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The objective of this work is to study the structure of the nonlinear
space of spherically invariant processes (which constitute a natural
generalization of Gaussian processes) and to define nultiple Wiener
integrals for spherically invariant processes and hence for Gaussian
processes, thus generalizing the notion originally introduced for a
Wiener process. e obtain an orthogonal decomposition of the nonlinear
space and an integral representation for its Lz-functionals, which is
expressed in terms of rwultiple Wiener integrals.

These results are applied to nonlinear estimation and predicticn

theory, the nonlinear noise theory, and the equivalence of spherically

invariant processes.
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I, INTRODUCTICH AHD SUiTARY

1. Introduction

By a stochastic process X=(X,

¢ teT) we mean a family of random

variables {(r.v.’s) Xt’ teT, defined on a probability space (2,B3,P).
T is an arbitrary index set but very often it is an interval on the real
line; B is usually taken to be B(X), the o-Field generated by the pro-
cess X, or B(X), the completion of B(X) with respect to (w.r.t.) the
measure P, For each we®, X(w) represents the corresponding sample
path of the process, which is an element of IRT, the space of all func-

tions defined on T. X 1is called a coordinate process if (Q,8,P) =

IRT,B(IRT),P and X_(w)=w(t), where B(IRi is the g-field generated
t o

by cylinder sets of IR'. X is called a second order process if Ex§<w

for all teT,

Now consider a second order process X with zero mean. There are
two Hilbert spaces closely related to such a process. The first one is

the nonlinear space of X, LZ(X) = LZ(Q,B(X),P) (consisting of all r.v.’s

on (2,3(X),P} with finite second moment) with inner product <g,n>=EEn.
P

Elements of LZ(X) are called (nonlinear) Lz—functionals of X. (lote
that every B{X)-rmeasurable function 5 is of the form 9(w)=p(X(w)) where
p 1is a B(IRT)-measurable function.) The second Hilbert space is the

linear space of X, H(X), the subspace of LZ(X) spanned by Xt, teT.

Elements of H({X) are called linear Lz-functionals of X.

It is well known that a linear problem on the process X can be cast

as an Qrtimiza$incm or a representation problem on the Hilbert space H(X);
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and a nonlinear problem on the process X can be cast as an optimization
or a representation problem on the Hilbert space L2(X).

The linear problems on second order processes have been studied
extensively over the past twe decades and a satisfactory theory has been
developed, especially for the stationary case (see e.g. Doob [1953],

Gikhman and Skorokhod [1969]). The basic avproach is to establish an
isomorphism between H(X) and a function Hilbert space (e.g. Lz—spaces,
reproducing kernel Hilbert spaces), and then to transform the original
problem to an optimazation or a representation problem on the function
space, and solve it. This approach, usually called the Hilbert space
method, has been fruitful for the linear theory. It is only natural to

ask whether the same approach will work for nonlinear problems. The analogy
does exist. However it requires knowledge of the structure of the nonlinear
space LZ(X). It is clear that the structure of the linear space H(X)
depends on the process X only through its covariance function, while

the structure of the nonlinear space LZ(X) is much more complex and
depends on the process X <through all its finite dimensional distributions.

The most useful notion in the study of the nonlinear space of a Wiener
process is the Multiple Wiener Integral. This notion was first introduced
by Wiener [1938], who termed it ""Polynomial Chaos', and was redefined in
a somewhat deeper way by Ito [1951]. Ita showed that his multiple integrals
of different degree have the important property of being mutually orthogonal
and also presented their connectior: with the celebrated Fourier-Hermite
expansion of Lz—functionals of Cameron and Martin {1947]. Subsequently,

Its [1956] extended to general processes with stationary independent
increments the Wiener—Ita expansion of Lz—functionals in terms of multipile

Wiener integrals.
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In his important work on nonlinear problems Wiener [1958] reinterpreted
the multiple Wiener integrals for a Wiener process in an extremely simple
and intuitive way and made some interesting applications.

Heveu [1968] and Kallianpur [1370] studied the connection between
the monlinear space of a Gaussian process and the teansor products of its
linear space, which sheds new light and gives more insight on the struc-
ture of the nonlinear space.

The objective ¢f this work is to study the structure of the nonlinear
space of spherically invariant processes (which constitute a natural gen-
eralization of Gaussian processes) and to define multiple Wiener integrals
for spherically invariant processes and hence for general Gaussian proces-
ses, thus generalizing the notion originally introduced for a Wiener process.
These results are applied to the nonlinear estimation and prediction theory,
the nonlinear noise theory, and the equivalence of spherically invariant

neasures.

2. Surmary

In Chapter II we develop the structure of AZ and Az-spaces, which
are our choice of function Hilbert spaces in the Hilbert space method
approach to the linear and nonlinear problens.

In Chapter III we obtain an orthogonal decomposition of the nonlinear
space of a spherically invariant process and an integral representation
for its Lz—functionals. The inteusral representation is expressed in terms
of multiple Wiener integrals. The general properties of spherically
invariant processes are also studied.

In Chapter IV, we study the equivalence of spherically invariant

processes and obtain an explicit expression for the Radon-Nikodym
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derivative; we also derive a 0-1 law for spherically invariant processes
and give some applications.

In Chapter V we solve the general nonlinear estimation problem for
spherically invariant processes, and hence for Gaussian processes. As
an application we derive a lower bound on the mean square prediction error
for a class of nonlinear prediction problems.

In Chapter VI we introduce a new class of noises and show that they
possess the same important properties as the white noise.

In the Appendix we briefly reccapitulate some results on tensor
products of Hilbert spaces and on llermite polynomials which are used

extensively throughout the whole work.



II. THE HILBERT SPACES A, (R) A A, (R)

Throughout this chapter T will be an interval closed or open,

bounded or unbounded, and X = (¥_, teT) a second order process with

t)

zero mean and covariance function R(t,s). Integrals over T will be

denoted by the integral sign with no subscript, and 1, will denote the

E

characteristic function of the set E.

It is shown in Lo2ve [1955, p. 4721 that the following two integrals

I(f) =R - J f(t)dXt

J(£) R - J f(t)Xtdt

can be defined as the mean square limits of the corresponding sequences
of approximating Riemann sums if and only if the following double Riemann

integrals exist
R - fj £(t) £(s)d°R(t,s)
R - Jf f(t)f(s)R(t,s)dtds ,

and then I(f) and J(f) are the random variables with means zero and

variances the corresponding double Riemann integrals.

1. The Hilbert Spaces AZ(R) and AZ(R)

Consider the set SI of all step functions on T f£f(t) =
N
E f 1 (t) , (a.,b_] ¢ T and define
1 n (an’bn] n’ n



N
J £(t)dX, = Y £ (X, -X
1 n n

)

SI is clearly a linear space and for all f,g € SI we have

i
(@]

E [ f(t)dxt

E (f HOLAR f g(t)dx,) Jf £(t)gls) dR(t,s)

where the double integral is defined in the obvious way. Two step func-

tions f,g will be considered identical if
2
ff (£(t)-g(t)) (£(s)-g(s))dR(t,s) = 0 .

If we define for f£,g € SI’
<f,g> = ff £(t)£(s) doR(t,s)

then (SI, <e,»>) 1is an inner product space. Indeed <f,g> has the

ordinary bilinear and symmetric properties,
- 2
<f,f> =€ (| £8X)7 2 0

and <f,f> = 0 only when f is the zero element of SI according to
the convention introduced above.

Now let AZ(R) be the completion of so that it is a Hilbert

5
I
space with inner product denoted again by <e,:>. A typical element in
AZ(R) is a Cauchy sequence of step functions. However, we will find it
convenient to treat elements in AZ(R) as "formal" functions in teT
and to write JJ f(t)g(s)dzR(t,s) for the inner product <f,g> (see
Theorem 1 for a partial justification).

Notice that for feSI the integral Jf(t)dxt depends on X only

through its increments. Thus we may suppose without loss of generality



that there is a point th such that

Under this assumption we can establish an isomorphism between H(X) and

AZ(R) as follows. The nap
SI + H(X): £ }— f £4X

preserves inner products and hence it can be extended to an isomorphisnm

on AZ(R) to a closed subspace of H(X). But the set

X, = J 1 (WdX , teT ,

t
where 1t = 1(t0,t] for tzt, and = _l(t,to] for t<ty,, generates
H(X) and lteSI. It follows that the isomorphism is onto H(X), i.e.
Ay (R) = HX)

We denote this isomorphism by I and we define the integral of feAz(R)
with respect to X (which we write as Jf(t)dxt following our conven-

tion to view elements of AZ(R) as formal functions) by
J f(t)dxt = I(f)

The properties of this integral follow from those of I and are the
analogues of the properties of the integral where X has orthogonal
increments (see e.g. Doob [1953]). The integral is defined for "func-
tions'" in AZ(R) and thus it is of interest to identify usual functions
in AZ(R) besides the step functions. Two such classes of functions are

identified in the following.



Under the additional assumption that R(t,s) is of bounded varia-
tion on every bounded subset of TxT, Cramer [1951] defined AZ(R) as
the completion (with respect to the same inner product) of the set S;
of all functions f whose double Riemann integral R-I[f(t)f(s)dzR(t,s)
exists. However, Cramér's definition is not appropriate for the general
case (where R 1is not necessarily of bounded variation on bounded sets)
since then lt may not be in Az(R) and thus AZ(R) may not be isomor-
phic to H(X). In this sense our definition of AZ(R) is the appro-
priate generalization of the definition given by Cramér.

That Sf is always (even when R may not be of bounded variation)
a subspace of Az(R) and that for feS?, I(f) = R—Jf(t)dxt, follow
immediately from the fact that feSf is equivalent to the existence of
R"Jf(t)dxt and the approximating Riemann suns for R—If(t)dxt are of
the form andxt with fneSI. It can be also shown that when R is of
bounded variation on bounded sets then the two definitions of AZ(R)
coincide. We show instead the following result which is more useful for
our purposes.

R(t,s) 1is said to be of bounded variation on [a,b] x [c,d] if for
all HN,M and points a = t0<t1<...<tN =b, c= SQSS< e <8y = d the

N i (th1°5p-1)

n=1 m=1 (tn’sm) R} 1is bounded, where

sum §

ACET5S') Rl R(er,s')-R(t',S)-R(t,s')+R(t,s) .
(t’s) 3 P 5 5

Also R is said to be of bounded variation on every finite domain of
TxT if it is of bounded variation on every [a,b] x [c,d] < TxT . Such
an R determines uniquely a o-finite signed measure on the Borel subsets

tl’ )
of TxT, denoted again by R, such that R((t,t’]X(s,s']) = Agt s§ ) R.



Let LI be the set of all measurable functions £ on T such that the

following Lebesgue integrals are Yinite
f[ £ £(s)] 2?IR| (t,s) < =
2
JI [ £(t)] l(a’b](s) a“|r| (t,s) < =

for all (a,b] < T, where IRI is the total variation measure of R. We

say that the fumetion £ in L. represents an element in AZ(R) if

there is a f! ¢ AZ(R) such that for all geSI,

<£1,g> = f[ £(t)g(s) d°R(t,s)

Notice that if such an €' exists it is unique since S is dense in
I

AZ(R)' We will then denote f' by f and we will write f ¢ AZ(R).

With this convention we have the following

THEOREM 1. Let R(t,s) be of bounded variation on every finite

domain of TxT, Then LI ts a dense subset of Az(R). Also 1f

21,
£,6) € i and f[ |f1(t)f2(s)|d IR(t,s)| <« then
{ 2
<f),£,> = JJ £, ()£,(s) dR(t,s) .

PROOF. Let E be a bounded Borel subset of T. Then IEeLI and

we will prove that 1E € AZ(R)’ i.e. there is an f ¢ AZ(R) such that

for all geSI,
2
<f,g> = JJ 1. (t)g(s) d"R(t,s)

Let 1 be a finite interval containing E (so that [R|(IXI) < ® ),

We can always find 11CI, ne=1,2,..., with each In a finite union of
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half open intervals such that
IR| {(1,AE)xI} >0 as n >« .
Since

IR(InXIm)-R(EXE)I < [Rl((InAE)xE) + IRI((ImAEJXE) -0,

it follows that <1y ,1; > > R(ExE) and thus {lI };=, is a Cauchy
n n -
sequence in AZ(R)' Define f € AZ(R) by f = lim 1I .
n

We first show that £ does not depend on the approximating sequence

In’ n=1,2,... . Let IACI, n=1,2,... be another such approximating
sequence and f' = lim i - Then for each interval JcI we have
n
[<f-£', 1,>| = linm |<1; 1145 1,
n n

H

lim |R(InxJ) - R(IﬂxJ)[

A

lim {|&} (1 8B)x2) + |R|((1}8E)xJ)}

In

lin ([R] (1 aE)x1) + [R|((11aE)x1)} = 0 .

1f MI is the closed subspace of A, (R) generated by all 1(a b’
(a,blcl, then it is clear from the above that £,f' € MI and f-f' 1 MI‘
It follows that f = f°,

We now show that f does not depend on the finite interval I con-

taining E. Let J and Jn’ n =1,2,... have the same properties as
d = i P = T o=,

I and In, n=1,2,... . Define In *nnJ and Jn InnI,

n=1,2,... . Then clearly I!',J! cInJ and |R|((15A5)x(1nJ)) +> 0,

IRI(JAAE, InJ) » 0 since (I'AE)x(InJ) © (I AE)xI, (JIAE)x(Ind) <
(J AE)xJ  and |R| is a measure. From the result of the previous para-

graph applied to I,J and InJ we have



liml, =1lim1l,, = lim 1., = 1lim 1
I I Ja In

and thus f does not depend on 1I.

Hence f 1is well-defined. Now fix J = (a,b] ¢ T and let I be

11

a finite interval containing EuJ and In’ n=1,2,... as befere, i.e.
1I + f. Then
n
|<f,1J> - R(ExJ)| = lim lR(InxJ) - R(ExJ)|

A

lim [R|((1 AE)xI) = 0 .

Hence <f,1J> = R(ExJ) and since J is arbitrary it follows that for
ali geSI, <f,g> = IJ lE(t)g(s)dzR(t,s). Thus we have shown that

1E € AZ(R)'

Now if E and F are bounded Borel subsets of T, denoting by 1g

and lF also the corresponding elements in AZ(R) we have <IE,1F> =
R(ExF). 1Indeed if 1 4is a finite interval containing EuF and as

before 1I -+ 1E and 1J > IF we have (since R 1is symmetric)
n n

A

[R(L %3 ) - RExF)| < |R| (1 x(3 aP)) + |R|((1 AE)xF)

IR (0 _aF)x1) + |R|((1_4E)xI) + 0

Y

and thus <1E’1F> = lim R(Inme) = R(ExF).
It then follows that if ¢ is a simple function in LI with
bounded support, then ¢ € AZ(R)’ and if ¢1,¢2 are two such functions

then

Now let feLI. Then there exist simple functions ¢n’ n=1,2,... ,

with bounded support such that [¢ | + |£| on T. It follows from the



Bounded Convergence Theorem that

<400, =fj¢nu)%gﬂd%ut»)-*fffﬁﬂf@yfku,ﬂ :

Hence ¢n, n=1,2,... , is a Cauchy sequence in AZ(R) and denote its

limit by £f'. Then for all geSI

<f',g>

lim <¢ ,g> = lin ff ¢n(t)g(5)d2R(t,S)

f[ £(t)g(s)d’R(t,s)

H

again by the Bounded Convergence Theorem since feLI and geSI imply
II If(t)g(s)ldlel(t,s}<w. Since the values of <f',g> for geSI
determine f' uniquely, the last equality implies that f°' is uniquely
determined by f, independently of the approximating sequence ¢n. It
follows that f ¢ AZ(R) and thus LI IS AZ(R)' Since LI contains SI
it is dense in AZ(R).

For the last statement of the theorem, with the obvious notation,

we have

<f1,f2>

(1]

lim <¢1,n,¢2,n> = lim J[ ¢1’n(t)¢2’n(S)d2R(t,S)

[}

ff fl(t)fz(s)dzR(t,s)

where the additional assumption on fl,f2 makes the Bounded Convergence

12

Theoren applicable. G.E.D.

o

Consider the set 3y of all functions f on T such that the
Riemann integral R - j[ f(t)£f(s)R(t,s)dtds exists and is finite. SJ
is a linear space. Two functions f and g in SJ will be considered

identical if

R - IJ (££)-g(t)) (£(s)-g(s))R(t,s)dtds = 0 .
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For f,g ¢ SJ we define ff(t)Xtdt = R—If(t)xtdt and then we have
E( J f(t)Xtdt ° f g(t)Xtdt) = R - IJ f(t)g(s)R(t,s)dtds .
Define for f£,g ¢ SJ,
<f,g> =R - fJ f(t)g(s)R(t,s)dtds .

Then. (Sy,<+,»>) becomes an inner product space. AZ(R) is defined to be
the completion of the inner product space SJ and so it is a Hilbert
space. Again a typical element in AZ(R) is a sequence of functions
convergent in norm. However formally we shall treat elements in AZ(R)
as functions and write JI f(t)g(s)R(t,s)dtds as the inner product
<f,g>.

In order to establish an isomorphism between H(X) and Az(R) we
shall assume that X 1is mean square continuous which is equivalent to
the continuity of the covariance function R{t,s). Consider the sequence of

functions n - 1 (t) where <t is an interior point of T.
(T _H’T]

It is easy to show that this sequence is a Cauchy sequence in
AZ(R), whose limit is denoted by 61’ and that
XT = 1.i.m. f ne-l 1 (t) Xt dt .
(t- 7]

Then, the map
— HC) . £ | f t£(t) X, dt
i ¢ L - T
S ) t

preserves the inner product and its range includes XT for all interior
v of T (which is linearly dense in H(X) by mean square continuity).
Hence it can be extended to an isomorphism on AZ(R) onto H(X). Thus

AZ(R) z H(X), the isomorphism is denoted by J and for f ¢ AZ(R) we
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define
J(f) = [ f(t)Xtdt .

A useful connection between the integrals I and J and the
t
spaces A2 and A2 can be established as follows. Let Zt = f Xudu =

t
0
J( ) where t, is an arbitrary but fixed point in T.
(ty:t] o

( 1(tost] € Az(R) since R 1is continuous.) Then,

t S
r(t,s) = £ ZtZr = f J R{u,v)dudv .
° t

0 "0

THEORENM 2. If X 1s mean square continuous then AZ(R) = AZ(F)

and for all f ¢ AZ(R) = AZ(P)
I f(t)Xtdt = I f(t)dzt .
Hence H(X) = H(Z).

PROOF. We will prove first that the existence of

PoN]

- j J £(t)£f(s)R(t,s)dtds is equivalent to that of
T'T

ps

f
- J J f(t)f(s)dzr(t,s). We may assume that T 1is a closed interval
T'T
by the very definition of a Riemann integral. We also assume that
If(t)l <M V teT; otherwise neither Riemann integral will exist. Con-

sider the typical Riemann sums

~~
it

s=11 £(t;)€(sIR(t4,5)) |4, | lle

~
[}

;=11 £(t;)£(s;)T (A;¥B,)

where {Ai}, {Bj} are interval partitions of T, t.eA,, sjij; and

|Ai], Ile denote the lengths of these intervals. By the uniform con-
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tinuity of R(t,s) we have that for every >0, IRI-RJ! < MZITlZe as

max(lAil,lBi]) + 0. Ve thus conclude that

R - ff F()f(s)R(t,s)dtds = K - I( f(t)f(s)dzr(t,s)
and the existence of one side implies that cf the cther side. In short,

;¥ PR = q 50

Hote that S? is dense in A,(I') (since T 1is continuous) and SJ is
dense in AZ(R). Thus A, (R) = AZ(F).

For a step function £ we clearly have
f f(t)Xtdt = f f(t)dZt R

hence this is true for all £ ¢ AZ(P) by the continuity of 1 and J.

1.E.D.

~

A, () may contain interesting classes of functions larger than SJ.
Let LJ be the set of all measurable functions f on T such that the

following Lebesgue integrals are finite
I[ | £(£)£(s)R(t,s) |dtds < =
U | £(t) ] La, by (8 [R(t,s)|dtds < =

for all (a,b] ¢ T. We will follow the same convention (as for Az) in

treating functions f in L  as elements of A?(R) if there is a

T
9

fi ¢ AZ(R) such that for all 2z in a dense subset of A2(R),
<ft o> = If f(t)g(s)R(t,s)atds .

ith this convention the following is a corollary of Theorems 1 and 2.



COROLLARY 3. ILet R(t,s) be continuous on TxT. Then LJ is a
dense subset of A,(R). Also if £,,£, € LJ ard

f
IJ lfl(t)fz(s)R(t;s)Idtds < », then

<f1,f2> = JI fl(t)fz(s)R(t,s)dtds .

We now remark on the relation between Az,lq—spaces and L2—spaces.
The spaces AZ(R) and AZ(R) are generalizations of L,-spaces. In
general they are larger than Lz—spaces. As an cxample, consider R(t,s)

a continuous covariance function on [a,b] x [a,b] and let T(t,s) be

defined as before. Then AZ(R) AZ(T). Any function f in

i

L2([a,b],dt) belongs to AZ(R) A2(P) since

IJ | £(t) £(s)R(t,s) |dtds < max |R(t,s)]| - ( f |f(t)|dt)2
< max |R(t,s)| o |b-a| I £ (t)dt < » .
However, Gt € AZ(R) = AZ(F) is not in LZ([a,b],dt) since Xt = *(St)
for all interior points t of T implies R(t,s) =
J[ Gt(u)és(v)R(u,V)dudv .
Mevertheless, there is a special case where XZ(R) reduces to an
L,-space. Let X be a zero mean process with orthogonal increments.

Assume Xt = 0 a.,e. for some fixed toeT. Then, R(t,s) =

0
¢ n vl s _ 2 .,
FLtOV(tAs)) + r(tOA(tVS)} where F(t) = EX; if t2ty and = -EX if

tStO. F is non-decreasing and thus R(t,s) is of bounded variation in
every finite domain of TxT, and the associated measure concentrates on
the diagonal t=s of TxT. In this case AZ(R) = LZQT, F(dt)). In

particular, if X is the Wiener process AZ(R) = LZ(T,dt).

16
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2. Tenscor Products of AZ(R) and A, (R)

Now let us study the tensor product spaces ®nA2(R) and QnAZ(R).

Concider the set S%n) cf all step functions K(tl,...,tn) on T".

Define the following function on 3§n) x Sgn)
<K,6> = || o oo || K t )G(s s )A2R(t,,5,)...d°R(t_,s )
s "o 1,--n,n 1,-..;n 1,1 o (S n,n 3

and identify K with G if <K.G,K-G> =0, Izt 1 X
b-l e n

lJlx"'xJn € S%n) (i.e., Ii’Jj arve bounded halt open intervals in T }.
Then
' 2
<Ly xr e Yy x . xy” " IJ 1; (0)15 (s)d"R(t,s) - ...
e X XXy 1 1

o J[ 1 (01 ()dR(E,S)
n n

=<1, ,1. > ny cee <lo .10 >
1,003, 70, (®) 10t 70, (R)

= <]_®,.,.%] 5 1, 8,,.91_ > .
L I I 8", (R)

This implies that (S%n), <<,°>) is an inner product space and we shall

denote by Az(ﬁnR) the completion of S%n). Since {11 ®...81; } is a
1 n
complete set in ®nA2(R), we have

n

Azcxna) "1, (R) .

A2(®nR) can be defined in a sipilar manner. Let S}n) be the set

of functions of the form
_ () ()
K(ty,eeent)) = F €708 oo £77(8)

where the £’s belong to SJ. S§ is a linear space. Define on

Sjn) x S}n) the function
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<K,G> = R - JJ S uul IJ SRS LTCHREI LI IER

o % !
R(tn,sn)dtldsl .as utndsn

and ideatify K with G if <xog x.g>.p, With the observation that for

<f1(t1)"'fﬁ(tn)’ gl(tl)...gn(tn)>

R - II £, (t)g; (s)R(t,s)dtds » ... = R - Jf £ (t)g (s)R(t,s)dtds

= <f r)
<t1’g1>12(R) By, ()

= <f®, ,.of , g.®,..87 > ,
1 n 1 T snxﬁ(R)

and with the fact that {flﬁ...®fn} is a complete set in ®nA2(R), we
conclude that (Sén)’ <¢,+>) is an inner product space and that its
completion, which is denoted by AZ(GnR), is isomorphic to ®nA2(R).

As for the spaces AZ(R) and AZ(R) we will treat elements of
A2(®nR) and Az(ﬁnQ) as "formal" functions and we will write the inner
product in a formal integral form. As before, under some conditions,
elements of Az(anR) and A2(®nR) will be representable by functions
on T in the corresponding sensec and in this case we will identify the
elements of A2 and AZ with the functions (see Thecrem 4 and Corollary
6). The important point here is that we have identified the abstract
tensor product spaces ﬂnAZ(R) and e“xch) with the (nearly) function
spaces A2(®nR) and Az(&nR). From now on we will make no distinction
between ®nA2(R) and AZ(GnR), and between ﬁnxz(R) and Az(enR).

Let R be of bounded variation on every finite domain of TXT and

let L%n) be the set of all measurable functions K on Tn such that

the following Lebesgue integrals are finite
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If e JJ IK(tl,...,tn)K(sl,...,sn)l dzlﬁz(tl,sl) e dleI(tn,sn)

. 21 2 .
JJ cae [J IK(LI,...,tn)I 1le.._x1n(sl,...,sn)d Iu](tl,sl)...d |Rl(tn,sn)

for all bounded half opern intervals Il,...,Iq c T. The following

theorem can be proven like Theorem 1 and thus its proof is cmitted.

THEOREM 4. Let R(t,s) be of boundsd variation on every finite
domain of TxT. Then L%n) 18 a dense subset of A2(®nR). Also if
(n) . . 2
K,,K, e Lp" and - lhl(tl,...,tn)Kz(Ll,...,tn)ld [R] (t,s)...
d2

R

(tn,sn) < o, then

¥ - b 1 - 2 2 «
<K1,A<2> = JJ “ee Ij i(l(tl,...,tn)i\ZCSl,...}an)d R(tl,sl).-.d R(tn,an) .

COROLLARY 5. LZ(Tp,dpt) = ®pL2(T,dt)

PROOF. Taking R(t,s) to be the covariance function of a Wiener
process, Theorem 4 implies Lz(Tp,dpt} c @pLz(T,dt). On the other hand,
P T : mp P - t K £ s \
® Lz(f,dt) c L2(¢ ,d°t) since the map fl®...®fp o Lchl,...fp(tp)

preserves inner products. Q.E.D.

THEOREIT 6., If R(t,s) <s econtimuous on TxT, then

np___ T
Az(s R) A2(® r).

PROOF. This follows immediately Ffrom the facts that rhe sat
{f1®...®fn, fieSJ} is complete in both Aq(gnﬁ) and Az(ﬁnr), and that

the two inner products are identical on this set. Q.E.D.

Let Lgn) be the set of all measurable functions K on Tn such

that the following Lebesgue integrals are finite
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JJ cen JI ]K(tl,...,tn)K(sl,...,sn)R(tl,sl)...R(tn,sn)] dt,ds,...dt ds_

ce J[ Ih(tl,...,tn)‘ 111X...Xin(sl""’sn) lR(tl,sl)._.R(tn,sn)l

dtldsl...dtndsn

for all bounded half open intervals Il,...,In < T. With tho usual

corresponding convention the following is a corollary of Theorems 4 and 5.

CORPQLLARY 7. Let R(t,s) be continuous on TxT, Then L}n) 18 a

dense subset of Ay(anR), Also if Kl’Kz ¢ Lén) and
. 2
1] l’n
IJ e ff IKl(tl,...,tn)KZ(Sl,...,sn)R(tl,sl)...R(tn,sn)Idtldsl...dtnc°n<m,

then

, - ’2
<L1,K2> IJ e [J Kl(tl,...,tn)Kz(sl,...,sn)L(tl,sl)...R(tn,sn)

dtldsl...dtﬂdsn .

Finally let us consider the symmetric tensor products @nAz(R) and
An )
® AZ(R).
For K e AZ(@nR) define
% =1
K(ty,..nt)) = 2y Y K(t ..ot )
i 1 n
where the sum is over all pexrmiations w = (ﬂl""’ﬁn) of (1,...,n) ;

~ ¢ . ~
and K 1is called the symmetric version of K. K 1is well-defined since

XK is a "function". If K=K then K 1is said to be a symmetric func-
tion. Let Az(snR) be the subspace of all symmetric functions in
A?(gnR). Then it is easy to show that Az(ﬂnﬂ) is a Hilbert space and

®nA7(R) g AZ(GnR) under the correspondence
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o ~ - °n
£,8...88 <« (£(t;))...f (t)))". Similarly, let A,(®R) be the sub-
space of all symmetric functions in Az(anR). Then we can show
ﬂnAZ(R) & Az(&nR) (under the natural correspondence). As before, we

shall hereon identify @nAZ(R) with Az(énR) and ®nA2(R) with

“n
Az(a R).

3. Fourier Transform on Az(s"R)

Consider a continuous stationary covariance function R(t,s),

t,se R. By Bochner's theorem we have
R(t,s) = [ e (6502 4
with u a finite measure on the Borel sets of IR. For f ¢ Ll(HfH let

f(Al,...,An) = f(t .,tn)dtl...dtn

I f i(t1A1+...+tnAn)
“es e 120

be its Fourier transform and recall that f ¢ CO( Rp), the set of all
continuous functions vanishing at infinity. We shall define the Fourier

transform of every f e Az(anR) and for this it is convenient to com-

plexify the space Az(anR).

LEMMA 8. (1) Ll(Hfﬁ i8 a dense subspace of Az(enR).

(i1) If f,g e L(R") then £,g ¢ L(R 0" and

>

<f,g> n. = <%,u>
A, (®°R)

¢

Ly (R, ™)
PROOF. (i) Let f ¢ Llcnfh. Then

IJ e JJ lf(tl,...,tn)f(sl,...,sn)R(tl,sl)...R(tn,sn)Idtldsl...dtndsn

< u(R™ ||£] |2

313
L, (R



Sinilarly the second condition in the definition of L§n) is verified

ané thus f ¢ L}n). By Corollary 7, f ¢ A2(®nR). Since R is continu-
) . n T " ;

cus, by Theorem ©, A2(® R) = A2(®1F). Since the set of all step func-

tions is dense in Az(enr) it follews that Ll(IRn) is dense in

I
A2(® R).
(i1) Let £,5¢ L (R"). Then |£] < ||¢}] implies
n I
L, (IR7)
J ees [ lf(xl,...,xn)lz du(r))...du(r) s [|f||2 n p(R)” < = |
L, (RY)

and thus f € LZ(IRn,un). Since by (i), f,g ¢ L}n) and
fj ... ff ]f(tl,...,tn)g(sl,...,sn)R(tl,sl)...R(tn,sn)[dtldsl...dtndsn

< u(R" |]£]] [lel <w,
Ll(IRn) lLl(IRn)

it follows by Corollary 7 that

<f,g> = [] .o J[ f(tl,...,tn)g(sl,...,sn)R(tl,sl)...R(tn,sn)dtldsl...

dt_ds_ .
n o n

Substituting R and interchanging the order of integration by Fubini's
theorem we obtain <f,g> n. = <f,g> n on Q.E.D.
A, (@R) L,(R",u%)

2 2
THEORE 9. The map F: L (") > L,(R",u™): € t> £ can be
extended to an isomorphism from kq(enR) onto Lq(Efxun).

The extended map is denoted again by F and is called the Fourier

transjbpﬂ_on A2(®HR). We also write f for F(£f), £ ¢ Az(anR).

PROCF. By Lemma &, F preserves inner products and thus it can be
extended to an isomorphism F on A2(®nR) to a closed subspace of

Lz(IRn,un). We now show that F 1is onto LZ(IRn,un).
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Consider A = {%, feLz(Efb} which is a subalgebra of CO(Bfﬁ. It
is well known that A is self-adjoint, separates points and vanishes at
no point. Thus by the Stcne-Weinerstrass theorem any f ¢ CO(]Rn) is
the uniform limit of functions in A. Clearly CO( Rﬁ) is dense in
Lz(]Rn,un) (since u 1is a finite measure) and hence A is dense in

Lz(ﬁRp,un). This implies F 1is onto. Q.E.D.

Heuristically, if we let R(t,s) be the covariance function of the
Gaussian white noise W (the derivative of Wiener process W ) then
R{(t-s) is a delta function GO(t-s) and u 1is the Lebesgue measure.

In this case
AZ(R) = AZ(P) = Lz(dt)

{(where TI(t,s)

T
EWtJS ) and

A, (®"R) 'L, (dt) = Lz(dnt) .

n

@“Az(R) g @nAZ(P)

24

and thus F beccmes the ordinary Fourier transform on Lz(dﬂt).
Denote the translation (by T=(T1,...,Tn) } of a function

f(tl""’tn) by fT(tlj...,tn) =,f(t1+11,...,tn+rn). Then we have
THEOREM 10. X, (8"R) s i{mvariant under translations. And for

“1(A T4 4 T )
Bl - R . 11 nn
f,g e A2(® R), <f1’gc> = <f,g>; £ (Al,...,ln) = e

-~
<

f(Al,...,A ), T=(T1,...,T ).

n n

PROOF. Since R is stationary, all these assertions hold for
fe Ll(be. Hence they hold for all f € A2(®nR) by continuity

(Lemma 8).



III. NOMLINEAR SPACET AND MULTIPLE WIEMER
INTEGRALS FOR SPHERICALLY IHVARIANT PROCESSES

The main effort of this chapter is to obtain an orthogonal decompo-

sition of the nonlinear space of a spherically invariant process (SIP)

(Theorem 12) and an integral representation for its L,-functionals
L
(Theorem 21}. The integral representation is expressed in terms of

multiple Wiener integrals (MWI®s) which are defined in Scction 3. The

general properties of SIP’s are studied in Section 1.

1. Spherically Invariant Processes (SIP’s).

It is well known that all mean square estimation problems on Gaus-
sian processes have linear solutions and that Gaussian processes are
closed under linear operations. Vershik [1964] showed that these two
properties do not uniquely characterize the Gaussian processes. They
do, however, characterize the class of SIP’s.

et X = (Xt, teT) be a second order process with mean n(t) and
covariance function r(t,s). Then X is said to be a SIP if all r.v.’s
in H(X-m) having the same variance have the same distribution. A SIP
is a mixture of Gaussian processes. It can be determined by its mean
m(t), a covariance function R(t,s), and a probability distribution F(a)

on IR+; the characteristic function of X_ ,...,X (t.,...,t, eT) is
‘tl tk 1 k
given by

o)

(1) ¢(u1""’u}() - [ e—i z R(ti’tj)(ui-m(ti)) (uj-m(tj))

dF (o)



(Vershik [1964] and NagornyI [1974]). Such a SIP determined by m(t),
R(t,s) and F(a) will be denoted, in short, by SIP(m,R;F). A proba-
bility measure P on the sample space (ZR],B(IRT)) is said to be a

spherically invariant measuve (EI7) if it is induced by a SIP; or

equivalently if the coordinate process on (ZRT,B(IRT),P) is a SIP. A

SIM induced by a SIP(m,R;F) will be denoted by SIM{n,K;F).

THEOREM 1. Let P be a probability measure on (Eﬁ:B(IRT)] such
that the characteristic functions of its finite dimensional distributions
are given by (1), and for each a20 Let P, Dbe a Gaussian measure on
(jRT,B(IRT)] with mean n(t) and covariance function oR(t,s). Then

(i) P(E) = f P (E)af(a) VE e B(RYY.

Furthermore, for any measurable function © on (]RT,B(IRT),P) that
18 nonnegative or integrable we have
(ii) E o = f EaedF(a)

where € 8 = J 0dP and E 8 = f adp .
4.1 s

PRODF., (i) For each fixed cylinder set L, Pa(E) is a measurable
function of «; and the family of sets E such that Pa(E) is a-
measurable is a o-field. Therefore Pa(E) is a-measurable for every
Ee B(R). Thus J P (E)dF(a) is vell-defined and is easily checked
to be a probability measure. The characteristic functions of its finite
dimensional distributions is of course given by (1). Since the charac-
teristic functions of finite dimensional distributions uniquely determine
a probability measure on (IRT,B(IRT)), we have P(E) = j PatE)dF(a)

VE e B(RD.
{ii). This holds for 8=1E (EeB(IRT)) by (i). Ience it holds for

¢ simple function, and thus for 06 nonnegative by considering a sequence
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of simple functions increasing to 6. For 6 integrable consider the

L)

positive and negative part separately. Q.E.D.

REMARK. Theorem 1 (i) was proven by Gualtierctti [1974] for P a

SIM on a separable Hilbert space.

COPCLLARY 2. P <s a SIH(r,R;F) on ( RT,B(]RT)) 1f and only if

P(E) = J P (E)dF(a) VY E e sS(TRT)

where each Py 18 a raugeian measure with mean w and covariance fune-

tion aR, and

a1’= J adF{a) < o |,

ROOF. Let X=(Xt, teT) be the coordinate process on
T o wTy . . .. .
(E? ?5(Ba),P) such that the charscteristic functions of its finite
dimensional distributions are given Dy (1). Then X 1is of second order

if and only if a,<», since by Theoren 1 (ii)

1

g xi = J E X2 aF(a) = f [aR(t,t)+n° (t) ]dF (o) .

~
tr
e

The result now follows from Theorem 1 (i).

It follows from Corollary 2 that if X is a coordinate SIP(m,R;F)
then under each Pa, X is a Gaussian process with mean m(t) and
covariance function aR(t,s). The following lemma partially generalizes

this fact and it is central to the study of the nonlinear spaces of SIP’s.

LEMMA 3. Suppose X 18 a aero mean coordinate SIP and suppose

{En} 18 a sequence in H(X). Then we may take particular versions of
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each gn suen that under each Pa the r.v.”s (En) are jointly
Gausstian with zero mean and covariance

. - o -
and, moreover, for any measurable function 6 on (IRwJB('Rm)) we have
(11) E0(E ,5y,...) = 5100/ £y, Ya £y,.00)

whenever one of these expectations exists.

PROOF. For each r.v. gn(x), xelRi, there is a sequence l§n)(x)

of finite linear combinations of x such that En(x) = linm zgn)(x) a.e.
4 T {(n) . . A .

iPl. Let Cn = {xe R", zi (x) » < as 1i»»} and let C = n Cn' C is

clearly a measurable linear space with probability 1. HNow take each

to be linm zgn)(x) for xeC and 0 for x4C. Since by Theorem 1,

['as4

1=P(C)= j Pa(C)dF(a), there is aOZO such that PaO(C)=1. We may assume
u0>0, because otherwise dF{a) wiil concentrate at o=0 and in this
case the lemma obviously holds by taking each En tn be identically 2.
Bring in a zero mean Gaussian process Y on some probability space
(QO,EO,Q) with covariance R. Then ¥V o20

P,(€) = 0(Vu YeC) = Q/ay YeC) = Pao_(C} = 1.

{lote that C is a linear spacc.) Thus &y = 1im-££n) a.e. [?a]
V¥V a20. But under each Pa’ {Rgn), n=1l, i21} is a Gaussian family. It
follows {En} is jointly Gaussian under each Pu.

Since (i) is implied by (ii), we need to prove (ii) only. (ii)
holds for 6=1E, E e B( Ré), since as bLefore Pa[(gl,gz,...)eﬁ] =
Pl[(/a gl, Vo &qs ...)eEl V a20. <Consider now a nonnegative 6. Then

8 1is the increasing limit of a sequence of simple functions o and by

the HMonotone Convergence Theorenm we have
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E0(E)585,.-.) = 1im E o (£,,8,,...)
= lim E1¢n(/a'gl, 3 Eys vn)
= B0/ £y, Ya g, ...)
(ii) is now evident. Q.E.D.

We now introduce a r.v. A which will play arn important role irn
studying the nonlinear space of a 3IP as well as in defining the multiple
Wiener integrals for it. In the following discussion we assume that X

is a coordinate SIP(0,R;F) and X is nondegenerate, i.e., H(X) does

not have finite dimension.
Pick an orthogonal sequence {gn} from H(X) with E§i=a1. Then
by Lemma 3 we may assume that under each Pa {En} is a sequence of

L . . 2 .
independent zero mean Gaussian r.v.’s with Ea£n=a. Define

A =
n

=R

%
£, .
;1
By the Law of Large Numbers, we have
lim An =a a.e. [P]
Let C* = {xe RT, An(x)4=}. Then
P(C*) = J Pa(C*)dF(a) = J dF(a) =1 .

Thus An converges a.e. [P] and its limit is denoted by A. We remark

that A=0 a.e. [Pa]’ and A has Jistribution function F since

P (A<a)

I P_ (Asa)dF (o)

I I[O’a](a)dF(a) = F(a) .
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If we put Qa = {xeﬂﬂl A(x)=a} then Pu(Qa)=1, and thus the prota-
bility measures Pa’ 020, are mutually singular.
In the following we will introduce an alternative way of defining
the r.v. A and we will give an interesting example of a sample continu-~
ous martingale whose family of o-fields is not continuous.

Consider the same sequence {En} as above. Let
t
2 = 2 <t<
=1t fo e (t)dt , Ostsl,

where {en} is a CONS in LZ[O,I]. This sum, under each P, converges
a.¢. and in mean square and ¥ = (Wt, 0st<1) 1is a Wiener process with
variance parameter o (e.g. see Shepp [1966]). Define
2m_1 o1 ) 2
A(t) = ] w[l”fﬁ- t] - I[J—n- t] :l

by a theorem of Lévy [Doob 1953]

]

linm An(t) = ot a.e. [Pa

Applying the same argument as before we can show that for each t An(t)
converges a.e. [P] and its limit is the quadratic variation of
{WS, 0ss<t} denoted by A(t). The r.v. A is defined to be A(1).
Since A=a a.e. [Pu], we have A(t)=At.

Using the fact that Y 1is a Wiener process with variance parameter

a under each Pa, it is easy to see that W is a sample continuous

A

martingale under P. Let B, = B(Ws, 0€s<t), 0<t<l, we will show that

t

Bt is not continuous at t=0.

By definition A(t)=At is Bt—measurable and hence A is Bt-

measurable for every t>0. Suppose A is not a constant (i.e., dF(a)

Goes not concentrate at one point). Then n Bt is nontrivial. But
t>0
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BO is trivial because WO=O a.e. [P]. Therefore Bt is not continucus

at  t=0.

2. HNonlinear Spaces

Consider a second order process X = {X_, teT}. We shall briefly

¢
recapitulate some results on the nonlinear space LZ(X) which will be
useful to us later. Ve may assume that X has zero mean.

Suppose that every EeH(X) has all moments finite. Let P be the

linear space of all polynomials in elements of H(X) and let PP (p=0)

be the linear space of all polynomials in P of degree at most p; hence

PO is the set of all constants. Let Q0=PO and for p21 let Qp be
the set of all polynomials in Pp orthogonal to Fﬁ-l‘ Denote by 5%
i

the closure of Q_ in LZ(X). Qp is called the n-th polyrnomial chaos
P

and Qp is called the p-th homogeneous chaos.

The following theorem is weil known.

THEOREI{ 4. [Neveu 1968] Ir e® ¢ L,(X) for every £ e H(X),
then {eg, EeH(X)} is a complete set in L,(X). Furthermore if
elgf e L,(X) for every &£ e H(X), then P <g a dense subspace of LZ(X)

and hence

L(X) =0 Q .
2 pZOQP

PROOF. Let n e L,(X) such that Ene® =0 V£ e H(X). We will

show that n=0 a.e. There exists a sequence {gn} in ©H(X) such that
n is {gn}-measurable fDoob 19531. Since n is integrable we have by
the standard Martingale Convergence Theorenm n = lim E(nlgl,...,gn) a.e.

E{nlgl,...,zn) is a Borel measurable function of 51""’gn and belongs
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to LZ(X); denote it by g(El,...ggp). Then

tiE,+.. .+ € t + +t_§&

151 T 'n’n

- 1°1 n’n _ _
Eg(gl"";gn)e = Eﬂe = 0
- D 3 i = i
v tl""’tn e R which impnlies g(gl,...,gn) 0 a.e. since
t1g1+"'+tngn . .
{e , tl,...,tne:R} is complete in Lz(gl,...,gn) (by an
application of the Stone-Weierstrass Theorem). Since E(n!&l,...,gn)=0

a.e. for all n it foliows that n=0 a.e. Thus we conclude that
{eg, teH(X)} 1is complete.

Suppose elgl € Lz(X) V & e #i(X). Then we can apply the Bounded
Convergence Theorem to 1l.i.m. Z 2~ = e” and conclude that e P

Thus L,(X) = P. Q.E.T.

We now proceed to study the nonlinear space LZ(X) of a nondegener-
ate SIP(O,R;F). In order to have all moments of & ¢ H(X) £inite we
introduce the following ‘'moment’ condition:

(1Y) The moment generating function of F exists, i.e.
ot
Je dF(a) <= ¥ te R .
Under the condition (1) we have for £ e H(X)

E P

Q

j £ &P aF(a)

J o

™
= s

p 1
2

AQ["'\J

Elﬁp dF (a) (by Lerma 3)

P <o

&
‘=

where @ = [ ade(a), p20.

COROLLARY 5. If X <s a SIP(0,R;F) satisfying (M) then

L,(X) = Q_.
2
pZO-p



ERGOF; It suffices to sliow that elg’

is integrable for every
£ e H(X). UWe may assume that X 1is a coordinate process. Also we may
assume by Lemma 3 that under each Pa £ is a zerc mean Gaussian varia-

>

ble with variance %—»Eg‘. Then

1 x2
€] 2 TR 2 2
Eel® = "—“I e 7 dx  (of=2-EE")
/ 270 1
2o
X2
9 02 L pco " 2
= i_~ J e‘O C“.x
¥ 270° " -¢
02
< 2e

Thus

E e|€| = J EmelgI dF(a)
Q 2
<2Ie dF(a) < = .

Q.E.D.

REMARK. The use of Lemma 3 in the proof of Corollary 5 is typical.

Ye will hereafter use Lemma 3 without cormment.

COROLLARY 6. [Wiener 1968] If X <s a zero mean Gaussian process

then

L,(X) = & q
2 r
p=0 ?

PROOF. Note that a Gaussian process is a SIP with dF(a) concen-

trated at a=l.



LEIMA 7. Suppose H is a HDilbert space. Then {&°7; teH} 4s

ecomplete in 1P,

PROOF, Let {Ey, yel'l} be a COMS in H. Then

8p, . - ?p
e, to...08" K
"1 % N
. ~ Dyseeesp @D, .
neHP and <n,£®p>=0 ¥ geH. irite n =) a 1 k £ le
Yl"“"Yk Yl

~

: yl,...,yker, p1+...+pk=p} is a cous in HP, Let

'&EY

k

Consider the inner product of n and sng +...+sk€ 5 sl,...sske]R;

1 Yx
we have

. Do _ ’
0= <n, (515Y1+---+sk€Y ) > = z a e Sl ...Sk

Since this equation has infinite many solutions, it follows a 1

and thus n=0. Therefore {£®p, geli} 1is complets.

Our first step in studying the nonlinear space of a SIP is to

Yyoo-

investigate to what extent it is determined by the structure of the

linear space.

THEOREM 8. If X <s a nondegenerate coordinate SIP(0,R;F)

satisfying (M) then there exists a unique isomorphiem & from

& ng(X) onto a subspace of LZ(X) such that

pz0
. .- A .2
é;_— [ ZalE(a
d(e °) = ¢

A A

[ T 3
where eQE = Z {~JL% €®p’ EcH(X).
pIa?
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Moreover, @ is an isomorphism between & ng(x) and LZ(X) tf

p=0
and only 1f dF is concentrated at ome point.
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~

o . . 8F :
PROOQF. The convergence of the series defining e ° results from

the following:

2 _ 2 _ - .2
HEH - Eg - alvlv H

@ ép 2 @ 2p

L2 eI = =2 el

p!ai p!a1
_ 1 r 223D apra-
= 2 oT (aulg }¥ dF(a)
L

aF 22

= f e 1 ¢F (@)

3 oz, 557 ]

1

by Fubini’s Theorem)

<o (by ().

e . ® .
Thus e * 1is well-defined. HNext we show that the set {e g’ EeH(X)} is

~

1,
complete in © H®p(X). Let n e @ i r)(X) be orthogonal to this set. We
p20 -

. D ...
need show that n=0. Write n=2 np, np e H p(}1). Then

A o ;5 ~
0 = <e®u€,n> ép = z {-—E;] u? <E®p,ﬂp> ép
p§§, (xX) p!ai ) H 2 (X)

Yue R, VEeH(X), which implics n 1 e%P v zeH(X). By Lemma 7
n_=0 and thus n=0.

For E£,n ¢ H(X) we have

~ ~ a
® ®
<e E,e LN ép = Z Dp <€’n>g(x)
T i ' £
pHT ]
1 o r p
= — {— E&n dF (o
15 (OL1 )P dF(e)
2 g
Gi N
= e dF(a) ;
4
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on the other hand we have

A 2 A 2

" 2a 24 =7 =N 5-;-56 n—l—En
1 1 f { 7 2

<@ e > = e

[0}
E &n
= { e & dr(e)

EN

.IQ
N

dF (a)

]
S
[t
2
Pt

Thus ¢ preserves the inner products and therefore it can be extended
. . ®L . .
uniquely to the closed subspace spanned by {e -, £eH(¥)} which is
. ®p ., . .
indeed ?% P(X). The first statement of the theoren is now proved.
P_ .

Suppose dF(o) 1is concentrated at a=a. Then A=a a.e. and in
e E-EEES
this case {¢(e ) = e , EeH(X)} 1is a complete set in L2(X)

by Theorem 4. Thus & is an onto map and hence an isomorphism. Conver-
sely, suppose dF 1is not concentrated at one point then there exists a

nontrivial r.v. f(A) with zero mean. HNote that

.2 2
£ —%a re £ -5 EE
E f(A)e 1 = [ £(a)E e 1 dF (o)
= J f(a)dF(a) = 0.
It then follows that ¢ 1is not onto. Q.E.D.

COROLLARY 9. [ileveu 1968] If X <s a zero mean Gaussian process

, . . . B0
then there exists a unique isomorphism from e ©(X) onto LZ(X) such
P20

that

-~ 2
- o2
@(egg) S 5EE

vhere e°° = ) (lu'% £%P, geli(X) |
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PROCF. The omission of the assumption that X is a nondegenerate

coordinate process needs explanation. Note that in the proof of Theorem
8 this assumption is only used to guarantee the existence of the r.v.

A. But in the Caussian case dF(a) concentrate at a=1l, and thus the
r.v. A always exists and equals to 1. Therefore this assumption can

be dropped. The assertion now follows from Theorem 8. Q.E.D.

By the isomorphism ¢ in Theorem 8 we shall hereafter identify

e§®p(x) with a subspace of L,(¥).
p?_ . &
THECRE!! 10. Suppose X 18 a nondegenerate coordinate SIP(0,R;F)

satiafying (M), then for Eeli(X)

@ A %
3 Cls (‘I‘)"!—&"')z H 2 (€)
P p’“‘l!‘vll
More generally, for a finite orthogonal sequence  Gys...,& in H(X)
o - p
3D, A ~ ®p o
1 k 1 4% .
gl ®.‘.®§k = (W)E H ll !lz(gl) ... H A li Ilz(ak)
p Py oy "1 Koa 118

PEpyFe e Dy in particular,

PROOF. Since {gl,...,ap} is an orthogonal set in H(X),

-~
A

en A@p &
{€1 1 ®£k k, pl"""k“ 8} is an orthogonal set in Pg‘g‘p(}() c LZ(X)
and the following series converges in L2(K)
/'\], .
®L. u. & k &
ULy R )
p20 p'a 1

p Py ®Pya - ®P
1k, 1®._.®£k k .

) ) ( “p ) u

p20 Pyte ¥ PP p!a P
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On the other hand

~ k. A 2 2
8211<u.£. Iy (uyes - 5eup e D)
171 e 1
A 2 2
Kk %455 Zaluil le; 1]
= e
1 P
k z ui1
=1 = €.) .
.| A 2
1 p120 pl Pl:‘a—l‘l ! ll l *

The theorem now follows by comparing the coefficients in both develop-

ments. Q.E.D.

COROLLARY 11. [iNeveun 1968] Suppose X <s a zero mean Gaussian

process. Then for & e H(X)

~

®D

£

p|lel|

More generally, for a finite orthogonal szquence g],...,gk in HQCO

jplé...égipk - (ll_);z’ H ,(E) ... H NG
P el pyo el

P=Pyte - *Pys in particular,

g

"~ ~ _ 1 }5
gl®...®gP = (ETJ 51...gk .

N

Before we prove the main theorem of this section we introduce a

“continuity’ condition on F:

(C F(a) 1is continuous at a=0 .

o)
L2(A) denotes the nonlinear space of the r.v. A which is a subspace

of L,(X). An element in LZ(A) is of the form f(A), f e LZ(dF).
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THEQREN 12, If X s a nondegencrate coordinate SIP(0,R;F)
satisfying (M) and (Co) then there exists a unique isomorphism Y from

L8 (o H@P(X)) onto L, (X) such that
>0
= - ¥ eare?
-5Eg”
¥(£(A) ® e%5) = £(a) - e "
where eGE = Z—l— £®p and . £ ¢ Lz(dF), £ e HED
pl

. ®E . .
REMARK., We have defined e & in two different ways (cf. Theorem

BE

8). However, the latter always appears in the form £(A)®e and hence

there will be no confusion.

PROOF. The proof is similar to that of Theorem 3. The convergence

o1 |2
£°P]|

. PP ®
of the series defining e & results from ]

= Hell7%y -

~ ~

) .
Thus e®g is well-defined, and f{e E, Ecli(D)} 1is complete in

-~

8y .
® H (0 as shown in the proof of Theorem 8. Note that

pz0 .
{£()8e®®: £(A)eL,(A), EeH(N)} is a complete set in L(A)e( ® ng(x))

pz0
Let f,g ¢ Lz(dF(a)) and &,n € H(X). Then we have
F e, ga)se > :
L (a)@( o HP (X))
pz0
®E &n -
= <£(A),g(A)> <e v,e >
L, &) HP (%)
pz0

E£(A)g) ] %T~<5»“’5cx)

[ (o) glo)dF(a) © eFo" ;

Hi

*1.% 2
() E-%TE
on the other hand, e is well-defined because of (CO) and
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e, 7 a, X
(D) &-3EE° )
<f(A)e , g(A)e ”

2
n-%Fn

>

v
LZ(“) @y % 5 a
() &-56e” = n-%E

n
f fla)gla) - Ea[e ° e } dF (a)

f £(a)g(a)eE " aF (o)

a
%
where we have used the fact that under each Pa {a>0) (51025 is

Gaussian with variance E€2. Ye may now conclude that the map
o, F
N 1.7 2
of G E-Ee
¥: f(A)®e > £f(A)e can be extended uniquely to an isomor-

A

phism from LZ(A)G( @ HQP(X)) into LZ(X)' Vie claim that ¥ is onto;
P20
the proof is given after Theorem 13. Thus the theorenm is proved. Q.E.D.

As before, by the isomorphism ¥ in Theorem 12, we shall hereafter

identify L,(a)e( e HP(X)) with L,(X).
- p20

THEOREI! 13. Suppose X <s a nondegenerate coordinate SIP(0,R;F)

satisfying (M) and (Co). Then for & € H(X), f(A) € LZ(A)

ép 1 .\% % %
fA)eE ¥ = f(A) - (397 H (™ £)
P o el 2 A
. 1% %1.2
(= fWEP I H ,(8) ).
* P:a‘;”gl

More gemerally, for a finite orthogonal set {El,...,gk} in HX) and

f(A) € LZ(A)
®p,. . ®p
f(A)@(gl 1@...®gk k)

(&%),

&

% %
= £+ GpTH (%)
o1 lel |

P=Py*. - Dy in particular

s g

Kk
~ ~ 1 o -2-
18(£,8...02,) = G IGDE,. .5 -
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PROOF. The proof is essentially the same as that of Theorem 10,

hence it is omitted. Q.E.D.

REMARK, It is easy to deduce from Theorem 13 that

A

£(A)S0 = £(A) + 180 for £(A) € Ly(A), 6 ¢ ® H'P(X); and
R mk R p=0
o HP(X) = fﬁ-} o (o HP(0).
p20 ap p=0
PROOF OF A CLAIM in the proof of Theorem 12.

Since {eg, £eH(X)} is complete in L2(X) it is sufficient to show
that the eg belongs to the range of ¥. Consider the following series

in L,(A) ® (e H°P (X))

pz0
A .2
IR S
i) I=e EI e &P, £edX .
T 1
The series converges since
1 igzggz N SIE
I @ptee] :
pT 1 L, (e (et (X))

&g’ ,
=y L 1 @ 3P o (Fe2)P
=15 f e G P - EED)

o .2
—T&

[ g gerJ o

(by Fubini's Theorem)
20, .2
5~EE

I el dF(a)

<o (by ().

From Theorem 13
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1 52.1_5.32 AT L el 5 a %
¥(f—e A% e ™) = ] L Ln L, (gD o)
Vol 1 /ol 1 /pl p,Eg
A
Za,
1
e ) =il (&)
= p,aEg’
“1
A, A_2
Za, ¢t
=€ © e
- of

where the series converges a.e. [P} and in LZ(X)' Thus

ef ¢ ?{Lq(A)®(®H®p(X))} and the proof is complete. Q.E.D.
Lo on

In the following, it is convenient to assume that the index set T
is lincarly ordered. This is no restriction since every set can be

linearly ordered.

THEOREM 14. If X <8 a nondegenerate coordinate SIP(0,R;F)
satisfying (M) and (00)’ and if {EY, yel'l and ‘{en(A), n=1,...,N} (N
may be infinite) are CONS’s in H(X) and LZ(A) respectively, then the

family
®
ol % Py~ - Py
Y = : ® ®...® : n=1,...,N, k2
{ {( 'Pk’) e (A) (EYI £, )t n=1 1

pll.. Yy

Yl<"'<Yk’ p1+...+pk=p. pZO}
18 a CONS in LZ(A)ﬂ(e%?p(X)); or equivalently the family
pz0

%
1.% il . = “~l = ©
{en(A) o H(E_TJ Hp ((A ). EY)- n=1,...,H, vel, pY_O, 2 pY <
Y Y
i3 a CONS in L2 CO.

Hence every 0 € LZ(X) has a unique orthogonal development as

follows
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D..elD . %

- i 1 k . ; 2 .
6= 1 1 ) L opa e (&5 e, ).
nzl pz0 p1+...+pk=p y1<...<Yk 1° 'k & Py Y1

k=0

n(Gh% )
ISR S

PROCF. It is easy to check that LZ(A)®(@H®p(X))
» >3 o
= @ (LZ(A)®H®p(X)). It is clear that Mn(LZ(A)ﬁﬂgp(X)) is a complete
p20 ~

set in LZ(A)®H®p(X). Thus the set 4 is complete in

® (LZ(A)®H®?(X)) = L()we{ @ K
p=0 - p=0

(K}). It is also clear that M is an

orthogonal set.

To show that every .element in M has norm 1, it suffices to show

. ®P1r -~ P2, pyt...pl
@ e, Yeme (3 = TR
Y1 Yk HP(X) P
But by definition
®D, A ~ ®p -
£ lg 13 ko %“’Z gv ® .®gv
"1 Yx iy o1 P
where v=(v1,...,vp) is a permutation of (Yl,...,ylg...;yk,...,yk) and

the sunm is over all such permutations. Thus the norm in (i) equals
. . 1.2 .
(1) EP° 7 ) <¢ e...88 , £, ®...85 >
®
p! Avo1 vp Al Ap H p(x)
and each swmaand is either 0 or 1. Consider the number of nonzero

summands. The first term in the inner product can vary in pl ways, and

for each such term the sccond {erm can vary only in p !,,,pk! ways {(for &
Pales.p!
nonzero inner product). Thus (ii) equals to “l—ET‘“E"‘ and the proof

for the first assertion is complete.
The second assertion is now a direct consequence of Thecrems 12 and

13. Q.E.D.
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Theoren 14 for Gaussian processes is the celebrated theorem of
Cameron and liartin which was a milestone in the study of nonlinear spaces

of Gaussian processes.

COROLLARY 15. [Cameron and Martin 1947] If X <8 a zero mean

Gaussian process and if {EY, vel't Ze a CONS in H(X), then

1 .\%
1¢9% u . yel, p. 20, <
{ (pY) pY(E) vel, p,20, ] p <=}

18 a CONO in LZ(X)'

A final remark before closing this sectionn is the following: We have
assumed while studying the nonlinear space LZ(X) that X 1is a coordi-
nate process. This is a convenient assumption rather than a restriction.
For if X is defined on an arbitrary probability space (Q,5,P) with
3 the o-field generated by X, then LZ(X) = LZ(Q,B,P) is isomorphic
to LZ(IRT,B(Bir),PX-l) under the cerrespondence G{X(w)) «—+ 0(x).

(Hote that every B-measurable function p(w) is of the form G(X(w))
for some BCEgB—measurable function 8(x) and the r.v.’s p(w) and ©6(x}

have the same probability distribution.)

3. Multinle Wiener Inteagrals

We shall define the multiple Wiener integrals (MHI’s) of the

following tymes

Ip(f) = j e J t(tl,...,tp) dmtl...dAtp R
J_(f) = ces f(t,,...,t ) %X ...X  dt,...dt
p(f) I f 1C(tl p) ty ty 1 P

where X=(X_, teT) dis a SIP(0,R;F).
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Introduce the following "'integrability” conditions on X:

{(I) X 1is zero mean, and vanishes at some point t.eT (i.e.

0

Xt =0 a.e.) with T an interval,
0
(J) X 1is zero mean and mean square continuous with T an interval.
We will always assume (I) while dealing with integrals Ip’ p20; and (J)

while dealing with integrals Jp’ p20.

The following lemma is well known and is the key in VWiener's defini-

tion of IWI’s for a lliener process.
LEMHA 16. If {El,...,gn} 18 a Gaussian family with zero means then

Eg)...6, = LI* E £58;

where the sum is over all ways of dividing n terms into pairs and the
product is over all pairs in this way of dividing. (Empty sum is defined

to be 0.)

PROOF. Consider the moment generating function

tE ..+t ¥t.t.o..
¢(t1,...,tn) =L e 171 nno e 134
=71 4P p
lpl (2) ( titjdlj)
where o,. =T &.E.. Since

3¢
E by = Ge—ede-.. ot =
1 n Btl...atn tl tnO

is exactly the coefficient of the tern tl...tn in ¢, we can conclude
this lemma after a little algebra. 0.E.D.
LEM¥A 17. Let X be a zero mean SIP with o <= and let

2
El,...,En e H(X). Then
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o

=-—R % =P'-

1o &y pZ*n Egie:j » P=5 .
“

E g

PROOF. We may assume X 1is a coordinate process. Then

E El" En = J Ea 51"'En dF (a)
= I X*H* o Elgigj dF(a) (by Lemma 14)
= ap E*H*%Egigj
o
= R Y £ogg, .E.D.
" Y** £555 Q.E.D
1

The following theorem is essential to our approach in defining MWI’s

for SIP’s, and it has its own independent interest.

let

Then

THEOREM 18. Let H be an infinite dimensional Hilbert space, and

S = {¢1®...®¢p: {¢i, 1<isp} an orthogonal set in H} s
5 = {¢1®...®¢p: {¢i’ 1<i<p} an orthogonal set in H} .

A

~ . 8 .
S and S are complete in H? and i°F respectively.

PRCOF. Pick a COMS {e , vyel'} in H, then {e ®...®e , y.el}
s Y Yl "{p 1

. . ® . . .
is complete in o p. To show that § 1is conmplete, it suffices to show

that

each e ®...®eY can be approximated by linear combinations of
1 P

elements in §. For Yl""’Yp distinct we have e @...@eY € S, and

1 p

thus only the case that not all +vy’s distinct needs consideration.

Suppose that {Yl,...,yp} has k distinct elements YyseeesYyo each

repeated PysesoPy times with Py*e. +p =P and k&n. We may choose
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an orthonormal set {fl"’"fn;'";f(k-l)n+1""’fkn} in H such that

1

e, = (£, cootf, <i<k. e wi i i

eYi % ("(1~1)n+1+ +£, ), 1<i<k. He will show only the existence of
fl”"’fn; the existence of the others can be shown similarly.

Take n-1 elements e from {ey, vel'} \ {eY yeess€ 1.

n o seees€
2 B 1 Yx
Let ¢ be an isomorphism on the subsnace spanned by e, ,eB ,...,eB
"1 1 n
1 1 -1 -1
such that ¢ e = —x(e +eB t...teg ). Thus e = 5(2 e +0 eq +...
1 a7 Y1 P2 n Y1 n? Y1 2
+o e )} and o Le s 5t s e ,®—1en are our choice of f£.,...,f .
B Y 8. g 1 n
n 1 2 n
Now assume for convenience e ®...8¢ to be
Yl Y
i P
@p @p - "2—
e le...c K=nVf e..ef e..8f o.. .6f
151 Yx . Y11 Yin Yk1 Ykn
where the sum is over all Yij = ki+l,...,k(i+1), 1<is<k, i<js<n. Divide

this sum into two parts 2' and )" where Y is the sum over all
distinct Yij’s and )" is the sun of the remaining terms. Y' is an

element in the span of S and

> 1 as n-e,

&

ST S L. LI
‘lz |1 AP (n*nl)! U (n«pk)!

So by choosing n sufficiently large, eY ®...®eY can be made arbi-
1 p
trarily close to the span of S. Thus the first assertion is proved.

The second assertion is now obvious. Q.E.D.

Yle can now proceed to define the MWI’s Iﬁ, p=0. Suppose X 1is a

nondegenerate SIP(0,R;F) with covariance function r(t,s). Note

r(t,s) = alﬂ(t,s). IO is defined to be the identity map on R, and

I1 is defined to be the isomorphism

Il: Az(r) + HOOD: £ = [ f(t)dXt .
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For p22, let ¢, 14,3

consider the map

47

is an orthogonal set in Az(r)} and

Ip: 5 - Lz(X): ¢.® ..®¢p b J ¢ldx een f ¢de .
Then for ¢1®...®¢p, wl®...®¢p €
E{I?(¢1®...®¢p)lp(¢1®...,4 )
= E dX b dX dX o ... e b dX
[ J $q f o, [ ¥y I ¥pdX]
) ; (
= I I( [ ¢ dX - Yy .dX)
ag T i=1 1 J m
( m cover all permutations)
p
%y
= —a i s
“? % iz Vi Av(r)

where the second equality follows from Lemma 17 and the fact that

-

E( [ ¢idX J ¢1dX)

[vges [ vyon

= 0 for i#j
Cn the cther hand,
d)lh ®¢ H ‘pl Qq) > Ny }:T 2 z 2 <¢ 1® '®¢ ? lp 1®' 11) \A (@ ‘)
(®9r) pi” o mp’ o op A, (&1
1.2 P
=GP LY T <0
ol Y g 3=y O7mi Az(r)
1 2 P
= I ¢ sP
pt p 4=y 1M Az(r)
where m,0 are over all permutations. Thus
~ - - “ plo - n
.®,,.9 ), ®...8) )> = —2L <p.®...8_, ®; ~
1
a? % N
and hence [p'u ] Ip is a map on 5 which preserves inner products.
p

&
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I can be extended uniquely to an isomor-
pla) 'p

phism on A2(®pr). Furthermore define Ip(f) = Ip(¥) for f ¢ A2(®pr)

1)
at 1%
Theorem 1z implies [ }

where € 1is the symmetric version of f£.

fle now summarize our results as £ollows,

THEOREM 19. If X <s a nondegenerate CIP(0,R;F) satisfying (I)
and ap<w, then the WII Ip can be defired uniquely on A2(®pr) (r=a12)
such that Ip: Az(wpr) - LZ(X) is a bounded linear operator with

Ip(¢1®...®¢p) = f ildx ces J ¢de for {¢i} an orthogonal set in Az(r).

5 restricted to the subspace A2(®pr) is an

&

al
Moreover ( T ] I
too) o
igomorphism onto  ® H(X).

The MY Jp (p20) cna be defined in exactly the same fashion, and

we have the following

THEOREM 19'. If X <8 a nondegenerate SIP(0,R;F) satisfying (J)

and aD<w, then the WII Jn can be defined uniquely on A2(®pr) (r=a,R)

such that Jp: A2(®Pr) - LZ(X) 18 a bounded linear operator with

JP (¢1®...®¢p) = J ¢1dx - [ ¢pdx for {¢i} an orthogonal set in

A (7). .
2 a{ ]%

Horeover E;n;— I restricted to the subspace A7(®pr) 18 an

o). P
igomorphism  onto oPH(X).

We now give another less intuitive definition for I . Since Az(r)

p
is isomorphic to H(X) under the isomorphism I: f }— [ fdx, AZCéPr)

. . ® :
is isomorphic to H p(X). Denote this isomorphism by I“p. For

¢1,...,¢p orthogonal in Az(r) we have
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" ~

@ ~ " N 3
I P(¢la...a¢n) = J O f 62X
oy v

i {P!a ]

P

which suggests to define on Aq(®pr)
&

pla -
1= F;—iq P

( ¢, dX ... ¢_dx (by Theorem 190),
;1 P

P

<

oD
I

This definition for In is consistent with the previous one since they
&

s it . . . N
coincide on S which is complete in A,(®'Tr).

The following results are immediate consequences of Theorems 10 and
X

plo)® g
L—?fJ I'? is a constant multiple of an
aL
1

12, and the fact that In

isomorphism.

THEOREM 20. Let X be a nondegenerate coordinate SIP(0,R;F)

satisfying (I)_g (M4). Then the HI’s Ip 5 pZO, have the fo ZZO‘LJZ:?IQ’ pro-

perties:

Ip(af+bg) = aIp(f) + pr(g) , a,beR,

Ip(f) = Ip(f) ;

p!oL,3 -~
<I (f)sl (g)> = —_—L <fsg> ~ 2
P p ai Aq(epr)

<IP(f),Iq(g)> =0 if p=q,
QD4 ~ ~ B®D
Lo . o6 Xy =i (1 oao...H (1 ¢,ax
il k A e, 1121 p oA fe 120K
pl’al 1 ‘k’al k

where {¢1,...,¢k} ig an orthogonal set in Az(r).

THEOREM 21. Let X be a nondegenerate coordinate SIP(0,R;F)

satisfying (I), (M) and (00)° Let {en, n=1,...,N} (N may be infinite)
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be a COUS in Lz(dF)e Then every o ¢ LZ(X) has an orthogonal develop-

ment as follows

e_(A)
o= § ] A1 (), ey b
n=1 p=0 5
A
e (&) A
r ¥y _EET_.( (n)) =y ) 2— (g (n)) then ”(“) bé r) for all n and
A2 A2 ’

P

PROOF. Pick a CONC {¢Y, vel'} in A,(r). Let &, = I ¢, dX.  Then

{£_, veT} is a Coug in H(). By Theorem 14 we can write

~

Py.--D .. . 8p
6= 3 ) ) sl Ko (a)er. le.. o k
nY,...Y, 1 Y
nz1 pz0 p1+...+pk=p Y1Se <Yy 1 k 1 Yk
..pk ai % Lo TN Py
=111l a Y y {—- ﬁ} e (A) 1 (¢Y “e...8¢ )
1Y% LAl P X
1 .
r P 1Y% @n.. ~ ep
Putting f(n) = z Z a 1 k ffl ¢ 1@. ®¢ k {in
p _ Ny ..y (7] Y -
pl+...+pk—p 'rl<...<yk 1 k 1 Yk
~ e_(A)
Az(wpr) )we get 6= ) J =2 I}[fgn)). And the uniqueness of
n21 p20 £ PF
Al—d
Q.E.D

n) .
f( ) is now clear.
P
The corresponding results for Jp can be shown similarly.

THEOREIN 20'. Let X be a nondegenerate coordinate SIP(0,R;F)

satisfying (J), (M) and (C,). Then the W1 JP can be defined wmiquely

on Az(apr) such that the following hold

Jp(af+bg) aJp(f) + bJp(g) , a,be R,

J (£) = Jp(?)

3



pla_  _

J (£),d (2> = —2 <F,> .,

PR of A, (8F1)
1 2
<J (f),J ,(g)> =0 if p=q
®p1* - 8Pk
J (¢l ®¢k ) = (J¢(t)xtdt)...ﬁ A 2(J¢(t)xtdt)

ppAt 1oy 117 oyt 19,1

where {¢1,...,¢k} i8 an orthogonal set in Az(r).

THEOREH{ 21'. Let X be a nondegenerate coordinate SIP(0,R;F)

satisfying (J), (M) and (CO)' Let {en, n=1,2,...,8} ( N may be
infinite) be a CCiS in Lz(dF). Then every 0 e LZ(X) has an orthogonal

development as follows

N e (A)
0 = g (gmy ) ) Py .
nZI pgo g. P( ) p © A7)
A
(A) e (A)
If J ) —— ‘n I f(n)) D) —-Ez—— p( ;n)) then fén)~g(n) for all
Az Az

n and p.

COROLLARY 22, If X <8 a Gaussian process with covariance R and

satisfies (I) then the Mil’s Ip, pz0. have the following properties:

Ip(af+bg) = aIp(f)+pr(g) , a,be R,

I =1(D,
p( ) ()

<I (£),I1(g)> =p! <&, 2> .

p( ) p(g) pl <f,g =
<I (f),Iq(g)> =0 if p#q,
8p.. . 9p
(6 lg.. @ L ky 2 g ) J . 2(J¢kdX)
pl’ll¢ll| pk’ll¢kl|

where ¢1,...,¢k are orthogonal in AZ(R).
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COROLLARY 23. If X <8 a Gaussian process with covariaince R and

satisfies (I) then every Lz-funetional 8 of X has an orthogonal devel-

opment
= § p
G ZIp(fp), £, € A, (e7R) .
If Y1 (£)=1])1 f =9 v
£IL,0) =1 1) then £ o=, vop20.
COPOLLARY -Z'. If X <s a Guassian process with covariance R and

satisfies (J) then the MWI’s Ip, p=0, have the following properties:

Jp(af+bg) = aJp(f) + bJp(g) , a,be IR,

J ) =3,
p( ) p( )

<J_(£),J _(g)> = pl <f,p> .,

p p A2(®PR)
pr(f) ,Jg(g):v =0 if p:Cq ,
By~ - Py ( .
Jp(¢1 @...s¢k ) = H | 2([¢1(t)xtdt)...H 2)(J¢k(t)xtdt)

Pl’ll¢1 Pk’Hdr’kH
where ¢1,...,¢k are orthogonal in AZ(R).

COROLLARY 73'. If X <& a Gaussian process with covariance R and

satisfies (J) then every Lz-functional & of X has an orthogonal devel-

opment

6 = J(£), £ e xr(eR) .
pgo JE) » £ e 2, @R

I J(f)=VYJ then T =79 ¥ p20 .
pr(p) Zp(gp) en E =%, ¥ p20



IV. EQUIVALENCE £33 A 9-1 LAY FO&L SPHERICALLY INVARIANT PROCESSES

In Section 1, we combine the representation theorem for SIP’s and the
dichotomy theorem for Gaussian processes to derive some results on the
equivalence of SIP’S (Theorems 5, 7 and 8). (Two processes are said to
be equivalent if the induced measures are equivalent.) In Section 2, we
derive a 0-1 1law for SIP’S (Corcllary 12) which partialiy extends the
celebrated 0-1 law for Gaussian processes.

i. Eqguivalence o Sphericaily Invariant Processes

We first state the general theorem concerning the equivalence (~)

and the singularity (i) of two Gaussian processes.

THEOREM 1. [Neveu 1968] Let X=(Xt, teT) be a zero mean Gaussian
process on the probability space (8,3,P). Let R be the covariance
funetion of X. Let Q be a second probability on (22,B8) under which
X 8 a Gaussian process with mean n and covariance fumction 8.

Then either P~Q or PLQ. In order that P~}, it is necessary and
suffiectent that there exist yeH(X) and Ueﬁ(x)éﬂ(X) such that

= <Y 2Y -1 -
(1) n(t) = <X, Yoy + XS0 hanm
) S(t,s)-R(t,s) = <Xt®xs’b>a(x)®ﬂ(x)
and the Hilbert-Schmidt operator U on ii(X) does not admit -1 as its
etgenvalue.

When P~Q, the Radon Nikodym derivative of Q w.r.t. P <s given by

2
P 1 O
W s v vl
(3) Texy = [-r)e '1 e Toee

dp
where Z = ingi®£iesH(X)®H(X), {gi} 18 an orthonormal sequence in

H(X), U= Ju.£,®,, (1-A)(0+,) =1 and Y= 2<Y’€i>H(X)£i'



RBEMARK: (i) An element in H(X)®H(X) can be viewed as an element
in LZ(X) or as a Hhilbert-Schmidt operator on H(X) (cf. Appendix).

(ii) X in (3) represents the sample function X(w).

Since conditions (1), (2) are very difficult to verify and the
expression (3) is very difficult to evaluate, it may be advantageous to

restate Theorem 1 as follows.

THEGREM 2. Under the assumptions in Theorem 1 and the additional
cssumption that X satisfies (I) (resp. (J)), either P~Q or PLQ. In
order that P~Q <1t is necessary and sufficient that there exist heAZ(R)

(resp. AZ(R) ) and K e AZ(R)éAZ(R) (resp. A7(R)§A2(R) ) such that

1] C = 2
(1 ) m(i’) = <1t,h>A7(R) + <1t®h,K>A2(R)®A2(R)
(resp. <6.,h>; oy + <.8m,K> v 0y R )
2 2 2
(21) S(t,s)~R(t,s) = <1t@1s’K>A2(R)eA2(R)

(resp. <04®0s: K0 en, ()

and the Hilbert=Schmidt opcrator X on i,(R) (resp. Xi,(R) ) does .ot

admit -1 as its eigenvalue.

When P~Q then

<h,ei>i
B —1 Ok
40 - W 5171 (e, s)dX X +/h(t)dX,
(3" X = [IQ-2)e 7] e > e
<h,e > )
,
B S S, , _

W) 1-h; 5/H(t,$)X X dtds+/h(t)X dt

(resp. [H(l—xi)e 1] e ° e )

54
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where 3=2Aiei®ei € Az(R)®A2(R) (resp. AZ(R)ﬂxz(R) ), {ei} is an
orthonormal sequence in AZ(R) (resp. Az(R) ), U= Zuieiaei,

(1-A)(1+u) = 1, and h = Z<h,ei> J.

A?(R)ei (resp. )<h,e.>

A, (R)°1
PROOF. By the isomorphism AZ(R)+H(X : £ - f fdX we can write

Xt = f lth, Y = J hdX and Ei = [ eidX i21, Then it is easily seen

that (1') and (2') are equivalent to (1) and (2). (3') is equivalent to

(3) since

% : 3 % @ .
ks [J H(t,s)uxtdxs 5 Z Ai If ei(t)®ei(s) dktdxs

57 . 5 | e d
D) A (V2 f e dX ® f e dX)
. 1.
vZ
Q.E.D.

If we take X to be Wiener process under P, we get the following

weill known theorem due to Shepp [1966].

COROLLARY 3. Let X be a Wiener process with T=[0,T] or [0,)

in Theorem 2. Then P~Q <if and only if there exist m'eLz(T) for which
t

1) m(t) = J m' (u)du
0

and a symmetric function KeLz(TXTj for which
s [t
(2'9) S(t,s)-min(t,s) = f J K(u,v)dudv
0°0
and the Hilbert-Schmidt operator K on Lz(T) does not admit -1 as
its eigenvalue.
When P~Q,

2
LIIH(t,s)dX _dX_+/m' (t)dX _+%/m' (t)“dt
- 22 ]
3 Reem) = [s¢-0e T e s t
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where 6(\) 18 the Carleman-Fredholm determinant of K and H 1ig the

Fredholm resolvent of K at -1.

PROOF. Under the present assumption we have AZ(R)=L2(T) and
A ( )®A (R) = L (TxT) (see Appendix). Adopt the notation in Theorem
2  and set m'=(I+K)h ( I denotes the identity operator) then it is
immediate that (1') and (2") are equivalent to (17) and (2'). Now assume
p~) and we will show that (37?) implies (3"). Since H is the Fredholm

resolvent of K at -1, it is determined by the operator equation
(1) (I-H)(I+K) =

Suppose as in Theorem 2 K = 2 u; e;®e.. Then (i) implies that
= ) A, e;®e., (1-1;)(l+u;)=1; and h=(I-H)n'. (3') now becomes
<, 0L>L (1)

D A 2
A, ¥ TELTIOR, 8. [(fe,dX) “-1]+/ (I-H)m' dX.
g%{x) = [H(l-xi)e 1] e 1 et *

1t may be shown that [ fa{X+m) = f fax + J f(mt (t)dt for all feLZ(T).

Thus we have

) Ai[(f o;d(x+m)%-1]

¥} Ai[( f e. dX))?-l] +) Ay <m’ e, >L (T) [ e,dX + % ) A <n',e, >L (T)

i
L

[
1. : 0 ¥ 1 f 1at
‘[J H(t,s)dxtdxs + f Hin'dX + %<Hm',n >L2(T),

“ N

[ -ty agem = f (I-B)u’dX + <(I-H)m',m'>, 0y,

and
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2
<h,e.>
i LZ(T) 2
1{7 z __—:l—-l————— = }2’ 2 (1+ui)<h’ei>L2 (T)
i
= % <(I+K)h,h>L7(T)
=% <m',(I—H)m’>L o)
2

which imply

1 AF HIAICE,S)AX dX s /mi dXedrm (2) 2t
pXem) = [M(1-2)e 7] e

(3") follows by noting that from the definitions of &§(A) and trHK

-u. -ZA.u.

~-trHY
triit [H(1+ui)e l]e 11

§(-1e

A, -1
[n(1-1)e 1 ((l—li)(1+ui)=1)

Q.E.D.

When P and Q are equivalent the expression (3') serves as a test

statistic for the Heyman-Pearson test of the hypothesis
Hy: An observed sample path of X is realized under P
against the alternative

Hy: An observed sample path of X is realized under <.

Gl

Thus one desires to be able to calculate for each sample function cof

Note howexer that the expression (3') involves the integrals

X.
IJ s)dthXS and f h(t)dxt (respectively jf H(t,s)xtxsdtds and
L
f
J h(t)X dt ) which are not defined for each individual sample path but
in the mean square sense. It is therefore of interest to see if these
integrals can be determined through sample paths. The answer is affirma-

tive and we shall show this for f[ H(t,s)dxtdxs only.
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Suppose that X is continuous in probability. Let {tl,tz,...}
be a dense subset of the interval T. Then it is known that

B{X) = §(xt » k21) and thus by the martingale convergence theorem we have
k
hY v o3

E( [I H(t,s)d&tdxs l th,...,th) -+ ff H(t,s)dAtqu, a.e. [P]

Orthonormalize Xt seeesX
i n

to obtain Epoeeesby

Write

Ei = I ei(t)dxt

where each e is a step function.

e(n) e(n) to S EEEEELN such that the resulting

We may adjoint n+1°Cne2’ 0"

sequence is orthonormal in AZ(R) and satisfies

= .8e.>e e, = .. e.%e. .
H z <H,e1®e3>e1® 3 Z a,. c.%e

ij 173

Then
IJ H(t,s)dX dX, = ) a5 (gigj-sij).

Now

il

(4) E( If H(t,s)dX dX, | Xy seeesX ) = E( jf H(t,s)dX dX, | Egseventl)

J 1 n

f1

z aij E(Eigj—sij l El,-":gn)

)
i

i

; aij (Eigj'éij)-

1
Thus J[ H(t,s)dXthS can be determined as the a.e. limits of (4)

which is obtainable through each sample path.



From now on X=(Xt’ teT) will be a coordinate SITP(0,R;F) on
(IRT, 5( R?), P). Recall that R is a covariance function and F is

a probability distribution on R, with finite first moment @,. P is

a mixture of Gaussian measures, specifically,

5) Pw)=J%WMH@

where each Pa (@z0) is a zero mean Gaussian measure with covariance
function oR.

Suppose X 1is nondegenerate and let A be the r.v. associated with
X as defined in Chapter III. Let H(X) and HG(X) be the linear space

of X under Pa and R respectively. We will use the following

LEMMA 4. If {Ei} i8 a sequence in H(X) then we may take parti-
cular versions of each & , so that {gi} 18 a sequence in Ha(X) for
every a20. Conversely, if {gi} 18 a sequence in H, (X) for a fized

0

a, then we may take particular versions of each £, S0 that {Ei} 18

0

a sequence in H(X) and HQ(X) for every 20,
PROOF. This is implicit in the proof of Lemma 3 in Chapter III. Q.E.D.

Now consider a second probability mecasure Q on (Iﬁr, B(IRT)] under

which X is a SIP(m,S;G). Then
6) QE) = f q,, (E)dG (o)

where each Qa (a20) 1is a Guassian measure with mean m and covariance

oS,

We are interested in the equivalence and mutual singularity of the

measures P and Q.
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THEOREM 5. Suppose that P,~Q,. Then
(i) if F~G, P4
(i2) <if FiG, PLQ

(iii) if neither F~C nor FiG, neither P~Q nor PiQ.

PROOF. (i) follows from (5), (6) and the fact that PdNQa for
@29 if P;~Q;. Suppose F:G. Then there exists Ee3(R) such that

F(E)=G(E')=1., Since A=q a.e. {Pa] for a9, we have
P(AcE) = f Pa(Aeﬁ)dF(a) = F(E) = 1

and

Q(A€E") [ Q, (A<E")dG(a)

Pa(AeE°)dG(a) (PQNQa)

= G(E*) =1
which implies (ii).
The proof of (iii) is analogous to that of (ii). Q.E.D.

REMARK. This theorem was first stated in Gualtierotti [1974] for

P and Q SIM’s on a separable Hilbert space.

If P~Q, it is of interest to find an expression of %%- in terms
do

_a dG
a dP
a

gF *

of o a.e. [Pa] and To this end we prepare the following

LEIifA 6. Suppose Pioy and F~G. If P 18 a measurable function,

then

N %%{x) = pA(x)(x) g%(A(x)] a.e. [P].



61

PROOF. For EeB(R'),

t

dG y d(
JE pA E?{A)ap dF () - I pA (A)uP

il

:(a)dPa

f
f dF (@) f L

Q,(B)dC{a) = Q(E).

o

]

Thus

Sls
it
[»]
c

4G
00 ¢ SFA) a.e. [P Q.E.D.

REHARK. The measurability of o is not automatic since Py can

A
be arbitrarily changed on a set of Pa—measure 0.
In the following we assume that F satisfy (CO).
THEOREM 7. Suppose R=S and F~G. Then either P~) or PiQ. In
order that P~Q, it is necessary and sufficient that m belongs to the

reproducing kernel Hilbert space of R (meR(R)), i.e., there exists

YeH(X) for which

& m(t) = <X ’1>H(K)
When P~Q,
¢}
1 2
r-3EYY)
{ )
(9) &= - L.

PROQF., Suppose m¢R(R). Then by a well known theorem of Fortet [1973]
we have PLQ. Conversely, assume (8). We may take a version of Y such
that Yeﬁa(X) Y a20, (Lemma 4). Then

a a

1 1
<Xt ,a—Y>I = &“" Ea XtY

= E XtY = n(t).

P ~Q, and

Thus by Theorem 1 a
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Q a

1 1,2
d —2Y-LE (=Y
Qa v} - a(a )
P = ——=g8
10} dP
o
a :
1 2
——(Y~-%CY")
a ( -
= e *

Now P~Q follows from Theoren 5{i), and {9) follows from Lemma 6.

REMARK. Sytaya [1969] derived the expression (9) for P and Q.

SIi’s on a separable Hilbert space and F=G,

Two covariance functions R and § are said to be equivalent (R~S)
if the corresponding zero mean (aussian measures are equivalent. We now

state the main result of this saction.

THECREM 8. OSuppose R~5 and F~G. Then either P~Q or PiLQ; and
P~Q if and only if meR(R).

When P~Q there exiet YeH(X) and U e H(X)®H(X) such that

(10) m(t) = <xt’Y>H(X) + <Xt®Y,U>H(X)®H(X) ’
= 1 8 -
(11) S(t,s)-R(t,s) = 5;<xt®xs’U>H(X)®H(X)

and the Hilbert-Schmidt operator U on H(X) does not admit -1 as its

etgenvalue, and

a2) = ma-ae 11 e oL 2 - Ly
where 7 =) A giégi € H(X)éﬂ(X), {gi} 18 an orthonormal sequence in
HOO, U=J u 686, (1-3)0%)=1, aid Y =] P

PROOF. Bring in the probability measure Q' defined by

Q' (E) = Q(E+mm), EeE(IRT). It is clear that under Q' X is a SIP(0,5;0),
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thus P~)' because R~S and F~G. From Theorem 7, either Q~Q' or QuQ°',
and Q~Q°' if and only if meR(S). The first part of the theorem now
follows by noting that R(S)=R(R) since R™S.

Suppose P~Q. Then '~Q, hence by Theorem 7 meR(S)=R(R) which

implies P1~Q1. Thus it follows from Theorem 7 that there exist Yleﬁl(x)

and U1 € HI(X)sﬂl(X) such that
(i) n(t) = <Xt’Y1>H1(X) + <X @Y,U1>H o );Hl(x)
(ii) S(t,s)-R(t,s) = <X sX LU >

1'H, (x)aH X’

Ul does not admit -1 as its eigenvalue.

Let {/E;'ai} be an orthonormal sequence in Hl(X) such that

(1i4) Up = L uy Yoy g @ Yy £y = o )ouy E8E,
vy Yy =] ¥, oy Si7H, (X) o £y = o 1 <¥pug H (0510

We may assume by Lemma 4 that Yl and gi (i21) are elements in H(K)

and H (X) V020, Note that E gi = o) E| £f = 1. Define

1

Y= -, e HX)
1
Q
1 2 A
u= 7 Lu (5 &
(2&2)2 - 1

) u; £;8E, € HOOSH(X)

HGEES

[N
H

(Zaz)

) Ay ;85 e HODSH(X)

where (1-ki)(1+ui)=1 Y oixl,



Note that

V) L <y 8 = oy L <Y’Ei>H1(X)£i ) <Y1’51>H1(X)Ei
R Y (b)’ (iV)).

It is important to keep in mind that under each P

a
Y e H (X,
o o A A
. s 1 2 _ oy "1 r :
(vi) U= — ¥ ui[z.-,i c‘1) «E"Z u; £;8E; € H (X)eH (%),
v 2
and
%1 2 a *1 ~ ~
(vii) Z = — Lo (ef -EEJ == LAy Es88; € H (08H (X).
T4% 2 '

In the following computations we will repeatedly use the fact that if
§,neH(X) and Ha(X) then

%1

<€,H>H(x) = &— <€,H>HQ(X) .

We now show (10) and (11):

64

2 - = 1
Aoy *%e® Py ogenx) T oy e Ty e oY, | u; &y “51 H(X)8H (X)
= <xt’Y1>H ® * L K EP
= <Xt’Y1>H1(K)

+ o §uyXesEg> H 0 V10857 iy (X)

= <X*}- ’Y1>H )()

+ <X @Yl, a1 Z u E. eg >H (Y)QH (X)

(cont.)



(cont.)
<xt’Y>H(X) + <XC®Y’U>H(X)QH(X) = m(t)
(by (i) and (iii);
L x ox ,u> - = l—-z u £:>
al t s’ TTH(X)eH(X) al i H(X) s’ H(X)
= Z uy <X LE>y (X)<x JE. >H )
= <X ®“ s’ a Z u £E. @g >H (X)@H X)
= 5(t,s)-R(t,s) (by (1i), (iii)).

In order to show (12), we will first find an expression for

dQ
Py = E?g . According to Theorem 1, it is necessary to determine the
a o
. . . 1
1 Bl P B i
corresponding Ya, U, and Za for Py+ ‘e claim that Ya 3 YeHa(X),
%

aZ o
_ 2, 1 " : . .
Ua = auU = a—-z Uy €i®€i € ha(X)GHa(X) (by (iv)); for the same calcula-

tions with those carried out for c=1 give

<x LY > +<X GY ,U >

H X) = m(t).

o H (X)@H (X)

and

<X @X ,U >H (X)®H X) = aS(t,s)-aR(t,s).

O o, %
Since under P, U = Z u. —l-%g.®(—l)%g. and {(~l)2€.} is an ortho-
o ¢ 1 1 8 1 (s ] 1

normal sequence in HQ(X); and since

o, ¥ “ %
L <, (5 51’}1a(><) ) g =51 Y8 mon b
%
=Ly (by (v))
=y

65



we have, by Theorem 1, under Pa

1

Py

NS
N A e

3
i

2 (from (v)).

Thus, it fellows froin Theozem 1 that

% 2
¥, (5 &>y X)
-7 a L7 ay
dQ" Ai Jj “ 1-?\1 ‘/2"0. s )
pOL = op = [H(I"Ai)e ] e ° €
a
5
a. <Y, oGS o
Pt £5> H(X) 1%2, %1,
A. k TFa 1-Ai J3a2 @
= [H(l-ki)e 11 e > e

We can now conclude (12) from Lemma 6. Thus the theorem is proved.

Q.E.

As in the Gaussian case, Theorem & can be stated as follows.

THEOREWM 9. Suppose R~S and F~G. Then either P~Q or PLQ, and
P~ if and only if meR(R).

If P~Q and if, in addition. o,<> and X satisfies (I) (resp.
(J)), then there exist heAz(alR) (resp. Az(ulR) ) and
K e Az(aln)éAz(ala) (resp. A, (x,R)8\,(a;R)) such that

~

(resp. <6t’h>l L0y + <6 ®h,“>A (alR)QAZ(GIR) ),
1
S(t,5)-R(t,s) = o <1 o 57171, (a,R)8M, (@ R)
(resp. ‘o <588 K>,
P o t s’ 2( IR)Q}\ (a R)

66
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and the Hilbert-Schmidt operator X does not admit -3 as its etgenvalue

and
2
<h,e.>
_kil” - Az(ulR) al(al )
, ) W ST 1-2A, A=/ SH(t,s)dX _dX +/h{t)dX
§~g= [M(1-1.)e 1] e i R eA Z2A t s t
dr i
2
<h,o.>
’ As{a. R
S e
A, F ¢ -Ai
(resp. [H(1-X.)e l] e
i
‘1 %1
K (s3//H(e,5)X X dtds+/hi(2)X, dt) )

where H = Z Ai e.®e, € Az(alR)QAz(alﬁ) (resp. xz(alR)QAZ(alR) ),{ei}

is an orthonormal sequence in Az(alR) (resp. A?(alR) J,

| ™ o Av - = - o ¢ %
Ko=) u; e®e.,  (1-3,)(1+u;)=1, and h ¥ <“’ei>A?(a1R)ei (resp.
. 2
L <h,e.> e. J.
i Az\alR) i
PROOF. The proof is analogous to that of Theorem 2. Q.E.L.

2. A 0-1 Law

The following celebrated 0-1 1law for Gaussian measures is due to

Kallianpur (see Cambanis and Rajput [1973] or Le Page [1973]).

THEOREI! 10, Let P be a Gaussian measure on (IRT,B(IRT)) and let
G be a B¢ IRT)—measurczbZe (additive) subgroup of IRT. Then P(G)=0

or 1.

In the application of Theorem 10 it happens very often that P has
zero mean and G is a linear subsvace. Under these additional assumptions

we can extend Theorem 10 to the following



THEOREN 11, Let P on (RLB(RY) be a SIN(O,R;F) with
F({0D)=¢, and let L be a BIIRT)-measurabZe linear subspace of IRT.
Then P(l)=¢ or 1.

Furthermore, P(L)=1 <if and only if there exists o>0 such that

7o

L Zs 0 -measuradble and Pa(L)=1. ( Ea, 020, denotes the completion of

B(RRY) w.r.t. P )

PROOF. L is BIIRT)—measurable implies that there exist L¥*,
NEB(]RT) and N*cll such that L=L*uN* and P(N)=0. Let E be the set
of o’s with P_(N)=0. Then F(E)=1 and H*Z*(R') V aeE. Thus
L=L*ui*e T RY)  and P_(L)=P (L*) ¥ acE.

Now it follows that

(1) P(L)=P(L*) = f Pa(L*)dF(a) = PO(L)e + f Pa(L)dF(a)

{(0,o)nE

We may assume that e<l; otherwise, the theorem clearly holds. Fix

aOeE\{O}. Since L is a linear space, we have

, 5
(i1) P (L) = p%((ag) L) = PGO(L) V aeE\{0},

(iii) PO(L)=1.

(i), (ii) and (iii) yield P{L) = ¢ + Pa (LY(1-e). Thus P(L)=e
0
or 1 since by Theorem 10 P(X (L)=0 or 1.
0

The second assertion is now obvious. LELD,

COROLLARY 12. et P on (RI,B(R')) be a SIN(O0,R;F) satisfying

(00)3 and let L be a EI]RT)~measurabZe linear subspoce of Hir. Then
P(L)=0 or 1.
Furthermore, P(L)=1 <if and only if there exists a>0 such that L

i3 T-measurable and Pa(L)=1.

By applying Corollary 12 we can obtain a number of 0-1 laws for

path properties of a zero mean SIP. For example, we can show that if



X=(Kt, teT) 1is a separable zero mean SIP satisfying (CO) where T
is an interval on the real line then with probability 0 or 1 the paths
of X are

(i) continuous on T

(ii) differentiable on T

(iii) absolutely continuous on every compact subinterval of T

(iv) bounded on 7

(v) free of oscillatory discontinuities on T.

(Cambanis and Rajput [1873] uroved these results for a scparable
Gaussian processes, but their proof is also avazilable for the present case.)
Indeed most known 0-1 laws for Gaussian processes extend to zero
mean SIP’s since their wroperties correspond to linear subspaces. Also,

by Corellary 12, necessary and sufficient conditions for each alternative
(whenever known) remain the same for zovo mean SIP’s. Some sample path
propeviies for which necessary and sufficient conditions are known ave
integrability, continuity (stationary case), absolute continuity, analyti-
city. For example, a necessary and sufficient condition for the p-th oxder

sample integrability (l<p<=) of a measurable Gaussian process (and hence
A

. . ; . . 2 o 5
also, SII) with covariance function R 1is I 27 (t,t)dt < » [Rajput 1972];
T
a necessary and sufficient condition for the sample continuity of a sepa-

rable stationary Gaussian (ani hence also, £1) process is

1 1 . . . y

2 g:-%@(gﬁa < o for some q>1 whers H 1is the metric entropy for this
< 113 ' -

nzl ¢

process [Fernique 1974]. ( H is defined at the end of this section.)
In order to illustrate the techniques employed in proving 0-1 laws,
we sketch,in the following, the proof of the (-1 law and of a sufficient

condition for sample continuity of a SIP.
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Let X=(Xt, te[a,b]), defined on (Q,E{X),P), be a separable (w.r.t.
closed sets) SIP (0,R;F) satisfying (CO). Let p be the induced SII

1 Ta 3
on the sazle space (]R[a’bjsﬁ(ﬁi“lﬁo]), Then

. N L > , , . ~ .
u(E) { ua(E)ar(a) 4 EeB(IR{" ]) wiere each u 1s a Gaussian measure
with zero mean and covariance all.

Let Scla,b] be the separating set and let Y be the exceptional

set in the definition of separability of . Consider the following sets

M = {weQ: X _(w) dis continuous}
i* = {weQ: Xt(w) is uniformly continuous on S}
L* = {xe]R[a’b]: x(¢) 1is unifornly continuous on 8}.

Then L* is easily shown to be a E(E%ia’b])- measurable linear subspace

of IR[a’b]. Thus 1¥* = X_I(L*)eﬁ(x . By separability it follows that

1eB(X), and PGD=P(™*)=u(L*), which is either 0 or 1 by Corollary

12. Therefore with probability O or 1 the naths of X are continuous.
To show that the best known sufficient condition for the sample ccn-

tinuity of Caussian processes remains the same for SIP’s, we need a lemma

which is of independent interest.

LEMIA 13. There exist probability measures Pa’ az0, on (Q,B(X))
such that ”a=Pa°X—1’ Hence under each PmJ 1 13 a zero mean Gaussian

process with covariance function oR(t,s).

- [ .
PROCF. Let C(]R[a’b])CB(IR“a’b]) be the class of all cylinder sets,

-1

vhich forms a field. Let C(¥) = X C(IR{a’b])cB(X). For each

DeC(X), define P (D)=, (E) if D=yt

(). We claim that POL is well-
defined, It is not hard to see (by looking at their characteristic func-

. s . oo . . n .
tions) that when restricted to a finite dimensional space K U, 1s
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absolutely continuous w.r.t. u. Thus if D=X"1(E)=X—1(E1),
E,El € C(IR[a’b]), then u(E)=P(D)=u(E1) and hence ua(E)=ua(El). Con-
sequently, Pa is a probability measure on the field C(X) and hence

it can be extended uniquely to a probability measure on B(X). Now it

follows that u, = PaaX'l since they coinnide on C(IR{a’bJ). 9.E.D

Suppose (gt, tefa,b]) is a sccond order process. Define
1.
d(t,s) = [E(gt-gt)z]?. Then d 1is a pseudo-metric on [a,b]. Let HN(e)
be the smallest number of (closed) e-balls (w.r.t. pseudo-metric d ) which

covers f{a,b]. The metric entropy H of & is defined by H(e)=log N(e).

The following result is well-known: If £ is a separable measurable mean
square continuous Gaussian process and if

$
(10) =] 6>0, J H(g)dg < ©

0

then with probability 1 the sample paths of £ are continuous.

Assume that X 1is also measurable and mean square continuous. Ue
now show that (10) is a sufficient condition for the sample continuity

of X. By Corollary 12 it suffices to show that (10) implies

iy 3 a0>0, uaO(L*) = 1.

Thus assume (10).

We first note that under (dF) almost all Fa X is a separable
process since QO € EQ(X) and Pa(Qo)zo for almost all o as before.
It can be shown that under almost all o X 1is measurable. It is clear
that X 1is mean square continucus uvnder each Pa' Now pick a0>0 such
that under Pa X 1is a separable, measurable, mean square continuous

0
Gaussian process. Let us comnare the metric entropies of X under P
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and X under Pa . nNote that

G
LY.
£ (t,5) = £ (XX ) - 2 E xf:aﬂ_,zct,s).
0 9 “1
o, 5
1 .
Thus N (e) = N[(———-) e], ie. H (&) - ]
% %0 %
Now (10) yields that 3 8>0
o o
0% v
i el I Ao o
SR TR e R A [ I PR R A G
0 %" Jo “0 %9 %o
which implies ?2_ (i)=1. Thus (L*) = “ () = (M) =1 as was
%0 o % G‘0

to be proved.
A similar result is obtained by Besson [1974] with a different
approach, using the fact that a SIP is the product of a Gaussian process

and an independent nonnegative r.v.



V. HOWLINMEAR ESTIMATION ~iD PREDICTIGH

Via the tensor produst space structure of the nonlinear space, we

are able to solve the general nonlinear esiimation problem for SIP’s (in

particular for Gaussian processes), in thz sense that we can reduce the
nonlinear problem to a standard linear estimation problem, the theory of
which has been well-developed. tThis is done in Section 1.

In Section 2 we introduce the concept of super prediction for a class

of prediction problems and derive a lower bound for the mean square error
of the nonlinear prediction.

The notation introduced in Chapter III is used here.

1. Honlinear Estiration

Let X = (Xt’ teT) be a second order process with 0 mean. Ve
censider the following estimation problem: Ye observe Xt for teS, a
subset of T, and we want to estimate an Lz-functional 8 of X based
on the observations. We are interested in finding the best estimate é,
an Lz-functional of (Xt, te5) which minimizes the nmean square error of
estimation E(é-e)z.

It is well known that 6 can be obtained as the conditional expec-

tation of 6 given (Xt’ tes)

6 = L6 | X, teS) .

~

In general, 9 is extremely difficuit to determine. However, if X is

a SIP we have a complete sclution.
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In formulating the main result we need the following notation. Let
LZ(X;S) = L2(Xt, teS), H(X;S) = H(Xt, teS), and {gy, veI'} be a Z2NS
in H(X) with T a linearly ordered set. Let {en, n=1,2,...,N} be

a CCWS in Lz(dF) (where N may be =),

THECREM 1. Let X = (X_, teT) be a nondegenerate SIP(0,R;F)

-t,
satisfying (M) and (CO). Let 6 € LZ(X) have the following orthogonal

development
N Py-- Py 5p1A ~ épk
o= 111 el e (e % e )
n=1 p=0 p +...+p,=p © Y177 Yk Y1 Y2
¥y TN
Suppose (Xt’ teS) <is nondegenerate. Then
A N Py-- D Aép1A ~ ©p,
6= ) ) ¥ ey k en(A)®(gY "®...85_ )
n=l p20 py+...+p=p 17Tk 1 Yk
Y€ <y
where
% = Proj £ .

PRGOF, Recalil the definition of the r.v. A and observe that it
is independent of the choice of the defining sequence {Ei}. It then
follows that AsLZ(X;S) and every pst(X;S) has the orthogonal develop-

ment
_ N -9y §P1A R épk
i o= 1 1 ) e g ® e (n, e...en, )
m=1 q=0 ql+...+qj=q R 1 k
Bl<...<8j
where {nBy.BeB} is a 27MG in H(X;S).

We have
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>

e = E(6 | X,, teS) = Pro;Lz(x;S)e
N D,...P ;th - ép
= X Z z naYl Yk PrOjL xS en(A) @(g l@.,.@gY k)
n=1 =0 pr*e-tpp 1707k 28 Y1 k
Yi<e <Yy
Thus to show the theorem it sufficoes to show
ep. . R 'S)p B0, . ~ BD,
. s . 1 Ky _ . rave 1 K
(ii) PTOJL (X:5) e“(A)s(gY ®...®£Y ) = cn(A)w(EY ®"‘®EY )
2 1 k
1 k
If 51,...,£peH(X) and nl,...,npeH(X;S) then it follows from
£ =
CM%u T S NTHep  that
(iii) <E.®...® ,n.®...8n > = <E.®...8C_,n.®...8n > °
Now
®p,.  ~ ®p
1 k
<e_(A)® ®...98 ,p>
e (We(e gy 1007 ()
1 k
N ql .4, ®p1A R ®pk
) ) e g <e,We(e Te...er ),
j=1 @20 qp+...*qs=q 1777 1 'k
Yy <Yy ) A
B . ~ ®q.
1 J
e (A)@[p B...097n )>
) i o} ?1 BJ LZ(X)
ql" q 2q, A ~ ©q.

i
~1
~1
&~

w0
>

e AP (ﬁ)@(%gplé éé®pk) e (W)e(n, ls...en I)>
3 n Y, Yy m 81 Bj Lz(x)
(by (iii))

S T N
= <e (A)®(£Y ® . -ggY ) ’p>Ln f}:)
1 k 2 ~ -
Ag,}-l/\ AA®pk
Since peLz(X;S) is arbitrary and en(A)®(g ®...®€Y ) € LZ(X;S), (ii)

Y1 K
follows. Q.E.

REMARK. If 8=£eH(X) then it follows E(E | X, teS) = Projy y.sy5

which is also a characterizing property for SIP’s.
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COROLLARY 2. ILet X be a zero mean Gaussian process. Let eeLZ(X)

have the following orthogonal development
Bqy.-.P B, A ~ ®p
o= 1} ¥ a b K le e K
p=0 Dyt e AP =D 10T

<...<
Y1 Yi

Then
- Pyee Py ~¥P5a  £a8P
6= 7 ) al ki Tle . ef K
pz0 p1+...+pk=p YoY% M1 Yk

Yy<e <Yy

>

~

where gi = projH(X;S)Ei (= E(gi I Xt,teS) ).

COROLLARY 3. If X <s a zero mean Gaussian process then

»~

®p

~

Proj
5P (%)

H

° Proj, ° Proj

- 2( = Proj L

X;8) 5 (X58)

~

Proj .
H2P (X:5)

1l

EXAMPLES. Suppose X is a SIP(0,%k;F) satisfying (M) and (CO).
. . . . . “1v%
Consider the nonlinear estimation of @& = f(A)H [ []2 (K_) £l, g£eH{X)
p.liE
and f(A)eLZ(A). Write

[+

1 d %
) «i] = pN* £WeE )

(Theorem 13, Chapter III)

£(A)H &P

p,nauz(

By Theorem 1,

8 o Fa
6 = (p!)% £(A)e(e®P) = £(aH 2[(5\_1_) g} .
b p.l1El]
If f(A) = G}QZ then 8 =

H () and
Y 2
1 0,2 5] |
1




Next consider the nonlinear estimation of an exponential function

A 2
g €l
1
6 = e We have
A2
et [l |
~ 1l
6 = E(e ' | X, tes)
t
=7 lT.E(H A ,(8) | X, tes)
B Pa&“1l£||
1
1 N
=) =H A ()
! A 2 '
P psa—liggl
1
5—53*1|€i|
) 1
= ¢
In the most important case where X is Gaussian we have
E(4 € | X, te8) =1 . (&),
2 t 2
p. [ et p.|lel]
ST ST
E(e5_2l|£II | X, teS) = egn%”CH .
ey

-

COROLLARY 4. Let X be a
(Y, =
Pl 1%,
@, =

are martingales.

PROOF.

REMARK.

, t
lt-z

and (e , t20)

8l
xt-;é| Ixtl l )
e

zero mean Gaussian martingale. Then

(X)), teT)

, teT)

This follows readily from the above example.

are martingales.
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Q.E.”

. s 2
For X a Wiener process it is well known that (xt~t, t20)



In the following we shall use MWI’s to present another solution of
the nonlinear estimation problem. For simplicity as well as for practi-
cal purposes we will consider the Gaussian case only,

Let X=(Xt, teT) be a zero mean CGaussian process satisfying (I)
or (J). We will then employ the orthogonal development in terms of Ip
in the former case and Jp in the latier case.

For f a function on Sp, S a subinterval of T, let f denote
the obvious extension of £ to TP (i.e. 2=f on SP? and F=0 on
Tp\Sp ). We will consider the Az-spaces and Az-spaces corresponding to

(X,, teT) and (Xt’ teS); and we denote them by AztRj, AZ(R;S) and

t,
Az(R), AZ(R;S) respectively. Since

2
<f,g> oy f I f(t)g(s) d"R(t,s)
A, (R:8)  Jg lg

T(0E(s) dR(t,s)

i
S
!
]

for all f,g step function on S, we have
<f,g> = <f,g>
oPA_ (R;S) ePr. (R)
2 2

for all f,g step functions on SP  which form a dense subspace of
®pA2(R;S). Therefcre we can embed ®pA?(R;S) as a closed subspace of
®pA2(R) by identifying each step function £ on sP with T on TP,
Moreover, we have

cee F(t.,...,t JdX, ...dX, = f . f f(t,,...,t )dX_...dX
fs js 1 L R R T ! L
since this is true for f step functions,

Similarly we can conclude that ®pA2(R;S) is a2 closed subspace of

78



for all f € ®PA2(R;S).

THEOREM 5. Let X=(Xt, teT) be a Gaussian process satisfying (I)

and let Oel, (X) nave the orthogonal development

0=YT (£), f e&Pr (R
pgo NEA I N

Then

E(e | X

ot = [ L)

p=0 i

where S 18 a subinterval of T and

£} = Proj £ .
P ®PA2(R;S) p

PROOE,

kY

p * T3 .
of © AZ(R). Also Ip(fp) € LZLA,o).

f; is well-dcfined since ®pA2(R;S) is a closed subspace

Consider peLz(X;S) with the orthogonal development p = Z Ip(gp),

< p . The
g, € Oy (R;S). Then

Eep

1]

<Y I (f), ) I(e)> ..
LI, L T (e

! <f o>
P I L8
2 PP

1)

p 20
@ AZ (2.\.)

2 p! <f ’ET.> .
PP ggAZ(R)

¥ pl <f*,7 > (g
p’°p ®pA2(R) *op

(cont.)

79
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(cont.)

Eep = ] p! <f*,3>
PP ®5A?(R)

Fagt) oy or
L&), Dite)y g

which implies

= A% FR - D H ‘ = al Y -
£(6 | X teS) HTOJLZ(X;S)(d) Z Ip(fp, . Q.E.
REMARK. f; = Proj £ can be obtaincd as follows. Pick a

o¥n, (1;5) P

CONE {GY, yel} in A,(R) and expand £ into its orthogonal develop-

L

ment £ =) a e ®...8c_ . Then it can be shown as in Theorem 1
D Yl"'Yp Yl YD

that % = ] a e* ®...®e* where e* = Proj ey €.
P Yieee¥ My Y5 Y5 A (R3S) vy

In general, the explicit form of £* 1is very difficult to determine.

However, when A?(R) is an L -space (e.z. X is a Wiener process) f;

£ to SP.

is simply the restriction of .
P

COPOLLARY 6. Let X=(¥_, tcT) De a Gaussian process satisfying (I)

and let B, = B(XS, t2s5eT). Then (M

¢ Bt’ teT) <s a square-integrable

t9
martingale 1f and only if

M=) I (Proj £33,

t p20 P ®pA;(R) *

£ e oA (R) and AE(R) = A, (R; {seT: s<t}).

r

2

PROOF, (4, Bt’ teT) 1is an sguare-integrable martingale if and only
D [%
i€ M_ = E(6 | B, 68 e L,(X), [Heyer 1966, p. 163]. So the assertion

follows from Theorem 5. G.E.
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THEOREN 5'. Let X=(X_, teT) be a Gaussian process satisfying (J)
and let GeLZ(X) have the orthogonal development
6 =) J(E), £ oA ()

Then

£ | X, tes) =) J_(F¥)

t’ pz0 Py

where S 1g a subinterval of T and

f* = Proj f .
P 81, ®;8) P

CORCLLARY 6°'. Let Xn(xt, teT) be a Caussian process satisfying (J)

and et Bt = B(XS, t2seT). Then (M, B

¢ Bes teT) s a square-ivtegrcble

martingale 1f and only if

o= ) J_(Proj

£y,
¢ opR P TPl

P

€ g-{\)\z(i{) and }\‘E(R) = )\Z(R; {SETZ Sst})-

r

2. fonlinear Prediction

Consider the following prediction problem for a certain class of

processes: Let X=(X_, teT), T an interval, be a second order process

£
and let Yt:et(xt) with Gt a real function such that EYi<w V¥ teT.
Suprpose that on the basis of the past values of Y=(Yt’ teT) wup to tirme
t we want to find the best prediction of the future value Yt+r’ 1>0.

Two predictions are of special interest: the optimal linear predic-
tion ?i(r) and the optimal nonlinzar prediction §2£(1). The optimality

is in the sense of mipimizing th» mean square error within the class of

211 linear and nonlinear predictions respectively. It is well known that



) = B
o2
Yo() =

PTOJH(YS:sst)Yt+T )

We denote the corresponding mean square prediction errors by

2 - onf 2
= (Y =Y
o2, = EM )y, 07,
2 .o \2
of = EQF(0)-Y,, 07 .

Now introduce a super prediction Yi(r) to be the nonlinear predic-

. . . .
tion of Yt+T based on (XS, s<t), i.e.

I X , sst) ,

AS.
Y =
Yt(T’ E(Yt+T S

C s . Z .
whose mean square prediction error is denoted by o It is clear that

Q
IA
Q
!

Q

and thus ci is a lower bound for the mean square errors of linear and
nonlinear predictions. If X is a SIP then ci can be obtained by sol-
ving an estimation problem (cf. Section 1). If, in addition, for each

t, 9O, happens to be a 1-1 function then the o-fields generated by

t

Xt and Yt coincide. In this case

4 <
t+T ' s’ 5t

ong _vS -
Yt (1) = Yt(T) = E(Y
and the nonlinear prediction can be obtained by solving an estimation

problem again.

In the important particular case where X=(X, te R) is a zero mean
stationary Gaussian process with covariance function R(t,s)=R(t-s) and

6t=6 is a polynonial we can calculate the lower bound ci as follows.

8z



Hrite

<
f

(where [ 2 1<p<n, are the Herpite polynomials and o=

E d Z(Xt) t

PsU

and

P

= H X L a
e(xt) a.H oz(nt)+...4g

EH (X )H

p.o

1 1,

3

Ly
n Z(At)
n.o

X

]

[en i o8]

8y
'(X]=pl<xi,1‘ .
02 s t s Lz(X)
= p! <ip
t,

il
o]
w3

ge]
~
(o]

1]
A

& ]
2(Xs) xoP  y®ds

q,0

|
<
pie
=
o
H
£

Thus the covariance function of Y is

EYY

[}

1]

n

)

I3 XY
aa E(H Uzcxt,“

p,g=1 * % P,

n 2 p
z p! ap RY (t-s)

2&¢))

q,o

p=1
Let Xt(r) = E(Xt+T ! Xs, s<t) be the optimel nonlinear
of Xt+r (which is also the cptimal linear prediction since

Gaussian), and let cg

oS
Y, (1)

c(Y

P

be the mean square prediction error.

[ g Jon

<
teT I x5’ s<t)

3"." H ~ 2
1P X ]

A

(Xt(r

))

(see Exarmple in

). Note

prediction
X 1is

Then

Section 1)
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and
o2 = E(¥,, -Y3(m)?
e, - eEi)?
= ) p! a;gZp - ? p! a; (oz-og)p

It is well known from the general theory of stationary process [Doob

1953; Gikhman and Skorokhod 1969] that cg

(if not explicitly) through the Wiener-Paley Factorization Theorem if

can be obtained analytically

X is regular (i.e. t?jm H(Xt; sst) = {0} ). Vhen X is regular we now

show that so is Y, and hence o7 can be obtained analytically.

A

Y 1is clearly stationary. To prove that Y is regular we invoke

the cne-side moving average representation for X, i.e.,

t
Xt = f—m C(t-u)d‘ﬂu

where C(u) is a square integrable function vanishing on positive real

line and W is a Wiener process. Let Bt = S(Hu, ugt) and B-m = Q Bt’

Then B is trivial [Doob 1953}, Xt is Bt—measurable and hence Yt
“w

is St—measurable. Suppose £ ¢ ? H(YS, s<t). Then & 1is Bt—measurable
for all t, therefore it is B_w—;easurable which implies that £ is a
constant. But Eg=0, so £=0. Thus Y is regular. (The regularity of
Y also follows from a general result which states that for a Gaussian

process the regularity condition is equivalent to the triviality of the

remote past.)



Summing up these results, we now state the following

THEOREM 7. Let K=(Xt, te ) be a zero mean stotionary Gaussian
process with covariance function R(t-s) and H(N=c“., Let

e}
Y, =] a i ,0L), teR. Then

1 - p,o

(1) Y=(Yt, te R) 1s a zero mean stationary process with covariance

n
s ° 2 - o 3 3 °
Ffunetion 2 p! ar Rp(t~s); moreover, Y <18 regular 1f Y ig regular.
1 o

(i) Ve have

02502 <G
S nf

™ M)

~

Z
where o

2 . 2p .2 I
1 4 (g gk
Dl dp [c"F-(o 00) i.

]
-

RElARK:  The corresponding theorem for a stationary Gaussian sequence

also holds.

faglom [1970] has considered the problem of comparing the performance
¢f optimal linear and nonlinear predictions for nolynomial functionals
of certain stationary Markov processes. Donelson III and Maltz [1872]
stucied this problem in detail for polynomial functionals of the
Crnstein-Uhlenbeck process. The inequality (ii) in Theorem 7 plays a
central role in such studies.

As an example, consider (Xt’ te #) the Ornstein-Uhlenbeck process,
-t-s]

i.e. a zero mean Gaussian process with covariance function R(t,s)=e

By the larkov pronerty we have

b4 = E ‘{ S < = Y .
K (o) = E (X, | g, sst) = e X

Thus

E(r (x

p Fpag) | X, sst) =0 . , (%, ()

° p, | %, ()]



6%

(cont.)
E (v (x <t) = H -
- (IP('t+t) | Xs’ S<t) -2t (e At)
P;¢
= +~PT X
e Hp( ¢
and hence
] 2 ~pT
Y (1) = § a, e H (X))
So
=Y - E (@) =) pl a? (1-e"2PT)
s t+T £\t B i Pt 8y

which rrovides a lower bound (sometimes the greatest lower bound, e.g.,
Yt=Hp(Xt) ) to the mean square prediction error of Yt+r'
This result has been obtained by Donelson III and Maltz using a dif-

2 2 3
ferent approach, who alsc compared g to o, and found that they arve

frequently very closed to each other.



VI. NCNLIMEAR NOISE

A (strictly) stationary process Y=(Yt, -~w<g<w) with EYt=O and

2 . . . - — . .
th<°° is called noise. ¥iener [1953] liked to think of such a noise as

the output of a "black box" ©€: Ve put in a white noise W=(ﬁt, -~ t <)
(formally the derivative of a Wiener process) and we get YO=6(ﬁt, «@<t <o)

out; the noise (Y,, -«<t<») is produced by shifting the input by the

t’
flow of the white noise ﬁ(o) > ﬁ(°+t). In order for Y to be a noise
we require that £6=0 and Fo°<o.

Since 6 has the orthogonal development (cf. III. 2.)

1) 6= 7§ [ ... J £ (ty,...,t.) W ...0 dt....dt
p21 p 1 o] tl tp 1 P
= U B PRI B | S 1 ,
( p§1 f [ 1 p) t t )

1 p

where fD € LZ(IQP), the noise Y obtained by shifting the incoming white

Py

noise through the nonlinear device 6 can be expressed as

2 vy, = pgl [ .. f fp(tl-t,...,tp—t) wtl...wtp dtl...dtp ,

and the covariance function of Y is readily seen to be

E YtYs

il

E YOYT {t=t-s)

pzl [ - I fp(tl,...,tp) fp(t1~r,...,tp-T) dtl...dtp

Wiener's thecory of nonlinear noise starts from this idea. He also
proved a profound theorem which was clarified by Nisio [1960] and which

states that every ergodic noise can be approximated in law by noises of
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the form (2). Note that not every ergodic noise has the representation

(2), and a necessary condition is strong riixing [dcKean, 1973]. (For a

discussion of the ergodicity of stationary processes see Doob {1953].)

Hore generally, instead of sending white noise through a nonlinear
device 6, we may send an arbitrary nean square continuous Gaussian noise
Xz(Xt, -w<t<e)  with covariance R. Then the ncise Y obtained by
shifting the incoming Gaussian noise ¥ can be expressed as

(3 Y, = ) f .. J £ (t,-t,...,t ~t) X ...X_ dt....dt
t 1 1 D T ‘1':p 1 P

where fp € AZ(GPR), and the covariance function of Y is again readily

seen to be

; A+ A z
R(tp,sp) “lesl"' p%%p

i

Lop! < (ohenn,e), £ (omT, 0,0 T)>
21 P P AZ(QPR)

(cf. II. 3.).
Although (2) and (3) are intuitively clear, they require proof. The
proof of (3) follows from the following property (and (2) is shown

similarly).

LEMMA 1. If X s a Guiceian noise witn covariance R then, for

Dy
fp € A2(® R),

I ... f fp(tl,...,tp) th+t...xtp+t dtl...dtp
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PROOF. Both integrals are well-defined since X is stationary.
Pick a CONS {¢_, yer'} in A,(R). Siace {¢ l ¢ k sees YL €D,
Y 2 Yq i Y1 k

Dyte. tpy =D, k=0} is comrlete in A2(®p3) and J (L ) = Jp(?%), it

XE,_!A R ®pk
suffices to prove this as tion for © = ¢ T&,,.w But for such
Yoo Yk
fp’ the assertion becomes
H ||¢ l!2(I (t )X t +t 1) "H) l' IIZ(J¢k(tk)th+tdtk)
Pyt koo :
= } 2([¢1(t1—t)xt dtl)..:H Z(Jk(tk-t)xt dtk)
P13H¢1|I i pk:H‘ka ' T k. ’

and thus we only need to show that

[ ¢ ()X du = I ¢ (u-t)X du .

This is true for ¢ESI and hence for ¢ € A7(R). The proof is now com-

plete. Q.E.D.

Fhen Y has representation (3), we say that Y 1is X-presentable.

b4

Hote that X is always X-presentable since Xt = j (u- t)X du., If X
is not strongly mixing then X is not white noise-presentable, however,
it is Z-presentable.

In the following we shall prove the anailogue of Wiener-Nisio's
thecrem using Nisio’s approach as simplified (for convergence in law) by

McKean [1973].

Let X be a sample continuous ergodic Gaussian ncise, and let
x=(x(t), -w<t<mJ be the corresponding coordinate process. We assume

that X satisfies the following condition (S):



) Pr(Xt>O, 0<t<n) > 0 V¥ nz21 .

THEOREM 2. Let Y be a measurable ergodic noise (defined on any
probability space). Then Y can be approximated in law by a sequence

of X-presentable noises.

The proof of Theorem 2 requiring several auxillary results will be
given after the following theorem which shows that not every ergodic

noise is X-presentable,

THEOREM 3. If X <e a Gaussian noise with absolutely continuous
spectral distribution then every X-presentable noise Y 4is strongly

mixing.

PROOF. Having introduced the Fourier transform on A2(®pR) in -
IT. 3., the proof is similar to lickean's proof for X white noise.
We need to show that for A.B ¢ B(R ]R)
lim Pr(YeA, Y'eB) = Pr(YeA) ° Pr(YeB)
o0

=Y . In fact we

where Y' denotes the shift of Y by 1, i.e. YZ .

will show that for 8,p € Lz(Y)

lim F 9pT = E8 - Ep

T

. - . . T T
where pT denotes the functional of shifted paths, i.e. p (Y) = p(Y ).

Then the strong mixing property is self-evident. By the presentability

of Y, we can expand 6 and p as follows.

6 = F6 + J cen I f(t,,...,t ) X ...X dt ...dt
pgl p-1 oYy tp 1 p

90
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- ‘I‘] *
p=Ep+ ) f e J gp(tl,...ﬁtp) Xy «ooX, dtpoodt

and we have

™

<D

ke
]

F@ ° Ep + z p! <f ,gT>
p>1 PP Az(pr)

where g;(c,...,n) gp(°—T,...,’—T). By Theore:m 10 in Chapter II,

T p f?
<£ .8 > = <f T
P"P ) (aR) p Lz(dpF)

[ jeit(kl+...+)\n) . Vo

~ T
£ 02 )E (s A )

T i 3
F (Xl)...F (Ap)dkl...akp

(where F is the spectral distribution of X ) which approaches to 0

as T approaches to « by the Riemann-Lebesgue theorem. Also

L ol |<f_,g> [ < ) pt [I£ 1] - |lg |
p>1 PP yePR)  pzl P (#PR) P A (ePR)
2 2
<% § pt(l1£11° + |fe ] )
p>1 P8Ry P a(ePr)

=% (Var 6 + Var p) < o ,

It then follows that 1lim E epT = Fg - Ep, Q.E.D.
T

For the proof of Theorem 2 wo shall at first introduce a sequence

of r.v.’s {an(x)} which will play a fundamental role in the proof. Let

S(x) = {t: x(t)>0} , xe RIR .

Because of the continuity of the paths of X, S(x) 1is an open set with
probability 1 and can therefore be expressed as a denumerable disjoint

sum of open intervals Ii(x), izl. Put



Sn(x) = igl {Ii(x): lIi(x)|>n, Ii(x)c(~n,W)} .

Denote by x; the shifted path of x by s, i.e. x;(t)=x(t+s).

LEITA 4, Sn(x) 18 nonempty for every n2l and for almest all x.

PROOF. Let f(x) be an integrable function. Then by the ergodi-’
city of X we have
1 art +
lim ¥-f f(xt)dt = Ef a.e.
T a
Now put
1 if x(t)>0, 0st<n
f(x) =
0 if otherwise
and a=-n. Then it follows that Sn(x) is nonempty if Ef>0. But

indeed Ef==Pr(Xt>O, 0<t<n)>0 by the assumption (S). Thus the proof

is complete. G.E.D.
Now we shall define an(x) by
an(x) =n + inf Sn(x) .

By Lemma 4 an(x) is finite with probability 1.

Next we shall determine the probability law of an(x).

LEMMA 5. The probability distribution of an(x) is absolutely
continuous and its demsity function, say P> i3 flat on [0,n} and

decreasing on (n,»).

PROOF. Note that ”an(x)=t” is cquivalent to the condition
"t-n4S(x), (t-n,t] < S(x) if O<t<n; t-nd¢S(x), (t-n,t) < S(x),

{(-n,t-n) n Sn(x) = ¢ if t2n"; we remark that if 0sts<n, then



t-n ¢ S(X) implies (-n,t-n) n Sq(x) = ¢,

For O<t<t', s>0, t+s < t'+s < n we have

Pr{a (x) e (t+s,t'+s)) = Pr( 3 he(t+s,t+s'); h-ndS(x), (h-n,h)<S(x))

Pr( 2 he(t,t'); h-ndS(x), (h-n,h)eS(x}))

Pr{ 3 he(t,t"); h-ndS(x), (h-n,h)cS(x))

(by the stationarity of X )

Pra_(x)e(t,t")} ;
while for t'+s2n, t>0, s>0 we get

Pr(2 he(t+s,t'+s); h-ndS(x), (h-n,h)cS(x),

]

Pr(an(x)e(t+s,t'+s))

(-n,h-n)nS_(x)=4)

Prs he(t,t'); h—néS(x;), (h-n,hJCS(x;),
4
(~n-s,h~n)nSn(xs)=¢)
< pr(3 he(t,t); h-néS(x;), (h-n,h)eS(x]),

(-n,h-n)nS_ (x;) =¢)

i
Pr(an(x)e(tgt )) .
Mow the assertion follows easily from these two equations. Q.E.D

PROCF OF THEOREM 2. Since pn(z) is nonnegative, decreasing and

integrable, we have 1lim p_(z)=0 and 1lim zp_(z)=0. Therefore
PRV PRI

p,(t) = ft -dp_(z) = f@ ¢, (®)z(-dp_(2))
‘ L octs:
where € (t) =4 % - , and
z 6 t>z

[o Z(-dpn(z)) = -z p_(2) . + [o p,(z)dz = 1



94

which implies that pn(t) is a convex combination of Cz(t) with the
weight do (z) = (-zdp_(2)).
Pick a "typical” sample path y of Y to be specified further below.

Define 6n(x) = y(-an(x)). Then

2 [ .2
EO = . y (-t)p (t) dt

H

f yo(-t) - f C_(t) do_(z) - dt
0 Z 14]

(1 2
[ f Y (t)dt do (2) <=,
00

z
since 1lim l—[ yz(-t)dt = [ Y2 < » by the ergodicity of Y. Thus
29 % )9 0

Gn(X) € LZ(X)'

Now we can define a sequence of X-presentable noises by
(n) -8 (v
X, (W) = en(ﬂt(w))

which will approximate Y in law.
iHote that an(x;) = an(x)-s if an(x)ZS. So the probability of the

cylinder set
x(“) € B= {xe IRIR: aisx(ti)<bi, 1<i<m}

is the same as

m m -
Pr[: n (giSy(—an(Xzi))<bi} :] = Pr[: ? (a15y(—an(X)+ti)<bi];an(X)2m§x ti _]

1 i
m +
+ Pr[: ; (aisy(-an(xti)<bi);an(X)<m?x ti] :]

and as nte the second term goes to 0 since Pr(an(X) < max ti) = 0(%9;

the first term becomes



lin fo ooy 5 (6,63 <b,) (£) p, (t) dt

o 7
. 1
lim J J =1 t) dt do_(z
anlo? n(aisy(ti—t)<bi) () n( )

Pr(YeB) ,
since

1[2
1 (t)dt»Pr(YeB) as z»w
Z Jg n(aiSy(ti—t)<bi)

by the ergodicity of Y.

Thus we have shown that

Pr(X(n)eB) + Pr(YeB) as noe |,

i.e., X(n)

We will conclude this chapter after a discussion of the assumption
(8): Pr(Xt>0, 0<t<n)>0, ¥ n=x0.

As before we assume that X is a2 sample continuous ergedic Gaussian
noise with covariance function R(t,s) = R(t-s). We believe that (&)
always holds, yet we are not able to prove it. Instead, we find two suf-
ficient conditions for (8) which indicate that (8) is a mild assumption

(if it is a restriction at all). These two sufficient conditions are the

following:
(Sl) ¥ n20 3 f}’leR.(R) ) fﬁ>0 onr {0,n]
(::2) R(t) 20 VYte R.

Now we prove that (Sl) implies (5). (I owe this proof to L. Pitt.)

First note that X 1is mean square continuous since it is a sample

converges to Y in law. QE.



96

continuous Gaussian process. Thus R(t,s) is continuous and every

£eR(R) 1is continuous. Assune (Sl)' Then cfneR(R) V ce R and thus
p(th) ~p (cf. IV. 1. and recall that P(th) is the translated measure
of P by cfn }. By the sample continuity of X and the continuity of
fn>0, there exists c¢>0 such that

(c£)
p T X,>0, 0stsn) = P(X +cf (£)>0, Ostsn)

> 0

(since {wef: Xt(w)+cfn(t)>0, Ostsn} + @ as cte ). (S) now follows from
the equivalence of P and pfn),

Next we prove that (Sz) implies (S). The key to the proof is a theorem
of Slepian [1962; Theorem 1, p. 469] which implies that if R(t)20 and
P(Xt>0, 0<t<n) = 0 then P(Xt>0, 0st<8) = 0, 0<6<n. Now assume (Sz).

If (8) does not hold then ?(Xt>0’ 0<t<§) = 0 Y 6<n, which implies

?(XO>O) = § since, by the sample continuity of X, {weQ: Xt(w)>0, 0<t<8} 4
{wef: Xttw§>0} as 6+¥0. This is obviously a contradiction since XO is

a nontrivial Gaussian r.v. Thus (5) holds.

(Sl) is satisfied by all stationary processes with rational spectral
densities. For it is well known that for a stationary process with
rational spectral density R(R) = Wg (with 2m = degree of denominator
- degree of nominator), the set of all functions possessing on every finite
interval absolutely continuous derivatives up to order m-1 and square

integrable m-th derivative. (52) is satisfied by the processes with

triangular covariance functions.



VII. APPENDIX

1. Tensor Product of Hilbert Spaces

Let H, and H, be two [iilbert spaces with inner products <-,°>,

1 2
and <o, 0>, For each hleﬁl, hzeHZ define the map h1®h2: H1XH2+]R
by
(h 8h,) (g1,8,) = <h;,g; > <hy,8,> ¥V goetly, goeH, .

e then have the obvious relation:

(% a h(n)) ® h, = ? a (h(n)sh )
1 nl 2" {nl 2
N N
(m)y _ (n)
h, ® (§ a h,™) = § a_(heh,")
Let
- § nMep M, 1Moy 1MWy | W
B TR W S A
Then
LEIMA 1. H is an immer product space under the immer product
= ) ‘2‘ PROIMONPNOINOR
’ »8 £2 2
n=1 n=1
N M
where A =) hfn)ahgn), B =) gfn)®g£“).
1 1

The tensor product H, ®H, of H, and H, is the completion of H

w.r.t. its inner product.

The following properties are useful to us.
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THEOREI{ 2. If {fa, aeA} is complete in Hy and {gB, BeB} s
complete in H, then {fawgﬁ, acA, BeB} s complete in HisH,. More-
over if {fa, aeA}  and {gB, Beisl are CONS’s then {faﬁgsp acA, BeB} s

a CONS in HIQHZ.

EXAIPLE. Let (Xl,Sl,ul) and (X2’3°’“2) be two measure spaces.

[

Then

'

Y4 [ - O -~ . 0
I‘z ()\1 )Ql sul) @ L2 (/(29:’2,“2) = L2 (Xle(z’ le*-’Z’ H1XU7)
with corresponding elements f1®f2 and fl(xl)fz(xz).

Similarly we can define the tensor product Hla...aﬂn for p

tilbert spaces H .,Hp. The inner product is such that

100"

'F = -
<¢1a...®fp, g1®...®gp> <f1,gl>1 v <fp,gp>p

and all properties carry over irom the case p=2 to the case of general
. . PR . &P 8
P 1in an obvious manner. If h1=...=Hp=H, we write H or H for

He...sil and of or f£P for fe...®f.

We will define the symmetric tensor product & as consisting of
the symmetric elements (tensors). Let Hp be the set of all permuta-
tions of (1,2,...,p). Let neHD. Then ﬂ=(ﬂ1,...,ﬂp) is a permutation

&£

of (1,2,...,p).

LEMMA 3. For each weﬁp there i3 a unique unitary operator UTr

.,f eH

on ®pH such that for all fl"'
?

Uw(f1®°"®fp) = fnlﬁ...®fﬂp .
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An element f in XIH is called sgmmetric if U _f=f VY men_. The
el T P

. D . ; .
symmetric tensor product space ® H is the set of all symmetric tensors

. )
in @IH.

THEOREN 4. @PH is a closed subspace of ®°H and the operator

%T ) v ig the projection operctor onto ®PH. Hence
m

&Py = sp. {lT-X fw ®...0f , f ...,fDeH} .
Pty ™ p F
EXAMPLE. Let (X,S,u) be an arbitrary measure space and a function
on X is called symmetric if
f(xl,...,xp) = f(xwl,...,x“ ) ¥ ﬂeHP .
P
Denote EZ(XP,Sp,up) the set of all symmetric functions in LZ(X“,Sn,un),

Then

;pLZ(X,S,u) = EZ(XP,SP,HP) )

THEOREM 5. If {eY, vel'} is a complete set in H, then

: - T ;...®e : ...,y €'} are complete
{eYla...ﬁer Yyoeea¥pe } and {eYl v, Yy Yo mp

sets in ®H and oPH respeéti&ely;
THEOREM 6. Let H be a Hilbert space. For each element UeHeH

there corresponds a bounded linear operator on H, say U, such that

<Uh, ,h,> = <h1®h2, u

121 v hl,hz e H .

"HeH °

This operator is such that

~ 112
LT 117 = [Hul}® <



}-l
o
o

for iy CONS {hy, veT}.

Convereely every bounded linzaor operator V on H with
Z lthYllz < » for a CONS {hy} of H, 18 the operator U associated
with a unique element in HB®H,

Moreover UeHS8H <f cnd only if U is self-adjoint.

~

The operators U on H associacted with an element UeH®H as above

are called Hilbert-Schmidt.

In virtue of Theorem 6, we shall make no distinction between U and

THECKEM 7. BEvery UeH®H can be written in the form

where ({f,, i21} is an orthonormal sequence, and ) ]Ai|2 < @, Also

we have

ug, = A.£. ., izl .
i i"i

2. Hermite Polynomials

Let X be a Gaussian variable with zero mean and variance t.

Consider the sequence of random variables in L,(¥)

2 .3
1,840, ...

Applying the Gram-Schmidt procedure to orthogonalize this sequence, we

obtain the orthogonal sequence

HO,t(X)’ Hl,t(x)’ H2 t(X), ces



H £ (»=0,1,2,...) is called the Hermite polynomial of degree » (with

parameter t ). H_ _(X) is a polynomial in both variables t and X,

p,t

The first few Hermite polynomials are

HC,t(X) =

H (X)) =

1,t

HZ,t(X) =

HS,t(X)

i
[

%3-3t% .

The Hermite polynomials HP T(){), p20, satisfy the following:

vy = p
E Hp’t(X) Hq’t(ﬂ) =pl &t

P4

Hy (00 =X () - (Dt (0, p22

1
e = 3 H oS m—up ¥ ue R

p20 *’

H _(oX) = o® &

,t
P D,

I

¢ Xy , o>0 .

3
P4
o)
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