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iv
NOTATION

The following notation will be used in this dissertation. Let f
be a real function of a real variable, x. f' and f" refer to the
first and second derivatives of f with respect to x. v stands for
-f/f'. [f is a shortened form of f;)f(t)dt or fz f(t)dt, depending
on whether the first integral converges or diverges. It will also be
written as F(x) or simply, F. Leaving out explanatory symbols such
as (x) and integration limits in a context where they are understood
clarifies complicated formulas.

Theorems, formulas, and examples will be numbered in a single
ordering. They will be referred to by numbers in parentheses. Such
references at the end of a line of proof justify the preceding statement.
Numbers in square brackets refer to the bibliography listed at the end.

Parentheses will also be used to designate points of the
(x, £f(x)) plane, open intervals on the real line, and the extended
order notation defined in Chapter II. Square brackets will also be
used for closed intervals, and a combination of a round and a square
bracket refers to an interval open on one end and closed on the other.
Curly brackets refer to sets. {x; a <x <b} is the set of all numbers,
X, that are >a and < b.

The sympols, == and &= stand respectively for "implies" and
"if and only if." These symbols are less powerful than the phrases, so
that the sentence,

If A, then B = C
should be parenthesized

If A, then (B = C).
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The symbol, ==% , directly following a comma, should be read, "which
implies that," and thus it introduces a new line of proof. An equal
sign directly following a comme has the meaning, “which equals.” The
symbol, //, designates the end of a proof.

The letters € and & are always considered smsll, positive
numbers, and M, N, and R, large positive numbers. R is also used
briefly as the multiple correlation coefficient. m and n are always
considered positive integers. i and J are integers that are often
used as summation indices.

A single arrow, -, means “epproaches a limit of." The tense is
occasionally changed to “approaching" or “would approach" where
appropriate. Infinite limits are allowed unless specifically prohibited.
Thus, the statement, "“f(x) - a limit" means that one of the following
situations holds.

1) There exists a real number, L, with the property that for
every ¢ there exists N such that x >N =5 |f(x) - L| <e;

i.e., f(x) - L.

2) For every R there exists N such that x >N == f(x) > R;
i.e., f(x) = o0.

3) For every R ‘there exists N such that x >N == f(x) < - R;
i.e., f(x) » -e0,

The notation, f < g, stands for the statement, "there exists N
such that x >N == f(x) < g(x)."

The word, constant, used in such phrases as f(x) = constant-f(x),

and g(x) - a constant, refers to a finite, real number £ 0.
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The order of f 1is a real number or +% or -%, It is symbolized

by 6(f) or r. When finite, it means that for every e,
xr-e <f < xr+e or the same 1is true of -f. r = +%° means that for
every N, xN <f or the same is true of -f. r = -% means that for

every N, |f| <x N, e letter, 7, stands for r/(r+l).



CHAPTER I

INTRODUCTION AND SUMMARY

When one is trying to solve a problem in statistical inference,
and wishes to give an answer that is an exact probability statement, an
essential step is often the evaluation of the integral, from some point,
a, to =, of a known function, f. In statistics, this integral al-
most never has some simple, closed form, and the tables that have been
constructed are incomplete, both with respect to probability levels and
degrees of freedom.

There is a need for handy methods of approximating these integrals,
and, indeed, many methods have been considered by statisticians. Nearly
all of these methods, however, have been good near the center of the
distribution and relatively poor on the tails.

The methods considered in this dissertation lead to approximations
that get increasingly accurate as a - =, so0 that they are especially
applicable to the tail of a distribution. This is usually the place
where most accuracy is needed, since research workers have found the .05,
.01, and .00l levels most useful. There are many cases where even more
extreme levels are needed, such as when lives are at stake, or in com-
bining the results of tests. The methods considered here can thus be
applied to the usual levels of untabulated distributions and to extreme
levels of the common distributions.

The approximations depend only upon knowing the value of f and a

few of its derivatives at a, and that f has desirable monotonic



properties. Sequences of increasingly accurate approximations are de-
rived along with bounds for the errors, so that the application is both
general and practical.

The methods considered apply to the lower tail by using the trans-
formation, g(x) = f(-x). Proper integrals can be approximated by sub-
tracting an approximation to F(b) from the approximation to F(a).

(We are writing F(a) for f: f(x)dx.) The methods are extended by
analogy to finite tails and to sums of series.

A wide class of approximations previously studied have been the
methods of mechanical quadrature, such as are described by Irwin, [20].
The value of f 1is obtained for a finite number of points and approxi-
mated elsewhere by fitting polynomials through these points. The ap-‘
broximation to f is then integrated and the whole procedure summed up
by a handy formula.

This method applies only to finite intervals, since if one tries to
extrapolate the polynomials, they approach . So no matter how far out
one goes on the tail, there always remains an error tail that must be
approximsted and bounded. TFor the latter calculation, the methods of
this dissertation are well suited. Indeed, by combining quadrature with
a formula asymptotic as & approaches «, such as is considered here,
one can make the relative error as small as one Pleases.

If one knew the median, or a lower bound for the distribution,
(e.g. the gamma distribution has a lower bound of 0,) one could ap-
proximate the tail area by subtraction. In this case, the error, though
numerically small, grows increasingly large relative to the integral as
a - o,

Another class of well-known procedures consists of special cases of

the method of orthogonal polynomials, which is thoroughly described by
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Szego, [48]. 1In this method, we are given an interval, (a, b), finite
or infinite, and a positive, increasing function, @. Two functions, f
and g, are said to be orthogonal under these conditions if (f*g),
which is short for f: f(x)g(x)dx(x), is equel to O. One can build up
a sequence of polynomials, {@1], of degree i, =0,1, 2, ..., every
rair of which is orthogonal, and these are called orthogonal polynomisls.
For different values of a and b and different functions, «Q, one
gets different sequences of orthogonal polynomials.

Now this orthogonal sequence has the following approximation prop-
erty: the minimum distance between f and a linear combination of

¢0, vee, ¢n is always given by

where the distance between f and g 1is defined as
fo [2(x) - g(x)12 ao(x).
Thus, the integral of f can be approximated by integrating a finite
number of polynomials.

This procedure has its advantages and disadvantages. It again fails
for the tail, since the approximation is a polynomial and - » with x.
And further, we have to compute n integrals, (¢o‘f), ceey (¢n‘f): in
order to get the original integral. However, there are special cases
when we can compute the coefficients by short cuts, and then we don't
even have to know f itself. 4n example is the Gram-Charlier A series,
which is the expansion of f(x)/(normel density) in Hermite polynomials.
(& = -0, b = o, x) = fxe'tz/e.) The coefficients turn out to be linear

)

functions of the moments of f, which in many cases are more readily

available than an exact knowledge of f.
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In the Gram-Charlier series, and also in the Edgeworth series, which
is a rearrangement of terms of the former, we have f(x) equal to ¢(x)
multiplied by a series of polynomials in x. (¢(x) is the normel
density.) This can be integrated term by term to obtain F(x) = &(x)

+ (¢ times a series of polynomials in x.) This is not an approximation
that approaches o« with X, but because F is very unlikely to have
order -(1,2), 1in the terminology of Chapter II, the relative error ap-
proaches o or O.

Another method of approximation is called Laplace's method, [26].
The integral of a function with a sharply peaked maximum is approximated
by means of the value of the function and its second derivative at the
maximum. When this method is sharpened up by taking a path of integra-
tion in the complex plane to give f a steepest maximum, it is called
the method of steepest descent. A one-sided form of Laplace's method is
called the method of the stationary phase. This class of approximation
methods, which is described by Erdelyi, [9], clearly applies to the cen-
ter of the distribution rather than the tail.

The method of contour integration has simplified the calculation of
many integrals. In its simplest form, one obtains the integral of f(x)
from -» to o« as the 1limit of the integral along a sequence of closed
paths in the complex plane. One side of the path is a bigger and bigger
interval on the real axis approaching the whole axis, and the other seg-
ment is chosen so that the integral over it approaches O. OQur integral
has a finite left end point, so that in only very special cases does the
integral over the complex segment approach O. The situation is not im-
proved if one applies the transformation, =z = 1og(x—a), carrying a
into -w=. To get the integral of the transformed function over any com-

Plex path from -R to R, say, we could Just as well have taken the
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integral over f along a path from g + e'R to a + eR. And that, as
we have observed, is most unlikely to approach O.

In preparing the preceding abbreviated summary of known methods, I
am indebted to Harold Hotelling's course on integral approximations at
the University of North Carolina, and to D. L. Wallace's expository
article, [54], on the same subject, which describe the foregoing and
many other methods. The Principal difference between the methods des-
cribed by Wellace and those of this dissertation is that the former are
asymptotic as a parameter, n, approaches o, while the latter are
asymptotic as x approaches .

There must be hundreds or thousands of different methods of inte-
gration scattered through the literature. I cannot pretend to have
searched them all out. What I have done, in addition to following up
the aforementioned sources of information, is to check through MEEEE'

matical Reviews and the Fortschritte der Mathematik for general methods

of integration that are good on the tails, and for all methods that bear

resemblance to those of this dissertation. In Mathematical Reviews, I

checked the sections on “Analysis, general," “Theory of functions of a

real variable,” (which changes to "Theory of measure and integration,")
"Theory of series," "Numerical and graphical methods," and "Probability
and statistics," from Volume 1, (1940), up to the present. 1In the

Fortschritte I have checked for all volumes, (1868-1941), the sections

on analysis in general, series, integration, differentiation, real
variables, approximations, practical analysis, and probability. I have

also checked through relevant sections of the Encyclopaedie der

Mathematischen Wissenschaften, and all volumes of the journal, Mathe-

matical Tables and Aids to Computation.
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I was fortunate to be able to consult Hans J. Rohrbach, an expert on num-
erical analysis, about possible references in the literature. He was
kind enough to furnish me with a short bibliography, which I have checked
most carefully. A reference given both by him and by H. Hotelling,

Orders of Infinity, by G. H. Hardy, [15), turned out to be most relevant

to my work, and I read it with great care and checked its references. I

have also read carefully Asymptotic Expansions by A. Erdelyi, [9], and

checked its references.

The search showed that the subject of this dissertation has rarely
been considered. Hotelling, [17), by a geometrical argument, has given
an approximation for the distribution of t for the normal and non-nor-
mal cases that improves as t approaches «. Wallace, [S4, p. 647), re-
lates a special procedure devised by D. Teichrow for the normal t dis-
tribution that is asymptotic as both t and n approach . Hardy,
{15, p. 37], gives two integral approximation fdrmulas that are asymp-
totic as a approaches . These are discussed in Chapter II, Formula
33. Ostrowski, [31], gives one of them more general conditions. (see
Theorem 35.)

An expeansion of a definite integral by Laplace in 1814, [26, p. 90],
forms the subject of Chapter V of this dissertation. The expansion was
given a simpler derivation and a remainder term by Winckler, [58], in
1817, and then, apparently forgotten. Although the emphasis of these
authors was on the evaluation of a proper integral, the series is es-
pecially applicable to tail integrals. 1In Chapter V, it is shown that
the expansion is a special case of a general iterative procedure. This
procedure has desirable asymptotic properties when £ has infinite order,
and a modification is introduced that is suitable when f has finite

order, to use the terminology of Chapter II.
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Two other procedures are studied in this dissertation. Since it is
natural to think of the Taylor expansion in connection with approximation
Procedures, its usefulness for approximating tail integrals is considered
in Chapter IV. It cannot be applied directly, since all the terms ap-
proach «, s0 we apply a transformation, ¥ = ¥(x), carrying o into
O. The integral is now expanded around V(a) or O. The expansion of
F(x) in powers of 1/x is a special case of this method.

The best ¥ one can choose is the transformation y = F(x), which
reduces the Taylor series to one term. If we don't know F, but have

a good guess, F the latter function would seem to be a good choice

l)
of . 1In that case, we expect the Taylor series to be well approxi-
mated by the first term, which is Fl(a)f(a)/fl(a), (where fl(a) is
éFl'(a), to be analogous to F and f.) We can call this expression
Fe(a), and we have an iterative procedure for approximating F. The
properties of this procedure are studied in Chapter VI.

In order to write the formulas for these procedures, and to study
their errors and asymptotic properties, it is necessary to introduce the
concept of order. In this connection, the Cauchy definition has been
most useful, [3, p. 281]; namely, the order of f is r means that
given any ¢, from a certain point on, xr-E <f< xr+€. Chapter II is
devoted to order theorems based on this definition. Some of the theorems
cover ground previously explored by Cauchy, [3], Borel, [2], and Hardy,
[15]). These theorems are included for the convenience of having a col-
lection of order theorems based on the Cauchy definition, exactly stated
in & uniform notation.

In Chepter III, some general theorems about errors and bounds for

integral approximations are proved. Chapters VII and VIII extend the

procedures by analogy to finite tails and infinite series.



Chapter IX applies the methods of this dissertation to integrals
useful in statistics. New and useful approximations are obtained for
the t, gamma, beta, bivariate normal , and Pearson Type IV distributions.
The approximation formulse discussed in this dissertation are listed

in an appendix for easy reference.



CHAPTER 11

ORDER THEOREMS

In this chapter we will classify certain well-behaved functions ac-
cording to their rate of increase as x — . Various ways of doing this
have been proposed. The most common notation is due to the influence of
Lendau, [25, p. 61], and Hardy, [15]. They write, f = o(g), for
£(x)/g(x) »0 as x »w, f = O(g), for £(x)/g(x) is bounded as x - o,
and f ~g for f(x)/g(x) -1 as x - o.

For the purposes of this dissertation we will need to be more ex-
plicit. The trouble with the Landau concept of order is that if
f = o(x®), say, then f also = o(x®). We want a notation that dis-
tinguishes between these two cases.

A notation proposed by Cauchy, [3, p. 281], and elaborated by Borel,
[2], serves this purpose. They say that the order of f is r when

-
x €< T < xr+€ from a certain point onward. This distinguishes between

the functions, x® end x% but fails to distinguish between x2

and
x2 log x. Borel, [2], proposed a notation that discriminates among all
types of regular increase, so that if f = o(g), then f and g have
a different order notation. This notation is too precise, being too
cumbersome to be useful.

Since Cauchy did not carry his concept beyond one or two theoremns,
and since no other writer (that I know of) has made a collection or order

theorems based on the Cauchy definition and precisely stated and proved,

a number of such theorems will be written down here. Of course, they
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will, in many cases, cover ground that has been essentially explored
before.

Definition. Let r be a real number. f has order r, also written,

r-¢

6(f) = r, means that for any ¢ >0, x €

<f<xt » or the same thing
is true of -f. f has order « means that for any large number, N,

xN < f, or the same thing is true of -f. f has order -« means that
for any N, If] < x-N. We will say that f has order, if there exists
r, finite or infinite, such that 6(f) = r.

Example 1. There are, of course, many functions that do not have order.
The following monotonic function does not have order: f 1is a function
whose graph is a polygonal curve joining the points, (1,1), (2,1/4),
(5,1/5), (6,1/36), (37,1/37), and so on. Although £ steadily de-
creases, it alternates between the functions, x-l and x_e, and so cen-
not have order.

Theorem 2. 6(f) < 6(g) == || < |g|, and £ = o(g). If I£] 2 |g]
and both have order, then 6(f) 2 6(g).

Theorem 3. 6(cf) = 6(f).

Theorem 4. f has order # -» == £ >0 or f < O.

The proofs of these theorems are immediate. e ™% sin x 1is an
example of a function having order - and alternating in sign
indefinitely.

Example 5. A function having order O does not have to - a 1imit.
The function sin x + 2 1is an example. All functions of positive
order - « and all functions of negative order - O,

Theorem 6. 6(f) =r =3 6|f| =r. Ir elf| =r, and if r = -» or
f 1is continuous, then 6(f) = r.

Proof of the last statement. If f is continuous and alternates

in sign indefinitely, then f =0 on a sequence of points approaching
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®, == [f| has order e, == 6(f) = 6|f] = ~x. //
In the next theorem, we prove the equivalence of the Cauchy defini-
tion of order and one given by Borel, [2, p. 34].
Theorem 7. If f is continuous, or if £ >0 or £ <O, or if r = ~co,
then 6(f) = r, finite or infinite ¢== log|f|/log x = r.
Proof. Under the assumptions of this theorem, 6(f) = r ¢= 0|r|
=1, (6). Case 1: r 1is finite. O|f| = r ¢mm x* € < [£] < &€,
&==> (r-¢) log x < log |f| < (r+e) log x, == log |f|/10g x > r. A
similar proof applies to the cases r = +w. [/
Theorem 8. 1) If f(x) ~1 then f - 1 ~ log f, and hence o[ £(x) -1]
= 8(log f), provided that one of the two has order.
2) If 6(f) =0 and f' has order, then O(1/f)' = 6(f').
3 If f-a constant, c, then 1/f - 1/c ~ constant . £
Proof. Part 1 is a consequence of the fact that logy ~ y -1 as
6(£'/£2)
= (c - £)/tc ~ (£ - c)/-c® (1/f)' = £1/£2 ~ £'/c2, //

Theorem 9. If f and g are positive, and 6(f) > 6(g), then

Yy~ 1. Part 2: 6(1/f)

e(f'). Part 3: 1/f - 1/c

0(f+g) = 6(f). 1If o(f) >6(g), then O(f-g) = 6(¢). Ir 6(f) = 6(g),
and f-g has order, then 6(f-g) < 6(f). 1If, in addition, £ is not
~ g, then 6(f-g) = 6(f).

Proof. 6(f) > 0(g) == x' ¢ < f/2 <f+g < 2f < €, where
r=6(f), =2 8(f+g) = 8(f). Now let us suppose that 6(f) = 6(g) = r.

r € r-€

X €< <Xt ana x € L6 e o re

<g< xr+ y = 5 )

== 6(f+g) = r. Let us further suppose that f-g has order. Then
6(f-g) <r because |f-g| < |f| + |g|, (2). But if 6(f-g) <r, then
f-g =o(g), = (£/g) -1+0, =0 £ ~g. //

Theorem 10. If f - L, and g€ - K, constants, and the expressions in

the theorem have order, then both 6(fg - IK) and [6(f/g - L/K)]
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= max {6(f-L), 6(g-K)), unless, possibly, 6(f-L) = 6(g-K) and

£-L

= ~ %, [+%], in which case the symbol, =, should be replaced by 5_

Proof. Let f-L =¢ and g-K = B. fg = IK + €K + 5(L+e).
Case 1: 0O(e) > 0(d). Then 6(Ke) > 0[5(L+e)], == 6[eK + 5(L+e)]
= 8(eK) by (9). Case 2: 6(e) = 6(8). Then 6[cK + 5(L+e)] = 6(e)
unless €K ~ -8(L+e), 1i.e., ¢/8 ~ -L/K, since e - 0, (9).

The division part of the theorem is obtained from the first part by
substituting 1/g and 1/K for g and K. 6(1/g - 1/K) = 6(g-K),

(8.3), proving part of what we want. The rest follows from the relation

é - % =‘%é% ~ 51%, so that gf% ~ % may be substituted for the relation
-K

(£-L)/(1-g - 1/K) ~ -KL, that one would obtain from the first part of
the theorem. //

r. If 6(f) =0, and

i}

Theorem 11. 1) 6(f) =r >0 == 9(f+c)
either f -+ o, or f and c¢ are both 20, or f+c has order and

0.

f+ -c, then 6(f+c)
2) If f has order and a >0, then 68(f(ax + b)] = 6(f).

Proof. 1) is an immediate corollary of (9). Proof of 2).

o a
Lim (253;“2) = [lim (Eiit;g)] = a% Hence (ax + b)%* ~a%x% Case 1:
6(f) =r, finite. x 2 < (ax + b)T™¢ < £(ax + 1) < T+

= 6[f(ax + b)] = r. The other cases are similar. //
Theorem 12. If f and g have order, and their orders are not oppo-

site infinities, then 6(fg) = 6(f) + 6(g).

Proof. }2§l§§i = Log| 7| + Log|g] - e8|t + 6lg|, (7)),
log x log x log x

=06(f) + 6(g), (6). Hence 6|fg| = 6(f) + 6(g), (6). Now if either
6(f) or 6(g) = -», so is 6O(f) + 6(g) and O|fg| = 6(fg), (6). Other-
wise, f and g, and hence, fg, are of constant sign, so that the

same result holds, (6). //
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Theorem 13. If g->» and f and g have order # O and «, or
and 0, then 6[f(g)] = 6(f)-6(g).

Proor. 108|2(8)| _ 1log|f(s)] . logle| | e|t| elg|, (1),
log x log|g| log x

= 0(f) - 9(g), (6). Hence 6|£(g)| = 6(£)-6(g), (7). The proof con-
tinues as in (12). //
A more general version of this theorem will be discussed in Chapter

VII.

Theorem 14, 6(f) = r = 6(£%) = ar, for all a.

(0
Proos. Lo8If] = o&EElfl. —» 0f|f| = a9(f). The proof continues
log x log x

as in (12). //

Theorems 9, 12, and 13 embody the three principles that Hardy states
as essential for any order notation, [15, p. 26]. (12) and (13) are
proved by Cauchy, [3, p. 281], for finite r > O.

Theorem 15. 6(1/f) = -6(f), if £ has order, (14). 1If f and g
have order, not both w® nor both -w, then 6(g/f) = 6(g) - o(f), (12).

In order to talk about the integral of a function and its order, we
adopt a definition given by Hardy, [15, p. 37]. We take the integral of
£(x), written F(x), to be f: £(t)dt, if that integral exists, and
f: f(t)dt otherwise. f(x) = -F'(x) in the first case and F'(x) in
the second. In the second case, F(x) 1is determined only up to an addi-
tive constant. By (11), this ambiguity has no effect on the order of F.

Hardy has proved the following theorem, [15, p. 33].

Theorem 16. If f and g are 20, then f =o(g) = F = o(G),
and f ~g = F ~ G,

Proof. Case 1: G(x) = L: g(t), convergenf. Assume f = o(g).

For every e, there exists R such that for x >R, f < eg. Hence for

X>R, F<eG, = F=0(G). If f~g, (le)g<f < (1+¢)g, ana
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(1-e)G <P < (1+€)G, for x >R. Case 2: G(x) = f: g(t), divergent.
If f: £(x) is convergent, then f = o(g) and F = o(G). So suppose
F(x) diverges and f = o(g). f <eg for x > R, == fﬁf < ef;g for
X > R. Since f;g - o with x, there exists x large enough so that

f? f< ef§ g, ==d f§ f< 2ef§ g < 2ef§ g. Now suppose f ~ g.

g(x) < (L+c) £(x) for x >R, == f; g < (1+€) fg f. For x large
enough, f? g<e f; f, == f: g < (1+2¢) f; f < (1+2¢) f: f. By
alphabetic variation, fz f < (1+2¢) f: g for x large enough. // (Al-
though this proof is basically similar to Hardy's proof, it is included
for easy reference and compatibility of style.)

This theorem can be rewritten as follows:

Iheorem 17. If £ >0 and if g/f - a limit, (finite or infinite,)
then G/F - lim g/f.

Proof. The theorem clearly follows from (16) if g >0 or g < O.
Otherwise, let G_ = /lgl. &/f must, in this case, - 0, which im-
plies that |g|/f - 0, == Go/F - 0, Dby the first part. |G| < G,
== G/f - 0. // The theorem in this form was proved by Lettenmeyer,
[27], for the case when f and g - =,

Theorem 18. If 6(f) =r, finite or infinite, then O(F) = r+l1. If,
in addition, f' has order snd f - 0 or w, (which will automat-
ically happen if r # 0,) then 6(f!) = r-1.

Proof. Case 1: r is finite. x' © = o(f) = EH-e | o(F), (16).

Similarly, F = o(xr+l+€), so that 6(F) = r+l. Case 2: r = w.

= o(f), =0 L < o(F), (16), = 6(F)

-N+1

o, Case 3: r = -,

~w, The second state-

f/x'N-»o, =5 F/x - 0, (17), == 6(F)
ment of the theorem is an obvious consequence of the first. //

We require that £ + 0 or = s0 that it can fit the role of F in
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the first statement. When (16) or (17) are applied, we must recall that
F and G have been defined in such a way that they cannot either ap-
proach a constant.

The following theorems show some other ways in which the order con-
cept we have been using can be defined.
Theorem 19. 6(f) = r == 1ludb {p; f: xP f(x)dx converges} = -(r+l).
Proof. lLet g(x,p) = x°£(x). Case 1: r is finite. Let p be
< -(r+l). 6(g) = r+p < -1, (12), == 6(G) <O, and the integral con-
verges. 6(G) >0 if p > -(r+l), = the integral diverges. Case 2:
r =+ oo Then 8(g) = + ®, == 6(G) = + w, //
Example 20. We have shown that the integral converges for p < -(r+l).
It p = -(r+l), the integral can either converge or diverge. TFor

- o -
(r+d), | [, %2 = @, But if

example, if f£(x) = x2, then f: x
£(x) = x®/(log x)2, then G = f: 1/x(log x)2 = -1/1og x IZ = 1/1og a. //
Example 21. The converse of Theorem 19 does not hold. If it did, any |
positive function would have order, since f: Pr  is an increasing
function of (, and there must therefore be a l.u.b., finite or infinite,
for f{p; f: xPr converges. ] The following is an example of a function,
£, for which f: xPz converges for p < -(r+l), diverges for

o > -(r+l), and yet does not have order. Let £(x) = x™2 with little
symmetrical triangles of height 1 and area 2™ added at the points,

x = an integer, n. [x°P(x)dx = [x°2 4+ £ nP 2. The second term con-
verges for all p. Hence, fxpf converges for p <1 and diverges for

p > 1. Yet the function does not have order.

Example 22. From the preceding example can be derived an example of a
monotonic function, g, which has order while its derivative, g', does

not. Let g(x) be f: £(t)at, where f is defined in Example 21.

g'(x) = £(x) and does not have order. g(x) = f: t~2at + Z; 2™
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Ly onlxl lee g(x) < x-l+€, so g has order. //

= x
Theorem 23, 6(f) =r >0 == lub {p; f: £° converges] = -1/r. r <O
=5 glb {o; f: £ converges) = -1/r.

Proof. lLet r be >0 and p > -l/r. Let g(x,p) = [£(x)1°.
0(£P) = pr > -1, (14), =0 6(G) > 0 and diverges. If p < -1/r, then
6(G) < 0 and converges. Similarly for r < 0. //

The following theorem is similar to one proved by Hardy for L-func-
tions, namely Formula 33 later in this chapter.

Theorem 24, if £' 1is continuous, and xf'(x)/f(x) - a limit, r, then
6(f) = r. If, in addition, r #0 or - =, then O(f') = r-1.

Proof. Case 1: f >0 [or £ <O]. gfi/i-»r =3 log f/log x » r,
(L7), == 6(f£) =r, (7). The only case where (17) doesn't work is where
log £ - a constant, c. Then ig%ag—i-g-» r by (17), =3 r = d = 9(f),
because f - e*. Case 2: f alternates in sign. Let g = |f|. At all
points, x, where f£(x) # 0, xg'(x)/g(x) = x£'(x)/£(x). At every point,
X

value of xf'(x)/f£(x) at points in a neighborhood of x, where f£(x) # o.

where f(xo) = 0, the definition of xbf’(xo)/f(xo) depends on the

At such points, xg'(x)/g(x) = xf'(x)/f(x). Hence, xof'(xo)/f(xo)
= xg'(xo)/g(xo). Furthermore f'(xo) must be =0, (If it were > 0,
say, there would exist a neighborhood of X where £'(x) >0, so that
£f(x) >0 and <O for points in every sub-neighborhood. Hence,
' (x)/f(x) »© and -» as x - X, & contradiction.) Thus, g'(x)
is continuous at x_, = 8(g) =r, (Case 1), = 6(¢) =r, (6).

If r is finite and # O, then xf' ~rf, so that 6(f') = r-1.
If r =w, then f = o(xf'), and xf' must be of constant sign, so that
6(xt!) = 8(£') = o //
Example 25, If r = -o, however, f could be e ~ with little 45°

slides tucked in at points, n, of length f£(n)/2, so that f(n)
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e-x/2n. The corners can be rounded to make f£' continuous, but £1(x)

-1 on the slides and e X elsevhere, and so does not have order. Thus

il

xf'/f > -, but f£' does not have order. //
Example 26. Let f£' vary between x7 end x® 1like Example 1. Let
£(x) = -f; £'(t)at + 1. Then 6(f) =0 and xf'/f -0, yet f' doesn't
have order. //
Theorem 27. If £/(xf%) > a limit, s, and f£' is continuous, then
xf'/f - 1/s. (1/0 is interpreted to mean « or -x.)

Proof. f£/(xf') » a limit, s, # 0 ==> xf'/f - 1/s. To complete the
proof, we suppose that f/(xf') -+ 0. There exists R such that for
x >R, £(x)/[x£'(x)] 4is defined and < 1 in absolute value. OSuppose
there exist two points, %y and Xy > R, where f(x) = 0. Then, by Rolle's
theorem, either f(x) = 0 between Xy and X5s which is impossible because
xf(x)/£'(x) was assumed to be defined there, or there exists a point, Xg
between them where f’(xE) = 0 bdbut f(x3) # 0. Then £(x)/[x£'(x)] be-

comes unbounded at x a contradiction. So there exists at most one

%
point > R where f(x) = O. Now suppose there exist points, Xy, 5 and

Xe s greater than that point and with f‘(xu) >0 and f'(xS) < 0. Then,
by continuity, there exists x6 between them where f'(x6) = 0. But here
f(x6) #0, so f£(x)/[x£'(x)] becomes unbounded again in a neighborhood of
Xg, & contradiction. Thus, we have f£(x) and f£'(x) of constant sign
for x large enough. Hence, if xf!'/f - 0, then f/(xf') » « or -=. //
Example 28. Let f£(x) =1+ e ® sin x. £'(x) = e* (cos x - sin x).

xf'/f - 0, but £/(xf') doesn't - anything. In fact, every real pumber
and + » are limit points. // This is also a counter-example for the next
theorem.

Theorem 29. If f' is continuous and xf'/f - a non-O limit, then f

is monotonic and f£'> 0 or <O.
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Proof. xf'/f » r, finite, == 6(f) =r and O(f') = r-1, (24),
==) the theorem. xf'/f » + @ = f£/(xf') - 0, ==p the theorem by the
proof of (27). //

The following theorem in the case when + =1 1is similar to one
proved by Hardy for L-functions, namely Formula 33 later in this chapter.
Theorem 30. 1) If f" is continuous, and f£"/f'2? - a limit, t,
then f£/(xf') - 1-t, xf'/f - 1/(1-t), and 0O(f) = 1/(1-t).

We can simplify the notation here by writing v for -f/f'. V'
= P£"/£'2 - 1. The theorem says that if v' - a limit, then f has
order r, and V' - - %.

2) If £ and f' have order and are of constant sign, and
if log|f|'/log|f| - a limit, then that limit is (r-1)/r. This is con-
sidered tobe 1 if r =+, and += if O(f) = O.

Proof of 1). Let v' - s, finite or infinite, then v/x - s by
(17), = 6(f) = -1/s by (27) and (24). The only case when one can't
use (17) is when v - a constant, c. Then by (17), (v-c)/x - s. But
in this case, both (v-c)/x and v/x - 0, so that the theorem holds in
this case, too. //

Proof of 2). ILet r be finite.

] ! -
log|f lim log|f|' /log|f| | =z-1

Iet L =1lim =
log|f log x log x r

, for r#0,

and -+ + oo for r =0, (7). Now let r = w, Case 1: L is finite.

Suppose L # 1. log f‘/log f - L, supposing for simplicity that £ > O,

= ¢

= ¢

= £ 2 0(1) and 1 = o(£ e,

f(l-L)-e < f(l-L)+e

o(f') and f' = o(fL*e), where ¢ < |1-L|,

o(1/£') and 1/f' =o(f'L+€),

= < x vy (16), a contradiction, because both

sides have order e or both -,
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= oo,
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log 'flog ¢ o, fR

= 1=o(sRpy)

=olf), = 1/ o(s 7Ry
= x = o(rRH1

) vy (16)
8(f) =

s & contradiction.
broof fop the cgge

The

Theoren 3l. 1 b

then r and ¢!

is Precisely &nalogous. //
18 continyoyg &nd if prm/prz & 1on-0 1imi¢, t,
are monotonje and f"

is monotonje and ¢!

then X" /e

= U, then
b >0 or <« 0.

= I%{ = 6(fr). =% then g(gn) _ 2t-1
Case 1; £o, 1, or do.o xf /e (ff”/f'a) (x£1/£).
The firgt factor .. t, the second, 1/(1-t), = xf"/pr

have finite Orders,

Proor,

that T, fr,

= t/(1-t), oo
and fv

and r.p, (24).
Case 2;

r, r-l,
t=0 o 1.

If t =0
XE'/F L oo or

=0, (27 30))

s 8nd in the DPrevioyg

» then xf'/er o, If t =3,
= xf'/rr
case

the sape limit, In ejther

case, o(r1) - t/(1-t)., If, in addition,
t £ o, then r 44 ' are Monotonic ang pu >0 or <« 0, (29).
When ¢ - o, 8(fr) - 0, so that £'>0 or <« 0,

Wonotonje, Case 3: 1

of boints, where

f'(xl) #0,

' = 0. For Cvery R, there exists
for if mot, f£'(x) =

such that
not defineqg there,

0 for « >R, and go fem/pi2

12 and x3 be the least
boint > x2. By Rollerg theorem, there eXists Xh between X, and x
where (x, ) = O, and we have seen ¢, it that £'(x, ) #0. so
e /2 _ at X, .

=+ oo, Thus, ¢
=0 where "

" =9 that

- 00

> Or elge £en fr12

tinuity of ™, pn

I ® So by the con-
>0 or <o, /! If one lets Play the roje of
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f' in Example 28, one gets an example where ff"/f'? - 0, f" alternates
in sign, and f' is not monotonic.

Example 32. We can construct a function for which f£f"/f'? » » and for
which f' does not have order. This is also an example of a function

whose derivative is monotonic and which doesn't have order. The general

>

idea is to let g(x) vary between x ° and x’6 in such a way that

lgt(x)] > x 8 and is monotonic. Then we can let f'(x) = -g(x), f"(x)
= -g'(x), and f(x) =1 - f: f'(x)dx. ff" is then > x-8 while

-10
£'2 <x™7, 80 that ff"/f'2 5 o, but f' does not have order.

Let the graph of g be a tangent to 7 at (1,1) until that line

-7 6

hits x-6 at x,. Then g(x) becomes x ' + (xl- - xl-7) until the

>

tengent to that curve becomes tangent to x ~. Then g(x) follows the

-6
tangent back to x again at X5s and the process is repeated.
-6 -7 -5 5
-x )

X + (xl crosses X °, so the tangent must hit x tangent -

ially sooner or later. It may be that the tangent at Xy crosses x'5.

In that case, g(x) follows a straight line from xl tangent to x-5
-6

and back to x again. Thus, g'(x) is always as steep as or steeper

than the tangent to L (xl-6 - x1_7) which = —7x-8. To meke g'

continuous, we may cound off the corners at xl, x2, sses with very
small circular arcs. / /

The definitions of order embodied in (19), the Cauchy definition,
(24), and (30) consecutively narrow down the class of functions possess-
ing order to those having more and more desirable monotonic properties.
Herdy, [15, Ch. 3], defines a very restrictive class of very well-
behaved functions that he calls L-functions. These are functions that
can be formed from constants and the variable x by a finite number of
the following operations: +, -, X, +, exp, and log. He has proved that

all L-functions are ultimetely monotonic, and that the class has the
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pPleasing property of being closed under differentiation. It follows that
any algebraic combination of L-functions and their derivatives is an
L-function, and - some limit, as x - e.

Hardy has proved a theorem, [15, Th. 25], about L-functions, similar
to (24) and (30) and put in the form of an integral approximation.
Formula 33. (Hardy) If f is an L-function, then 6(f) = r, finite
and £ -1 == F ~xf/|r+l], and 6(f) = + &« == F ~ |[f2/f'|. (We can
see by (24) and (30) that this theorem also holds if xf/F and Ff'/f2
- limits.)

The second formula has the virtue of being independent of location.
That is, if g(x) = f(x+c), we get the same approximation for G(x) as
we did for F(x+c). This approximation, is also the first term of the
Laplace-Winckler expansion, to be considered in Chapter V.

We may use Theorem 30 to extend the formula to the case where r
is finite. We suppose that Ff'/f2 - a limit, t, and that F - o, so
1 r

=r + 1. Thus, t =1 - - . If

— 1 — —
that f = F'. Then 6(F) = =1 - Tl

-t
F - O, the same derivation holds for -F. Thus, we have

Formula 34. If 6(f) =r and Ff'/f2 > a limit, then F ~ I;EI £2/r1].
(;EI is considered to be 1 if r = + =».)

If we wish to apply Formulas 33 and 34 to functions that are not
L-functions, we need some easy tests of whether xf/F and Ff'/f2 -
limits. Such tests are provided by the next two theorems.

The first was proposed by Ostrowski, [31], as a problem which was
solved by Doetsch, [8].

Theorem 35. If xf'/f - r, finite or infinite, then F ~ xf/|r+l
]
Proof. xf'[/f - r =< Effii - r+l, == xf/F - r+l, (17), unless
xf - a constant, c # O. 1In that case, r = -1, and f ~ c¢/x,

== F ~c log x, (16), == xf/F - 0. //
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Theorem 36. If ff"/f'2? 5 t, finite or infinite, then
F ~ [(£8/£7)/(2-t)].
Proof. f and f' are of constant sign and # O for large x,
(31).

t v, v p2pn 2 ;
g_ffz___f2ff2ff/f=(%)'/f_,e_t,xofz/(f!F)
£ £! '

-2 -t, (17), == F£'/f2 » 1/(2 - t). The constant signs take care of
the case t = 2. The only case when (17) doesn't work is when f2/f'

~c# 0. Let 6(f) =r, (20). 8(£3) = 2r, == 6(f')

2r, since

2 ~ef', = r# 0, =0 6(f') = r-1, (18), =0 or

r-l, = r =+
or -l. If F(x) »w or 0, then Ff'/f2 -+ = or 0, because

£'/f2 - 1fc, = O(F) =0 or 1, respectively, (30). But 6(F)
=r+l, (18), =+ ® or 0. Thus, 6(F) = 0, 6(f) = -1, t =2, and
F£'/f2 > » in accordance with the theorem. //

The previous classification of functions by the Cauchy definition
of order is sufficient for many purposes of this dissertation. For some
applications, however, it is desirable to subdivide the class of func-
tions having infinite order.

We will use as a scale, functions of the type,

e X r -X -e -e
cee € ; € ;€ L, X ,e , € ; € 3 see

defining the orders of these functions to be

(3,7), (2,r), (L,r), (0,r), -(1,r), -(2,r), and -(3,r).
A scale of functions is a notion introduced by Herdy. (15, Ch. 2], and
refers to a set of functions ordered by the relation, f = o(g). This
is closely connected to the notion of order, since if fa is a member

of the scale, we can say that a function, g, has order o if
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g < any member of the scale 2> fa and > any member of the scale < fa'
(The symbols, > and <, here refer to the ordering of the scale.) Hardy
has suggested that two useful scales would be {xa], which underlies the
first part of this chapter, and the one referred to above, which under-
lies the remaining part.
Definition. Let r be a finite real number > 0, and let n be an
integer > 0. 6(£) = (n,r) means that G(nth log of f) = e
6(f) = (-n,-r), also written, -(n,r), means that
9[(n-l)St log of -log f] = r. o(f) = (0,r) means that for some finite
r, including possibly negative T, 6(f) = r. ©(f), which coincides
with 6(f) in this case, is considered finite. e(f) = (+1,0) means

0. 8(f) = (n,0) means that

that O(f) = + » and 6(log f)
e[(n-l.)St log £} = (1,0). 6(f) = (-n,0) means that 6( -10g £) = (n-1,0).
Example 88 shows a function with o(r) = -(1,0). If o(f) = (n,r),

we will say that f has extended order.

Hardy, [15, p. 8], quotes a theorem of DuBois-Reymond showing that
given any countable scale of functions, there exist functions whose in-
crease is greater than eny function on the scale. Hence, there are
functions whose extended order is (i oo, r), so to speak. Hardy con-
structs such a function by joining the points (n, exp(n)) together by
straight lines. We will not discuss such functions, since they have no
apparent application to statistics, but will confine ourselves to func-
tions having extended order.

1If a function has extended order, it has order. The converse only
holds if the function has finite order.

We have defined extended order in such a way that when e(f) = (n,r),

n and r have the same sign.

1. © 1is a typewriter version of capital theta.
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’ Definition. ©(f) = 6(g) means that &(f) = (n,r) = 6(g). o(f) > &(g)
means that 6(f) = (n,r), 6(g) = (m,s), and either n >m, or n=m
- and r > s.
Theorem 37. ©(f) <6(g) =9 £ <g and f =o(g). If f <g and they
have extended order, then 6(f) < &(g).
The proof is direct. //
We have defined extended order for f > 0. We now define &(-f) to
be 6(f). If f =0 indefinitely, no log of f can have finite order.
Hence, we may state
Theorem 38. If f has extended order ;, and is continuous, then f >0
or £ <O,
In the following theorems, we assume for clarity that £ > O.
“ Theorem 39. If n>1, or n=1 and r >0, then 6(f) = + (n,r)
&= ©(log £) = (n-1,r).
This follows directly from the definition. //
Definition. Let e(n,r) stand for any function, (such as the scale
function, exp (x")) having order (n,r).
Theorem 40, If, forall ¢ >0, e(n,r-€) <f < e(n,r+c), then
e(f) = (n,r).

r-¢

Proof, Let n be >0, x < nth log of £ < xr'"€

, =2 6(¢)
= (n,r). Similarly for n <0, //
Theorem k1. 6(f) > 6(g) == o(f+g) = 8(f). e(r) > e(g)

= 6(f-g) = 6(f). ©o(f) = 6(g) and f-g has extended order

= 6(f-g) < 6(f). If, in addition, f 4is not ~g, then 6(f-g)
- = 6(f).
. The proof 1s just the same as for (9), with the Cauchy definition

replaced by Theorem 40. //
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Theorem 42, If ©(f) and ©(g) are not both finite, and if
le(£)| > |e(g)]|, or e(f) = 6(g), then o(fg) = 6(f). If e(f) = -6(g),
and fg has extended order, then |8(fg)| < |8(f)].

Proof. We apply (41) to log £ + log g. //
Theorem 43. 6(f) = (n,r) end n # 0 == 6(t%) = (n,r) for a>o0,
and = -(n,r) for a<O.

Proof. ©(log £%) = ©(a log £) = ©(log £). (39) completed the
proof. //
Theorem 44, £ has extended order and |6(f)| = o = 8(F) = 6(f).

Proof. Let e(n,r) be a scale function with n and r > O.

e'(n,r) = e(n,r)+e(n-1,r). ... oe(l,r)-rxr-l. By (42), e[e'(n,r)]

[}

(n,r), == e'(n,r-¢) = o(f) and f = o[e'(n,r+c)], == e(n,r-¢)

o(F) and £ = o[e(n,r+e)], (16). (4O) completes the proof. //

Theorem 45, If f has extended order and a > 0O, then O[f(ax+b)]
= 8(£).

The proof follows from (11.2) and (40). //
Theorem 46. ©(£/F) = (n,r) and n >0 == &(F) = 6(f) = + (n+l,r).
8(£/F) = (O,r) and r > -1 == 6(F) = o(f) = + (1,r+1). This is also
true if r = -1 and O(f) = + =,

Proof. Suppose n #£ 0. 6©(f/F) = 6(log F), (44), = (n,r),
= 6(F) = + (n+l,r), (39). o(f) = &(F-£/F) = e(F), (42). The proof

of the second case is similar. //



CHAPTER III

ERRORS AND BOUNDS

The usefulness of any integral approximation depends not only on the
closeness of the approximation, but also on whether there exist close
bounds for the error involved. In this chapter, it will be shown that
there exist useful and simple bounds for any approximation, Fl(x), to a
tail integral, F(x). The relation between two kinds of error is discussed,
and the general properties of an asymptotic sequence of approximations
derived.

The purpose of this dissertation is to discuss approximations that
get increasingly accurate as x - «. When we seek a measure of accuracy,
it will not do to choose the absolute error, F, - F, since if F - O,

1

any function, F approaching O will serve as an increasingly accurate

lJ
approximation to F. Rather, we should consider the relative error.
Definition. By the relative error of Fl’ written E(Fl) or simply,

El’

is meant (Fl—F)/F.

El is not known in cases of interest. Otherwise, F, = Fl/(l+El),
would then be known exactly and there would be no need to approximate.
However, a similar error is obtainable.

Definition. By the relative frequency error of Fl’ written, e(Fl), or

simply, e;, is meant (fl-f)/f; where f = -Fl', to conform to the
relation, f = -F', (f'l =+F' if F - . )
It follows from these definitions that Fl ~F = El - 0, that

fl ~f = e - O, and that if f >0 and Fl - F+ a constant, then
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-~ 0 = E -0, (17). £ E -0, we will call F, asymptotic.

1
We can immediately obtain the following bounds, which are especially

€1

useful if F is asymptotic.

1

Bounds 47. If f(x) >0, and F, and F ~0, then min el(x) < El(a)

< max el(x), for x > a. Hence, if el(x) - O monotonically for x > a,
then El(a) is bounded by el(a).

This theorem, written in the following form, can be derived from a
proof by Lettenmeyer, [27], of a theorem similar to (17).

Bounds 48. If fl(x) >0, and F, and F - 0, and blgf(x)/fl(x)

1

<b, for x >a, then blFl(a) <F(a) < b2F1(a)'

2
Bounds 47 and 48 apply equally well to proper integrals, replacing

F(a), Fi(a), E;(2), end x>a, by F(a,b), F (a,b), E(a;b), and
a <x <b, respectively. Fl(a,b) is an approximation to F(e,b) in
the form of a known integral, from a to b, of fl(x). The bounds
should be used in this proper integral form if F(x) - e.

The reasoning of (47) and (48) was used by Williams, [57], in dis-
cussing an approximation to the normal distribution.

Proof of (48). blfl(x) <f(x) < bzfl(x) for x > a. Hence, the
same inequality holds for the integral from a to . // To prove
(47), we interchange the roles of f and £, Min el(x) < fl(x)/f(x) -
< max el(x) for a < x, == min el(x) +1< fl(x)/f(x) < max el(x) +1,
=% min el(x) +1< Fl(a)/F(a) < max el(x) +1, (48), == min el(x)
< El(a) < max el(x). //

If a good asymptotic formula, F is known, it can be combined

l)

with mechanical quadrature to get an error as small as we like. We use

a quadrature formula, F from a to b, and F, from b to o,

2’ 1
calling the combined spproximation, F3'

’..J
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F (a,b) + p (v) - F(a,b) . F(b) . F(a,p) E2(a,b) + F(b) El(b)

2 1
E3 =
F(a,b) + F(b) F(a,b) + F(b)
F(b)
< Ige(a,b)l + 0/ IEl(b)/. Ve may presume that E, is very small,

F(a)

F(x) & O, 50 that little accuracy ygg lost in this step, The last

3 1 1
Bounds 49 If F(x) and F. (x) are Positive gng >0, then g (x)
()
20 for X2Db =gy !E3(a)[ < IEe(a,b)[ +F73(T) . El(b); and El(x) <0

F, (b) E (b)
for x>p [EB(a)[ < [Eg(a,b)[ + I\I.

Upper ang lower bounds poy E, (v)/ [l+El (5)] can be obtaineg by sub-
stituting upper ang lower boundg for El(b) in that exPression, which ig
& monotonje function op El(b) since El(b) > -1, 1P El(b) is very
Small, the factor l+El (b) can be nNeglecteqd, The formyulg increases in
accuracy tyo vays when increaseg.: El (b) - 0o and Fl (b)/FS(a) - 0.
Bounds 4g apply to ap F(x) & ©, jf F3(a,c), E'j(a,c), Fl(b,c) and
El(b,c) are Substityteq for Fj(a), EB(a), Fl(b) and El(b)'

Theoren 20. Let f be > 0.
1) g/p 1s monotonjq = f: g/f:f is monotopie,

2) g/r is monotoni, = f;’ g/ f:: f is monotonje Provided thgt

both integrals Converge,
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3) let e be g/f end B be [ g/[ £ 1if both integrals

converge, and be f: g/fﬁ f otherwise. Then e, ~ O monotonically

e El - 0 monotonically.

Proof of 2). Suppose G and F converge.

¢ _ f: g + f: g ) fz £ . % + f: f . % . el(xl) F(a,b) + el(xe) F(b),
F IZ £+ f; £ fz £ + j‘; £ F(a,b) + F(b)

vhere a <x; <b < Xy;.  This is a weighted average of el(xl) and

el(xe). Hence, sign [el(xl) - el(xa)] = sign [El(a) - el(xe)],
= sign [El(a) - El(b)]’ since el(xz) = El(b). Thus, the monotonicity
of ey(x) implies that of El(x). The proof of 1) is analogous. To

prove 3), we infer from 1) and 2) that E, is monotonic, and from (17)

1
that g/f > 0 == G/F - 0. //

This theorem is useful for extending tables beyond the range for a.
If one knows El(ao), say, and can verify that el(x) monotonically - O
for x>a, El(x) is bounded by El(ao). We will use this theorem ex-
tensively in Chapter IX for bounding the errors of approximations that
extend common statistical tables.

Even more satisfactory than a good approximation to F is a proce-
dure for obtaining a sequence of approximations, {Fn], that get more
and more accurate as n —» », The next three chapters will consider pro-
cedures of this kind. It would be nice if, for every x Z ao, say,
En(x) - 0, and, moreover, did so in a rapid way, with G[En(x)] - -
as n -+ o, The first property, convergence, is complicated to apply, and
seems to depend on a lot of special knowledge about f. The second,
asymptoticity, has a more general application and will be given more care-

ful consideration here.
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Cramer points out the value of the property of asymptoticity in
this way, [6, p. 224], "In practical applications, it is in most cases
only of little value to know the convergence properties of our expan-
sions. What we really want to know is whether a small number of terms-—
usually not more than two or three-—suffice to give a good approximation
to f(x) and F(x)."

We have defined Fl to be asymptotic if El -+ 0. It would be more
asymptotic, so to spesk, if G(El) < -1, and still more so if
9(E1) < -2, =and so on. This ides underlies the following:
Definition. A sequence of approximations, {Fn], is asymptotic I, if
there exists ¢, such that for all n, 9(En+l/En) < - < 0.

This concept of asymptoticity generalizes Poincarefs asymptotic
series, [39]). He defined an asymptotic expansion for the function, f(x),

-2

to be a series, a, + alx'l + 8 X + ... with the property that

Xn[f(x) - (ao + alx-l + vee + anx_n)] -0 as X -» o, another way of
saying that the absolute error for the n'® partial sum = o(x 7).

Another concept of asymptoticity was given by Erdelyi, [9], who de-
fined an asymptotic sequence to be a sequence of functions, (¢n], for
which ¢, = o(¢l), 03 = 0(02), and so on. This concept underlies the
following:

Definition. A sequence of approximations is asymptotic II if E2 = O(El)’
E5 = o(Ea), end so on. A sequence of approximations asymptotic I is
also asymptotic II, but the reverse is not true, as for example, when

(En] = (1/[x(log x)"1). This is an asymptotic II sequence where the
order of E is bounded by -1. A sequence, {Fn(x)} could be asymp-

totic I and yet converge to F(x) + e-x. The familiar series for the

normal integral, ¢(x) (x-l -x2 3x-5 - 35 X1 + ee.) 1is a
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well known example of a procedure that is asymptotic but not convergent,
as will be shown in Example 89 of Chapter V.

The following is another example emphasizing the lack of relation-
ship between convergence and asymptoticity.
Example 51. Let Eﬁ(x) =2-x for x<1, and = x " for x > 1.
Let E(x) = Eﬁ(x-n). Then G(En) = -n, and the procedure is asymptotic

I and II. But for every x, En(x) +® as n - w,

Theorem 52. Asymptotic II is invariant under & monotonic transformation
of x taking « into », but asymptotic I is not.
Proof. Let x = ¢(y) be & monotonic transformation carrying o

into ., Let G(y)

F(x), where x = ¢(y) and Gn(y) = Fn(x). Let

En be G6,(3)/6(y)

Hence, (Gn) is asymptotic II <¢=3 {Fn] is. Now let E_ = 1/(10g x)".

1, =E_. Now E =o(Eyn)<>==<> E,

xn ¥,n+l = O(Exn)'

»h+l

i y y\n -n
t 1 . = . = = = .
[Fn) is not asymptotic I. Let o(y) =e Eyn E_ 1/(1og e¥) y
Hence, {Gn(y)] is asymptotic I. //
The relative frequency error gives us a simple test of whether a

procedure is asymptotic II.
Theorem 53. If Fl and F2 are approximations to F and neither

F,-F nor F,-F - a constant, (which will be the case if F and

l) Fg)
F-0,) and ee/el - a limit, then Ee/El - the same limit.
When F(x) - », F(x) and Ei(x) should be replaced by F(a,x)

and Ei(a,x), (i =1 or 2).
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e f.-f £,-f £, -f
Proof. 2 = =/ L1 _ 2 , 4 limit, L. By (17), L
e bid f f, -f
1 1
F2-F E2
is the limit of —=—, = ==. //
F, - E
1 1
Theorem 54. E[cF; + (l—c)Fg] = cE + (l-c)Ea. elcF; + (l-c)FE]
= ce, + (l-c)ez.

The proof is direct. //

Approximations that are asymptotic II have the virtue that each is
an infinite improvement over its predecessor. If we have two approxima-
tions such that e2/el - & non-O finite constant, L, then (53) says
that E2/E1 -+ L. By using (54), we can construct a linear combination,

F of the two that is an infinite improvement over either; namely,

21’

L 1
i1 Fy -1 For Then eEl/el =c + (l—c)ea/el = = - o.

We can summarize:
Theorem 55. If e2/el - L, a constant, and if neither F,-F nor F,-F

and F_ - 0,) and

- constants, (which will be the case if F, F.) o

L 1 . =
Foy =1 Fi - fq Fp then ln B, /R - lin By /E, = 0.

In Chapters V and VI, we will show how some procedures that are not
asymptotic II are made so by taking linear combinations.

The following theorems will show further the close relationship
between the relative error and the relative frequency error. They will
show that they have the same order, and are, under some circumstances,
asymptotic to each other. Because the theorems have application beyond
the context of errors, we will write g/f and G/F instead of e and
E. This implies the restriction that G, which =F_-F, cannot - a

1

constant.

o
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Lemma 56. If f£(x) >0 and g/f has order, then

1) g/t -0 and 6(g/f) <p =2 |G|/F <.

2) g/t > and 6(g/f) >p == G/F >x°.

Proof of 1). Case 1: 6(g/f) = 0. g/f -0 == G/F -0, (17),
=5 |G|/F <x°. Cese 2: 0(g/f) <p <O. Then |g| <x’f, == |G
<I% lel < [ t°2(t) <t°F, for x>1. Proof of 2). £ 20 and
g/f »w == g 20. 6(g/f) >p and g/f »w==2f/g -0 and 9(f/g)
<-p, =0F/G<xP, by 1), == G/F <x". //

Theorem 57. If £ >0 and g/f has order, then

1) 6(f) is finite = 6(G/F) = 0(g/f).

2) 6(f) =+ @ and F/f has order, (or F/(xf) - 0) == 6(G/F)
= G(g/f). We must remember that these theorems depend on the assumption
that G and F—/» constants. .

Proof of 1). Case 1: 6(g/f) = + . Then by (56), 6(G/F) = + m,
Case 2: 06(g/f) is finite, == 6(g), = 6[(g/f)'£], is finite, (12),
=0 O(F) and 6(G) are finite, (18), == 6(G/g) = 6(F/f) =1, (18),
= 0 = 6(c/g) - 9(r/f) = 6(c/e)/(F/£)], (15), = 6(G/F) - 6(e/f), (15).
Proof of 2). Case 1: 6(g/f) = + ». By (56), 6(G/F) = + ». Case 2:
8(g/f) 1is finite and O(f) = -». F/f has order, == O(F/f) <1,
(otherwise F/(xf) » o, == 6(f) = 0 by (24),) == 1 - oF/(xf) < x°,
for all € >0, == g > xf£[1-p F/(xf)], for every p < 6(g/f),
= xr - o P, == ¢ >FF. (6(2) = 6(F) = 0(g) = 6(C) = -w, so that
all terms - O and we have no trouble with constents.) By similar rea-
soning, g < X'f == G < °r, Hence, 6(G/F) = 8(g/f). The proof for
the case 6(f) = » is analogous. //

Theorem 58, If f has order and f'/f has extended order, then

e(t/F) = o(£'/f).
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Proof. Case 1: 6(f) = r, finite. Then 6(f'/f) = -1
= 0(f) - 6(F) = 6(£/F). Case 2: 6O(f'/f) is finite, and 6(f) = + =,
Then ©(F/f) = o(£/£') by (57.2). Case 3: O(f'/f) is w. Then
8(£/f') = -». Let u(x) be a scale function with &(f/f') < &(u) < O.
f/-f' <u, == £ <-uf', ==p F< [ uf! <u ' =uf, =z F/f <u.

Now let w(x) be a scale function with ©(w) < &(f/f'), but with

O(w'/w) <e(f'/£), (46). Then 1 + "7'/%'-—» 1, == -f£/f' >w(l + ‘-g— %.'—),
=2 £ > -wf'(1 + ‘—g—/%.'—), = £ > -(wf' + w'E), ==> F >wf,

== F/f >w, ==0 F/f has extended order = 6(f/f') by (40). //
Theorem 59. If F/f (or £/f') and g/f have extended order and if f
has order, then 6(G/F) = 6(g/t).

Proof. By (58), 6©(F/f) = &(£/£'). (57) has disposed of the case
where (g/f) is finite. Case 1: 08(g/f) = ~». Let ©(g/f) be < o(u)
<0, as in (58), =w g<uf, == G < [ uf <uF, == G/F <u. Now
let 6(w) be <6(g/f). Ten o1 - L . %) <o(L) <e(w),
— olw(l - £D)] - 8(w), (42, 46), == g/t >w(@ - LF
= g >wf - w'F, ==3G>wF, == G/F >w. Hence, by (40), &(G/F)
= 8(g/f). The case 6(g/f) = » is exactly analogous. We have supposed
F-+0. If F -, an analogous proof holds. //
Theorem 60. 1) If xf/F and xg/G - limits, and 6(G) or 6(F) is
finite, but they are not both O, then %~ Ig%%l . g—, .

2) If 6(f) =+ », and 6(G/F) is finite, and —fl and

t
x(%) / (I%) (which is -’(‘;-g - —’E‘?) - limits, then g/f ~ G/F.

3) If g and f have order, and g' and f' are of constant
sign, and 6(g) or 6(f) is finite, but both are not O, and if

!
&7/% » a limit, then that limit is 6(g)/6(f).

Proof of 1). Let G/F =H. g =fH . %5 . —}2—- . Regardless of

whether G - ® or O, and g =G' or -G', xg/G always - |6(G)]
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and similarly xf/F - |6(F)|, (24). Hence, g ~fH - |0(g)|/|6(F)].

Proof of 2). G =FH == g = Hf + H'F, (since 6(F) = + © and
8(G/F) is finite, both G and F - O or both - ) = HE(1 + ﬁg—'— FE .
Now xH'/H - a finite number and F/xf - 0, (24). Hence, g ~Hf.

Proof of 3). We suppose that g end f are >0. (If g <0,
say, we let g* = -g. Then 5—?—/§f = i’/-g- and we are reduced to the
above case.) Lim /5 11m53—f; = lim lo f, (17) = 6(eg)/e(e), (7).
(17) holds unless log g or log f - a non-O constent. Log g and 1log f
- limits, because f' and g' are of comstant sign. They both can't

- constants, or by (7), ©(f) = 6(g) = 0. So suppose log g +» a con-

i 1 -
stant, c. Lim 8~/E- - 14 18 € "€ (17), = 0, because log £/log x
g' ¥t log f
-+ & non-0 limit, Now suppose log f - a constant, d.
lo .
—_— = Q. -
/ lim Tog £ -4 + 9, since log g/log X - @a pnon-0 limit,

and the limit exists by hypothesis. //

This theorem can be written in the following slightly more restric-
tive, but more useful, form that caters to the probability of our know-
ing about g and f than about G and F.

Theorem 60. (practical version.) 4). If xf!'/f and xg'/g - limits,

) . G .0(f)+1 g
6 e — . =
and O6(f) or 6(g) is finite, then F o B(g)el | T

5) If 6(f) =+ if 6(g/f) is finite, and if xf!'/f and
x(g/£)'/(g/t), (which is xf'/f - xg'/g,) - limits, then G/F ~ g/f.

Proof. We use (35) to put 4) back into the form of 1). To prove

5), we let h =g/f. g=hf. G=/bf. h/H =hff / [of. Lim 2

H
1
%. -"—ﬁ—- ~ a finite limit and
hf
F/xt -0, (24, 35), ==» lim h/H =1. //

Theorem 61.1 Let H = G/F. If f/F and H'/H, (which is g/G - £/F)

have extended order, and if 6(H) = + %, and if [6(H)| < |6(F)| or
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|6(G)|, then G/F ~g/f and 6(F) = 6(G). The theorem also holds if
6(H) is finite and 6(F) # + (1,0).

Proof. |6(G/F| < |6(F)| ==0 8(G) = 6[(G/F):F] = 6(F), (42).
le(a/F)| < |o(G)| == o(F) = 8[G/(G/F)] = 6(G), (42). Thus, 8(F) = 6(G)
snd F and G both »®© or O. G =FH == g = fH + FH'

H' | H' . F

H .E ~ £H.
H g g0 =8

Theorem 61.2 (practical version.) lLet h = g/f. If £'/f and h'/h

- £H(L + g). le(ut/n)| < ele/F|, =0

have extended order, if 6(h) = + ®, and if |6(n)| < |e(£)] or |e(g)
then G/F ~g/f and ©(f) = 8(g). The theorem also holds if 6(h) is
finite and 6(f) # + (1,0).

Proof. We have proved 6(f) = 6(g), (61.1). As in the proof of
(60.5), 1im h/H = lim (1 t.%% §)° Now |e(H)| < |e(gf)]| = |e(F)|,
(59,44). F/f has extended order by (58). Hence, 2&-%-* 0 and
lim h/H = 1. //

We have shown how, in many cases, ey ~ El' The closeness of this
asymptotic relationship is discussed in the next theorem.

Theorem 62. 1) If G(el) is finite and # 0, and 6(f) = + %, and

f/£' has order, and xel‘/el and xf'/f - limits, then

e(% 1) = e(fﬁ-) - 1.

e ! .
2) If f/f', e /e;', and 2L+ L yave extended order, and f
1’7l ey £
e !

1 1 . F
and el—/> constants, then @(E— -1) = e(?— .

) - f), = e(% - 1) if
6(e;) 1is finite, end = o(F/2) 1if |e(e,)]| < |e(F)| and e(F/f) is
infinite.

Proof of 1). 6(f£/f') -1 =6(r/t) -1, (57.2, £ is of constant
sign by 29,) = 0[(e;'/e)) (F/£)], (18), = O[(e;f + & 'F - e,f)/e,f],

= 0[(e [T - [e;f)/[e 2], (57.2), = 6(e JE/[e,f - 1), = 6(e,/E, - 1).
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To apply (57.2) the second time, we had to know that (elf)'/(elf) has
1 = 1 1 - 1 t/e.
order. (elf) /elf) (el £ +ef )/elf el /el + £'/f. Now
xel'/el - O(el) and xf'/f -+ + ©, =) (el'/el + £'/£) ~f£'/f, which
has order and constant sign, since xf'/f - + .

P -
elf + el F elf)
)

£ - fe £
Proof of 2). é(;i -1) = e(fl;———-—fi—), = 6(

1 felf elf

(59), = 8(z=— ). (18) and (42) complete the proof. To apply (59), we
1

bad to know that (elf)'/(elf), = el'/el + f£'/f, has extended order. //

When apfroximations are applied to families of integrals, much time
may be saved if an overall error bound is obtained for the whole family.
The following theorems may be helpful in this connection.

Theorem 6%. Let Fl and G2 be approximations to F and G, sall
positive and - 0, and let el(x,f) be > ee(x,g) for every significance
level, e <e_, i.e., vhere x 1is determined by the equation, F(x) = ¢,
in the first case and by G(x) = ¢ in the second. Then E >E, at
level eo.

For example, if we have a family, {fn}, like the t distribution,
with fn(x) - the normal frequency for every x as n - % and an
approximation formula, and can show that e < e(normael) for levels
< eo, then the maximum relative error for the whole t family can be
read off from calculations for the normal distribution.

This theorem is not easy to use, because it requires a knowledge of
the significence level, which is what we wanted to know in the first
place. The theorem can be rewritten in terms of the significance level
of Fl and G2,
Theorem 64, Let F, and G2 approximate F and G, all positive

rather than F and G, to overcome this difficulty.

and - 0, and let el(x,f) > e2(x,g), where x 1is determined by the
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equation, Fl(x) = €, in the first case, and by Gg(x) = ¢ 1in the
second, hold for ¢ < €,- Then El(x,f) Z»Ea(x,g) at «_.

The following theorem is even easier to use, when the conditions
apply, because no calculation of significance levels is necessary.

Theorem 65. Let F, and G, be approximations to F and G, all

2
positive and -+ 0, let f and g be >0, and let f/g decrease
monotonically for x 2 a.

1) If el(x) Z-ee(x) and decreases monotonically for x >a, then

El(a) > Ea(a).

2) 1t el(x)

A

e2(x) and increases monotonically for x >a, then
El(a) < Ee(a).

The proof of (63) is little more than knowing what you are talking
about. ILet y =1 - F(x). Let F(x) = H(y) = fi', h{t)dt. Then
-Fi(x) = -H'(y)y' (x), or £(x) = h(y) + £(x). Hence, h(y) =1 between

- — - -

0 and 1. Let Fl(x) = Hl(y) = fy hl(t)dt. Then El(x) = Hl(y)/H(y) 1.
by (¥) = B ' (¥) = Fp'(x) x'(y) = £,(x)°x' (y). Similarly,
h(x) = £(x)'x'(y). Then e (x), = £, (x)/£(x) - 1, = b, (¥)/n(y) - 1.
We make the analogous transformation for g and get Ez(x) = He(y)/H(y) -1
and e2(x) = hz(y)/h(y) - 1. The theorem is so stated that for y >1 - €5
e (x) >e,(x), == b, (¥) >h,(¥), = B, (y) >H,(y),
= El(x) > E2(x), for ¢ <e,. (We remember that the x's above are
each determined by e.) //

(64) is proved in just the same way, except that the transformations,
y=1- Fl(x) and y =1 - Ga(x) are used.//

Proof of (65.1). Let £*(x) = £(x)/F(a) and g*(x) = g(x)/6(a).
£*/g* = constant . f/g, which decreases monotonically. Since f:)f* =1

© % *
= fa g€, £ must start > g and end up < g¥. (Otherwise f:Df* # f:)g*.)
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Hence, there exists b such that f* > g for x<b and £ < g*
for x > b. fz (£ - g") - f::(g* —£)=1-1=0, = fz € -¢)
=[5 1), =0 e (x) 7 (x) - € ()1 > [ e () (£7(x) - g7 (x)]
= Jo ey (®) [8'(x) - £ ()1 > Jp e (x) (€' (x) - £7(x)], == [ e (x) £ (x)
> [0 e (x) & (x), =0 Eja) = [oe(x) £(x) >0 ey(x) & (x) = Eyla).
The proof for 2) is exactly anslogous. //

The problem can also be approached by considering a family of inte-
grals, {F(x,a)), depending on the continuous parameter, Q. The maxi-
mum error for the family can be obtained by observing the sign of the
derivative of El(x,a) with respect to .

Theorem 66.1. Let the subscript, «a, be short for é%?
1

-1 - e s .
E,=F (Fla F, F). Let F and F, be positive and » 0. If Fla(a)

-Fl(a) . sup[fa(x)/f(x); x >a) eand Fla(a) - Fl(a) . inf(fa(x)/f(x); x >a)

have the same sign, then it is the sign of Ela(a).

Proof. The celculation of Ela is direct. The sign is unaffected

by removing 1/F. F.o- Fl(Fa/F) is a monotonic function of FQ/F,

hence upper and lower Bounds 48 for FO/F can be substituted. //

Theorem 66.2. If F and F, are positive and -0, and if x is

held at level ¢, i.e., determined by the equation,

aE £, (x,0)
F(x,a) = €, then —X . % . (Fla - F, 2770y
do f(x:a)

To meke this theorem practical, we observe whether fla(x)
- fa(x)fl(a,a)/f(a,a) is of constant sign for x > a. If so, then as
before, E o has the same sign. In both (66.1) and (66.2), we must assume
that the functions are well-behaved enough so that differentiation under
the integral sign is possible. This merely requires that F and F

1
converge uniformly in some neighborhood of every a.
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Fl(x,a)
Proof of (66.2). El(xla) = FEa) 1. We have determined x so
2

dEl ar oF oF

I N N« 1 - dx

that F(x,a) = ¢. Hence, ¢ G " " Sraat g Fie-f1a”
ax — dfF ., _OF dx _ oF

To get 3=, we observe that F(x,a) = e. Hence, o= " Sty

dx _OF B 1 _ p (a)-F()fl(a)
- Z. Ly, = "N a? Fla)

£, (a)

Flay 1

0 f,la P
= fa. fla(x)dx - ]O; fa(x)dx ﬁaﬂ}— = fa [fla(x) - Fa(x)

If the latter integrand is of constant sign, then the integral has the

same sign. //



CHAPTER IV

THE TAYLOR EXPANSION

When one thinks of approximation procedures, one thinks of a Taylor
series. Much is known about this simple and basic procedufe; and if it
were sufficient to meet the needs of the tail integral problem, it would
be a waste of time to explore more complicated, uncommon procedures. In
this chapter, we will discuss applications of the Taylor series and its
limitations. We will suppose that F(x) - O.

If one tries to apply the series directly, one gets the relation,
F(x) =F(a) - £f(a) (x-a) - £'(a) (x-a)%/e 4+ ... . Hence,

F(a) - F(x) ¥ f(a) (x-a) + £'(a) (x-a)%/Q + ... . The sequence of ap-
proximations would then be obtained by stopping at a finite number of
terms and letting x - ®, which reduces to the worthless sequence,

(jf% +%, «ve}. This difficulty might be overcome, if we were to meke a
monotonic transformation, y = Fl(x), carrying <« into O. If we define
G(y) to be F(x), when y = Fl(x), we may then hope to expand G(y)
about O or Fl(a), (= b, say).

G(y) is an increasing function of y, = fg g(t)at. g(y) =c'(y).
Expanding G(y) about b, we get 6(y) > c(b) + g(v) (y-v) + g'(v) (y-b)e/a.".
This expansion is much more satisfactory from the standpoint of asymp-
toticity, since y-b <1, for large a, and hence (y-b)n -+ 0 faster and
faster as n increases. Letting y - O, G(y) -+ 0, and we get an ex-

pansion for G(b): bg(b) - b3g'(b)/2 + b3g"(b)/3£ - «.. « To evaluate
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(n)(b) we observe that dg(n)(y)/dy gi //_Iw gly) = dx dx gixi
Procedure A. Thus, F(a) >°F (a)u (a) + [F (a)]3u (a)/2' + ... where

ul(a) = f(a)/fl(a), and un+l(a) = un‘(a)/fl(a). (We lost the minus
signs because fl(x) = -dy/dx.)

If we expand about O, we obtain the formal expansion,

a(b) >6(0) + g(0) b + g'(0) B/2! + ... . G(O) = O. Let U_ = lim u (x)
as x - ® VWhen these limits exist and are finite, we obtain
Procedure B. F(a) ';'Fl(a)-Ul - [Fl(a)]2U2/2! Foaen

If Fl(a) is some simple function like 1/a, say, this series sat-
isfies one's intuitive desire to express F(a) in a series of powers of
l/a. Procedure B can be a satisfactory expansion for F(x) only if all
the un(x)'s - finite limits, not all of which are O. This property
implies conditions on F and Fl that will be discussed later in the
chapter.

The application of A and B 1is facilitated by the usual bound for
the remainder term. Regardless of the convergence or asymptotic properties
of the series, we can always take terms until the remainder bound is as
small as is desired, provided only that the functions involved remain
differentiable.

For A, the exact remainder after n terms is

n+l
()" fb (n%y) yndy/n!, which becomes [Fl(a)] un+l(a) where a < a, < %,
(n+1)!
using the Lagrange form. The remainder after no terms is
Fl(a)f(al)/fl(al), which is a way of writing Bounds U48.
The remainder for B is the similar formula,
b (n) n . n+l
lo &) (b-y)Pay/nt = (MF ()™ (a))/(n41)!, where
a < a2 < w0, a2 is not the same as al. If it were, we could average
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A and B for one term, the remainder would cancel out, and an exact ex-
pression for F would be achieved. The exact remainder for A is a
weighted average of g(n)(y) on the interval, [0,b], with the weight
concentrated on the b end. The exact remainder for B is the same with
an opposite sign and the weight concentrated on the O end. If Fl(x)
could be determined so that g'(y) were relatively stable between O
and b, the average of A and B for one term; namely,
Fe(a) = Fl(a)[ul(a) + Ul]/2, would be a good approximation to F.

Carrying this idea out, we try to find an F, such that g'(y) 21,

1

=5 g(y) Ty, =20 G(y) T¥%/2, == F(x) T [F(x)]%/2. Let Flf be

a pretty good approximation to F. Then we should let Fl(x) = 2F1*'

After algebra, we obtain the formula, F2 = F,*f/fl*, which is Procedure
4 -

D considered in Chapter VI.

Another compromise is obtained by the simplifying assumption that

g'(t) lies on a straight line between g'(0) and g'(b). Then

. 1 t F, -F
error A/error B comes out -~ & (O) *+ 2g (b) = ~Q, say. fé—— = <O, and
2g'(0) + g'(b) FgF
FA + QFB
hence F = —————= . When the assumption is removed, we get the
l+0Q
approximate
(a) +ou 2u.(a) + U
Formula 67. F(a) 2‘31————————l Fl(a), vhere « = ﬁ_%a7_773i;i'
1+0 2 2

B converges for a large enough ¢= G(y) continued into the com-
plex plane, is analytic at O. (Proof. If G(y) is analytic at O, the
series holds for all b with |b| < €. Conversely, if the series con-
verges for some bo’ it converges for all complex b with

o] < b, and the continuation of G(y) is provided by the series. //)



If G(y) has a singularity at O, it is possible that A can
still converge absolutely. For example, let G(y) = f; -log z dz.

(22, a2, oyl R, 3 Gt

-Log z = (1-2) +
2 3 1-2 2.3 34

integrating term by term. G(y) cannot be analytic at O, since its
derivative is not. Yet the series converges absolutely at y = O by
comparison with the series, L 1/n2. //

A Taylor series that converges does not always converge to the right
value. Courant, [5, p. 336], gives the example, f(x) = e-l/xz. f and
all its derivatives are continuous everywhere on the real line, and all
= 0 at O. Hence, the Taylor series about O converges identically to
0, which # f(x) for x # 0. If you think there is something wrong
with all those zeros, let h be f + an entire, analytic function, g.
Then h has a Taylor series about O that converges everywhere to g. //

If A converges absolutely, that shows there is a functionm, G*(y)
analytic in a region containing the interval (O,b). If G(y) is that
function, then we can show that A converges to G(b), regardless of
the possible non-analyticity of G(y) at O.

Theorem 68.1. If G(y) is analytic in a region containing (0,b), and

if A converges absolutely, then A converges to G(b).
Proof. G(y) = G(b) + g(b) (y-b) + g'(b) (y-b)3/2% + ... for
y € (0,b]. The series converges absolutely for y = O, by hypothesis.

For every e, there exists n such that X nii IG(i)(b)I ly-bli <e.
. X o .
let e(y) = o(y) -Z 36 Vm) ro)t =22 M) (vt gor

y € (O,b]. since G(0) = 1im 6(y) as y - O by definition, e(y) is
continuous, being the difference of two continuous functions. |e(y)| <,

== |e(0)| < e, == the series converges to G(0), i.e., A converges to

G(b). //
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However, when G(y) has a singularity at O, A can converge only

improvement of approximation -0
error c¢f approximation

"infinitely slowly,"” that is to say,
This idea is made specific by the following theorem.

Theorem 68.2. If a real power series, f(x), converges at a singularity,

and if the ratio of succeeding terms - a 1limit, L, then L = 1. If,
also, |f(x) - Snl - 0, monotonically at the singularity, for n large

|£(x) -8 | - |8(x) -s__.]|
enough, as n —- «, then n ntl - 0.

|£(x) - s, |

Proof. Let f(x), = a_ +ax + a2x2 + ... , converge at the singu-

1
. _ n _ 0 . - R
larity, z. Let b =az . £f(z) = L g b . |Lim bn+l/bn" L], is
not > 1 or else the series would diverge. If

lo

ne1/Pals = 1o | v 121/l |, » |L] <1, then

|a

| (|z] +8)/|a_| » & 1imit <1, for some & >0, == £(|a| + )
n+l n

converges, === f is analytic in ({z; |z] < |z| + 8}, == z is not a
singularity, a contradiction. Hence IL] = 1 and there exists N such

that for n >N, 1-e < |[b_ /b | < 1+e. Case 1: every b_ is positive
n+l’ n n

. - 0 ) eyt
(or negative,) for n > N. L i b >L 1=0 bn(l €) = bn/e.

=0 n+i
[£(z) - Snl - £(2) - Sn+1| < % .
|£(z) - Sn' LT

Case 2: There exists n > N such that bn and bn+ are of opposite

1

sign. Say bn >0, bn+ < 0. (No bn can =0 for n>N or lbn/bn-l,

1
would = O and would not be > 1-e.) f(z) < 8. (otherwise

[£(z) - Snl < |£(z) - S, . contradicting the assumption that

0,

[£(z) - Snl - 0 monotonically as n - ) f(z) > S, (for if not,

-1’

|£(z) - sn-ll < |#(z) - Snl, a contradiction.) f(z) > 8 11" (Suppose

1
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< |s

not. 8 . <f(z) £8 ., == |£(z) - sn_ll sls,q - sn_l!

n-1

l=b:

=Jp, +b I <lp -p (12 e)| = e o

n‘

If(Z) = Snl > |Sn = sn+1

== |[£(z) - Sn—ll < |£(z) - Snl, a contradiction.) So we have

|,) =0 £(z) alternates after the 2™ term by the same

S < f(z) < 5. b is positive, (otherwise |f(z) - §

n+l n+2 n+l

< |£(z) - Spio

1
. - < = -
reasoning. f£(z) S a1 2|bn+l|, (or else |f(z) Sn+l| would be

1
> |5(z) -5 |,) == |2(z) -5 | >5[ | = |2(z) -5 ;| >5l0

n+l|
1
| (1-€), =5 |£(2) - Sn' “’§]b

by the previous reasoning, > llb n+1|
|2(2) - s, | - [£(2) -8

2' n+l

n+l|

~ 1
5lv

n+2| ~1£(z) - Sn+1|’ as n - 0 =3

|£(2) - 8|

- 0. //

Tt is thus of interest to know, when using A or B, whether G(y)
is analytic at O. The following theorems throw light on this question.

The basic fact is that F(x) = G[Fl(x)]. For G(y) to be analytic
at O, F(x) must be an analytic function of Fl(x) continuable to a
neighborhood of Fl(uﬂ, (= 0). Let us suppose that G(y) is analytic at
0. aly) = a + al(y) + a2y2 + ... in a neighborhood of O.
G(y), = F(x), -0 as y - O. Hence & = O. Let a be the first non-0
a . Then a(y) “'anyn as y - O. Hence, F(x) “‘an[Fl(X)]n as y - 0O,
and we obtain
Theorem 69. 1) If G(y) is analytic at O, then
F(x) ~ constant - [Fl(x)]n as the real variable, X, - % vwhere n is
z 1.

2) If G(y) dis analytic at O, +then f(x)/fl(x) is en enalytic
function of Fl(x) in a neighborhood of Fl(“»’ (= 0,) and

£(x)/2,(x) ~ constent * [F,(x))™,
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Proof of 2). G(y) = 8.y + aeya + +.. , vwhere y = Fl(x).

&(y)
F(x)

n-1
where g is analytic in a neighborhcod of O and is “‘nan Yy . //

a, +2ayy + 3a3y2 + ... in & neighborhood of 0. Now

G[Fl(x)}- £f(x) = g[Fl(x)] fl(x). Hence f(x)/fl(x) = g[Fl(x)],

Since we must find an F1 such that F “'anFln, we might as well
try to find one with F ~F,, vhich would require, vy (69.2) and (16),
that f “'fl. Of course, the perfect Fl would be F itself. Then the
A and B expansions would consist of the one term, Fl(a)- These facts
suggest that the proper choice of a transformation, Yy = Fl(x), for
generating A and B, 1is & close approximation to F.
Theorem 70. 1) If G(y) is analytic at O, then Fl(x) is analytic
at © ¢== F(x) is analytic at o

2) F and F. are analytic at ®@ == G(y) is snalytic at O.

1l
In other words, any two of the statements, "Fl(x) is analytic at o',
"F(x) 1s analytic at «", and "G(y) is analytic at O" imply the
third.
3) PF{(x) 1is analytic at @ ¢== f{x) is analytic at ® and has
order § -2. Hence, if Fl is analytic at ©» and f(x) has a singularity
at , then G(y) is not analytic at O.
This theorem can be proved by the following lemma from function
theory, which states, roughly, that an analytic function of an analytic
function is an analytic function.
Lemma 7l. 1) If the non-constant function £(z) is analytic in the region,
R, then f(R} 1is a region.
2) 1If, also g(w) is analytic in f£(R), then h(z}, = gl£(z)],
is aqalytic in R.
3) Conversely, if h and f are analytic in R, then g 1is

analytic in f(R).
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L) If h is analytic at z, @and the non-constant function, g,
is analytic at f(zo), then f is analytic at z .

In other words, if f, g, &and h are non-constant functions,
and h = g(f), then any two of the statements, "f is analytic at
zo," "g is analytic at f(zo)," and "h 1is analytic at zo", imply
the third.

Proof of 1). This lemma is a consequence of the inverse theorem
as stated by Knopp, [24, p. 135 and the exercise on p. 137]. These
theorems state that if f(z) - f(zo) has en n-fold zero at 1z,
then the image of any neighborhood of 2, covers a small neighborhood
of f(zo) exactly n times. It follows that if z = is any interior
point of R, f(zo) is an interior point of f(R). Thus, f(R) con-
tains only interior points and is a region.

Proof of 2). Now we assume that f£(z) is analytic in R and
g(z) 1is analytic in f(R). Let w = £(z).

h(z) - h(z ) g(w) - glw ) £(z) - £(2)

= . . As z — zO, f(z) - f(ZO),

2 -2 W - W Z - 2
o} o (¢]

== the left factor - g'(wo) and the right factor - f'(zo). Thus,
h is differentiable at any point, Z s of R.

To prove 3), we write the same identity and suppose first that
f'(zo) # O. Then gg/Aw - h'(zo)/f'(zo) by the quotient of limits
theorem, so g is differentiable at wo. Thus g(w) is analytic at
all points, f(z), except where f'(z) = O. Now suppose f'(zo) = 0.
£'(z) #0, or f(z) would be a constant. By the identity theorem,
there exists & neighborhood, U, of z, Wwhere £'(z) £ O except at
z , == g(w) is analytic in £(U) - w . Given ¢, there exists 3

o

such that |z-zo| <% == |b(z) - h(zo)l < e, since h is continuous.
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By the Knopp theorems, again, there exists 81 such that Iw-wo| <5?d

= |z-z0| < 8. Hence, Iw-wol <8 == |n(z) - h(zol,

1

= Ig(w) - g(wb)|,< €. A theorem of function theory states that a func-
tion analytic in a region except for one point and continuous at that
point, is enalytic at that point also. Hence, g(w) is analytic in
f(U). We have thus shown g(w) analytic in f(R).

Proof of 4). We suppose h analytic in U a neighborhood of

l]
Zo’ and g analytic in Ué, & neighborhood of wo. We can make U2

small enough so that g'(w) # O except possibly at v, asin the

proof of 3), and we can then make Ul

tinuity of h at Z s h(Ul) (C the region, g(Ue). Let h(zl) be any

small enough so that, by the con-

point of h(Ul) except g(wo). Let g(wl) = h(zl). There exists a
neighborhood of V)5 U3, C U2 - w_, vhere g(w) has an analytic in-
verse, and where g(U3) C h(Ul) by continuity. There exists a neigh-

borhood, Uy, of z, with h(Uh) C the region, g(U3), by continuity.

Then f(z) = g-l[h(z)] in U, and is analytic there by 2). Hence,

£f(z) is analytic in U -z Now by the Knopp theorems, there exists

8 such that |g(w) - g(wb)l <3® =3 Iw-wo! < €. By continuity, 3 5

such that Iz—zol <8 == |h(z) - h(zo)l, = |g(w) - g(wo)l, < 3.
Thus, f(z) is continuous at z.» and, as before, is analytic there. //

Proof of (70). Let F(z) = F(1/z) and Fl(z) =Fl(l/z). F is

analytic at © ¢m=0 F is analytic at O, by definition, and Fl is
analytic at Mfl is analytic at 0. F(1/z) = G[Fl(l/z)], hence,

F(z) = 6lF ()], F ana F

by the identity theorem. We can now apply Lemma 71, end know that if

are not constant, hence G 1is not constant,

any two of the functions, fﬂ F

12 ©F G are analytic at O, +then the

other is.
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Proof of (70.3). F(x) is analytic at ® ¢==d F(x) is analytic
at 0, ¢=>F'(x) is analytic at 0. F'(x) = E%F(l/x) = £(1/x)/<
= F(x)/x2. F(x)/x® 4is analytic at O ¢== T(x) 1is analytic at O
and 6(f) < 2. //

If you should be looking for a transformation, Fl(x) , that is
analytic and biunique at ©, your choice is rather severely limited.
For those requirements are equivalent to demanding that fl(z) be
analytic and biunique at 0. Hence, by the implicit function theorem,

fl' (z) # 0. 8o the expansion of fl(z) is az + a2z2 + «e. , with

a # O. Thus, i?-l(z) ~az as z -0, andwve get
Theorem T72. Fl is analytic and biunique at <« and in a neighborhood

of © =2 Fl(x) "‘x-l‘consta.nt, as X - @,
To apply (70), we went to know whether f£(z) is analytic at oo
The following theorem helps to decide this question.
Theorem 73. 1) If F(z) is analytic in the region, {z; |z]| >R},
and if F(z) - O when the complex veriable =z — ©, then F(z) is
analytic at .
2) 1In order for F(z) to be analytic at ®, f(z) must be
"'a.nz-n es z - for somen>1 and &, # 0.
3) 1In order for F(z) to be analytic at o, f(z) must be
c 2z as z - % for some m>2 and cm;éO.
Proof. Let U be a neighborhood of 0. If F(z) is analytic
in U-0 and continuous at O, then F¥(z) is analytic in U, == 1).
Now if F(z) is analytic at 0, F(z) = a  +tazta Z2 + eee o« Let

1 2
&, be the first non-0 a . F(z) "'anzn as z » 0, =5 F(z) "'a.nz-n
as z - % == 2). 3) follows from 2) and (70.3). //

If G(y) is enalytic at O, then the B series,

G(y) = y lim ul(x) - y® lim u2(x)/2! + +es , converges for x large



51

enough. Since all these limits must exist and be finite, and not all O,
we can deduce the following order conditions:
Theorem T4. Let G(Fl) =r and G(ul), = G(f/fl), =s. If G(y) is
analytic at O, +then

1) s and r are <o.

2) 6(un+l) = G(un) - r, unless 9(un) = 0.

3) s is finite and £0 == r is also and s/r is a positive
integer.

4) If s is infinite, so is r.

This theorem follows directly from (69.2). However, since it also
applies to asymptotic expansions, a non-analytic proof will be given.

Proof. s cannot be >0 or ul(x) -, r cannot be >0 or

F. (o)

e(un)

= '
® o Lo=u /fl, =2 6(u

n+l) = e(un) -1 -(r-1), unless

1l

0, (18). If s were finite and r were - G(ue) would
be «© and ug(x) - 0, g contradiction. If r and s are finite, and
s 1s not divisible by r, then after a finite number of terns, O(un)
would be >0 by 2), a contradiction. Finally, if 6(s) = - and
6(r) 1is finite, then 6 (every ui) = -0, all the coefficients are O,
and you get no series at all. //

When the series converges, G(un) gets to be zero every now and
then, and then un+l gets new life from un' having order < -1.

Some of the previous reasoning is incorporated in the following
theorem.
Theorem 75. If G(y) is analytic at O, and fl(x) exists, then

1) For all n, un(x) exists and lim un(x), (= U say,) exists
and is finite.

2) There exists n such that Un £ 0.
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[F. (1"
3) F(x) ~_(_)n+l -—l—fl—— * (first non-0 Un).

n!
4) Let n + r be the index of the first non-0 U, with r > 0.

U [F.(x)F
Ten w(x) ~(-)F L1
r!

We will show that this theorem applies also to asymptotic expansions.
Proof. G(y) = Uy - U2y2/2! + U3y3/3! - ul(x) = G'(y), which

exists. ILet u2(x) = -G(e)(y), which exists, etc. un'(x) =

dlu (x)]
-t . %%.= - G(n+l)(y) . fl(x). Hence, all the u '(x)'s exist

dy

and the recursion formula holds. Now, all the G(n)(y)'s are analytic
where G(y) 1is, === they are continuous and finite in a neighborhood
of 0, == the limit of every 'un(x) exists and is finite, proving 1).

2) follows from the fact that the expansion of G(y), which
= F(x) # 0.

As y -0, c(y) “‘(-)n+l U ¥'/n !, where U, is the first non-0
limit, proving 3).

To prove h), we differentiate the series term by term n times,
- (=)t

getting G(n)(y) {Un -V YU ye/er - ...,

n+2

— - - ' L
=z uh(x) Uy -U . Y+U y2/2t - ...,

—o u (%) ~ ()T u RGN/ /)

The asymptotic properties of B are summed up in the following
theorem.
Theorem 76. If all the un(x)'s exist for a <x <® and - finite
limits not all O, then B is asymptotic II. If, further, G(Fl) <0,

then B 1s also asymptotic I.
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The condition for (76) ig Simply that g Meaningfy) g eXpansion
exist., 1p order to DProve the theoremg it wily be necessary to prove a

few lemmag first,

Definition, G(y) has the asymptotic €Xpansion, a + &y + a2y2+-...,
—=1nition

85 ¥ >0 from the right, ip G(y) - a and for alj n,

o)

(The brevioysg definition, 88 applied to G(y), was that

Theorenm 78, If 6(y) has right-hangeq derivativeg of every order, p,
===0rem 78

continuous on g intervaj, [O,yh], then g(y) has an asymptotic expan-

“) - Z ety s, o)y
PI'OOf. \W\ = \'OSYSYI (65)J
¥ (n+1)t
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Corollary 79. If G(y) is analytic at O, its analytic expansion is

its asymptotic expansion.
There are many useful functions that have an asymptotic expansion
2
at O but are not analytic at O. Courant's example, e 1/x ,

referred to earlier, is one. The asymptotic series, (Example 89),
for the ratio of the normal tail integral to the normal density,
o(x)/o(x) >xt o x3. 3 x> - 35 T ... , 1s another. We make

the transformation, x = 1/y, to obtain an asymptotic expansion of
c(y), = ¥(1/y)/e(1/y), at oO.

Theorems TW and 75 apply without change if we assume that a meaning-
ful B expansion exists, rather than that G(y) is asnalytic at O,
(i.e., we require that every un(x) - g finite 1imit, and that not all
these limits are O.)

Proof. (75.3) is a direct consequence of the definition of
()™ (7, ()17

n!

. (first non-0 Uy),

asymptotic expansion. We we have F(x) ~

To prove (75.4), we remember that uh(x) = (-l)n+lG(n)(Y)-

(n+r) _ , \n+r+l (n+r-1) o, \n+r+l
G (-) U,. @ ¥—>0. G (-) U, v Dby the

finite analogue of (16) as explained in Chapter VII.
g{or-2) o (-)rred U, ¥%/2! Keep this up.

G(n) Q,(_)n+r+l Un+r yr/rl un(x) N,(_)n+l (_)n+r+l Uﬁ+r yr/r! //
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Corollary 80. If a B series, finite or infinite, exists, or, indeed,

n-1
1

index of the first non-0 U,, and ¢ = (-)n-th/(n-l)!

Proof. ul(x) = f(x)/fl(x) -c Fln-l by (75.4). //

if some un(x) -+ a constant, then f(x) ~c F f,, where n is the

Proof of (76). Let a_ = (-)o+t U /i, s £O ¢=0U #0. The
existence of the un(x)‘s and their finite limits guarantees a Taylor
expansion of G(y) about O which is its asymptotic expansion about O.

et a ., a

nl’ &no? ccv be the non-0 coefficients of that expansion.

nl n2 -1 ni _ nk
G(y) = F(x) = 8yt Ay o+ o . F(x) - Z&l a3 Y oage bY

the definition of asymptotic expsmnsion, == F(x) “‘ynl&nl:

~ Dk ~ . bk-nl : - -
= B, "~V ank/F, y ank/ahlf Since y +0, E, = o(Enl),

En3 = o(Ena), and so on. Thus, B is asymptotic II, and if Fl(x), =y,

has order <O, B is also asymptotic I. //

Of course, B may be a finite series ending in anky Then, if
k ni
F -2 4 8 .Y
m > nk, we have izl ni +0, == E /ym nl 0,
ym nk

= 8 = =00,
(E,)

Procedure A seems to have the advantage that it exists in many cases
where B does not. The following theorem shows that under suitable
regularity conditions, A 1s only asymptotic when an infinite B series
exists, (and is therefore asymptotic.)

Theorem 8l. If F, has order and un+l(x)Fl(x)/un(x) -+ a limit for
every n as Xx - ©, then A is asymptotic II [and I] ¢=5 an infinite
sequence of un(x)‘s - constants [and G(Fl) < 0.]

Proof. We have defined a constent to be a finite, real number # O.

Throughout this proof, we will use order theorems in the finite sense, as
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described in Chapter VII. En(a) =+ }'2 G(n+l)(y) Nl dy/{n! F(a)l.

Epas) fg c(2+3)(y) ™+ ay Lim Ynep(®) Fi(x)
E_(a) Py P ay @) T (0
lim =2y y 1im Fna ()

(n+1)

- = - 6(c ), (24), = (n+1) ——, (7.
-0 {(n+1) ) ) )
v gty 70 (a)
G(G(n+l)) = B(G(n)) - 1, unless G(n) - a constant.

Case 1: 6(G) = ©, (This means that G - O, because y* 1is the
typical function of order n in the finite sense. When n >0, yn -+ 0.
When n <0, y© - ) Then 8(G) = 0(G') = 6(G") = ... = %

:ﬂE

- =00 i .
n+l/En as b -0, and A is asymptotic II in reverse

Case 2: for n 2N, mno un(x) - @ constant. Then no G(n)(y)

- a constant for n > N. If G(G(N)) = + %, then A is asymptotic II

in reverse, as in Case 1. If O(G(N)) =r, finite, then G(G(N+m) = r-m.

EN+m+l (r-m)
e ————— -

EN+m N+m+1

, which -1 as m -~ % and A& is neither asymptotic

I nor II. Infinitely slow convergence is not ruled out by this proof,

however.

lim
. % ]
Case 3: An infinite sequence of un(x) s - constants. L En/En-l

G(n+l)()’)'y un+l(x) Fl(X) [Fl(x)]s'Fl(x)

= - lim = lim ~ constant -°
®)(y) (¥, ()1

u, (%)

by (75.4), = constant [Fl(x)]s+l'r. Now s =r -1 unless un(x) -8

constant, when s >r =0, (75.4). Thus, En/En-l - a constant unless
un(x) - a constant, when En/En—l -+ 0 and G(En/En_l) is an integral
multiple of 9(Fl). Thus, if you always stop A after a term where

un(x) -+ a constant, you get a procedure that is asymptotic II, and, if

6(F;) <0, is asymptotic I. //
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The dependence of the asymptoticity of A and B on an infinite

sequence of un(x)'s - constants severely restricts the usefulness of
these procedures. We have seen that & necessary condition for this

property is that F be ~—cFln, (75.3), and that £ be ..C.Fln-lfl,

(80). Even if F and Fl are L-functions, there are many cases where

the condition fails, as for example, when F = e >

and F, = 1/x. There

is no Fl that is universally applicable, but in each case, Fl must

be carefully tailored to fit F.
If a suitable Fl is found, with F “’cFln, we'd have to differen-
tiate ul(x) n times to get the first coefficient of the B series.

As has been observed, labor would be saved if an Fl could be found with

F ~F,, vhich would require that f ~f,, (80).
Example 82. Such an improved Fl cannot always be obtained by raising
the old Fl to the nth power.
3
@2 3 ~p 2 - 2
Let F = Fl + Fl . Then F Fl . Let F2 = Fl + F2 . Now
suppose an infinite B series exists. Then F has the asymptotic ex-
F.-F
. 2 3
pansion, F2 + aEF2 + a5F2 +oee. 5 = o 2 - a5 But
F - F2 1 2
= F, 2 -, contradiction. //
F 2 2
2

Let us now consider the suitability of various likely choices for

Fl.

Fl(x) =1/x. The A and B series will be useful only if f£(x) ~ex 7,
(80). If n is large, much differentiation will be needed to obtain
even the first B coefficient. The differentiation can be speeded by

a pattern similar to Pascal's triangle.

_ n+l n+2 _, 2n _(n-1)
un(x) = a X £+ a X f' 4+ ... +a_x ¢f

nn , where the
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. coefficients are obtained from the triangle,

8.1 8.2 8.5 &h

. ull
u22 1
6 6 1
3

), 24 36 12 1 ete.

Each teble entry = above:(row + column of above) + above left. In other

words, 855 =8, (L1 -1+ + 85.1,5-1" G(y) is analytic at O
¢&=» F(x) 1is analytic at © ¢=f(x) is analytic at % and has order
S -2, (70‘3)'

The 1/x transformation makes a good combination with mechanical

quadrature.

® F(x) = 6(y) = [7 e(t)ac. e(y)

F'(x)/y'(x) = x® £(x).

g (y) = [xZF )] /y'(x), = -x3[x&F"' + 2xf], = e - 2x°f, » O when

[l

y-0 if O6(f) < -3. So we don't have trouble with infinite derivatives

at end points. The [0, l/a] interval can be cut up into equal intervals
by points k/na, k =0, 1, ... n. g(y) at these points, = xZ £(x) for
x = na/k. A good quadrature formula, like Weddell's rule, [20], can now

be applied to get G(1/a), which = F(a).

)
&
- (1/p]
- r
0 1/a
. ' F (x) = e™®. We can use this transformation only if f(x) ~c e, (80).

un(x) = ¥ [anlf(x) + anef'(x) + o.e. + annf(n)(x)]. The a, .'s can be

id

=) ey ) v e 5

obtained from the recursion formula, a,

id
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which can be represented by the triangle

al 8.2 8.3 8.)4
ul 1
u2 1 1
u3 2 3 1

) 6 11 6 1 etc.

Each table entry = above.(above row number) + above left. G(y) is analytic

at O, (and hence B converges) ¢==2 f(x) is an analytic function of

e™® at e * =0, (69.2).

Fl(x) = £(x). This transformation is only useful if F ~ct®. It 8(f)

is finite, then 6(f") <6(F), and F cennot be ~cf’. If 6(f) = -
~ ol ~ log £ 1
and F ~cf", then log F ~n log £, ==o I’o’é‘?”ﬁ’ =» n =1, (30.2),
=5 F ~cf, == £/F ~1fc, == -log F ~x/c, (16),
=9 log f ~ - x/c, (30.2). Let f£(x) = e-x/C h(x). ul(x) = f/fl - a
limit, L, == F/Fl - L, =aL=c¢, == -£/f' ->c.
1
. _ =xfe ., 1 £' _ =h (x) - h'(x) _1 h'(x) 1
f' = e (h'(x) h(x)]. = =: " a0 e

h(x)
= h'/h->0. u,= ul'/f‘. u,' ~ constant (1/u))*, (8.3), =
constant * (h'/h)', =9 lim uz(x) = lim ul'/f‘, = lim (h'/h)'/f', except
for a constant factor, = lim (h'/n)/f, (17). This limit cannot be finite
unless 8(h'/h) = -, =3 h - a constant, since, for any function, g,
0(g'/g) 2 - 1L unless g —» a constant. We conclude that when Fl = f,
~C, X

A and B are useful only if #£(x) ~ece

Fl(x) = xf(x). For this transformation to be useful, F must be ~ ox"?,

=9 log F ~n log x + n log £. Suppose 6(f) = . Log x = o(log £), (7),
== log F~nlogf, == n =1, (30.2), == F ~ecxf, ==> £/F ~1l/cx,
=< - logF ~ (log x)/c, == 6(F) = -1/c, a contradiction. Thus,

6(f) must be r, finite, (presuming that f has order at all.)



f . f =l eiliie limit whi
ul(x) = fl, R A N l, a finite limit which must be
f

-1/(r+1), (24). So we must have f ~xf'/r. As before, u,' “‘(l/ul)',
(except for a constant, by 8.3,) = (xf'/f)' = (xf£'/f -r)’

u, = ul'/fl ~(x'/f -r)t/f. Limu, = (x£1/t -r)/Fl, (17), 9(u3) =

= 9(u2) - (r+1), and so on. We can conclude that A and B are only
useful under the transformation, Fl(x) = xf(x) if 6(f) = a finite
number, 1r, and e(xf'/f -r) is a multiple of vr+l.

Fl = vf. The motivation for this transformation is Formula 34

F “';EI'Vf- (v = -f/£'.) Thus F ~constant + F , if £ is atall

well behaved, and so the first requirement of a meaningful B expansion

is satisfied. = -(v'f + £'v) = £(1-v'), l/ul(x) =1-v', -1 + 1/r,

fl
(30.1), if £ 1is well behaved. ue(x) = ul‘/fl. ul'(x) “’(l/ul)',
except for a constant factor, (8.3). Thus ue(x) “‘v"/fl, and

lim uz(x) = lim v'/Fl, if 6(f) = o, (17), = lim v/fFl, unless V - a
constant. Supposing that the functions appearing here have extended
order, we f£ind that 6(f) = &(F) = e(Fl) = @(fFl), (k4), end that
le(v)| < |e(£)], (46). Hence, le(v)| < |e(fFl)|, == ug(x) - o, We
must conclude that 6(f) is finite or that v — a constant. In the
latter case, f ~constant * f', and we have f Dbounded by the family
(e™°*y. 1r 6(f) is finite, v'--lfr, and lim (v"/f,)

= lim [(v' + l/r)/Fl]. We will see that 6(v' + 1/r) = e(xf!/f -r).

We conclude that this transformation is only useful if 6(f) = © and
£ 1is bounded by the family, {e '), or if 6(f) =r, finite, end
o(v' + 1/r) is a multiple of r+l.

Expansion of f_l. Another way one might want to apply the Taylor series

is to expand the integral of g(y) = f-l(y), when f(x) is monotonic



61

(s ¢] -
for x >a. fa f(x)ax = fg(a)g(y)dy - ar(a). The asymptotic properties

of this expansion are the same as

those of & when no u (x) » a con- ¥
n \
stant. We can show, as with A, \
: E
that 0 Faan (Y \ &(y)
E (y) \
n+l
g 1)y &
= -1i n
gt (y) (n+1)
(n) £(x)
= -8(g' ’/)/(n+l), presuming that f\\\\\~\““*-~x

limit exists. 6(g) in the finite 0" f(a) a

sense = 1/6(f) < 0. 6(g') = 6(g) - 1, and by induction, G(g(n))

lim 1lim -
= 1/6(f) - n. Hence, 100 k0 En+l/En - 1. We conclude that the pro
cedure is neither asymptotic I nor II, and that if it converges, it

does so infinitely slowly.

Expansion of F/vf. An spplication of Procedure B is the expansion of

F/vf in powers of 1/x. We can subtract 7, = r/(r+l), where

r = 6(f), from F/vf to make F/vf correspond to the F of B,
and then F, is 1/x. We must require that (F/vf -y} have integral
order < -l. 8(F/vf -7)' can be evaluated by considering the function,

G

F/f + x/(r+l). G' = F/vf -y and G" = (F/vf -7)! If r =%

i

G = F/f, 1/G = (- 1log F)', -6(G) = 6(log F)', and -6(G) +1

= 6(1og ), (30.2). O(F/vE -y} = 6(G)-2 = -6(1log £)-1, for 6&(r) = -.
Thus, we have as a necessary condition for this expansion that

6(1log f) be finite, a far less restrictive condition than others we
have encountered. Indeed, this is the first procedure considered that
yields an asymptotic series for the normel distribution. In that
example, F/vf = x@fp =1 - x4 3x-u - 3.5 x“6 + oo . (See

Example 89.)
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The expansion is not easily obtained, since the uq(x)'s will be
€Xpressions containing F; however, & method of undeterminegd coefficients
1 -2

may be applied. We write the expansion ag y + alx- tax T o+ .,

The relative frequency error for vi(y + alx-l) is calculated, and

al chosen to minimize itg order. If the absolute frequency error is
& simpler €Xpression, that may be minimizeq asymptotically, instead,

Then 8, 1s chosen to minimize the error of vi(y +a x™L . a, x-e),

asymptotic I ang II.
Since A ang B are only useful when B exists, the question

arises as to which ig better. ye have seen that

1

LR

1

R N LI F(s)].

E (- f: G(n+l>(y) yndy/fg Y ay
"ap Io ¢y (o) ay/[? (v-y)Pay

]

This is the ratio of two weighted averagges of G(n+l)(y), the top
weighting the b end of the interval, and the bottom the O eng. If
B exists, ang uN(x) ~ & constant, then un(x) -0 or a constant for

()% u

if a term of B exists with degree > n+l. When G(n+l)(y) = a con-

(]

n>N by (75.4), Thus G(n+l)(y), (x), =0 ora constant

n+l
stant, there would seem no general reason to believe one series more

accurate than the othep, If G(n+l)(y) = 0, then the integrang would
tend to be smaller on the 0 end of the interval, and the B series

would tend to be more accurate. If 3 is a finite series, stopping
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t
at the n h degree term, and u_ .(x) - + ®, then the A series would

n+l
tend to be more accurate. The B series may be handier to use, since
it may contain fewer terms.

Summary of Chapter IV.

In order to apply a Taylor series to approximate F(x), we must
first apply a transformation, y = Fl(x) carrying o into O. The
series will not converge, except, possibly, "infinitely slowly," unless
G(y), which = F(x), is analytic at O. Conditions for this ana-
lyticity have been derived. The B series, and expansion of G(y)
about O, is asymptotic when it exists. But this existence requires

a very fortunate choice of F The A series, an expansion about

1°
Fl(a), exists under more general conditions, but is only asymptotic,
and hence only useful, when the B geries exists. The most applicable
Taylor procedure, an expansion of F/vf in powers of l/x, is also

the most difficult to apply, since a method of undetermined coefficients
must be used. Mechanical quadrature can be simply appiied to G(y)
after the transformation, y = 1/x, has been applied, if O(f) < -3.
Unless the B approximation is the whole of a finite B series, the

B approximation is asymptotically no worse than the corresponding A

epproximation, and is often better.



CHAPTER V

THE LAPLACE ~ WINCKLER EXPANSION

An expansion of more general applicability to tail integral ap-
proximation than the Taylor series is the Laplace-Winckler expansion.
It was descovered by Laplace, [26, p. 88], in 1814 and given a simpler
derivation and a remeinder term by Winckler, [58], in 1871. As far as
I know, it has not been referred to since that time.

Winckler derived the series using an integration by parts. He

wrote, f = —f'vl, where v. is what we have called v, namely, -f/f'.

1
[e] 0
Then, integrating by parts, he obtained, fa £=[f, -f'v = vl(a)f(a)

o0
+ fa fv.'. He then defined v, to be

' t = flvy,
1 5 vlvl y 5o that fvl = T AP
Then [Cev.' = [C-ftv. =v (a) £(a) + [- £v.'. The definition of v
a1 a 2 2 a” 2 3
was v,v.', and the derivation continued in this way. Thus the

12
Expansion 83, f:)f = f(a) [vl(a) + oeee + vn(a)] + f:)fvn', where

= - ) = 1 . . . s .
vy f/f and Vi vlvi , was obtained. An implied assumption
is that vlf, seey vnf -+ 0 as x - % This will be the case when

f:’f exists, and regularity conditions hold, as the following theorem
shows. (This point did not come up in Winckler's discussion, since he
used the limits & and b rather than a and )

Theorem 84. If 6(f) =r, # O but possibly infinite, and

vl', v2', saey vn' all - limits, finite or infinite, then these limits
are -l/r, l/r2, ceey + l/rn.

Proof. Case 1: r is finite. v2/vl =v,' - - 1/r, (30.1).
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Lim vg'/vl‘ = 1lim v2‘/(-l/r), and = lim v2/vl, (17), = -/r.

(Neither v2 nor vl - constants, since vl' - -1/r and v2/vl - - l/r-)
Hence lim v2' = 1/r2%. Lim v3‘/vl‘ = 1lim v3'/(-l/r), = lim v3/vl
= 1/r®?. Hence lim v.' = -l/r3, and so on. Case 2: r is infinite.

3
= 't L 0. 1 . 1 t -
v2/vl vy O. Suppose Vv, 4 0. Then v, /v2 0, and vl/v2 0,
(17), & contradiction. (17) fails only if v, > 8 constant. Then
— 1
v, = Vv
Then vl'/v3' -0, = vl/v3 -0 or v, - constant. The first alter-

-0, == v,' >0 in this case, too. Suppose v3'7L 0.

native is a contradiction, and the second == v3 = vlv2' - 0, another

contradiction. Thus v.' - 0, and so on. //

3
The derivation of (83) holds under the same conditions with the
.00
added asssumption that Jo f exists. This, and the fact that
|Vf, =% vf - O, = (v

v' > -1fr == F ~| + eee + V)T,

x
r+l 1
= (1 + vl' + oo + vn_l‘) vf, - 0, (84), and the derivation is
completed. [/

If F - ©, the original formulation of Laplace and Winckler is

appropriate:

X e(e)at = [2()lvy () + oo+ vn(t)]li + fz £v '

This formula reduced to the previous one when F - 0 and x =%
Laplace's derivation of this series is an interesting example of
how an uninhibited handling of mathematical formulae can lead to cor-
rect results, [26, p. 88].
He et 4(x) = log [£(a)/e(x)], so that £(x) = £(a) ™, end
he expanded x in a Taylor series about a: x=a+t %%la

2 @&x

t 5T a2 4+ ¢oe .« Let vl(x) = -f(x)/f'(x) and vn+l(x)

a8

- 1 glt-—_f'(x)— 1 =—-\“‘>§£=
=V, (x) vl(x), as before. == - T3} = 7(x) =z =
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= dv - dy d: X = yy! - v

os and so °n, 50 that x -

t2 +2
&+ tv (a) 4 a1 Vola) + ... . dx = gt [vl(a) +t vg(a) * 5 v3(a)-+...].
I #(x)ax = g() Iy o™ tv (a) 4 tvy(a) + £

—

57 v3(a) + ool ] Qe
Substituting f:’ e-ttn =nl!, hpe Obtaineq

f:f(x)dx = f(a) [vl(a) + V2(8‘) +

in his series,
Boundg 85,

As with the Taylor Series,

itten
in a Ctonvenient form. foofv Y=y ( ) foof where g < X, <o
Y Ya n n ‘% a ™’ = 7 ?
by a meapn value theoren, (We are assuming that £>0.) Then
F(a) = f(a) [vl(a) + oee. 4 vn(a)]/[l-vn' (xl)]. By Substituting
sup{v Mx); x > a)l ang inf {vn’(x); X >a) rfor vn’(xl) in the
above fornmla, Provided that they are not on OPposite sides of 1, one
Obtains boungs for F(a), 71p vn'(x) is monotonje for a <y, the
values gre vn'(a) and (-)n/rn, (84),
. . X t_ o, X
If P(x) %, the remainder - fa v ' = v (xl) fa f, where
If(t)[vl(t) ety (1)])a
a <>Ll < x, Fla,x) = * Sup vn'(t) and
1-vt(x)
n 1
inf vo'(t), &<yt <X, if not op OPPosite sides of 1, can be gyp.
Stituted ¢o obtain boungs for P(a,x).
Bounds 8¢, by vV, and r . g monotonica]
G(f) = 00

t
tainable fa fvn lies
between f(a)f:)v' and 0, that is, between ~f(a)v (2) ana ¢
Thus F(a) lies between f(a)[vl(a) + oeee + vn_l(a)] and
f(a)[vl(a) + ee. + vn(a)].

The tonditiong for thege boundg are not ag remote gg they might
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seem. We will see that the expansion is asymptotic only when 6(f) = %
If G(f) is finite, a modification of the expansion is appropriate,
and will be discussed later. If the v(x)'s have order, v, = 0 if
6(vn) < 0. We will see that when 6(f) = + %, e(vn) = n6(v') + 1.

In practice, 6(v') is usually a negative integer. 6(v') 1is only O
if 6(f) = + (1,0), (46), which is a rare occurrence. (See Example 88.)
Theorem 87. 1) e, = -vn'.

2) 1If f, vl', v,'s
means that 6(f) = + ®,) then (83) is asymptotic I and II; and

..., have order, and G(Vl) = 1-¢, (which

G(En) = 6(v ') = me if « #1, and = -n + 1 + O(Vl') if e = 1.

We must also require that vi-% a constant for i > 1, and that when

v, > 8 constant, G(Vl') is finite. It could otherwise happen that

IQ(vl')| > |e(f)], which would make (83) asymptotic in reverse, (9%.1).
3) If G(Vl) =1, and vl' and Vi+l'/v£ - limits for

i=1, ..., n, then Ei+l/Ei - -1/, for i =1, +e., n. 1), 2),

and 3) apply if F(x) - o«

1
H

'
)
o)
Py
<

Proof of 1) and 2). Suppose € # 1. O(Vl)

6(v2)

o(v,) = 0, 8(vy) = 6(v;*), 6(v;) = (v ') = 8(v,")-1, (18), end s0 on.

1-2¢. 6(v2')= -2€. And so on. Q(vn‘) = -ne. If € =1,

vy - A ___°° 1% _ow !
e(vn ) = 9(vl ) - n+l. Now E = fa £V, /fa £.oey = v ',

(= + Vn‘ it F - 00‘) G(En) = e(en): (57): = e(vni)'
[ve]
Proof of 3). Lim B, /E = lin L, e

- 1 1 —
= lim v, /vi , (17) = lim vi+l/vi’ (17), (since, by the reasoning of

2), G(Vi') =0 and Vv cannot therefore - a constant,)

i+l
= lim vi'vl/(vi_l‘vi),= lim vi'/vi_l‘, = lim vi/vi-l’ = oo = lim v2/v1
=limv,' = -1/r. [/

Thus, the Laplace-Winckler series is, under regularity conditions,

asymptotic II if 6(f) = -, asymptotic I if, in addition, 6(v) <1,
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and shows a regular improvement, though not an asymptotic cune, if
x| > 1.
We have seen that v' -» -1/r if any limit. Hence, 6(v) < 1,
( = 6(v') <0,) only if r = + %, It is still possible to have
6(v) =1 and 6(f) = -,
Example 88, (Hardy, [15, p. 23]). This would be the case if
o(f) = -(1,0), since 6(log £f) = 0 ==> O(£'/f) = -1, == 6(v) = 1.

Hardy's example of a function < any x? and > e-x/n, fits this
any

- 2 -
description. It is e (1og x) 3 1og x. //

which is the same as x
Example 89. (Laplace, [26, p. 103]). The well-known asymptotic series

for the normal distribution,
©0 - - - -
fa ¢(X)dx = ¢(a) (a 1. a 3 + 3a > . 3+5a 4 4+ +ee ), is a neat example

of the Laplace-Winckler expansion. vl(x) = x7L, v2(x) = -x_3, and so
on. € =2, so that G(En) = <2n, and the series is asymptotic I and II.
It diverges for all a, since the ratio of succeeding terms - «.
Example 90. The Laplace-Winckler series for f(x) = x is convergent
but not asymptotic.

It is a "(-a/r + a/r® - a/r3 + .+. ) which converges to
att, {%/(l + %), = ar+l/(r+1) = F(a). vn(x) = £x/r", so that
vn'(x) not only - #1/r", but = *jﬁ . //

The Laplace-Winckler series is a special case of a general iterative
procedure. Let us derive it by writing, F(x) = u(x) £(x), (or simply,
F=uf.) F'=«f =u'f + f'u, = f = -flu/(1+u'), =3 u= (1+u') v.

If we solve this equation iteratively, we get

Procedure C: u, = (1 + ul')‘v. If we start with u, =v, we get
the Laplace-Winckler series. F) =vf. F,=1f" (v + v2).

Fy = (v + wt 4+ w,') = £f(v + v, + v3)- And so on. If we start with some
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other u we get F, =uf, F

— . t — .
1 1 = f(v + w v), = £ (v + WQ)’ say.

1’ 2

F

3 (v & vy + we'v), =f (v + Vo + w3), say, and so on. Thus,

F
n

]

f-(vl + Vo ke +

50 the series is the same as the Laplace-Winckler series except for the

+ wn), where w, =u,'v and w =w_'v.

vn-l 2 1 n+l n

last term.
If F(x) - %, the approximations are all taken between the limits
a and X, so that wf = ul(a) f(a) - ul(x) f(x). 1If u, = v, ve get

the Laplace-Winckler series in the & and x form.

< - _ _ (% i 1

The remainder term =F - uf, = fa f+ (unf) . £+ (unf)

= ! ! = -f! ! - = -f! -
£+u'f+flu, £ (v + u 'v un), f (un+l un),
- _f! . - 1 [ ' :
= -f (wn+l + v wn), f(wn + v, w,.1'). Thus, the remainder
=f°°f-(w' +v. ' -w '), where w, =u, and w =w_'v.
a n n-1 n-1 /’ 1 1 n+l n

Generalizations of Bounds 85 and 86 apply to Procedure C.
Bounds 85. The remainder = ff(wn' -wo g vn_l'), = ff(un, - un_l').
If f is of constant sign, this can be written as g'(xl) F(a),
a <X, <%, vhere g'(x) = wn'(x) - wn_l'(x) + vn_l'(x),
=u;h)-%4Wﬂ.IMth)=%@VH-g%ﬁH,am1fme
sup and inf of {g'(t); a <t < ©}, are not on opposite sides of 1,
they can be substituted for g'(xl) to obtain generalized Bounds 85.

If PF(x) - ®©, the remainder = f: fg'. F(a,x) = Fn(a,x)/[l + g'(xl)],
where a <x <x; and inf and sup of {(g'(t); a £t < x] can be
substituted, if not on opposite sides of 1, to get Bounds 85.
Bounds 86. 1) If f and u,-u, are of constant sign, and -0
monotonically or both - + ¢ monotonically, then F 1lies between Fl
and Fe of Procedure C.

2) If F and F, converge, and f - 0 monotonically, and u,-u,
is of constant sign and - + © monotonically, then F2 lies between

Fl and F.
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3) A special case of 2) is when 6(f) 1is finite and < O,

vl > a limit, £ and ul-u2 are monotonic and of constant sign, and
u,f ~cF, ¢ # 1.

Parts 2 and 3 lead us to believe that Procedure C may often be
neither asymptotic I nor II, but converge monotonically and fairly rapidly
with an asymptotic error ratio of -1/8(f), (92). A good example of this
would be (90). v

Proof of (86). Fl(a.,X) -F(a,x) = f [- (ulf)'-f‘] f (-u'f - uf' - f]
= fa f"(uz-ul) = [ua(x) - ul(x)] + [£(x) - £(a)], where a <x <X,
= Wx) £(x) - Wx) £(a), writing ¥Wt) for uy(t) - u (t). Proof of 1).
Case 1: (x) and f(x) are >0 and increase to %, Then
0 < ¢x) £(x) - Wx) £(a) < Ux) £(x) - Wa) £(a), = 0 < F)-F <F,-F_,
== F, <F <F,. The other cases of 1) are analogous. If F and Fy
converge, the same proof becomes simpler. Proof of 2). Fl—F
= f: [-(ulf)' - f£] = -(x) £(a). Case 1: f decreases to O and ¥
increases to . -y(x) f(a) < -¥(a) f(a), =2 F,-F <F,-F, and
Fl-F < 0. ©Since uy-uy >0, F2 > Fl Hence, Fl < F2 < F. The case

where u2-ul decreases to - is analogous. Proof of 3). Suppose

W -u, - a finite limit. Since v - %, (ul-uz)/v, =e, = 0, == El - 0,
17, == ulf/F -1, =% C =1, a contradiction. Thus, Uy -u, >+ 00,

== Part 2) applies. / /

Series 91. 1In order to improve the performance of C for finite r,

we could start with yv rather than v, motivated by Formula 34:

F ~ yvf, where y =r/(r+l). This reduces to the Laplace-Winckler series
vhen r= - When r is finite, F = f-(v PVt e Vot yvn).

The error term is f;of'(yv L V.. l - l') = f £ (r+l nl + ﬁfvn-ll)'

The (91) error is an infinite improvement over the (83) error, since



r 1 yas
lim E91/E85 = lim (EII v'+ o7 vn_l')/lim V' 7)),

o (a)® (0t o wma
[(r+l)rn.l * (r+l)rn-l]/( yx o

However, (83) had the desirable feature that each iteration was
an improvement over the previous one. This is only true of (91) if
Il + 0(v' + l/r)l < |r|. This fact is a special case of the following
general theorem about the progression of errors in Procedure C.
Theorem 92. Let Fl’ = ulf, be an approximation to ¥, an integral
that exists; let u2, u3,

v! - a limit; and let neither Fl—F, F

e+ 4 be obtained by Procedure C; 1let
2-F, nor F3-F - & constant.

1) e = (ul - u2)/v.

2) If f and u, - u, have order and not both orders are infi-
nite, then E2/El - -e(ul - u2)/9(f) = -[l+6(el)]/9(f), if it » a
limit at all. [1 + G(el)]/e(f) is taken to mean O if 6(f) = -.

3) E3/E2 - the same limit, if it - a limit at all, and if neither
u2 - u3 nor ul - u2 - a constant.

4) If F, = yvf, so that C becomes 3eries 91, then

1
e = -y(v' + 1/r) and E2/El - -[1 +6(v' + 1/r))/r.

This whole theorem applies to the case, F(x) — . F(x) becomes
F(a,x). Fl(x) = ul(a) f(a) - ul(x) f(x), so that
fl(x) = -[ul(x) £(x)]", Ei(x) becomes Ei(a,x).

Proof. The proof of 1) is direct. Proof of 2). e2/el

v(ul' - u2') x(ul - u2)'///xf'

= (u, - u)/(u, -u,), = , = - , = & limit,
2 3 1 2 U, -y, u, - u, f

L. v' > a limit == xf'/f - 6(f), (30.1, 27, 24). Let 6(f) =r and
G(ul - u2) =s. Case 1: r =+ % Then by hypothesis, s is finite.
If L #£0, x(ul - u2)'/(ul - u2) - ®, = s = % a contradiction.

Hence, L = O, proving this case. (Case 2: r is finite. Then
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x(ul - u2)'/(ul - u2) - -Lr. Suppose L 1is finite. Then, by (24),
-Ir = s, =) lim E2/El = lim e2/el, (53), =L =s/r. If L is infi-
nite, then either s is infinite or r = O. In either case, L = s/r.
1+ e(el) = e(ul - u2) by 1) if 6(f) is finite. Otherwise,

6(f) =+ © ==L = 0, so the theorem still holds.

u3 - uh.
Proof of 3). 1lim E3/E2 = lim e3/e2, (;3), = lim a——-:; s
V(u ' -u ') (u - u )'
. 2 . :
= lim T Ca “2'7 > = lim —(;—_1372-)" = lim (u, - 1)»3)/(ul - u,), (17).

4) is a special case of 2). //
This theorem shows that if 6(f) is finite, Procedure C can only

be asymptotic II if G(el)

]

%%)=u.=d.bmw %%):M%L
the procedure can never be asymptotic I in this case. The same com-
ments, of course, apply to the special case, Series 91, so that we will
attempt to find a better modified procedure for finite r.

The condition in 3) that u, - u274 a constant is necessary, since

1

the following theorem shows that Procedure C places virtually no re-

striction on u, - u..
* 1%

Theorem 93. 1) Given any positive, integrable function, f, including

functions that - %, and any function, g, then there exists uy such

that u) - u, =g

2) If we further require that g = o(v), then there exists uy

such that Uy - uy =g and ulf ~F. Conversely, if u,f ~F, then

1
U o-u, = o(v), provided that (ul - u2)/v > a limit at all.

Thus, if f 4is finite, so that 6(v) = 1, one can find a u, such
that w,f ~F and u, - u, > a constant, (or = a constant, for that

matter.)

rrX L8 lim x . (8
Proof. Let w, = 'lfc f (;+1)dt-L]/f, where L = fc f (V + 1l)dt
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if it converges, and = O otherwise. -(ulf)' = f'(%'+ 1). -(ulf)'/f -1

= g/v and also = e = (ul - u2)/v. Hence, g = u, - u,. Now suppose

1 2
g = o(v). Then e - 0, == El -0, (17), == Fl ~F. Conversely,
if ulf ~F, +then El - 0, so that ey = (ul - u2)/v, -» O if any

limit, by (17). (17) doesn't apply if F,-F - a constant. If F(x) - 0O,
we have defined u;f so that it # a constant, and therefore (17)

applies. If F -~ E  still -0, even if F,-F does ~ a constant. //

When 6(f) = - ®, we have seen that the Laplace-Winckler series
is asymptotic. The asymptoticity of the general Procedure C in this
case depends, paradoxically, on msking a poor enough initial approxima-

tion, F,. For a run-of-the-mill Fl with S(El) > 6(F), C is

asymptotic II, but if F, 1is so good that S(El) < &(F), then C turns

1

out to be asymptotic II in reverse, as the following theorem shows.

Theorem 94%.1. If ]e(el)l > |e(£)|, and O(f) = +®, and v has

extended order, and neither Fl-F nor F2

—_ 3 1 - . . N - . -t
el/e2 a limit, then El/E2 0. 1If, in addition, eE,/e3 a limi

-F - constants, and if

and €5 has extended order, and FQ—F % a constant, then E2/E3 - 0.
Similarly for e3, s o s under analogous regularity conditions, so

that C is asymptotic II in reverse.

e v (g - w)?
Proof. EES 1 2 - L, say, as in the proof of
e f (v, - u.)
2 1 2
log f
. - . 6 > |8(f)| > |elv
(92.2), == Togla, - uyy 1 (37)- mow e(e )] > [e(£)] > e(v)],

ul - u,) )
(u6)’ ==°|e(el)lr = 'eK——f;_;:)IJ = le(ul - ue); (h2), > le(f),)
=<5 log f/log (ul - u2) -0, (39, 37), == L = O.

olep) = OB, — olut - ), = sy - ), (), - eley),

so that I@(ee), > |6(f)|. Then the same reasoning applies as before,
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so that ee/e3 - 0. Lim El/E2 = lim el/eg, and lim E2/E3 = lim e2/e3,
(53). We could apply (17), because both f and u, - w, have order

+ %, and so neither of them, nor their logs, - constants. //

Theorem 94%.2. If I@(el)l < |e(f)|, and 6(f) =+ % and v has

extended order, and neither Fl-F nor F2-F - constants, and if
e2/el ~a limit, then E,/E - O. If, in eddition, u, - U, F a
constant, and e3/e2 - a limit, and e, has extended order, and

Fy-F 7 a constant, then E3/E2 -+ 0. A similar result holds for
Eh/E3’ ES/EM’ .+« , under analogous regularity conditions, so that C

is asymptotic II.

e, - u, )'

Proof. = =" 2 2 //-—— - L, == -log(ul - u2)/log f -1,

(7). (1f log(ul - u2) - a constant, c, then 1lim [log(ul - ue)/log £]
log(ul - u2) -c

lim [ ] =0, since logf -+ «) I..og(ul - u2)
log T

i

i

log e, + log v. Since both 1log e and log v = o(log £),

1 1
(37, 45, 46), log(u, - uy)/log £ -0, == L = 0. By (53), lim E2/El

1

lim ee/el = 0. Now we assume e, has extended order. 9(e2)

- ' - _ . _ s
e(ul ue) , e(ul u2) 1, (18), if u, - u, is finite,

otherwise, == I@(ea)l < le(£)}, =9 E3/E2 - 0 by the

o)
first part of the proof. // If we hadn't assumed that U, -, 4 a

G(ul -1

constant, then le(ul - u2)'| could be > |6(f)|, and the asymptoticity
of the procedure would go into reverse.

We have seen, (87), that if F. = vf, then C is asymptotic IT.

1
This agrees with (94.2), since Ié(el)l = |le(vt)], < |e(£)]|. 1f
6(v') <0, then C in this case is asymptotic I, since, under suitable
n+1 mn) = e(en+l/en)’ (57.2),

' ' — - 1 1) -
G(Vn+l /vn )J = e(Vn+l Vn); (57-2): = e(vn /vn-l )

-— 1

9(v2/vl) = 6(v').

regularity conditions, O(E
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Theorem 92 has shown that when 6(f) is finite, Eq+1/En # 0,

regardless of the initial approximation chosen, unless G(url -u = 0.

n+1)
A modification of Procedure C is therefore desirable for finite G(f).

Procedure Cl. Such a procedure is obtained by the use of Taeorem 55,

which says that if Ee/El - L, then the linear combination,

_ L 1
F21 =i Fl T-1 F2 has an error, E2l’

seen that in C, E2/El - -[1 + G(el)]/r, (where r = 6(f)). Let that

that = O(El)' We have

limit be L. Then construct le as in (55), so that
L

u,, = =

1
21~ L1 %1 T LTI Y% 21/E1 - 0. uy,
— ? - - = .

= (1 + Uy ) v. E22/E21 1+ G(eel)]/r, L,, say. Then

L
2 1 o
Uy = 1 Y1 " T,T e’ and E31/E2l -+ 0. Thus C1l is a modifica-

and E is obtained by C, and

tion of C that is asymptotic II as far as it goes.
It could happen that 9(enl) = - @ for some n. Then

L = o and the procedure stops at the nth term, as is

u = u
n n+l,1

nl}
shown in Example 96, below. Since e(en+l,l) < O(enl), it could happen
that e(enl) - - © ywith n, and Cl would be asymptotic I as well as
JI. A neat example of this is the Cl expansion of the +t distribution
discussed in Chapter IX. Finally, it could happen that

9(81) = 9(621) = (e as in the following example, so that

31)'—'.00 F}
the procedure is asymptotic II but not I.
Example 95. This is the one case when C can be asymptotic II for finite

r; namely, when G(en) = -1. The C and Cl procedures coincide, since

Li = 0, and hence, Uy = Uy, u31 = u3, ete.

Let Uy - Uy be a well-behaved function - O and of order O.

- = - t = - - - . -
e(u2 u3) 9[v(ul ug) ] 9(ul u2) 1+1=0, And u, ug > 0,
since e2/el -0 by (92). Thus, G(el) = 6(e2) = «sve = =1, and

C = ClL is asymptotic II but not I.
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Now the only question is whether we can find a uy such that
U, - u, >0 and has order O. We have seen, (93), that u, - u, can be
made to order and still have u,f ~F, provided only that 1 -u, = o(v),
which would be true in this case.

In this example, we will go a little further, and suppose that

u, =7V, so that we have a Series 9l. w - u, comes out -yv(v' + 1/r).

X dt - 1
clog log t - t/r "’ log log x - x/r °*

Let f(x) = -/ (10g £)* =

v = -1/(log £)! = log log x - x/r. v! = 1/(x log x) -1/r. Since

vi=-1/r, 6(f)

r, (30.1). 6(v' + 1/r) = G(el) = -1. (ul - uz)'constant

- ' _ log log x - x/r ~ _ 1 - - -
v(v' + 1/r), X Tog % TTos % "0 Thus, u -y, 0

and has order 0. //

Remembering that when 6(f) = 0, (C was asymptotic I if 6(v') <O,
one might speculate that Cl would be asymptotic I if 6(v' + 1/r) were
< 0. However, the previous example refutes that conjecture. I have
investigated some other seemingly favorable initial conditions, but have
not found any that made Cl necessarily asymptotic I.

Example 96. A Cl procedure that terminates.
1) The simplest example is & u, - u. of order - %, By (92),

1 2

Ee/El would - <, F = Fl’ and Cl consists of the one approximation,

21
Fl' As in the previous example, we may find a Cl with this property
starting with yv. We require that 6(v' + 1/r) = - ©, so we'll let

v + l/r = e-x, which heppens if v = -e . x/r, i.e., if

£1/f = 1/(e™ + x/r), i.e., if log £ = [} at/(e™ + t/r), i.e., if

f=efx-td.t //

e ¢ t/r

2) A series that stops at two terms may be obtained as follows.

€ 1
Let f=x, =< xf'/f=r. 2 .. §i./ £ , where
N g t rg
4
g = ul(x) - u2(x). Now we choose g so that 9(52— -8) = - 00
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vhere s = 6(g). (We want (log g)'x = s +e =, i.e., (log g)*

fx g +e b

-x
=(s +e7)/x, i.e., g = o I T dt.) Hence, G(ez/e1 -L) = -,
e e
=L o1 2L _ 1 (.2
Now ey =7 € 1T S (M) = e, LI (L el) ’

= 6(e21/el) = - 0= 9(e21) - G(ei), (15). Since G(el) = g-1,
finite, 8(e, ) = -®. Thus, E22/E21 -, and Cl is stalled on the
second term.

A convenient form of Cl is the iterative formula,

e,V ellv
= —— i = - L[] i d
Usyy ull + i1’ which is Uy ull T+ 06(e) It is obtaine
1y ——3
r
from the relation, u.,, =u,, - e__.V.

12 11 1

The next theorem simplifies the calculation of e(v' + l/r). We
have seen that this is the order of the relative error of Formula 3%,
F = yvf, and is the constant order of the relative error of (91), pro-
vided that it is not -1, (92). It also determines whether the succes-
sive terms of (91) provide, asymptotically, an improvement in the
approximation.
Theorem 97. Let f have finite order r. f(x) = x g, where 68(g) = O.
let f' and g' have order, and let g - a limit, €°

1) 6(xf'/f -r) = 8(g-g ) = 6(g') + 1. (1f g, = + % substitute
g for g-g.)

2) 1f 6(g-g ) # -1, then O(v' +1/r) = 6(g-g ) = &(g") + 1.

This is also true if G(g-go) = -1, Xg' >0 or +« and r £ 1.
The assumption that r # o is implied in this part of the theorem and
the next.

3) If e(g—go) = -1 and x°g' - a constant, L, and
6(x2g' - L) =Q, and 6(f) #1, then 6(v' + 1/r) = a-1 for

a> -, =-2 for @< -1, and < =~-2 for Q= -1.
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Proof. f =xXg = f' =X “g + xg' = xr—l(rg + xg').

p
il
]
]
~.
Hy
I

= -xg/(rg + xg'). v+ x/r comes out % g [(rg + xg').

Now 6(rg + xg') = 0, since O(f') = r-1, == O(v + x/r) = 6(x3g")

]

1
= 0(g') + 2. 6(55— -r) 9(§-+ v)/v, = 6(g') + 1, proving 1).
8(v' + 1/r) = 6(g') + 1, (18), unless v + x/r - a constant. This

can only occur if 6(g')

-2, vhich implies 6(g-g,) = -1, proving
most of 2). The rest follows from 3).

Proof of 3). Now we suppose 6(v + x/r) = O.

Ve = 3% (e 4 xet). O(v + B)1 - 6(20), (8.2,

r(g-g ) rg. 1 8-8
- o[l + S+ °1. = » -1, if any limit, (27, 24). Hence,
x 2t g xg
ol r(g_g°)1' (9, 18) (rg°>' (xBg'), (8.2)
S ——] =2, (9, 18). (—2) =9 1y, (8.2),
* g! Pg! &
; rle-g) re,
= 0(x®g' - L) - 1 =0a-1. So by (9), 6(v+x/r)' = 8(= + + )
x x2g! Zg!

@1 for a>-1, =-2 for @<-l, {-2 for &= -1. //

Summary of Chapter V.

The Laplace-Winckler series, f“)f(x)dx = f(a) [v.(a) + «c. + v (2a)]
a 1 n

0
+ fa f(x)vn'(x)dx, vhere v.= -f/f' and Vo = V'V was derived,

1 1’

along with an asnalogous expansion for an F(x) approaching ¢ . The

+1

series is asymptotic II, under regularity conditions, if 6(f) = + %
and also asymptotic I if 9(vl) <1l. If 6(f) =r, finite, the ratio
of succeeding errors - -l/r. Bounds for the remainder term analogous
to those of the Taylor series were obtained. The series is a special

case of the iterative Procedure C: u2

The Laplace-Winckler series is obtained by starting C with ul = vl.

C may be improved when O(f) is finite by starting with ul = ;§I vy

= ! = .
= (1 + uy )v, where F, =uf
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rather than vl. However, the procedure fails to be asymptotic for

finite r regardless of the choice of ul, since the ratio of suc-

ceeding terms - -[1+ G(el)]/r. (The one exception is when G(en) = -1,
an example of which was given. Then the procedure is asymptotic IT

but not I.) A modified procedure, Cl, was developed by taking linear
combinations of ul and u2. This had the effect of making Cl
asymptotic II, but not necessarily asymptotic I.



CHAFTER VI

ANOTHER ASYMPTOTIC PROCEDURE

Procedure D. We recall that if we use an approximsticn, F to find

l)
a transformation that will make the errors of A and B approximately can-
cel each other out, that we are led to the iterative formule,
F, = Flf/fl. This is Procedure D.

This procedure can also be derived directly from Procedure A.
When the transformation, y = F(x), is used, A contains just one term.
One might hope that when a good approximation, Fl(x), serves as the
transformation, the first term of A, which is Fl(a)f(a)/fl(a), will
overshadow the rest of the series. If it be used as a better trans-
formation to get a new first term, Procedure D is obtained.

Another Jjustification may be derived from the relation,

F = Fl/(l + El). We don't know E., exactly, but Theorems 60 and 61

1

say that in many circumstances, El may be approximated by e This

leads to the iterative formula, F2 = Fl/(l + el), which = Flf/fl.

And there is perhaps some heuristic justification in the idea that

"

F: Fl . fl. This would be exactly true if fl

be approximately true if fl/f changed very slowly.

= kf, and might

Bounds 98. Convenient bounds for Procedure D hold when fl ~f. If

F-0, and f and f are positive, and fl/f - 1 monotonically

for x>a, (i.e., if e, = O monotonically,) then F 1lies between

1

F
Fl and F2 of Procedure D.
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Proof. el(x) - O monotonically ==3 El lies between el and O,

(47), = 1/(1 + El) lies between 1/(1 + e and 1, (el can never

1)

be < -1, since f and f, are positive,) ==z Fl/(l + El) lies be-

tween Fl/(l + el) and Fl/l’ i.e., F lies between F, and F,. //
A measure of the accuracy of these bounds is the difference be-
tween their ratio and 1. The smaller the difference, the more accurate

F

the bounds. This accuracy index is fi -1, which reduced to e, -
2

If F diverges, and fl/f is monotonic for a < x < b, (i.e., e
is monotonic,) and f and f, are positive, then F(a,b) 1lies between
F2(a) and F2(b). The proof is analogous.

Formula 99. If D starts with the initial approximation, F. = f,

then F, = |ve| and Fy o= [ve/(1-v1)]. F, is Formula 3%, and Fy
will be called Formula 99. When O(f) =r, finite, yvf is used
instead of vf. ¥, = r/(r+l), cancels out when F3 is obtained

from yvf.

These formulas are handy, both as approximations and bounds for F.
Bounds 100, If F -+ 0 and v' -0 its limit, -1/r, monotonically,
then F is bounded by yvf and vf/(1-v').

Proof. These bounds are a direct application of (85) with n =1,

and of (98), letting F, = yvf, since e = ~y(v' +1/r). //

1
The smallness of -y(v' + l/r) measures the accuracy of these

bounds. This expression becomes -v' when G(f) = - 0,

Theorem 101l. Procedure D is invariant under a monotonic transformation

carrying o into 9, but Procedure C is not.

Proof. Let x = ¢(y), with ¢(®) = . Let G(y) = F(x) and

G, (y) = F(x). &ly) = £lo(y)] o' (y) ana g, () = £,[e(y)] o' (y).

() &ly) By £(x) o'(y)
R 5 R Y €911 € Bl

(x). Thus, D leads from
=
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Fl to F2 regardless of a monotonic transformation of the variable.

Almost any example will show that C is not invariant. let f = x 2

and ul = x + log x. u, comes out x + 1/2. Applying the transforma-
tion, x = e, u,f becomes eV 4+ ye-ey, oly) =e ™, gly) =e™, and

= = - -y
Vy 1. Letting ulf V.8, we find that L 1 +ye?”,
v, = (L+e” -ye™¥)1, ana Vg = eV e . ye-2y. But
- -2
u2f =eV +e y/2, s0 C applied with respect to y does not take

ulf into u2f. Nor does the transform of u1 lead to the transform
of u, in this example. Thus, C is in no sense invariant under mono-

tonic transformation. //

A family of transformed procedures may be obtained from C by ap-
plying a transformation, x = ®(y), cerrying © into o, F(x) into
G(y), end Fl(x) into Gl(y), and letting Fn(x) = Gn(y).

Theorem 102. C and D can coincide only if Fl = aF + b. (We suppose

that f and f, are > 0.) Hence, D is not a transformed Procedure C.

= ° = 1 =
Proof. F, = wf. F, (1 + uy ) vf, by C, and Flf/fl by D,

m 1
which comes out (1 + 1 ) vf after algebra. Thus,
1+ 172
v
u, U,
T 1 = .
u b= uy /(1 + = )y = uy =, at all points, x, where

' — _ ; -
uy (x) # 0. F, =F, = Flf/fl at these points, ==o f = f, at these

points. F and Fi are continuous by implication, since C and D exist.
ul‘(x) is continuous, because u,,

Hence, ul'(x) £ 0 on a countable collection of open intervals, {Ii},

= (1 + ul')v, is differentiable.

on which F, =F, =F + b,. {x; ul'(x) = 0} 1is a closed set contain-

ing open intervals, [Ji}’ (perhaps,) and boundary points.

F,. =F +b

1 i’ for some i, on the boundary points by continuity. On

1 - — — =
Js say, uy (x) = 0, == ul(x) = a constant on I =2 F, =K1,

=0 F,=vf by C, == Fy= (L +v')vf =vf/(1 - v') by C and D,
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=s 1+ v'=1/(1-v'), since vf £o0, = V2 o 0, == v! =0,

== F3 =vf (by C) = F2 on Ji. Hence, F3 = F2 everywhere, since

F3 = F2 on {Ii] and the other J's. Hence, Fef/f2 = F_ for all x,

2

== f =1, forallx, =% F,=F+b for all x, —:.—oFlf/fl=F+b,

2 2

N fl/Fl = f/(F +Db) == log F. = log (F + b) + constant,

1
== Fl =aF + b. a =1, unless F 1is a special kind of function,
like e %,

It now follows that D is not a transformed Procedure C. For sup-
pose it were. There exists a transformation, x =¢(y), carrying o
into 0, F(x) into G(y), and Fl(x) = Gl(y). We suppose that
Fl # aF + b. Then Gl # aG + b. The transformed Procedure C requires

that C .be applied to G and G and since D is invariant, this proce-

l)

dure coincides with D applied to G and G contradicting the pre-

1’
vious theorem. //

The next theorem will show that the asymptotic properties of D are
strikiﬁgly similar to those of C.

Theorem 103. 1) Let F, be ~F and f ~f. let F_ = Flf/fl,

1 1 2
B °1 £
(therefore also ~F). Then 7 -1~ -5, and = -a limit
el 1 1 1
=3 1 - 7 the same limit.
1

2) The same result holds if Fl/F “‘fl/f, which, by (60.1) hap-
pens when e(fl) = 6(f), finite, and xf/F and x;f:‘l/Fl - limits;
or when, by (60.2), 6(f) = + © and G(fl/f) is finite and xf/F and
xfl/Fl - xf/F - limits; or when, by (61), l@(fl/f)' < le(£)],
8(f) = + ©, and f/F and fl/Fl - £/F have extended order. We must
further assume that F, -F # a constant.

3) If F, and F - 0, and any of the three conditions listed

1
in 2) hold, then E2/El - -G(el)/(r +1).
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To apply part 3) to a divergent F. we need the additional assump-

1
tion that F.-F # a constant. Otherwise G(El) # G(el), necessarily.
6(e,)

For divergent F, E2/El -1 - IF—ILI + ll.

This theorem is the analogue of (92), except that here
E2/El - —G(el)/(r+l) rather than -[1 + G(el)]/r.

Proof of 1) and 2).

Flf Fl F
o l-(F -
-1 = 1 =

f
1 £ 1
By Fog F- Y
E

[
=

1, £
F

y ~ -el/El. if

either side - a limit, then the other side must — the same limit.
Proof of 3). If r is finite, then el/El - IG(Fl-F)/G(F),,
(®JL=|wmﬁ+rﬂVhﬂﬂ=|ﬂ%ﬂhﬂ)+ﬂ,=@EJ%

-1 - |6(el)/(r+l) +1|, vy 1), = -9(61)/(I‘+l) vhen r £ -1,

Ff £, ¢

F T T°F F
== log F, ~log F, (16), == 6(F,) = &(F), (24),

F_-F
= 9(-%}—) <0, (9), = G(el) <0, (57). We have enough assump-

since B(el) < 0. [Proof that G(el) <0:

tions to equate G(El) with G(el).] If r=+% and G(el) is finite,
then e ~E,, (60.2), and Ee/El ~1-1=0-= -G(el)/(r+l). A
similar proof holds when IE(el)l < |8(£)] and r = + w.//

The next theorem is analogous to (94), and we again have the
paradoxical situation that the procedure is only asymptotic if the
initial approximation is bad enough.

Theorem 10k. 1) Let g =f -f. If I@(El)l > |e(£)|, and
6(f) =+ o and g/G and f/F have extended order, and Fl/F “'fl/f,
(some conditions for which are given in the preceding theorem,) then

1«“.2/}5:l - o,
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Under the same regularity conditions for F2, F

37 e
En+l/En -+ ®, and hence D is asymptotic II in reverse. Ei may be re-
placed by e, throughout the statement of the theorem.

2) 1If l@(El)l < |e(f)]|, but otherwise the conditions of 1)
hold, and El’/El has extended order, then E2/El -+ 0. (We must
also require that G(El) = + %, or that xf/F and xg/G - xf/F -
limits, in order to apply (60) or (61) at a crucial stage.) Similarly
for E3, Eh’ «++ , under the same regularity conditions, so that D is
asymptotic II. We must assume, however, that Ei f a constant other
than -1. Ei may be replaced by ei throughout.

3) If (Fl/F)/(fl/f) - some limit, L, other than 1, then
Fl/F -0 or ®, If O, then E2/El - 1-L; if , then E2/El - 0.
When Fl/F -+ % and L = + % we need the additional assumptions
that fl/f - a limit and that Fl % a constant.

Proof of 1). Q(El) = o(G/F) = 6(c), (42). le(e)| > |e(F)| = |e(£),
(Mh), = 6(g/c) >e(£/F), (46), = e /B = /5~ 1+« (37, 38).

E e E e
, (103.1), » + %, = EQ/E1-+_-|_-°°. E_e_ 1~. 2

1 1 1 By

2. 1
B By

{
I+

S

l
l
]

= E, ~-e. Now e(el) = e(El)’ (59),

= I@(E2)| = Ie(El)l > |e(f)|, eand the same proof applies as before.

H remains to show that el has extended order.

(&2 = o), (ko). e(e)) = o1& - (YD = elasr), (42).
Proof of 2). Ie(El)l < le(£)] = |8(F)], =—o e, VE, (60 or 61),
=) EE/El -1- -1, (103.1), == E2/El - 0. To complete the proof,

we must show that IS(E2)| < |e(£)]. Let F% = KF. Suppose
f
= 1

- 0, = «K' = -E_". = ___§§L_
F and Fl ILet k K El F2 fl F(Kf = kF)'
% =1 + %/; + The same result obtains if F and Fl - 00, Then k 1is

2



defined as K'. Now F =Flf/fl ~F by hypothesis. Hence,

2

s F k£
E, =3 -1 ‘(F; - 1), (8.3), = - I’E/f‘ Case 1: K - 1.
lo(z,)| = le(k/D)], < max Jo(x), o(D)] < le(2)], (42), since
k=-E' and e(El') = @(El) -1, if é(El) is finite, and

f
= O(E,) otherwise. Case 2: K does not - a constant. If;,/—;- -1,
1 Fl

=3 log F/log F, » 1. (Log Fy # a constant, since log F - + )

1
Hence, 8(F) = 6(F;), == [8(K)| g [6(F)], (42), == 6(k/K) and
s(z/r) < |o(F)|, == |o(E,)]| < [e(F)].

If E2 -+ 1, say, we would have no assurance that le(El')l

would be < |6(f)

« An example would be Fl = 2F + €, where

8(e) <8(f), and &(f) = -0 LogF, ~logF +2 ~logF, so0 we

1
could easily have f/F "'fl/Fl. K=2+¢ and k=€’

@(k/%) = 6(k) by (42), andwe would get [6(E,)| > |6(F)]. But

E, =1+e and |6(E )] =0 < |e(£)].
1 1 F F
- 1 . £ - ...—.l - i - - -
Proof of 3). E2/El = (—F- 7 1)/(F 1), which - (L-1)/-1

if Fl/F -0, and -0 if Fl/F ~® and L is finite, and is

F F

~ 1 /l
— -—-—,:
F 4,F 1

o

I+
i+

1

Hy
H

F

As with C, when we start D with vf, and 6(f) is infinite, the
procedure is asymptotic, as the following corollary of (104.2) shows.

Theorem 105. 1) If 6(f) is infinite, and F, = vf, and the

1
regularity conditions of (104.2) hold, and v' has extended order,
end Vv 74 a constant, then D is asymptotic II.
2) 1If, in addition, ©(v') < 0, (which == ©(v) <1,) then
e(Ee/El) = 6(E3/E2) = ... = 8(v'), so that D is asymptotic I.
Proof, 1) is a special case of (104.2), since

&(v') = e(v) - 1 <e(f) in absolute value. To prove 2), we observe

, when = >+ ® and L=+ o, fl/f—»Oby(l'{). //
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k

that E, -K/§, as in the proof of (104.2), where k = -E,' and
K = Fl/F' $ - 1 in this case, since @(El) = e(el) < 0. He2nce,
E2/El “’E%—/gu Now vf/F - 1, since e, = -v' =0, (30.1). Hence,
E,/E; ~E 'v/E. Case l: 6(v) is finite. 6(E)) = 6(e;) = 0(v').
6(E2/E1) =6(v!) -1 -08(v') + 6(v) =6(v) -1 =6(v'). Case 2:
6(v) 1is infinite. |6(El'/El)| < le(El)l, (46), = |e(v')|, = |8(v)],
=3 6(v El'/El) = 8(v) = 6(v'). The same reasoning spplies to
E,» E3, cee o [/

When O(f) is finite, we can make Procedure D asymptotic II
by taking linear combinations as with C.
Procedure Dl. By (55), if E2/El - a constant, L, then F,,
which = f%f Fl - E%I F2, has an error, EEl’ that goes to O with

E . Thus, if 6(f) = r, finite, L = -e(el)/(r+1), and E21/El - 0.

If 9(E21) is still finite, we can obtain E22 by D, and take the
L
. . _ 2 1
linear combination, F3l = EE:I F, - f;:i F,. Then E31/E21 - 0,

and we have a procedure that is asymptotic II as long as it lasts. if
any G(Enl) is infinite, the procedure stops. As with Cl, we have no
guarantee that the procedure will be asymptotic I as well as II.
Example 106. A Dl procedure that is asymptotic II but not I.

All we have to do is find a well-behayed e - 0 and of order
0. Then, by the proof of (105), E2/E1 “‘gi—/g . By requiring that
0(f) be finite, we obtain G(EE/EI) = G(El'/El) + 1, (18), = 0, (18),

-1, (18).

since G(El) =0 and E -0 by (¥7), and hence G(El‘/El)
And finding such an e is no problem, since f and fl are
at our disposal., If it be insisted that Fl = yvf, we must find an £

such that e, vhich = -y(v' + 1/r), > 0 and has order 0. By (97),
this can be accomplished by letting f = xrg, wvhere g - O, has order
0, and is well-behaved enough so that v' — a limit, which must be -1/r

by (30.1). f(x) = x-2/log x would do nicely. //
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Procedure 107. Procedure D was obtained by writing F = Fl/(l+El) anrd

replacing El by el.
mations is to replace El by an approximation, El’ obtaining the

iterative formula, F, = Fl/(l + El).

A more general procedure for improving approxi-

Formula 108. If F is approximately a normal integral, @, and F
has an analogue, ﬁi, for the normal distribution, then it may happen
that El(F) :'El(Q), and we get the improved approximation,

F, = Fl/[l + El(@)]. This reduces to the formula, F, =F, ° cyci.

2 2
The latter factor depends only on the normal distribution and could be

tabulated, for some useful F, 1like vf. Sheppard, [45], has already

1
tabulated F/f for the normal distribution. F/vf is obtained by

multiplying by x.

Formula 109. Another normal fudge formula can be obtained from the
approximate proportion, El(F) : el(F) Q'El(@) : el(@). Then

E'l(F) = el(F) El(é)/el(@). This tends to be more accurate and harder
to calculate than (108).

Theorem 110. If E, ~E, in Procedure 107, and E, - O, then

1 1 1

E2/El - 0, and 9(E2/El) = B(El/El -1).
F F 1+ E E. - E ~
Proof. E, = O A S S g S— ~E -E.

1+ El 1+ El 1+ El 1+ El
E2 Ei fing
==~1-=., Hence, E,/E - 0O and has the same order as 1 - E /E.. //
El El 21 171

Procedure D2. Since the way to make (107) asymptotic II was to replace

El by an asymptotic expression, El’ and since El 3 Fl_F el,
we should have let El be that expression rather than e when

deriving D for finite 6(f). After substituting in (107), this comes

F o(e.) E
out F._ = ——Lt— , where L =-—=- = lim =2 .
21 e l+r B
1+ —= B
1-L

This is a procedure
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similar to DL but not just the same, It is like a harmonic, rather than
an arithmetic mean of succeeding approximations of D, since Fl/l is

F and Fl/(l + el) is F,. D2 prescribes multiplying e, by Jjust

1’ 2
such a constant, in the latter formula, that E21/E1 - 0.

1

Procedure D3. D3 is a procedure that is in much the same spirit as D,

but depends on two previous approximations rather than one. D,

essentially, was of the form F2 = aFl,

stant, was chosen to make -(aFl)‘ = f. In Procedure D3, we let le

where a, considered as a con-

be a weighted average of two previous approximations, aFl + (l-a)Fe,
with a chosen so that -Fal' = £, considering a as a constant.
(a actually isn't a constant any more than with D, since the choice of

a varies with x.)

£ -7
Solving the equation, we get a = - ? , 80 that D3 is the
1 2
(f - fe) F, o+ (fl - f) F,
procedure, F = « D3 is an interpolation
21 fl - f2

between Fl and F2, using the relative closeness of fl and f2 to
f as a guide.
We can specialize D3 and get D by interpolating between Fl and
E, E
kF.. D3 can also be obtained from the identity F = (_g.p -F )/(_g -1).
1 E 172/ \E
1 1
If we replace E2/El by ee/el in that expression, we get an approxi-
mation to F that is an equivalent form of D3.
The following bounds hold for D3.
Bounds 111. If e2/el - a limit, L, monotonically, and e2/el and

L are not on opposite sides of 1, and Fl—F and F2-F - 0, and Fl-F

b

F,-F IF. - F

(bl(b

is of constant sign, then F lies between 1

e
i.e., between le(D3) and F21(55). 1



To prove this theorem, we need the following lemms.

xa - b
x -1

intervals, {x; x> 1} or {x; x<1]}.

Lermma 112. is a monotonic function of x on either of the

Proof of (112). E%I is monotonic on either of these intervals,

because the derivative, -l/(x-l)e, is of constant sign there.

(xa-b)/(x-1) = na + (1-A)b, where A = % . (xa-b)/(x-1) = b + A(a-b).
This is a monotonic function of A. //
e £ -f E F_-F
Proof of (111). ;g = EE:F. 2 - ngﬁ'- By (48),
1 1 E1 1
£,-f F2-F fa-f
min fl_f < FI:F £ max EI:E ,» and hence E2/El lies between

B E
e.,/e, and L. Now F = (—g F, - F )/(_2 - 1). Hence, by the lemma,
2/ 71 1 2 El

F lies between the linear combinations of Fl and Fa generated by
e2/el and L.

D3 can be continued either by getting F22 from D and interpolat-
ing again, or by combining with C the same way, or by interpolating

between F21(D3) and F2l(55), or directly by using F, and F,.

In order to discuss the asymptotic properties of D3, we shall first
prove a theorem similar to (107).

Theorem 113. If an approximation, F be obtained by replacing

21’
EQ/El by an expression, ox), asymptotic to it in the identity,
2

1, then EEl/El and Ezl/Ee—»O. If E2/El and @&(x) - 0, but are

asymptotic, then E

F = (q F, -F,)/(g= -1), end it E/E +a limit, L, other then

21/El - 0, but Eel/Ea need not - O.

Proof. Let B = af(ax-1). Suppose L is finite.

Foy =BF) + (1-B) Fy. Ey =F, /F -1 =gE + (1-8) E;, == (54)
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holds for El and E2 even if B 1is a variable.
Ey /By = B+ (1-p) B,/E,. B ~1/(1-1), == (1-8) E/E - -L/(L-1),
L 1
— Ezl/El - 0. Ezl/Ee = BEl/E2 + (1-B). BEl/E2 - T:I/L = {7 and

16+ - =2, = By /E, »0. If L=0 and o ~Ey/E, then

. Thus, the part of the theorem

we have proved applies, so that E,al/E2 - 0 and E21/E1 -+ 0. We only
used the fact that o “'E2/El in proving that Egl/Eg -+ 0 when L =0,
The result, Eal/El - 0, holds if only 1lim a(x) = lim E2/El =0. //
This theorem shows that the asymptotic properties of D3 are very
similar to those of Dl and Cl. If E2/El - a constant other than 1,
then, under suitable regularity conditions, e2/e1 “'Ez/El, (60), and
hence EEl/El and Egl/Eg -+ 0, and the procedure is asymptotic II,
(for the first step anyway). If E2/El +0 or ® it still may
very well happen that e2/el ~E2/El, (60, 61), with the same result.
In this case, D3 is an improvement over D1, since Ezl(Dl) ~E, or E,.
If (ez/el)/(Ez/El) - ¢, finite or infinite, then Eal/EE - l-c, by
the proof of (113). Since 1lim ee/e1 = lim EE/El’ (unless F.-F or

1
F,-F ~ a constant, (53),) it always follows that Eel/El -+ 0 when

E2/El - 0, and Eel/Ez - O when El/E2 - 0.
Although D3 seldom has an asymptotic advantage over D1, it seems

to do much better in practice for smasll x. It may be that F2 is

asymptotically infinitely better then F,, say, and that E, ~E,,

and F2l would seem to be no better than F2; yet El and E2 may
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be of comparable magnitude and opposite sign for small x, and the

interpolation procedure finds a happy medium between them.

Summary of Chapter VI.

Heuristic motivations for the iterative Procedure D,
F2 = Flf/fl, were given. Fl and F2 are bounds for a coavergent

F if £~f and f/fl is monotonic. In particular, F, = yvf and

1
F, = v£/(1-v') are bounds for F if v' is monotonic. A distinctive
feature of D is its invariance under transformation, which sé¢ts it
apart from previously considered procedures. D is asymptotic, under
regularity conditions, if Fl =vf and 6(f) = + ° or more generally,
if 6(f) is infinite and le(el)| < |e(£)|. 1f 6(f) is finite, then
D is not asymptotic, except in the special case, 9(en) = 0.

Several modifications were considered to make D asymptotic II for
finite 6(f). D1, like Cl, was obtained by linear combinations. D2

was obtained by replacing e, by kel in the identity,

1
F, = Fl/(l + el), where ke, ~E,. This is a special case of the
general Procedure 107, that consists of replacing El by an approxi-
mation, E;, in the identity, F = Fl/(l + El). If B ~E, this

results in an infinitely improved approximation, asymptotically. If
f 1is spproximately normal, approximations to El may be derived

from the pormal distribution.

D3 is an interpolation procedure that can be used for finding a
middle ground between any two initial approximations, Fl end F2’
vhether obtained by D or not. It consists of replacing E2/E1 by

E E
e,/e; 1in the identity, F = (E-i- F - F2)/(E§ 1), If eyfe, ~a

1imit asymptotically, then F is bounded by F21(D3) and F21(55)-
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Like D1, D3 shows an infinite asymptotic improvement when Ea/El - 8
constant other than 1, but unlike D1, it also has this property when

E2/El -0 or 4+ % and <e2/el ~E2/El.



CHAPTER VII

EXTENSION OF THE THEORY TO FINITE TAILS

In statistical research, we often wish to evaluate the integral
of a density function with a finite tail, such as the gamma distribu-
tion. The preceding theory that was developed for infinite tails can
be applied by analogy to this problem.

We suppose for simplicity that the tail ends at O. fs f(x)dx
plays the role of f:>f(x)dx in the previous discussion, and we now
seek approximations asymptotic as a - O rather than . We shall
write F(a) for fg f(x)dx 1if that integral converges, and for
f: £(x) dx otherwise. This means that f(a) = F'(a) if F - O
and = -F'(a) if F - o, reversing the previous rule.

We again define order by meking x? the typical function of
order r, but note that this entails a reversal of magnitude. xr
now -0 if r >0, and - ® if r <O, and the greater 6(f) is,
the smaller f is. Specifically, the Cauchy definition of order now

Ir'-c

e <cp<x

reads, "6(f) = r means that x or the same is true of
-f, 6(f) = © means that |f| <xN, and O(f) =-% means that
£>xN or the same is true of -f." Thus, the order class, %,
now plays the role -% did in infinite tail theory. The notation,
f < g, 1is now used with the meaning "there exists & > 0 such that
for x <5, f£(x) < g(x)."

With these interpretations and exceptions borne constantly in

mind, the theorems, proofs, and examples of the preceding chapters all

hold.
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In Chapter IV, the transformation, y = Fl(x), should now be con-
sidered a monotonic increasing function carrying O into 0. The di-
rect application of the Taylor series, which is now possible, is in-
cluded in this theory by use of the identity transformation, ¥y = x.
The fact that £ and f, are now +F' and +Fl‘ changes a few signs

1l
in the formulas. The comments about the analyticity of F and Fl at
% now apply to their analyticity at O.
The following is a table of substitutions required to make each
previous theorem and example hold exactly in the finite tail case.

Theorems and examples not included in this list hold as stated.

TABLE 1

Changes needed to make previous theorems and examples applica-
ble to finite tails

Theprem 0ld Expression Replaced by
All 0 a
theorems ja f{x)dx fo f£(x)dx
8, c
fc f(x)dx fa f(x)dx
X 2 a 0 <x<a
a Oor x—-»« a or x—-0
1 first coordinate of each its recipricol
point
2 l£] < |g £l > |el
£ = o(g) g = o(f)
l£] > lel l£] < e
4 ~00 00
after 4 e ™™ sin x e-l/x sin (1/x)

5 sin x + 2 sin (1/x) + 2
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TABLE 1 (Continued)

Theorem 0ld Expression Replaced by
6 - 0
7 -0 )
9 All inequalities are reversed.
10 max min
< 2
11 r>0C r <90
13 g > g0
19 lub glb
20 1/log a -1/log a
21 x=n and nf x =1/n and n?
< and > > and <
23 lub and glb glb and lub
24 -00 co
25 o ¥ e-l/x
X =n x=1/n
-00 0
26 x? and x_6 % and x6
28 £(x) =1+ e ™ sin x £(x) =1+ e-l/x sin (1/x)
32 X and x-6, etc. x” and xé, etc.

The new definition of extended order is as follows:

8(f) = (n,r) means that the (n-1)st log of -log f
has order -r. €(f) = -(n,r) means that the nth log
of £ has order -r. The rest of the definition fol-
lows analogously.

37 f<g f>g

f = o(g) g = o(f)
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TABLE 1 (Continued)

Theorem Old expression Replaced by
39 (n-1,r) -(n-1,r)
Lo e(n,r-e) < f < e(n,r+e) e(n,r+¢) < f < e(n,r-¢)
i8] All inequalities are reversed.
L6 (n,r ) ‘(n:r )
L9 Let 0 be < b < & and make the appropriate changes.
51 This example is not directly analogous. A similar

example could easily be constructed, however.
52 © jinto O dinto O
56 6(g/t) < e [>P] o(g/f) >p [<P]
65 decrease and increase increase and decrease
Definition of ,

- " ' B

asymptotic I e(En+l/En) <-e <O e(“n+l/ En) >e>0

_ n+1 _
Ch. IV G, (¥) = ()7 u (%) ¢ (y) = u (x)
A and B Change signs of even-powered terms.
Remainder n
for A Precede by (-)".
Remainder . n
Discussion .
preceding (69) neighborhood of Fl(°0) neighborhood of O
69.1 X -+ x -0
69.2 neighborhood of Fl(°°) neighborhood of O
T0 analytic at oo analytic at O
T3 This theorem reduces to the trivial statement )

"F(x) is snalytic at O ¢==9 £(x) is analytic at 0."
T2 o0 0

X X



Theorem
73
1)

3)

Th.1
75.3
75. 4

)
-
—~
b
N’
i
]

expansion
of £-1

expansion
of F/vf

83; 85)
and 86.1

87

discussion
following 87

88

TABLE 1 (Continued)

Old Expression

o0

(|z| > R)

s and r are <O

This transformation is not permissable, since it
does not carry O

8 and r are Z 0
omit (-)n+l
omit (-)F

omit (_)n—l

into 0.

This transformation is not permissable, but an
analogous discussion applies to the permissable

transformation,

8(f) = -

£(x) "‘cle"c-"x

does not apply.

powers of 1/x

X
y=e"

f(a)[vl(a) + oeee + vn(a)]

9(vl) l-¢

[}

-ne

G(En)
case where ¢ =1

9(f) = -

_ 2
e-x/n <e (log x)

o(f) =

Cay X
ei

£(x) ~ ey

powers of x

98

-f(a)[vl(a) + oees + vn(a)]

e(vi) l+€

1]

ne

6
(E,)
omit this case

8(f) = «

2
e—n/x <e (log x)

< xn



Theorem

89
90

85

91
92.1

92.2

95

9.1

96.2

97.3

TABLE 1 (Continued)

O0ld Expression

does not apply

r <o
r, a a a
a("—"'—"-""l' oo.)
L, r3
F(a) = -ar+l/(r+l)

- 1
u, (l+u1 Y vfor F-+0

a a
u2[c = (l+ul‘) v]c for F» |

Start with w;=v to get (83)

F, = f-(vl TV, e )
remainder =

o0

. t 1 - ]

fa £ (wh + vn-l wh-l )
g(x) =w (x) -w . (x)+v__,(x)
Start with v
e = (ul-ua)/v
00

does not apply.
later.

e (ul-ue) = 00

b4 dat
-t

f(x) =e®e " 4 t/r
v +1l/r=e X
-00
fz s +te dt
g =e

99

Replaced by
r>0
r a & a
-8, (""‘+'_-—+ -oo)
ro .2 r3

F(a) = ar+l/(r+l)

—_ .
u, = (ul 1) vfor F->0

u IZ = (y'-1) VI: for F - ®

2
Start with w =-v to get (83)
F, = f-(-vl Vg = eee + wh)
remginder =

a 5, [} L !

fo £ (vn—l + wh-l wn )
g(x) = wn_l(x) - Wn(x) + vn-l(x)
Start with -yv
e = (u2-ul)/v

0

This example will be discussed

O(ul-ua) =

c dat

£(x) = e-fx e 1T, t/r

vt +1/r = e'l/x/x2

00
fc S + e-l/t

x 3 dt

g =8

All inequalities are reversed.
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TABLE 1 (Continued)

Theorem Old Expression Replaced by
99 vE/(1-v*) lve/(1-v')|
100 e, vE/(1-v') [ve/(1-v")]
105.2 e(v') <0 e(v') >0

e(v) <1 o(v) >1
106 £(x) = x"3/1og x £(x) = x2 log x
108 and 109 do not apply.

The definition or order is closely related to the notion of order
of contact, which is useful in differential geometry. It is usually
considered, (e.g., in [55, p. 76],) that f(x) has order of contact
r it £(0), £/(0), ... £51)(0) are 0 ana £#TN0) £0. By (18),
if f£(x) has integral order, r, and order of contact, s, then
r = s.

Example 95 does not apply, because if Fl ~F, then
u -, = o(v), and 6(v) > 1. Hence, 9(ul - u2) > 1 end cannot be
O. However, if we drop the restriction that F. be ~7F, then the

1
latitude afforded by (93) enables us to choose a well-behaved u. - u

1 2
approaching O and of order O which would mske Cl asymptotic II.

The identity transformation, y = x, becomes one of the most
important to be considered in Chapter IV. The convergence of A and B,
(other than infinitely slow convergence,) depends upon f(x) being
analytic at 0, (70.3). un(x) = f(n)(x). Hence, for the procedure to
be useful, the f(n)(x) 's must - finite limits not all O. This means
that f(x) has to have an asymptotic expansion at 0, (78). 1In

particular, f(x) must be ~ecx° for n > O.
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Now that we have defined order in both senses, Theorem 13 can be

stated and proved in full generality.

Theorem 13, (general form.) 6[f(g)] = o(f)+6(g), provided that

g >+ @ or O, and f and g have order in the sense that applies,
#0 and + % nor + % and O.
The proof is the same as for (13). //

Theorem 114. If f has order and - O or + monotonically, then

o(£™1) = 1/8(f).

Proof. If f decreases to O, then f <g =<0 f-l < g-l.
1 1

s

B(f) =r = X S<f<x, = E < £l < TFE, 2o 0(e™h) = 1/r.

a(g) = -0 == £ <x 7, =9 el cx ¥ ond - w = o(z™) = o.

1

If f 1increases to ®«, then f <g -= £ >g-l. As bifore,

l<xN

G(f) =T T=9 e(f-l) = l/r. G(f) =0 =z f > XN, = f_ and

- %, == e(f_l) = O. //



CHAPTER VIII

EXTENSION oF THE THEORY TO THE SUM OF AN INFINITE SERIES

Ve may use the theory of ‘the preceding chapters to obtain vPp-

proximations to the sum of an infinite series. Let us s&y we wish to
00

a f£(n) 1if that series converges and

<X § n+ 1

£(x) = g(n) for B2
ous nota-

approximate ¥(a),
is Za-l £(n) otherwise:
n=c
©
y =] £(x) or
a
m about £(x)
the theorems th

rving the previ

Ii £(x), prese
s to £(n) and

and F(x) applie

at require

and then ™Ma

any theore€
£(x) to have

tion. Thus,
culty comes with
thing £(n) he
read O everywhe

¥(n). The aiffi

a derivative. The nearest s to & derivative is a 4dif-
serence, &f, = £(n+l) - f(n). If we re a Qerivative
gy of the finite calculus,) then We

ng the basic analo
preceding

appears; (usi
most of the theorems of the

with a few changes,
Hardy, [15}: to ¢

can Prove;
This analogy was used DY arry over some of

chapters.
from the continuous 1o ‘the discre

1lection of lemm28
14 be clutter

o effect this

his theorems
will bve needed AV

ed with pa.rentheses s

The following cO

trensition. So that the formuilae won
£ will be written instead of £(n). When 1t won't be confusing, the
gubscript, n, will be 1eft oub.
The well-known relations, Nfg) = 08 + &nn) sf end N£/e)
= (gnf - £re)/(e &, +l) will often be used, &8s will the summation by
n n-1
parts formula, Z.m 8y A bi = a.nbn a ambm - Zm b1+l bage This r€
o0
duces tO -a_ D Y bl D8y when n =% and &P - 0.
m m 'm i+l i n n+l
Lemma 115 If ¢g~g and BT and |£/B + H> & ghen f+h ~g+E:

e —
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Lemma 116. 1) If f£'(x) is monotonic, then A [f(gn)] lies between

1 1
f (gn) Ag and f (gn+1) &g . This lemma has the following

corollaries:
2) Let @ and h be constants, positive or negative. Let

- a-
n, £ = f(n+h) - £(n). & na/h lies between On> T and o(n+h) 1

04 (0 28 -1.0 0 O
3) s ~an 1, Z’c‘ L9 or Zni ~n°"'l/(a+1), for @£ -1, and

n-l. -1
Zc 1™ ~log n. (These results are well known. See Hardy [15]-)
(o] -1 a-1
b)) A fn) lies between O f of  end Qf AP .

5) A log £ lies between Afn/fn and Afn/f

n+l’ i.e., between

AF/f  and %f—(l+a-f-f).

o l£(g )]
Proof of (116.1). A [f(gn)] =

Agn

Agy, = fHX) ae,

where X is between f'(gn) and f'(g

n+l) by the law of the mean. //

Two other useful facts in working with logs are that log (l + ATf)
= Alog £ and 1log (1 + ;ﬁ) "‘éff— when Af/f - O. Theorems 11.2 and
)4' i e - = i

5, which say that (fn+m) G(fn) and G(fn+m) e( fn) , will often
be used in this chapter.

Lemma 117. If f and g are positive, then

1) A-Ff+1<§-é§+1, =0 f < kg;

2) %4-1—»0 and %~f+l=o(%§+l) =45 T = o(g).

Proof of 1). éfi+l<%+l =3 Alog £ <A log g,

=3 log £ <log g + log k, == f < kg.
AF JaT:s
Proof of 2). ?—+1<N(E—+l) for all N, == Alog f <Alog g
+ log N, == log £ <log g + log K + log N, for some constant K,
=% f <KNg, == f =o(g). //

The following table describes the series enalogues to the theorems

of Chapter II.
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Changes necessary to apply the theorems of Chapter II to
infinite series (Theorems not mentioned hold good as stated. )

Theorem

All
theorems

13

21

24

25
2~
29

30.1

30.2

31
32"

33 and 34

0ld Expression

X

f(x) and F(x)

the operation, derivative
f“(x)

f(x) and g(x)

£(x)
If £'(x) is continuous
Ifr £0 or -«
Does not apply.
f' is continuous

f' is continuous

ff"/f'2

v(x) = -f(x) / £'(x)

f" is continuous

log |f]|'

Does not apply.

ff"/f“2

F ~ |=— £2/£'|

r+l

Replaced b

f and F
n n
00
Z“a.
Za.-l
c
the operation, difference
22t
n
f(x) and g,
f(2n) = 1, f(2n+l) = 1/n
If fn is positive

Ifr £0

f is monotonic
f is positive

2
fn+l a fn/ ( At‘n+1 Af‘n)

v, = -fn / Afn

22f is of constant sign

log |af| if 6(f) < %
log Afn-l' if 6(f) = oo.

2
fn+l o fn/ (Afn+l Afn)

f_r ¢

F l?li n n-l/Afn--lI
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TABLE 2 (Continued)

Theorem 0ld Expression Replaced by
1" 12 2
36 ££" /£ £ 8 £ [lof o oof)
P~ gy R Sl
n-1

46 This theorem does not hold.

The proofs of most of the theorems of Chapter II are analogous to
the original proofs, with occasional help from Lemmas 115-117 required.
Theorem 17 becomes the Cauchy-Stolz theorem, [47], referred to by Hardy,
f15].

Proof of (24). Case 1: naf/f - r, finite. Then Af/f - O,
=) OF/f ~Alog £, == lim ;ﬁ/ll-l = 1lim log f/log n = 6(f). Case 2:
nAf/f - - ©, -1 < &f/f <0. It can be shown that log x < x-1 for

of 1 O‘(%

of
x >0, === log (l+—f—)§f—<0. Hence =

= logn = o(log ), == 6(f) = - . Case 3: nAf/f - ®. Then

) =o %: o(a log f),

0 <&Ff/f and 1/n <e A&F/f for all e. Let o = log 2.
a(x-1) < log x < x-1 when 1 <x <2 Hence, a &f/f <Alogf g oF/t
when O < AF/f < 1. When AF/f >1, Alogf >q. Thus 1/n <§Alogf

for all €, == 1/n = o(Alog £f), == log n = o(log £), == 8(f) = .

The proof than e(af) r-l 1is the same as before, except that the

theorem also holds when r = - %. nAf/f - © and £> 0 == A&f <O,
o o] < If], s Olar| = - % = 0(ag) = - w. //
If we don't require f to be monotonic in (27), but only positive,

D ond f(2n+l) = 20~ 2,

then the theorem doesn't hold. Let f£(2n) = e~
6(f) = -». 1/2 < |af/£] <1. Hence f£/(naf) - 0. But nAf/f - both

0 gnd -.
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f N

n+l n
—— =], If we
Afn+l Afn

Proof of (30.1). Let v_=-f /of . &v_ =
n n n n

assyme 4v_ - a non-0 limit, - 1/r, then v, n- -1/r, (17),
== 6(f) = r. Now suppose &av_ - O. AN3f  is of constant sign
== Afn is of constant sign == fn is of constant sign = Awh is
of constant sign == vn/n is of constant sign and - 0, (17),
== nfv ~+® or -®, =2 0(f) =+ % (24). //
Proof of (30.2). The only case that is different is r = + %,

Case 1: r = -®. -1 < %? <0, == log |Af‘/log f > 1. BSuppose

e o o/t <16

lim log |Af]|/log £ >1 + €. Then |&f| <f
= nAf/f <nfS. 6(£f) = -®, =3 6(nf) = -®, == nAf/f -0,
== 6(f) =0, (24), a contradiction. The proof for the case
r = © is analogous. //

Formula 34, F, “'lyvn_lfnl, has a paradoxical relationship with
the formula |7vnfn|. The two formulas eppear different; yet if

8(f) = + %, they come to the same thing in practice. Suppose

= ‘w' ~ . -~ . ~
e(r) Zgll £, v £ (34). Hence Z:)fl £+, £
=V, fn. So if we use the last two terms as the basis for an approxi-

mation to finish off a series, the two formulas give identical results.

'vn—lfn-l is

considered an approximation to Fn-l’ which we have defined to be

A similar relationship holds when 6(f) = +®©. If

22-2 £,, then it works out the same in practice to approximate Z:-l £y

by -Vn-lfn—l + fn-l’ = -vn-lfn' Another practically equivalent formula

= 2 s s
is -v f +f =f /Afn_l as en spproximstion to F_ . This one

is prefersble, since it uses the last two terms of the sum.
Although |7vn_lfn| is always ~F  under regularity conditions,

this is not true of .7vnfn| when 6(f) 1is large enough.
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Proof. e(vnfn) comes out Av/v - &Av. v - O when 6(f) is large

enough. We can define f inductively, making f/Af as small as we
please. Thus, we can have 6(v) < -(1,1), =< Av/v - -1 1if any

= -7(Avn_l -1/r), == e(yvn_lfn) - 0 under regularity conditions
(30.1). //
If £ has finite order, the two approximations are asymptotic.

Proof. 7(vnfn) = y(v +fn) ~7(vnf ). This is because

n n+l n+l

£, = o(Fn), = F ~F

1’ = I, = o(Fn+l)’ and

7 vnfn+l ~Fn+1. 7'(vnfn+l) ~Fn+l ’ ~Fn' //

(46) fails to hold, end the following lemmas take its place.
Lemma 118, If f has extended order, then

oefe -~ 0 == |o(f)| < (1,1).

&/ > -1 or o == |e(f)| > (1,1).

OP/f -+ a constant £ -1 == |e(f)| = (1,1).

Proof. If AP/f - a constant # -1, then log (-i-,‘-f- +1), =Alogf
- a constant, = 8(log £) =1, == |6(f)] = (1,1). If (%f- +1) -0
or ®, then Alogf ~+® ==06(logf) 21, == |6(f)] > (1,1).
Ir F-+0, then & ~alogr~0, = 6(log £) <1,
=0 |e(g)]| < (1,1). //
Lemma 119. Let f, Af/f, and Af/f +1 have extended order, and let
le(£)| = (a,r). [e(g)| > (2,0) = e(af/r) or e(af/f +1) = &(¢).
(2,0) > |e(£)| > (1,1) == &( £/£) or |e(af/f +1)| = (1,r-1).
(1,1) > |e(g)] > (1,0) = 6(af/f) = r-1. o(f) is finite

=0 6(af/f) = -1, unless f ~ a constant, when 6(af/f) < -1.

8(f) = (1,1) and af/f - == 0 < &(af/f) < (1,0).

e(r)

~(1,1) and af/f > -1 == -(1,0) < &(af/f +1) <O.

le(£)| = (1,1) and Af/f ~ & finite limit # -1 == 6(af/f) = O.
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Proof. Log (&f/f +1) = A log £, has extended order.

le(£)| > (2,0) == e(log £) > (1,0), = 6(a log £), (4k),

= o(f) = e(ag/t +1). (2.0) > |e(e)] > (1,1) == &(A log £f)

= 6(log £) -1, (18), == |&(ae/f +1)| = (1,r-1). In each of these
cases, when f - ®, ©(Af/f) >0, = Af/f ~of/f +1.

(1,1) > |o(£)|> (1,0) == 6(alog £) =r-1 <0, == &/f =1,

==y Af/f ~ A log f. The fourth statement recapitulates Theorem 18.
o) = (1,1) and 4P/t ~® == o/t ~&F/f +1. Log (5 + 1),
which = A log £, has order 0, == (1,0) > le(at/t +1)| > o.

If Af/f - a constent # -1, then 6(Af/f) = 0. If AFf/f -0, then

ME/E ~Alog £, == &(af/f) = 6(alog £) =0. //
A corollary of this theorem is that |6(v)| and [6(v-1)| are

< |e(s)

. We note that when 6(f) is finite, f = o(F), and
Foer ~ o

In Chapter III, the theorems hold as stated, with the following
exceptions. The procedure referred to in Bounds 49 is greatly
simplified in the discrete case., In one has an asymptotic approxi-
mation, Fl , it may be improved by summing a finite number of terms

first and applying F to the remainder. This is Procedure 12k,

1
which will be described at the end of this chapter. Bounds 49 apply
with the first term omitted.

Theorems 60.2 and 61 require a few changes.

Theorem 61.1. let H = G/F. If F, £/F, si/H, and f£/F -1 have ex-

tended order and - limits, and if |6(H)| < |6(F)| and if 8(F) = + %,
then
g/f ~G/F if F/f - a non-0 limit,

g/f ~G/F [1 - lim (M/H)] 1if F/f - O,
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g/t ~Gn+l/Fn+l if F/f -0 and AH/H —» «.
If F/f -1 and O(f) = -», g/f ~G/F even if &(H) < &(F).
Proof. The first part of the original proof holds.

M F
G=FH, == g=fH+F AE{,=fH [1i—ﬁ—(f-1)].

1
Case 1: F/f »1, and 6(F) = -0, If lim AfH is finite, then

8

AH F ~ OH OH F ~ (OH £
T F-1)-0 = g~ Irt F-u 7 (F-1)~GFH) -5

Log[‘%H(%-l)]~AlogH+A:LogF~AlogF, since (%—g-u),

(1 - %), and therefore Alog H and A log F have extended order,
F AH (F ~
s, log (3 G -U]--0 = F (F-1)»0, =0 gL

Case 2: F/f - a constant, # 1, if 6(F) = -©. Then %H-._, 0,
AH F -
since |o(H)| < |8(F)| = (1,1), (118), == F (5 -1) =0, == g ~fH.

A
Case 3: F/f »®. Then 7+~ 0, (118), and (F/f -1) ~F/f,

ML F .y LOHE ~
= g (F-1) ~g/f ~- AlogH/Alog F -0, (8.1), == g~ fH.

Case b: F/f - O. gg(gi:__l'),,_éﬁ__ F/f »0 == F and G » ©,

(see the original proof of (61l.1)), == g = fH [1 + ﬁ‘H—— (% -1)1,
~fH[1l - }%H—], ~fH[1 - 1lim I;QI-], supposing that lim g—{- £1 or + .
The expression, g/f ~G/F[1 - lim (AH/H)], is interpreted as

g/f = o[G/F] if 1lim MH/H = ©, and G/F = o(g/f) if 1lim M/H

]
)
.

The proof is similar in these cases.

Case 5: F/f - 0 and ﬁ‘H—' -+, G=FH =2 g = an+l
Ja:| F - ~
I—‘I;:I . F)' AH/H -+ 00 =) AH/H]:H-]. 1 =g an-l—l' //

+ FAH,

= an+1 1+

Theorem (60.2) is essentially a special case of this theorem.
(The only difference is that we don't have to assume that F has

extended order.) The original proofs of (60.1) and (60.3) still hold.

F
n+l
—=).

& Ley
For Theorem 62, we obtain the result e(E— -1) = 9(-—e-— ' =5

1 1
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If 6(f) = -, and G(el) is finite, this reduces io @(% -1) -1,
= §(v-1) - 1, (59). We must assume that A(elf)/(elf),
vhich = Af-(if;l has order. If 6(f) = oo, 9(:;—1‘ -1) = e(g— +1) -1,
1 1

Since it will, in general, be impossible to solve exactly the
equation F, =€, Theorems 63, 64, and 66.2 do not apply.

The results of Chepter IV do not carry over to infinite series.
The Gregory-Newton formula (the finite analogue of the Taylor series,)
leads to the same difficulty as with the untransformed Taylor series.
But now, no transformation of the variable of integration is possible.
dx could be transformed to ¢'(y)dy when x = ¢(y), but x
always has to be 1 for a series,

Expansion 83.

The series anslogue of the Laplace-Winckler expansion may be de-
00
rived by a summation by parts. ILet Fa = Zg fn’ a convergent, posi-

. = - = ing b
tive series fn Afnvn, == Fa vafa + Zg)fn+l Awh, summing by

parts. Now let fn+l Avn = -Afnvan, i.e., Von = fn+l CWn/‘Afn

= (v -1) &v . Then we may sum by parts again, getting

Fo = Vf + vy £ +Zafnl Vo v3n=(v -1)Av2n,

obtaining the expansion, = f (ZF v, )+ Zg)f 1 Ope
J=1 Jja n=a kn

end so on,

To Jjustify
- 00,

this expansion, we must show that vknfn+l -0 as n

v £ ~F if v f

ool ~Fpa . n+l/Fn+l - any limit., Under that regularity

condition, v f a1 O since y =r/(r+l), r < -1, and Fn+1 > 0.

f = (v,-1) £ Since v, > 1, |(vn-1) fn+l| <vf

Vin'ni1l T > 0.

n+l kn * n+l’

Theorem 84 will show that A l/rn, if any limit. Thus,

under the regularity condition that ANkn - g limit for k =1,2, ... m,

the Laplace-Winckler expansion is valid for m terms.
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An alternative expansion is obtained by letting fn+l o = -8 1 Von?
so that v2n = vn+l ANn. v3n = v +2 szn, and so on,
00
= . tie
Z;>fn Vol * Voufau * ooe * Viafosieo1 +nt2..a £ . &V, The properties

of these two expensions sre similar.

A third, spparently different expansion is obtained by letting

fn = -Afn_l Vin* Yon = Vin Awin, w3n =Vin szn, and so on.
(v o]
Yo gy =g, g (o 4o +w )+ I°f o . If ve expand X £ this

n=ga,
wey and add fa’ we get the first expansion. The first term =

Formula 34, va-lfa'

Theorems analogous to those of Chapter V will be derived for the

first expansion. We will assume fn is 2 0 for the rest of this

chapter.
Theorem 84. The statement and proof of Theorem 8% for the discrete case

. . l
are analogous to the original. We have ven/(vn-l) =avy - T

Lim Awg/cwl = 1lim va/(vl-l) =<1/r. Hence 1lim Av, = 1/r®, and so on.

2

Ir Fn diverges, we have the expansion,

-1 k vk, %-1
Ei; fn fc §i1 je J—l g,a-J a J+l ZP n+l N

= kn
for n > a. If the inf and the sup are not on opposite sides of 1, they

Bounds 85.1 F, =f, (gzivja - 8)/(1-6), where inf Av, <8 <sup AV

may be substituted for & 1n this expression to get bounds for Fa'

o0
Proof. F_ =f_ Zk Via +n§:a £l Sn

= F =f_ [(Zf vja - 8)/(1-8)]. The proof concludes with the follow-

=f e Vig * D Fy - 8L,

ing lemma: (x-8)/(1-8) is a monotonic function of &, provided that
& stays on one side of 1. [Proof. Let f£(3) = (x-5)/(1-8).

£'(8), = (x-1)/(1-8%), 1s of constant sign for & on one side of 1.] //
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When we attempt to find similar bounds for divergent F, we get a
complicated expression in & that is not necessarily monotonic.

Bounds 86.1. If £ - O monotonically and Ven 0, then Fa lies

'vka.fa+l ).

It e(f) < -(1,0), and k is large enough, and Vi, = & limit,

between fa[vla + ... + vka] and (the same

then that limit is O, as is shown in Theorem 87.

Bounds 86.2. If &vy, 1s of constant sign, then

Z’.‘:’lfn=fc2kv -

5 v f
J'=l Jc J=l j,a-,j a'j+l a-k
inf fn <% < sup fn for c+l <n < a-k. Substituting the inf and the

+ 5 (vk, - vkc), where

sup for B, we get bounds for F(c,a).

Theorem 87.1. If £, V)5 Oy s

(vhich means that 6(f) = + ©) and v, = & limit, then

have order and 6(vl-l) =1 -¢

G(Gk) =<k e when ¢ <1,

= =k 41 + GAvl

=1 -(k+l) € when e >1, and F converges,

when € = 1,

= -1 - (k-1) ¢ when € >1 and F diverges.

Proof, Vv, = (vl-l) & 9(v2) =1l-¢ ~-€¢=1- 2, ete.,

2
=% G(Avk) = -ke for e # 1. Similarly, O(av,) = -k + 1+ Oav, when
€ = lo &
-, Fa\'Z f
. N _n=g D+l " kn - _ o+l
Case 1: £ - O, Ek = wa ¢ & = fn Avkn,
a n

of
n 1
= - (1+ --f—l;) ov, = (v -1) &+ 1/v > a limit between O and 1.

kn

If € <1, then 1/v -0, (118), == 9(ek) = G(Avk). If €>1, then
1/v -1, == 6(1/v -1) = 6(v-1), (8.3), =1 - ¢,

=9 e(ek)=l-e+9(Avk). If ¢ =1, and v -1, then 6(1—%)

8(v-1), (8.3) = 0. If v - another limit, O = 6(v-1) = 8(v) = 6(1/v)

(1 - 1/v).
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L f Av
Case 2: F diverges. E(c,a) = -P— ntl _kn
yel g
n=c n
f ov
_ _ _n-k+l "k, n-k _ . _
e, = T . G(Awk) =-ke if e#1 and = -k +1 + G(Awl)
f
if e=1. 6( n;_k*l) = - e(_f_f’l__) = e(ffn . zn-l . ol . :n-k+2)
n n-k+1 n-1 n-2 n-k+1
n-l 1 1
=01l (1-7=)=(k1)0(1-3). If e<1, thenl/v~0,
1i

(118), == 9(en) = -ke. If e >1, then 1/v - -, (118),

= 6(1 - 1/v) = 6(1/v) = B(v), =€ -1, == G(en) = -ke + € - 1.
If e=1, then 6(v) = 6(1/v) = 6(1 - 1/v) =0, since v - a limit
between O and -o.//

Theorem 87.2. The statement and proof are analogous to the original.

Procedure C. Let the convergent series, Fn’ = unfn. Then after algebra,
u o= l/n + (Vn-l) Aun. If we solve this equation iteratively, we ob-

tain Procedure C: u, =v_+ (vn-l) My . By setting u, =V, Wwe

obtain the Laplace-Winckler series.
Theorem 92. The statement and proof are analogous to the original,

except Part 4, where if u = v, e, = =y(&v + l/r - AN/V).

1

Theorem 4. Let wu,, u be determined by Procedure C:

l 2’ oee o

u, =v + (v-1) s . Let 6(f) = + % let v have extended order and

2 1
(o, -u
; 1 2 -
- a limit, v_, and let e, /e., which = (v-1), - a limit, L.
o 2771 ul—u2

1) 1If le(el)[ > |6(£)| ana ©(e;) <O, then ez/el -1-v.
If, also, 6(f) < -(1,1), then v - 1 and the procedure is asymptotic
II. If le(el)l > |6(£)| ana e(u -u,) 20, then ey/e; »+®. In

each case, if e, has extended order and e3/e2 - g limit, then the

2
limit is L.
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2) 1If Iﬁ(el)l < |e(f)| and F converges, then ee/e:L - 0.
If |§(el)| < |e(f)| and (1,1), and F diverges, then ee/e_.L - O.

If (1,1) < @(el) < 8(f), then e2/el - -®. In each case, if u -y,
5 has extended order and e3/e2 - a

limit, then the limit is L.

and u -u3-;‘> constants, and &5
Proof of 1). @(ul-ua) = @(elv) = é(el), (42, 119).
Case 1: v - 1. This means 6(f) < - (1,1), (118). Lim -e2/el =
Nu, -u,) Nu, -u,)
lim - —= 27 (v-1) = 1im [(—2_2

ul-u2 u, -y,

+1) (8 + 1)), (8.3).
12

e

Lim log (—2-) = lim [A log (u,-u,) + A log f], = lim A log (u,-u,), (since
ey 1 72 12

|8(u u,) | > |&(£)],) = -0 1f O(uj-u,) <&(f) end = if

Q(ul-ue) > -8(f). Thus L =0 and -% respectively.

Case 2: v - -©, Then Af/f -0, == Af/f ~1log (1 + af/f), (8.1),

Alu, -u
=Alog f. e fe. ~- = 1 2 /éf- - L, since v -1 ~v. Suppose
271 u, -u f
1 2
AN, -u,) Alu, ~u
L # +%. Then -1 2 -0, 34--—-1—3_ ~A log (u,-u.),
ul-u2 ul-u2 1 2

=5 lim ee/el = lim[A log (ul-ua)/A log £f] = 1im [log (ul-ua)/log fl,
(17), = + o, contradicting the supposition that L # 4+ ©, Thus L
= + ®© in this case.

Case 3: v - a constant, v _, #1. Then Af/f -» --l/vo £ -1,
== |e(f)]| = (1,1), (118). A(ul-uz)/(ul-ue) —-L/(vo-l). Since
|9(ul-u2)|> (1,1), L must be either + © or -(vo-l) according as
@(ul-ug) >(1,1) or < - (1,1), (118).

e, A(ul—ue)
Case 4: v - 0. Then 6(f) > (1,1), (118). o ———

®1 4%

If e(ul-ua) > 6(f) > (1,1), then ea/el - -, (118).
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If @(ul—uz) < -8(f) < -(1,1), then e2/el -1, (118). mTo get the
limit of e /e , We observe that @(ee) = 6[25—]; A(ul-ua)], (92.1).
Suppose |e<e s lele)l. aluyuy) = ep)/(550). et |o(2)| e
< (n,r) < le(ul-uz)l. IA(ul-u2)| < e(n,r), since it is the quotient
of two functions having extended order < (n,r) in absolute value.
This contradicts the statement, (n,r) < Ie(ul-ue)l, (Lh).

Thus |@(e2)| > 6(f) , == the results obtained for e2/el apply
to e3/e2. Furthermore, e(ee) has the same sign as e(el), since

@(ee) = Q[A(ul-uz)] = G(ul-ua) = e(el). //

LY
Proof of 2). Case 1: Vv -1, == e “'ul-u . —= = (v-1)

1 2 e -0
1 l 2

N, -u,)

- L. Suppose L #0. v -1-0, == —— >+ %
b Bl
Nu, -u,)
~ 1l 2 avy
=) e2/el - (—III:U.—Q_ + l) . (—f+ l), (8.3),

e
== log (ég) ~ A log (ul-ug) + Alog f, = -®, since
1

9|108 (ul_u2)| < -(log f) and A log f - -%, Hence ee/el -0,

contradicting the supposition that L # O, Hence L = O.

Case 2: v - a constant, v, # 1. Then 6(f) =+ (1,1), (118).

L Ay

b ™

(v -1) = L. Suppose L # 0. Then

lo(u -ux)| 2 (1,1), (128). e ~ (w-uy)/v,, == 8(e;) = 6(u;-u,)

|9(el)| >(1,1) = |e(£)|, a contradiction. Thus L = O.
Case 3: v - -0, |e(ul-u2)| = |@(e:L v)| < |e(£)], (42), since

by (118) and (119), |e(v)| < |e(£)| when v - -w.

- Alwy -u) &f - L, since v ~v-1. Suppose L = + ®.
e u-u, ©F
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A(ul-ua)
= o(—=—5"). At this point we need a lemma.

bt ™

Then

hth

Lemma 120. If x -+ 0 and x = o(y), then 1log (1+x) = o[log (1+y)].
Proof. There exists e such that |y| <e = |10g(1+y)| > |¥/2).
Hence |log (l+y)| > min [|y/2|, 1og (1+€)]. x ~log (1+x) and -0,
=5 log (14x) = o(y) and - 0, == log (1+x) = o[log (L+y)]. //
We continue with the proof of (94.2), Case 3. The lemma shows that
A log £ = oA log (ul-ue)], s contrasdiction, since Ie(ul-uz)l < |e(e)],

Au, -u o, -u,,)
(17). Hence L is finite, == ——u]:Tl—z—- -0, =2 Tul_—u-l——z—-

Y% 172
~alog (uw-u,) and Af/f ~Alog f. So A log (ul-ua)/A log £ - L,

==5 log (ul-uz)/log f-1L, (17), == L =0, since Ie(ul-ua)l < |e(f)].

The only possible failure of (17) could occur if log (ul-uz) -8
constant., But in that case, too, L =0, since log f - -%. Thus,

L =0 in Case 3.
e, A(ul-u2
Case 4: v -+0., — ~ - —=———, What this approaches dspgnds
e u, ~u i
1 1 2
on é(ul-ue), (118). Ie(ul-u2)| = |e(el v)| < le(£)|, but it still could
be > (1,1), in which case ea/e:L - -0 or 1, (118). If |9(U1-u2)| <1,

then ea/el -+ 0, (118), end if Ie(ul-u2)| = (1,1), then e2/el

can - anything. The proof is concluded by observing that lim e3/e2

u3-uh A(ua-u3 u2-u3
= lim T , = 1lim W , = 1lim 3, (17), = lim ej/e;. //

Procedure Cl. When ea/el -+ g constant, Procedure Cl can be obtgined

as before,
Procedure D in Chepter VI, carries over without change.

Bounds 98 are directly analogous.
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Formula 99. 1) If we start with F, =f, F_ =vf and

1 2
F3 =vf/[1 + (‘17-1) o).
2) If we start with F = fn-l’ F2 =V f, (Formula 34), and
F3 =V, £/(1 - Avn_l). F3 of (99.1) is not equivalent to F3 of
(99.2). Use of the formula, ALY f, 1is equivalent to the well known

practice of finishing off a series with a fitted geometric series.

Bounds 100. If Av — a limit monotonically, then a convergent series,

1 Vn-1 fn
F,» 1is bounded by 7(vn + ;) £ and ;——— .
n-l
Proof. let F, = yv f . e =-y(av + L) and
1 n-1 'n 1 n-1 r
= - 1
Fyo=v.4 fn/(l Awn_l), after algebra. Av - a limit monotonically

== e, » 0 monotonically, (84), ==o F 1lies between F, and F,, (98).

For the same reason, Fn+l is bounded by 7vn fn+l’ = Fn is

1 R .
bounded by f_+ v f = 7(vn + ;) £ . // The bounds in this form

n+l’
use information through the (n+l)st term.

Theorem 103. The statement and proof of this theorem are analogous to
the original, except for a part of the proof of 3). We have

fl/Fl “‘f/Fl and wish to show that F, # a constant. Suppose F,>a

constant, c. Then fl/Fl -0, == £/F >0, == Alog F, ~alog F,

(since log (1+x) ~x when x - 0), =0 log F, - log ¢ ~log F, (16),

1

a contradiction, since log F, - logc - 0O and log F - .

1
Theorem 104, Let the regularity conditions of the original theorem

hold, let f and fl be positive, and let f/F -+ g limit,
1) Let |@(El)| be > |6o(F)|. If E, =+ % then Ea/El»i ©,

If E, >0 and f/F - c, then E2/El -1 - 1/c. If all the previous

regularity conditions hold for E,, then 1lim E3/E2 = lim EE/El" If

2
fn+l/fn - g limit, r, then f£/F -+ l-r or r-l, depending on whether

I converges or diverges.
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. If 8(F) < (1,1) or AEl/El—»o,

then E2/El -0, If f/F > ® and A_El/xal ~ g limit, then 1lim E2/E

2) Let [o(E)| be < |6(F)

1

= 1lim AEl/El. If the previous regularity conditions hold for E2, then

lim E3/E2 = lim EE/El. .

= l - l lim. g}'o
2

Proof of (104). We know from (103.1) that 1lim

H

= F - - - 1im 8/S,
let G=F-F. E =G/f. EJ/E ~1-1lin f/F
le(F)|, (k2).

Proof of 1). |6(G)| = |9(E1F)|
Case 1: f£/F -+ 1. Then [6(F)| > (1,1), (118), == le(e) > (1,1),

\%

=5 lim %/% =1m£=1 or o (118), accordingas E ~0 or
- - - 00, == - 00,

= E2/El 1--1 or ) b E2/El—>0 or

Case 2: f/F - a constant, c, # 1. Then |6(F)| = (1,1),

= Je(@)] > (1,1) = lmEE-1mE/c=1c o

!

E2/El -1 -1/c or -% gccording as E -0 or ®.

Case 3: f/F - . Then &(F) > (1,1), (118). If s(c) > e(F),

then lim %/% =lim 1+ §)/Q + I.f—:). Log of this limit = A log G- A log F.

]

This can only be ®, since |6(G)| > [8(F)|, == E2/El - - If
e(G) < - 6(F) then %/%:— can only - O. Otherwise %-» + %, which is
impossible by (118). Hence EE/El - 1.

Case 4: f£/F - 0. Suppose %/% ~ g finite limit. Then g/G - O,
== f£/F ~+ AlogF and g/G ~+ Alog G, == AlogG/AlogF —a
finite limit, =% log G/log F - a finite limit, (17), contradicting the
assumption that |8(G)| > |&(F)|. Hence %/%-» ©, = E2/El - - o,
(Neither log G nor log F - a constant, since &(G) and &(F) are
infinite). We now obtain the limit of E3/E2. If E2/El -+ + ©, the
original proof that E3/E2 - + % gtill holds. If E2/El -+ g constant,

then Q(Ez) = e(El), =% the same reasoning applies to lim E3/E2 as

to lim E2/El’ = E3/E2 - the same constant. E2/E

1 only -+ O when
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8(E,) < -le(F)|, == 8(E,) < &) < - le(F)], =2 E3/E2 - 0 by the
same reasoning that proved that E2/El - 0.

Proof of 2). By (61.1), e, ~E when f/F has a finite limit,
and ~E[1l - lin (AEl/El] vhen 1lim f£/F = ©. Hence, E2/El -0 in
the first case and lim AEl/E1 in the second.

It remains to show that 1lim E3/E2 = 1lim Ee/El. Case 1: 32/15:l - 0.
If E; - ® then G(Ea) ge(El) < |e(F)|, =w=5 the first part of the
proof applies, ==o E3/E2 - 0. If E =0, we follow the original
proof, concluding that E

2
decreasing F, K = Fl/F’) = |©(E2)| < max [|6(F/f + l)l;le(El)I];

~ 4+ X (% + 1), (+ for increasing F, - for

(42), or is finite. If 6(F) > - (2,0), then le(8,)| < [e(F)],
(119), == the first part of the proof applies, = E3/E2 -0, If
8(F) < - (2,0), then F/f -1, (118), and E, >0, =2 e, ~E,
(61.1), == E3/E2 - 0.

Case 2: E2/El - o constant. Then |©(E2)| = |@(El)| < |&(F)

Lim AEE/EE = 1lim AEl/El, since lim (A log El/A log E,)
= = i = i E .
1im (log El/log Ea) 1. Hence, lim E3/E2 lim Eg/ 1
Case 3: E2/El - ®©, This happens when f/F - ® aund AEl/El - @,
Since E = o(E2), lim AEE/EQ = 0, (117.1). //
Theorem 105.1. If 6(f) is finite, and F)=vf or v . f, and

the regularity conditions of (104.2) hold, emd v - 0, 1, or ®©, and

&v  has extended order, and f£/F - a finite limit, [which happens when
6(F) < (1,1),] then D is asymptotic II.

Proof. e(vf) = av(l/v - 1) and e(vn_lf) =-o .
-(2.0) < e(F) < (1,1). Then |6(1/v -1)|, and hence |o(av)}, < |6(F)|,

Case 1:

(119), == Ié(el)| < |8(F)|, == (104.2) spplies, === D is asymptotic
II. Case 2: ©(F) < -(2.0). Then D is asymptotic II even if

lete))| > [e()]. //
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Theorem 105.2. If, in addition to the assumptions of (105.1), e(av) <O,

then e(Ea/El), @(E3/E2), ... are all < - e, so that D is asymptotic
I. E, refers both to E (vf) and E (v ,f).

Proof. Since Av has extended order, v and v-1 have extended

order. E,=-% (5-1) if F-»o,=--—AK E+1) if Foo asin the
2 K 't K ‘f E AE
proof of (104.2). K =F./F -1, since E -0, = =2~_1 (E -1)
1 1 El El f

or %-El-l- (% +1). e(% +1) = e(é +1) by (59). Let 6(f) = -(n,r)
when F -+ 0 eand (n,r) when F - o,

Case 1: -(n,r) < ~(2,0). Then 6(F - 1) = -(a,r), (119),
= (5 + 1) = 8(v-1) = 6(av). Hence, (E) = -(n,r) = 8(E,/E,), (42),
for both B 's, = 9(E2), (42).

1)

Case 2: -(2,0) < -(n,r) < -(1,1). Then e(g- -1) = e
= -(Lr-1) = 8(av), = 8(E) = -(1,r-1), == -1 <8(ag/E) <0, (119),
= G(Ee/El) = -(1,r-1), (42), = Q(Ea) = -(1,r-1), (42).

Case 3: -(1,1) < -(a,r) < -(1,0). Then e(%) = r-1, == 6(f/af)
=1l-r, == 6(av) = -7 = e(el) for both e 's, since 1 - 1/v~1 in
this case. Since 6(av) <0, r >0, e(Ez/El) =-l+1-r=-r, and
6(E2) = -2r.

Case b: -(n,r) = -(1,1) and 2£/f » -1, == -(1,0) < e(-gF +1) <0,
=5 -(1,0) < e(av) <-l, = e(AEl/El) = -1, (119), == -(1,0)
< 9(E2/El) <- 1. G(Ee) = é(El) + 6(E2/El).

Case 5: -(n,r) = -(1,1) and af/f - O. e(§f¢+ 1) =0 and - .

6(awv) = -1 = 6(e;), for both e 's, since 1 - /v ~1. e(F/e - 1) =

1
8(f/of +1) =0, = é(Ea/El) = -1 end Q(Ea) = -2,

Case 6: (1,0) < (n,r) < (3,1). e(El) = e(Ea/El) = -r as in
Case 3. @(Ea) = -2r,

The properties of El necessary to make this proof work carry over

to E,, and then to E; and so on. //
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Procedure 107 applies without change to series. Formulus 108 and
109 do not apply, since the normal distribution is continuous, but
analogous formulae based on a discrete distribution would be eppropri-
ate. Theorem 110 holds as stated.
Procedures D2 and D3 apply without change, and Theorems 111, 112,
and 113 hold as stated.

Alternating Series

Let {fn] be a sequence of terms alternating in sign. - Such
series are fully as common in practical applications as positive series.
For convenience, we will write Ifn| as (n. We will suppose through-
out the discussion that (n converges, and that én’ which therefore
decreases to 0O, 1is monotonic.

Fo=x (A(n + Aén+2 + a&n+h + ... ), according as f_  1is ¥.
Since A(n is of constant sign, Fn may be epproximated by the
methods for positive series we have just studied.

In the following pages, we will take another approach which uses
fewer terms. It is to derive theorems for alternating series analogous
to those for positive series.

Theorem 57: Let [gn} be another alternating sequence. Let 9n stand
for Ign|. If A9n/A(n has order, then

1) 6({) is finite == 6|G/F| = 6|g/t|;

2) 6(¢) = - © and {/Af has order, (or f£/(naf) - 0.)
=% 0|c/F| = 6lg/t].

Proof. 6(29/ak) = 6|G/F| and =06lg/e|, (57). //

If ¢ and 9 are well-behaved, then the relation between G/F and
g/f 1is even closer.

Theorem 12L. If A¢ and A9 - O monotonically, F lies between £

and f£/2, and neither G/F nor g/f is more than twice the other.
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Proof. f =+ (A&n + Akn+l + Akn+2 + oeee )

+ (Aén + A£n+2 +oaee )

n
Since A('n is monotonic, F <f <2F , for f > 0, and
2F <f <F for f <O, Similarly for G . Thus F_ and f

n n 'n n n n n
have the same sign, and so do g, and Gn. Suppose that fn and g,

. < < < . The other
ere positive. g <26 and F <f = gn/fn 2Gn/Fn
cases are similar. //
Let F, approximate F, and let él-é -+ 0 monotonically.

Theorem 57 says that 9|El| = Glell. If in addition, Af and
A(Ql—Q) are monotonic, then (121) says that E, 1lies between
el/2 and 2e,.
Lemma 118 can be paraphrased as follows: If Gn+l/Qn - a limit, A, then

A=1 == 8(f) > - (1,1).
A=0 =3 8§(f) <- (1,1).
N = constant # 1 == 6(f) = - (1,1).
Theorem 122. If Aénﬂ/a(-n » N, then F_ fn/(l + xf). The relative
. 1 6n+l
frequency error of this formula is (l ~ k) ( - N). If also,
n
1+
G ~ fy g
A9n+l/h9n xg’ then F (l + hg) £’

Proof. Write f and F as series of Nets. A£n+l ~Np A&n,
=0 T “F +N F_. //

This theorem can be used as an approximation formula. Needless to
say, if A‘n+l/é&n - N, then Qn+l/én =N (7). 1If 6(¢) and
8(9) are both > - (1,1) or both < - (1,1), then G/F ~g/f.

Expansion 83. The Laplace-Winckler expansion is better, if anything,

for an alternating series. v_ = Gn/(@n + € ..), is positive, and

n+l
- a limit, if any, between 1/2 and 1. If Av has order, it is < -1.
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The validity of the expansion and the remainder did not depend on

positive terms, and so it is applicable here.

T

n+l !
= 0 . = < 1. = -

« T oV as before G(el) G(Awl) <-lov, = (v 1) av

l’
=== 6(v2) <-1, = G(Awe) < -2, and so on. Following the reason-
ing of (87), we find that the procedure is asymptotic I and II, under
regularity conditions, but with no requirement for infinite order.
Procedure D shows a similer improvement for alternating series.
Under regularity conditions, El “‘cl el, (122), which we can write E;.
Procedure 107, a generalized form of D, can now be applied. By (110),
it is asymptotic II.
Theorem 123. If F, ~F and if 8|E;| and () are voth > - (1,1),
or if ©(f) < - (1,1), then, under regularity conditions, D is
asymptotic II, end if elEll <0, it is also asymptotic I.
Proof. E, ~ -AEl(F/f -1), as in the proof of (104.2). If
E, »~0 and O|F| < -(1,1), then F,-F = o(F), = elFl-Fl < -(1,1),

=3 e “E,, (122), ==::>E2/El—>0, == E, -0, => e, ~VE, by the

2 2 2

same reasoning, and so on.
1f 6(F) and 6(E) > -(1,1), then e(Fl-F) = G(ElF) > -(1,1),
(42), == e, ~F, sgain. 6(E,) = min [8(aE), &(F/f -1)] > -(1,1),

so the same reasoning applies to e2, e3, «es o Thus, D is asymptotic
II.

Now assume e(El) < 0. 9(E2/El) = min [e(AEl/El), e(F/f -1)].
1 &E)) and 8(F) are >-(1,1), then e(AEl/El) <o0. e(F/fr -1) <o.

Hence, 6(E2/El) <0 and is finite. If ©|F| < -(1,1), then 6(F/f -1)

is infinite, since |F/f -1| < |i‘-€ + 1|, which has infinite order by
(119). G(AEl/El) < 0. Hence Q(Ez/El) < 0 in either case, and the
same conditions are perpetuated when E2 is considered. Thus D is
asymptotic I and II.
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Theorem 105. If we start D with vf or vn-lf’

vhen 1 < lim v < 2, then, under regularity conditions, D is asymptotic

and if 6(av) > -(1,1)

I and II. (No requirement for infinite order is needed.)

Proof. e(vf) = av(1l - 1/v). e(v ) = @(El) <-1 in

n- n-1°
either case. The previous theorem now spplies directly, except, pos~-
sibly for the cases ©|F| = -(1,1) and o|F| > -(1,1).

Case 1: O|F] > -(1,1). Then 1/v -1 = Qn * en+l -1
n
(118), == ok /6 ~o0. e(ak /6 ) >e(ak) > (1,1), == 6(e))

> -(1,1), and Theorem 123 applies.

b

Case 2: O[F| = «(1,1) enda € /¢ -0. 1-1/v=-b /6.
Log |1 - 1/v] = Alog €. ©(alog k) =0, = 8|1 - 1/v] > -(1,0),
== &(E,) > «(1,0). 8(E,/E,) = min [8(aE /E), &(k . /€ )]
(28 /E) = -1, (119), == -1> 8(Ey/E)) > ~(1,0), (42), end

e(Ea) > - (1,0), (k2). The same argument applies to E,, E

2} 3) e )

=2 D is asymptotic I and II.

Case 3: ©|F] = -(1,1) and /6 = 1. Then 1l/v -2

en+1
= Af/f - 0. Alog £f ~afff, == 6(af/f) = O. Hence 1/v -2 -0
and has order 0, == 6(4av) = -1 = G(el) for both ei's.

G(Ee/El) = min [G(AEl/El), o(F/f -1)1. Now F/f -1 - - 1/2, (122),
==z G(Ee/El) = -1 and 9(E2) = 2.

Case 4: 6(f) = -(1,1) and €n+l/én - X\, where O <A <1.
There need be no restriction on e(en+l/Gn -N), = 6(Av) could be
anything 5 - 1. Thus, we have to assume that e(av) > -(l,l) in
order to make e(El) > ~(1,1), =9 e(AEl/El) < 0 and finite,
== D is asymptotic I and II. //

Partial Summation

No iterative procedure for summing a series is of any value unless
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it is an improvement over the convergent procedure, pasrtial summation.
In meking this comparison, we should equalize the amount of calcula-
tion. If the terms themselves are not difficult to calculate, we may
be able to take many more terms for partial summation than for a more
complicated procedure.

Partial summation is & special case of the following procedure,

letting P, = O.

1
Procedure 12L: Let Fl be an approximation to F, a convergent series
with El bounded: Fkn = fn + fn+1 + eee + fn+k-l + Fl,n+k.
E = Flem " Tasx _ Tan | T £
k Fy Fy Fa+k-l 1,a+k.
Fn+l
Yog ( T ) = Alog F . Let 8(F) = -(n,r). n>1 = 6(A log F)
n
Fn+1
= 8(1log F), (44), == e&(5=) = 8&(F), == 6(E) = min [&(F), (e )]
n
F +1
n=1 and r>1 == §( nF ) = -(1,r-1),

= @(El) = min [-(1,r-1), e(El)]. n=1,r<1 =9 Fn+l/F -1,
if any limit, (10), == e(Ek) = @(El). If n=1, r =1, and

F
o(E)) <(1,1), then 6(E) = min [k 6(-2%), 6(E)] if one of these
n

is infinite, and = the sum of the two orders if both are finite.

F
8( ﬁ;l) = e(_%%l) under regularity conditions, and = O unless
F F
—%il -+ 0. Then -(1,0) < o( ;+l) <0, (119).
n n =
E F E E
k+1 +k+ 1,a+k+l k. .
= ; K+l | E,a . g(-E+l) = min [6(F_ _/F ), &(E 1/E1n)]’
k a+k 1,a+k X n+l’"n 1,n+

if either is infinite, and the sum of the two if they are finite.

9(Ek+l/Ek) = -0 if either ©(F) or e(El) are < -(1,1), under
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regularity conditions. If both ©(F) and S(El) > -(1,1), then

E

/B = L

We conclude that partial summation is a highly effective procedure
when 6(F) < -(1,1), but is ineffective if ©(F) > -(1,1). Procedure
12k works well if ©(F) or G(El) < «(1,1), but is ineffective if
both are > -(1,1).

The previous reasoning applies also to alternating series.

The Euler-Maclaurin Sum Formuls

A powerful method for approximating certain sums should not be

overlooked. It is the Buler-Macleurin sum formula:

B
n _ (M _]_-_ __2__ 1 1
Zafi—faf+2(fn+fa)+2' (fn-fa)

B B
. ;% (fn(3) i fa(3)) N g% (fn(5) A I Y

AR R e
all subsequent odd B,'s are O, B = -1/30, Bg = 1/42, By = -1/30,
Bjo = 5/66, By, = -691/2730, B,) = 7/6.

B
The remainder after the term, (§§§7 (fn(2k-l)_fa(2k l)),

(x) f(2k+l) (x) ax, where Py(x) (x + B)k/k!, inter-
preting Bi as Bi’ for O § b4 5 1. Pk(x) is periodic, and repeats
the same graph for n 5 X § n+1l, for all n.

If either the integral or the sum has a simple form, the other may
be approximated easily by the use of this formula. It is very handy
for such sums as Zg 1/i and Z; log i, which = log (n!).

The expansion very seldom converges for functions occurring in
practical applications.

A good description of the formula, containing the foregoing and

many other facts, is given by Knopp, [23, Ch. 14].
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When all the derivatives of f are ultimately monotonic, as for
instance, when f is one of Hardy's L-functions, [15], and Zz)fi
converges, then we can let n - © for any finite number of terms, and
obtain the expansion, ZE’fi = f:’f + fa/2 - B, £,'/2 - B, fa(3)/h1 cos

We may derive the formula by letting F(x) = fg f(t) at, and
expanding F(O) about 1 and F(1) about O in Taylor series, obtaining

F(0) - F(1) = -£(1) + £'(1)/2¢ - £*(1)/3! + +.. and

F(1) - F(0) = £(0) + £'(0)/2¢ + £"(0)/3! ... « Averaging the two, we

i

obtain the expansion TF(1) - ¥(0) = % [£(0) + £(1)1 + % [£'(0) - £'(1)]
+ f; [£'(0) + £'(1)] + «+. « We may expand % [£'(1) - £'(0)] the same
way, adding the left side to the second term and subtracting the right
from the rest of the series. This cancels the second derivative term.
The other even derivative terms can be cancelled the same way, and the
result is the Euler-Maclaurin expansion between the limits of O and 1.
The expansion is equally valid between the limits of 1 and 2, 2 and 3,
and so on. By adding n such expansions together, we obtain the Euler-
Maciaurin formula for n terms.

This derivation shows that the Euler-Maclaurin formula between
O and 1 cannot be stretched over an infinite interval to obtain an
asymptotic procedure. We run into the same difficulty of infinite

terms as with the Taylor series.



CHAPTER IX

APPLICATIONS TO INTEGRALS OF INTEREST IN STATISTICS

The Normal Distribution.

The normsl distribution plays a central role in statistics, both
as a distribution in its own right and as the limiting form of many
other important distributions. Methods of approximation that are poor
for the normal distribution are not likely to be useful in statistics.
This distribution thus provides a test run for the approximation methods

previously discussed. <2

2

For the normal distribution, f(x) = e <, and is usually

2
N2g
written, ¢(x). v = 1/x, so that Formula 34 is the well known approxi-
mation, ¢(x)/x.

Formula 99 becomes o(x) (r - —3;-0. Gordon, [14], has shown

X 2
+1
how (34) and (99) bound the normal integral. Formula 132 becomes

¢(§l (1 - L ), and the first two terms of C become 9%?l (1 -.i_)_
X2+3 x2

To find out which of these formulas is best, we multiply ¢(x)/x
by a rational fraction of degree two with undetermined coefficients, and
choose the coefficients that minimize e(x) as x - o

Formula 132 is the winner, with a relative frequency error of

6/[x3(x2 + 3)2]. Since this expression is monotonic, it is a bound
for E(x) , (47). The order of this error is -6, a great improvement

over that for ¢(x)/x, which is -2.
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In Table 3, we see that FPormula 132 has an accuracy of 3 signifi-

cant figures for X>5 ang 5 significant figures for x > 10. The

a good, readily available table of the normal integral, [339 Table 1],

Past the point x = 5 with en accuracy of four signficant figures,

The modified formules is 9%?1 (1 - 'E?%;7§)' Its relative frequency
x242,

-.2x°2 + 5,04 .
(22 4 2.8)2

error is

Formula 122 for the normal distribution ig not new, since it is
8 convergent of g continued fraction due to Laplace, [26]. The

fraction is &x) = Zcp(x)dx = 525:—) (1/1 + #/l + x-%/l + x—%/ cee )

(132) - &) (1, 2/ 4 2.

A discussion of this continued fraction ig given by Kendall,
[21, pp. 129-30].

More complicateg formulas in the Preceding chapters turn out to be
o(x)/x multiplied by g rational fraction of degree four. The best
such fraction, found, as before, by a method of undetermined coefficients,
is

~ x2 + 7
Formila 125, @(x) = ®(x) (; .
x x* +10x2 + 15

This, too, is g convergent of Laplace's continued fraction;

namely, ;(l/l + ié/l + ﬁ%/i + ;%/l + f:). It has a relative frequency

error of 120/{x2(xh + 10x2 4 15)2], which, being monotonic, is a bound
for the relative error, (L47),

It, too, can be modified to be more accurate for small x, ang

we obtain Qiil (1 - n X + 4.6 ). Its relative frequency error is
x X + 7.6x2 4+ 8,1

.3x)+ - 14 42 4 28.35 .
X2(x" 4 7.6:2 4 8.1)2
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The relative errors of these formulas are found in Table 3. The
monotonicity of e(x) for (122) and (125) means that E(x), too, = 0
monotonically.

Procedure C for the normal distribution is the familiar asymptotic

expansion, @(x) = 9%§l (1L -x=2+ 3x-u - 3-5x-6 + 3-5-7x-8 + oeee Je
It has been recormended as an easy way to approximate the normal integral
for large x. However, Formula 125, which gives us accuracy of T
significant figures for x > 9, would seem to be easier to use.

If a high degree of accuracy is desired, Laplace's continued
fraction converges rapidly on the tails, and one given by Shenton, [44],

is especially efficient in the center.

TABLE 3 +2
Relative errors of approximations to Jé? fije-é—dt

x  B(1%3) E(Modified 132) E(125) E(Modified 125) Efo(x)/x]
1.k .057 .015 .00060 .32
1.6 .037 .0086 -.000LkT .27
1.8 .025 .00L8 -.00070 .22
2.0 .017 .0028 -.0006k4 .19
2.5 .0070 .000Th -.00033 1k
3 .0032 .00023 -.00013 .09l
4 .00080 .0000 28 -.0000 20 .056
5 .00025 -.000035 .0000 Oh6 -,0000 023 .037
6 .0000 95 . 000035 .0000 0096 .0000 00k2 .026
7 .0000 40 .000034 .0000 0024 .0000 0055 .020
8  .0000 19  .000023 .0000. 00072 .0000 0039 .015
9  .0000 098  .000020 .0000 0002k .0000 0025 012

10 .0000 051  .000018 .0000 0000 90 .0000 0016 .0098
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Table 4 shows how e(x) approaches E(x) asymptotically and is

a bound for E(x).

TABLE 4

e(x) and E(x) for the normal distribution

x 132 125 o(x)/x
L .0010 .0000 40 .063
.0008 .0000 28 .056
8 .0000 209 .0000 0008 3 .0156
.0000 192 .0000 0007 2 .0152
10 .0000 056 . .0000 0000 99 .0100
.0000 051 .0000 0000 90 .0098

A convenient table of the normal integral is found in Biometrika
Tables, [33, Table 1]. More extensive tables are given by Sheppard,
(45], and by [52].

Student's t distribution.

Formulas that are just as accurate and handy as those for the
normal distribution can be developed by the same methods for Student's
t distribution.

2 -n+l
f(t) = constant - (1 + ;;Q 2 ., It has order -(n+l).

n 1 t - (i,
7y = (n+l)/n. v = =1 (5 + H)’ so Formula 34 = yvf = (t + n)f.

— 1 )
n+2 .o :
" T+ 3

Formula 99 = yvf (1 - ) and Formula 132 = yvf (1 -

2 +1

o0
(34) and (99) are bounds for ft f(x)dx, (100).
As before, we can find the rational fraction of degree two which,
when multiplied by vf, minimizes the relative frequency error

asymptotically. The result is
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Formula 126. F(t) = 7vf (1 - ———l———-), where a =22 ang
at® + b n
2
(n+2) e(126) = b b . E(126) is, of course, bounded by

t2(at® + b)2
e(126). However, Theorem 65.1 provides a closer and even lwpore convenient
bound.

It is easy to show that e(126) increases with n to a limit of
6/(t3(t2 + 3)2], which is e(1%2) for the normal distributica. More=-
over, ¢(t)/f(t) decreases monotonically as t increases fipm 1 to %

By (65.1), for any t > 1, E(126) < E(132, normal), equa“ing t

with x. The first column of Table 3 thus provides a table of bounds

for E(126).
2 +4
B2 (322 1) 505 - 55
Proof. e(126) = ta(n+2 2 n+2) t (n+l+ t2 + 3)2 '

The numerstor increases with n, while the denominator decreases with
n. Hence, the whole function increases with n. It remains to show

that ¢(x)/fn(x) decreases as X - %, i.e., to show that

log ¢(x) - log fn(x) decreases. log ¢ - log f = - %; + Eil log(1l + ——)
n+ 1 X 1+ l
+ constant. The derivative = -x + If:—gg . by = x(-1 + xe),
n iy

vhich is negative for x > 1. //

When the best rational fraction of degree 4 is found, we obtain

tZ + a
Formula 127. F(t) = 7vf 1 - (=) ( = Y1, where

n+2 +bt2 + ¢
(7n+l6) ('Iﬁ)’ b = 10 (_:3), and ¢ = (lSn) (—-8) The relative
2 _acn
~ n+2

frequency error is n , which is a bound for E(127).
\ 2(t + bt? + )2
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As before, a more convenient bound ig E(125), which is recorded in
Table 3, The proof is analogous.

Since En(l27) increases with n to & limit of E(125) as t re-
mains constant, it ig g]1 the more true that En(127) incr3cses with n
to a limit of E(125) as the significance level remaing ccrstant, since
the bercentage point decreases with n. Thus, E(127) at any given
beércentage point is boundeg by E(125) at that percentage polint.

The usefulness of these formulas can be seen by compariing them
with the normal approximation to the ¢ distribution, which {4 often
recommended for g sample size > 30, The following is a table of the
relative error of the norma] approximation compared with E(126) ana
E(127) for a sample size of 120 at the cormonly used levels of #ie two

tailed test,

TAELE 5

Comparison of the normal approximetion to the ¢ distributiom
with Formulas 126 and 127 for g semple size of 120

Level of the

two tailed test -05 -01 -001
E(Normal approximation) 046 113 .257
E(126) .018 .0058 .0018
E(127) .003 . 00056 .000093

Procedure C ig not appropriate for the t distribution, since
the order is finite. Instead, the modifieq Procedure C1 is used, re-

. . R n <2 n L4 b
sulting in the expansion, yvf [1 - o 5+ 3(515) (EIE) t

-3.5 (HEEJ (E%E) (Hgg) t~6 + ees ]o If we write the term of degree

b
= - n 2 o (1) "k
k as b, then b o = bk(k+l) (n+k+2)/t » and e 2



134

Since & is monotonic for t > 0, E, is bounded by O and

k

e (49). And since e _ alternates in sign, it follows that E

k k

alternates is sign. This means that any two succeeding partial sums

of the series are bounds for F(t).

The ratio of succeeding terms = -(k+1) (n+2+2)/t2’ which - -25-
as k - %, Thus, for t® > n, the series converges, and since it also
has the enveloping property just discussed, it must converge to F(t).

This expansion provides a useful complement to an expansion given
by Hotelling and Frankel, [19], which is most accurate for t* < n.

Our series was derived by writing Cl in the form,

Uy = Uy + elv/(L-l), where e = e(ull) and L = lim EE/El'

By (92.2), L = (1 + el)/(n +1). By writing g = yv(1l-h) and
e
) . 3 . — - - l
simplifying, we obtain the recursive relation, u21 = 7v(l h i:azgz?.
Thus, when b is obtained, b, = -ek/[l - e(ek)]. After some

algebra, and a mathematical induction, the expansion is established.
A table of the t distribution may be found in [12] or [33, Tables
9 and 12].

The Incomplete Beta Function.

Using Karl Pearson's notation, [38], we will define the incomplete

beta function, Ix(a,b), to be fz £&-1 (1-1:)b‘l at/B(a,b).

B(a,b), the complete beta function = Ia+b)/M(a) I'(b),

(a+b-1)! b-1
= (a-i;l (b-1)f ~ (a; L)

By meking the substitution u =1 -1,
we find that Ix(a,b) =1 - Il-x(b’a)'

The incomplete beta function has many uses in statistics. The
following well known results are listed for convenient reference:

It is, first of all, a probability distribution in its own right.

As one of the family of Pearson curves, it is sometimes fitted to
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s a ab
e ta' ——
mpirical da It has & mean of s’ 8 variance of (a4b)2 (a+b+1)’
a=-1
and a mode of PRTSGY [29, p. 117].
n . .
The cumulative binomial distribution L (2) p1 q“'l, measuring

r

the probability of getting r or more successes in n independent

trials with constant probability p, = Ip(r,n—r+l). (21, p. 120].

The cumulative negative binomial distribution, g(;j) pr (l-ip)n-x;
measures the probability that it takes n oxr more tr?als to achieve
r successes. This is the same as the probability of getting <r
successes in n-1 trials, which is 1 - Ip(r, n-r). (This relation is

proved mathematically in [37] and [59].)

The F ratio of mean squares may be simply reduced to an incom-
x 2y 2
. . . m n 2 2
plete beta function. F is defined as —E—/~E_’ where Xm and )(.n

are independent chi-square variates with m and n degrees of freedom

respectively. The probability that F >F_ =1 1 (gv 29:
m
[49, also 6, p. 2k1]. 1+a Fo

Let r ©be the coefficient of correlation between two normal
samples of size n under the null hypothesis of independence. The
probability that r2>r 2 =1 -1 2(%-, ’2—‘ - 1). Hence, the probability
that r >r_>0 (or the probabilit; that r <r_< 0) is one half
this number. [56, p. 120, also 21, p. 342].

Let R be the coefficient of multiple correlation between a

sample, X1, and k-1 samples, X., eee X2 of size n, under the

2
hypothesis that xl, vee xk have a multivariate normal distribution
and x1 is independent of the set Xps eee xk. Then the probability

k-1 n-k

that R® > R02 =1-I.2 (== T) [11, also 56, p. 24b4 and 21, p.381],
(o]

The distribution of Hotelling's 72 statistic for testing
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hypotheses about the means of a multiveriate normal sample of dimension

k and size n can be obtained similarly. The probabili-y that

2 2 . n-k k
= > T :.%z(?ﬁ#[wﬂwﬂ&FBm
O
14 2

Since T2 reduces to ta, the square of Student's atatistic,
(n—l 1

when k =1, the probability that % > toz =1 = 5

1+ ti2/(n-l)
The distribution of the ith order statistic, X, in a sample

of size n can be obtained from an incomplete beta function. Let the

distribution function of the probability distribution from which the

sample was drawn be F(x). The probsbility that x, <X is the same

as the probability of getting i or more successes out of n trials

with constant probability, F(M\), which we have seen is

IF(X)(i, n-i+l). [7, p. 103, also 21, p. 211.] The distribution of

the sample median, ;; is a special case of the preceding result.

Let us suppose that the size of the sample is on-l. The median is the

n™ order statistic, and hence its distribution function = IF(h)(n,n)-

If F(x) depends on a one-dimensional parameter @, an estimate of

6 and a confidence interval for 6 may be obtained by solving

Iyl(n,n) = .025, Iyé(n,n) = .50, and Iy3(n,n) = .975 for

i ~9= for
¥y0 Yo and Vs and then solving F(x|6) yy» ¥y @nd ¥y fo
6. (yé, by symmetry, is .5.)

When the approximation methods of this dissertation are applied

to the incomplete beta function, the neatest result is the expansion

of F/—vf in a power series; namely,

£ = wve[l - = - 2(n-a) _ 3(n-a)(n+l)x® _ 4(n-a)(n+l)(n+2)x3 ) 1.
= VI -3 T &) T a(an)(at?) e e ars)

x(1-x) .
(a-1) - (n-1)x

n here =a +b -1 and -v comes out



=37

The freguency error, e for the expansion stopping after the

term of kth degree is

(n-a)(n+1) ... (n+k) [(k+2)(a-1) ¥ - (k+1)(n-1) 572

[(a~1) - (n-1)x12 a(a+l) ... (a+k)

The

expansion is asymptotic I and II, since G(ek) = k+l.

a-1
n-1°
Proof. [(a-l) - (n-1) x]® decreases monotonically as x in-

ek i1s a monotonic function of x for x <

creases. The numerator is 0O for x = O. The derivative of the
numerator = (k+1)(k+2) = [(a-1) = (n-1)] > 0, == the numerator

increases, ==% e, increases. //

k
Thus e, is a bound for Ek’ (47), eand if X < X5 Ek(xl) is

k
bounded by Ek(xz), (50).

The expansion was obtained by a method of undetermined coefficients
described in Chapter IV. It converges to F(x) for x < (a-1)(n-1)
since ek(x) -0 as k-»© and O < Ek(x) < ek(x). It also converges
slowly to F(x) for x > (a-1)/(n-1), although this fact is of little
importance, since it is more convenient to celculate 1 = Il_x(b,a)
in this case.

Proof. The series alone defines a function analytic inside the
unit cirecle, as is shown by the ratio test. F 1is analytic in a
region containing the open-ended interval (0.l). Furthermore,

-1/vf, = [(a-1) - (n-1) x]/xa+l(l-x)b+l, is also analytic in such a
region, =3 F/-vf is analytic in a region containing (O,l), be-
cause the product of two analytic functions is analytic. Hence, by
the identity theoremn, F/-vf and the series are the same analytic
function in a region containing (0,1). //

An assessment of the usefulness of this expansion depends on what

alternative methods of calculation are already available. Of the many
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known methods of approximating the incomplete beta function, the best

seem to be given in [59], [1], [46], [30], [41], [b4], and [32]. Of
these, the only procedure that has a comparable simplicity and accuracy

on the tail is a series given by Soper, [46]; namely,

o) - x3-x) o n+l (n+1)(n+2) (n+1) ... (n33) .3
e L = evry vy R vy v o) R

This series shares many of the properties of the expansion previously

discussed, being asymptotic I and II, and convergent for O <x < 1.

n+k
a+k

and monotonically from E{% x to x. This implies that the error of

R t
stopping after the kth degree term is bounded by the (k+l)s degree

Soper has observed that the ratio of terms, x, changes slowly

term divided first by 1 - 2{% x and then by 1l-x. Similar bounds

apply to the first series, provided that a < n-1, since the ratio of

k+l,,n+k-1
Sl vy

Since the ratios of succeeding terms is so similar for the two

terms is ) x.

series, a rough check on their comparative accuracy is afforded by the

ratio of corresponding terms. The ratio of the kth degree term of the

n-a )(l+k)
[(a-1) - (n-1) x] 'n+k
calculation of this number would show which series is better to use.

first series to that of the second it ( A

If n is large, and only a few terms will be used, or if a is nearly
as large as n vwhile x is small, the first series would be appro-
priate. Under other conditions, the second might be better.

The ratio, r of succeeding terms, t may approach X very

k’ k’
slowly; hence, the bound depending on the observed ratio will usually

be a lot closer than that using x. A closer bound is provided by

Bounds 100 of Chapter VIII. The Vie-1 tk bound is the same as the

fitted geometric series, since v, . = l/(l-rk). The other bound is

tk/(l-AN ). The ratio of the error of the second bound to that

V-1 k-1

of the first approaches E%i as k - %, (104).



139
The most complete table of the incomplete beta function was given
by Kaerl Pearson, [38]. A table of the percentage points of this dis-
tribution was computed by Thompson, [49]. This teble is reprinted in
[33, Table 16.] Tables of the F ratio are found in [33], and [12].
[16], [51], and [42] are good tebles of the cumulative binomial

distribution.

The Incomplete Gamma Function.

We wili define the incomplete gamma function, I'(n,x), to be
f;)e'ttn'ldt/r(n). The integrand has its mode at n-l. The mean and
variance of f(x) are both n.

The following is a summary of well known uses for the incomplete

gamma function in statistics.

It can be used directly as a probability distribution, usually
X

n-l
in the following form: f(x) = 5————5i7; , [29, p. 112]. Then
r(n) B

c0

[ £f(t)at = I(n, %). This f has a mean of nf, a variance of np3,
x

and s mode at (n-1) B.
The X2 distribution with k degrees of freedom is a special case

of the gamma distribution with n = k/2 and B3 = 2. Hence, the

2
probability that X2 > xoz = F(g, )-(-g-—).

The Poisson distribution is one of the basic statistical distribu-
tions. It arises naturally in the following situation. An experiment
is performed whose outcome is a finite number of points in an interval,
I. The distribution of outcomes of the experiment is such that if

Il and 12 are any two disjoint subintervals of I with equal

length, then the number of points in and are independently

T b g
.L.l .L2

and identically distributed. It can be shown that the number, k, of
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points falling in I has a Poisson distribution; namely, e-x hk/ki P
(10, pp. 116-117]. The probability that k >n is 1 - I(n,\) as

A
is shown by integrating [ e %P Lax by parts.

o

The choice of methods for approximating the incomplete gamma
function depends on which tail is being approximated. For the upper
tail, formulas analogous to those for the normal and t distributions

are appropriate.

We have f(x) = constant e-xxm, (m = n-1). v = x_x_ﬁ .
T m - n , o ]
1-v 1+ P 1+ F s letting y = x-m. Formula 99 is

ve(1 - ~B—). Bounds 100 apply here: vf > I'(n,x) > —o%

v2+m

1+

B

Formla 132 is vf(1 - z ).
v o+ 2y + m
To find the best formula of this type, we determine the coefficients

of a rational fraction of degree two by minimizing the asymptotic fre-

quency error. The result is

Formula 128. I'(n,x) = vf(1 - 7 2ym+ - 2), which is almost the
——————— + 2y -

same as (132). To make the formula comparable to the normal distribu-

tion, we will write it in terms of z = %=. Then I'(n,x) = vf(1-h),

~ Vn

where h = 1/(z2 + j__z_ + ’m-2). As n - %, z becomes asymptotically
m

normal and (128) - (12%2) for the normal distribution.

2(m-1) (Wmz + 3m-2) p2 2(m-1) (g;_

2

2
= + 3 - _)o
z2(mz2 + amz + m-2)2 nz vm n

e(128) =

If m>2 2/3 and z > m, then e(128) is monotonic, and hence
is a bound for E(128). This is seen when the top and bottom of the
first form of e(128) are divided by z. The top decreases while the

bottom increases.
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Formulas 128 and 99 are bounds for F if m > % and z > m.

Proof. (34) and (99) are bounds for F, since v' is monotonic,
(100). The sign of E(134) = the sign of e(34), (47), = the sign of
-v' = +. Hence, the sign of E(99) = -. The sign of E(128) = the sign
of e(128) = +. //

Unfortunately, e(128) tends to decreases with m, while 2( x)
decreases more rapidly than the corresponding expression for =z. Thus
(65) cannot be applied to get a convenient bound for E(128).

The best approximation of the form, vf(l-h), where h 1is a

rational fraction of fourth degree is a more complicated expression.

Formula 129: h = n Z; + az2+ b . To obtain h we compute
Zz +c¢z” +dz +ez + f
A =2Am B=3-2/m
C = -2A(B-1) D =B - 5A%
E = (11% + Tm)/(6+m).

Then a = AE/3 b = -IE/6 + 2B + 3D/2

¢ = a+i d=Aa +b+ B

e =Ba+ Ab + C f = Ca + Bb -(B-1) D.

e(129) = (£-b) (2ez + £) . Thus, 6 E(129) = -9, which is

" 22(denominator of h)2
almost as good as (125). (129) - (125) as m - %, and e(129) - e(125).
To get an expansion for I'(n,x), we apply Procedure 83; namely,

o0] o0
— 1
fa f = f(a) [vl(a) 4+ oees + vk(a)] + fa f v ', which is the same as
| t % 1 1
v(a) f(a) [1 + v, (a) + «os + Vi1 (a)] + fa £v ' vy turns out to
k
b .m b .om
K1 Kk B .
be o F el , vhere b = - (k+3-1) (v
Yy y J

The b's are most easily obtained by making a table:

b

k-1,3 T k-l,j-l)'



~.coefficient

Y

k™

1

2

m

k+1

Yy

-1
2

-6
ok

-120

k+2

3

~-20

130

-6 154

m n

K R
¥ +3 +
..]_5

210 105
-7-340  -8*315

142

k+5

<

-9-105

The rule is -(upper row number + column number) times (upper + upper

left).

A power series may be obtained from this expansion by collecting

terms according to powers of Y.

8,0 + akem? *eee e o w2,

the following table:

Power

The rule is -(row number) (upper +

Row

/2

where the a's

-6

2k

-120

+130

3

-20

upper left).

-15

The coefficients are of the form

are obtained from

Tricomi, [50], derived the first three terms of this expansion

by a different method, and gave a complicated rule for obtaining suc-

ceeding terms. It can be shown that Expansion 83 diverges for all m

and Y,

is an integer.

and that the power series converges if and only if m
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A well known series for the incomplete gamma function, [35, p. xv],
has properties similar to those of the previous two expansions.

0 - - - [~ < B -
I(a,n) = fa e* T e um a © * l,

integrating by parts. A repetition of this operation leads to the
expansion,

I'(a,n) = £f(a) [1 + % , Wn-1)

a2
- - 0w - k-
.ot m(m-1) "ﬁ (m~k+1) 1+m ... (k) fa X M-kl
a -X xm—k -1 m (m-k)
The relative frequency error = constant °* ——;:;1;5—— » = -__;EII__—. ’

which is a convenient bound for Ek' Thus, the expansion is asymptotic
I and II. It is a finite series when m is an integer and therefore
converges. When m is not an integer, the series diverges by the
ratio test.

These facts show that the power series expansion of F/vf con-
verges if and only if m is an integer, since F/vf = (1 - %)'(F/f)-
The first factor is analytic except at O. The product is therefore
analytic when and only when the second factor is analytic.

Karl Pearson, [35], has recommended the third expansion when
n > 50, +the limit of his table. Enough terms can be calculated until
the error term is within range of the table. If n were considerably
> 50, this would be a tedious process and Bounds 100 might be used to
bound the error term.

A rough idea about the relative accuracy of the first and third
expansions may be obtained by the ratio of the errors after one or two

terms. After the first term, the ratio of the error of the first to

o0 o0
[t -f €™ x" n/(x-m)?
that of the third is —g— A .
-x _m- -x _m~l
nfe™ " L mfe™x
a a
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By (48), this ratio is less in absolute value than the ratio of the
integrands at a, which is a/(a-m)2?. Thus, the ratio is <1 for
a>m+ Ja, which will happen approximately when a is more than
one standard deviation larger than the mean. The ratio of the error

after two terms is

” ' fooe—x xm( 2m + 3m2
fa ™, & (x-m)5 (x-m)u . By (48),

- 5 - D - =
m(m-1) f: e X B2 m(m-1) fa e X & 2

this ratio is less than the ratio of the integrands at a, which is

+
=l (am)®  (a-m)

than m + Ja., and the trend will be seen to continue. Expension 83

a2 2 zm
). This is <1 only for a scmewhat larger

is superior for large a where few terms will be used. The third
expansion catches up with the first if enough terms are used. It also
has the important advantage of ease of calculation.
Similar results are obtained when the second expansion is com-
pared with the third.
The useful integral, Ei(x), = }oe-t t-ldt, can be approximated
X

-x =1
by any of the previous formulas, letting m = -1 and f(x) =e = x .

The lower tail of the incomplete gamma function behaves very
much like that of the incomplete beta function. The neatest approxi-

mation procedure again turns out to be a power series expansion of

A 2x _ _ _ 32 _
ntl ~ (w+l)(m+2) (m+1)(m+2)(m+3)

F/-vf; nemely, 1 -

The relative frequency error after the xk_l term is

(k1) m - ot .

(m-x)?(m+1) ... (m+k)

We can show, as with the beta distribution, that this expansion

is monotonic as x increases from O to m, so that Ek is
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kx 11 that domain Since e 0O as g ., %  we con-
clude that the Serieg Convergeg to F/ vf for ¢ <x<p By an
argument a&nalogoug to that used for the betg dlstributlon We can cop-
tinue this result tq all pos1tive, real x The serieg Converges
slowly; however, for x> N. Since G(ek) = k+1, the Séries jig
asymptotic I angd 7171,

5 namely
F = £ X x2 3
- m+] (m+l)(m+2)

Wmfg)mg T ) 033, b xy.

For an integer,
* Otherwige )

I(x) Tay be obtajneg by interpolating in
the tapie of log n!

A more Complete table

= 1000,

and I" (n+2£) up to p has beep Published by the Nationg]
Bureau of Sta.ndards, [k3],

» 81ving valyes of I(n)

Percentage Points of the y2

distribution are available in many
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textbooks including [12] and (33, Table 8). A good table of the x2
distribution which doubles as a table of the cumulative Poisson distri-
bution is [33, Table T]. [28] is a more complete table of the Poisson
distribution. A thorough table of the incomplete gamma function was
given by K. Pearson, [35].

A generally good approximation for the gamma distribution was given
by Wilson and Hilferty, [21, pp. 294-297]. If #(y) = constant-y" ™" e,
1

then (y‘/n)3 is approximately normal with mean 1 - é; and variance

1
—~=, In other wordi, if x has the X2 distribution with k degrees

on
of freedom, (x/k)> is approximately normal with mean 1 - é% and

variance g% .

Pearson Type IV Distribution.

This is one of a family of Pearson curves that are sometimes used
as models for empirical distributions and difficult theoretical distri-
butions. The frequency function, as given by Kendall, [21, p. 1b41],

-1 X

x2\-m - x
- comstant + (1L + )™ e™ ¥ 5. ve will simplify it by letting
a

y = § and m = %. Then the frequency function,

-1
f(y), = constant - (l + yz)-n/z e‘V tan y.

This function cannot be integrated in terms of other easily ac-

cessible functions, and it has not been tabulated. When v = 0 it

reduces to the t distribution. v = }iﬂf; v = B * 2vy ; L P)
ny-+v (ny + V}
2 2 2 2
1 n° + v 2(n2 + Vv3)
V! 4 = = « ——p———— vY o= —— 6(f) = -n and =n/(n=-1).
r n(ny + v) "’ (ny +v)3 ’ (£) ? 7 /(n-1)

The formulas listed in the Appendix can now be applied. If
ny > -v, the mode, then v' is monotonic and Bounds 100 apply;

nemely, F is bounded by yvf and vf/(l—v’). The smallness of
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y(n2 + v®)/n(ny + v) measures the accuracy of these bounds, which is
the difference between their ratio and 1.

Both (99) and (125) are of the form yvf(l-h), where

h = =
ay® + by + ¢

Formula 130. The constants, a, b, and c¢ minimizing the relative

2
frequency error asymptotically are a = EELEiE% y b= (ﬁ%%) a, and
n= + v

a vZ(n+6)
c = —— + ]« The relative frequency error is
a3 1 (n+2)? aeney

_ 16avn® [(n42)2 + V3] [(n® + v®) ¢ - ¢v®n - cn? - bvn]
(n+2)2 (n+3)

n(ny+v)® (ay® + by + c)?
y + A .
(y+B)2 [(y+c)® + D]

constant - y's, == it eventually

This error can be put in the form, constant -

~

As y - ®, this expression is
decreases in absolute value. To find out whether it is monotonic, we
observe that if u, v, and w, are three functions of Y, then u/vw
is monotonic if (u/vw)' has a constant sign. Let us suppose that ¥y

is large enough so that u, v, and w, are > O. Then sign(u/vw)

vwua' - Ty - '
= sign( W W - WV ) = sign(vwu! - uv'w - uvw'),
a2
u! v! w! . 1 2 2
= sign(5 - 5 - ;r), = 81gn(y+A - 7F T ye+ D ) in the case
y+C

considered here, Thus, if y 1is large enough so that y+A, y+B, and

2 . 1 < 2 2
(y+C)2 + D are positive, and ok < yiB * ST ONTRY then

e(130) is monotonic and is a bound for E(130).
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standard normal, f o(x) @ (b-px ) = }ocp(z) L (b s pz),

+ —
- 00 »Jl- 2 -g, . Jf—ﬂz

letting z = -x. Similaerly, f f =9 (a) - f f )

8 =0
=& _w o (b-px =¢a_°° x Q-b+px,
O R R RO
since ‘]?_(x) - ¢+( -x). Another formulation is
[ [ olx,y) = @ (b) -2 (a) + f f ¢. The last double integral
-00 =00
0 0
(x) ® (B2 ), - ) @ (B2 ) 4z = [ ofz) @(2o0E),
- ] G L N 1A=

Four other formulations are obtained by interchanging the roles

of x and y. Further formulations may be obtained by integrating

by parts. [ o(x) @ (c-dx)dx = - @ (x) ¢+(C-GX)|:+ a [ @ (x)oe(c-dx)ax,
a a

= ¢+(a) ‘I’+(c-da) - f ‘D( ) ¢(y)dy, changing the variable of

c-da
0
integration to y = c-dx. Similarly, [ ¢(x) 'I’_(c-dx)d.x = ¢+(a) ‘P_(c-da)
a
b IS oly)ay, = B () B(aac) + [ oly) B (e,
c-da c-da

It is now possible to obtain v, v', and v", and get approxima-

tions and bounds for the double integral. In the formulation,

o0 0 o0 b
J T olxy)ayax = f olx) ® (==EX )ax,
ab a + 'Jl-pa
v(x) comes out —_— » letting ¢ = b and 4 = —%— .
x-d %—-l) V12 N1-02
c-
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Neither ¢ nor d need be positive. Let V(x) = o(x) .
¢+(X)
*x 2 o+ ¢f
‘l"(x) = 22 ;= =x ¥(x) + [‘i’(x)lz- So y' = V- xy, and
+
1 1+ & ¢

The mode of the distribution can be found by observing where v

becomes infinite. This is the solution of the equation x = 4 Y(c-dx).

In order to apply even the simple formula, Bounds 100, we must show

when v' 1is monotonic.

Theorem 131. If 4 >0 and a >0, where & = the mode, = the
solution of x = d YWc-dx), or if 4d<O0 and a>a> E%l , then

v'(x) is monotonic for x > a.

Proof. Case 1: d>0. Let y = c-dx. v = constant/[c-y-a®¥W(y)].
Let c-y-d®¥(y) be u(y). -u' =1+ &y(y-y). A tabulation of values
shows that w(w-y) monotonically increases from O to 1 as y in-
creases from -® to @, and that [W(y-y)]', which = constant-u",
monotonically decreases for y > -1. (The latter fact will be used in
Case 2.) As x increases, y decreases, =% d°y(y) decreases,
== u(y) increases. -u' decreases as y decreases, and V' = u‘/uz.
Thus, the numerator of v' dJdecreases in absolute value while the
denominator increases, == v' 1is monotonic.

A missing step in the proof is to show that ¥(y) is monotonic

increasing. By (50), W(y), which = %ﬁ%l), is monotonic increasing
Y
+

1 -
ir 20 is; i.e., if Y2 45, But this is the increasing
2 '(y) -

function, y.
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Case 2: 4 < 0. Then y increases as x increases. Let B
be the mode with respect to y, = the solution of c-y-dzw(y) = 0,
Let u=1y + da¥y) - c. Since u" decreases and u' increases for
y > -1, it follows that u"/u' decreases for y > -1, ==
[u'(y) - u'(B)]/u(y) decreases for y > -1. It is also positive.

If we add to it the positive, decreasing function, u'(B)/u(y), we

u'(y)
u(Y)
Dividing that by the positive, increasing function, u(y), makes

obtain the positive decreasing function, .
it decrease all the more. Hence, v'(y) is monotonic. We have
implicitly used the relation y > B > -1. Since there can be no
question of having v' monotonic where v becomes infinite, we must
have y < B in the first case and > B in the second. The point,
y = -1, is the same as the point, x = EE&, //

When 4 <0 and B < -1, it is possible to construct a counter-
example in which v' is not monotonic. v' is monotonic if (ﬁ'/ua)'
is of constant sign for u > 0. Sign (%%)' = sign (uau" - E'auu')

u
= sign (uwu" - 2u'2) for u>0. Now as u decreases to O, ut u®

becomes infinite, Thus if v' is monotonic, u'/u® must decrease,
=5 2u'2>uw" for u>0. u=y+ &Yy) -c. u' and u" are
independent of c¢. Thus, if we fix everything but ¢ and make ¢
negative enough, wu" >2u'2, //

Of the previously known methods of calculating the bivariate
normel integral, two of the neatest results are given by K. Pearson,

[34], and Polya, [40]}. Pearson expends the integral,

00 00 © =2
[ [ olx,y)dydx, into the series, o(a) ¢(b) Z gT-Hr_l‘a) Hr—l(b)
ab r=o0

Hi is the ith Hermite polynomial. The series converges for all a

and b. This expansion is best in the center, and it is far from






