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ABSTRACT 
 
Based on the random vibration theory methodology, an earthquake response analysis of a nuclear 
facility on a layered soil site is considered when the system is subjected to vertically/obliquely 
incoherent seismic waves. A rigid surface foundation is assumed for the structure. The power spectral 
density functions of the foundation input motion due to the incoherent ground motions are obtained 
with the local wave scattering and wave passage effects taken into consideration. The stochastic 
earthquake response analysis of the soil-structure interaction (SSI) system is performed and the in-
structure response spectra are estimated using the peak factors of random vibration. The effects of local 
wave scattering and wave passage are examined for the SSI system. The effects of local wave scattering 
is important for structures on soil when seismic waves are incident vertically to the SSI system. In the 
case of obliquely incident waves, however, the wave passage has a greater impact on the reduction of 
seismic responses than the local wave scattering. The reductions of seismic responses factors can be 
considered for the seismic design of nuclear facilities to consider the effects of incoherent seismic waves. 
 
INTRODUCTION 
 
The earthquake responses of a safety-related nuclear structure have been studied extensively. 
Earthquake ground motions are usually assumed to be composed of vertically propagating plane shear 
and compressional waves which are coherent in the horizontal direction. In general, the assumption of 
coherent motion results in conservative structural responses. Specifically, extremely conservative 
seismic designs for related structures, systems, and components can be introduced at high-frequency 
motions. However, the earthquake ground motions vary spatially in the horizontal direction, i.e., they 
are incoherent. The random heterogeneous characteristics of media through which seismic waves 
propagate (local wave scattering) and differences in the arrival times of seismic waves across a 
foundation (wave passage effects) produce the incoherent ground motions. The incoherence of seismic 
waves can reduce the earthquake responses of structures on rock and soil sites. Therefore, the effects of 
incoherent earthquake ground motions should be considered for seismic design of safety-related nuclear 
facilities. 

The incoherent earthquake ground motions can be characterized by the power spectral density 
(PSD) functions and the coherency functions. Therefore, stochastic dynamic analyses based on the 
random vibration theory (RVT) are recommended to determine the earthquake responses of a structural 
system because of the reduced numerical cost (Lee, 2023). 

In this study, based on the RVT methodology, an earthquake response analysis of a nuclear 
facility on a layered soil site is considered when the system is subjected to vertically/obliquely 
incoherent seismic waves. A rigid surface foundation is assumed for the structure. The PSD functions 
of the foundation input motion due to the incoherent ground motions are obtained with the local wave 
scattering and wave passage effects taken into consideration. The stochastic earthquake response 
analysis of the soil-structure interaction (SSI) system is performed and the in-structure response spectra 
(ISRS) are estimated using the peak factors of random vibration. The effects of local wave scattering 
and wave passage are examined for the SSI system. 
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STOCHASTIC ANALYSIS OF AN SSI SYSTEM 
 
An approach of stochastic analysis is employed when an incoherent seismic wave is applied to a SSI 
system which is composed of a structure with a rigid foundation on flexible soil (Lee, 2023). A PSD 
matrix �𝐆𝐆𝑔𝑔(𝜔𝜔)� characterize incoherent earthquake ground motions at N stations. 
 
 �𝐆𝐆𝑔𝑔(𝜔𝜔)� = [𝐆𝐆(𝜔𝜔)]1 2⁄ [𝚪𝚪(𝜔𝜔)][𝐆𝐆(𝜔𝜔)]1 2⁄ , (1a) 

 [𝐆𝐆(𝜔𝜔)]1 2⁄ =

⎣
⎢
⎢
⎢
⎡�𝐺𝐺11(𝜔𝜔)

�𝐺𝐺22(𝜔𝜔)
⋱

�𝐺𝐺𝑁𝑁𝑁𝑁(𝜔𝜔)⎦
⎥
⎥
⎥
⎤

, (1b) 

 [𝚪𝚪(𝜔𝜔)] = �

1 𝛾𝛾12(𝜔𝜔) ⋯ 𝛾𝛾1𝑁𝑁(𝜔𝜔)
𝛾𝛾21(𝜔𝜔) 1 ⋯ 𝛾𝛾2𝑁𝑁(𝜔𝜔)

⋮ ⋮ ⋱ ⋮
𝛾𝛾𝑁𝑁1(𝜔𝜔) 𝛾𝛾𝑁𝑁2(𝜔𝜔) ⋯ 1

� (1c) 

 
where the matrix �𝐆𝐆𝑔𝑔(𝜔𝜔)� has an element 𝐺𝐺𝑖𝑖𝑖𝑖(𝜔𝜔) = 𝛾𝛾𝑖𝑖𝑖𝑖(𝜔𝜔)�𝐺𝐺𝑖𝑖𝑖𝑖(𝜔𝜔)𝐺𝐺𝑗𝑗𝑗𝑗(𝜔𝜔), in which 𝐺𝐺𝑖𝑖𝑖𝑖(𝜔𝜔) is the 
auto-PSD function for the ith station,  and 𝛾𝛾𝑖𝑖𝑖𝑖(𝜔𝜔) is a coherency function between the ith and jth 
stations, and 𝜔𝜔  is the exciting frequency. In this study, the coherency function 𝛾𝛾𝑖𝑖𝑖𝑖(𝜔𝜔)  in the 
ASCE/SEI 4-16 standard (ASCE, 2017) is considered. 
 
 𝛾𝛾𝑖𝑖𝑖𝑖(𝜔𝜔) = 𝛾𝛾𝑖𝑖𝑖𝑖

𝑝𝑝𝑝𝑝(𝜔𝜔)exp � 𝑖𝑖𝑖𝑖𝑖𝑖
𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎

�, (2a) 

 𝛾𝛾𝑖𝑖𝑖𝑖
𝑝𝑝𝑝𝑝(𝜔𝜔) = �1 + �𝜔𝜔tanh(𝑎𝑎3𝜉𝜉)

2𝜋𝜋𝑎𝑎1𝑓𝑓𝑐𝑐(𝜉𝜉) �
𝑛𝑛1(𝜉𝜉)

�
−1/2

�1 + �𝜔𝜔tanh(𝑎𝑎3𝜉𝜉)
2𝜋𝜋𝑎𝑎2

�
𝑛𝑛2
�
−1/2

 (2b) 
 
where 𝛾𝛾𝑖𝑖𝑖𝑖

𝑝𝑝𝑝𝑝(𝜔𝜔) is the plane-wave coherency function, 𝜉𝜉 is the separation distance (in m) between two 
stations, and 𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎 is the apparent wave velocity to account for wave passage effects. The coefficients 
for 𝛾𝛾𝑖𝑖𝑖𝑖

𝑝𝑝𝑝𝑝(𝜔𝜔) are provided in EPRI (2007). The plane-wave coherency functions 𝛾𝛾𝑖𝑖𝑖𝑖
𝑝𝑝𝑝𝑝(𝜔𝜔) for hard rock, 

soft rock, and soil sites are shown in Figure 1. 

 
Figure 1. Plane-wave coherency functions 𝛾𝛾𝑖𝑖𝑖𝑖

𝑝𝑝𝑝𝑝(𝜔𝜔) for hard-rock, soft-rock, and soil sites. 
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When an incoherent seismic wave with the PSD matrix in Eq. (1) is incident on a rigid foundation, 
the following PSD matrix of a foundation input motion are obtained for six-degree-of-freedom rigid-
body motions. 
 
 �𝐆𝐆0

𝑔𝑔(𝜔𝜔)� = [𝐅𝐅]�𝐆𝐆𝑔𝑔(𝜔𝜔)�[𝐅𝐅]𝐻𝐻, (3a) 
 [𝐅𝐅] = ([𝛂𝛂]𝑇𝑇[𝛂𝛂])−1[𝛂𝛂]𝑇𝑇, (3b) 

 [𝜶𝜶] =

⎣
⎢
⎢
⎢
⎡
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
1 0 0 0 0 −𝑦𝑦𝑖𝑖
0 1 0 0 0 𝑥𝑥𝑖𝑖
0 0 1 𝑦𝑦𝑖𝑖 −𝑥𝑥𝑖𝑖 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⎦

⎥
⎥
⎥
⎤
 (3c) 

 
where [𝐅𝐅] is a (6 × 3𝑁𝑁) transfer function matrix of the foundation rigid-body motions due to the 
incoherent motions at N stations and [𝛂𝛂] is a (3𝑁𝑁 × 6) mode shape matrix of soil motions due to the 
foundation rigid-body motions, in which 𝑥𝑥𝑖𝑖 and 𝑦𝑦𝑖𝑖 are x- and y-coordinates of the ith station on the 
rigid foundation, respectively. The matrix with the superscript H denotes the corresponding Hermitian 
matrix. 

A PSD matrix [𝐆𝐆𝑢𝑢(𝜔𝜔)] for dynamic responses due to the foundation input motion with the PSD 
matrix �𝐆𝐆0

𝑔𝑔(𝜔𝜔)� in Eq. (3) can be obtained. 
 
 [𝐆𝐆𝑢𝑢(𝜔𝜔)] = [𝐇𝐇(𝜔𝜔)]�𝐆𝐆0

𝑔𝑔(𝜔𝜔)�[𝐇𝐇(𝜔𝜔)]𝐻𝐻 (4) 
 
where [𝐇𝐇(𝜔𝜔)] is transfer functions for dynamic responses of the SSI system to the foundation input 
motion with the PSD matrix �𝐆𝐆0

𝑔𝑔(𝜔𝜔)�. 
An equipment installed on one of the floors of the structure is represented by a single-degree-of-

freedom (SDF) system and subjected to an in-structure motion with the PSD matrix [𝐆𝐆𝑢𝑢(𝜔𝜔)]. The PSD 
function 𝐺𝐺(𝜔𝜔) of its “pseudo-acceleration” can then be formulated as follows: 
 
 𝐺𝐺(𝜔𝜔) = 𝜔𝜔𝑛𝑛4|𝐻𝐻𝑆𝑆𝑆𝑆𝑆𝑆(𝜔𝜔)|2𝐺𝐺𝑢𝑢(𝜔𝜔), (5a) 
 𝐻𝐻𝑆𝑆𝑆𝑆𝑆𝑆(𝜔𝜔;𝜔𝜔𝑛𝑛, 𝜁𝜁) = 𝜔𝜔2

−𝜔𝜔2+𝜔𝜔𝑛𝑛
2+2𝑖𝑖𝑖𝑖𝜔𝜔𝑛𝑛𝜔𝜔

= (𝜔𝜔 𝜔𝜔𝑛𝑛⁄ )2

1−(𝜔𝜔 𝜔𝜔𝑛𝑛⁄ )2+2𝑖𝑖𝑖𝑖(𝜔𝜔 𝜔𝜔𝑛𝑛⁄ ) (5b) 
 
where 𝜔𝜔𝑛𝑛 and 𝜁𝜁 are the natural frequency and damping ratio of the SDF system, respectively, and 
𝐺𝐺𝑢𝑢(𝜔𝜔) is the corresponding PSD function for the dynamic response of the floor. 
 
PEAK FACTORS TO DETERMINE ISRS 
 
A peak value of the pseudo-acceleration in Eq. (5) indicates spectral acceleration or one ordinate of an 
ISRS for the damping ratio 𝜁𝜁 at the corresponding frequency 𝜔𝜔𝑛𝑛. Statistical properties of the peak 
value can be estimated using peak factors based on the RVT. In this study, considered are the peak 
factors proposed by Der Kiureghian and his associates for the mean and standard deviation of a peak 
response (Der Kiureghian, 1980; Igusa and Der Kiureghian, 1983). The mean 𝑅𝑅𝜇𝜇  and standard 
deviation 𝑅𝑅𝜎𝜎 can be obtained as follows: 
 
 𝑅𝑅𝜇𝜇 = 𝜂𝜂𝜇𝜇𝜎𝜎𝑅𝑅, (6a) 
 𝑅𝑅𝜎𝜎 = 𝜂𝜂𝜎𝜎𝜎𝜎𝑅𝑅 (6b) 

 𝜂𝜂𝜇𝜇 = �
1.253 + 0.209𝜈𝜈𝑒𝑒𝜏𝜏      𝑖𝑖𝑖𝑖 0 < 𝜈𝜈𝑒𝑒𝜏𝜏 ≤ 2.1

�2ln(𝜈𝜈𝑒𝑒𝜏𝜏) + 0.577
�2ln(𝜈𝜈𝑒𝑒𝜏𝜏)

      𝑖𝑖𝑖𝑖 2.1 < 𝜈𝜈𝑒𝑒𝜏𝜏 ≤ 1000, (6c) 

 𝜂𝜂𝜎𝜎 = �
0.655 + 0.016𝜈𝜈𝑒𝑒𝜏𝜏      𝑖𝑖𝑖𝑖 0 < 𝜈𝜈𝑒𝑒𝜏𝜏 ≤ 2.1

1.2
�2ln(𝜈𝜈𝑒𝑒𝜏𝜏)

− 5.4
13+[2ln(𝜈𝜈𝑒𝑒𝜏𝜏)]3.2       𝑖𝑖𝑖𝑖 2.1 < 𝜈𝜈𝑒𝑒𝜏𝜏 ≤ 1000, (6d) 
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 𝜈𝜈𝑒𝑒
𝜈𝜈0

= �
2𝛿𝛿      𝑖𝑖𝑖𝑖 0 < 𝛿𝛿 ≤ 0.1

1.63𝛿𝛿0.45 − 0.38      𝑖𝑖𝑖𝑖 0.1 < 𝛿𝛿 ≤ 0.69
1      𝑖𝑖𝑖𝑖 0.69 < 𝛿𝛿 < 1

, (6e) 

 𝜈𝜈0 = 1
2𝜋𝜋�

𝜆𝜆2
𝜆𝜆0

, (6f) 

 𝛿𝛿 = �1 − 𝜆𝜆12

𝜆𝜆0𝜆𝜆2
, (6g) 

 𝜆𝜆𝑛𝑛 = ∫ 𝜔𝜔𝑛𝑛𝐺𝐺(𝜔𝜔)𝑑𝑑𝑑𝑑∞
0  (6h) 

 𝜎𝜎𝑅𝑅 = �𝜆𝜆0 = ∫ 𝐺𝐺(𝜔𝜔)𝑑𝑑𝑑𝑑∞
0  (6i) 

 
where 𝜎𝜎𝑅𝑅 is the standard deviation of the considered response, 𝜏𝜏 is the equivalent stationary response 
duration of the considered response which is defined as the time required for the cumulative energy to 
increase from 5% to 75% as the ASCE/SEI 4-16 standard. When the PSD function 𝐺𝐺(𝜔𝜔) of the 
pseudo-acceleration of an SDF system is obtained from the stochastic analysis, the corresponding peak 
factors 𝜂𝜂𝜇𝜇 and 𝜂𝜂𝜎𝜎 and the standard deviation 𝜎𝜎𝑅𝑅 can be calculated using Eqs. (6c), (6d), and (6i), 
respectively. Then, the statistical properties of the spectral acceleration or ISRS of a structure can be 
obtained from Eqs. (6a) and (6b). 
 
APPLICATION 
 
Earthquake responses of nuclear power plant (NPP) structures on layered soil with rigid bedrock are 
estimated using the RVT methodology when incoherent earthquake ground motions are incident on the 
SSI system obliquely. The effects of local wave scattering and wave passage are examined. 

NPP structures on layered soil in Figure 2 are considered. The Young’s modulus and Poisson’s 
ratio of the containment and internal buildings are 33.68 GPa and 0.2778, respectively. Timoshenko 
beams, which account for shear deformation, with a lumped mass are used to represent the containment 
and internal buildings. The properties of the structural models are provided in Lee (2023). To simplify 
the structural model, rotational inertia is not considered. A complex stiffness with a damping ratio of 4% 
is considered for the damping effects in structures (ASCE, 2017). A rigid circular basemat with a radius 
of 20 m is assumed. The mass and moment of inertia of the basemat are 9020.6 ton and 885.18×106 
kg‧m2, respectively. The fundamental frequencies of the containment and internal buildings are 
calculated to be 5.26 Hz and 11.95 Hz, respectively, from an eigenvalue analysis. 

 

 
Figure 2. NPP containment and internal structures on layered soil with rigid bedrock. 
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The properties of the layered soil are provided in Lee (2023). The dynamic stiffness of the rigid 
foundation on layered soil are obtained using a finite-element model for soil with a consistent 
transmitting boundary (Lee and Kim, 2009). The dynamic stiffness is shown in Figure 3. Note that the 
horizontal and rocking vibrations are coupled although the coupling term is not shown in Figure 3. The 
coherency model coefficients for the soil site in EPRI (2007) are considered for the coherence function 
𝛾𝛾𝑖𝑖𝑖𝑖
𝑝𝑝𝑝𝑝(𝜔𝜔) in Eq. (2b). 

 

 
Figure 3. Dynamic stiffness of layered soil with rigid bedrock. 

 
In this application, the PSD function in Appendix A of the US Nuclear Regulatory Commission 

Standard Review Plan Section 3.7.1 (USNRC, 2014) is considered for a free-field surface motion. The 
PSD function is shown in Figure 4. The peak ground acceleration of the motions is assumed to be 0.3 
g. 

 
Figure 4. PSD function of a free-field surface motion. 
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The PSD functions for the horizontal components of foundation input motions from Eq. (3a) are 
shown in Figure 5. In order to examine the effects of local wave scattering, the cases of coherent (𝛾𝛾𝑖𝑖𝑖𝑖

𝑝𝑝𝑝𝑝 =
1) and incoherent plane waves are considered. Earthquake ground motions with incidence angles of 90° 
(vertical incidence), 60°, 30°, and 0° with respect to the horizontal plane are also considered to 
investigate the effects of wave passage. Since the shear-wave velocity in the first layer of soil is 130 
m/s, the apparent velocities are 𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎 = ∞, 260 m/s, 150 m/s, and 130 m/s for the considered incidence 
angles, respectively. It should be noted that the PSD function for the coherent case with incidence angle 
of 90° is same as that of the free-field surface motion because the rigid surface foundation is considered 
in this example. It can be observed in Figure 5 that the PSD function are significantly reduced at 7.129 
Hz, 12.793 Hz, 18.945 Hz, and 24.414 Hz when the apparent velocity 𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎 is 260 m/s. The apparent 
wavelengths at these characteristic frequencies are 36.471 m, 20.324 m, 13.724 Hz, and 10.650 m, 
respectively, which are almost equal to 40/𝑛𝑛 (m) in which 𝑛𝑛 = 1,2,3,4. The diameter of circular 
basemat is 40 m. Similar reductions can be observed in the other incident angles. When plane seismic 
waves are obliquely incident on a rigid foundation, foundation input motions are resulted from the 
averaging process of incoherent ground motions. If an integer multiple of the apparent wavelength is 
almost equal to the foundation diameter, the resulting motion is close to zero. This can be observed in 
the PSD functions in Figure 5. It can be observed that the reduction of foundation input motion is 
significantly affected by the incident angle of seismic waves rather than by the local wave scattering as 
the case of hard-rock site (Lee, 2022). 
 

 
Figure 5. PSD functions of foundation input motions. 

 
Seismic responses of the example NPP structures due to obliquely incident incoherent seismic 

waves can be obtained using the RVT methodology. Figure 6 shows the structural response spectra at 
the top of internal structure. As can be seen in the figure, the seismic responses at high frequencies are 
influenced significantly by the incoherency of earthquake ground motions. In particular, the reductions 
of seismic responses are noticeable for the internal structures of which the fundamental frequency is 
11.95 Hz. 

The reduction factors due to the incoherent earthquake ground motions are calculated from the 
responses in Figure 6. The factors are shown in Figure 7. It can be observed that the effects of local 
wave scattering is important for a vertically incident seismic waves. In the case of obliquely incident 
waves, however, the wave passage has a greater impact on the reduction of seismic responses than the 
local wave scattering. 
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Figure 6. In-structure response spectra of internal buildings. 

 

 
Figure 7. Reduction factors for internal buildings. 

 
CONCLUSION 
 
In this study, earthquake responses of NPP structures on layered soil were estimated using the RVT 
methodology. It was observed that ISRS at high frequencies can be significantly reduced due to 
obliquely incident incoherent earthquake ground motions. Reduction factors due to incoherency were 
obtained. It was observed that the effects of local wave scattering is important for structures on soil 
when seismic waves are incident vertically to the SSI system. In the case of obliquely incident waves, 
however, the wave passage has a greater impact on the reduction of seismic responses than the local 
wave scattering. The reduction factors can be employed for the seismic design of nuclear facilities to 
consider the effects of incoherent seismic waves. 
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