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SUMMARY

A finite element methodology for fluid-structure interaction studies in wave propagation
problems is presented. This methodology is based on the descretization of the Lagrangian
equations of motion for the structure and the Eulerian equations of motion for the fluid with
structural displacements and fluid pressure and velocity components as the nodal degrees of
freedom. The geometric domain of interest, comprising of solid-fluid continua, is first dis-
cretized by appropriate subdivisions into an assemblage of interconnected regions defining
fluid finite elements, solid finite elements and combined solid-fluid super-elements {(cover-
ing the solid-fluid boundary regions).

Equations considered for the fluid finite elements are the continuity and the Navier-
stokes equations in Eulerian form for an unsteady compressible two-dimensional flow in con-
junction with an equation of state. The present methodology employs the Method of Weighted
Residuals by multiplying the discretized fluid equations by a set of weight functions and in-
tegrating over the volume of the element. The weight functions are chosen to be identical to
the shape functions as indicated by the Galerkin's approach to the finite element formulation

The solid finite element formulation is developed based on the method of virtual work by
equating the work and change in internal energy during a virtual displacement.

The solid-fluid super-element formulation is assembled by combining the solid and fluid
elements including the interaction between the two. For the solid element, the interaction
term involves mainly the fluid pressure forces acting on the solid boundaries. For the fluid
element, the interaction is expressed by making the fluid normal velocity component at the
boundary equal to that of the solid.

The elemental matrices for the fluid-element and the solid-fluid super-element are non-
symmetric. A direct numerical integration will require excessive computer memory and running
time for the storage and algebraic manipulation of the global matrices. For these reasons,
the numerical solution is achieved by a combination of matrix decomposition, analytic inte-
gration and iterative scheme which allows the application of the elemental matrices, rather
than the system global matrices.

The methodology presented herein provides an efficient means for the study of fluid-
structure interaction. The application of this methodology to wave propagation problems de-
tect the occurrence of a transverse water hammer which may have important implications in the

design of reactor internals.



1. INTRODUCTION

Flow induced vibration of reactor components is of major concern to the utilities, steam
supply manufacturers and the regulatory agencies. The concern is based on the impact of long
plant outages and the associated loss of the electrical generating capacity, together with
the extremely high cost of repairs resulling from fatigue failure or excessive wear of key
components caused by flow induced vibration.

It is generally agreed that there are four mechanisms of flow induced vibration. The
first called turbulent excitation or buffeting, refers to unsteady forces developed on a
body exposed to a highly turbulent flow.

The second mechanism, referred to as acoustic excitation, is associated with the acous-
tic characteristics of the duct through which the fluid is flowing and involves the sloshing
of the fluid across the duct.

The third mechanism called vortex shedding, refers to that even when a bluff body is
exposed to a perfectly uniform, nonturbulent incident flow, the wake behind the body develops
an instability leading to fluctuating lift and drag forces on the body.

Finally, a flowing fluid can also contribute inertia force, damping force and elastic
force to a body vibrating in it. These are effects arising specially from bodies moving in
a flow medium and are hence describable as "motion dependent" [ 1,2,3] . The position of the
structure with respect to the incident stream may cause a transverse fluid force on the
structure producing instability and self-excited vibration characterized by continual lateral
displacements. The forces causing this instability are affected by the deflection of the
structure from its undeformed state. This is referred to as fluid elastic excitation,
flutter, or galloping. A study of fluid elastic excitations requires the consideration of
both solid and fluid motions including their interactive forces and constraints. The purpose
of this study is to develop a methodology for the study of the problem of fluid elastic
excitation using a finite element approach. This methodology is based on the discretization
of the Lagrangian equations of motion for the solid and the Eulerian equations of motion for
the fluid with structural displacements and fluid pressure and velocity components as the
nodal degrees of freedom.

2. Mathematical Formulation

The geometric domain of interest, comprising of solid-fluid continua, is first discre-
tized by appropriate subdivisions into an assemblage of interconnected regions defining fluid
finite elements, solid finite elements and combined solid-fluid super-elements (covering the
solid-fluid boundary regions). The mathematical model for each element is then developed as
described hereunder:

2.1 Fluid Element

The generalized Navier-Stokes equations for viscous, compressible, isothermal, two-

dimensional flow can be written in the following form:
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where Vyr Vg are fluid velocity components in x and y directions and p, o, u, and R, are the

Y
fluid pressure, density, viscosity and Reynolds Number. Employing the Method of Weighted
Residuals requires that the weighted integral of the differential equation to be zero over
the finite element domain A:
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where W; is an arbitrary weighting function. Expressing the flow variables in terms of the

product of the shape function and the nodal flow variables, one obtains
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substituting Egs. (5) into Eq. (4) and integrating the last five terms of this equation by

parts,
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where lx' 1Y are the cosine directors of the outward unit normal to the boundary segment ds
It should be noted that many authors choose to integrate by parts only the terms involving
the second-order spatial-derivatives [4] while others prefer to integrate by parts both the
first-and the second-order spatial derivatives. The former approach results in an unsym-
metric influence matrix while the latter leads to a symmetric matrix.

Defining the following element matrices and array:
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{ 11z,
{Tj} * Fi;] {Uj} = {Gi} 9

—3— B 3/8



Eg. (9) is a set of ordinary differential equations for an element e. It is often more con-
venient to compute the element matrices (Egs. 7) in terms of the local element coordinate

system (E, n). This purpose can be achieved by using the following coordinate transforma-

tion:
dA = dxdy = AJ d g dn (10)
9f af
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Ix ]
[a] g (11)
ot ot
9y an
where ax 2y
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A dy (12)
on an

in which AJ is the determinant of the Jacobian matrix J. The resulting integral evaluation
may be performed numerically using high order Gaussian quadrature formulas.
To verify the above derivation, the fluid element matrix equation was derived for a sub-
set of Navier-Stokes and continuity equations valid for a weak wave approximation given by
Continuity equation:
2og (R2egz)-o a

Momentum equation:
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Equation of state:
(%E = ¢® = constant (16)

s
In this approximation, the momentum flux terms in the equations of motions are neglected and
the fluid viscous effects are considered to be proportional to their respective velocity com-
ponents. These assumptions permit the verification of the results with previous solid-fluid
interaction studies based on a two-dimensional wave equation [5]. Eliminating p between

Egs. (13) and (16) and performing the operations indicated earlier, Eq. (9) reduces to

(e liz) « [2) {2} o a7

in which [Hij] and [ng] are the unsymmetric fli id inertia and fluidity matrices for the
fluid element, {Z{ is the elemental array invol ing nodal degrees of freedom (pressure, x-com-
ponent of velocity, and y-component of velocity, and{ é} is the time derivative of {2

2.2 Solid Element

The solid finite element is obtained by applying the principle of virtual work to the
solid [6, 7 ]. This procedure yields the well-known matrix differential equation for the

nodal displacements of the solid element given by
e i e ] { v} [ e ] _ { }
[Mij] {x} + [;ij X + Kij X R (18)

where [Mz.] ' [c:.] and [Kij] are the solid element mass, damping and stiffness matrices and

al
‘x} ’ {x} ’ {X} and iRg are the solid element acceleration. velocitv. displacement and
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external force arrays.

2.3 Solid-Fluid Super~-Element

The solid-fluid super-element, typically shown in Figs. 1 and 2, is constructed by com-
bining the solid and fluid elements while at the same time including the interaction between
the two elements. For the solid element, the main interaction term is the pressure force
acting normal to the moving solid boundary. The contribution of viscous effects in the
boundary conditions is sufficiently small to be neglected. For the fluid element, the
interaction is expressed by making the fluid velocity component normal the boundary equal
to the corresponding solid velocity component. The matrix differential equation for the

solid-fluid super-element becomes

M?j ° X Ci' °© X K? P
L+ T, BRI (19)
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where the solid-fluid coupling matrix [Se] is given in terms of the solid boundary shape

function [ﬁs] and fluid shape functions [Nf] by [5] :
= T
[Se] =f[Ns] [Ne] ds (20)

together with constraint that for nodal points on the solid-fluid boundary
{vy} = {ﬁy} (21)

The elemental matrices for the fluid element and the solid-fluid super-element are non-
symmetric. This precludes the application of the highly efficient modal superposition
technique with real eigenvalues and orthogonal eigenvectors. A direct numerical integration
would require excessive computer memory and running time for the storage and algebraic
manipulation of the global matrices. For these reasons, the numerical solution is obtained
by a combination of matrix decomposition, analytic integration and iterative scheme [8]
which allows the application of the elemental matrices, rather than the system global
matrices.
2. PRESENTATION OF RESULTS

The finite element model developed in this study (designated as multi-variable pressure-
velocity formulation) is verified for a two-dimensional channel flow with elastic walls
shown in Fig. 2. The results obtained are compared with a previous study based on a finite
element model with pressure considered as the only dependent variable in the fluid region
(referred to as the single-variable pressure formulation [5]). The results are also com-
pared with channel flow between two rigid parallel plates. Water initially at rest is
accelerated suddenly by applying a step pressure, Py at the left end while maintaining a
zero pressure at the right end. A 72 element grid model is used in this analysis. Elements
6, 15, 24, 33, 42, 51, 60 and 69 are modeled using the solid-fluid quadilateral super-ele-
ments. Elements located below and above these elements are modeled employing fluid and
solid triangular finite elements respectively. Two values of fluid viscous damping are
studied: 1) Inviscid case, kf = 0., and 2) Highly viscous case, kf = 3062.467 sec_l.

A special-purpose digital computer program is employed to solve the problem. Response
time histories are obtained numerically for the cases indicated above. Typical nodal pres-—
sure and velocity components for the fluid and the nodal displacement components for the

solid for one position upstream are plotted for the present study employing the multi-
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variable pressure-formulation and compared with two previous studies: 1) single-variable
pressure-formulation based on two-dimensional wave propagation between elastic walls (see
Figs. 3 and 4); and 2) multi-variable pressure-velocity formulation for two-dimensional wave
propagation between rigid walls and simplified one-dimensional analytical solution for
channel flow with rigid walls (see Figs. 5 and 6). The positions and variables selected for
plotting are marked on each figure and the physical data are summarized in Table 1.

To establish the convergence of the numerical solution, the minimum period associated

with the smallest length increment is calculated from

T . 2T zmin

min < (22)
Since the speed of sound in the solid is much larger than that of the fluid and the solid
length increments are much smaller than that of the fluid, the minimum period will corre-
spond to the solid element with the smallest length. For 2min = 0.25 inches and ¢ =
2.0276x105 in/sec, Tmin becomes equal to 7.75x10-6sec. To ascertain the convergence of the
solution, the integration time step was kept much smaller than this minimum period. The
convergence of the solution was established when doubling the time interval produced no
significant change in the model time histories.

Figures 3 and 4 show a comparison of the multi-variable pressure-velocity formulation,
employed in this study, with single-variable pressure-formulation from reference [5] based
on the two-dimensional wave equation. The two solutions are generally in reasonable agree-
ment. However, since the velocity components are not among the system degrees of freedom
in the single-variable pressure formulation, the associated time responses cannot be
expected to be as accurate as the present multi-variable pressure-velocity formulation.

It should be remembered that the velocity time responses, shown in Fig. 4, are the dis-
tinctive features of the multi-variable pressure-velocity formulation presented herein since
the single-variable pressure formulation can provide only an elemental velocity calculated
from the nodal pressures. A comparison between the multi-variable and single-variable ve-
locity time histories has been made possible by averaging the nodal velocities from the
multi-variable study and comparing the result with the elemental velocity from the single-
variable approach which show a good agreement. This verification provides the confidence
needed to initiate further parametric studies.

The typical solid vertical displacement, fluid pressure, and axial and transversal fluid
velocity time histories at the wall are presented at one upstream location for inviscid case
in Figs. 5 and 6. Superimposed on these curves are two rigid wall (no solid-fluid inter-
action) curves for comparison. The first is a finite element solution for the wave propaga-
tion problem with rigid walls using multi-variable pressure-velocity formulation. The
second is the analytic solution to the one-dimensional wave' equation for the rigid wall
problem [9].

In Fig. 5, the pressure time history for the multi-variable pressure-velocity formulation
in the rigid wall case oscillate about the simplified one-dimensional analytically-calculated
rectangular wave form. However, the simplified one-dimensional analytical solution allows
only axial motion or pressure variation and, therefore, cannot be expected to be accurate
for a two dimensional flow field under consideration. The multi-variable pressure velocity

formulation with rigid walls allows a two-dimensional pressure and velocity variation and
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for this reason, the pressure response is more oscillatory. This oscillatory behavior
has been observed by other investigators both experimentally and analytically [10, 11, 12,
13] . For the elastic wall case, the pressure surge in the channel results in a gradual
deflection of the wall leading to a reduction of the axial pressure surge which is initially
more pronounced near the wall than at the center. This situation creates a transverse flow,
as shown in Fig. 6, until the wall deflection reaches a maximum and no longer permits a
transverse flow leading to a transversal water hammer and pressure surge about tL/c =2
which is distinctly opposed to the zero pressure dip for the rigid wall case. The trans-
versal pressure surge occurs first at the wall and then travels backward to the centerline.
This transversal water hammer has a substantial effect on the response characteristics and
may have important implications in the design of fluid systems. Following the transverse
surge phenomenon, the elastic energy stored in the wall forces the wall to move back toward
its initial position and reverses the transverse flow direction with a subsequent gradual
pressure rise toward the end of the cycle. The axial flow, for the elastic wall case, is
larger than that of the rigid wall as the wall deflects outward and is smaller as the wall
moves inward. This behavior is more pronounced near the wall (element 24 in Fig. 6) than
near the channel centerline.

In comparison with the inviscid flow case, the pressure, velocity and displacement am-
plitudes in the highly viscous flow case (not shown) are lower and the curves are smoother
as expected. The transverse surge is not as large and the solution tends toward a steady-

state value corresponding to the rigid wall case because of the highly viscous flow con-

ditions.

Table 1 Physical Data for the Elastic Wall Case
Parameters British Unit Sl Unit
Fluid density 9.35521 x 10~5 1bf-sec?/in? 999.78 N-sec?/m?
solid density 7.297 x 1074 1bf-sec’/in? 7798.2 N-sec?/m?
speed of sound in fluid 6.0 x 10% in/sec 1524.0 m/sec
speed of sound in solid 2.0276 x 10° in/sec 5150.1 m/sec
Solid Young Modulus 30.0 x 10° psi 20.68 x 107 kpa
Solid Poisson Ratio 0.3 0.3
Pressure at channel inlet 10 psia 68948.0 Pa
channel length, L 29.4 in 0.747 m
channel height, h 24.0 in 0.610 m
Wwall thickness, w 0.5 in 0.0127 m
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