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SOME RECENT RESULTS
IN NORMAL MULTIVARTATE CONFIDENCE BOUNDS*

by

S. N. Roy
Department of Statistics
University of North Carolina

1. Introduction. Confidence bounds on parametric functions asso=

ciated with nmultivariate norual distributions, set up with a par-
ticular objective and under a particular philosophy, have been dis-
cussed in a series of publications beginning in 1953 and continuing
to date. Partly for the lack of any semi-expository article that
brings together most of the main results and highlights the charac-
teristic features and the implications, and partly for other reasons,
the whole point and purpose of this line of work seen to have been
completely lost upon the general statistical public so far. The
present paper is intended, in some measure, to some as such an ex:
pository paper and, in some measure, to offer certain very recent
results not yet avallable in print.

1.1. Intervals based on (HO, H). 1In many, though by no means in

all, problems we start from a pair (Ho’ H) of composite hypothesis
and alternative, disjoint but not necessarily exhaustive, and seek

a parametric function that might be regarded as a measure of de-

*This research was supported by the United States Alr Force through the
Alr Force Office of Scientific Research of the Air Research and Develop-
ment Command, under Contract No. AF 49(638)-213. Reproduction in whole
or in part is permitted for any purpose of the United States Government.
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parture frcm.HO in the direetion of H, or, alternatively, sone

kind of a "distance function" between the set H, and the set H.
In such problems we next seek a confidence interval for this para-
netric function, one-sided (one way or the other) or two-sided, de-
pending upon the nature of the pair (Ho, H). No clain is mde at
this stage that the parametric function chosen or the confidence
interval proposed for it is, in some sense, optimal. As to the
confidence coefficient, it would no doubt be very desirable if,
given any permissible 1 - o, the interval could be defined such
that this coefficient was equal to 1 - ¢. If it does not turn

out that way, the next best thing would be to have a confidence
coefficient > 1 - o, given any permissible o, such that the
equality is attained, or, in other words, the probability of tThe
interval covering this parametric function, for some value of this
function, is equal to 1 - ¢, If this does not happeﬁ (or, at any
rate, cannot be readily proven), then the next best thing would be,
for any permissible 1 - o, to have a confidence coefficient whose
greatest lower bound > 1 - & (and night, in faect, be greater than
1 - a), provided that the interval itself is not trivial, for exam-
ple, (0, ®) or (-w, @), etc., but is, in fact, much better than
these. We shall say that such a confidence coefficient is a conser-
vative one, or, alternatively, that the corresponding confldence
reglon is a conservative one. For really complex problems even
this may be difficult to obtain, to say nothing of intervals of the
first or the second kind, and we would consider even this quite worth-
while, especially in view of the fact that we consider it far more

important to estimate this "distance function" point wise or inter-
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val wise, than to test (and accept or reject) the customary null
hypothesis as such. All confildence intervals discussed in this
paper, that emerge as the end products for different problems (as
distinct from the confidence regions that occur at the intermediate
stages of the derivation) are conservative in the sense just indi-
cated. While we still stay with (Ho, H) there are three other fea-

tures that merit special notice.

1.1.1. Bounds on the "partials". In most complex problems invol-

ving (Ho’ H) there are reasons, set forth partly in / 6, 10/ but
more fully in 1717, ;§7, why we prefer to look upon Ho as the
intersection of & number of more primitive {composite) hypotheses
and H as either the union or the intersection of the same num-
ber of corresponding and more primitive (composite) alternatives.

In symbols this may be expressed as

(1) H, = [‘\HOi, and H = UHi or m H

ierl ierT ierl
where (Hoi’ Hi) form a natural pair and the subscript i1 belongs
to an index set that might even be a part of the continuum. Accord-

ing to this way of looking at (Ho, H), H,; end H; (for i eT)

1
will be called the partials {or components) of Ho and H. For
any such couponent or partial pair (Hoi’ Hi) we would be naturally
interested in a corresponding measure of departufe fron Hoi in
the direction of H

i
bounds on it,that goes with (Hoi’ Hi). The question is whether

or a "distance function', with appropriate

it 1s possible to provide, with a joint conservative confidence

coefficient > 1 - @, simultaneous confidence bounds on the "total
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distance function" that goes with (HO, H) and on the different
"partial or component distance functions® that go with the different
(Hoi’ Hi)’s. For the cases discussed in this paper not only has
this been possible, but the bounds on the "partial or component
parametric (distance) functions" are seen tc vary with the com-
ponents and furthermore, for certain classes of components, the
bounds are also sharper than for the "total parametric function”,
which is a very satisfying feature wherever it occurs. This will
be amply illustrated in the following pages.

1.1.2. The nature of the interxrval estimation in terms of the per-

centage points of the distribution function used. The parametric

or the socalled “distance function" set up in the following pages
as also the bounds on it is, in every case, such that the percen-
tage points used are those of a distribution function associated
with the customary null hypothesis, and never those of a distribution
function associated with the non null hypothesis. Not only is the
latter kind of distribution functions (mostly called non-central
distributions), in general, more complicated than the former type,
but in multivariate problems of the types considered these are so
complicated as to be practically unusable. However, parametric
("aistance") functions that require for confidence interval esti-
mation the percentage points of the "non-central distributions"
are also, physically, equally meaningful. For purposes of our
present work the only reason they have not been used is because of
the complexity of the distribution used. Moreover, as one little
illustration would indicate; they are by no means more meaningful

or significant than the ones being actually used. Consider, for



example, the parameter p (correlation coefficient) and B (the
regression coefficient of, say, y or x) fpr a bivariate normal
population. While both are equally meaningful and useful, it is
well known that to put bounds on B one needs only the central dis-
tribution of r (the sample correlation coefficient) whereas, to
put bounds on p, one needs the non-central distribution of r,
which 1s more complicated but not intractable as in the multivariate
problems discussed here. For p the claim is made that, unlike B,
it is scale invariant, and much is made of that by many people.
However, ry own experience with nonparametric generalizations of
mltivariate analysis has more or less convinced me that in non-
parametric situations the analogues of the regression line or lines
are far more meaningful than the analogue of & single measure like
p, and that is why I believe that even for the bivariate normal
population B, in that it builds up the regression line, is at
least as meaningful as p, notwithstanding the issue of scale in-
variance or lack of it. Given the scales in a particular situation,
B builds up the appropriate regression line. The parametric func-
tions actually used in the following pages should be locked at from

this viewpoint.

1.1.3, Additional requirement beyond what is suggested by the pair

(HO, H). 1In problems based on a pair (Ho, H) it happens quite often
that while a one-sided interval (with an upper or a lower bound)
for the parametric function is indicated in a natural manner by the

pair (Ho, H), there are other physical considerations that seem to
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call for one step further to complete the one-sided into a two-sided
interval, by adjoining a lower or an upper bound to an upper or a
lowver bound. In other words, while a pair-(Hb, H) night set in mo-
tion the search for a suitable parametric function it may not al-
ways completely determine whether the confidence interval for this

Tunction is to be one-sided or two-sided.

1.2. Intervals not prima facie based on any (Ho, H). Starting

from an appropriate test procedure for any (Ho’ H) we can, under
certain broad conditions, obtain a suitable confidence statement
by "inversion". Such statements {on some kind of a "distance
function") are almost always meaningful, though we may not al-
ways happen to be interested in such statements. However, this
seems to be, to some extent, a one-way affair. In other words,
there are sitvations where a confidence statement of a certain
nature secems to be of direct physical interest in its owm right
and can also be obtained without any conscious attempt to asso-
ciate it with a pair (Hc’ H), although, with some effort, a pair
(Ho, H) to tag it on to can be always obtained, which , in many
cases, may not be too interesting or meaningful in itself. Sonme-
times the confidence statements to be looked for are suggested by
an Ho and its decomposition without explicit introduction of an
H or any deliberate attempt to link the statements with a pair
(Hb, H) and its decomposition. Most of the other rerarks made in
subsections 1.1.1. and 1.1.2, will also apply to the intervals
under the heading of this section, and hence such remarks need not

be repeated here.
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. 2. Bounds related to the dispersion matrix X of an N(C s 2)
pXi DpXp

/8, 10, 11I/. The case belongs to the category of section 1.2.

rather than to that of section 1l.1l. With a sample dispersion

matrix S , let us start from the statenent
PXp

a' S a
(2) M S ogrse SN (for all non null a) ,

with a joint probability 1 - &, such that }“l and 7\2 are

based on the joint distribution of the largest and smaellest root
of S Z'.-l (vhere = is, in fact, the population dispersion matrix).
& 1s a vector of weights to the different variates, and it is to

pxl
be noted that (2) is eventually invariant under the choice of this

weight system. ILet us rewrite this as

. a' Sa a' T a

a' Sa
G) Wy e s s

< l/}\l — (for all non null a).

"

We are, of course, interested in bounds on (a' T a)/(a'a) for all
non null a, that is, for all values of the weight system a. Notice
that, for any a, the actual bounds on (a' & a)/(a'a) and the width
of the interval depend, among other things, on a as well. Among
the infinity of (a' = a)/(a'a) (for varying a), we are especially

interested in the subset /[ ch (Z), ch (2) 7, /—ch (Z’.g g), ch (2%8)7,

maz min

[ch (z&’; %), ch (zél’:TL %) 7, and so on (i ;é it # . =1,2,...,0)3

or, in other words, in the largest and smallest roots of the total
matrix, and in the largest and smallest roots of the partial matrices
obtained by cutting out any one variate, any two variates, and so on.

. With a corresponding notation for the partial sample dispersion ma-



trices it is shown in /78, 10, 117 that (3) implies the 2°- 1

pairs of bounds

(1) (1) = (8 S (B S G e, (8)
_7{; ch (5) < en, (%) <--,-1Ci eh ;. (8) 3
(11) -%; chmax(sgg) < chm(zg:g)f —%i chmx(s&g) ;
-.:_L.é cth(sng) < chmin(z&%) 5—%; chmin(Sg'_;)

(111) —%—5 chmax(sgij:g) < chmax(z&:i:%) 5-—;}1- chmax(sg;’{:i:)) )
1 (1,1 s i,it
"7'{; in ({11 %)< (Zg,i §> < Chmin(sgl i'))

(i%i' =1, 2, ou-’P-l);

and so on until one has cut out any {p - 1) variates. Ve have thus
a simultaneous confidence statement with a joint (conservative) con-
fidence coefficient _3-1 - . Notice here that the largest and
smallest roots of I are, each, given one palr of bounds, the
largest and smallest roots of any partial are, each, given another
rair of tighter bounds, and the bounds get tighter and tighter as
we cut out more and more variates. It is obvious that this is a
desirable feature. It may be further remarked that (ii) and (iii)
do not follow directly from (i) but that all of them follow from
(3) by specializing the vector a. Another rema¥k is also in order.

The upper bound in the first line of (i) and the lower bound in the
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second line of (i) é.re auvbtomatically the upper and lower bounds
of all roots of X and also of the partials. But the point is
that (ii), (iii), ete. are providing much tighter bounds to the
partials than these. These features will be repeated again and
again in the other cases discussed in the following pages, and
hence will not be discussed in as much detail as in fhis first
case. Another set of confidence intervals (for a different set
of paremetric functions) based on a different principle of decom-
position has been given in / 5/, but this will not be discussed
here. As a very special case of (4) may be mentioned that of
P=1, vhere Wwe have, for N( ¢, 0'2) » the two-sided bounds on cr2

2 2

(5) 7\.18250'5?\23 s

where }"l and ?\.2 are obtained from the percentage points of the
XE- distribution with appropriate 4.f.

3. Bounds related to the dispersion matrices (I, I,)of I\T(gl, z.)

1\I(§2, 22). We shall discuss the problem under two heads, namely,
confidence statements in the category of section 1l.2., not explicitly
based on any (H " H), and those in the category of section 1.1, based
explicitly on pairs of (H o H)

3.1. Intervals not based explicitly on any (Ho’ H). We start from

an analogue of (3) with an exact probability 1 - & [ 8, 9, 10, 11_7,
and obtain, with a joint (conservative) confidence coefficient

-1 -1
>1 - a, simultaneous bounds on Chmax-[_zl Z, ~7, ch : / , B, =]

Chmax-[ilél% Zga) s e [ Zg_z']’:'l?) é%iil )_7 3 ete.
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Denoting the corresponding sample dispersion matrices by Sl and
82 (as in section 2), the simultaneous bounds on the whole set,
total and partials, Ep- 1 in number, can be expressed in the com-

vact form : _ R . -1
(11,12, cees 1p ) (11,12,..., 1pl)

1
(6) A, ch. [s . . Snfs ‘
l min l(il’le’ oo ey lpl) 2(11,12) ¢ 009 ipl) ]

-1
(il,..., ip ) (il,..., ip )
< ch, [= .. Lo 1
hai min l(l s 1 ) 2(1 3reey i ) ]
1 o 1 D
1 1l
-1
(i D s e ) i ) (i do o) i )
1 Py 1 P,

< ch T Znl s
S TI8,3 l(ll,..., i_pl) 2(11,..., ipl) ]

; . -1
.(ll,.'., ipl) (ll, cesy ip )

1
< M. ch /s . Snfas . ’
— 2 max l(iljtoo, lpl) 2(11’ LR ] lpl) ]

vhere i, <i_ < ...<1 (0<p, <p- 1) is any ordered subset from
1 2 Py -1 ~-

(1, 2, ..., p) and the right hand upper and lower subscripts indicate
that the corresponding rows and columns have been cut out. Notice
that the bounds as also the width of the interval depend upon

(il, 1ys vees ipl) , getting tighter and tighter as we increase P, -
Another point worth mention is that, uniike the case of scotion

2, here we don't have separate pairs of bounds for the largest and
the smallest root. As a very special case of (6), putting p = 1,

we obtain for N(¢ .'I.;' Gi) (i = 1, 2), the confidence interval

2,2 2,2 2,0
(1) » s)/sy < opfoy < ny 87/8;
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where ?“l and A, are based on the percentage points of the

2
(central) F-distribution with appropriate da.f. For another
set of confidence statements (on a different set of parametric

functions) based on a different principle of decomposition, the

reader is referred to [/ 5/.

53.2. Intervals based explicitly on pairs of (H_, H) /[ 18/. Con-

sider an Hos Zl = 22 as expressed in the form of a decomposition

(8) m: (3, =5,) <> /\a(a’zl a =a'z, a)

/=) all ch (= 22'1) = 1,

1
and three different alternatives, given respectively by

(9) (i) H(l): Q(a' z, a > a’ Z, a) (=> Chmin(z'l Ze-l) > 1

(i1) H(e): [\a(alzl a < al22 a) (:)chmax(zl 22-1) < 1, and
(111) 130, w1 @) | ch . (Z, 22"1) <1or chmin(zlze‘l)n.

Starting from suitable analogues of (3) (different for the three
different pairs (HO, H(i)) i =1, 2, 3)), with an exact probability
1 - a, we have, with a joint (conservative) confidence coefficient
> 1 - O, the following three sets of confidence intervals for the

three cases / 18/.

) -1

(ll, ee ey ip ) (il’ ey ip )
1 1
(10) en . _/'zl(il, . ip ) Ze(il, cees ip ) }
1 1
-1
(ipp v ) (peees 1)
1 pl 1 pl

z M Chmin_/_sl(i, ceey 1) Se(i,...,i ) ] ?
1 pl 1 Pl
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(tl, ceny i ) (1 seees i )

P
11 h
( ) c max [- l(ll, cevy l ) E(il)"" 1p1)]

. =1
(11, cees ipl) (il, e 3 )

< n, ch__ [s,. . Sofs . :]
2 TTmax 1(11,..., 1P1) 2(11,..., lpl)

(12) (10) (/ (11), with different values for A, and A,

say h3 and My, (%.5 >>\.ll_).

The right hand side upper and lower subscripts have the same inter-
pretation as in subsection 3.1. For other interesting alternatives
H(l) the reader is referred to [ 1_8_7 Two other comments are in
order. First, for the very special case of p = 1, we easily obtain
analogues of (7) appropriate to (10), (11), and (12). Second,
applying the principle of section 1.1.3., we can extend (10) or (11)
and obtain a set of two-sided bounds of the form (6).

k. ZLinear hypothesis under a multivariate linear model. This belongs

to the category of section 1.1. For simplicity, the modelrwe consider
here is called model I of ANOVA and MANOVA. This, together with-
the associated tests apd confidence bounds is discussed in [ 10, 11,
1k, 15___7. For Model IT and mixed models for MANOVA (with the tests
and the associated confidence intervals) the reader is referred to

[ 15, 16/. The model I for MANOVA is the following.

= [ Xy Xy eee xn_7 P consists of n independently distributed
2 1

vectors such that
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(13) (1) %z W/ Edx)s = 7 (3=2,2 ..0),
bxp

(11) g(X') = At
nxp nxm mxr

where Z% stands for expectation, ¢ is a matrix of unknowﬁ para-

meters, A is a matrix of given constants (that might include some

observed concomitant variables as well) depending upon the design

and the model, of rank r < m < n - p. Under this model we set wp

(%) B: C ¢ U = O against H C ¢ U 7€ 0 (=n , say),
S¥m mxp pxXu sxu sxu

where C and U are given matrices of constants of ranks s <r and

u <p and vhere it is furthermore assumed that

rank [A] = rank[é 2 )
nxm n

which is characterized in‘Z-lh, 19;7 a8 the condition for testa-

bility of Ho in the strong sense. Let us denote by QH ’
o}

Q

* . . .
error and QHO the symuetric positive semi-definite matrices

given in terms of (4, C), A and (4, C) in /10, 11, 1k, 15/.
They are of course availlable in other forms as well from the ex-
tensive literature of ANOVA, and they might be conveniently called
the matrices due to the hypothesis, the error and the alternative.

As distincet from these let us define

(15) sy = -i—'[U' X Qg X U_/
] o]
uxu uxp pxn nxn nxp pxu
S = = X Q x* U 7
error n-r <+ error -~

wxu uxp joresl nxn nxp pxu
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where the left side matrices are called respectively the dispersion
matrices due to the hypothesis and to the error. Starting from a
statement analogous to (3) (except that it is 6ne-sided) with an
exact probability 1 - o, it is possible /9, 10, 14, 13/ to put,
with a joint (conservative) confidence coefficient >1 -0, sirml-
- taneous confidence bounds on chi;éi [ Q*I'{l n_/ and on partial
obtained by cutting out (i) one or more column: of 7 (i.e., one or
more rows of n') and (ii) one or more rows of 1 (i.e., one or
more columms of 1n') together with the corresponding rows (and
the same columns of the symmetric matrix Q:I » which, as can be
checked fronm [ 10, 11, 1k, 15_7 means cuttigg out one or more rows
of C). If, as in many problems, C stands for a set of treatment
contrasts, then this means cutting out one or more contrasts. Also,
cutting out one or more colums of 7 (i.e., rows of ') means
cutting out one or more colurms of U, i.e., certain linear combi-
nations out of the total set of linear combinations of the variates
in which we are interested, or , in case U is an identity matrix,
cutting out just one or more variates. We can also combine (i) at
any level of cutting with (ii) at any level of cutting and thus ob-

tein (2% 1) x (2%- 1) simultaneous confidence intervals altogether.

-1
1/2 * . .
ch mé % /[t a H_ n_/ might be regarded as a measure of deviation

from the +total H0 in the direction of tle total alternative H
which is the complement of H while any partial of

-1

N _
ch;éi VAR g 0 _/ (even one that combines (i) and (ii)) might
o

be interpreted as a measure of deviation from the corresponding par-

tial of Ho in the direction of its alternative which is its comple-
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ment. To indicate the nature of these simultaneous confidence bounds
we first note that the exact probability statement analogovs to (3)

which is our starting point in this case implies

(16) Ch; (SH ) - Ch 2 (Serror) - 1/2 ZF QH q;7

1/2
(S O) oA Chmax (Serror

< chl/2 )

max

where A is obtained from the percentage point of the distribution
of the central largest root [/ 4/,

But the analog of {3) also implies all the partials, and the whole
set of partials together with (16), (2u- 1 x 2°-1) in number, can be

expressed compactly as

(31’32’ e )jul)

(27) ch g

H

[(11,12,...,1 ) o(jl’jg’...,j

?1) ]

(jl’je)"")tj )

%

1/2
= Ak, Z_Serror(Jl:Je’ o3y ) 7
-1
)
1

Ho(il’]‘e) LI ’lsl)

(11,12,...,181)' . (11,..., i

1/2
= Chmax [n(jlyje: tes :Jul)

(11’12"°"1s )
%1 (vjl:Je:---:J ) ‘1



. . 16
(31,32, see :Jul)

1/2
< . s
— Chmax Z-(ll,-.',isl) SHo(jl,je)nce,Jul) ]

(d17dp9 0002y )

et

1/2
+ A ch [Serror(jl:je:' .,,jul) j »

max

with the following explanation for the symbols, < je oo < J

J3

he!

(0 <u, < u - 1) is any ordered subset from (1, 2, ..., u) and

1
i, <d, <.l <dg (o< s, <8 - 1) is any ordered subset from

1 2
(L, 2, ..., 8). Fir the symmetric matrices Sg., S..... and Q;o s
the right hand super and subscripts indicate that fhe corresponding
rows {and the same eolumns) have been cut out. For the matrix 1
(in general rectangular and asymmetric) the right hand super and
subscripts indicate that the corresponding rows and colurms (not
of course now matching the rows) have been cut out. So far as 1
and Q*Ho are concerned the relationship of the partials to the

columns of U and rows of C has been already explained. So

far as SHO and S ... are concerned the right hand super and

subscripts go with just the corresponding columns of U. For the

symmetric matrix S the left hand subscripts indicate that the

H 2
o]
corregponding rows of C have been cut out, resulting in a change

in the structure (or composition) of QH that does not alter its
o

order and finally in a change in the structure of SH that also
o)

does not alter its order. For the actual forms of these partials
(and the total) involved in (9), especially the forms of the para-
metric "distance” functions that occur in the middle, in the case

of treatment contrasts under BIB and PBIB designs the reader is
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referred to / 2/. It is clear from (9) that the bounds depend upon
both sets (il, s vees isl) and (jl, oo +oes jul), vhile the
width of the bound depends upon (jl, Jor eees jul) alone. A set
of bounds for which even the width should depend upon (il, i2 y eee isl)
as well have also been investigated in / 17/, but will not be discussed
here. It is also obvious that for the partials we are getting tighter
and tighter bounds, especially for the partials with respect to
(jl, dor eees jul). A Purther remark is calied for here. The pair
(Ho, H) or the partial pairs would seem to suggest a lower bound
rather than the two-sided bounds. However, we still seek the two~
gided bounds on the principle of section 1.1.3., TFor a set of con-
fidence statements different from (9) and based on a different prin-
ciple of decomposition of H_ the reader is referred to /[57.

Three special cases of (17) deserve special rention here.

4.,1. The case_u = 1. This is the univariate or the ANOVA situa-

tion. Here SHO, serror are scalar, usually referred to the mean

3.5. due to the hypothesis and the error respectively, while 7p'
is an 1 x s row vector. This means that we can drop the

"chi;ﬁ{i", take u, = 0, and express (17) in the form

L L

2 2

(18) [(il""’i ) Sy __7' )‘[Serror—] <
Sl [o}

: : -1 .
(ll,-oi’ls )' (il,-oc,is ) (il)ioo’ls ) 1/2
< /. 1 Q* 1 1 1 ]
= L0 i
Ho(ll,n-o)isl)
1 L
<r tn [ erend Y
- L (il,...,is ) SHO— * ML Serror! ?

1
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where A is based on the percentage point of F-distribution with

suitable d4.f.

4.2, The problem of two mean vectors in N(ci, £)(i=1, 2)

pXl DXp
/7, 10, 11/. Here HP ¢ =¢, against H: (, # ¢, » and this

case is easily handled by a proper choice of A, C and U. Notice here

that U =I. To fix A, we assume that two random samples of sizes

ny and n2 have been drawn from the two populations. Denote by

)5 Eé the two sample mean vectors and by S, 82, the two
pxl  pxl PXp  PXp
sample dispersion matrices and set S = (nlSl + HQSE)/(nl + ne)‘

Then the set (17) reduces to
(3350003, )" CIFRRRPS

19) [ - %) xR - %)

1/2
pl)

(Jl,.}.,Jp )’ (3700003,
<[ - ty) N () t ]

1/2
(vjl"'!)j )' (jl""’j ) /

P’ _ 1
(Xl = X2)

< [&-%)

1/2 ('jl’ .“’Jpl)
+ A Chmax [S(J 3 ) ] )
l} > pl
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vhere J, <i.< ... < jp (0o < p, <p- 1) is any ordered subset
1

2
from (1, 2, ..., p) and A\ 1is based on the percentage point of the
distribution of Hotelliag's T° with appropriate d.f., i.e. of the

F-distribution with proper d.f. The number of intervals in (19) is

2P 1,

4.3, The problem of two coppareble mean vectors in a

‘——,
S 231 212 P
N /10, 117.
t
b [P 212 Zop P
1 D D

Here we have a random sample of size n, which fixes the A. We have

He & =0, sgainst H: ¢, # {,» vhich easily fixes C and sets

I|0»p
(20) U = .
2pxp -1 D
P

As in the preceding section, let §i and Eé stand for the sample mean
vectors for the two different p-sets and, unlike the preceding section,

*
= - - 8 . i = P,
set now 8§ = 8y; + 8,5 = 8y, - 8], - Then, with u = p, (17) now

reduces Egpa form which looks exactly like (20), except that S* is
now differently constituted and N 1is different and is based on the
percentage point of the distribubtion of a Hotelling's T2 with
different 4.f.

5. Independence between two sets of variates 178, 10, l§7. This belongs

to the category of section 1.l. We have here a population
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] ® 219 Zle‘l P

N (p £ q)s
o | ¢ 2o Zoo j q '
1 P q

and a sample of size n + 1 (3 p + q), with a sample dispersion

matrix denoted by

Sll 812 jo)
4

510 Sop q g
P a

Under this model we consider

(21) H ! £.. = 0 against H: I, £ 0 .

Tet us now set

-1 -1
(22) B = 215 Sop » B = Sy, Spn and
pxq pxq axq pxq pxq  gxq
S. . = S,. - 8 st s
1.2~ P11 12 22 12 )
DXP DXp Pxq  gxq qxp

Notice that B and B are the population and the sample “regression"
matrices. Then it has been explained in /10, 11/ that chi;é i(s B')
can be vegarded as a measure of departure from HO in the direction
of H, and similarly the partials of B obtained by cutting out the
rows and columns of B (i.e., cutting out from the p-set and the
g-set) can be also regarded as measures of departures from the

corresponding partial hypothesis in the direction of the appropriate
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(complementary) alternatives. As in section 3, starting from the
one sided analogue of (3) with an exact probebility 1 - o, we can

put, with a joint {conservative) confidence coefficient >1-0,

simultanecus bounds on chl/ 2

ex (8 B') and the partials, the whole

set, total and the partials, being expressed, as in section 3, in

the compact form

(il,ie,-aa’ipl) (11,12,-on,ip )I -

1/2 1
By,
ql) (31232:'--,Jql) .]

(23) Chma'x [B(jl.’je’"',j

(i ,i.,.0051i )

- 1 1/2 -1
Mook ox [ Sl.2(i sl seeesi ) R ax (822 )
1772 Py

s 1

§ h f‘B(il’iE"."ipl) (ll’ie,t-n,ipl)
¢ . N Brs

nax (Jl)ja:-h':Jql) (Jl:Je:---:qu)

< chl/ 2
- max

1

. . '
[ (il,ie,...,ip ) (11,12,...,ipl)
B(. (Y Bl .
Jasdaseeesd ) (Jq2dnseeesd )
17v2 ’ 9 1°v2 4

(11,12,...,1Pl)

1/2 1/2 -1
Aochax [jsl.E(il,ie,...,i ) j} chizy (8o )
Py

vhere the symbols have the same general explanation as for (9). It
will be insti'uctive here to drop the superscripts and subscripts and

write the leading interval (involving just the "total") in a much
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simpler form. However, certain additional remarks are called for.

Here il <i.<...< ip (O_S pl_S p - 1) is any ordered subset

2
from (1, 2, ..., p) and le <3y <een < qu(p -3 <aq- ql) is

an ordered subset from (1, 2, ..., q). Furthermore, in keeping

with p < g, we also arrange that p - pl.f G - 94y which reans that the
total mumber of confidence statements is less than (2P- 1) x (2q; 1),
and can be easily calculated. In conclusion, as in section 3, while
(Ho’ H) and the partials would seem to suggest just the lower bounds
we still seek the upper bounds as well, i.e., the two-sided bounds

on the principle of section 1.1.3. As in section 3 so also here,

the bounds depend on both sets (il’ie"°"ipl) and (jl’je""’qu)’
but the width depends only on (il’iQ"“’ipl)' If we require the
width also to depend on (31,32,...,qu) as well then we have to use

a different procedure altogether which will not be discussed here.
Bounds tighter than those in (12) but more or less on the same prin-

ciples have been offered by other workers, but these will not be

discussed here. A special case of (23) deserves particular mention.

5.1. The case p = 1, i.e., of independence between one variate and

a_g-set. Here p =1 and p; = 0. Furthermore, (le,sll) becone
scalars, (Zlﬁygia), (1xq) row vectors, (222,822) stay (qxq) matrices,
and, in consequence, § and B become two (lxq) row vectors while

S becomes scalar. The B and B are usually called the popu-

1.2
1xq 1xq
lation and the sample regression vector of one variate on the g-set,

while Si 5 is called the residual variance. (23) now reduces to
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— 1/2

(24) l- D (5,3 . b 4. .
Jasdmseeesd. ) (3153500923 )
1xq 1’92 ’.ql‘ qxl 1’92 ? 94 ]

/2 .1/2 -1
= M osps ey (S 7)

1/2

S| B, - B (s
[ (Jl,u-:Jql) (Jl""’qu)]

1xq gxl

1/2
<S[~b . : b . :
— xq(Jl,.ou,Jql) qxl (Jl,-oo,Jql) ]

1/ ,1/2

-1
Lo ey (8 7)

+ AN s
where A\ 1is based on the percentage point of an F-distribution with
appropriate d.f. The well known interval for the regression coeffi-
cient in a bivariate normal distribution (p = ¢ = 1) is, of course,

a special case of (24).

6. Multiple independence between a p-set 6r between sets of Pys

1 SERRRY /[ 12/. We shall consider the two cases separately, althoug

the first one is a special case of the second.

6.1. Multiple independence between a p-set. For an NZ-C ’ ZL7
pxl pxl

we express HO: = DG (a diagonal matrix) as the intersection

ii
of the independence of the p~th variate with variates (1,2,...,p-1);
of the (p-1)-th variate with variates (1,2,...,p-2) and so on till

we get to variate 2 and its independence with 1. The associated
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alternatives are the respective complements. This is called a
step-down procedure and the results that we ultimately obtain are
not of course invariant under the order in which we take the

variates. This is supposed to be a blemish on the technique, but

I feel rather differently for two reasons. First, there are problems

and situvations vhen the experimenter has some order in mind in which
he is more interested. The second, and by far the more important
regson is the following. My own experience in the search for appro-

priete nonparametric analogues of MANOVA and association has nmore

or less persuaded me that characterizing a nonparametric multivariate

distribution as the product of a chain of conditional probabilities
(in the sense of a step-down procedure) right from the beginning
may, in most situations, be the only feasible line of atitack. Be

that as it may, let us come back to the concrete problem here Zf ;7

With

( 6) O'll O':Le v e e O.lp Sll 812 e & o

2 z = S =

PXD 0‘12 0'22 ¢ e s O‘EP PXP 812 822 « o o
2
[0} o e o o ) =) . ¢
1p 2p PP 1p 2p
let

(27) B‘"i-le ve. 1-1 =_[-Uli UE]‘_' : cyi-l,i"'7
1x(1-1)

12t 9,141

)( 0'12 0'22 o o 0.2, i-1

°1,1-1  %2,1-1 0 ° ¢ %i.1,i-1
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' ' =
'y 1o, .11 =L By =Y A 851,17
1x(i-1) '
— -1
(5.4 510 N
®12 B2ttt Fp,i-l

. . . LTS .

| ®1,1-1 P2pa-1 7t Pie1,1-1)

(for 1 = p, p-1, ..., 2) denote respectively the population ¢nd the

sample regression vectors of (i) on (1,2,...,1-1), and also let

1 =
(28) Si = [Sli’ 821, cssy si—l,i—7}
1x(i-1)

12 . . . Sl, i—l

851 %

(1-1)x(i-1)

[
512 50,11 ,

. . . L .

| 81,141 Spa-1 7t 0 Bi1,141 j

(fOI‘ i = p, P-l, LR ] 2)4
Then, we have with a joint {conservative) confidence coefficient

> 1 - @, the simultaneous set of intervals

(ppdgrererdy ) Gppdgoeeesdy ) 1/2
(29) /by b, i
/2 1/2

-1
- - 1
M [eyy -8 8y 8/ i (854

(jl""’ji )' (jl"")jil) 1/2

< [8 tooey i]



1/2 26

(3q90e0s3: ) (Jyseeesdy )
o < I 177y . e
— i i

1/2  1i/2

- [ "l -'l
* N [syy -8y 8y 4 sy ] e (8,7)

2

where J; <J, < ... <y (Ofil
1

any ordered subset from (1,2,...,i-1) and vhere A =+ [p/(l-_u7l/2

51-23i=p,p-1,...,2) iS

and p is obtained from the following equation

P
(30) II P/1° < plp=07= 1-a,
1=2 1= -

r2

i
for i = p, p=1l, ...y 2 and n = sample size -2. It is to be noticed
i-1

baving an incomplete p-distribution with d.f. (i-1)/2 and (n-i)/2,

p
. that the total number of confidence intervals is = (2 1).
i=2

Also, for any 1, the bounds depend 1 and on the set ('jl"je""’ji )s
1

but the width depends only on i. The leading interval in the set

(29) is obtained by putting i, = 0, whence we have

1
1/2 /2 1/2
-1 -1
(31) (b} b)) =N/ =8]8 T sy ch (8, 1)
1/2 1/e . -1, 1/

< () B) <(eyv) tM ey teiSige/

1/2 -1

X Chmax (Sn. 1 )

6.2. Multiple independence between sets of DysPyreee Py We have here
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-
81 [ Py Zin 0 Fp v c I Py
H
/\/ € | P2 R DR Py
L] J . . *r @
4 ]
b | B R R Py ’
1 D 1 P,
1-1
and we assume, without any loss of generality that p < Z Pj .
i J=1

The null hypothesis that the population dispersion matrix has all
the off diagonal submatrices zero is expressed as the intersection
of the independence of the i-set with sets (1,2,...,i-1) (for
i=k,k -1, cees 2), with the associative alternatives as the
respective complements. With a corresponding partition of the total

sample dispersion matrix, let

— 1 4 1t
(33) By = [233 Thy eer Big g/
pix(pi_l+...+pl)
-1
21 T o '21,1-1 ]
N
Z1p Sap v 0 B g
'/ * . * L ] ’
1
Z L] 'Zi-l,i-l J
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- 1 1 1
By = /’sli Spy we+ S, i;7
pix(pi_l+...+pl)
-
81 81p Cee By
1
« | 512 Spp v Spqa
1 1
| R W I S N )
and
(i) ' '
(34) 5 =/8)y Shy - Sig4. TP s
pix(pi-l+"'+pl) P ) .+« D
1 2 i-1
8, 1 - [5n IR W |
Ss S . * - -
(pl+...+pi_l)x(pl+...+pi_l) 12 22 2,1-1
st s’ s
l,l'l 2,5.-1 e i-l,i"l .

Then, wtth a joint (conservative) confidence coefficient 21l-aq
we have the sets of simultaneous confidence intervals; of which the

leading set is

-1 (1) 1/2 -1
(35) ch [B B} 7 -hch [Sil-s 8,0 7 ch (8 ;1)

1/2 ,
= Chmax'zrﬁi 61;7
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/e -1

1/2 1/2
(s,_1)

-1 4. 1
, - 1) (1)7 4
= Chmax [ By Bi—7 A By [ Si1 5 81,1 8 -—7 By

(i=k, k-1, ..., 2),

and the whole set of sets can be expressed in a compact form by

replacing 7
(Jl’JQ"”’Jui) (Jl:Je:-u;Jui)
6) b B, by B
OO B Paly sty ) 2 BT Bl et )
Y LY . . ' - Y -
(31,32,"‘ Ju.) (i) (1) (31132:---:Jui)
S b; s s . a by S
ii o Sii(J 3dnreeesd ) and 8 4
1°¢2 uy
where J; < Jo <...< Jui(O_f v, <p; - 1) is any ordered subset
from the set (1, 2, ..., p;) and {l < [2 <...< {vi(QS Vi< pytpgt
...pi_l-pi+ui is any ordered subset from the set (1, 2, ..., pl—l—p2
. 1/2 , .
4 eee * pi_l). M=+ [p/(-p) 7 and p is obtained from the
equation
(37) I? P /ch_ (8 -1 s(i)' st s(i)) < u | null hypothesis 7/
1=p max: il i-1 = H o JP -

= 1-0Q.

7. The problem of vector analogue of the ratio of the two variances

and two means for a bivariate normal distribution /13/. We start

from the same model as in subsection 4.3, with two comparable p-vectors
following a 2p-variate normel distribution. We shall conslder the
two cases separately /13 7.

T.1. The vector analogue of the ratio of two variances. To fix our

ideas we shall first consider the case of the ratio of two variances

Gi/@é for a (correlated) bivariate normal distribution. It is easy
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t0 see that if xl and x2 has a bivariate normal distribution,
then x, - (01/62) x, and X + (cl/oe) x, are uncorrelated in

the population (and hence independent in the case of a normal dis-
tribution). It is possible by utilizing this to use the t-table

and obtain for ci/cg » With a confidence ccefficient 1 - @, the

confidence interval

2
S 2 1/2
1 2 .2 2 2 .2 2
(38) 55 {1+ = ta/e (1-r%)) - [:(1 — ta/g(l-r )) -1 ]
2
o3
==
%2
o] 2 .2 2\ . 7 2 .2 2.2 —1/2
S 3 (rgm e O )+ G+ gt -1] ;
2

wvhere n 1is the sample size and ta/ is the upper 100 o/2 o/o

2
point of the t-distribution. We notice that 01/02 = 1 4if gnd only
if the customary null hypothesis is true.

For two vectors ( X)) %,) having the 2p-variate normal
pxl  pxl

distribution it can be checked that the set (xl - A x2) and the

set (xl + A x2) are uncorrelated in the population (and hence also
independent because of the normal distribution), where A = p v-l and

u and v are given by

(39) Zy3 = w v, Byp=vy, T,=pD v,

where Dy is a diagonal matrix with diagonal elements 71,72,..,,7P

-1 -1 )
1 t R )
and the v's are the roots of le 212 222 212 .« By utilizing

this fact and using the distribution of the square of the largest
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canonical correlation coefficient it is possible to obtain confidence

.1/2 1/2
bounds on ek /- (A A') and ch i

Before we go on to that, some remarks are in order as to the physical

(A ') and on the "partials".

role of the matrix A. For p =2, i.e., for the bivariate case A\
becoues 0‘1/0'2. Furthermore, it can be easily shown that A A' = I,

i.e., A 1is an orthogonal matrix, if and only if lea.nd 222 are similar

ratrices, i.e., le = A 222 N, where A 1is an orthogonal matrix and

10 = A 23'2 A (with the same orthogonal A), cr equivalently

A X & symetric matrix. This orthogonal A = I, if and only

%

n

Zio

N - - 1 . P s -
if Z,,=Z%Z,, and Z,, = ZI;,. Witha joint (conservative) con
fidence coefficient > 1 - a, a set of simultaneous confidence inter-
val pairs (including the “partials") of which the leading one (in-

volving the "“total") is

1 '
(40) ——--ea °hmin(311' 815 5o )/ ch ( 22) hmin (n AY)
f o -1
< e, min [ eh (Sll)/ch 22 815511 Sle)’

[] -l
(5110 /P (Bpp=815811 810) 7

'—mx [ ehy3n(8yy - 85158, 12)/°h (5p5)s

ch o (S19- 512822 12)/¢b 0. (Sp0)

3 1 -1
Seh (AN S eeh (8, )/ch , (S,,- 81,817 S

12) b4
vhere e, = 4/(1-ca) > end ¢, 1s the upper 100 o %0 point of the

distribution of the square largest canonical correlation coeffielent
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with d.f. (p, p, n-1). The partials obtained by cutting out one
or more variate pairs are not displayed; the form of such partials
is by now clear. (38) of course follows as a very special case of
(40).

7.2. The vector analogue of the ratio of two means. ILet §i =(§li)

1xp
| - - =
and ¢} =(¢,,) (1 = 1,2,...,p) and g =&/t Also let D, stand

for a diagonal matrix with dlagonal elements 4y q2 PR ,qp. Then'
Xy - Dq X5 is distributed as a p-variate normal with zero mean

F = - y - . g
vector and = le Dq 19 leDq + Dq 222 D q We utillize this

and use the distribution of Hotelling's ‘I‘2 to obtain, with a joint
(conservative) confidence coefficient > 1 - o, a set of simultaneous
confidence intervals (including the “partials") of which the leading

interval (involving the "total") is

1 .2 2 2 2
(1) 7 T, ch (S)mex [+ qp 1+q cees 1w 94 7+
P 1/2
- = 2 2 2
2 iil ‘Xli %oy l max / dyr dor rees @ 7 -

where Tg is of course the 100 « O/ o point of Hotelling's T2

with appropriate d.f., S 4is the total 2p x 2p sample dispersion

matrix (partitioned in the same manner as the total population matrix),
1 — 1 - 1 =

x] ( = xli)’ x} (= XQi) (i=1,2, ..., p) are the sample mean

- Axp lxp

vectors of the two p-sets. The partials (whose forms are by now
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obvious) are not separately displayed. For p = 1, i.e., for the

bivariate casgse, this reduces, with an exact coefficient 1 - ¢, to

(42) (S‘cg-kesg) q2—2(?c1§2-kslsar)q+(_x§-k si)g 0,

—- - o)
where xl, xe, si, se, r are the sample means, variances and corre-
o)

. s 2
lation coefficient and k = ta/e/ n, ta/e is the upper 100 a/2 o

point of the t-distribution with proper d4d.f. and n is the sample size.

8. Concluding remarks.

It has been already stated that we are excluding the problems,
treated elsewhere, involving model IT and mixed models of MANOVA.
We are also excluding problems involving other patterns on T / 1/,
including, in particular, the problem of factor analysis and also
problems involving different X's FPor more than two populations Z¢§7-
Nor are we including some other interesting results, somewhat on the
same lines as the ones discussed here, that have been published in
recent years by workers from groups other than the one I have worked

with.
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