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ABSTRACT

CHRISTOPHER PORTIER. Optimal Bioassay Design Under The Armitage-Doll

Multi-Stage Model (under the direction of DAVID G. HOEL).
ABSTRACT: Laboratory based clinical trials are conducted to assess the
toxicological effect of chronic exposure to a substance. Two distinct
functions are generally addressed via this chronic animal bioassay;
qualitative and quantitative risk assessment. The design of the chronic
animal bioassay is an important issue which should be given careful
consideration. Optimal designs aimed at quantitative risk assessment
and satisfying standards for qualitative risk assessment are derived
under the assumption that carcinogenesis can be modeled by the multi-
stage theory of Armitage and Doll.

The distribution of the estimate of the virtually safe dose is
derived using large sample theory. Designs are derived which minimize
the asymptotic mean-squared-error of the estimate of the virtually safe
dose. The linear, quadratic and linear-quadratic models are discussed
in detail and general comments are made concerning the k-stage model.
Asymptotically optimal designs for specific parameterizations of the
multi-stage model are derived and compared to general designs'such as
that used by the National Cancer Institute.

The techniques of Monte Carlo simulation are used to locate designs
which minimize the mean-squared-error of the estimate of the virtually
safe dose for bioassays which use small numbers of animals. The distri-
bution of the estimate of the virtually safe dose is discussed for small
bioassays and compared to the distributions based on the large samb]e

theory. The small bioassay optimal designs are compared to the asymp-



totically optirﬁa'l designs as well as many general designs. Finally, the .
use of additional doses beyond the standard three is discussed with
respect to improving the quantitative risk assessment for small bioassays.
The implications of the power of the test for positive tumor
induction on optimal design selection are studied. Questions concerning
the use of additional doses are explored as well as changes resulting
from toxicity in the high-dose group. Recommendations are made con-

cerning the design of the chronic animal bioassay.
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CHAPTER 1
INTRODUCTION TO RISK ASSESSMENT

1.1 Risk Assessment

Quantitively assessing the risk of exposure to toxic chemicals in
food and water is of increasing concern to man. In view of the expo-
nential increase in the development and implementation of synthetic
chemicals in recent years, a failure to accurately determine toxicological
response associated with prolonged exposure to these chemicals could
cause the human (or general) population to incur an unconscionable
risk. Concern over the extended latency and irreversible nature of
this toxicity make it imperative this risk be detected early in the
development of a chemical. Of the various toxicological endpoints
from such exposure, carcinogenesis has received the most attention.

Two methods are commonly employed to ascertain cancer risk in human
populations: epidemiological studies and animal based laboratory
investigations.

Epidemiological studies are used to identify the occurrence of a
disorder and its associated etiological factors under natural conditions
in defined populations. Epidemiology uses the methods of population
survey to discover the relationship between the occurrence of a disease
and the presence of various biological, physical and social factors.
Epidemiological studies are often inadequate for determining human

response to environmental chemicals due to the lack of human cancer



data for most 6f the compounds being introduced. Because of the
relatively long latency period, if we must wait for evidence of toxi-
city from epidemiological studies, we will have exposed the general
population or some small occupational group to a possibly carcinogenic
agent over an extended period with potentially adverse health effects.
In contrast to the natural environment of epidemiological studies,
clinical studies assess the effect of a substance by setting up con-
trolled environments and carefully monitoring exposure to the agent
under study. Since it is not possible to perform a clinical study to
determine cancer incidence in humans, clinical trials using animal
models are conducted. The response for the animal model is extrapo-
lated to estimate human carcinogenic potential (Campbel1, 1980; Falk,
1980). At present, the main source of information on carcinogenic

potential of environmental compounds is the chronic animal bioassay.

1.2 The Current Cancer Bjoassay

One of the more common cancer bioassay designs currently in use in
the United States is the design protocol used by the National Cancer
Institute (NCI). The NCI cancer bioassay is usually performed on two
species of animals: typically mice (C57BL/6 X C3H) and rats (F344).
The species are grouped by sex into a two-by-two factorial design and
the animals are followed over a period of 18 to 24 months.

The first step in any carcinogenesis bicassay is the estimation
of the maximum tolerated dose (MTD). The MTD is defined (IRLG, 1979)
as " ... the highest dose that can be administered to the test animals
for their lifetime and that is estimated not to produce: a) clinical

signs of toxicity or pathologic lesions other than those related to a



neoplastic resbonse, but which may interfere with the neoplastic re-
sponse; b) alteration of the normal longevity of the animals from
toxic effects other than carcinogenesis; and c¢) more than a relatively
small percent inhibition of normal weight gain (not to exceed 10%)".

In actual practice, the MTD is estimated from a pre-chronic test over a
wide range of doses with the restriction on weight gain being given the
most considertaion.

Under the current NCI cancer bioassay, a series of doses is admin-
istered to 150 animals in each of the species-by-sex combinations.
Using randomization by body weight, the animals are divided into three
groups of 50 animals each; one group is a control group, the other two
groups receive doses approximating the MTD and (generally) one-half the
MTD for the compound being tested.

There are no serial sacrifices; the animals either die naturally
or accidentally during the course of the siudy or are sacrificed at
some predetermined termination date. The animals are necropsied at
death and the target organs are usually subjected to both macroscopic
and microscopic examination by a pathp]ogist in order to evaluate
toxic effects. In the typical cancer bioassay, data will include gen-
eral survival information as well as type and number of tumors observed
in specific tissues for each animal.

The information obtained from a cancer bioassay is generally used
to fulfill two distinct functions: 1) to determine if there is an
increased risk of cancer from exposure to the compound under study
(i.e. qualitative risk assessment) ; and 2) to provide response infor-
mation necessary for the assessment of potential human risks (i.e.

quantitative risk assessment).



1.3 Qgglitativé Risk Assessment

There are two primary endpoints associated with the cancer bio-
assay; survival and tumor incidence. For survival analysis, the NCI
recommends the use of Cox's 1ife table techniques for pairwise compari-
sons and Tarone's extension of Cox's method for dose-response trends.

Lifetime tumor incidence data is often summarized like the hypo-
thetical data in Table 1.1. In this instance, Xi represents the number
of animals given dose di that have at least one tumor in the tissue
under investigation. The total number of animals examined for tumors
at dose di is n. Until recently, the analysis of this type of data
was done using pairwise comparisons. In the NCI cancer bioassay, each
of the two treated groups was compared to the control group for each
species-by-sex combination with rejection of the hypothesis of no in-
creased risk if the one-sided Fisher Exact Test p-value for the high
dose group was less than .025. While this rule was not followed rig-
orously and other conditions were consigered (e.g. the historical
incidence of the tumor at interest for the animal model studied), this

served as a "rule-of-thumb" in the interpretation of the test results.
TABLE 1.1. Sample Quantal-Response Toxicity Data

POSITIVE X X

(tumor) 0 1 k
NEGATIVE nO-X0 nl-X1 nk-Xk
DOSE d0 d1 dk



More receht]y, in cases where several doses are used, the emphasis
has been on the the use of trend tests. Trend tests are used to deter-
mine if increases in the dosage will result in an increased incidence.
Armitage (1971) has proposed a test for linear trend in proportions
which is commonly used in this situation. The test is based upon the
proposition that the probability of an animal developing a tumor when

administered d units of an agent is:

P(d)= a + Bd

where a and B are unknown parameters. The test is:

HO: B=0 wvs HA: >0
and is based upon the standard normal statistic:
_ A _= = - .- “\2 ,~.5
= { ; ni (pi-p)(di-d) }{ p(l-p) ; ni(di-d) } (1~3-1)
i i

where:

p; = Xi / n, for a]I i g
5=(ZX1.)/(Zn1.);
i i

and
d= (§ "idi Y/ (§ n; )
i i
One other procedure which is based only on incidence data was
proposed by Chase and is discussed in Poon (1981). The Armitage

linear trend test is the most widely used test for trends in incidence

data.



1.4 Quantitative Risk Assessment

A great deal of discussion has appeared in the literature on
what constitutes an acceptable risk and how to quantify it (Albert
and Altshuler, 1969; Cornfield, et.al., 1978; Mantel and Bryan, 1961;
Schneiderman, et.al., 1975; Van Ryzin and Rai, 1980; Wahrendorf, 1979).
Generally, a quantity known as the virtually safe dose (VSD) is esti-
mated. The VSD is that dose, s, which yields a very small, €, increased
incidence over the spontaneous background incidence. Commonly proposed

8 to 1074,

values of £ are in the range of 10

Mantel and Bryan (1961) have shown that, in order to determine a
very small added risk, it is necessary to use impractically large
numbers of animals in the bioassay. However, the current bioassay is
performed on a small number of animals using doses which yield a de-
tectable risk over background of >10-1 and we are forced to extrap-
olate from this "high" dose region to the "low" dose region to estimate
the VSD. This process is commonly referred to as low-dose extrapo-
lation. There are two methods genera]]& employed to estimate the VSD
from animal cancer bioassays: the safety factor approach and the
mathematical dose-response model.

In the safety factor approach, the VSD is usually defined as some
fraction of the highest dose for which no toxic effect was observed.
This fraction or safety factor will range between 1/30 and 1/5000
depending on the toxicological endpoint and the quality of the data.

In the modelling approach, a dose-response model is fit to the
bioassay data and the VSD is estimated by extrapolating in terms of

this model to the exposure or risk level of interest. Commonly

utilized models include the probit, logit, Weibull, multi-stage and



gamma mu]ti—hit models. Relative comparisons will not be made among
models and this research will be limited to estimation of the VSD
uéing the multi-stage model format.

The multi-stage model is based on the assumption (Armitage and
Doll, 1954) that the mechanism of carcinogenic response can be expressed
as a series of k self-replicating stages, some of which are linearly
related to dose and others which are spontaneous. The multi-stage model

can be written as:

ko 5
-(z uid )

P(d) =1-e i (1.4.1)

where k is a known positive integer and uizo for all i, i=0,1,...k.

.1.5 Notation
Consider a typical single animal bioassay in which N animals
are divided into L+1 groups and given doses of a suspected carcinogen.

In addition to the notation of Table 1.1, define:

th

\ Ik the proportion of animals allocated to the i~ dose

. )

group ( YiN =n,

P(d): the true but unknown model of dose-response behavior
as it occurs in nature (the underlying dose-response
model) ;

B(d): dose-response model estimated from the results of
the bioassay ;

p;: P(dy) (aq;=1p;)

P (8= 1By )

o
w-de



g: incremental risk which is considered safe or acceptable .
8 -6 4 )y

s: (VSD) dose which satisfies € = P(s)-P(0) ;

(i.e. 10 °, 10 ° and 10~

(estimated VSD) dose which satisfies € = P(58)-P(0)

w»
.o

This notation will be used in all subsequent discussion. Figure
1.1 portrays the notation defined above in terms of the dose-response

structure.

1.6 Statement Of The Problem And Outline

The purpose of this research is to consider what effect changes
in the chronic animal bioassay will have on the power of the test for
carcinogenicity and the estimation of the VSD. The main focus will be
to change the dose and animal allocation structure to find that design
which yields optimal estimation characteristics for the VSD while ‘
maintaining an acceptable level of power for detection.

In Chapter II the distribution ofvphe estimate of the VSD for
asymptotically large animal bioassays is discussed for the multi-stage
model. Designs are derived which minimize the asymptotic mean-squared-
error of the estimated VSD. The 1inear, quadratic and linear-quadratic
models are discussed in detail and general comments are made concerning
the k-stage model. Asymptotically optimal designs for specific para-
meterizations of the multi-stage model are found and compared to gene-
ral designs such as the NCI protocol.

In Chapter III, the techniques of Monte Carlo simulation are used
to find designs which minimize the mean-squared-error of the VSD for
bioassays which use smaller numbers of animals. Again, the distribution

of the VSD is discussed, this time for small bioassays, and compared .
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to the asymptofic distributions derived in Chapter II. Extensive

work is done for the linear, quadratic and Tinear-quadratic models.
These small sample optimal designs are compared to the asymptotically
optimal designs as well as several other general designs. Finally,
results are presented concerning the applicability of four-dose designs
for improving the low-dose extrapolation.

In Chapter IV, the implications of the power of the test for posi-
tive tumor induction on optimal design selection is discussed. Questions
concerning the use of additional doses (beyond the standard three) are
explored as well as changes resulting from overestimation of the MTD.

Finally, in Chapter V, conclusions are drawn concerning design
changes indicated by this study and some comments are made concerning

suggestions for future research.



CHAPTER 1I
ASYMPTOTICALLY OPTIMAL DESIGNS

2.1 Optimal Designs

Let @ = { w } denote the set of all possible designs for a single
animal bioassay, and define V to be a function from Q onto the positive
real numbers. A design, weQ, will be considered optimal if V(w) < V(w')
for all w'eq.

For the purposes of this chapter, V is defined to be the asymp-
totic mean-squared-error of the maximﬁm Tikelihood estimate of the
virtually safe dose, s. This will be referred to as the asymptotically
optimal (AO) design.

Many authors have discussed the problem of choosing a design which
minimizes the asymptotic variance of the VSD. Chernoff (1953) has shown
that A0 designs will have as many doses as there are unknown parameters
in the model being used for extrapolation. Wong (1979) cites this result
in her study of AD designs for the extreme-value model. By using
information theory and reparameterizing the model, she was able to
derive the asymptotic variance of the VSD. She found that, when the
slope parameter is known, the optimal design will have all animals at
that dose, dl0 , satisfying P(dlo) = .80. When the slope parameter is
unknown, the two optimal doses, dl0 and dzo, satisfy P(dlo) = .10 and

P(dzo) = .99 with approximately 65% of the animals at dose dlo. Note
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that, for this_mode] and most subsequent models, the optimal design .
has no control dose since the model assumes the background response is
known without error to be zero.

Krewski and Kovar (1982) used a second order approximation of the
asymptotic variance of the VSD to derive designs which are optimal for
the one-hit, probit, logit and extreme-value models with known slope
parameter. For the one-hit and extreme-value models, they found the

0, satisfies P(dlo) = .80 and, for the probit and logit

optimal dose, d1
models, P(d,%) = .50.
Using the same approach, Krewski, Kovar and Arnold (1981-1) discuss
optimal designs for the probit, logit, Weibull, and gamma multi-hit
models with known slope parameters. Table 2.1 is repeated from their
article and gives the A0 designs for different parameterizations of :
these models. In this paper, the authors also discussed designs in ‘
which the doses are restricted to be no greater than the MTD. They )
found that when the MTD is less than d29, the unrestricted optimal upper
dose, the optimal design then becomes d20 = MTD and dl0 slightly smaller
than its unrestricted counterpart, with 20% to 40% of the animals at the
MTD.
Krewski, Kovar and Arnold (1981-2) have also discussed AO designs for
the probit, logit, Weibull and gamma multi-hit models in the case of non-
zero background response. After considering both additive and non-
additive background incidence (Hoel, 1980), they conclude the A0 three
dose design will have 10% to 30% of the available animals at both the
MTD and the control dose with the remaining animals being administered .
[

a relatively low middle dose when the background incidence was additive.

For non-additive background, they observed the ‘same animal allocations



® _ TABLE 2.1: Two-Dose Optimal Experimental Designs

Model Optimal Response Rates

Optimal Allocation (y,)

P Pead)

Probit .058. .942

Logit .083 .917

Weibull  .118 .971
Gamma Multi-Hit

o= 1 . 064 . 947

2 .061 .944

5 .058 .943

e= 10 10 1008 1078
.84 71 .67 .64
.76 .63 .59 .57
.81 .72 .70 .68
.87 .80 .77 .76
.85 .76 73 71
.84 .73 .69 .67

reprinted from Krewski, Kovar and Arnold (1981-1)

13
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but a stightly Tower middle dose.

In the remainder of this chapter, the distribution of the VSD under
the multi-stage model for asymptotically large (in terms of numbers of
animals) bioassays is discussed. After deriving the distribution of the
VSD, the mean-squared-error is derived and designs for minimizing this

mean-squared-error are found.

2.2 Asymptotic Distribution Of The VSD

As previously discussed, the multi-stage model assumes:
kKo
P(d) =1 - &% @ (2.2.1)
for k a .known positive integer and aizo for all i, i=0,1,...k. Let
&i be the maximum likelihood estimate of as, i=0,1,...k, and define the
-random vector Z by ;

' = (to, ty, .ot (2.2.2)

K
where ti = JN(ai - ai). ]
Using the distribution of Z, it is possible to derive the distribu-

tion of the VSD. Define a positive definite matrix 3 by:

R LR
where :

. s L s
o' = SORRIGLZY CRACE (2.2.4)

The elements of X will be denoted by O i=0,1,...k, j=0,1,...k

J
(For completeness, it is assumed 00=1). Guess and Crump (1978) have

shown that, if &i is allowed to range over the entire real line, then:
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Z->N _.(0,2) , (2.2.4)

, k+1
that is, Z 1is asymptotically distributed as a (k+1)-variate normal
random variable with mean vector 0 and covariance matrix 3.

The estimated VSD is defined by:
e = P(s8) - P(O) .

Since P, 3P/d& aP/a&l, ce aP/a&k,aP/a§ are all continuous in any

0’
-nei [ - : ~
6-neighborhood of « (ao, ay, ... uk) and since 9P/3% a =a¢ 0, by the
Implicit Function Theorem, there exists a continuous function g such
that :

§ = g(e,d) . (2.2.5)

- 2 2
Furthermore, since P is well defined, both ag/a&i and 3 g/a&i exist and

are well defined. Let B' = (bo, b bk) be defined by:

10 ---

bi = a/aai g(e,d) a=a for i=0,1,...k. (2.2.6)

Using Taylor's Theorem, § can be written as:
$ = g(e,a) + B'(d&-a) + 0(1/N) ' (2.2.7)

where 0(1/N) is a function of & of order 1/N. Then:

IN(S - s) > B'Z | (2.2.8)
which is denoted by:
M=B'Z . (2.2.9)
The next step is to find the distribution of M when the maximum
likelihood estimates, &i’ i=0,1,...k are constrained to be nonegative.
The distributions can be classified into several cases depending on the

value of a.
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Case 1: ai>0 ifor all i, 1i=0,1,...k
Guess and Crump (1978) have shown that:
lim Pr( &i <0) =0 (2.2.10)
N->oo
so, by a corollary of that same paper;
Z->NCO,3z) . (2.2.11)
Using this fact and equation (25) (page 44) of Searle, it is clear
that:

M->NCO,B'SB) . (2.2.12)

Case 2: ai=0, aj>0 for all j#i , j=0,1,...k

Define a matrix, 22 = [ 2°j] ] by:

-1

0., = 0. = o (2.2.13)

2951 i1~ %3i% %0

In this case, it is true that:

1im Pr( @, <0 ) =0 for j#i, j=0,1,2...k
Nooo J

#

Let u&i denote the unconstrained maximum likelihood estimate of
a, and &i denote the constrained maximum likelihood estimate. If

uaigo then &i = u&i and the distribution of & is unchanged from
(2.2.11). However, when u&i<0’ since the likelihood has normal con-
tours, it will be maximized in the constrained space for &i=0' The
mapping used to go from the unconstrained space is linear and using
equation (32) (page 47) in Searle, for this case:

25N (0,5,)

So, in general:
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N0, 2) for a.>0
7- k+1 i (2.2.14)
Near( 0 5 Z,)  for 8,0

(Note that 22 is singular and the measure has non-zero mass (1/2) at
ai=0 ).
From (2.2.14) the asymptotic density of M can be written as:

0 o
fy(m) = { fy(m | z.=t) FOK fy(m | z,=t) RO d (2219

where fM(ml zi=t) is the density of M evaluated at m given zi=t and

fz(t) is the marginal density of z, (the ith element of Z) evaluated at

1

t.
From (2.2.14), it follows that:
Pr( zi=0 ) =Pr( N (&i-ai)=0 ) = Pr( &i=0) =1/2 (2.2.16)
and;
Pr( Zi<0) = Pr( JN(&i-ui)<0 ) = Pr( &i<0 )=0 (2.2.17)
Using (2.2.16) and (2.2.17), (2.2;i5) can be rewritten as:
oo
fy(m) = (1/2) fy(m|z,=0 ) + [ fym |z2;=t ) {0 dt
From equation (27) (page 45) of Searle, asymptotically it is true
that;

z, ~ N( O, s )

Using the same result as that cited for (2.2.12) and conditional
normality arguments it follows that;
N( pt , B'ZZB ) for t>0

fy(m] z;=t) = N | (2.2.18)
NCO , B‘ZZB ) for t=0
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k s TR . . .2 @

where y = 2 b](J]1 i3 Simplifying this notation by using o, = B'ZZB ,

(2.2.15) can be rewritten as:

fy(m = (1/2) (2n0?)™* (e “n’/ogy

o

I (2n?) 7% (o 7e(mmpt) 2/02 } (2n0..) % (e -4t /033 dt (2.2.19)
0

Consider the second part of (2.2.19) given by:
f (2n0%)7% (e H(MHY) 2ot | (2n0, 7% (e 2t 000} gt (2.2.20)

This form can be simplified. The following algebra shows comple-

tion of the square for formula (2.2.20) and leads to a much simpler

expression. .

2,2 o 2
(2.2.20) = (znoﬁoﬁ)‘!5 { e /0 3 1 (om)7E g o7t /045 -
0

-

2 22,2
2m|.1t/0s +put /0S ) } dt

1 2,2 ] -
= (27(0?0‘_H)-;5 { e—im /05 } g (2n) X { e !5[(0110'5)/(0 0' p ) ]

[%-2ti(mpo; D/Co2vo 01T ) gy



N 2,2 e 2., 2. 2 . -1
- (znogcii) ;ﬁ { e !Em /US } g (27[) 2 { e ’5[ (Uiios)/(osﬂjiiu ) ]

[ % - 260 (w0 )/a%sa, ) } + { (mioy M/(oBvog ) 121

{ 7l (m2“2°ii)/(2°:+°§°ii“2) 1y gt

2 )'% { e‘%mz/[ 0;2- (poii)/(02+oii“2) ] }

=(2no’0o..
( %5941

? (2n) "% { el (oiiog)/(°§+ciip2) 1
0

2
[t = (muo; )/ (oo ) 1%y g

= 2 -3 2
= (2nosoii) [(0,.0

2 2..%
i1 s)/(°s+01'1'p )]

w202, 2
{ o /(ogro )y o (Mo, )/ (o, a2 +o, 12YD) | (2.2.21)

X L .2
where ®(x) = [ (2n) lie X dx .
-0
Expression (2.2.21) can be simplified by noting that:

k

I -
i7%11% ¢ 9531 * 944l 2 b10: 1%

2 1,2

]

il
oMx oMx OMx

2
+0., .
95795

-2

b.b.o,. -~ b,b.0,.0..70.. + ::r..i ]bjoljoii 91

173713 17371741 74 i

oOMx oOMx

oMx

k
zZb
0

(2.2.22)

oMx
o
o
G
Q
|
(0]
M
(o]

19
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and;
k
% %

Now (2.2.21) can be rewritten using (2.2.22) and (2.2.23) to yield:

-l - 2 ] 1
(2nB'3B)E { o7 /(B'ZB) 4 [(n/6,0) % byo,./0.% ] (2.2.24)

1
where o = (B'ZB)i .
Finally, the density of M using (2.2.19) and (2.2.24) is given

by:

fM(m) = %(Znoﬁ

)% e'%mz/og ]+ (2.2.28) (2.2.25)
Case 3: ai=0 for more than one i, i=0,1,...k

The aim of this research is to find modifications in the current
single animal bioassay which will aid in the estimation of the VSD.
Since the current animal bioassay incorporates only two dosed groups
and a non-zero background is assumed, this case can be ignored as being
of no interest to the problem under consideration. If this case is of
interest to a particular reader, Guess and Crump (1978) discuss the

asymptotic theory in more general terms.

2.3 Asymptotic Bias And Mean-Squared-Error Of The VSD

In trying to find an optimal design for estimating the VSD, the
first approach would be to minimize the variance of the estimate of the
VSD. However, in some cases, when dealing with constrained maximum

likelihood, the estimate is biased. - Thus minimizing the variance

*
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would result in optimizing the design around the wrong point. Instead,
it would be better to minimize around the true estimate of the VSD by

minimizing the mean-squared-error given by:

MSEC 8 ) = E[( § - s )7] .
This situation applies to the asymptotic distribution of the VSD for

some of the cases under study.

Case 1: ai>0 for all i, i=0,1,...k

From (2.2.11) it is true that:

E(ui-ai) = 0.

Using this it follows that:

E(S) = E[B'(G~a)] + s
k
=E[ g bi(&i-ai)] +s

k
g bi E(ai-ai) +s

0+s =35

and the estimate is unbiased. Similarly, from (2.2.11):
Var(d) = X

and using Searle:

(N)var(s) = B'3B .

Since, when § is unbiased, Var(8) = MSE(S), the asymptotic mean-squared-

error of the VSD is given by:
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(N)MSE(S) = B'3B . (2.3.1)

Case 2: .=0, aj>0 for all j#i, j=0,1,...k
In this situation the distribution of Z is given by (2.2.14). It
is known that:
1
E[Nf(aj-aj)] = 0 for all j#i (2.3.2)

For the single parameter equal to zero, oy, it is true that:

® -1 -2
E[N%(&i-ai)] =z (2m0,.)72 e g (2.3.3)
0
After simple calculus, the following result is obtained;

E[N%(&i-ai)] = 201?(2n)-% . (2.3.4)

From (2.3.2) and (2.3.4) it follows that:

E[N*(3-5)] = 2b1.o1."1?(2n)"1 .

Thus, asymptotically, § is a biased estimator. Therefore, asymptotically,
VAR(8) # MSE(S) and the optimal design will be found by minimizing the

mean-squared-error of 5. For this case:

(NIMSE(3) = %B'3B + 48'1,8
k k 1
=B'3B - % 22 byb;0y3053 7045 - (2.3.5)

For the remaining portion of this report, the asymptotically
optimal design will be that design which minimizes formula (2.3.1) or
(2.3.5) depending on the true parameter values, a,.

Under an unconstrained multi-stage model, Hoel and Jennrich (1979)
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‘ have used the theory of Chebyshev systems to derive the asymptotic
variance of the VSD. The formula which they optimize differs only by a

constant from (2.3.1) and is given by:

k k
- -1 - _ _ _
V—iiopi(qiyi) {(1 po)jgo( dj)/(di dj)
J#i
Kk
[1-P(s)] 1 (s- d )/(d d ) } (2.3.6)
j=0
Jj#i

For Case 1 (all ai>0) this formula is equivalent to the mean-squared-
error of § and can be used to find optimal designs. However, as seen
in (2.3.5), it must be corrected when some ai=0 or it will overestimate

the asymptotic mean-squared-error.

.- 2.4 Two-Stage Models
Consider now the multi-stage model with only two stages;

-

42

019708" 50,030, a,50 (2.4.1)

P(d)=1-e %0 "1 020,020, a,

The three non-trivial forms of the two-stage model when non-zero sponta-

neous incidence is assumed are given by;

(a) the linear model; P(d) = 1 - e %0"%19 (2.4.2)
2
(b) the quadratic model; P(d) =1 - e'“o'“zd (2.4.3)
(c) the linear-quadratic model;
P(d) =1 - e % %% ad” (2.4.4)

Assume the response which occurs in nature, P(d), is of one of these

. forms and a linear-quadratic model -is used to estimate dose-response from a
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sample obtained under P(d). In this case, it is possible to explicitly

give the definition of g (2.2.5) as cases of the estimated values &i:

-2 o A2_ A -& - ~ !E P
{ &y [al 402(]n[e 0 s]+a0)] }/(2a2)
for a,>0, &,>0, a,>0 (2.4.3)
8=g(e )= cooE e
In(e "0 - ¢) ao] / &, for uOZO, a1>0, a, 0 (2.4.5)

undefined elsewhere

Calculating the partial derivatives of g and evaluating them for a,

the following linear coefficients for (2.2.7) are derived.

Case 1: Underlying Linear Model

by= e/[( %0 - &) ;] (2.4.6)

b,= C/od | (2.4.7)

b,= /o (2.4.8)
where: ’

C= In(e™% - £) + ag (2.4.9)
Case 2: Underlying Quadratic Model

by= (-4a2C)-% e/(e”%0 - &) (2.4.10)

b= ~1/(2a,) (2.4.11)

b,= -(-C) /(223 %) (2.4.12)

where C is as defined by (2.2.9).
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Case 3: Underlying Linear-Quadratic Model

b0= [ ai - 4u2C ]-!5 e/(e % - €) (2.4.13)

b= [ of ai - 40,C Y% - 1) / (20 (2.4.14)

2)
b,= [ 2Ca2-a§+a1(a§-4a2C)%]/[2a§(a§-4uZC)%] (2.4.15)

where C is as defined by (2.4.9) .

It is not practical to derive a closed form solution for the
asymptotic mean-squared-error of the VSD. Instead, it is possible to
numerically invert (2.2.3) and apply (2.4.6) through (2.4.15) to (2.3.1)
and (2.3.5) to yield the mean-squared-error of 8. By performing a grid
search over the practical designs, the optimal design for a given
parameterization of P(d) can be found.

Using the theory of Chernoff, the number of dose groups in asymptot-
ically optimal (AO) designs will equal the number of unknown parameters
in P(d) (i.e. L=k). Mathematically, the MSE(3) is only affected by
changing the doses (di) and the animal-allocations (Yi) when the total
number of animals is fixed and (k+1) dose groups are used. Therefore,
the A0 designs presented will only include the dose and animal alloca-

tions.

2.5 Model Parameterizations

As previously mentioned, the A0 designs can be Tocated numerically
for any given parameterization of the underlying (true-to-nature) dose-
response model, P(d). By considering the historical dose-response
observed from single bioassays, it is possible to derive a set of models

which will span the range of two-stage models likely to occur in nature.
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Gart, Chu; and Tarone (1979) have discussed the historical back-
ground incidence of cancer in laboratory animals. Table 2.2 is
reprinted from their article and gives the percentage of animals with
spontaneous tumors for the two species recommended for use in the NCI
protocol and various target tissues. For the more commonly investigated
tissues (e.g. liver, kidney, pituitary gland), spontaneous response can
range from <1¥ to as high as 30%. Three background responses are con-
sidered in this study; .005, .05 and .20 .

In finding an optimal design, the highest dose is constrained to
be Tess than or equal to the MTD. After studying the NCI Carcinogenesis
Technical Report Series, it is clear that response at the MTD generally
falls in the range of 30% to 50% with virtually all responses for positive
carcinogens in the range 15% to 90%. For the purposes of determining
optimal designs, four responses at the MTD are considered: 15%, 30%,

50% and 90%.

A linear model or a quadratic model can be uniquely defined by any
two increasing dose-response points. By standardizing the dose scale to
be MTD=1 and considering all practical combinations of background
response and response at the MTD (3 backgrounds and four MTD responses
as defined above), 11 parameterizations of the linear and quadratic
models each are defined (note only 11 designs since background response
of 20% and response at the MTD of 15% is not practical for a positive
carcinogen). By choosing an appropriate third point a linear-quadratic
model can be uniquely defined. Using a dose of %MTD (d1=.5) and re-
sponse at this dose of % the MTD response [P(.5)=.5P(1)], 11 parameteri-
zations of the linear-quadratic model are defined. Even though these

points seem to follow a linear pattern, the parameterized linear-quadratic

-



TABLE 2.2: Percent Spontaneous Primary Tumors In Untreated Species
Used At NCI For Carcinogen Bioassay

MICE RATS

Organ Tissue (C57BL/6XC3H)F1 F344

Male Female Male Female
Brain <1.0  =~-==--- 1.3 <1.0
Skin-Subcutaneous 1.0 <1.0 5.7 2.5
Mammary Gland = ==--- <1.0  ==--- 18.8
Spleen <1.0 <1.0 <1.0 <1.0
Lung-Trachea 9.2 3.5 2.4 <1.0
Heart 1.0  ==--- <1.0 <1.0
Liver 15.6 2.5 1.2 1.3
Pancreas <1.0 <1.0 <1.0 = ==---
Stomach 1.1 <1.0 <1l.0 <1.0
Intestines <1.0 <1.0 <1.0 <1l.0
Kidney <1.0 <1.0 <1.0 <1.0
Urinary Bladder @ = ==-=- <1.0 <1.0 <1.0
Testis <1.0 NA 76.2 NA
Ovary NA <1.0 NA <1.0
Uterus NA 1.9 NA 16.8
Pituitary Gland <1.0 3.5 10.2 29.5
Adrenal Gland <1.0 <1.0 8.7 4.0
Thyroid Gland 1.1 <1.0 5.1 5.6
Pancreatic Islets <1.0 <1.0 3.2 1.3
Body Cavities <1.0 <1.0 <1.0 <1.0
Leukemia-Lymphomas 1.6 6.8 6.5 5.4

reprinted from Gart, Chu, and Tarone (1979)
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models range from near linear to near quadratic portraying the range
of linear-quadratic models likely to be observed in nature. Table 2.3
gives the values of the parameters for these 33 models and the notation
used to refer to them in later discussion. In Appendix A, these models
are plotted as a function of dose and response.

As previously noted, much_discussion has appeared in the literature
concerning the definition of an acceptable risk. Formula (2.2.5) will

be used to define the VSD and three acceptable risks are studied: 10-8,

-6 4

10°°, and 10 .

2.6 Asymptotically Optimal Designs

When finding an optimal design for fitting a linear-quadratic model
(2.4.4) to sample dose-response from an agent which follows one of the
three two-stage model forms, (2.4.2) to (2.4.4), the asymptotic mean-
squared-error of the estimated VSD, §, is being minimized over five para-
meters; dO’ dl’ d2, Yg and Y, (note that y1=1-y0-y2). By using a
directed grid search (Gue and Thomas, 1968) it is possible to obtain
the design which minimizes the mean-squared-error of §. Table 2.4
gives the optimal designs for the 33 models of section 2.5 for an

acceptable added risk of 10-6. The doses are precise to within 10

4

3

of the optimal value and the allocations (yi) are within 10 ¥ of the

optimal value. Appendix B gives the asymptotically optimal designs for

8 and 10_4.

acceptable risks of 10

From Table 2.4 and Appendix B it is seen that A0 designs are robust
with respect to the acceptable risk, €. In fact, the choice of the A0 '
doses seems to be completely independent of £ in this range. Also every

A0 design utilized a control dose (d0=0), a practical necessity, and a



TABLE 2.3: Two-Stage Models Under Investigation

Back- Model  MTD Parameters
ground Type Response op a, a,
.005 LINEAR .15 .0050125  .15751 0.
230 .0050125  .35166 0.
.50 .0050125  .68813 0.
.90 .0050125  2.29760 0.
QUADRAT .15 .0050125 0. .15751
130 -0050125 0. 35166
.50 .0050125 0. 68813
.90 -0050125 0. . 29760
LIN-QUA .15 .0050125  .13429 .02322
130 .0050125  .27836 -07330
.50 .0050125  .44254 . 24559
.90 .0050125  .07373 22380
050 LINEAR .15 .051293  .11123 0.
.30 051293 30538 0.
.50 051293 64185 0.
.90 .051293  2.25130 0.
QUADRAT .15 .051293 0. .11123
.30 .051293 0. -30538
.50 051293 0. 64185
-90 .051293 0. 25130
LIN-QUA .15 .051293  .01713 .09410
.30 .051293  .13952 -16586
.50 .051293 30370 -33815
.90 051293 31612 -93520
.200 LINEAR .30 .22314 .13353 0.
.50 .22314 -47000 0.
90 22314 2.07940 0.
QUADRAT .30 .22314 0. .13353
.50 .22314 0. -47000
.90 .22314 0. -07940
LIN-QUA .30 .22314 .12462 .00891
.50 .22314 -23933 . 23067
.90 .22314 . 22202 .85740

29



TABLE 2.4: Asymptotically Optimal Designs For An Acceptable Added Risk

of 1078
Back- Model  MTD AO Designs
ground Type Response dg da dE Yg Y3 Yo
. 005 LINEAR .15 0. .353 1. .179 .648 .173
.30 0. .328 1. .142 .685 .173
.50 0. . 306 1. 117 .710 .173
.90 0. .241 1. .090 .742 .168
QUADRAT .15 0. .270 1. .293 .572 .135
.30 0. .225 1. .267 .602 .131
.50 0. .189 1. 247  .625 .128
.90 0. .125 1. .218 .637 .145
LIN-QUA .15 0. .315 1. .198 .677 .125
.30 0. . 284 1. .161 .716 .123
.50 0. .263 1. 142 736 .122
.90 0. .134 1. .195 .656 .149
.050 LINEAR .15 0. .448 1. .322 .512 .166
.30 0. .401 1. .285 .546 .169
.50 0. .367 1. .255 .5%74 .171
.90 0. .280 1. .218 .613 .169
QUADRAT .15 0. .421 1. .354 .507 .139
.30 0. .364 1. .335 .520 .145
.50 0. . 313 1. .318 .532 .150
.90 0. 216 - 1. .284 .535 .181
LIN-QUA .15 0. .422 1. .348 .514 .138
.30 0. .371 1. .311 .553 .136
.50 0. .327 1. .283 .580 .137
.90 0. .224 1. .264 .564 .172
. 200 LINEAR .30 0. .484 1. .361 .481 .158
.50 0. .438 1. .344 .493 ,163
.90 0. .331 1. .322 .511 .167
QUADRAT .30 0. .465 1. .369 .499 .132
.50 0. .412 1. .352 .504 .144
.90 0. . 296 1. .321 .495 .184
LIN-QUA .30 0. . 466 1. .364 .509 .127
.50 0. .414 1. .348 .518 .134
.90 0. .297 1. .320 .504 .176

30
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group given thé MTD. Although it is not shown, when the underlying dose-
response model has response at the MTD of greater than .98, the A0
designs do not utilize a group at the MTD. In every other case studied,
the largest dose used in the A0 design was the MTD.

It is possible to make some general remarks concerning A0 designs
after examining Table 2.4. As the response at the MTD increases, the
optimal middle dose decreases and the proportion of animals to allocate
to this group increases at the expense of the control group. This is
misleading since the response for this optimal middle dose group is
actually increasing as the MTD response increases, indicating there is
no need to be as close to background if the agent being studied is not
acutely toxic at small doses. Also note from Table 2.4, it is possible
to bracket the optimal middle dose for an underlying linear-quadratic
model to be less than that for a linear model and larger than that for a
quadratic model using the same MTD response and background incidence.
Thus, a distinct trend is shown in the optimal designs in going from
linear to linear-quadratic to quadratic underlying models.

The NCI design protocol is not close to these optimal designs for
any of the models being studied. The asymptotically optimal middle dose
(dl) ranges from 12.5% to 49% of the MTD and, in virtually every case,
more than 50% of the animals are applied to this dose. This would
indicate there are gains (possibly large gains) to be made in decreasing
the mean-squared-error of the VSD by going to some other design protocol
besides the NCI protocol.

The AO designs, as they appear in Table 2.4, are model dependent
and the procedure for developing this kind of design can only be used

when the response surface is known , without error, in advance. This,
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as a practica]japproach to bioassay design, is unacceptable. However,
a series of "fixed" designs can be compared to these optimal designs
to find those designs which are nearly optimal for all of the models
of underlying response.. A "fixed" design is a design which is indepen-
dent of the underlying model and based solely on the estimate of the
MTD. These designs will be practical, since the only prior information
on response for some agent to be studied deals with acute toxicity and
the MTD. The NCI design is an example of a "fixed" design.

In Table 2.5 the asymptotic relative efficiencies (ARE) for several
"fixed" designs (including the NCI design) as compared to the asymptoti-
cally optimal designs are given. The ARE of design w' to the AO design,

w, is defined as:

AREf w',w ] = V(w)/V(w')

for each underlying model and added acceptable risk, €. For a design
w' to be considered as a replacement design for the NCI design, the
ARE[ w',w ] must be close to 1 for ever; underlying model.

In Table 2.5, it is seen that the ARE for the NCI design ranges from
.132 to .877. The NCI design seems to perform best when the underlying
model is linear and does worst when the underlying model is quadratic.
The NCI design also seems to perform poorly as compared to the A0
design when the response at the MTD is high (>50%). In general, the
trends observed for the NCI design are common in most designs. It is
possible to reverse some of these trends, as shown by design II in
Table 2.5. Design II reverses the loss in efficiency as the response

at the MTD increases.

In choosing an optimal design which is based solely on the esti-



TJABLE 2.5: Asymptotic Relative Efficiency Of Several "Fixed" Designs

To The AO Designs

d,,d,,d

Designs 0°°1°"2
Ygo¥1:Ysp
Back- Model MTD i TTT TV
ground _Type Response NCT 0.,.2,1. 0.,.4,1. 0.,.3,1.
.1,.7,.2 .3,.5,.2 .2,.5,.3
.005 LINEAR .15 .602 .654 .893 .901
.30 .538 .781 .820 . 893
.50 .488 .862 .763 .870
.90 . 369 .962 .617 .820
QUADRAT .15 .457 .513 .787 .885
.30 . 341 .685 .625 . 855
.50 .262 .820 .493 .769
.90 .132 . 840 .240 .515
LIN-QUA .15 .521 .625 .833 .847
.30 . 448 .769 .752 .833
.50 . 385 .870 .667 .813
.90 . 146 .877 .264 .552
. 050 LINEAR .15 . 847 .272 .962 .676
.30 .775 . 383 . 990 . 800
.50 .699 . 500 .971 . 885
.90 .513 . 746 .813 .943
QUADRAT .15 .814 -.215 .952 .167
.30 .714 .288 . 980 .735
.50 .585 . 385 .909 .847
.90 .299 .680 .521 .877
LIN-QUA .15 .813 .219 .952 .606
.30 .709 .322 .971 .752
.50 .606 .439 .926 .847
.90 .331 .714 .571 .901
.200 LINEAR .30 .877 . 208 .901 .568
.50 . 857 .282 .971 .683
.90 .700 471 . 966 .877
QUADRAT .30 .833 .175 .885 .510
.50 . 805 .223 .962 .621
.90 .541 .412 .840 . 893
LIN-QUA .30 .826 . 185 . 885 .526
.50 .803 .241 . 959 .633
.90 552 .433 .855 893

33
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mated MTD, eitﬁer of two strategies can be used. One strategy would be
to find a "fixed" design which performs better than the NCI for all 33
underlying models under investigation. Of all the designs with ARE's
larger than the NCI design, those for design III tend to be the largest
(closest to 1). 1In design III, the MSE(%) ranges from 3% to 47% larger
than that of the NCI design.

A second strategy would be to choose that design which yields the
largest minimum ARE over all models. Design IV of Table 2.5 is that
design. For the 33 models under investigation, the smallest ARE observed
for design IV is .510 compared to .132 for the NCI design. However
in comparison to the NCI design, this design can yield a mean-squared-
error from 74% smaller than that for the NCI design to 63% larger.

In Table 2.5, it is seen that all three designs, II,III and IV, have
a moderately low dose with a large proportion of the animals at that
dose. Designs with this structure generally yielded the smallest mean-
squared-errors. Even the A0 designs tend to have this structure. The
reason designs of this structure are optimal for extrapolation can only
be hypothesized. When applying the linear-quadratic model, there is
always a positive probability of fitting an incorrect model. The middle
dose will determine whether the observed response is linear, quadratic
or linear-quadratic. The response at control and the MTD group tend to
be stable for relatively small numbers of animals. Therefore, response at
the middle dose must be accurate enough to determine if the dose-response
behavior is convex or concave in the low-dose region. This dose with most
of the animals does that. In Chapter III, this reasoning will again

follow.
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The choicé of an optimal design will depend on the needs of the
researcher and the amount of prior information available. If from
previous research on a given compound or similar compounds, the
researcher has information available on response at the MTD or response
at control (spontaneous incidence), he may wish to use this additional
information to custom design a protocol for that compound. In this
case, tables such as those in Appendix C are available. However, if
general guidelines are to be employed and the only knowledge available
is the estimated MTD, then design III or design IV should be utilized
to make estimation of the VSD more accurate.

The results of this chapter are based upon the theory for asymp-
totically large bioassays. In the next chapter the discussion will
center around optimal designs for small bioassays and a comparison of

the small bioassay results to the asymptotic results of this chapter.



CHAPTER III
SMALL BIOASSAY OPTIMAL DESIGNS

3.1 Optimal Designs

A1l previous work on bioassay design has centered on the use of
asymptotic theory to derive variance approximations for the estimate of
the virtually safe dose. The distribution and properties of the VSD
for small bioassays has never been investigated. A crucial assumption
in most discussions utilizing asymptotic results concerns the distri-
bution of the VSD for small bioassays. The intention of this chapter is
to investigate the properties of the VSD for small bioassays and to
develop designs which are optimal in this situation.

Let QN={ wN} denote the set of all possible designs for a single
animal bioassay with a fixed total number of experimental units (animals)
equal to N. A design, Wy is optim§1 for small bioassays if:

' V(wy) < V(w (3.1.1)

)
for aill wh £ QN where V is the mean-squared-error of the constrained
maximun likelihood estimate of the VSD. The design, Wy which satisfies
(3.1.1) will be referred to as the small bioassay optimal (SO) design.

Guess, Crump, and Peto (1977) discussed the distribution of the
model parameters of the multi-stage model for small bioassays and

attempted to show what effect these distributions will have on the
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estimate of the VSD. Simulating experimental outcomes for several
models from the literature, they produced graphs which depict the
percentile range on the VSD. Figure 3.1 is a reprint from their
article and shows the upper and lower 5% confidence bounds for the
excess risk (¢) when, in nature, dose-response can be described by
use of the multi-stage model:

-.000267377d

P(d)= 1-e (3.1.2)

The design used for this study was a four-dose design with doses

of 0, 50, 250, and 500 (units are irrelevant to the discussion).

The upper 5% confidence bound shown in Figure 3.1 is the same for both
sets of animal allocations. However, for 200 animals per dose, the
lower confidence bound is much closer to the true dose-response curve
than the confidence bound for the experiment with 60 animals per dose.
For a small excess risk (<10-5), the lower confidence bound for excess
risk uses a dose 3 to 4 orders of magnitude larger than that used for

-

the true dose-response curve. .

Although Figure 3.1 gives the confidence bounds for excess risk,
these can be roughly inverted to yield a range on the VSD. In Figure
3.1, it is seen that, for small excess (or added) risks, the range
on the VSD is quite wide. Changes in the design would, hopefully,
decrease this range making the envelope curve smaller thus increasing
the accuracy of the estimate of the VSD. The distribution of the VSD

for small bioassays will be discussed in greater detail later in this

chapter.
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FIGURE 3.1 PS
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3.2 Strategy and Methods

Many methods could be employed to calculate the mean-squared-
error of the VSD for small bioassays. To avoid questions regarding
the applicability of theoretically generated values of the mean-squared-
error, Monte Carlo simulation is used to determine the mean-squared-
error (Naylor, et.al., 1966).

To calculate the mean-squared-error of the estimate of the VSD,
$, it is necessary to know the true value of the VSD, s. This requires
knowledge of the dose-response curve without error prior to conducting
an experiment. To assure the general applicability of any one design
as optimal, its optimality must be considered for a wide range of dose-
response models. Due to constraints on time and expense, this investi-
gation will focus on the use of the multi-stage model (2.2.1), in
particular, the linear (2.4.1), quadratic (2.4.2) and linear-quadratic
(2.4.3) forms of this model. No decisions concerning the correctness of
using one model as compared to some other model are implied, but simply,
the multi-stage model is chosen because of its wide acceptance and appli-
cation.

Rather than base conclusions on models observed from experiments
which have been conducted, the historic response in the cancer bioassay
js again employed and the 33 models given in Table 2.3 are studied. It
is again emphasized that these models portray a wide-range of dose-
response behavior and are characteristic of the multi-stage models
commonly observed from a bioassay.

Assume a bioassay experiment is designed, defining what doses (di)
are to be used and how to allocate the animals (ni) to the doses. If

the dose-response relationship, P,'ié known in advance, it is possible
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to derive the éxpected value of the binomial parameter at each dose:
namely pi=P(di) for i=0,1,...k. If a pseudo-random binomial deviate,
X5 with parameters P; and n; is generated for each dose, the Xs form
a simulated experiment of what could occur in nature. By fitting a
dose-response function, B(d), to this simulated response and inverting
the function according to formula (2.2.5), the VSD, §, can be estimated.
Repeating this procedure R times, replicates of response for this
experiment are created which form a random sample of the possible
experiments. By fitting a model to each replicate and inverting the
model, a random sample of the constrained maximum 1ikelihood estimates
of the VSD is created.

Altering the notation for the mean-squared-error of § to include

the number of simulations, R, and the underlying dose-response model, P, for

a fixed excess risk, £, the mean-squared-error of § is given by:

V (wiR,e,P) = (1/R) E(gr-s)Z (3.2.1)
- r=1

where §r is the estimate of the VSD obtaiﬁed from the rth replicate of
the experiment. This is simply the standard formula for the mean-
squared-error in a random sample of size R.

Since this is a random sample, it is known that for all r,
(§r—sr)2 forms a set of mutually independent random variables, each
with finite expectation. Therefore, by the strong law of large

numbers, it follows that:
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Vy(wiR,e,P) 35 Ef(3-s)?). (3.2.2)

That is, the sample formula for the mean-équared-error of § (3.2.1)
converges to the true mean-squared-error with probability 1 as R
increases to infinity. Thus, by choosing R sufficiently large,
(3.2.1) will yield a very good estimate of the mean-squared-error of
§. A preliminary study 6f the convergence properties of (3.2.1) was
used to determine the value of R necessary for locating the SO designs.
Using the NCI design and several of the models, the value of R was
increased until (3.2.1) remained stable over repeated sets of R simulations
for each model. The sample mean-squared-error seemed stable for 900
simulations, but to allow for any instability resulting from different
designs and different models than those used in this preliminary study,
each experiment was replicated 1000 times to estimate the mean-squared-
error of §.

It is impractical to exactly locate the optimal design for small
bioassays. Not only is there still a smaTi amount of variability in
the estimate of the mean-squared-error of § for 1000 simulations,
but the dose scale is continuous and, with 150 animals, all the possible
allocations of animals to the doses would require impossible amounts of
computer time. Instead, it is possible to find designs which are in a
predetermined neighborhood of the truly optimal designs. Using a directed
grid search (Bard, 1974), designs are found in which the doses are
within .025 of the optimal doses and the animal allocations are correct
to within 10 animals per dose. The criterion for optimality is now

to find that design weQ which satisfjes:
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_'vN(w;R,e,P) < Vy(w';R,e,P) + 6 (3.2.3) .

for all w'eQ and 6>0 very small.

By using the 33 models of Table 2.3, it is assumed some type of
increasing dose-response relationship exists in nature. However,
in simulating response for any one experiment using any one model, it
is possible to create results in which no increasing dose-response
relationship exists. In such cases, the determination of what consti-
tutes a VSD is unclear. Therefore, these samples are censored to include
only those experiments which have a linear trend significantly different
from zero (defined as passing an Armitage linear trend test at the .05
significance level). Chapter IV will discuss the implications of this

censoring and methods of incorporating this into the design problem.

3.3 Small Bioassay Distribution Of The VSD ‘

When discussing the distribution of the VSD for small bioassays, -
Guess, et.al (1977) pointed out the broad range of the estimates yet
failed to discuss why this range is so broad. Error in the estimation
of the VSD can be the result of two related events. Performing a
single bioassay for a small number of animals is, in essence, the
realization of a random event. If response is obtained which is exceptionally
different from the response occurring in nature, then the estimate of the
VSD is likely to be wrong. Thus, error in the estimation of the VSD can
be due to the randomness of the animal response.
The second type of error is due to improper assumptions concerning
the functional form of the dose-response relationship. In a single

animal bioassay there are two models to be considered: the model which
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the investigatér fits to the response and the model which portrays the
dose-response relationship as it exists in nature (the underlying
model). If these two models are not the same, the estimate of the VSD
could be drastically in error. In practice, assumptions are made
concerning the form of the underlying model and some mathematical tool
(such as maximum likelihood) is used to parameterize the model. In

the investigation at hand, the undér]ying model is known without error
and various models could be fit to simulated from this model response
enabling determination of the effect of such model choice errors on the
estimate of the VSD.

This discussion of the distribution of the VSD for small samples
will begin by considering the simplest models. Assume that, in nature,
the dose-response for some agent can be characterized by a linear model
(2.4.1.). Under different assumptions, any number of functional forms
could be fit to outcome from an experiment on this agent. Obviously,
the correct model to fit to data of this type would be a linear model.
Figure 3.2 is a frequency histogram of the estimates of the VSD (on the
log;o scale) for this type of fitted model to underlying model relation-
ship. The design used in this experiment was the NCI design and the
underlying model is linear with .05 spontaneous response expected and
an expected 30% response rate at the MTD. This distribution is uni-
modal and symmetric about the mean, possibly normal. The range on

-5.8 to 10-5'1. Similar frequency

the estimates is small, from 10
histograms would result from the use of other designs and different
parameterizations of the underlying linear model.

Suppose, in error, a quadratic model is fit to the outcomes from an
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experimént conducted on an agent with this underlying linear model.

The assumption.used to fit this quadratic model is quite different from
what is truly occurring in nature. In the linear model, the slope of
the distribution at a dose of zero (control) is greater than zero. For
the quadratic model, the slope of the distribution at control is zero.
Thus, when € is very small, the difference in the estimate of the VSD
for the two models will be drastic. These points become clearer when
we examine Figure 3.3. Although the models used in Figure 3.3 are
obviously fabricated, they illustrate the point concerning the siope

of the model at control. This figure shows that the linear and linear-
quadratic models yield much smaller estimates of the VSD than the
quadratic model.

In terms of fitting a quadratic model to response which is linear
in nature, it is expected that the estimates of the VSD will be larger
than the expected value. Figure 3.4 illustrates what the distribution
of the estimates will look like in this case. Here, the distribution

is again close to normal and covers a small range of possible estimates.

However, in this case the mean of the estimates is approximately

0_2.7 ‘5.462.

1 , over two orders of magnitude larger than the true VSD, 10
Thus, by choosing to fit a quadratic model, the risk from exposure to
this agent has been underestimated.

Now, suppose the underlying model is quadratic. By fitting a
quadratic model to realizations from an experiment with this under-
lying response, a correct assumption would be made. The estimates
of the VSD in such a case would again be normal with a short range

and a mean approximately equal to the true VSD. If incorrectly, a

linear model is fit to this response, the VSD would be drastically
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underestimated»thus overestimating the risk of exposure to an agent
which has this underlying dose-response.

In general, when dealing solely with linear and quadratic models,
it is a win all or lose all situation. If the proper assumptions are
made and the correct model is fit, the estimates of the VSD are close
and generally reliable. If however, the assumptions are incorrect
and the wrong méde] is fit, the estimate of the VSD is likely to be
2 to 3 orders of magnitude off. .

Similar comments apply to the situation in which the underlying
model is linear-quadratic and either a linear or a quadratic model is
fit. The VSD will be 1 to 2 orders of magnitude too small if the linear
model is used (Figure 3.5) and if a quadratic model is used, the VSD
can be overestimated by 1 to 2 orders of magnitude (Figure 3.6). Thus,
when the underlying dose-response follows a linear-quadratic model, the
errors incurred by fitting a linear or quadratic model are smaller
than those mentioned previously for undgr]ying linear and quadratic
models but are still large enough to warrant the use of additional
information to decide the form of the model prior to fitting.

Instead of choosing to fit a linear or a quadratic model, it is
possible to let the experimental outcome decide the form of the model.
If a linear-quadratic model is fit, it is possible to achieve any of
the three models; linear (ag > 0, a; > 0, a, = 0), quadratic
(0o > 0, a; =0, a; > 0) or linear-quadratic (g > 0, a; > 0, ay > 0).
The form of the model being fit to response from an animal experiment
is decided by maximizing the 1ikelihood over all possible models. The
effect of fitting this type of model on dose-response outcome from any

of the various underlying models can be investigated. The assumption



49

® ricurE 3.5

FREQUENCY DISTRIBUTION OF LOG SAFE DOSE
CURRENT NCI CANCER BIOASSAY
P(D)=1-EXP(~-0.0513 -0.3161%D —{ . 9352xDxx2)
FITTING A LINEAR MODEL
TRUE LOG SAFE DOSE: -5.477
30. -
27.1
24.]
21. |
® 8. |
‘ {5. |
2.
9.l
6.1
= i
0..
-6.37 -6.34 -6.3 -6.27 -6.24-6.2 -6.17 -6.13 -6.1 -6.01
LOG SAFE DOSE




FIGURE 3.6:

50

FREQUENCY DISTRIBUTION OF LOG SAFE DOSF
CURRENT NCI CANCER BIOASSAY
P(D>=1-EXP(-8.0513 -8.3161%D —1.9352xD**2)
FITTING A QUADRATIC MODEL
TRUE LOG SAFE DOSE: -5.477

30. .

27. 1

24. 4

21.1

18. |

1S. 1

12.1

e . —

—/

~3.17-3.16 -3.14 -3.12 -3.11 -3.99 -3.087 -3.06 -3.04
' LOG _SAFE DOSE

-2.97




51

here is that by using this method the chances of fitting the wrong model
will be reduced since, the model being fit has the highest 1ikelihood of
being correct.

Again assume that, for some agent being investigated, the underlying
dose-response can be explained by the use of a linear model. If a
linear-quadratic model is fit to the results of an experiment on this
agent, the distribution of the estimated VSD will be similar to that of
Figure 3.7. For the particular case portrayed in Figure 3.7, the NCI

design is used with an underlying linear model given by:

-.0513 - .3054d

P(d) =1-e (3.3.1)

and an excess risk of 10-6. Similar histograms are observed for other

linear models, designs and excess risks.

The distribution in Figure 3.7 is bimodal and very different from

-5.5 =2.7

normal. Note that the two modes seem to be at 10 and 10 By

carefully examining the simulation results and locating what mode a
particular estimate of the VSD falls into in comparison with the type

of model chosen by the likelihood, the cause of the two modes becomes

-5.5

clear. The mode centered around 10 results from the choice of

fitting a linear model to the simulated outcome. The upper mode

-2.7 is the result of the likelihood determining a qua-

centered at 10
dratic model is the best to fit. This type of error occurred 14% of

the time. For other models and designs, it can occur from 3% to 60%

of the time. Thus, a response which is truly linear can, with high prob-
ability fit a quadratic model better than it would fit a linear model.
From this figure, it is also possible to argue for the existence of a

-3.68

third mode at 10 which results from fitting a linear-quadratic
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model. 1In genéra], the VSD's derived from choosing linear-quadratic
models tend to wash into the right tail of the lower mode making this
center mode difficult to discern. However, for underlying linear models,
these investigations have shown that estimation of a linear-quadratic
model using this type of model fitting procedure, can involve 0% to

20% of the fitted models. Thus, it is also seen that response which

is linear in nature can look linear-quadratic when the likelihood is

used to determine the functional form.

When the underlying model is quadratic, a bimodal distribution is
again very likely to be observed. In this case, typically the larger
mode would be centered around the true safe dose with a lower mode
contributable to estimation of the VSD using linear and linear-quadratic
models. The error in model choice for this case is again in the range
from 3% to 60%.

The final case deals with fitting a linear-quadratic model to
response which is linear-quadratic in nature. Here the bimodality is
worse instead of better (a near-normal distribution is expected since
the right model is being fit) as shown in Figure 3.8. It is possible to
consider the linear-quadratic model as falling between the linear and
quadratic models. Responses obtained from this underlying model will tend
toward both linear and quadratic with high probability and vefy seldom
fit a linear-quadratic model. Thus, the frequency of fitting an incor-
rect model increases to range from 5% to 95%.

The implications concerning the distribution of the VSD on the
bioassay design are quite important. When fitting a 1inear or quadratic
model, no design modifications will improve the estimation if the

incorrect model form is applied. In applying a linear-quadratic model

- "
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FIGURE 3.8:
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using constrained maximum likelihood, it is seen that response which
is non-quadratic can, with positive probability, fit a quadratic model
very well, and vice-versa. Therefore, in choosing an optimal design,
minimum mean-squared-error, is not the only consideration. A secondary
criteria is to minimize the probability of choosing the incorrect model.
The distributions of the VSD for small bioassays and the error in
model choice also underscore the need for incorporation of biological
justification in the risk assessment. The determination of what model
to use can not be simply left to the choice of some mathematical tech-

nique but should encompass biological reasoning.

3.4 A Comparison Of Asymptotic vs Small Bioassay VSD Distributions

In studies such as this one, it is of interest to determine how
well the asymptotic theory predicts what will occur for smaller numbers.
In most cases, it is much simpler to achieve the required outcome by use
of asymptotic theory than it is to work with the small sample mathe-
matics. For bioassay design, one question of importance concerns how
large the bioassay must be before the asyﬁptotic theory is a good
approximation. Also, it is of interest to determine how well confidence
bounds based on the asymptotic theory compare to what was realized for
the small bioassays.

Two methods will be employed in comparing the asymptotic theory
to the results observed for the small bioassay; shape of the distri-
bution and 95% confidence bounds. The situations in which linear or
quadratic models are fit will be disregarded. As previously discussed,
use of these models involves a hit or miss principle; either the right

model form is chosen and good estimates of the VSD result or the wrong
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model form is éhosen and the estimates of the VSD are consistently 2
to 3 orders of magnitude off. Instead, the more wide]& accepted linear-
quadratic model will be concentrated upon.

The shape of the distribution of the VSD generated by the asymptotic
theory can be compared to the frequency histograms observed from the

simulation study. Assume the underlying model is linear, specifically:

Ped) = 1 - o 0513 - 2.25d (3.4.1)

Applying the NCI design protocol, by adjusting the mass of the asymp-
totic distribution, it is possible to overlay this distribution with the
frequency distribution in the same plot as shown by Figure 3.9. This
plot shows that the asymptotic theory underestimates the mass in the
right tail for small samples, completely ignoring the bimodality ob-
served for the simulations. The underlying model (3.4.1) assumes re-
sponse at the MTD is 90%. As the MTD response gets smaller, the error
in the right tail for the asymptotic distribution gets progressively

worse. This is portrayed in Figure 3.10 where the underlying model is:

P(d) = 1 - ¢-0513 - .111d (3.4.2)

a linear model with 15% response at the MTD. The effect of this error
on the upper confidence bounds of the VSD will be explored later in this
report.

A useful result would be to determine how many animals are required
for the small bioassay results to be approximated well by the asymp-
totic theory. For underlying linear models, if response at the MTD
is high (3.4.1), the two distributions converge for as few as 600

animals (200/dose in the NCI protocol). Figure 3.11 illustrates this
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FIGURE 3.10:
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point. However, when the underlying linear model has low response at
the MTD, the two distributions don't converge for as many as 10,000
animals. In fact, using the linear model (3.4.2), we see the bimodality
of the distribution persists for 10,000 animals as shown in Figure 3.12.
For underlying response of this type, the bimodality does not disappear
until experiments using over 50,000 animals are employed. However, the
two distributions still do not converge for, as shown by Figure 3.13
using 100,000 animals, the right hand tail of the asymptotic distri-
bution is too short to approximate what was observed from the
simulations.

When the underlying model is linear-quadratic, the asymptotic
theory states that the distribution of the VSD should be normal (2.2.12).
However, again due to bimodality, the right hand tail of the distribu-
tion using the asymptotic theory dose not correspond to the simulated
results. In fact for the typical biocassay (150 animals), the distribu-
tions are quite different as shown in Figure 3.14. For this model, the
bimodality remains even for large bioassays with as many as 100,000

animals. In Figure 3.15, using a linear-quadratic model with form:

- - 2
P(d) =1 - e .0513 - .0171d - .0941d (3.4.3)

there is still a trace of bimodality at 10.2'4 and it is seen that the
right-hand tail of the asymptotic distribution is again too short to
fully explain the distribution observed from the simulations.

When the underlying model is quadratic, the asymptotic theory
predicts the distribution of the VéD as a weighted combination of two
normal densities, one of which has a variance so large, it is approxi-

mately uniform. The weight is such that this almost uniform density



61

FIGURE 3.12:
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FIGURE 3.13:
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FIGURE 3.15:
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runs from O (péssibly negative) to the expected VSD. The resulting
density has half of its mass uniformly distributed between zero and

the expected VSD and the remaining half normally distributed about the
expected VSD. Figure 3.16 illustrates this distribution compared to the
distribution observed using Monte Carlo simulations. Again

the NCI design protocol with 150 animals is employed and a quadratic
underlying model is used of the form:

L o--0513 - .111d%

P(d) = 1 (3.4.4)

For this case, even with the Tong heavy tail on the left, the asymptotic
theory can not account for the bimodality for small samples and does not
approximate the frequency distribution very well. However, if an ex-
tremely large number of animals is applied in the experiment, the asymp-
totic theory works well for all cases. Figure 3.17 illustrates this point
using the NCI design with 100,000 animals and the quadratic model
(3.4.4). It is seen in Figure 3.17 that the left-hand tail of the
frequency histogram has flattened out Bécoming approximately uniform in
the range from zero to the expected VSD. This is exactly what the
asymptotic theory has predicted. |

The second method used to compare the asymptotic theory to the
small bioassay results will be to investigate the confidence bounds
on the VSD derived from the two. Again, the NCI design protocol for
150 animals is used and any discussion is restricted to the use of an

excess risk of 10-6. Note however, that the results presented will

8 4

be applicable to any excess risk in the range 10°° to 10 .

Four methods are employed to calculate 95% upper and lower

~

confidence bounds on the VSD estimate, s. Both upper and lower bounds

.
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are used since; from a regulatory point of view, the lower bound is ‘
important and, in industrial applications, the upper bound can also be
of great importance.
Crump (1980) derived a confidence bound on the VSD based on the
use of the log-likelihood. Noting that, for very low doses, the dose-

response relationship, P, can be approximated by:

P(d) = uld (3.4.5)

Crump calculates the (1 - a)100% lower confidence bound on the safe

dose as:

- *-1
s{ = ¢ (q0 ul) (3.4.6)

*
where ay > ay is that value of the linear parameter which decreases the

log-likelihood LO’ to some value, Ll’ such that 2(L0 - Ll) is the .
cumulative (1 - 2a)100 percentage point of the chi-squared distribution -
with one degree of freedom. Analogously, to find the (1 - a)100%
upper confidence bound on the VSD, (3.4.6} is again used, this time for
a; < oq. Note that, in many instances, if is not possible to decrease
oy enough to change the value of the log-likelihood the necessary
amount. In these cases, the upper bound according to Crump's method, is
infinite or simply undefined.
The second method concerns the use of the distribution of the VSD
for the multi-stage model where the model parameters are unconstrained
(UNC). The form of this distribution is given by (2.2.12) for all N
underlying models. The confidence bound is calculated by inverting

the distribution using numerical methods to calculate the variance.

It is possible for this distribution to have positive mass for the .
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VSD estimate léss than zero. If this mass is greater than .05, the
lower confidence bound will be negative. In such cases, the lower bound
is denoted by a "*".

Using similar methods applied to calculate UNC confidence bounds,
confidence bounds can be calculated using the asymptotic distribution
of the VSD for the true multi-stage model (2.2.1). The distributions
in this case are given by (2.2.12) and (2.2.25). Again, due to the
assumption that the probability of &i = 0 when a, > 0 is z;ro, it is
possible for small bioassays to have positive mass for negative esti-
mates of the VSD.

Finaf]y, confidence bounds can be constructed from the Monte-Carlo
simulations by ordering the results from 1000 simulations and choosing

h and 950th estimates. These bounds can be considered the true

the 50%
confidence bounds and will be referred to by the label "SIMS".

Table 3.1 gives the upper and lower confidence bounds on the VSD
using the four methods previously discussed. The bounds are derived
for underlying models given by the 33 models of Table 2.3. The column
labeled VSD is the expected value of the virtually safe dose for each
model when the excess risk is 10-6.

The Tower confidence bounds (LCé) using the UNC method tend to be
conservative as compared to the SIMS bounds when they are not iero.
Using the asymptotic theory of Chapter II (CON), it is seen that the
LCB's are a bit too large, in general, when they are not zero. However,
for both of these methods, the LCB's are zero most of the time
making them of 1ittle use. The CON and UNC methods yield non-zero

LCB's more often if the spontaneous response is small, the MTD response

is high and the underlying model is close to linear. However, in



TABLE 3.1-A: 95% Lower Confidence Bounds On The vsD
Back- Model MTD
ground Type Response VSD CRUMP UNC CON SIMS
.005 LINEAR .15 .638E-5 .398E-5 * .421E-5 _402E-5
.30 . 286E-5 .205E-5 .743E-6 .234E-5 .225E-5
.50 .146E-5 .113E-5 .657E-6 .126E-5 .114E-5
.90 .437E-6 .355E-6 .262E-6 .389E-6 .355E-6
QUADRAT .15 .253E-2 .400E-5 x x .709E-5
.30 .169E-2 .229E-5 * * .400E-5
.50 .121E-2 . 140E-5 * * .483E-5
.90 .661E-3 .621E-6 * * .175E-5
LIN-QUA .15 .748E-5 .407E-5 * * .497E-5
.30 .361E-5 .212E-5 .397E-6 .397E-6 .234E-5
.50 .227E-5 .122E-5 .500E-6 .500E-6 .135E-5
.90 .136E-4  .832E-6 x * .172E-5
.050 LINEAR .15 . 946E-5 .473E-5 x .502E-5 .465E-5
.30 . 345E-5 .230E-5 .138E-6 .262E-5 .246E-5
.50 .164E-5 .123E-5 .607E-6 .136E-5 .130E-5
.90 .468E-6 .376E-6 .271E-6 .411E-6 .38BE-6
QUADRAT .15 .308E-2 .422E-5 x X .608E-5
.30 .186E-2 .237E-5 x x .353E-5
.50 .128E-2 .144E-5 x x .363E-5
.90 .684E-3 .629E-6 X x .203E-5
LIN-QUA .15 .614E-4  .524E-5 * x .497E-5
.30 . 754E-5 .251E-5 x * .271E-5
.50 .347E-5 .138E-5 x x .168E-5
.90 .333E-5 .683E-6 x x .128E-5
.200 LINEAR .30 .936E-5 .384E-5 X .262E-5 .332E-5
.50 . 266E-5 .174E-5 * .189E-5 .159E-5
.90 .601E-6 .470E-6 .307E-6 .505E-6 .458E-6
QUADRAT .30 .306E-2 .D15E-6 * * .369E-5
.50 .163E-2 . 306E-5 x x .267E-5
.90 . 775E-3 .151E-5 x X .149E-5
LIN-QUA .30 .100E-4 .385E-5 x x .306E-5
.50 .522E-5 . 185E-5 x x .172E-5
.90 .563E-5 .795E-6 x X .137E-5

* indicates lower confidence bound would be negative
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TABLE 3.1-B: 95% Upper Confidence Bounds On The VSD

Back-  Model MTD
ground Type Response VSD CRUMP UNC CON SIMS
.005 LINEAR .15 .638E-5 # .133E-4 .133E-4 .542E-2
.30 .286E-5 # .494E~5 .494E-5 .301E-2
.50 .146E-5  ,964E-5 .225E-5 .225E-5 .358E-4
.90 .437E-6  .120E-5 .608E-6 .608E-6 .404E-5
QUADRAT .15 .253E-2 # .416E+0 .285E-2 .692E-2
.30 .169E-2 # .273E+0 .184E-2 .400E-2
.50 .121E-2 # .200E+0 .129E-2 .273E-2
.90 .661E-3 # .136E+0 .694E-3 ,145E-2
LIN-QUA .15 .748E-5 # .167E-4 .167E-4 ,582E-2
.30 .361E-5 # .679E-5 .679E-5 .337E-2
.50 .227E-5 # .402E-5 .402E-5 .452E-3
.90 .136E-4 # .130E-3 .130E-3 .140E-2
.050  LINEAR .15 . 946E-5 # .275E-4 .275E-4 .615E-2
.30 .345E-5 # .672E-5 .672E-5 .363E-2
.50 .164E-5 .819E-4 .266E-5 .266E-5 .211E-2
.90 .468E~6  .138E-5 .659E-6 .659E-6 .268E-5
QUADRAT .15 .308E-2 # .847E+0 .378E-2 .636E-2
.30 .186E-2 # .378E+0 .208E-2 .476E-2
.50 .128E-2 # .241E+0 .138E-2 .307E-2
.90 .684E-3 # .144E+0 ,725E-3 .154E-2
LIN-QUA .15 .614E-4 # .748E-3 .748E-3 .623E-2
.30 . 754E-5 # .217E-4 .217E-4 .403E-2
.50 .347E-5 # .749E-5 .749E-5 .263E-2
.90 .333E-5 # .105E-4 _105E-4 .144E-2
.200  LINEAR .30 .936E-5 # .364E-4 _364E-4 .473E-2
.50 .266E-5 # .543E-5 .543E-5 .364E-2
.90 .601E-6 254E-5 .890E-6 .892E-6 .487E-5
QUADRAT .30 .306E-2 # .136E+1 .407E-2 .475E-2
.50 .163E-2 # .447E+0 .186E-2 .401E-2
.90 .775E-3 # .174E+0 .837E-3 .173E-2
LIN-QUA .30 .100E-4 f# .410E-4 .410E-4 .472E-2
.50 .522E-5 # .151E-4 .151E-4 .394E-2
.90 .563E-5 # .247E-4 . 247E-4 .175E-2

# indicates it is impossible to achieve an upper bound
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general these hethods give poor estimates of the LCB's.

The methodology developed by Crump seems to work very well for
calculating LCB's. The use of the likelihood is similar to Monte-Carlo
simulation in the estimates of the LCB's since the assumption of a
chi-squared distribution for the difference of the two log-likelihoods,
L0 and Ll’ is appropriate for 150 animals. The Crump estimates tend to
be most conservative when the MTD response is small and the spontaneous
background response is small and the underlying model is quadratic.
However, in general, the LCB given by Crump's method seems acceptable for
small bioassay results. For upper confidence bounds (ucB), the method
proposed by Crump is useless since, in virtually every case, the upper
bound is undefined (infinite). The UCB's calculated using the CON
method tend to be far too small (sometimes by two orders of magnitude)
when compared to what was observed for the simulation study. Thus, for
both upper and lower confidence bounds, the methodology derived in
Chapter II is useless for 150 animals.)

The UNC confidence bounds are worse than those for the CON method.
When the underlying model is linear or linear-quadratic, this method
underestimates the 95% UCB. For quadratic models, it overestimates the
UCB.

In this section, the asymptotic theory of Chapter II was compared
to what was observed using Monte Carlo simulation for small bioassays.
For the typical bioassay of 150 animals, the distribution of the VSD
resulting from use of the asymptotic theory differed drastically from
what was observed in the simulations. When response at the MTD is high,
the asymptotic theory approximates the distribution of the VSD well for

moderate numbers of animals (600). However, for most underlying models,
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a large number‘of animals (100,000) are required to get a good approxi-
mation of the distribution of the VSD from the asymptotic theory.

Four methods were used to determine confidence bounds on the VSD.
The bounds calculated using the results of the simulation study could
be considered the true confidence bounds. The UNC bounds based on the
asymptotic theory ignoring the constrained nature of the parameters
in the multi-stage model failed to produce good estimates of the upper
and lower confidence bounds of the VSD. The failure of the CON method,
developed in Chapter II, to correctly estimate the confidence bounds on
the VSD was due to a failure of one of the assumptions used to develop
this theory. Asymptotically, it was proven that the probability of
the estimate of & to be zero when the expected value was non-zero was
zero. For small bioassays involving only 150 animals, this assumption
is incorrect as shown by the bimodality of the estimated VSD. Inclusion
of this case may Tead to better approximations using the asymptotic
theory. )

Finally, confidence bounds developed by Crump gave excellent
estimates of the lower confidence bound on the VSD. Here, the lower
bound includes a positive probability of & being greater than zero for
all underlying models. This, and the validity of the chi-squared
distribution for the difference in the log-likelihood combine to mimic
the results for lower confidence bounds observed in the simulations.
This method fails as an upper bound, since it is impossible in many
cases to decrease the value of &1 enough to produce the required

difference in the log-likelihoods. Possible modifications of this

procedure utilizing a, as well as ay may remedy this failure.
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3.5 Small Bioaésay Optimal Designs

The purpose of this research is to investigate the effect of
changing the design parameters, dose and animal allocation, on the
estimation of the VSD. The optimal design will be that design, w,
which minimizes the mean-squared-error of the maximum likelihood esti-
mate of the VSD based on a random sample of replicated experiments using
Monte Carlo simulation. Note that the study is censored to include
only experiments which have shown significant dose-response increase
based on the Armitage linear trend test. Discussion of uncensored re-
sults is left for Chapter 1IV.

Again, the discussion concentrates on using the 33 models of Table
2.3 as portraying the range of possible dose-response observed in
nature. Optimal designs for fitting linear, quadratic and linear-
quadratic models to response which is linear, quadratic and linear-
quadratic in nature are discussed.

Suppose an experiment has been coqgucted to determine the toxicity
of some environmental chemical and the analyst has decided to fit a
Tinear model to the response observed. If the underlying model for
dose-response was linear, regardless of what design had been used to
conduct the experiment (provided it was practical), the accuracy of the
estimated VSD would remain unchanged. In this situation, the proba-
bility of being more than one order of magnitude off is approximately
zero and does not change with design changes. The design which opti-
mizes the estimation (only slightly) would use only a control dose with
about 20% of the animals and the remaining animals at the MTD.

Given the same experimental situation with the underlying model

quadratic or linear-quadratic, no 6pfima] design exists. The im-
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proper assumpt%on of fitting a linear model has so biased the estimate
of the VSD, that the magnitude of the mean-squared-error makes it
impossible to optimize. In this situation, the probability of being
within one order of magnitude of the expected VSD is very small.

Similar comments apply to the use of a quadratic model to approx-
imate dose-response from an animal bioassay. When the underlying re-
sponse follows a quadratic structure, the optimal design will have two
groups, control and MTD, with approximately 30% of the animals at con-
trol. For underlying linear or linear-quadratic models, no design
changes will help to correct the bias incurred from use of incorrect
assumptions used in deciding the form of the dose-response from the
experiment.

The remainder of the discussion will concentrate on the use of
the linear-quadratic model in approximating dose-response behavior. For
this model, design changes can have marked effect on the estimated mean-
squared-error. To locate optimal designs, a directed grid search over
the parameters of interest was used to find the dose and animal allocations.
A directed grid search in this context involves the use of smaller and
smaller grids until the design is within a pre-defined neighborhood of
the global optimal design. The increment for dose in the finest grids
was .025 and 10 animals per group was the smallest increment used to
allocate animals. For each point on a grid (design), 1000 simulated
sets of quantal response data were used to calculate the sample mean-
squared-error. Table 3.2 illustrates a typical grid, in this case, for

the underlying linear-quadratic model:
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TABLE 3.2: Sample Grid Of Mean-Squared-Errors Used To Find
Small Sample Bioassay Designs

Control Moy Middle-Dose (d,)

Animals Animals .1 .2 .3 .4 .5
10 10 -11944 .09926 .09181 .08480 .09590
10 30 -14906 .14014 .12629 .10854 .10682
10 50 .16442 14733 .13053 .11012 .10994
10 70 -15140 .13910 .12814 .11429 .12048
30 10 .11760 .08998 .07647 .09300 .09844
30 30 .15979 .12423 .10762 .08582 .09378
30 50 .15028 .13169 .11141 .11227 .11038
30 70 .15746  .12938 .12238 .11414 .12384
50 10 .11420 .08460 .07786 .08219 .09462
50 30 .14224 11993 .10229 .10905 .10512
50 50 .17170 .13682 .11895 .11369 .11494
50 70 .15220 .14099 .13115 .11792 .11914
70 10 .13172 .08577 .09377 .08582 .10010
70 30 .15843 .13900 .11536 .10144 .11076
70 50 .15240 .14737 .13838 .12087 .13127
70 70 -19293 .15900 .13833 .15747 .16808

X entries are MSE(§)'105
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- 0513- 140d-. 16642
P(d)= 1 - o -0513-.140d-.166d°

Several practical assumptions were made concerning certain fixed
parameters in the design. In all cases it was assumed that the optimal
design must contain a control group (d0=0). This requirement is practical
for more reasons than just minimizing the mean-squared-error of the
estimate of the VSD (i.e., biological validity of the experiment, stati-
stical testing, ...). It was also assumed for the grid search, that the
upper dose, d2, was fixed at the MTD. This assumption will be tested
later in this section and discussed in detail in Chapter IV. Finally,
it was assumed that no group (control or dosed) use less than 10 animals.
This boundary condition was seldom encountered for the 33 underlying
models studied.

Thus, there are only three parameters to optimize over; dl’ Yg and
Yo (note that y1=1-y0-y2). From Table 3.2 it is seen that the manifold
describing the mean-squared-error seems smooth and well behaved. This
same behavior was observed in every grid and the choice of optimal design
could be narrowed down to one or two sections of each grid, eventually
locating the optimal design.

The SO designs for the 33 models of Table 2.3 are shown in Table
3.3 when the linear-quadratic model is used to approximate the observed
dose-response. The models are portrayed in the same manner used in
Table 2.3. The column labeled MSE(S) is the value of the mean-squared-
error of the VSD calculated from the simulations for that design using
formula (3.2.1).

The SO designs for agents in which the underlying dose-response

behavior is linear or linear-quadratic seem to be constant over all



TABLE 3.3: Small Bioassay Optimal Designs For An Added Risk

of 1076
Back-  Model MTD # At # At # At
ground Type Response d, Control d, MTD MSE(S)
.005 LINEAR .15 .175 10 130 10 .458E-6
.30 .300 30 90 30 .459E-7
.50 .300 20 110 20 .140E-8
.90 .200 10 75 65 .189E-13
QUADRAT .15 .075 70 10 70 .536E-6
.30 .050 70 10 70 .200E-6
.50 .050 70 10 70 .948E-7
.90 .050 70 10 70 .532E-7
LIN-QUA .15 .300 10 120 20 .533E-6
.30 .200 10 130 10 .133E-6
.50 .300 20 100 30 .189E-7
.90 . 125 10 110 30 .132E-6
. 050 LINEAR .15 .300 10 130 10 .867E-6
.30 .300 30 110 10 .289E-6
.50 .300 70 70 10 .353E-7
.90 .200 20 70 60 .468E-13
QUADRAT .15 .100 70 10 70 .367E-5
.30 .075 70 10 70 .131E-5
.50 .050 70 10 70 .635E-6
.90 .150 60 80 10 .171E-6
LIN-QUA .15 .300 10 - 130 10 .111E-5
.30 .300 30 110 10 . 765E-6
.50 .300 30 110 10 .231E-6
.90 .200 30 90 30 .113E-6
.200 LINEAR .30 .300 50 90 10 .531E-6
.50 .300 50 80 20 .231E-6
.90 .200 50 50 50 .326E-8
QUADRAT .30 .100 70 10 70 .466E-5
.50 .100 50 50 50 .122E-5
.90 .275 70 70 10 .243E-6
LIN-QUA .30 . 300 30 110 10 .541E-6
.50 .400 50 80 20 .464E-6
.90 .325 30 50 70 .227E-6
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such parameterfzations. Generally, the middle dose, dl’ is approxi-
mately 30% of the MTD and receives between 70 and 100 of the animals.
The remaining animals are split evenly between control and the MTD.
Thus choice of a fixed design for underlying models of this type is
strongly indicated from these results.

If the underlying models are quadratic, the average SO design
seems opposite to that for models which are non-quadratic. In this case
it seems the best design would have most of the animals split evenly
between the control group and the MTD dosed group and few animals at a
very low middle dose (d1<.1). However, the manifold describing the
mean-squared-error of § over the range of designs is saddle-shaped for
underlying quadratic dose-response models. One stirrup (or low-point
of the saddle) is the SO design for quadratic models. The other stirrup
is in the region of designs which are optimal for linear and linear-
quadratic models. This implies that use of the designs which are
optimal when the underlying model is linear or linear-quadratic will
not cause a large increase in the mean-squared-error when the under-
lying model is quadratic.

Finally, for all underlying models, the designs seem to diverge as
the MTD response and spontaneous background response increase. For the
underlying quadratic and linear-quadratic models, this instability is
due to changes in the design causing very little change in the value of
the mean-squared-error. So, for these underlying models, most designs
worked equally well and finding an optimal design is not as crucial. This
is not the case when the underlying model is linear. For these models, as
the spontaneous background increased, there was a definite trend toward

an increased number of animals in the control group and an increase in
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the value of di. Thus, prior knowledge concerning the probability of
whether the underlying model is linear and what the background response
will be would be beneficial in choosing an optimal design. It is assumed
that no such knowledge is available in determining fixed optimal

designs.

An optimal occurrence would be to find a design which never chooses
the wrong model form. The SO designs for two cases in which the under-
lying model was linear had this property. When the underlying model is
Tinear with .005 or .05 background response and 90% response at the MTD,
using the SO designs given in Table 3.3 and fitting a linear-quadratic
model, the resulting fitted model will be linear. Thus, this design has
eliminated one of the two methods which add error to the estimation of
the VSD. The resulting mean-squared-errors in Table 3.3 reflect this
observation by being 5 to 7 orders of magnitude lower than what was
observed for other designs. So, the effect of incorrect model choice
on the estimated VSD is seen to be large and proper design can make
significant improvements in estimation.

Consider now the differences in the A0 (Table 2.4) and the SO
(Table 3.3) designs. For both designs, the optimal middle doses (dl)
are similar when the underlying models are linear or linear-quadratic.
For underlying quadratic models, the middle doses in the AO designs are
consistently larger than those in the SO designs. In both designs, the
number of animals at control increases as the background incidence in-
creases. In the A0 design, 50% to 70% of the animals are generally
allocated to the middle dose with a majority of the remaining animals
going into the control group. For linear and linear-quadratic under-

lying response, the SO designs seem to have this same trend. However,
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when the underlying model is quadratic, the SO design puts most animals
at the two endpoints, control and the MTD. In general, for underlying
linear and linear-quadratic models, the AD designs seem close to the SO
designs. When the underlying response is quadratic, the two seem quite
different.

As was the case for the A0 designs, the SO designs are model depen-
dent and of little practical use to the laboratory scientist attempting
to design a bioassay. What is required is a fixed design with doses
expressed as proportions of the MTD, which works well for all under-
lying models. To find such a design, the relative efficiency of
several designs to the SO (and other) designs will be used.

The relative efficiency of design w' to some other design w is

defined as:

RE(w',w) = VN(w;R,e,P)/VN(w';R,e,P) (3.5.1)

where the mean-squared-error, VN’ is defined by (3.2.1). To find an
optimal fixed design, the relative effigiencies of over one-hundred
three-dose fixed designs were compared to the SO design. Under this
routine, for a fixed design to be optimal, the value of the relative
efficiency for that design compared to the SO design should be close
to one for all underlying models.

Table 3.4 gives the relative efficiency of two fixed designs to
the SO design for the 33 underlying models. The NCI design (the current
NCI bioassay protocol) has a median relative efficiency of .380 and
ranges in relative efficiency from .000 to .935. The remaining
three-dose fixed design is the best three-dose fixed design found.

It has a group given a dose of 30% the MTD using 90 animals and 30
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TABLE 3.4: Relative Efficiency Of Three-Dose Fixed Designs .
To The SO Design
NCI ALT -

Back-  Model MTD doses 0.,.5,1. 0.,.3,1.
ground Type Response animals 50,50,50 30,90,30

.005 LINEAR .15 .297 .463
.30 .227 1.000
.50 .029 .780
.90 .000 .000
QUADRAT .15 .184 .172
.30 .138 .148
.50 .136 .137
.90 .267 .270
LIN-QUA .15 .330 .541
.30 .352 .704
.50 .143 .518
.90 .654 .694
.050 LINEAR .15 .348 .529
.30 .588 .592 ]
.50 .380 .493
.90 .000 .000 .
QUADRAT .15 .787 .690 -
.30 .758 .714
.50 .840 .833
.90 .752 .839
LIN-QUA .15 .334 .413
.30 .667 .709
.50 658 .909
.90 .654 .910
.200  LINEAR .30 .350 .403
.50 : .442 .535
.90 .243 .345
QUADRAT .30 .806 .813
.50 .935 .943
.90 .917 .943
LIN-QUA .30 .392 .483
.50 .599 .633
.90 .855 .917
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animals at botﬁ control and the MTD. This design will be referred

to as the alternate or ALT design. The ALT design seems to perform more
efficiently than the NCI design, especially when the underlying model of
dose-response is linear or linear-quadratic. For this design, the median
efficiency is .592 and the range in relative efficiency is from .000 to
1.000. From the NCI design to the ALT design, the drop in median
relative efficiency is approximately .11 .

Concern over the very low relative efficiency in the underlying
linear models with background incidence of .005 and .05 and response at
the MTD of .90 is minimal. As was stated in the development of these
models, MTD response generally ranges between 30% and 50% with most of
all positive bioassays having MTD response in the range of 15% to 90%.
Thus, if weights were assigned to these models, the 15% and 90%
response models would receive little weight and the optimal design
choice would correspond to SO designs in the MTD mid-response range.

From Table 3.4, it is seen that it is possible to improve the esti-
mation of the VSD by changing the present design protocol. If the dis-
cussion were ended at this point, the recommended bioassay design would
be the ALT design. However, thébe were assumptions made concerning the
optimal design which must be investigated. These assumptions fixed the
number of treated groups in the optimal design and forced the MTD to be
one of the doses.

Recently, there has been much debate over the inclusion of a fourth
dose in the cancer bioassay. Asymptotically, when using the two-stage
model to do extrapo]ation; inclusion of a fourth dose would only lower
the precision of the estimate of the VSD (Chernoff, 1953). However, for

small bioassays, a fourth dose could help to eliminate the bimodality
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of the estimate thus increasing its precision. There is also a bias ex- .
pressed by the biologists, toxicologists, etc. toward the use of more
doses. For these reasons, four-dose designs are studied. -
Due to constraints on computer time and costs, it is impossibie to
attempt to find the four-dose optimal designs in the same manner in
which the three-dose optimal designs (S0) were located. Instead, the
concentration is on a set of four-dose designs which are indicated as being
possibly optimal by the three-dose designs as well as designs being dis-
cussed in the toxicology literature. Tables 3.5, 3.6 and 3.7 portray
a sampling of the better four-dose designs. In these tables, rather
than give the relative efficiency of the four-dose designs to the SO
designs, since the goal is to improve upon the ALT design, the mean-
squared-error of the VSD for the ALT design will be used in the
numerator of the relative efficiency. Therefore, for a four-dose ‘
design to improve upon the ALT design, the relative efficiencies ex-
pressed in Tables 3.5, 3.6 and 3.7 must be greater than 1.
In Table 3.5, the dose structure is one proposed by the Environ-
mental Protection Agency (EPA) as a design which they feel will improve
low-dose extrapolation. The animal allocations used were suggested by
the EPA as well as the three dose optimal designs. Note that, in
general, the first two animal allocations , labled AFD and BFD, do not
perform as well as the ALT design. The CFD design, however, performs
better than the ALT design for 10 of the 33 models. Seven of these
models are for the high (90%) and low (15%) MTD response models. Thus,
for the models of most frequent occurrence, the ALT design is superior.
A11 three four-dose designs in Table 3.5 do significantly better than

the ALT design for the two underlying linear models with 90% MTD .
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. TABLE 3.5: Relatively Efficiency Of Four-Dose Fixed Designs To The ALT
Design When Doses Of 0.,.2,.85 and 1. Are Employed

Back-  Model MTD AFD BFD CFD
ground Type Response animals 15,60,60,15 25,50,50,25 30,45,45,30
.005 LINEAR .15 0.89 0.63 0.63
.30 0.05 0.26 0.26
.50 0.05 0.10 0.06
.90 163486.40 20.65 114127.36
QUADRAT .15 1.11 1.28 1.27
.30 0.88 0.96 0.90
.50 1.10 1.06 1.11
.90 1.02 0.98 1.00
LIN-QUA .15 0.75 0.48 0.49
.30 0.70 0.65 0.74
.50 0.38 0.40 0.36
.90 1.02 0.98 1.01
.050  LINEAR .15 0.79 0.70 0.69
.30 0.51 0.63 0.66
.50 0.34 0.41 0.52
. .90 2.44 39658.90 9945.32
QUADRAT .15 0.94 1.03 1.06
.30 0.93 0.97 1.05
.50 0.86 0.94 0.94
.90 -0.92 0.92 0.93
LIN-QUA .15 1.05 1.03 0.90
.30 0.86 0.88 0.92
.50 0.65 0.62 0.68
.90 0.88 1.02 0.97
.200 LINEAR .30 0.84 0.80 0.79
.50 : 0.53 0.63 0.56
.90 0.31 0.56 0.63
QUADRAT .30 1.03 1.01 1.11
.50 0.92 0.95 1.01
90 0.88 0.85 0.88
LIN-QUA .30 0.71 0.68 0.69
.50 0.68 0.66 0.75
.90 0.96 1.09 1.09




TABLE 3.6: Reiative]y Efficiency Of Four-Dose Fixed Designs To The ALT
Design When Doses Of 0.,.33,.67 and 1. Are Employed

Back-

Model

ground Type

MTD
Response

.005

LINEAR

.15
.30
.50
.90

QUADRAT

.15
.30
.50
.90

LIN-QUA

.15
.30
.50
.90

.050

LINEAR

.15
.30
.50
.90

QUADRAT

.15
.30
.50
.90

LIN-QUA

.15
.30
.50
.90

.200

LINEAR

.30
.50
.90

QUADRAT

.30
.50
.90

LIN-QUA

.30
.50
.90

animals
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DFD EFD FFD
15,60,60,15 25,50,50,25 30,45,45,30
0.88 0.91 0.88
0.30 0.28 0.26
0.09 0.10 0.15
1979.45 16295.56 7.69
1.25 1.08 1.16
1.01 1.04 1.05
1.09 0.99 1.03
0.97 0.98 1.02
0.75 0.79 0.71
0.59 0.70 0.70
0.40 0.41 0.64
1.04 1.05 0.97
1.19 0.89 0.95
0.82 1.02 0.97
0.59 1.00 0.98
11.11 5.00 6.66
0.94 1.05 1.08
0.96 1.08 1.05
0.88 0.90 1.00
-0.88 0.96 0.93
1.33 1.03 0.94
1.06 0.94 1.03
0.67 0.82 0.89
0.91 0.88 0.81
1.41 1.28 1.11
0.91 0.97 1.09
0.80 1.43 1.08
0.94 1.00 0.96
0.93 0.96 1.03
0.87 0.86 0.89
1.09 1.02 1.00
0.95 0.93 0.81
1.02 0.99 1.00




TABLE 3.7:

Back-

Design When Doses Of 0.,.1,.33 and 1. Are Employed

Model

ground Type

MTD
Response animals

.005

LINEAR

.15
.30
.50
.90

QUADRAT

.15
.30
.50
.90

LIN-QUA

.15
.30
.50
.90

.050

LINEAR

.15
.30
.50
.90

QUADRAT

.15
.30
.50
.90

LIN-QUA

.15
.30
.50
.90

. 200

LINEAR

.30
.50
.90

QUADRAT

LIN-QUA
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Relatively Efficiency Of Four-Dose Fixed Designs To The ALT

GFD HFD IFD
15,60,60,15 25,50,50,25 30,45,45,30
0.65 0.63 0.63
0.20 0.16 0.20
0.03 0.10 0.08
42.02 100633.99 24198.43
1.23 1.23 1.22
1.27 1.18 1.12
1.19 1.11 1.06
1.19 0.95 1.09
0.53 0.50 0.51
0.41 0.53 0.51
0.28 0.48 0.46
0.99 1.05 1.03
0.90 0.79 0.72
0.86 0.87 0.72
0.39 0.60 0.68
1.85 3.33 12.50
1.06 1.05 1.06
1.10 1.01 1.09
0.88 0.88 0.95
-0.91 0.91 0.95
1.23 0.96 0.93
0.89 0.92 0.85
0.63 0.69 0.67
0.94 0.88 1.01
1.25 1.09 0.83
0.98 0.85 0.70
0.44 0.72 2.27
0.91 0.97 1.01
0.95 0.94 0.95
0.93 1.01 0.92
1.19 0.3%0 0.72
1.16 0.93 0.55
0.88 0.93 1.03
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response and .005 or .05 spontaneous background incidence. Thus, these ‘
four-dose designs more closely approximate the SO designs when the design
yields "perfect" response modelling.

In Table 3.6 the dose structure mimics that used in the NCI bioassay
protocol; the doses are uniformly spaced between 0 and 1. The designs
in this table tend to do slightly better than those of Table 3.5. However
the DFD and EFD designs still do not perform consistently better than the
ALT design. The FFD design has a smaller mean-squared-error than the
ALT design for 13 models and ties with it for 3 models. So, for roughly
half of the models, the ALT design can do no better than the FFD design.
Other considerations will be needed to distinguish between these designs.

The remaining four-dose designs, shown in Table 3.7, have two
moderately small middle doses. The object here was to determine what
would be the result of splitting the middle dose of the ALT design which .
was at .3. The resulting designs, GFD, HFD and IFD, have increased
efficiency for the quadratic models and linear models with 90% MTD re-
sponse. The loss in efficiency for the remaining models is typically
about a two-fold increase in the mean-squared-error. These designs do
not seem to improve the extrapolation when compared to the ALT
design.

The final assumption to be tested concerns the use of the MTD
as the upper dose in the optimal design. It is possible that there
exists some design with d2<MTD which produces a smaller mean-squared-
error for §. In Table 3.8, four of the many possible non-MTD designs
are considered. The table entries are the relative efficiency of the
non-MTD designs to the ALT design for each underlying model.

IT the upper dose in the ALT design is slowly dropped below the
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. TABLE 3.8: Relative Efficiency Of Three-Dose Non-MTD Fixed Designs
To The ALT Design

Back- Model MTD doses 0.,.3,.9 0.,.3,.8 0.,.25,.5 0.,.25,.5
ground Type Response animals 30,90,30 30,90,30 30,90,30 50,50,50

.005 LINEAR .15 1.18 1.61 1.05 0.40
: .30 0.64 1.47 0.40 0.19

.50 1079.88 1.12 4.76 0.15

.90 1.39 3.23 1260. 27 1246. 89

QUADRAT .15 0.79 0.75 0.56 0.55

.30 0.81 0.66 0.43 0.39

.50 0.79 0.62 0.45 0.43

.90 0.67 0.52 0.46 0.47

LIN-QUA .15 1.00 1.16 0.72 0.30

.30 1.56 1.39 1.02 0.64

.50 1.67 2.78 1.64 2.78

.90 1.52 2.94 16.67 5.26

.050 LINEAR .15 1.11 0.99 1.45 0.88
.30 1.03 1.03 1.56 0.70

.50 1.72 2.86 1.11 1.11

‘ .90 2.00 4.00 103.88 540.10
QUADRAT .15 0.90 0.88 0.74 0.76

.30 0.95 0.88 0.65 0.65

.50 0.85 0.67 0.50 0.47

.90 0.66 0.53 0.43 0.43

LIN-QUA .15 1.15 1.14 1.39 0.92

.30 1.10 1.04 1.41 0.76

.50 0.97 1.08 0.88 0.76

.90 1.72 3.13 5.03 3.03

.200 LINEAR .30 1.28 1.47 2.63 1.49
.50 0.93 1.08 1.43 0.88

.90 0.98 4.35 1.09 2.38

QUADRAT .30 0.89 0.87 0.72 0.75

.50 0.89 0.76 0.61 0.64

.90 0.74 0.60 0.43 0.40

LIN-QUA .30 0.96 1.19 2.70 1.45

.50 0.91 1.12 2.02 1.08

.90 1.20 1.08 1.06 0.89
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MTD, ihe pattefn of change in the mean-squared-error can be §bserved.
From Table 3.8 it is seen that by dropping the upper dose to 90%
of the MTD, for the linear and linear-quadratic models, the efficiency
of the estimation improves. By going a little farther and decreasing
this dose to 80% of the MTD, the estimation of the VSD is improved for
all but one of the underlying linear and linear-quadratic models. For
quadratic models, as the upper dose is lowered, the relative efficiency
decreases indicating that the precision of the estimation of the VSD
is decreasing. When the upper dose decreases to 50% of the MTD, the
efficiency increases for some models and decreases for others indicating
that lower movement will not aid precision. For the quadratic models,
the deterioration of efficiency continues as the high dose is lowered
to 50% of the MTD. This loss for the quadratic models and gain for the
Tinear and linear-quadratic models is directly due to the probability
of the linear-quadratic model fitting a linear model. As the high
dose decreases, this probability increases thus making the estimation of
the VSD more accurate if the underlying model is linear or linear-
quadratic and less accurate if the underlying model is quadratic.

Under the assumption of a three-dose design with the upper dose
fixed at the MTD, being optimal, it is seen that use of the ALT
design will most improve the low-dose extrapolation when compafed to
any other design. If four-dose designs are considered, the FFD design of
Table 3.6 is a viable alternative to the ALT design. Finally, if no
other mathematical or biological considerations are included, decreasing
the upper dose in the ALT design to 80% of the MTD can significantly
improve estimation if the underlying dose-response model is linear or

linear-quadratic at the expense of'fncreasing the mean-squared-error if
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the under]ying.dose-response model is quadratic.

The improvement in extrapolation from use of the ALT design can
be explained. The group at 30% MTD does better at distinguishing between
Tinear and quadratic response than a dose at 50% the MTD. By putting more
animals at this point, the difference between the models is better
defined. Four-dose designs improve upon this by averaging out the varia-
bility of this one low dose and thus, doing a better job of distinguishing
between model forms. Finally, the non-MTD designs improve upon this by
lowering the upper dose to a point which improves the detection for linear
models. However, if this upper dose is lowered too much, all response

looks -1inear and a quadratic model is seldom fit.



CHAPTER 1V
POWER CONSIDERATIONS IN BIOASSAY DESIGN

4.1 Introduction

The discussion in Chapter I deals with the cancer bioassay and the
two distinct functions generally associated with its use; qualitative
and quantitative risk assessment. Up to this point, the discussion has
centered upon the quantitative aspects of risk assessment and how
changes in the bioassay design will affect the accuracy of low-dose
extrapolation under the multi-stage model.

In Chapter II, the discussion centered on the asymptotic theory of
extrapolation and designs which optimize the low-dose extrapolation for
bioassays utilizing an infinite number bf}anima]s. In this situation,
qualitative risk assessment plays a very minor role in the results. It
would be very difficult, if not impossible, to combine the two for
asymptotically large bioassays. The A0 designs developed in Chapter II
are assumed to be applied to experiments on chemicals which are known,
a priori, to be carcinogenic.

In Chapter III, a set of theory is developed concerning the action
of low-dose extrapolation for small bioassays. However, in this case,
the extrapolations were censored and only performed when a significant
dose-response trend was detected. Agaiﬁ the extrapolation process is

assumed to be applied only for experiments on chemicals which have
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shown a positiye tumor induction. Several designs seemed to improve
upon the current bioassay design for low-dose extrapolation and it was
difficult to choose between the better of these designs.

This approach as the final word in developing a usable cancer bio-
assay is unacceptable. It is important to remember that, if because
of faulty design, it is not possible to detect a positive dose-response
when one exists, then that design is of very little use as a practical
protocol. If the designs of Chapter III have this characteristic, their
optimality properties are wasted since it is highly unlikely extrapolation
will ever be used to estimate the VSD. The use of two bioassays, one for
qualitative risk assessment and one for quantitative risk assessment, is
also unacceptable.

The property being discussed 1is the power of the test used to
detect increased response. For a two-dose design (one dose and the
control group) the most commonly used test is the Fisher Exact Test.

In bioassays with three or more doses, the appropriate test is
the Armitage linear trend test. These were discussed in more detail
in Chapter I.

A second criterion which could be used to modify the biocassay design
would be to maximize the power of the test for increased tumor inci-
dence. However, the answer for this design is simple and intuitive.

For both the Fisher and Armitage tests, the most powerful design against
any alternative (or underlying design) has two groups, control and MTD,
with 50% of the animals in each group. This statement has been shown
true by the simulation study for small bioassays. For large bioassays,
this design is derived by use of the asymptotic power of the Armitage

test {Chapman and Nam, 1968).
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Instead of simply finding an optimal design by minimizing the mean- .
squared-error or maximizing the power of the test for linear trend, the
goal of this chapter is to combine the two criteria to develop a
design which is both practical and useful. In the remaining sections
of this chapter, several alternative occurrences which will affect the
combination of qualitative and quantitative risk assessment in developing

an optimal bioassay design are discussed.

4.2 Small Bioassay Power For Linear Trend Tests

The simplest method of combining power for detection and mean-
squared-error for estimation is to simply study the power for the better
designs of Chapter III. A rather loose criterion in this case would be
to choose that design which yields the highest power for the better
designs. In the simulation study, the experiments were censored by .
requiring a significant increase in incidence. This was defined as -
passing the Armitage test at the .05 significance level. By simply counting
the number of times increased incidence'qu significant and dividing
by the number of simulated experiments, a measure of the power of the
Armitage test at the .05 significance level is obtained. The alternative
hypothesis under such a procedure will be the underlying model from
which the simulated experiments are generated.

Table 4.1 gives the power as described above for the SO design,
the NCI design and the ALT design. In general, the power decreases
as the’response at the MTD decreases. This is due to the fact that,
the lower the MTD response is, the less steep the increased incidence

and the less likely the chances of detecting a significant increase.

Similarly, the power decreases as the background incidence increases. .



' TABLE 4.1: Small Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For Three-Dose Designs

Back- Model MTD

ground Type Response SO NCI ALT
.005 LINEAR .15 .52 .90 .72
.30 .97 .99 .96
.50 .99 1.00 1.00
.90 1.00 1.00 1.00
QUADRAT .15 .98 .94 .90
.30 1.00 1.00 .99
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .59 .93 .78
.30 .79 1.00 .97
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
.050 LINEAR .15 .26 .52 .42
.30 .60 .96 .86
.50 .98 1.00 .99
.90 1.00 1.00 1.00
. QUADRAT .15 .68 .55 .52
.30 1.00 .98 94
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .33 .54 - .49
.30 .64 .96 .91
.50 .91 1.00 1.00
.90 1.00 1.00 1.00
.200  LINEAR .30 .19 .31 .28
.50 .66 .94 .86
.90 1.00 1.00 1.00
QUADRAT .30 .41 .31 .27
.50 .98 .95 .91
.90 1.00 1.00 1.00
LIN-QUA .30 .16 .30 .28
.50 .68 .95 .89
.90 1.00 1.00 1.00
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For the Sb design, the power for detection is inadequate for linear .
and linear-quadratic models. Recall that these designs had most of
the animals at about 30% of the MTD. This dose is too low to show a
significant increase in tumor incidence when the MTD response is small.
Thus, for this case, the ideal situation of the optimal design for
extrapolation being the optimal design for testing is not obtained.

For the underlying quadratic models, the situation is quite dif-
ferent. 1In this case, the power for detection of increased incidence is
quite high. In fact, subject to the constraints imposed in the grid
search, these designs yield the highest power possible. Thus the
. optimal design for extrapolation is also the optimal design for testing.

Consider the power for the NCI bioassay protocol. If the design
is to be modified, it is desirable to increase the power for detection
(or at least maintain it) while simultaneously decreasing the mean- .
squared-error of the estimate of the VSD over that for the NCI design.

In general, the NCI design is quite powerful. For all expected response
in which the difference between the control group response and the MTD
group response js greater than 15%, the power for detection is greater
than 90%. In the case of quadratic models, the NCI design is almost as
powerful as the most powerful design (SO design).

The three-dose design which was considered the best for quantitative
risk assessment is less powerful than the NCI design . For the under-
lying quadratic models, the loss is not as bad as when the underlying
model is linear or linear-quadratic. Previously, it was seen that the
largest gains in decreasing the mean-squared-error of the VSD occurred
for underlying linear and linear-quadratic models. Thus, where the

ALT design is optimal for extrapo]éti‘on, it has very low power for .
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testing. In génera], using power as the criterion for optimality,
the NCI design would be chosen over the ALT design.

Now, consider the nine four-dose designs examined for quant-
itative risk assessment in Chapter III. 1In Table 4.2 the power of
the Armitage test at the .05 significance level for the four-dose designs
using doses at control, 20% MTD, 85% MTD and the MTD are presented.
Regardless of how the animals are allocated, these designs are as powerful,
or more powerful, than the NCI design. Although the MSE(8) is generally
smaller for the ALT design than it is for the CFD design, the CFD design
did perform better than the NCI design for estimation of the VSD. Thus
including power has clouded the choice between the CFD and the ALT designs.

Table 4.3 gives the power of the Armitage test for the four-dose
designs using doses at control, 33% MID, 67% MTD and the MTD. In com-
parison to the results of Table 4.2, a decrease in power is detected.
Thus, by increasing d1 and decreasing d2 the power for increased risk
detection is lowered. The FFD design performed as well as the ALT
design for extrapolation. From Table 4.4, it is seen that they also have
the same power for detection, thus differentiation between the ALT and
FFD designs is again unattainable.

For the final three four-dose designs of Table 4.5, the power increases
as the two middle doses are lowered to 10% MTD and 33% MTD. Thus,
even though these designs did not perform as well as the other designs
for extrapolation, the power for detection is high and they cannot be
disregarded for being inferior.

Finally, consider the power of the non-MTD designs of Chapter
IIT for the 33 underlying models shown in Table 4.5. Here, it is seen that

as the highest dose decreases, the bbwer decreases to a point where, for



TABLE 4.2: Small Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For Four-Dose Designs

With Doses 0., .20, .85 and 1.
Back- Model MTD
ground Type Response AFD BFD CFD
.005  LINEAR .15 .82 .85 .88
.30 1.00 1.00 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
QUADRAT .15 .93 .94 .97
.30 1.00 1.00 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .84 .88 .92
.30 .99 1.00 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
.050 LINEAR .15 .42 .51 .50
.30 .91 .94 .95
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
QUADRAT .15 .49 .53 .54
.30 .96 .98 .98
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .48 .54 .54
.30 .92 .96 .96
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
.200  LINEAR .30 .26 .29 .31
.50 .87 .92 .93
.90 1.00 1.00 1.00
QUADRAT .30 .29 .31 .33
.50 .93 .96 .96
.90 1.00 1.00 1.00
LIN-QUA .30 .27 .31 .31
.50 .88 .93 .95
.90 1.00 1.00 1.00

98



. TABLE 4.3: Sma]’l Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For Four-Dose Designs
With Doses 0., .33, .67 and 1.

Back-  Model MTD
ground Type Response DFD EFD FFD

.005 LINEAR .15 .55 .70 .75
.30 .88 .96 .98

.50 .99 1.00 1.00

.90 1.00 1.00  1.00

QUADRAT .15 .67 .82 .86

.30 .96 .99 .99

.50 1.00 1.00 1.00

.90 1.00  1.00 1.00

LIN-QUA .15 .57 .73 .78

.30 .87 .97 .99

.50 .99  1.00 1.00

.90 1.00 1.00 1.00

.050 LINEAR .15 .28 .37 .40
.30 71 .83 .87

.50 .95 .99 .99

. .90 1.00 1.00  1.00
QUADRAT .15 .31 .42 .45

.30 .81 .90 .93

.50 .99  1.00 1.00

.90 1.00  1.00  1.00

LIN-QUA .15 .32 .42 .43

.30 .75 .97  1.00

.50 .98 1.00  1.00

.90 1.00 1.00 1.00

.200 LINEAR .30 .20 .23 .25
.50 .66 .80 .84

.90 1.00 1.00 1.00

QUADRAT .30 .20 .23 .26

.50 .72 .84 .88

.90 1.00 1.00 1.00

LIN-QUA .30 .18 .23 .26

.50 .66 .83 .85

.90 1.00 1.00 1.00




TABLE 4.4: Small Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For Four-Dose Designs
With Doses 0., .10, .33 and 1.
Back-  Model MTD
ground Type Response GFD HFD IFD
.005 LINEAR .15 .67 .80 .87
.30 .92 1.00 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
QUADRAT .15 .82 .92 .95
.30 .98 1.00 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .71 .82 .89
.30 .92 .98 1.00
.50 1.00 1.00 1.00
.90 1.00 1.00 1.00
.050 LINEAR .15 .35 .43 .52
.30 .78 .86 .94
.50 .97 .99 1.00
.90 1.00 1.00 1.00
QUADRAT .15 .40 .52 .56
.30 .84 .92 .98
.50 .99 1.00 1.00
.90 1.00 1.00 1.00
LIN-QUA .15 .40 .46 .59
.30 .80 .91 .96
.50 .98 1.00 1.00
.90 1.00 1.00 1.00
.200 LINEAR .30 .20 .25 .29
.50 .69 .83 .93
.90 1.00 1.00 1.00
QUADRAT .30 .24 .27 .32
.50 .75 .90 .93
.90 1.00 1.00 1.00
LIN-QUA .30 .22 .27 .33
.50 .73 .83 .93
.90 1.00 1.00 1.00

100
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. TABLE 4.5: Small Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For Non-MTD Designs

Back-  Model MTD doses 6.,.3,.9 0.,.3,.8 0.,.25,.5 0.,.25,.5
ground _Type Response animals 30,90,30 30,90,30 30,90,30 50,50,50

.005 LINEAR .15 .67 .65 .36 .61
.30 .94 .93 .74 .95

.50 1.00 1.00 .96 1.00

.90 1.00 1.00 1.00 1.00

QUADRAT .15 .82 .64 .25 .41

.30 .98 .95 .52 .77

.50 1.00 1.00 .82 .95

.90 1.00 1.00 1.00 1.00

LIN-QUA .15 .72 .66 .37 .61

.30 . .95 .92 .68 - .93

.50 1.00 1.00 .93 .99

.90 1.00 1.00 1.00 1.00

.050 LINEAR .15 .36 .32 .18 .25
.30 .81 .74 47 .70

.50 .99 .97 .85 .97

. .90 1.00 1.00 .96 1.00
QUADRAT .15 .39 .31 .12 .15

.30 .89 .74 .27 .37

.50 .99 .98 .61 .74

.90 1.00 1.00 .99 1.00

LIN-QUA .15 .39 .31 .12 .16

.30 .82 .74 .37 .52

.50 .98 .97 .74 .91

.90 1.00 1.00 1.00 1.00

.200  LINEAR .30 .22 .19 .12 .15
.50 .73 .68 .43 .58

.90 1.00 1.00 1.00 1.00

QUADRAT .30 .24 .18 .08 .10

.50 .81 .62 .20 .25

.90 1.00 1.00 .86 .96

LIN-QUA .30 .21 .20 .11 .15

.50 .76 .68 .33 .43

.90 1.00 1.00 .89 .98
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certain under]ying models, the power is less than 10%. The non-MTD
design which seemed optimal for extrapolation (d2=.80) has much Tlower
power than the ALT design and the best four-dose designs. For some
underlying models, the loss in power compared to the ALT design is
greater than 30%. The decrease in the mean-squared-error for & in these
designs is offset by the loss in power. Therefore, non-MTD designs

do not seem to improve the biocassay and will be dropped.

4.3 Loss Of The Maximum Tolerated Dose

As defined in Chapter I and used in practice, the MTD is an esti-
mate of the highest dose which is not acutely toxic to the test animal.
Because the MTD is an estimate, it is possible to overestimate the MTD
and either kill all the animals at the highest administered dose or to
ki1l (or otherwise affect) enough animals to make the information
attained at this dose of little use in the analysis. Also, besides
death, there are other toxic effects not related to carcinogenesis
which can affect response at the high dbsg. In these cases, it is
possible to observe increased incidence at the low-dose group and no
increased incidence at the high-dose group. The standard procedure for
such an occurrence would be to determine the agent non-carcinogenic.
These problems are referred to as loss of the MTD. In terms of the
NCI Carcinogenesis Bioassay Program, loss of the MTD group will occur
approximately 15% of the time.

Loss of the MTD is of major concern to biologists and toxicologists
when they request more doses be used in the bioassay design. Obviously;
loss of a dosed group will significantly affect the risk assessment of

any one chemical. In terms of the power of the test for carcinogenesis,
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depending on tﬁe number of animals in the loss group, decreases in power
can be expected. Table 4.6 gives the power of the test for increased
incidence for the better designs used in extrapolation when the MTD
dosed group is lost.

For the NCI and ALT designs, the appropriate test becomes the
Fisher test since, only a control group and a treated group remain. For
the NCI design, if the underlying model had low expected response at the
MTD, the loss in power is about 40% to 90%. For higher MTD response ,
there is very little loss in power. The ALT design has drastic power
Toss of greater than 60% for underlying models with expected MTD response
as high as .90. In some cases, the power is effectively zero. Thus,
when loss of the MTD group occurs, this design would most likely be
unable to detect an increased tumor incidence.

For four-dose designs, when the MTD is lost, two dosed groups
and a control group remain, so the appropriate test is the Armitage
linear trend test. In Table 4.6, the power of the Armitage linear trend
test at the .05 significance level is shown for the two best four-
dose designs; the CFD design and the FFD design. For both designs, the
power remains very high. For linear and linear-quadratic models, the
two designs seem very close, the CFD design has a slightly lower power.
For the underlying quadratic models,. the CFD design does much better in
terms of power, than the FFD design.

So, it is observed that, if the MTD group is lost, the four-dose
designs can protect the validity of the experiment for testing. The ALT
design, although optimal for extrapolation, would most likely fail to
detect increased incidence if the MTD group were lost. Similar comments

apply for the NCI design. Chapter V will summarize these observations



TABLE 4.6: Small Bioassay Power Of The Armitage Linear Trend Test
At The .05 Significance Level For loss Of The MTD
Back-  Model MTD x %
ground Type Response NCI ALT FFD CFD
.005 LINEAR .15 .31 .01 .65 .78
.30 .89 .40 .96 ,98
.50 .99 .94 .99 1.00
.90 1.00 1.00 1.00 1.00
QUADRAT .15 .05 .00 .52 .82
.30 .39 .00 .90 .99
.50 .88 .06 1.00 1.00
.90 1.00 .94 1.00 1.00
LIN-QUA .15 .26 .01 .64 .80
.30 .83 .26 .93 .97
.50 .99 .78 .99 1.00
.90 1.00 .96 1.00 1.00
.050 LINEAR .15 .14 .05 .28 .37
.30 .58 .22 .76 .86
.50 .96 .65 .98 .99
.90 1.00 1.00 1.00 1.00
QUADRAT .15 .06 .02 .19 .37
.30 .22 .04 .56 .86
.50 .62 .10 .91 1.00
.90 1.00 .68 1.00 1.00
LIN-QUA .15 .06 .02 .24 .34
.30 .39 .10 .66 .88
.50 .85 .34 .96 1.00
.90 1.00 .87 1.00 1.00
.200  LINEAR .30 .10 .07 .16 .24
.50 .50 .22 .65 .81
.90 1.00 .97 1.00 1.00
QUADRAT .30 .07 .06 .12 .20
.50 .19 .07 .46 .78
.90 .95 .32 1.00 1.00
LIN-QUA .30 .10 .07 .16 .23
.50 .34 .13 .59 .80
.90 .97 .44 1.00 1.00

*

Power based on the Fisher Exact Test at .05 significance
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' and discuss other possible methods of including power in determining an

optimal bioassay design.



CHAPTER V
SUMMARY AND COMMENTS FOR FUTURE RESEARCH

5.1 Summary

Chapter II dealt with the asymptotic theory concerning the estima-
tion of the VSD when the underlying dose-response follows a multi-stage
model. The distribution of the estimate of the VSD was derived for the
two-stage model using large sample theory. It was shown that, due to
the constrained nature of the parameters in the multi-stage model, these
distributions could be non-normal and the estimates biased. The formula
for the mean-squared-error of the VSD was derived.

Using historical dose-respﬁnse, a set of linear, quadratic and
linear-gquadratic models was developed. _ The mean-squared-error of the
VSD was minimized under the assumption of ‘each of these models yielding
a set of asymptotically optimal designs. These designs were seen to be
independent of the added risk, £, and certain trends in design were
detected concerning spontaneous background incidence and response at
the MTD. It was noted that the asymptotically optimal (AD) designs are
model dependent and the practical need is to develop fixed designs which
are based only on knowledge of the MTD.

Asymptotic relative efficiency (ARE) was used to compare several
fixed designs to the A0 designs. One design had a larger relative
ef}iciency than the NCI design for all 33 models being investigated.

This design is clearly an improvement over the NCI design for large
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bioassays. Oné other design had an asymptotic relative efficiency
larger than .5 in all 33 models making this design consistency close
to the AO design. Both of these designs could be considered optimal
fixed bioassay designs.

Chapter III dealt with optima] designs in bioassays using small
numbers of animals. For small bioassays, Monte Carlo simulation techniques
were utilized to derive the distribution of the estimate of the VSD and to
minimize the mean-squared-error of the VSD. It was shown that by fitting
a linear or a quadratic model, the estimation of the VSD could be orders
of magnitude off if the underlying model was of a different form. This was
due to the fact that the slope of the dose-response curve at a dose of
zero is zero for the quadratic model and non-zero for the linear model.

The remainder of Chapter III dealt with fitting the linear-quadratic
model. It was shown that, regardless of the underlying model, the
distribution of the estimated VSD was bimodal for small bioassays. For
some underlying models, this bimodality remained for bioassays with as
many as 100,000 animals. !

The distribution of the VSD derived using large sample theory was
compared to what was observed from the simulation study. For underlying
linear and linear-quadratic models, the large sample distribution did
not correctly approximate the right-hand tail of the distribution of the
VSD for small bioassays. Similarly, the left-hand tail approximation was
poor when the underlying dose-response model was quadratic. In general,
it was shown that the asymptotic theory of Chapter II could not be used
to approximate the distribution of the VSD for small bioassays.

Several methods of approximating confidence bounds were compared to

confidence bounds observed in the simulation study. In general, none
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of the methods‘worked well as upper confidence bounds. The method pro-
posed by Crump yielded lower confidence bounds which were generally con-
servative yet close enough to the observed lower bounds to be acceptable.
In all cases, the asymptotic theory of Chapter II yielded unacceptable
confidence bounds.

Employing simulation methodology and a directed grid search, optimal
designs for bioassays utilizing 150 animals were derived for each of the
33 models created in Chapter II. These designs were seen to be robust
to the added acceptable risk and moderately insensitive to response
at the MTD and spontaneous incidence. The optimal designs for linear
and linear-quadratic underlying models were all similar and those for
quadratic models were the same. However, due to the saddle shape of the
manifold describing the mean-squared-error of the estimated VSD, the
optimal design structure for linear and linear-quadratic models was near
optimal for quadratic models. Finally, it was shown that it is sometimes
possible to modify the design such that, when a linear-quadratic model is
fit to observed response, it will fit the correct model form almost
100% of the time.

Again, these optimal designs were model dependent and we wished to
locate fixed designs which were near optimal for all underlying models.
The ALT design of Table 3.4 was the best fixed three-dose design utilizing
the MTD as one of the doses. Several four-dose designs were compared to
the ALT design in terms of the mean-squared-error of the VSD. Two four-
dose designs seemed to perform as well as the ALT design for low-dose
extrapolation. These were the CFD design and the FFD design. The final
set of fixed designs compared to the ALT design were designs which did

not utilize the MTD as one of the doses. It was seen that by dropping
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the highest dose in the ALT design from the MTD to 80% of the MTD,

‘the extrapolation could be improved when the underlying model was linear
or linear-quadratic at the expense of increasing the variability of the
estimate of the VSD when the underlying model was quadratic. Lowering
the high-dose to below 80% of the MTD did not seem to improve the
extrapolation.

In Chapter IV, the power of the test for linear trend was considered
in choosing an optimal bioassay design. It was shown that by not using
the MTD as the highest dose group, the power dropped dramatically. The
NCI design had very good power and was more powerful than the ALT design.
The two four-dose designs which performed well for extrapolation, the CFD
and FFD designs, were as powerful as the NCI design with the CFD design
being slightly more powerful. When toxicity in the high-dose group was
considered, it became clear that the CFD design was the most powerful
design considered, followed by the FFD design. The ALT design and NCI
design displayed dramatic power loss whgn the MTD dosed-group was
unusable, i

Either of the two four-dose designs, CFD and FFD, would improve the
bioassay for risk assessment. The CFD design is slightly more powerful
than the FFD design for qualitative risk assessment. The FFD design is
slightly more efficient than the CFD design for quantitative risk assess-
ment. The CFD design has doses at 0 (control), 20% of the MTD, 85% of
the MTD and the MTD. The FFD design has doses at 0 (control), 33% of
the MTD, 67% of the MTD and the MTD. Both designs use 30 animals at
control and the MTD and 45 animals at each of the mid-range doses. Any
design falling between these two designs (in terms of the middle doses)

would also be acceptable.
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5.2 Future Reséarch .

Several additional aspects of the problem of optimal bioassay design
could be studied. We have studied the problem of optimal bioassay design
when it is assumed that the mechanism of carcinogenic response could be
described by a multi-stage theory. The same methodology could be employed
to find optimal designs using other dose-response models such as the
Weibull, probit, logit and multi-hit models as well as higher order
multi-stage models. The asymptotic theory could also be expanded to
include the general k-stage model.

In addition to the properties considered here pertaining to the
optimal bioassay design, it would also be of interest to study the false-
positive rate of the test for increased tumor incidence using the optimal
design. Simply put, suppose an agent is non-carcinogenic and a bioassay
is performed to test the carcinogenicity of this agent. An important .
question is "what is the probability of determining this agent to be
a positive carcinogen given it is not a carcinogen?" The design of the
bioassay will play a key role in the answer to this question.

A more difficult problem is optimal bioassay design when parametric
time-to-tumor models such as the proportional hazards model and the
general product model are used. The same methodology used for the
multi-stage model could be employed under these models. Additional
variables such as intermediate sacrifice times could be incorporated
into such a design problem. Several questions remain unanswered for
time-to-tumor models. There is much debate concerning the definition
of the VSD when a time-to-tumor model is employed in the extrapolation.
The ﬁost important question concerns the efficacy of using time-to-tumor

models for quantitative risk assessment. Many authors feel that the ‘
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incorporation 6f time in the model does not aid in the extrapolation and
may possibly make the process more variable.

The choice of an optimal design in this research was based upon the
use of a symmetric loss function. It was assumed that underestimation
of the VSD was as serious as overestimation. It has been proposed that
a non-symmetric loss function be utilized. Such a function would be
generally unacceptable with either the regulatory agencies or industry
objecting to the weighting scheme. However, if such a loss function were
to be accepted, it could be applied in the same manner in which we applied
the mean-squared-error to locate optimal designs.

Finally, all of the results presented here have been based upon
extrapolation to the VSD. Several alternative measures of the charac-
terization of risk have been proposed. Methods of optimizing the bioassay
design to improve upon the estimation of some other characterization of

risk could be employed.
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Asymptotically Optimal Designs For An Acceptable Added Risk

of 1072
Back- Model  MTD AQ Designs
ground Type Response dg di d2 Yg Yq Ya
. 005 LINEAR .15 0. .353 1. .180 .647 .173
.30 0. .328 1. .142 .685 .173
.50 0. . 306 1. .17 .710 .173
.90 0. .241 1. .090 .742 .168
QUADRAT .15 0. 271 1. .295 .577 .128
.30 0. .225 1. .269 .606 .125
.50 0. .189 1. .250 .627 .123
.90 0. .125 1. .220 .640 .140
LIN-QUA .15 0. .315 1. .198 .677 .125
.30 0. .284 1. 161 .716 .123
.50 0. .263 1. 142 736 .122
.90 0. .134 1. .195 .657 .148
.050 LINEAR .15 0. .448 1. .322 .512 .166
.30 0. .401 1. .285 .546 .169
.50 0. . 367 1. 255 .574 .171
.90 0. .280 1. .218 .613 .169
QUADRAT .15 0. .421 1. .358 .508 .134
.30 0. .364 1. .338 .521 .141
.50 0. . 313 1. .320 .534 .146
.90 0. 216 - 1. .287 .535 .178
LIN-QUA .15 0. .422 1. .349 .514 .137
.30 0. .371 1. .311 .553 .136
.50 c. .327 1. .283 .580 .137
.90 0. .225 1. .262 .565 .173
.200 LINEAR .30 0. .484 1. .361 .481 .158
.50 -0. .438 1. .344 .,493 .163
.90 0. .331 1. .322 .511 .167
QUADRAT .30 0. .466 1. .371 .501 .128
.50 0. .412 1. .355 .504 .141
.90 0. . 296 1. .323 .496 .181
LIN-QUA .30 0. . 466 1. .363 .510 .127
.50 0. .414 1. .348 .518 .134
.90 0. . 297 1. .320 .504 .176
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Asymptotically Optimal Designs For An Acceptable Added Risk

of 1078
Back- Model  MTD AD Designs
ground Type Response dC da dE Yg Yq Yo
.005 LINEAR .15 0. .353 1. .179 .648 .173
.30 0. .328 1. .142 .85 .173
.50 0. .306 1. .117 .710 .173
.90 0. .241 1. .090 .742 .168
QUADRAT .15 0. .270 1. .293 .571 .136
.30 0. .225 1. .267 .02 .131
.50 0. .189 1. .247 .624 .129
.90 0. .125 1. .218 .636 .146
LIN-QUA .15 0. .315 1. .198 .677 .125
.30 0. .284 1. .161 .716 .123
.50 0. .263 1. .142 .736 .122
.90 0. .134 1. .195 .656 .149
.050 LINEAR .15 0. .448 1. .322 .512 .166
.30 0. .401 1. .285 .546 .169
.50 0. .367 1. .255 .574 .171
.90 0. .280 1. .218 .613 .169
QUADRAT .15 0. .421 1. .35 .507 .139
.30 0. .363 1. .336 .519 .145
.50 0. .313 1. .318 .532 .150
.90 0. .216 -1. .284 .534 .182
LIN-QUA .15 0. .422 1. .349 .514 .138
.30 0. .371 1. .311 .553 .136
.50 0. .327 1. .283 .580 .137
.90 0. .224 1. .264 .564 .172
.200  LINEAR .30 0. .48% 1. .361 .481 .158
.50 0. .438 1. .344 .493 .163
.90 0. .331 1. .322 .511 .167
QUADRAT .30 0. .465 1. .367 .501 .132
.50 0. .412 1. .353 .503 .144
.90 0. .296 1. .320 .496 .184
LIN-QUA .30 0. .466 1. .364 .509 .127
.50 0. .414 1. .348 .518 .134
.90 0. .297 1. .320 .504 .176
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ASYMPTOTIC RELATIVE EFFICIENCY TO THE OPTIMAL DESIGN
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ASYMPTOTIC RELATIVE EFFICIENCY TO THE OPTIMAL DESIGN
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