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1 INTRODUCTION

Inelastic constitutive theories are needed for an appropriate evaluation 
of the strength of high-temperature structures such as nuclear and non­
nuclear power plant components, gasturbines and aerospace components and 
for developing adequate methods of life prediction. The representation of 
the inelastic mechanical response of structural materials used in this 
field is a difficult task. Under appropriate conditions the response is 
rate-insensitive, and thus rate-independent plasticity is adequate. How­
ever, experiments suggest that rate-dependence is often important. The 
rate-independent elastic-plastic material model commonly used in FE com­
puter codes is based on the ORNL-guidelines (1974) uses the linear kine­
matic hardening rule. This model is incapable of representing both the 
transient hardening character and the rate-dependence of high-temperature 
materials. Therefore, several generalizations of the rate-independent 
elastic-plastic material model have been developed. In this paper FE cal­
culations based on a model of combined isotropic and kinematic hardening 
of an initial Mises yield surface are discussed. The proposed model, 
which incorporates a realistic description of nonlinear transient cyclic 
hardening behaviour of the nickel based alloy PE 16 for a given strain 
rate, is applied in investigating the multi-axial stress-strain state in 
a circumferential notched cylindrical bar. The calculated notch stresses 
and strains are compared with those obtained by using a model with multi­
linear kinematic hardening and Masing behaviour. Special attention is 
focussed on the question, how the stress state at the notch root, repre­
sented in the space of principle stresses, varies due to cyclic loading.

2 MODELING OF CYCLIC STRESS-STRAIN BEHAVIOUR

As in the classical time independent plasticity theory the existence of 
a yield surface in stress space is assumed. Using the Von Mises criterium 
it can be written:

(1) f = 2 [o' - a') • (o' - a') - «2(p) - Q,

where a' and a' are the stress and back stress deviators. The hardening 
behaviour is expressed by a set of a scalar and a tensorial internal 
variable. The scalar or isotropic internal variable K is associated with 
the size of the yield surface and depends on the accumulated plastic 
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strain p, defined by

(2) p=73 eP • eP .

The tensorial or kinematical internal variable a denotes the center of 
the yield surface.

The plastic strain rate eP follows the classical normality hypothesis:

(3) iP - A 85 - A (g‘ ■ 9") =12 p 6 -81 •

The hardening rules are given by evolution laws of the internal varia­
bles:

(4) a1 = c (p) eP ,

(5) K = d (p) p ,

which are similar to those proposed by Eisenberg & Phillips (1968).
The isotropic hardening behaviour is based on the assumption that after 

a transient hardening process a stabilized cycle is reached. Conditions 
necessary to generate a stable hysteresis loop are:

i) K*Ks,
(6)

ii) d + 0 , 

with increasing number of cycles. Ks is the saturation value of K. These 
conditions are fulfilled with

K = Ks + (Ko “ Ks)e"bP
(7)

K(0) = Ko

or by k = -b(Ko - Ks)e"bP p

= b(Ks - K) P

The coefficients Ko, Ks and b are temperature- and strain rate-dependent. 
The variation of K with the accummulated plastic strain p is shown for 
the alloy PE 16 (Kutumbarao 1986) in Figure 1. Analyzing these experimen­
tal data one gets for-e = 650 °C and e = 4-10-s- :

Ko = 267 MPa, Ks = 393 MPa, b = 18.4.

The kinematic hardening effect corresponds to the translational movement 
of the yield surface in stress space. The most commonly used kinematic 
hardening rule is the linear rule due to Prager (1955). This rule implies 
a linear relationship between stresses and strains in the plastic range 
if K = Ko during plastic cycling. A generalization like the Mroz's model 
(1967) based on a piecewise linear approximation of the stress curve and 
the property of the Masi ng rule gives a better description of the hy­
steresis loop but is unable to describe the transient hardening behaviour 
from the initial state to the saturation state.

To develop a kinematic model which gives the shape of the hysteresis 
loop one has to compare the isotropic and kinematic hardening rules with 
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the cyclic stress-strain behaviour of the material, for example given by 
a variable plastic hardening modulus:

(9) Ep=do,=3(c(p)-2d(p)). der - 13
Using a Ramgerg-Osgood approximation for the stress-strain relationship
of the material 1

(10) c-8+G) •
Ep can continously expressed by the accumulated plastic strain p:

(11) Ep = moR pm-1 .

The parameters OR and m are temperature- and strain-rate-dependent and 
furthermore, they vary with cyclic straining. From (9) and (11) it fol­
lows for the material function c(p):

c(p) = 3 Ep + 2.d(p)
(12) , . 9= j mOR p™- - 2b(Ko - Ks)e-bp.
With this the plastic multiplier X in (3) is obtained using the consis­
tency condition, i. e. that plastic flow occurs only if f = 0:

. 2G (o' -g‘).g
013 " = «(4G + 2c(p) + d(p))

where G is the shear modulus and s the total strain rate given as the 
sum of an elastic and a plastic part.

In generalizing this model for describing cyclic hardening the varia­
tion of the parameter OR and m with increasing number of cycles has to 
be taken into account. For that purpose an assumption very similar to 
(7) is also used for CR and m

(14) OR = QRs + (oRo - aRs)e“blP ,

(15) m = ms + (m - ms)e-b2P.

The parameters bi and b2 are suitable determined to get a good represen­
tation of the transient hardening behaviour. For the alloy PE 16 at0 = 
650 °C and e = 4-10-s- the following parameter are obtained from 
strain-controlled low cycle fatigue tests (Kutumbarao 1986):

mo = 0.135, ms = 0.054, ORO = 1153 MPa, oRs = 2125 MPa, 
bi = 52.6, b2 = 23.3.

3. APPLICATION ON A NOTCHED SPECIMEN

As an example a circumferential notched cylindrical bar has been ana­
lysed. The finite element idealization is given in Figure 2. 70 axisym­
metric 8-noded elements giving rise to 462 degrees of freedom. The pro­
posed material models are incorporated in the FE program ADINA (1984).

At first the behaviour of the proposed material mode! has been examined 
in comparing the FE results obtained from a FE model of a smooth axisym­
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metric specimen under uniaxial tension-compression loading (strain am­
plitude: ea = 0.026) with corresponding experimental results. The compa­
rison is made in Figure 3. It is shown that the examined material model 
gives a adequate accuracy in predicting the hysteresis loops under uni­
axial loading conditions.

Since all our structural components contain stress and strain concen­
trators as, for example notches, it is more important to study the beha­
viour of notched specimens. But, unfortunately, the experimental tech­
niques are not developed to measure the strain state at the notch root 
at high temperatures. Therefore, as yet we are not able to compare the 
FE results with experimental data, but we hope to overcome these experi­
mental difficulties in the future.

From that reason a comparison can be made only on the basis of material 
models. Figure 4 shows the hysteresis loops obtained by using a material 
model based on a multilinear kinematic hardening. The isotropic hardening 
aspect is neglected, i. e. this model is a multilinear generalization of 
that recommended by the ORNL (1974) guidelines. Figure 4 shows the the 
influence of the material data used in the FE calculation. The stress 
amplitude increases by using a cyclic stabilized stress-strain curve, be­
cause of the cyclic hardening behaviour of PE 16.

The hysteresis loops shown in Figure 5 are determined from the notch 
opening stress and strain calculated by using the proposed material model 
with a combination of isotropic and kinematic hardening. The notched spe­
cimen is subjected to a strain-controlled LCF-loading (strain amplitude 
€a = 0.02). One can observe that in a uni axially stressed notched cylin­
drical bar the qualitative response of the material element at the notch 
root is similar to the response of a smooth bar. Figure 6 shows the cor­
responding variation of the equivalent stress and strain at the notch 
root.

The stress and strain distribution ahead of the crack tip in the liga­
ment is shown in Figures 7 and 8. It is seen that the stress maximum 
lying ahead of the crack tip increases with increasing number of cycles. 
In this Figures the stress and strain distributions for the first three 
cycles are shown. After a few cycles a saturation state is reached. In 
Figure 9 a comparison is made in the stress distributions of the satura­
tion cycle for the two examined material models. The maximum of the notch 
opening stress calculated by using the nonlinear hardening model is con­
siderably higher than that using the multilinear hardening model.

Figures 10 and 11 show the varying stress states of the notch root due 
to uniaxial cyclic loading in the space of principle stresses. It is seen 
that the stress states are strongly influenced by the hardening rules 
used and furthermore, that there is by no means a proportional loading 
behaviour in the inelastic regime. Therefore, the question arises regard­
ing the limitations of the concept of smooth specimen simulation.
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Figure 1. Isotropic hardening 
variable K vs acc. plastic 
strain.

Figure 2. FE mesh, axisymme- 
tric,strain controlled loading
notch radius p = 0.25 mm.
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Figure 3. Comparison of ex­
perimental data (PE16: © = 
650 C,e = 4 10-3s“1,e = 0.026) 
with prediction based on 
nonlinear hardening model.
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Figure 4. Notch stress vs notch 
strain, multinear hardening 
model with Masing behaviour: 
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Figure 5. Notch stress vs 
notch strain, nonlinear 
hardening model.
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Figure 6. Equivalent stress vs 
equivalent strain at the notch 
root, nonlinear hardening model.
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Figure 7. Notch opening 
stress ahead of the notch 
root, 3 cycles, nonlinear 
hardening model.

Figure 8. Notch opening 
strain ahead of the notch 
root, 3 cycles, nonlinear 
hardening model.
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Figure 9. Comparison of the 
notch opening stress ahead of 
the notch root at saturation 
cycle: 
---  multilinear hardening 
---  nonlinear hardening
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Figure 10. Variation of the 
multiaxial stress state at 
the notch root in the space 
of principle stresses, multi­
linear hardening, Masing 
behaviour.

Figure 11. Variation of the 
multiaxial stress state at 
the notch root in the space 
of principle stresses, non- 
linear hardening model.
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