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1. Introduction

The exponential distribution has long been an object of study for the statisticians,
one of the most interesting problems of which is on the characterization of the exponential
distribution. Some known results and study methods are summarized in Azlarov and
Volodin [1], where it is shown in Theorem 5.2 that if a nonnegative r.v. ¢ has an absolutely
continuous distribution function F(x) which is strictly increasing on [0,w), then it can be
determined by the difference of a pair of adjacent order statistics whether £ is exponential
distributed. As the multivariate extension of the exponential distribution, some families of
multivariate {;,—norm symmetric distributions have been introduced and studied in [2] and
related papers, in which T, denotes the family of distributions with survival functions
being functions in ¢;-norm, i.e.

n
T, ={L(z):P(z; >up,z > ) = h(.E1 u)},
1=

where L(z) denotes the distribution of z. A special member of T is the random vector
with i.i.d. exponential components. It turns out that there are many similar properties
between multivariate €1~norm symmetric distributions and the exponential distribution.
In this paper it is further shown that multivariate Zl—norm symmetric distributions can be
characterized in a way similar to the exponential distribution. The main result is the
characterization of multivariate Zl—norm symmetric distributions by the adjacent
differences of order statistics. Since there is no restriction on components' independence for
multivariate Zl—norm symmetric distributions, this result can be regarded as a
generalization of Theorem 5.2 in [1]. Moreover, it extends Theorem 2.1 in [3] as explained

below.



2. Main Results

Let z* = (z’i‘,...,z;‘;) = (z(l),...,z(n)) be the order statistics of z, i.e. z’i‘ 5...52}“1 and the
normalized spacings (N.S.) of z U = (n—i+1)(z(i)—z(i_1)), i=1,...,n (Z(O) =0). In [3] it is
shown that if z has multivariate Zl—norm symmetric distribution, then its N.S. u has the
same distribution as z, i.e. u d z (this conclusion holds for every z € T, though in the
original paper [3] it is stated for a subset of T, the family of scale mixtures of the uniform
distribution on the surface of the [1 unit sphere). In the following theorem it will be
proved that this is also a sufficient condition for z € Tn when interchangeable random
variates (multivariate symmetric distribution) are considered. A main argument is stated

separately as a lemma. A" corollary on the characterization of T, by conditional

distribution is given at the last. Set

n n .
R+ ={z€eR": z; 20, i=1,...,n}.

All (random) vectors in this paper take values in R_I*l_ .
Theorem 1. Suppose that z is an interchangeable random vector with p.d.f. f which

is continuous function and y is the N.S. of z. Then z € T, if and only if z d u.

Proof. We first prove sufficiency. Let

— n‘
Sl—{g€R+.zil<...<zin}

where i = (ij,...,i ) is a permutation of (1,...,n). Define the transformation p; in S

~

the Jacobian of which is 1. Hence z* has p.d.f.

Li(2f ) = );f(z’{,...,zl";) = nlf(z],....2}), 0¢< 2] <..<z}

L jth L)




Now make another transformation

u = (n—i+1)(z(i) - z(i—l)) (2)
the Jacobian of which is n!. Hence u has p.d.f.

i
f(u; /n,..., jzl u/(n=j+1),.uy /0 + o+ up)

d

The assumption u = z leads to

i
uy) = f(u/n,..., jil u;/(n=j+1),..u; /0t ) (3)

f(ul,...

By Lemma 1 below we have

sothat z € T .
By making transformations (1) and (2) for p.d.f. of z € T, necessity follows (c.f. [3]).
Lemma 1. Suppose that f is zi symmetric fﬁnction on R_Ill_ which is continuous in the
neighborhood of {y : u; = ... =u _, = 0} and satisfies (3). Then (4) holds.

Proof. By iterating (3) m times we get

i

flw =1(.., T Alkmu,..) (5)
k=1
where
Alikm) = 4 AN . | i . -1
(Lkm) = (n-k+1) " T (n-j;+1) " L (n-jy+1) “ .. X (n=j ;1 +1)
=k Jo=jy In-1Im-2

A(ik;m) =0 k>i, m=1,2,.. (6)



is the coefficient of Uy of the ith variable after mth iteration.

The following equations hold:

A(i,im) = A(i-1,km) + (n-i+1)7 A(i,k;m-1)

i=2,..n, k=l1,..,i, (7)
4 1 :
A(nkm) = (n-k+1)" ¥ A(n,r;m-1)
r=k v

= (n-k+1)"1 A(n,ksm-1) + (n—k)/(n—k+1)A(n,k+1;m)
k=1,.,n1 (8)

Hence A(i,k;m) is an increasing sequence of i and A(n,k;m) is an increasing sequence of k

and m respectively. {A(ik;m)} is bounded. If the limit of A(i,k;m) when m - w exists, we

denote it by A(i,k). We have | .
A(ij) =0 i=1,.,0-1 (9)
A(n,n;m) = A(n,n) =1 (10)

Let m -+ o in (7). Then
lim A(ik;m) =Tim A(i-1,k;m) + Tm A(i,k;m)/(n-i+1)
I'lin_ﬁ A(i,k;m) = (n-i+1)/(n-i) im A(i-1,k;m), i#n

So by (9) we have

im A(i,k;m) = 0 i=1,.n-1, k=l,..i

m




which leads to

A(i,k) =0 i=1,..n-1, k=1,
Since A(n,k;m) is an increasing bounded sequence, A(n,k) exists. Let m - o in (8) we have

A(n,1) =A(n,2) =...=A(nn) =1
Finally, let m - o in (5) then (4) holds as a result of the continuity of f.

Corollary 1. Under the condition of Theorem 1, z € T, if and only if N.S. of (21,25)
and (zl,z2) have the same distribution given (z3,...,zn).

Proof. Necessity is obvious. We now prove sufficiency. Let h(z3,...,zn) be p.d.f. of
(Z3""’Zn)' By Theorem 1 the conditional distribution of (zl,z2) given (z3,...,zn) can be

denoted by g(z1+z2|z3,...,zn). Hence

o

f(zl,...,zn) = g(z1+z2; z3,...,zn) h(z3,...,zn) = {(0, z,+2q, 23,..'.,z'n) |

which together with the symmetry of f leads to (4) by iteration. Thuys z € T,
If components' independence is imposed on z € Tn’ then ZyyesZy ATE exponential

distributed [2]. This can be seen from the fact that

h(x+y) = P(z; > X, 2y > y) = P(z; > x) P(z, > y) = h(x)h(y)

h(0) =1
imply

h(t) = e a>0
Therefore, the above theorem and corollary describe the characterization of exponential
distribution in the case of ZseeiBy being i.i.d. absolutely continuous and nonnegative

random variables.
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