900 2065 L0165
1 6478 6582 .010k

(2.7.3) . 2 RV .9532 0086
3 .9984 .9985 .0001
L 1.0000 1.0000 -

Unfortunately, Gupta's tables give probabilities of the variate
in increments of one tenth. Hence, in the following few situations,

some errors may exist in the values of the approximation due to

interpolation.
k=2 n=9 Cumulative Probabilities
Minimum Ty Exact Approximate  Difference

0 .0039 .0083 .00kl
1 L0372 .0k32 .0069
2 1594 1626 .0032
3 .4oko LLoks .0005
L .6927 .6959 .0032

(2.7.4) 5 .8962 .8990 .0028 |
6 9797 9797 --
7 .9981 L9977 .000L
8 9999 -9999 --
9 1.0000 1.0000



k=3% n=9 Cumuletive Probabilities

Minimum ry Exact Approximate  Difference
0 .0057 .0123 .0066
1 .0533 .0618 .0085
2 2157 220k . 00LT
3 .5039 .5061 .0022
L .7890 7939 .0051
(2.7.5) 5 9465 .9ko1 .0026
6 .9930 .9931 0001
T -9996 9995 -0001
8 +9999 9999 --
9 1.0000 1.0000 -
k= n=7 Cumulative Probabilities
Minimum ry Exact Approximate  Difference
0 .0287 .ol21 013k
1 1927 2065 .0138
2 5309 5335 .0026
3 8431 .8502 .0071
L 9751 OTTT .0026
(2.7.6) 5 .9986 .9985 . .0001
6 9999 9999 -
7 1.0000 1.0000 --
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k=2, n=16 Cumulative Probabilities

Minimum r, Exact Approximate  Difference

0 - - -
1 .0005 .0010 .0005
2 .00k .0059 .0018
3 0206 .0237 .0031
(2.7.7) L .0715 L0748 .0033
5 .1846 1863 .0017
6 .3683 3686 .0005
7 .5892 .5901 .0009
8 . 7856 7873 .00L7

The true differences between the exact probability and its approxi-
mation are probably less than those above, since linear interpolation
tends to over-estimate the cumulative probabilities in the left tail
and, in all comparisons made, the approximate probability is somewhat
higher in this region. As n increases, it is also to be noted that the
extreme differences quickly diminish.

For probabilities of .05(.05).25, the critical values given by the
exact distribution differ from those given by the approximation in‘only
one case among those for k=2, n=U(1)2Lk, for k=3, n=h(;)l5, and for k=W,
n=k(1)7; in the case of k=3, n=6, the true critical value of zero is
not given by the approximation. The exact probability for the value

zero is .OL3.
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2.8. One-tailed Test

An experiment-wise error rate of say o = .05 implies a high degree
of caution in experiments with large nunbers of treatments. This sug-~
gests that the significance level might be chosen according to the
number of treatments, being larger as this number increases. For this
reason, tables have been constructed with ¢ = .05, .10, .15, .20, and
.25. Exact distributions (Tables 6.2.1 - 6.2.12) are supplemented with
others based on the multivariate normal spproximation. From the latter,
it is possible to conétruct a one-tailed critical region table with an
experiment-wise error rate.

Table 6.2.13 glves critical values of minimum ri for making all
comparisons of k treatments against a single céntrol in an experiment
with n replications of the set of observations. Tabulation ig for ¢ =
.05(.05).25 and for n=4(1)50 and k=2(1)9.

The test procedure for the one-tailed alternative is:

(1) Compute the signed differences X 5" Xoj’ coey ij - X ., for

1 od’?
J=1, 2, 3, «0s, N

(2) Observe the number of minus signs (or plus signs) for each of the
k sets of n signs and record as s i=1, ..., k.

(3) Compare each ri.with the single tabulated critical value for the
desired experiment-wise probability level. A significance
statement is made for each of the k comparisons depending on
whether each ry is greater than the critical value or not. That

is, reject Ho if r, < critical value, otherwise do not.

i
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Steel [11] suggests Dunnett's t with infinite degrees of freedom
as an approximate distribution for (min r - ur)/cr. However, Dunnett's
t 18 calculated on the basis of 0.5 correlation, whereas for the distri-
3 is 1/3. Com~

parison of the values from the approximation used in constructing

bution of (rl,...,rk), the correlation between r, and r

Table 6.2.13 with those obtained by use of Dunnett's t show complete
agreement for vaiues of k=2 through 7 and n=4(1)20. Dunnett's t proce-
dure gives the same or larger critical regions for k > 7. This is to
be expected, for as the correlation increases, Pr(min r; < H) decreases.
For example, from Gupta's table Pr(min r, <- 2.00lk =2, p = 1/3)
= ,04319 and Pr(min r, <- 2.00lk =2, p = 1/2) = .04145. Also when
p =0, Pr(min r, <- 2.00|k =2) is .0L508.

Finally, for values of n or k outside the ranges given in the
exact tables, namely Tables 6.2.2, 6.2.6 and 6.2.10, and in Table
6.2.13, the approximate probability of observing a minimum ri <r is

obtained as follows:
r+ 5 - n/R

et

2. Then calculate the probablility, a generslization to k-variables of

1. Standardize r, i.e., find H =

(2.6.2),

k R t
— 1-1 ko . . =
Pr(min ry < H) = .§ (-1) =DM Pr(all r; < H|i-variates, p=1/3)

i=1
where
Pr (all r; < H|i-variates, p = 1/3)

is the probability that all i variates from an i variate multivariate
normal distribution with p = 1/3 are simultaneously less than or

equal to H (Gupta's tables).
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For exemple, the probability of having a minimum ry of 39 or less
in 100 replications when three treatments are compared with a control
is .04O10. The computations follow.

Here

r+ .5-n/k 394 .5-50 _ =10.5 _ o1

e T

1. H=

and
2. Pr(min r; <39|k=3) =3 Pr(all r; <39|k=1) - 3 Pr
(81l r; < 39|k=2) + Pr(all r; < 39|k=3) = 3(.0L786) -

3(.00159) + (.00029) = .0OL910.

2.9. Two~tailed Test

The two-tailed test is used to test the null hypothesis that the
k-tuples of differences have probability distributions with zero medians
ageinst an alternative in which at least one component is not zero.

For this situation, the test procedure is as follows:

(1) Compute the signed difference le - Xoj’ Xaj - Xoj’ couy ij - Xoj’
for j=l, 2, «c.y N

(2) Observe the number of times the less frequent sign occurs for each
of the k sets of n signs and record as r, orm - Ty i=1, «¢vy k,
whichever is less.

(3) To judge significance, compare each r, orm - T with the critical
value read from the appropriate table. If any ryorn-r, is less
than or equal to the critical value, then the null hypothesis is
rejected in favor of the alternative. As in the one-tailed case,

a significance statement is made for each of the k comparisons.
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Exact probabilities for a few values of m%n (min(ri, n - ri)) are
presented in Tables 6.2.4%, 6.2.8 and 6.2.12. Table 6.2.4 gives the
cumulative probebilities of min (min(ri, n - ri)) for k=2, n=1(1)2k.
Tables 6.2.8 and 6.2.12 list ’::he same for k=3, n=1(1)15 and k=l
n=1(1)7 respectively.

As in the one-tailed situation, a multivariate normal distribution
with equal correlations, p = 1/3, would probsbly produce a reasonable
approximation to the exact distribution of m%n (min(ri, n -~ ri)). Un~-
fortunately, no one seems to have tabulated the distribution of
Pr(maxlxil > H) for the equally correlated, p = 1/3, multivariate
normal which is needed for the approximation. Stuart [13], David and
Thigpen [1], among others, have considered this problem. David and
Thigpen [1] considered the distribution of the extremes in a normal
sample when the varisbles are equally correlated with common, known
mean and common variance. Thelr report gives the upper 100 ¢
(@ = .10, .05, .0l) percentage points of the distribution of the maxi-
mm of the modulus of k = 2(1)9 standard normal variables with equi-
correlations’p, (p =0, .2, .k, .8, 1).

Steel [11] computed a teble of critical values by taking the
integral part of the number computed by means of equation (2.9.1) with
+ from Dunnett’s [6] tables. It was assumed thet no value should be

declared significant when the computation gave negative values.

(2.9.1) r =%}-- 5-51@

where t is Dunnett's t with an infinite nunber of degrees of freedom

and based on p = .5. Replacing the values of t, k = 2(1)9, in
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equation (2.9.1) by the corresponding values obtained by David [1] for
p = .2 and again for p = .l, the resulting two tables of critical
values differ only slightly from that cbtained by Steel [11].

The critical value for each n, k, and @ obtained using p = .2 was
compared with the corresponding critical value found when p = .4,
When these two values differed, interpolation to p = 1/3 was used to
obtain the critical values. By supplementing the critical values
obtained from the exact distributions with those from the approximation,
Table 6.2.14 is formed. This table gi&es critical values for ¢ = .10,
.05 and .0l for the test criterion m%n (min(ri, n - ri)), used for
comparing k treatments against a control in n sets of observations.
Tabulation is for n = 6(1)50 and k = 2(1)9.

A comparison shows that critical regions for o = .10, .05 and .0l
corresponding to tabulated exact distributions differ only slightly

from those obtained by using the approximation. These discrepancies

occurred for k =2, aa = .10 at n = 17 and 22, for k =2, a = .05 at
n=120, 13, for k =2, ¢ = .0L at n = 9, 13, 16, 19, for k = 3, o = .10
and n =15, for k =3, ¢ = .05 andn =7, and for k =3, o = .01 and

n = 10,

In each of the sbove discrepancies, the critical region of the
approximation was smaller than thet of exact distribution by one
integer. Although this approximation underestimates the critical
region in some cases, it is felt that for practical purposes it is

usable for all values of k.
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2.10. Confidence Limits

The multiple comparison sign test for comparing all treatments
versus a control and the multiple comparison sign test for comparing all
pairs of treatments (See Chapter 3) may readily be converted into joint
confidence sﬂatement procedures concerning the medians of the distribu-

tions of differences. Let (c . ck) be any vector such that

10 Cpy e
the null hypothesis that each k-tuple of differences (dlj’ dej’ cees
dkj) = (le - ij - ¢, X23 - Xoj = Chy eee ij - Xoj - ck) has a
probability distribution with median zero will not be rejected in favor
of the alternative hypothesis. Let éi and c; be, respectively, the
smallest and largest possible values of c, not leading to rejection of
the null hypothesis. Obviously, the possible values of the c;; are
dependent upon the alternative hypothesis.

To construct joint, one-sided, 1 - a level, lower (upper), confi-
dence limits, determine the set of cé (c;) for which the null hypothesis
-is not rejected in favor of the alternatlive that the k-tuples of dif-
ferences have joint probasbility distribution in which at least one
component is greater (less)vthan zero. The test for this hypothesis
against the alternative is based upon the & % critical value of minimum

res where r. is the number of negative (positive) differences in

i

Xy = Xygo 1= 1eek; § = 1,..0om. That is, to find joint one-sided,

1]
1~ level, lower (upper) confidence limits first find from Teble
6.2.13 the critical value of r,, say r¥, for the given values of k, n

and 0. Now the smaller (larger) the value of cy the less the number of

negative (positive) differences. Thus, ci (c;) is the smallest (largest)
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cy such that the resulting number of negative (positive) differences
r, is greater than r* and such that c¥ = cg -8 (c* = c; + szfor any
8 > 0,produces ri‘s r¥. The procedure is illustrated in Section 2.11.
For joint two-sided, 1 - ¢ level confidence intervals, the two
sets of c's, i.e., (ci, cé, ceey cé) and (c;, cg, cees cg), are deter-
mined using the alternative hypothesis that the k-tuples of differences
have probability distributions with cormon median in which at least one

component is not zero. The test statistic for this alternative is the

o percent critical value of min%mum (min(ri, n - ri)). Thus,
! " i = -
Pr (ci <m -m <cy, for all i) =1-«

where m.i and m.O are the medians of the i-th treatment and control

respectively.

2.11. Examgle

The accompanying data are a small part of the reéults of an
experiment designed to compare three methods of measuring serum
cholesterol with the method that was being used at the time of the

experiment.
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. Table 2.1. Total cholesterol data
Method
Patient No. Control iR 2 3
1 260 oho (-20)% 270 (+10) 200 (-60)
2 - 300 290 (~-10) 290 (-10) 240 (~60)

3 290 320 (430) 320 (+30) 240 (-50)
L 250 24o (-10) 270 (+20) 210 (-40)
5 270 250 (~20) 260 (-10) 190 (-80)
6 180 220 (+40) 230 (#50) 160 (-20)
7 200 190 (-10) 210 (+16) 140 (-60)
8 220 230 (+10) 250 (+43%0) 180 (-40)
9 10 420 (+10) 430 (+20) 270 (-140)
. 10 Bio 300 (-10) 320 (+10) 200 (-110)
Number of Minuses, r; 6 2 10
Nunber of Pluses,»(n-ri) 4 8 0

aDifferences Xij - Xoj are given in parentheses.

For exemple, to perform a 5% one-sided test of the null hypothesis
that each three-tuple of differences (dlj’ dEJ’ d3j) has a probability
distribution with median zero against the one-sided alternative that

. the three-tuples of differences have probability distributions with
common median in which at least one component is greater than zero,
£ind from Table 6.2.6 or from Teble 6.2.13 the critical value of mini-
mum ri (r:.L = numbef of negative signs). For k = 3, n = 10 the .05

critical value is 1. Since all comparisons have 2 or more negative
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signs the null hypothesis is not rejected. Inequality 2.11.2 gives the

corresponding 95% lower confidence limits.

-20 'ml - m
(2.11.2) -10| < |m, - mg
-110 m3 - m.o

For the 5% two-sided test of the same null hypothesis against éhe
null hypothesis that the three-tuples of differences (dlj’ d23’ d3j)
have probability distributions: with common median in which at least one
component is different from zero, Table 6.2.8 and Table 6.2.1k give the
critical value of min%mum (min (ri, n - ri)) to be 0. In this situa-
tion, Method 3 is declared to be significantly different from the
control. In inequality 2.11.3, the corresponding 95% confidence limit

band of the differences is given.

-20 m - om Lo
(2.11.3) -10 | < |my - m | £ |50

-140 | . Ty - T -20
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3. A MULTIPLE COMPARISON SIGN TEST FOR COMPARING
ALL PAIRS OF TREATMENTS

3.1l. Introduction and Statement of Problem

The proposed multiple comparison sign test for comparing all pairs
of treatments is similar to that for comparing all treatments with a
control. For data arising from a randomized complete block design, the
£est is applicable to significance testing for all possible paired |
comparisons. This multivariate sign test is an extension of the Dixon-
Mood sign test [2] and was first considered by Douglas [3].
137 i=1,2,...,k and

J =1,...,n is the measured response on the i-th treatment in the j-th

As in the previous chepter, the observation X

.block. Since 8ll pairs of treatments are to be compared, there are

(g) = k(k-1)/2 paired comparisons among the k treatments. The test is
based on the number of plus signs (positive differences) or minus sigﬁs
(negative differences) observed in each of the k(k-1)/2 comparisons for
n replicates. The null and alternative hypotheses are stated in terms
of the locations of the medians of the differences instead of the means
of the k(k~1)/2 = c-tuples of differences (dlj*'°"dcj)' Both one-
~sided and two~sided tests can be performed, depending upon the interest
as stated in the alternative hypothesis. The null and alternative
hypotheses for the one-sided and two-sided tests are identical, re-
gpectively, tb those for comparing all treatments against a control.
That is, for the situation where a one-sided test is used, the null and

alternative hypotheses are as follows:



35

H: Each c-tuple of differences (dlj""’dbj) has a probability
distribution with median zero.

Hi: The c-tuples of differences have prdbabilityvdistributions
with common median in which at least one component is greater
than zero.

For a two-sided test, the alternative hypothesis becomes

H -

1 The c-tuples of differences have probability distributions

with common median in which at least one component is dif-

ferent from zero.
It should be noted that for the one~sided test, the experimenter must
make a statement about the relative worth of the two treatments in
every paired comparison when Ho is false, prior to conducting the ex-
periment. This implies a complete ranking of treatments. For example,
we might write, for a particular situation, Hi: At least one inequality
in “15“25 i“c holds.

The test criterion is based on the distribution of (rl,...,rc),
where ri, for exemple, is the number of negative signs (or positive
signs) observed for the i-th comparison in the n replicates.

There are s=k! permutations of the k observations in a block and
each permutation gives rise to a possible vector of zeros and ones.
Bince under the null hypotheses each permutation is equally likely, the
probability that a given vector will occur in & single trial is 1/k!

It should be noted that all possible arrangements of zero and one in
the difference vectors are not possible. For exarple, for k = 3, the

vectors are based on the differences (le - Xéj’ Xij - ij, Xéj - ij).
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The vector (+, -, +) or (0, 1, 0) implies le > Xaj and le < X3J’ and.

at the same time Xej > , which is impossible. Thus, for k = 3, there

*33
are k! = 6 vectors, namely 111, 110, 100, 011, OOl, OO0, instead of 23

K for x > 3.

which might be thought to be true. Unfortunately, k! >2
As in'Chapter 2, let the possible single trial vectors be denoted
by v., Vps eees Vg where s = k!, and their respective probabilities by
Pys vy Pge Since all permutations of the observations are assumed to
be equally likely and each permutation yields one and only one vector,
we have Pp =Py = +re =P, T l/kf. By summing the coefficients of the

one or more appropriate terms in the expansion of (3.1.1) the prob-

ability of (rl,...,rc) occurring can be obtained.

. n
(plxl + p2x2 + oo <+ Psxs)

n
+ + oo +
1T % %g)

(3.1.1) P

i

(1/xt)™ (2, + oo # xs)n

Equation (3.1.2) is solved for & set of n, subject to the restriction
8
Zn, =n to find a particular term. Usually, there will be more than
i=1
one solution.
s
(30102): iflnivi = (rljoaoarc)

Each solution in(3.1.2)is a set of exponents of products of powers of
the xi's in expression (3.1.1) and thus determines a term. The sum of

these coefficients is the probability of (rl, oo ,rc).
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3.2. Distribution of (rl, Ty ooy rc)

The distribution of (rl, Tps

by Douglas [3] using the procedure suggested by Steel [11]. This is

ceiy rc) for n = 2(1)9 was obtained

the procedure described in Section 2.2 of this paper. Douglas points
out that as k or n increases, the calculation of the exact distribution
of (rl,'..., rc) by direct computation becomes prohibitive.

When finding the distribution of (rl, cees rc) by hand calculation,
s second procedure has probably more appeal. This method uses the
distribution of (rl, cosy rc) for n - 1 replications to determine the
distribution for n replications. For example, for k = 3, the possible

vectors are given in the matrix 3.2.1.

(3.2.1)

Now let N (x, ¥, z) be the number of ways (rl, Tphs r5) = (x, ¥y, 2)
can occur in n replications. If in a particular experiment for’which
(rl, Ty r3) = (x, y, 2), the n-th replication produced the vector Vi
then the number of ways in which (x, y, z) could occur is N4

((x, ¥, 2) - vi). Hence, for k = 3, this fact and the set of vectors

given in (5.2.1) lead to equation (3.2.2).



38

Nn(x, Y z) = Nn_l(x-l, y-1, z-1) + Nn_l(x-l, y-1, z)

+ Nn-l(x'l’ v, z) + Nn—l(x’ y-1, z-1)
(3.2.2)
+ Nn—l(x’ ¥s 2=1) + Nn-l(x’ ¥, 2)

8

E: Nn-l(‘(x’ ¥, 2) - Vi) .
i=l

In general, we have equation(3.2.3).
: s
(3.2.3) Nn(rl, ceey L) = iEan_l((rl, ceey L) - vi).
Unfortunately, the number of terms increases so rapidly as either

k or n increases that computer core storage soon limits this approach

when a computer is used to generate the distribution of (rl, ceey rc).

3.3. The Distribution of (rl, T, r5); k=3

To determine the number of ways a particular value of (rl, T rs)
= (x, y, z) can occur, first consider the six possible difference
vectors of equation(3.3.1)., From these, n are chosen with replacement.

Let ni be the number of times vi is chosen.

—vl— 1 1 1]
Vé 1 1 0
v3 1 0] 0
(3.3.1) =
v5 0 0 1
L'V'6 | LO 0 0 i
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To have r, = x in n replications or trials is to imply that of those

1
vectors chosen, there are x with one and n - x with zero as the first
entry. This can occur in (2) ways. Now suppose that o of these x
vectors with one's as first element also have a one for the second

element, i.e., are vectors v, Or Vv, 80 that ny + ny, = . Since Iy =V,

there must be y - a vectors with a zero first element and a one for the

second element, i.e., y - @ must be vector V), 80 that m =y-a and

n5 + e =n-x-y + . The total number of ways in which this may
Vectors Vi and v, must occur a total of

happen is ( )( X 5

r, = z times. But from above, (nl + n2) + (1115 + n6) =n-X-y+2d.

3

Hence, z - y + O one's must be chosen from n -~ x - y + 20 possibilities.

n-x)

It follows that equation (3.3.2),

(:3:2) 1, = ST = ey s, ey (7528

where the summation is over all values of @ which meke the terms in the
denominstor non-negative, gives the number of ways (rl, Tps r3) (x, v,2)
can occur in n replications. Note that if 6.3.2)is summed over z, the
result is the éame as that given in(2.3.3).

Due to symmetry, the probebility that (rl, Tps r3) will be ob- ‘
served. is the same as that for (n - Ty, R = Ty, B~ T3 ) for any number
of replications. Also the probebility of (r 3) probability
(v 250 7).

Equation (3.3.2)was solved for all values of x, ¥y and z for

= 1(1)2% by use of an IBM 7Ok computer. The distributions of the

min (ri) and. min:'imum (min(ri', n - ri)) were also tabulated in Tebles
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6.3.1 and 6.3.3, respectively. Tebles 6.3.2 and 6.3.k give the

corresponding cumulative probability distributions.

3.4, - Calculating the Distribution of Minimum ri and
M:Ln%mum (min(ri, n - ri)); k =1L

For values of k greater than three, equations similar to(3;3.2)
are difficult to obtain. In order to obtain the distribution of mini-
mum r,; &nd minj:_tmum (rain( rys 1= ri)) , a procedure much like that
described in Section 2.4 is used. That is, expand equation(3.1.1),
evaluate every term and record each probability value, i.e., the prob-
ability that this combination of vectors will occur. Next, add those
probabilities for combinations resulting in the same (rl, coey rc).
The two required distributions are then obtained by classifying each

~term in the expansion of (3.1.1)according to its minimum r, and 1ts
miniimum (min(ri, n - ri)), respectively.

For example, when k = 4 the twenty-four possible and equally

likely sign vectors are those given in Taeble 3.1, and the probasbilities

arising from the individual terms of equation(3.1.1)are of the form

(3.4.1).

(3.4.1)

n' o1
(nl)f (ne)f (11_25)'. (neh_)'. olB

i

(3.4.1)for a given set of ni's is part of the number of ways (Itl, Tps

cery r6) cen be obtained, where r, is given by equation (3.4.2).

where n, is the number of times v, occurs. The coefficient of l/2’+n in



Teble 3.1. The twenty-four possible and equally likely sign vectors
when comparing all pairs among k = L treatments

Permutations Possible differences for four treatments

from largest Vector

to smallest No. A-B A-C A-D B-C B-D C-
ABCD vy 1 1 1 1 1 1
ABDC Vs 1 1 1 1 1 0
ADBC v3 1 1 1 1 0 0
ACBD V), 1 1 1 0 1 1
ACDRB V5 1 1 1 0] 0 1
ADCB Vg 1 1 1 0 O 0
DABC Vo 1 1 0 1 0 0
DACB Vg 1 1 0 0 0 0
CABD vy 1 0 1 0 1 1
CADB Y10 1 0 1 0 0 1
CDAB Vll 1 0 0 0 0 1
DCAB Vio 1 0 0 0 0 0
BACD Vi3 0 1 1 1 1 1
BADC Vo 0 1 1 1 1 0
BDAC vl5 0 1 0 1 1 0
DBAC V16 0 1 0 1 0 0
BCAD V17 0 0 1 1 1 1
CBAD Vi 0 0 1 0 1 1
BCDA vl9 0 0] 0 1 1 1
BDCA Y0 0 0 . 0 1 1 0
DBCA Vo1 0 0 0 1 0 0
CBDA Voo 0 0 0 0 1 1
CDBA Vo3 0 0 0 0 0 1
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r, = nl + n2 + n3 + nn + n5 + n6 + n7 + n8 + n9 + nlO + nll + n12
I'2 = nl + n2 + n3 + nh + n * n6 n7 ¥ n + n + nlh + nl5 + n16
Ty =m0y tn, tng+ny +ng +ngdng tng o o) o, tag

+n2+r13+n + n

7 13+nlh.-l-n +n6+n + n +n +n

15 L 17 19 20 2l

2]
K=
i
B

Ty =0y * 1, tmy tng tngg tng gt gt ng oy, tny,
Tg =0y +my g tn, vng o, gt tng gt v,
(3.4.2)

The value of (3.4.1) is then stored or classified according to minimum
r, and min%mum (min (ri, n - ri)). By evaluating each term in the
expansion of (3.1.1), we obtain the desired two distributions of minima.

The number of vectors s = k' greatly increases as k increases.
Even when a high speed computer is used, the number of terms whiéh must
be evaluated in order to determine the above two distributions is so
large that it is impractical to consider the method for values of k
greater than four.

A limited number n = 1(1)6 of exact distributions of minimum ry
and min%mum (min (ri, n - ri))’are given in Tables 6.3.5 and 6.3.7
respectively for k = 4, while their corresponding cumulative distribu-

tions are given in Tables 6.3.6 and 6.3.8.
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3.5. Correlations and Possible Approximate
Distribution of the ri's

The correlation between ry and rj depends upon the treatments
involved in the i-th and j-th comparisons. Four possible situations
can occur involving two differences from the vector (dlj’ dEJ’ cees

dcj)‘ For the differences x, = Xj and Xy = Ko the two differences

i
are clearly independent and hence.the correlation is zero. For X, - xj
and X3 = Xy where 1 < j, h and for Xj - X and X, - % where j, h <1
the correlation is l/5° The remaining situation xi - xj and xj - xh
where 1 < J < h has a correlation of - 1/3.

In Section 2.5, the correlation between the various ri's was shown
to be 1/5, There, the differenées were formed by taking the i-th
treatment value from the control or vice versa. Thus, by considering
the i-th treatment, when comparing all possible pairs, as the control
it follows that the correlation between X, - xj and X, - X where
1 < Jj, h and also between x'j - Xg and X, - X where j% h<i is‘equal
to 1/3. Also the correlation between the two differences Xy - Xy and
xj - X, for 1 < jJ <h is the negative of the correlation obtained if
the differenceg had been formed asg x; - xj and X, - xj for i< J <h.
From Chapter 2, taking the j-th treatment as the control, the correla-
tion between the latter differences is seen to be 1/3. Hence, the
correlation between x, - xj and xJ - Xy for 1 < j { h isg = 1/5°

i

Examination of the exact distributions of the minimum ry for k = 3,

n =_1(2)23 reveals that for all values of min r, such that expression

i
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Minr, + .5 - n/2

(3.5.1) ’/?Zif

(3.5.1) is zero, the cumulative probsbilities are almost. eonstant.

Bee Table 3.2,

Table 3.2. Cumulative probebilities for some values of min r; which
' when standardized equal zero

Value of Min Ty Cumulative
n Probabilities
1 0 8333
3 1 . 8426
5 2 .8lko
7 3 8458
9 b .8L63 .

11 5 .8L466
13 6 .8L68
15 7 8470
17 8 8471
19 9 872
21 10 8473
23 11 L8473

This is a good indication that the standardized minimum Ty have spproxi-
mately the same distribution for all values of n and a given value of k.
A multivariate normal approximation for the Jjoint distribution of
(rl, coes rc) would probsbly give the best approximation. However, at
present no one has tabuléted'the multivariate normal distribution

needed.
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3.6. One and Two-tailed Test of H

For the test procedure described here for all paired differences,
as for that in the previous chapter, the error rate is an experiment-
wise error rate, i.e., is applicable to the joint set of significance
statements. It is assumed that a common median exists from trial to
trial and that fhe trials are independent.

The one-sided test 1s used to test the null hypothesis that each
c~-tuple of differences has a probability distribution with median zero,
against the alternative that the c~-tuples of differences have prob-
ability distributions (with common medians) in which at least one
component is greater than zero. In this situation, the experimenter,
prior to conducting the experiment, must make a statement about the
relative worth of the two treatments in every paired comparison if Ho

is false. For example, we might write, for a particular situation,

Hi: At least one inequality in ul_s ue_g_... s_uc holds. The one-
sided test procedure is:
(1) Compute the signed differences (xlj e YDIRTEVIE S S ij)

for j = 1,...,0.
(2) Observe the nunber of times a negative sign'occurs for each
of the ¢ sets of n signs and record as r., 1 =1,...,C.

1

(3) To judge significance, compare each ry with the critical
value read from the appropriste table. If any ry is less
than, or equal to, the critical value, the null hypothesis is

rejected in favor of the alternative.
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If the experimenter is interested in the alternative hypothesis

that the c-tuples of differences have probability distributions with

common medians in which at least one component is less than zero, then

the test procedure is the same as sbove after (2) is replaced by (2').

(2') Observe the number of times a positive sign occurs for each

of the c-sets of n signs and record as Tyo 3= 1y.00,0.

When the alternative hypothesis considered is a two-sided one,

1.
fo

Hl:

. when

The c-tuples of differences have probability distributions

with common medians in which at least one component is

different from zero,

the two-tailed test procedure is as follows:

(1)

(2)

(3)

Compute the signed differences

X-"‘X Xj-x oon,X_ ."X forj=l,oo-,nu

1J 23> "1 33° 1,3 kj’
Observe the number of times the less frequent sign occurs for
each of the ¢ = (g) sets of n signs and record as r, or
n-rfi=lpuﬁ,WMMWrm1%&

To judge significance, compare each min(ri, n - ri) with the
critical value read from the appropriate table. If any r, or

no- Ty is less than or equal to the critical value, then the

null hypothesis is rejected in favor of the alternative.

In all of the above considerations, a significance statement is

mede for each of the ¢ comparisons. The significance level applies to

the joint set of significance statements.



b7
Tebles 6.3.1 through 6.3.8 give exact and cumulative probabilities
associated with a minimum r, and min%mum (min (ri, n - ri)) for k = 3,
b and a limited number of values of n and are appropriate for both one
and two-tailed tests. Tables 6.3.9 and 6.3.10 give, respectively, the
o level (@ = .01, .05, .10, .15, .20, .25) critical values for a few

values of n and k appropriate for performing one and two-~tailed tests.

3.7. Example
The following data are a small part of the results of the

Cooperative Uniform Soybean Tests, 1956, for the North Central States.
The data, yields in bushels per acre, were obtained from locations with
widely differing conditions. Two locations in Ontario were used, three
in Ohio, one in Michigen, two in Wisconsin, two in Minnesota, tﬁo in
North Dakota, and one in South Dakota.

Table 3.3. Mean yield of soybeans in bushels per acre obtained from
thirteen locations

Location Strain Difference

1 2 3 1-2 1-3 2-3
A 29.2 33.8 31.3 ~4.6 -2.1 2;5
B 21.k 29.3 29.5 -7.9 -8.1 - .2
C 36.3 23.9 2h. L 12.4 1.9 - .5
D %0.7 33,3 30.8 7.4 9.9 2.5
E 39.2 37.4 37k 1.8 1.8 0
F k5.6 L6k 43.5 - .8 2.1 2.9

20.5 28.4 28.4 =79 -7.9 0
26.2 30.3 29.8 -U4,1 -3.6 5

H O Q@
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' Table 3.3 (continued
Location Strain Dii‘ference

1 2 3 1-2 1-3 2-3
I 3L 32.5 33.5 1.9 .9 -1.0
J 6.1 hr.1 .5 -1.0 1.6 2.6
K 6.0 10.0 9.0 -4.0 -3.0 1.0
L 19.8 25,7 29.1 -5.9 -9.3 -3.h
M 2k.0 20.2 24,5 3.8 - .5 -4.3
Nunber of Minuses ry 8 T 5
Nurber of n - r, 5 6 6

A 10% two-sided test of the null hypothesis that each three-tuple

. of differences (cl_LJ s dEJ s d3j) has a probability distribution with
median zero against the alternative that the three-tuples of differences
have probability distributions with common median in which at least one
component is different from zero follows. From Table 6.3.4 1look up
the critical value of nﬁ.ni.mum (min (ri, n - ri)) for k = 3 and n = 13.
This critical value is 2. Hgnce, do not reject the null hypothesis.

o A 90% confidence interval for each difference (3.7.2) can be
constructed using the procedure outlined in Section 2.10. In general,
if r* is the critical value for an & level two-sided test of the null
hypothesis, then 1 - @ % joint confidence limits may be constructed
as follows. First, rank the dij’ J=1l,...,n for each 1. Let d‘i(j) be
the j-th ordered dij . If less than di(r'* + i) or more than d,

i(n -'r*) '

. is subtracted from each dij’ then min (rr%n(ri, n - ri)) < r¥. Hence,
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the 1 - @ % joint confidence limits are di to di(n for

(x% + 1) - %)

all i. Epr the example di(r* +1) = di(j) and d‘i(n - %) = d‘i(ll)'

- 5.9 m - 1, 3.8
(3.7.2) A I Ty S| r9

- 1.0 m, - 1 2.5
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L, COMPARISON OF ERROR RATES

4.1. Comparisonwise Versus Experimentwise Error Rate

Tests having comparisonwise error rates at the customary levels of
a should be chosen in situations where the risk of failing to detect
real treatment differences is more serious than the risk of stating
that a difference exists when it does not. When the converse situation
is true a test should be chosen with a specified experimentwise error
rate. However, the same aims can be accomplished with either test by
adjusting the levels of «.

In some situations an experimenter has a specified experimentwise
error rate (specified comparisonwise error rate) and would like to
determine the corresponding comparisonwise error rate (experimentwise
error rate). If the comparisons are orthogonal the corresponding
comparisonwise error rate (experimentwise error rate) for a given
experimentwise error rate (comparisonwise error rate) can be obtained

by use of formula (k4.1.1).

(4.1.1) y=1-(1- cx)k
where;
k = number of independent comparison
o = comparisonwise error rate
v = experimentwise error rate
or
k

L-y=(1-a).
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For example, if k = 3, ¥ = .05, then (4.1.1) becomes

.05=l-(l-a)5
@ =1- (0.95)>
y = 0.0169

Also if k =3, o = .05, then (3.1.1) becomes

y=1-(1- .05
y=1-(.95)
y = 1426 .

For dependent comparisons this formula is not appropriate. Thus
for the multiple comparison sign test for comparing all treatments
versus a control and for the multiple comparison sign test for comparing
all pairs of treatments, other methods must be devised which give the
two corresponding error rates.

For a given experimentwise error rate for both of the multiple
comparison sign tests, the corresponding per comparison error rate can
be obtained as follows: Note the experimentwise critical value of
min . Then using tables of the cumulative binomial with p = g = 1/2
and the same number of replications determine & so that the per compari-
son critical value will be the same as the experimentwise. The prob-
ability associaeted with this value is the required comparisonwise error
rate. By reversing the process the corresponding experimentwise error
rate for a given comparisonwise error rate can also be determined.

For example, in the comparison of k = 2 treatments with a control

and n = 24 replications, if the Type I experimentwise error rate
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(one-sided tést) is to be no more than 10%, the critical value bf
min ry is 7. Table 6.2.2 gives the exact probability of dbéerving a
min r, of T or less to be .05996 or .060. From tables of the binomial
distribution with p = g = 1/2, the probability of obtaining a 7 or less
in 24 replications is .032. Hence, the corresponding comparisonwise .

error rate is 3.2%.

h.2. Experimentwise Versus Comparisonwise Error Rate

Going from & comparisonwise error rate to the corresponding
experimentwise error rate is now illustrated. From the tables of the
binomial distribution whenn =7, p =g = 1/2, the probability of ob-
serving a 1 or less is given to be .0625. For this comparisonwise
error rate, the corresponding experimentwise error rate is .113 for
k = 2 treatments versus a control (Teble 6.2.2); is .156 for k = 3
treatments versus a control (Table 6.2.3); and is .193 for k = 4 treat-

ments versus a control (Table 6.2.4).



lOo

11.

12,

13.

23
5. LIST OF REFERENCES

David, H. A. and C. C. Thigpen. 1961. Distribution of extremes
in normal samples when the variables are equally correlated
with common, known mean and common variances. Technical
Report No. 15, Dept. of Statistics, Virginia Polytechnic
Institute, Blacksburg.

Dixon, W. J. and A. M. Mood. 1946. The statistical sign test.
J. Amer. Stat. Assoc. 41:557-566.

Douglas, A. W. 1961. Some multiple comparison tests for two-way
classifications. Unpublished Mester's thesis, Department of
Statistics, Cornell University, Ithaca. ’

Duncan, D. B. 1955. Multiple range and multiple F tests.
Biometrics 11:1-k2.

Dunn, 0. J. 1959. Confidence intervals for the means of depend-
ent, normally distributed variables. J. Amer. Stat. Assoc.
5""’:613"621 °

Dunnett, C. W. 1955. A multiple comparison procedure for compar-
ing several treatments with a control. J. Amer. Stat. Assoc.
51:1096-1121.

Fisher, R. A. 1935. The Design of Experiments. Oliver and Boyd,
Ltd., Edinburgh.

Gupta, 8. S. 1963. Probability integrals of multivariate normal
and multivariate t. Annals of Math. Stat. 34:792-828.

Kramer, C. Y. 1956. Extension of multiple range test to group
means with unequal number of replications. Biometrics 12:

307-310.

Newmean, D. 1939. T . distribution of range in samples from a
normal population, expressed in terms of an independent esti-
mate of standard deviation. Biometrika 31:20-30.

Steel, R. G. D. 1959. A multiple comparison sign test: treatments
versus control. J. Amer. Stat. Assoc. 5k:76T7-T75.

Stuart, A. 1958. Equally correlated variates and the multinormal
integral. J. Roy. Stat. Soc. B, 20:373.

Student. 1908. The probable error of & mean. Biometrika 6:1.



5k

5. APPENDICES

6.1. Fortran Program

This appendix gives the Fortran Program used to generate the
distributions of minimum r, and.min%mum (min (ri, n - ri)) when compar-
ing k = 3 treatments against a control treatment. The program was
written in Fortran applicable to an IBM 1620 Computer. With a few
modifications it can be run on other IBM systems. In order to reduce
computer running time for large values of n, this program was also
translated into GAT so that the much faster Univac 1105A could be
utilized.

Fortran Input
C A MULTIPLE COMPARISON SIGN TEST, TREATMENT VS. CONTROL K =3

DIMENSION F(25)
DIMENSION H(2k), a(ak), IR(3), AK(8), M(8)

DOR3I =1, 8
23 AK(I) = o
DORLT =1, 3
2tk IR(I) = o
F(1) =
DOR5I = 2, 25
=1-1
J=1-1
25 F(I) = F(J)*AI
DOR52I = 1, 2k
6(r) =0
252 H(I) =0
AN = 1.0
N=2
135 DO123MAL =1, N
NMA = N=MAl+l

DO123MA2 = 1,NMA

NLA = N-MAL-MA2+42

B = (6.0)**(MALHMAR-2 )*(2,0 )**(NLA-1)
DO123MA3 = 1, NIA

NLB = N-MAl-MA2-MA3+3

DO123MAL = 1, NLB

NAS = MAT-+MA2+MAZHMAL

NLE = N-NAS+4

DO123MBL = 1, NLE
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NLF = N-MB1l-NAS+5
DO123MB2 = 1, NLF
NLG = N-MBl-MB2-NAS+6
DO123MB3 = 1, NLG
MB4 = NLG-MB3+1
IR(1) = MBL+MB2+MB3+MA2-L
IR(2) = MABZ+MAL+MBR+MA2-L
IR(3) = MA2+MAL-+MB3+MBY-k
C = (AN*B)/(F(MAL )*F(MA2 )*F(MA3 )*F(MAL )*F(MBL )*F(MB2 )*F(MB3 )*F(MBL))
IA = IR(1) : , ‘
DOTI = 2. 3
IF(IA-IR(INT, T, 6
IA = IR(I)
CONTINUE
B = IR(1)
D9I = 2, 3
IF(IB-IR(I))8, 9, 9
8 IB = IR(I)
9  CONTINUE
TF( IA-N+IB+1)11, 10, 10
10 IC = N-1-IB
GO TO 12
11 ICc=1IA .
12 IA=IA+1
G(IA) = G(IA)+C
IC = IC+L
123  H(IC) = H(IC)+C
ANN = N-1
PRINT200, ANN
DO14L - 1, N
PRINT 100, G(I)
14  CONTINUE
PRINT 300
NA = (W2)/(2)
DO15I = 1, NA
PRINT 100, H(I)
15  CONTINUE
PRINT 40O
PRINT 200, ANN
DOG6I:1,N
22Z:G(*)/((24.0)**(N-1))
PRINT 100, ZZZ
66 a(1r)=0 -
" PRINT 300
DO6TI = 1, NA
227 = H(I)/((24.0)**(N-1))
PRINT 100, 272
67 H(I) =0
D = AN*(ANN+1.0)
AN =D :
N = N+1
IF(26-N)17, 17, 135

—~3 O\



17 STOP
100
200 -
300
koo
END
6.2.
Table 6.2.1.
Minimum

FORMAT(ELL.8)

FORMAT(18H MINIMUM VALUES N = ,E14.8)

FORMAT(23H MINIMUM MAXIMUM VALUES)
FORMAT(14H PROBABILITIES)

r, equal to

0

1

[©A TG B = A ¥

Tables of the Distributions of Minimum:r'i and.

Min%mum (min(ri, n - ri)) When Comparing k

L
666667

-333333

Treatments against a Control

Number of replications (n) equal to

2
.386889
.500000

111111

3

212963
Jireene
277778
037037

L

112654
364198
.375000
. 135802
.012346

5

.058385
250772
.380658
L2hL3he
.061728

.004115

56

The exact probebility distributions of minimum r, when
comparing k = 2 treatments against & control

6

.029878
160751
.327289
.312500
141461
026749

.001372
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. Table 6.2.1. (continued)
Minimum Number of replicetions (n) equal to
r; equal to 7 8 9 10 11 12
0 .015168  .007660  .003855  .001936  .000971  .000LES
1 .098172  .057928  .033327 .018812 .010463  .005752
2 252508  .180608  .122221  .079317  .0L9830  .030511
3 325824k 296401 .2LL639 (187793  .136333  .094T18
L 221051  .273438  .088616  .27158%  .234311  .188935
5 L075617 141099  .203572  .2L609k  .261363  .251445
6 ,011203 .038Lk2  .083486  .138573  .189809 ;225586
7 000457  .o0ksT2  .018LkOL  .OWEB82  .087955  .13527hk
8 .000152  .001829  .008573  .024799  .05276k4
9 .000051  .000720  .00388L  .012704
‘ 10 .000017  .000279  .001715
11 .000006  .000107
12 .000002
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®  Table 6.2.1 (continued)
Minimum Number of replications (n) equal to
r; equal to 13 1h 15 16 17 18

0 000244 .000122  .000061  .000030  .000015  .0000C08

1 .003133  .00169%  .000910  .000486  .000259  .00013T

2 .018300 .010792  .006276  .003607  .002053  .001158

3 L063523  .041393  .026338  .016428  .0L0076  .006092

L Ab3ho (105559 LOTMLS8 050963  .03L00T  .022208

5 223792  .187087  .1L48581  .113076 .083026  .059136

6 2403k .23h814  .21383h  .183754  .150h27  .118192

7 178596 .200473  .223536  .220842  .204656  .17971L

8 .090k17  .131763 (169225  .196381  .209705  .208921

9 030212 .057297  .091647  .128279  .161237 .185471

. 10 - .006301  .016633  .034707  .060631  .092097  .12k926
11 .000743  ,003041  .008855  .020226  .038L16 ;063085

12 .0000k1  .000316  .001433  .0045T79  .011395  .0234L40

13 .000001  .000015 .000133  .000661  .002309  .006233

1k | & 000006 .000055  .000300  .001138

15 & 000002 .000022  .00013k4

16 & ,000001  .000009

17 a a

18 &

8ess than .000001.
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. Table 6.2.1 (continued)
Minimum Number of replications (n) equal to
r, equal to 19 20 21 22 23 24
0 .00000k 000002 000001 & & &
1 .000072  .000038  .000020  .000010  .000005  .000003
2 .000649  .000361  .000200  .000109  .000060  .000033
3 .003638  .002149  .001257 .000730  .000420  .000240
L .0Lk236  .008980 .005586  ,003432  .002086  .001255
5 .041036  .027843  .018525 .012117 .007806  .0OL962
6 .089665  .066002  .OkT325  .033167  .022781  .015372
7 15077 }121572 L09L763  .OTLTOT  .052868  .03809k
8 196281 .175387  .15008%  .123690  .098640  .076418
9 198077  .198613  .188660  .171001  .1k8783  .12u4885
. 10 54317 .176197  .188130  .189598  .18L72L  .166681
11 .0920k1  .121745  .148246  .168188  .179500  .181633
12 .0k1h68 (064882  .091653  .1187hk7  .1k2860  .161180
13 013835 .026285 .043980  .066188  .091046  .115931
14 .003321  .007929 .016130 .028788  .046050  .06T119
15 .000550  .00L729  .OOLL25  .009615  .018260  .030982
. 16 .000059  .000261  .00088L  .002k12  .005582  .011257
17 ,00000%  .000025 .000122  .000LLO  .001286  .003165
- 18 & .000001L .000011  .000056  .000216  .000673
19 & & 000001 .000005 .000025  .OOOLOS
20 | & & #  .000002.  .000011
21 & & & .000001
00 a a a
. 23 a a
2k &

Bless than .00000L.
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Table 6.2.2. The exact cumulative probability distributions of minimum
ri when comparing k = 2 treatments ageinst a control

Minimum - Number of replications (n) equal to
ry equal to 1 2 3 4 5 6
0 666667 .388880  .212065  .11265h%  .058385  .029878
1 1.000000 .888889 .685185 476852  .309157  .190629

1.000000 .962963 .851852 .689815 .517918
1.000000 .98765hF  .934157  .830418
1.000000 .995885  .971879

1.000000  .998628

(O NN N S T v

1.000000
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. Table 6.2.2 (continued)
Minimum Number of replications (n) equal to
r; equal to 7 8 9 10 11 12
0 .015168 -.007660 .003855 .001936  .000971  .000k86
1 113340 - .065588  .037182  .0207k8  .011L3k  .006238
2 .3658&8 246196 159403 100065  .06126L4  .036T7L9
3 691672 .542507  Jhohoke  .287858  .197597  .131467
L 912723  .816035  .692658  .559hkl  .431908  .320h02
5 988340 L9513k .896230  .805535  .6932TL  .5T184T
6 999543  .995276  .979716  .9kk108  ,883080 5797&35
T 1.000000 .999848  .998120  .990690  .9T1035  .932707
8 1.000000  .999949  .999263  .99583k  .9854T1
. 9 1.000000  .999983  .999715 }-998175
10 1.000000  .99999k  .999890
11 1.000000 ;999997
12 1;oooooo
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‘ Table 6.2.2 (continued)
Minimum Number of replications (n) equal to
r, equal to 13 1 15 16 17 - 18
0 .00024k  .000122  .000061  .000030  .000015  .000008

.003377 .001816  .000971 .000516  .0002T74  .000145
.021677  .012608  .007247  .00M123  .002327  .001303
.085200  .05400L  .033585  .020551  .012403  .007395
220549  ,159560  .1080k3  .071514  .046k10  .029603
A53341 0 L3h66LT 256624 L184590 .129L436 7. 088739
693690  .581461  .LTO458 36834k 279863  .206931
872286  .790934  .69399k  .580186  .48LU519 386645
962703  .922697  .863219  .T85567  .69k22k .59556é

O o 1 O U = W 1

,092915  .97999Lk  .954866  .913846  .855461  .781037
999216  .996627  .989573  .9ThUTT  .9kT558  .905963

=
(@

11 999959  .999668  .998428  .99LT03  .9859ThH  .969046
12 & .999984%  .999861  .999282  .997369  .992L486
13 1.000000  .999999  .99999%  .999943  .999678  .998T19
1k 1..000000 & .999998  .999978  .999857
15 1..000000 a % .999991
16 1.000000 a a
17 1..000000 a
’ 18 1..000000

8areater than .999999.
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. Table 6.2.2 (continued)
Minimum Number of replications (n) equal to
r, equal to 19 20 21 22 23 2k
0 .00000k  .000002  .00000L @ & &
1 .000076  .000040  .000021  .000010  .000005  .000003
2 .000725 .000K0L  .000221  .0001l9  .000065  .000036
3 .004363  .002550  .00l478  .0008L9  .OOOL85  .000276
i 018599  .011530  .007064  .00428L  .0025TL  .001531
5 059635  .039373  .025589 .0L6398  .0L0377  .006493
6 149300  .105375  .07291k  .049565  .033158  .021865
T 300047  .226047  .16T6TT  .1212T72  .086026  .059959
8 496328 40233k 317760  .2Lhof2  .184666 136377
9 6o4h05 600947 506420 ,415963' 3334hk9 261262

-
o

Bu8722  L7TTME 694550 .605561 .515170 427943

[
[

9L0T763  .898889  .8hk2T796  .TT3TMO  .69LETO 609576

12 982231 .963TTL  .93hkhko  .892k96  .837530  .TTOT56
13 .996066  .990056 = .978429  .95868L  .928576  .88668T
14 999387  .997985  .994559  .98ThT2  .9Th626  .953806
15 .999937  .99971h  .99898k  .997087  .992886  .984T88
16 999996  .999975  .999865  .999499  .998468 996045
17 k ® 999987 .999939  .99975k  .999210
18 P b .099998  .999995  .999970  .999883
. 19 1.000000 b -999999 b .999995  .999988
20 1.000000 P P 999997 .999999
21 1..000000 ® b b
22 1..000000 L b
23 1..000000 b
1..000000

o
=

&less than .00000L.
Greater than .999999.



Tabler612.5{ The exact probebility distributions of minimum

Minimum

- 1
(min(ri,n—ri))

equal to

0]
1

2

3

Minimum
(min(ri,n-ri))
equal to

0

1

o U =~ W

6L

: . Y
(min(ri, n-ri)) when comparing k = 2 treatments against

e control

2
, 122222

277778

8
.015319
115541
347846
JAh12zh

.080060

Number of replications (n) equal to

3 L 5

16667 223765 116512
583333  .623457  LLTW53T

152778 408951

Number of replications (n)
9 10 11

.007711  .003872  .0019k2
066588  .03T609  .020923
.2ko719  .157657  .099415
Jh2o8h8 354593 265837
255133 381566  .397220

064702 .21L66L4

6
L0597k
315072
.520190

.105024

equal to
12

.000973
.01150k
.060963
187357
349389
335522
054293

'T .

030528
194895
460455
31k322

15

.000L87
.006266
.036586
.1264h7
278247
366707
.185259



Table 6.2.3 (continued)

Minimum
(min(ri,n-ri)

equal to

O oo N O U W

1k

.0002Lk
.003387
.021581
.082621
207541
338731
.29912k
LOL6TT0

Number of replications (n) equal to

15

.000122
.001820
.012551
052632
L7761
.282855

.339326
.1629%2

16

.000061
.000972
.00721k
032846
101571
220767
325777
269713
.OL1079

17

.000031
000517
.004105
.020150
.067910
164143
282649
.315090
145404

18

.000015
00027k
.002316
.012183
.0Lkh386
117629
.228971
.312110
245401
.036623

65

19

.000008
.000145
.001297
.007275
028464
.081866
;176488
27977
.293701
131279



Teble 6.2.3 (continued)

Minimum
(min(z, -7, )
equal to 20
0 00000k
1 .000076
2 .000721
3 .004298
L .017958
. 5 .055622
6 .130967
T .233567
8 .298530
9 .225217
10 .033039
11
12

Number of replications (n) equal to

21

.000002
.000040
.000399
.002515
.O11171
.037032
.09k291
.185600
274500
274795
119654

Bless than .00000L.

22

.000001
.000021
.000220
.001459
. 006864
.024228
066214
.141888
235567
2851436
.208008

.03009k4

23

a

.000011
.000120
.0008k1
.00k171
.015611
.0k552k
.105169
.192150
268457
.258025
.109919

2k

)

.000006
.000066
.000481
.002511
.00992k4
030733
075987
.150722
235701
273013
.19%225
.027631

66
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; . Teble 6.2.4. The exact cumulative probability distributions of min%mum
(min(ri,vn-ri)) when comparing k = 2 treatments against a

control
Min%mum‘
(min(ri,n-ri)) Number of replications (n) equal to
equal to 2 3 L 5 6 7
o JT22222  LM16667  .223765  .116512  .059714k  .030328
1 1.000000 1.000000 .847222 .501049  .3T74786 .225223
2 1.000000 1.000000 .894976 .685678
3 | 1.000000 1;oooooo
M;nimum
(min(ri,n~ri)) Nunmber of replications (n) equal to
equal to 8 9 10 11 12 13
‘ 0 .015319  .007711  .003872  .00194k2  .000973 ..ooob,87
1 .130860  .OTh299  .ok1LB1  .022865  .012LTT .006753
2 478706 .315018  .199138  .122280  .OT3440  .0L3339
3 .9199k0  .THMB66  .553731 .388117  .260797 .169786
L 1.000000 1.000000  .935297 .785337 .610186 .LLB033
5 1.000000 1.000000 .945708 .814Tho
6 1.000000 1.000000



Table 6.2.4 (continued)

Minimum
(min( ri’ n'ri ) )

equal to

0

[ et

O o 3 O U W

1k
.0002k4k
4005631
.025212
.107833
31537k
654105
953229
1.000000

Number of replications (n) equal to

15
.000122
.601942
.014493
.067125

214886

Lol
837067

1.000000

16
.000061
.001033
008247
.0k1093
.1ho66k
363431
.689208
.158921

1.000000

17
.000031
000548
. 004653
024803
.092713
256856
539505
854595

1.000000

18
.000015
.000289
002605
.01u7sé
05917k
176803
LO5TTh
LTL788k
963575

68

19

.000008
.000153
001450
.008725
.037189
.119055
.295543
575020 -
.868721

1.000000 1.000000



Table 6.2.4 (continued)

Minimum
(min(fifh-ri)) Nunber of replications (n) equal to
equel to 20 21 22 23 2l
0 .000004  .000002  .00000L & &
1 .000080  .0000k2  .000022  .000OLL  .000006
2 .000801  .000LLL  .00024k2  .000131  .0000T2
3 .005099  .002956  .00L70L  .000972  .000553
L 023057  .01k127  .008565  .005143 . .00306k
5 078679  .051159  .032793  .0R0754  .012988
6 209646  .1L5450  .099007  .066278  .OL3T21
7 JAdze12 0331050 .2L0895  L1T71Lh7 119708
8 TRITHE 605550 JLTel62 363597  .270430
9 966960  .8803k5  .T61898  .63205k4  .506131
10 1.000000 1.000000  .969906  .890079  .T79Lhk
11 1.000000 1.000000  .972369
12 1..000000

Bl ess than .00000L.

69



[ ) Table 6.2.5.

Minimum
r,
i

equal to

o N O U W

comparing k = 3 treatments against a control

LA70167
1458333

.062500

Number of replicates (n) equal to

3

279514
4986k

.206597
.015625

L

154369
.h2k190

335957
081597
.003906

5

082381
31340k
388937
184462
.029839
.000977

6

0300k
211365
.368155
277456
.089413
.010362

.000244

.022127
.133920
.305122
326339
.1691.78
-039787
.003465

.000061

70

The exact probability distributions of minimum r, when

011277
.081158
230318
325391
241649
.092440
.016620
.001126

.000015



Table 6.2.5 {continued)

Minimum
Ty
equal to

O 0 3 O U o= N

10

11l

13
1k

15

9

.005711
.0kT7605
.162336
.288264
285072
157506
.0k653k
006611

.000357
.00000k

®less than .00000L.

Number of replications (n) equal to

10

.002880
.027249
108644
233786
292740
216867
.093225
.021970
.002528

.000111

a

11

001448
.015309
.069859
L1771h9
270672
-255469
148137
051138
.009848
.00093%6

00003k

a

12

.000727
.008478
.0l3531
.127250
2306204
267146
198411
.092890
.026368
.00k228

000337

.000010

a

13

000364
.00h46k2
026451
08758k
184117
254368
23300k
140375
.054306
.012912
001751
.000119

-000003

8

1k

.000182
.002518
-0157755
.058231
139441
22k625
246554
.183981
.091976
.029940
.006052
.000703
.0000k1

.00000L

8

1

15

.000091
.001356
.009229
037632
.101136
186711
-239774
215260
13379k
.056495
.015701
.002732
00027k

.00001L

&

a



Number of replications (n) equal to

® Table 6.2.6.
i
Minimum
3
equal to 2 3 L
0 Q79167 .27951% 154369
1 937500 .TTTTT8 578559
2 1.000000 .984375 .91LL96
3 1.000000 .996093
L 1.000000
5
6
T
o 8

5

.082381
395785
.T84722
969184
999023
1.000000

6

.043004
254369
62252k
.899980
989393

999755
1.000000

T

.022127
156047
461169
. 787508
956686
996473
999938

1.000000

T2

The exact cumulative probebility distributions of minimum
r, when comparing k = 3 treatments against a control

011277
092435
3227753
648104
889793
.982233
-998853
999979
1.000000
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. Table 6.2.6 (continued)
Minimum
ry Number of replications (n) equal to
equal to 9 10 11 12 13 14 15
0 .005711 .002880 .0O1k48 .000727 .000364 .000182 .000091
1 .053316 .030129 .0L6757 .009205 .005006 .002700 .001kk7

2 215652 138773 .086616 .052736 .03L460 .018L55 .010676
3 503916 372559 .263765 .179986 .1190LL 076686 .048308
i .788988 .665299 .534437 410610 303161 .216127 .1holhk
5 .Obéhok .882166 .789906 .6TTT56 .557529 .4hoT52 -535955
6 .993028 .975391 .938043 .876167 .T790533 .687306 +575729
T 999639  .997361 .989181 .96905T7 .930908 .871287 .790989
8
9

. 999996 .999889 .999029 .995k25 .98521k .963263 .92L783
1.000000 .999999 .999965 .999654 .998126 .993203 .981278

10 1.000000 .999999 .999990 .99987T .999255 .996979

11 1.000000 .999999 .999996 .999958 .999T11

12 1.000000 .999999 .999999 .999985

13 1.000000 .999999 .999999

1k 1.000000 .999999

15 | - 1..000000
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Table 6.2.7. :The exact probsbility distributions of~min§mum-,
' (min(ri, n-ri')) when comparing k = 3 treatments against
Min (min a control

(ri,n-ri)) Number of replications (n) equal to

equal to 2 3 i 5 6 7 8
0 833333 .534722 304398 .16L0o1L .085881 .OLL232 ;022550
1 J166667 .L65278 629630 560137 .L05382 263734 .161Lk01
2 065972 .275849  LLTLT76L  .50555Lk .L25863
3 036973 186476 365745
b , 02433

M%n (min

(ri,n-ri)) Nunber of replications (n) equal to

equal to 9 10 11 12 13 14 15
0 .011k21 .005760 .002896 .0OLL5L .000729 .000364 .000183
1 .095015 .054458 .030610 016954 .009283 .005037 ;002713
2 314398 .214493 .139003 .086887 .052867 .031L499 }018456
3 Jhp6ol  LhilThs 335808 .2h865T  .1T73L439 115979 ;075135
L 136565 .292856 .386110 .391677 .3h0722 .269001 198981
5 LOL7689 .105482 .2L0803 .338347 364985 .33616L4
6 013569 .084613  .202301 .298556
7 .01083L4 .069812



Table 6.2.

Min (min
(fi,n4ri))
equal to
0
1
2
3
L

Min (min

™

8, The exact cumulative probabllity dlstrlbutlons of minimum

(mln(r » n-Ty )) when comparing k = 3 treatments agalnst a

control

2

833333
1.000000

(I?.i’n-ri)) ‘

equal to

0]

3 o\ A\ BN o 2

9

011421
106436
42083k
863435

1.000000

Number of replications (n) equal to

3

534722

1.000000

L

304398
.934028

1.000000

>

.164014
STek51

1.000000

6

.085881
191263
-963027
1..000000

T

.OLkp32
307966
813520

1.000000

Number of replications (n) equal to

10

005760
.060218
274711
689456
.982312

1.000000

11

.002896
.033506
.172509
508407
L8451
1..000000

12

.001454
.01840k
.105295

353952

.TU5629
.986432

1.000000

13

.000729
.010012
062879
236318
S5TT7040
915387

1.000000

1k

000364
005401
.036900
152879
421880
. 786865
.989166

8

. 022550
183951
609814

975559
.000000

15

;000185
;002896
.021352
096487
295468
631632
.930188

1.000000 1.000000
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‘ Teble 6.2.9. The exact probability distributions of minimum ry when
comparing k = 4 treatments against a control :

Minimum Number of replications (n) equal to
r; equal to 2 3 L 5 6 7
0 543335 332278 .189951 103895 .055182 028738
1 - L6667 Jho9Te2  L457824F 357304 251050 164011
2 .040000  .160000  .296875  .378706  .38572k  .338165
3 .008000 .053750  .1h43002  .2hk2k13  .312153
L .001600  .016683  .060662  .132007
5 .000320  .0049O6  .023527
6 .000064  .001386
7 .000013

Table 6.2.10. The exact cumulative probability distributions of minimum
ri when comparing k = 4 treatments against a control

Mininum Iunber of replications (n) equal to
r, equal to 2 3 4 5 6 7
0 543333 332278 .189951  .103895  .055182  .027738
1 .960000 .8%32000 .6477T5 461199  .306232 '.1927h9
. 2 1.000000  .992000 .9&4650 .839905  .691956  .53091k
3 1.000000  .998400 .982997 934369  .843067
L4 1.000000  .999680  .995031  .97507k
5 1.000000  .999937  .998601
6 1.000000  .999987
7 1..000000
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@ Table 6.2.11. The exact probability distributions of mingmum (min(r,,
n-ri)), when comparing k = L4 treatments against a control
Min (min
(ri,n-ri)) Nurber of replications (n) equal to
equal to 2 3 L 5 6 T

0 893333  .621667 .3TIT43  .206340  .110115  .05T43k
1 106667 378333 .598206 .603283 L7072 .320254
2 L029961  .190377  .40O5668  .5090904

3 013496 .113218

Teble 6.2.12. The exact cumulative probebility distributions of min%mum

(min(ri, n—ri)) when comparing k = 4 treatments against a

control
‘l} Min (min

(ri, n—ri)) Nunber of replications (n) equal to

equal to 2 3 L 5 6 T
0 .893333 621667 371743 .206340  .110115  .05T43L
1 1.000000 1.000000 .970039  .809623%  .580836  .377688
2 1.000000 1.000000 .986504  .886782
3 ‘ 1.000000 1.000000
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*

) Exact cumulative probability

Table 6.2.13. Critical values of minimum ri for comparison of k
treatments against one control in n sets of observations:
a one-tailed critical region with an experiment-wise
error rate
Level of k = number of treatments (excluding control)
n significance 2 3 by 5 6 7 9
for min r,
1
4 .25 0 (.113) 0 (.154) 0 (.190) 0 - - - -
.20 0 (.113) 0 (.154) 0 (.190) -
.15 o (.113) - - - e e e
.10 - - S
.05 - - - -
5 .25 0 (.058) 0 (.082) 0 (.104) O 0 o0 0 -~
.20 0 (.o58§ 0 (.082) 0 (.104) o 0 - - -
15 0 (.058 0 (.082) 0 (.104) 0 -« - -
.10 0 (.058) 0 (.082) - - = e - .
.05 - - - - - e e e
6 .25 1 (.191) 0 (.043) 0 (.055) O 0 0 0 0°
' .20 1 (.191) 0 (.043) 0 (.055) 0O 0 0 0 o0
A5 0 (.030) 0 (.043) 0 (.055) O 0 0 0 O
.10 0 (.030) 0 (.0h43) 0 (.055) O 0 - - -
.05 0 (.030) 0 (.043) - - = e e =
7 .25 1 (.113) 1 (.156) 1 (.193) 1 0 0o 0 O
. .20 1 (.113) 1 (.156) 1 (.193) 0 0 0 0 0
.15 1 (.113) 0 (.022) 0 (.029) o 0 0 0 ©
.10 0 (.015) 0 (.022) 0 (.029) 0O 0 o0 0 ©
.05 0 (.015) 0 (.022) 0 (.029) 0 - « - =
8 .25 2 (.246) 1 (.092) 1 i1 1 1 1 1
.20 1 (.066) 1 (.092) 1 1 1 1 o0 O©
.15 1 (.066) 1 (.092) 1 O 0 0 0 ©
.10 1 (.066) 1 (.092) 0 O 0 0 0 o©
.05 0 (.008) 0 (.011) 0 © 0 0 0 O
9 .25 2 (.159) 2 (.216) 1 1 1 1 1 1
.20 2 (.159) 1 (.053) 1 1 1 1 1 1
.15 1 (.037) 1 (.053) 1 1 1 1 1 1
.10 1 (.037) 1 (.053) 1 1 0 0 0 0
.05 1 (.037) 0 (.006) 0 0O 0 0 0 0
10 .25 2 (.100) 2 (.139) 2 2 2 1 1 1
.20 2 (.100) 2 (.139) 2 1 1 1 1 1
15 2 (.100) 2 (.139) 1 1 1 1 1 1
.10 1 (.021) 1 (.030) 1 1 1 1 1 1
.05 1 (.021) 1 (.030) 1 0O 0 0 0 ©°
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Table 6.2.13 (continued)

Level of k = nunber of treatments (excluding control)
n significance 2 3 L 5 6 7 8 9
for min r
i

11 .25 3 (.198)% 2 (.087) 2 2 2 2 2 2
.20 3 (.198) 2 (.087) 2 2 2 2 2 1

.15 2 (.061) 2 (.087) 2 2 1 1 1 1

.10 2 (.061) 2 (.087) 1 1 1 1 1 1

.05 1 (.011) 1 (.017) 1 1 1 1 o0 O

12 .25 3 (.131) 3 (.180) 3 2 2 2 2 2
.20 3 (.131) 3 (.180) 2 2 2 2 2 2

15 3 (.131) 2 (.053) 2 2 2 2 2 2

.10 2 (.037) 2 (.053) 2 2 1 1 1 1

.05 2 (.037) 1 (.009) 1 1 1 1 1 1

13 .25 L (.230) 3 (.119) 3 3 3 3 2 2
.20 3 (.085) 3 (.119) 3 3 2 2 2 2

.15 3 (.085) 3 (.119) 2 2 2 2 2 2

.10 3 (.085) 2 (.031) 2 2 2 2 2 2

.05 2 (.022) 2 (.031) 2 1 1 1 1 1

1k 25 4 (.160) 4 (.216) 3 3 3 3 3 3
.20 4 (.160) 3 (.077) 3 3 3 3 3 3

15 3 (.054) 3 (.077) 3 3 3 2 2 2

.10 3 (.054) 3 (.077) 2 2 2 2 2 2

.05 2 (.013) 2 (.018) 2 2 2 2 1 1

15 25 4 (.108) L (.1k49) L y 3 3 3 3
.20 4 (.108) L (.149) 4 3 3 3% 3 3

.15 b (.108) L (.149) 3 3 3 3 3 3

.10 3 (.03h4) 3 (.0L48) 3 3 3 2 2 2

.05 3 (.034) 3 (.034) 2 2 2 2 2 2

16 25 % (.185) 5 L TR T S 'O
.20 5 (.185) L 4 Y oL 4 3 03

.15 L (.012) L L 3 3 3 3 3

.10 L (.072) 3 3 3 3 3 3 3

.05 3 (.021) 3 3 3 2 2 2 2

17 .25 5 (.129) 5 5 Y ok L 4 4
.20 5 (.129) 5 4 L o4 4 4 4

15 5 (.129) 4 4 Hb 4 4 3 3

.10 L (.048) L L 3 3 3 3 3

.05 L (.046) 3 3 2 3 3 2 2

8 ) Exact cumulative probability.
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Table 6.2.13 (continued)

k = mmber of treatments (excluding control)

6 7 8 9

2 >3 L >

Level of
n significance

1

for min r,

4 = v
=+ S Fnan
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[TQVE. I I g5 1o
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)Exact cumulative probability.

*(
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Table 6.2.13 (continued)

9

(excluding control)
6 7 8

5

L

k = nunber of treatments
3

2

Level of
significance

n

for min r,

1

=\ N

B B0 N

B~ -\ \O

QQ I~ I—-\O0\O

@ I~ b= D\0

O O b~

0O O O I\0

N O =1

ooooo

25

QO -0 \O

W D= \0

O O I~ \O

o QO b\

O @ ~—-\O

@ O © MO

ONGO OO b~

O\NOND QO I~

26

@ O ~-\0

O O ~D\0
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9
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31



. Table 6.2.13 (continued)

Level of k = number of treatments (excluding control)

n significance 2 3 4 5 T 8 9

for min r
i

32 25 12 11 11 11 11 10 10 10
.20 12 11 11 10 10 10 10 10

a5 11 11 10 10 10 10 9 9

.10 10 10 10 9 9 9 9 9

.05 9 9 9 9 8 8 8 8

33 25 12 12 12 11 11 11 11 11
.20 12 12 11 11 11 10 10 10

A5 , 12 11 11 10 10 10 10 10

.10 11 10 10 10 10 9 9 9

.05 10 10 9 9 9 9 8 8

3l .25 13 12 12 12 11 11 11 11
.20 12 12 12 11 11 11 11 11

A5 12 11 11 11 11 10 10 10

.10 11 11 10 10 10 10 10 10

.05 10 10 10 9 9 9 9 9

. 35 .25 13 13 12 12 12 12 12 11
.20 13 12 12 12 12 11 11 11

A5 12 12 12 11 11 11 11 11

.10 12 11 11 11 10 10 10 10

.05 11 10 10 10 10 9 9 9

26 .25 14 13 13 13 12 12 12 12
.20 13 13 12 12 12 12 12 11

15 13 12 12 12 11 11 11 11

.10 12 12 11 11 11 11 11 10

.05 11 11 10 10 10 10 10 10

37 25 14 14 13 13 13 13 12 12
. .20 14 13 13 13 12 12 12 12
15 13 13 12 12 12 12 12 11

.10 13 12 12 11 11 11 11 11

- .05 12 11 11 11 10 10 10 10
38 .25 15 14 14 13 13 13 13 13
.20 14 14 13 13 13 13 12 12

15 14 13 13 13 12 12 12 12

.10 13 13 12 12 12 12 11 11

.05 12 12 11 11 11 11 10 10



o Table 6.2.13 (continued)

Level of k = number of treatments (excluding control)
n significance 2 3 L 5 6 7 8 9
for min r
i
39 .25 15 15 14 14 14 14 13 13
.20 15 1k 1 13 13 13 13 13
.15 14 14 13 13 13 13 12 12
.10 14 13 13 12 12 12 12 12
.05 12 12 12 11 11 11 11 11
Lo .25 16 15 15 1h 14 14 1k 14
.20 15 15 1L 1k 14 13 13 13
15 15 14 14 13 13 13 13 13
.10 14 13 13 13 13 12 12 12
.05 13 12 12 12 12 11 11 11
L1 .25 16 15 15 15 15 1k 1k 14
.20 16 15 15 14 1k 14 14 1k
.15 15 15 1k 14 14 13 13 13
.10 14 1k 13 13 13 13 13 13
.05 13 13 13 12 12 12 12 1
Lp 25 17 16 16 15 15 15 15 1k
. .20 16 16 15 15 15 14 1k 1h
15 16 15 15 14 1% 14 14 14
.10 15 14 1k 14 13 13 13 13
.05 14 13 13 13 12 12 12 12
L3 .25 17 16 16 16 15 15 15 15
.20 17 16 16 15 15 15 15 14
A5 16 15 15 15 14 1k 1h 14
.10 15 15 14 14 14 14 13 13
.05 1h 14 13 13 13 13 12 12
Ll .25 18 17 16 16 16 16 15 15
.20 17 16 16 16 15 15 15 1
15 16 16 15 15 15 15 15 1k
.10 16 15 15 14 14 14 14 14
- .05 15 14 14 13 13 13 13 13
45 .25 18 17 17 17 16 16 16 16
.20 17 17 16 16 16 16 15 15
.15 17 16 16 16 15 15 15 15
.10 16 16 i5 15 15 14 1L 1k
.05 15 14 14 14 14 13 13 13



. Table 6.2.13 (continued)

Level of k = nunber of treatments (excluding control)
n significance 2 3 L 5 6 7 8 9
for min r
i
L6 25 18 18 17 17 17 17 16 16
.20 18 17 17 17 16 16 16 16
.15 17 17 16 16 16 16 15 15
.10 17 16 16 15 15 15 15 15
.05 15 15 15 1k 14 14 14 14
L7 .25 19 18 18 17 17 17 17 17
.20 18 18 17 17 17 17 16 16
15 18 17 17 16 16 16 16 16
.10 17 16 16 16 15 15 15 15
.05 16 15 15 15 14 14 1h 14
48 .25 19 19 18 18 18 17 17 17
.20 19 18 18 17 17 17 17 17
.15 18 18 17 17 17 16 16 16
.10 17 17 16 16 16 16 16 15
.05 16 16 15 15 15 15 14 14
Lo .25 20 19 19 18 18 18 18 18
. .20 19 19 18 18 18 17 17 17
15 19 18 18 17 17 17 17 17
.10 18 17 17 17 16 16 16 16
.05 17 16 16 16 15 15 15 15
50 .25 © 20 19 19 19 19 18 18 18
.20 20 19 19 18 18 18 18 17
A5 19 18 18 18 17 17 17 17
.10 ' 18 18 17 17 17 17 16 16

.05 17 17 16 16 16 16 14 15



n significance for

Table 6.2.1k,

Level of

observations:
experiment-wise error rate

son of k treatments against one control in n sets of

8 two~tailed critical region with an

k = number of treatments (excluding control)
6
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Critical values of min%mum (min(ri, n-r, )) for compari-

, m%n(min(ri,n—ri)) 2 3 L 5 7T 8 9
6 .10 0 (.060)* 0 (.085) - T,
P .05 g - - - e e e a
.01 - - - - e - - .
7 .10 0 (.030) o (.044) o (.057) =~ - - - -
.05 0 (.030) - - - = = e s
.01 - - - - - e e -
8 .10 o0 (.015) 0 (.023) 0 0 0
.05 0 (.015) 0 (.023) 0 - - - - .
Nox - - ‘ - e
9 .10 1 (.07%) o0 (.011) 0 0O 0 O
.05 0 (.008) 0 (.011) 0 0 0 0 - -
“I' .01 - : - - - - - - -
10 .10 1 (.0413 1 (.060) 1 0 0 o0 0 0
.05 1 (.on 0 (.006) 0 0O 0 0 0 O©
.01 0 (.00%) 0 (.006) - - - e e .
11 .10 1 (.023) 1 (.034) 1 1 1 1 o0 o
.05 1 (.023) 1 (.034) 0 O 0 0 0 o©
.01 0 (.002) 0 (.003) 0 - - e e e
12 .10 2 (.073) 1 (.018) 1 1 1 1 1 1
.05 1(.012) 1 (.018) 1 1 0 0o 0 0©
.01 0 (.001) 0 (.001) 0 O 0 0 - -
13 .10 2 (.043) 2 (.063) > 1 1 1 1 1
.05 2 («043) 1 (.011) 1 1 1 1 1 1
. .01 1 (.007) o0 (.00L) 0 0O 0 0 0 0
14 .10 2 (.025) 2 (.037) 2 2 2 2 1 1
.05 2 (.025) 2 (.037) 1 1 1 1 1 1
.01 1 (.004) 1 (.005) 0 0O 0 0 0 o0

a( ) Bxact cumulative probability
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Table 6.2.14 (continued)

Level of

6 7 8 9

3 5

k = nurber of treatments (excluding control)
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Table 6.2.14 (continued)

3 b 5 6 7 8 9

k = number of treatments (excluding control)
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Table 6.2.14 (continued)
Level of

n significance for k = nunber of treatments (excluding control )
m@n(min(ri,n-ri)) 2 3 4 5 6 7 8 9
i

37 .10 12 11 11 11 10 10 10 10
.05 11 10 10 10 10 9 9 9
.01 9 9 8 8 8 8 8 8
38 .10 12 12 11 11 11 11 10 10
.05 11 11 10 10 10 10 10 10
.01 9 9 9 9 8 8 8 8
39 .10 12 12 12 11 11 11 11 11
.05 12 11 11 11 10 10 10 10
.01 10 9 9 9 9 9 8 8
Lo .10 13 12 12 12 12 11 11 11
.05 12 12 11 11 11 11 11 10
.01 10 10 9 9 9 9 9 9
L1 .10 13 13 12 12 12 12 12 12
.05 12 12 12 11 11 11 11 11
01 11 10 10 10 9 9 9 9
Lo .10 1L 13 13 13 12 12 12 12
.05 13 12 12 12 12 11 11 11
.01 11 11 10 10 10 10 10 9
43 .10 1k 1k 13 13 13 13 13 12
.05 13 13 12 12 12 12 12 12
.0l 11 11 11 10 10 10 10 10
L .10 15 14 14 13 13 13 13 13
.05 14 13 13 13 12 12 12 12
.01 12 11 11 11 11 10 10 10
45 .10 15 1% 1k 1 1k 13 13 13
.05 14 1k 13 13 13 13 12 12
.01 12 12 11 11 11 11 11 11
L& .10 15 15 15 14 1k 1k 1k 1k
.05 14 1k 14 13 13 13 13 13
.01 13 12 12 12 11 11 11 11
L7 .10 16 15 15 15 1k 14 14 14
.05 15 14 14 14 14 13 13 13

0L 13 12 12 12 12 1z -1l 11
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Table 6.2.14 (continued)
Level of

" n significance for k = number of treatments (excluding control)

m%n(min(ri,n-ri)) 2 3 4 5 6 7 8 9

48 .10 16 16 15 15 15 15 15 1%
.05 15 15 14 14 14 14 14 14
.01 13 13 13 12 12 12 12 12
it .10 17 16 16 16 15 15 15 15
.05 16 15 15 15 14 1k 14 14
.01 14 13 13 13 13 12 12 12
50 .10 17 17 16 16 16 16 15 15
.05 16 16 15 15 15 15 14 14

.01 14 1h 13 13 13 13 13 12




6.3.

Tables of the Distributions of Minimum;ri and

Minimum (min(ri, n-ri)) When Comparing All
i

Pairs among k Treatments
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Table 6.3.1. The exact probability distributions of minimum r, when
comparing all pairs among:k =3 treatments
Minimum Nurber of replications (n) equal to

r, equal to 1 2 3 b 5 6
0 .83333 52778 .30093% .16281 .08552 OLl13
1 16667 olhilely 54167 h6913 3kpT2 22711
2 02778 15278 .32408 41667 - 40606
3 00463 04321 14403 26706
b .00077 .01093 V. 05305
5 .00013 .00257
6 .00002
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Table 6.3.1 (continued)

Minimum Nunber of replications (n) equal to
ry equal to T 8 9 10 1l 12
0 02252  .011kl  .00576  .00290  .00LL5  .000T3
1 14151 08458 .0k90T 02785 .01556 .00857
2 33585 25022 17366 11456 07277 .0kkgo
3 34596 35728 .31802  .25570 19118  .135kk
L 13640 .23230 29982 31990 29867 25327
5 .Ql718  .05902 .12973  .20831  .2670L  .29060
6 .00058  .00507  .02252  .06261  .12389  .190L48
7 &  ,00012  .00139  .00T80  .02688  .O06LTS
8 &  .00005  .00036  .00250 Qoloh9
9 & .00001  .00009  .00075
10 & & 00002
1 & &
12 &

&probability less than ,0000L.
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&probability less than .00000L.

‘ Table 6.3.1 (continﬁed)
Mi nd mum Number of replications (n) equal to
r, equal to 13 1k 15 16 17 18

0 .000365  .000183  .000091  .0000L6  .000023  .0OQO0LL

1 004679  .002533  .001362  .000728  .000388  .000205

2 .027076  .016030  .009348  .005383  .003068  .0O0LT733

3 .002049 060545  .038784 024310  .014964  .0090T7L

4 .199974 149510 107089  .O7hk101  .0LO8L1  .032738

5 280413  .2b726hk 203516  .158719  .118556  .085488

6 2hp288 267066 263923  .239Thk 203873  .164483

T 118782 .176552  .222883 2477k .2ho227  .231718

8 (030372 .065978  .11ke62 (165291  .207172  .231576

9 .003782  .013000  .033167  .066604%  .110236  .155941

“ 10 .000215  .001276  .005152  .015294%  .035L03  .066833
11 .000005  .000059  .000KO8  .001910  .006543  .OLT3LT

12 & .000001 .000015 .00012k 000669 .002622

13 & a & .00000k  .000036  .000222

1k & & & & ,000010

15 a a 8 a

16 a & a

17 2 a

18 &



Table 6.3.1 (continued.)
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Minimum Number of replications (n) equal to
r; equal to 19 20 21 22 23 24
0 .000006  .000003  .00000L  .0000OL & &
1 .000109  .000057  .000030  .000016  .000008  .0000OL
2 .00097L  .000541  .000299  .000165  .000090  .0O00LY
3 005427  .003211 .00188L  .001092  .000629  .000360
L .021078  .013340  .008318 .005120 .003116  .00L877
5 .059861  .04OBYO  .02734Lk 017954  .011601  .007391
6 .127151  .09U876  .068718  .048525  .033523  .022720
7 202288  .167811  .13348k  .102515  .076420  .055526
8 236166 223691  ,199258  .169409  .138051  .108668
9 LAONILL 217835 .224538 .215916 196072 .1697TT
10 L106625 148015 .183132  .205998  .2141k6  .208508
11 037196 066792  .103363 141187  .173677  .195681
12 .007910  .01917h  .038637 .066569  .100397  .135223
13 .000992  .003384  .009227  .020791 | .039796 ;066218
1k .000071  .000%57  .001368  .0Ok174  .OLOW78  .022221
15 .000003  .000022  .00012%  .000525 001786  .00L975
16 & & .000006- .0000KO  .000193  .00OT2T
17 & & & ,000002  .000013  .000068
18 & & & % .000001  .000004
19 & a a a a a
20 a a a a a
o1 a a a a
20 a8 a a
23 a a
ol &

&probability less than .000001.
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. Teble 6.3.2. The exact cumulative probability distributions of minimum
r, when comparing all pairs among: k =3 treatments
Minimum Nunber of replications (n) equel to
r, equal to 1 2 3 A 5 6
0 .83333 52778 .30093 16281 .08552 .0hL13
1 1.00000 97222 84260 .63194 L4282k 27124
2 1.00000 .99538 .95602 .84ho1 67730
3 1.00000 .99923 .9889L .9kL36
4 | 1.00000 99987  .99Tk1
5 1.00000 '.99998
6 | 1ioooooo
Mirimum Number of replications (n) equal to
r; equal to T 8 9 10 11 12
. 0 02252 .01141  .00576  .00290  .00145  .000T3
1 16403 .09599  .05483  .03075  .OLTOL  .00930
2 o988 .3u621 22849  .14531 .08978 ‘.osueo
3 . 8458k .T03L9 . 5L651 ko101 28096 .., 18964
L 9822k 93579 84633 .T2091 57963 A2l
5 999k .99k8L  .97606  .92922  .8466hk  .73351
6 ® 99988  .99858  .99185  .97055  .92399
7 1.00000 & 99997  .99963  .997hl  .988Th
8 1..00000 T 99999 .99991  .99923
9 1.00000 & * .99998
10 1.00000 & &
11 | 1.00000 &
. , 12 :L..ooooo

8areater than . 99999.
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. Table 6.3.2 (continued)
Minimum Number of replications (n) equal to
r; equal to 13 1k 15 16 17 18

0 .000365 .000183 .000091  .000046  .000023 ;000011

1 L0050k ,002716  .001k53  .000TThH  .o0Ok11l  .000216

2 .032120 .018746  .010801  .006157  .003L479  .001949

3 .12h169k 079291  .0L9585  .030467  .018443  .011020

L 324143 228801 .156674  .104568  .068284  .043T58

5 604556 476065 360190  .263287 186840  .129246

6 84684L  .TH3131 624113 503031 .390713  .293729

T 965626  .919683  .846996  .T507T3  .639940  .5254k7

8 995998 °985661 961258 916064  .84TL12  .T5T023

9 .999780  .998661  .99kk25  .982668  .95T348  .912964

‘ 10 2999995  .999937  .999577  .997962  .992751 919797
11 % .999996  .999985  .999872  .99929k  .99T1hk

12 & 2 % 999996  .999963  .999766
5 1.000000 & & & .999999  .999988

1k 1.000000 @ & % 999998

15 | 1.000000 @ & @

16 ' 1.000000 & &

17 1.000000 a

18 1.000000

8Greater than .999999.
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. Table 6.3.2 (continued)
Minimum _ Number of replications (n) equal to
ry equal to 19 20 21 22 23 . ok
0 .000006  .000003  .00000L  .00000L & 8
1 .000115 .000060  .000031  .000017  .000008  .0000OL
2 .001086  .000601  .000330  .000L82  .000098  .000053
3 .006513 .003812 .002211  .001274  .000727  .000413
L 027591 .017152  .010529  .006394  .003843  .002290
5 087452  .05804k2  .037873  .024348  .015444k  .009681
6 214603  .152918  .106591  .072873  .0LBO6T  .0324k01
7 A16891 320729 .2Lk0075 0 .175388  .125387  .087927
8 653057  .5hlk20 439603 L3U4TOT 263438 196595
9 LBh7e0l 762255 664141 .B60T713 .UB59510 L366372
10 953826  .910270  .8hk7273  .T66T1L  .673656  .5T74880
11 .991022  .9TT7063  .950636  .907898  .84T7333  .TT70561
12 .998932  .996236  .989273  .9ThUET  .9k7T30  .90578L

.999927  .999620  .998500  .995258  .987526  .972002
999995 .999977  .999868  .999k32  .99800Lk  .99k223

&

H
=

15 999998 _ .999999  .999991  .99995T  .999790  .999198
16 P P 999997  .999997  .999983  .999925
17 b ® 1999999 .999996  .999993
18 b b b ® 999997 999997
19 1.000000 b b b b b
20 1.000000 b b P P
21 1..000000 P b b
20 1..000000 b b
23 ’ 1.000000 b
. ol _ 1.000000

8Less than 8.000001.

bGreater than .999999.
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‘ Table 6.3.3. The exact probability distributions of miri%mum
(‘m:I.n(r:.L s 'n-ri)) when comparing all pairs among k = 3
treatments
Minimum
(min(ri, n-ri)) Number of replications (n) equal to
equal to 2 3 L 5 6 7
0 .83333 52778 30093 16281 .08552 0kl13
1 16667 Jh7222 .69213 55170 39815 .26001
2 L0069k  .28549 47646 .50007
3 03987 19579
Min%mum
(min(ri, n—ri)) ) Number of replications (n) equal to
equal to 8 9 10 11 12 13

. 0 .02252 .011lkl  .00576  .00290  .0OL45 .00073
1 .15987  .09Lu6 .05426 03055 .01693 .00928
2 J1769 30864 .211k8 .13765  .08634 05266
3 37329 L4063 LoTh3 32910  .2h431 17116
b 02663 .1h486 30168  .38708  .38602 33375
5 .01939  .l1272  .25001 34150
6 L0140k .09093



Table 6.3.3 (continued)

Minimum
(min(ri, n-ri)) Number of replications (n) equal to
equal o) 1h 15 16 17 18 19
0 .000365 .000183 .000091 .000046 .000023 .000011
1 005035 .002712 .001452 .000T73 .000K10 .000217
2 031425 .018430 .010657 .006091 .0034L7 .001935
3 .11ko1k  .oTMETT .OLT291 .029326 .0178TL .010736
L 263708 .195789 .138830 .095001 .063183 .ou1051
5 361175 32961k 273858 .213179 .158117 ;112951
6 211431 303240 .336199 .320690 .2TTT48 ;22h915
7 .011949 .075355 .18L777 .27112k .312480 ;509285
8 .0098k: 063769 156426 .2hlooe
9 .008292 ;05u876



Table 6.3.3 (continued)

Min%mum
(min(ri, n-ri)) Number of replications (n) equal to
equal to 20 21 22 23 2k

0 .000006 .000003 .00000L: & &

1 .00011k .000060 .000031 .000016 .000009

2 .001079 .000597 .000329 .000180 .000099

3 .006370 .003740 .002175 .001255 .000719

L 026156 .016392 .oi0128 006181 .003732

5 078282 .052915 .035023 .022767 .OL45T2

6 173254 128359  .092149 (064448 .0LLO8T

7 277433 232327 .184851 .141315 .104592

8 290538 .206ThT .2TW31T .236L469 .193502

9 .139660 .220987 .270497 .283866 269365

10 .007108 .047873 .124315 .201258 .252300

11 .006182 .Oh22L3  .111582
.005441

12

81ess than .000001.

99
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’ Table 6.3.4. The exact cumulative probability distributions of minji_mwn
(min(r;, n-r,)) vhen comparing all pairs emong k= 3
treatments

Min%mwn
(min(ri, n-ri)) Number of replications (n) equal to
equal to ' 2 3 L 5 6 T
0 .83333 52778  .30093  .16281 .08552  .O4413
1 1.00000 1.00000 .99306 .T71451  .L836T7  .30L1k4
2 1.00000 1.00000 .96013 .80&21
3 1.00000 1.00000
Minimum
i
(min(ri, n-ri)) Number of replications (n) equal to
equal to 8 9 10 11 12 13
‘ 0 02252  .01141  .00576  .00290 .00145  .00073
1 .18239 .10587 .06002 .03345 .01838  .01001
2 .60008  .41ks1 .27150  .17110  .104T72  .06267
3 97337  .85514  .67893  .50020 .34903 @ .23383
4 1.00000 1.00000 .98061 .88728 .73505 .56758
5 1.00000 1.00000 .98506 .90908
6 1.00000 1.00000



Teble 6.3.4 (continued)

101

Minimum
(min( ry, DTy )) Number of replications (n) equal to
equal to 14 15 16 17 18 19

0 .000365 .000183 .00009L .000046 .000023 .0000Ll

1 .005400 .002895 .001543 .000819 .000U33 .000228

2 .036825 .021325 .012200 .006910 .003880 .002163

3 151739 .096002 .059491 .036236 .0R1754 .012899

L L5kl 0291791 0198321 131237 .084937  .053950

5 SIT6622 621405 472179 W3L4M16 243054 L166901

6 .988053 .9246k5  .808378 .665106 520802 .391816

7 1.000000 1.000000 .990155 .936230 .833282 .TO110l

8 1.000000 1.000000 .991708 ;945125

9 1.000000 1;oooooo



Table 6.3.4 (continued)
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Mindmam
(min(r,, n-r,) Number of replications (n) equal to
equal 1o 20 21 22 23 2L
0 .000006 .000003 .00000L & &
1 .000120 .000063 .000032 .000016 .000009
2 .001199 .000660 .000361 .000196 .000108
3 .007569 .004LOO .002536 .001451 .000827
4 .033725 .020792 .012664 .007632 .004559
5 .112007 .O73707 .O47687 .030399 .019131
6 285261 .202066 .139836 .094BLT .063218
T 56260k 434393 (324687 .236162 .167810
8 853232 .731140 .599004 472631 .361312
9 .992892 .952127 .869501 756497 .630677
10 1.000000 1.000000 .993816 .957755 .882977
11 1.000000 1.000000 .994559
12 1.000000

Bl ess than .0000L.
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Teble 6.3.5. The exact probability distributions of minimum ri when
comparing all pairs ampng'k?=ih\treatm§nts
Mindmum , Number of replications (n) equal to

r, equal to 1 2 3 L 5 6
0 95833 .T3785 L7866 .28098 15544 .08292
1 LOk167 2602 L8676 55647 L4BMST 35951
2 .00174 03451 15923 «32709 143103
3 .00007  .00332  .0326k  .12162
I & 00027  .00490
5 &  ,oo002
6 al

8less than .0000L.

Table 6.3.6.

Minimum
Ty equal to

The exact cumulative probaebility distributions of minimum
ry vhen comparing all pairs among -k =.l4 treatments

Number of replicationsh(n) equal to
5

1 2 3 6

o)

1

o\

.95833 .T3785 L7866 .28098 15544 .08292
1.00000 .99827 96542 83745 64001 Jhi2h3
1.00000  .99993  .99668  .96710  .87346

1.00000 .99999 .9997h .99508

1.00000  .99999  .99998

1.00000  .99999

1.00000



10k

Table 6.3.7. The exact probability distributions of minimum
i
(min(ri, n-ri)) when comparing all pairs among k = L4

treatments
Min%mum
(min(ri, n—ri)) Number of replications (n) equal to
equal to 1 2 > L ) 6
0 1.0000 95833  .73785 L7866  .28097 - .15544
1 Ol1e7T 26215 51418  .61709  .5h4h62
2 .00716 .10194 29763
3 00231

Table 6.3.8. The exact cumulative probability distributions of min%mum
(min(ri, n-ri)) when comparing all pairs among k = k4

treatments
Min%mum
(min(ri, n-ri) Number of replications (n) equal to
equal to 1 2 3 h 5 6
0 1.00000 .95833 .T3785 L7866  .28097  .155lk
1 1.00000 1.00000 .99284 .89806 . 70006
2 1.00000 1.00000 99769

3 1.00000
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Table 6.3.9. Critical values of minimum ry for comparison of all pairs

amrg k=3 treatments in n sets of observations

Level of significance for minimum ri

.01

n .25 .20 15 .10 .05

Y 0 (.163)%* o0 (.163) - - - -

5 0 (.086) 0 (.08) 0 (.08) 0 (.086) - -

6 0 (.0kk) 0 (.0kk) o (.0uk) O (.04k) O (.OLk) -

7 1(.6k) 1(.164) o0 (.025) o0 (.023) O (.023) -

8 1(.096) 1(.096) 1(.096) 1 (.09) o0 (.011) -

9 2 (.228) 1(.055) 1(.055) 1(.055) 0 (.006) O (.006)
100 2 (.185) 2 (Ja45) 2 (J14) 1 (.031) 1 (.031) 0 (.003)
11 2 (.090) 2 (.090) 2 (.090) 2 (.090) 1 (.017) © (.001)
2 3 (.190) 3 (.190) 2 (.054) 2 (.05%) 1 (.009) 1 (.009)
13 3 (.124) 3 (.12%) 3 (.124) 2 (.032) 2 (.032) 1 (.005)
1+ bk (.229) 3 (.019) 3 (.079) 3 (.079) 2 (.019) 1 (.003)
15 W (.as57) ¥ (.157) 3 (.050) 3 (.050) 3 (.050) 1 (.001)
16 4 (.105) b (.105) 4 (.105) 3 (.030) 3 (.030) 2 (.006)
17 5 (.187) 5 (.187) 4 (.068) 4 (.068) 3 (.018) 2 (.003)
18 5 (.129) 5 (.129) 5 (.129) L (LOMk) L (.0k) 2 (.002)
19 6 (.215) 5 (.087) 5 (.087) 5 (ﬂ087) b (.028) 3 (.006)
20 6 (.153) 6 (.153) 5 (.058) 5 (.058) L (.o17) 3 (.00k)
21 7 (.240) 6 (.106) 6 (.106) 5 (.038) 5 (.038) 3 (.002)
22 7 (.175) 7 (.175) 6 (.073) 6 (.073) 5 (.024) k4 (.006)
23 7 (.125) 7 (.125) 7 (.125) 6 (.0k9) 6 (.0k9) 4 (.0OK)
2k 8 (.197) & (.197) 7 (.08) 7T (.08) 6 (.032) 5 (.010)

&( ) Exact cumulative probebility.
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Teble 6.3.10. Critical values of min%’.mum (min(ri, n-ri)) for comparison
of all pairs among k=) treatments in n sets of observa-
tions
Level of significance for minimum (min(ri, n-ri))

n .25 .20 15 .10 .05 .01
N - - - - - -
5 0 (.163)° 0 (.163) - - - -
6 0 (.086) 0 (.086) 0 (.08) 0 (.086) - -
7 0 (.04k4) 0 (.0kk) 0 (.OBk) 0 (.0Mk) O (.Okk) -
8 1(.18) 1(.18) 0 (.023) 0 (.023) 0 (.023) -
9 1(.206) 1 (.106) 1(.206) o (.011) O (.011) -

10 1 (.060) 1 (.060) 1 (.060) 1 (.060). O (.006) O (.006)

11 2 (.171) 2 (.171) 1 (.033) 1 (.033) 1 (.033) O (.003)

12 2 (.105) 2 (.105) 2 (.105) 1 (.018) 1 (.018} 0 (.001)

13 3 (.234) 2 (.063) 2 (.063) 2 (.063) 1 (.010) 1 (.010)

1 3 (.a52) 3 (.152) 2 (.037) 2 (.037) 2 (.037) 1 (.005)

15 3 (.096) 3 (.0906) 3 (.096) 3(.096) 2 (.021) 1 (.003)

16 4 (.198) 4 (.198) 3 (.059) 3 (.059) 2 (.012) 1 (.002)

17 L (.131) Lo(.131) 4 (.131) 3 (.036) 3 (.0%36) 2 (.007)

18 5 (.243) h (.085) L4 (.08) k& (.08) 3 (.022) 2 (.004)

19 5 (.167) 5 (.167) 5 (.167) 4 (.05%) 4 (.o54) 2 (.002)

20 5 (.112) 5 (.112) 5 (.112) 4 (.034) L4 (.034) 3 (.008)

21 6 (.202) 5 (.o74) 5 (.o74) 5 (.o74) 4 (.021) 3 (.0Ok)

22 6 (.140) 6 (.140) 6 (.140) 5 (.048) 5 (.048) 3 (.003)

23 7(.2%) 6(.095) 6(.095) 6(.095) 5(.050) 4 (.007)

2h 7 (.168) 7 (.168) 6 (.063) 6 (.063) 5 (.019) 4 (.005)

&( ) Exact cumulative probability.
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