ABSTRACT

PARSONS IV, JOHN ROBERT. Investigating Transforming Roving Rolling Explorer (TRREXx)
Rolling Dynamics Through Simulation and Prototype Experimentation. (Under the direction
of Dr. Andre Mazzoleni).

This paper examines a biologically inspired, transforming mars rover concept known
as the Transforming Roving Rolling Explorer (TRREX). The rover is designed to operate in
two modes: the ‘roving’ and ‘Tolling’ modes. The roving mode is similar to many traditional
wheeled rover designs and is useful for exploring relatively flat terrains. The rolling mode is
intended to enable the rover to travel down steep slopes, such as those found in ravines
and crater walls. In the rolling mode, the vehicle folds itself into a sphere and propels itself
by shifting its center of mass. It does this by opening and closing the eight panels which
form the surface of the sphere. The evaluation of this rolling mode is the primary focus
of this paper. To that end, a spherical prototype TRREx has been designed, constructed,
and tested. In addition, a mathematical model of the vehicle’s rolling mode dynamics has
been created. The performance of the physical prototype has been compared to simulation
results and the qualitative agreement between the experimental and simulated results
indicate that the mathematical model created for the vehicle’s rolling mode dynamics
captures the essential behavior of the vehicle. The mathematical simulation was then used
to explore the TRREx parameter design space in order to analyze the effect of changing
various system parameters. The simulation was also used to showcase the ability of several
TRREx designs to track a desired path.
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CHAPTER

1

INTRODUCTION

The surface of Mars is a rugged environment which poses challenges to vehicles attempting
to traverse its terrain. Traditional rover designs which have been deployed to the surface
of Mars have been limited by the roughness and slope of Martian topography. In order to
perform a more complete exploration of the "Red Planet, unorthodox rover designs must be
considered. One promising concept is to build spherical rovers which can more easily travel
down steep slopes and navigate obstacles such as rock elds [Mahboubietal., 2013]. In
particular, the wind-driven ‘tumbleweed' rover concept has been considered by researchers

at several different organizations [Wilson et al., 2008]. Others have considered transforming
rovers which have the ability to switch between several con gurations to employ various
strategies of locomotion [Maradkar et al., 2017]. The idea here being that some strategies
may be more effective in certain situations than other techniques. In their 2014 paper on this
topic, Edwin et al. present a novel, transforming rover concept which attempts to combine
the functionality of large spherical rover concepts with the more traditional wheeled designs
that have been used up until now. Their new vehicle concept is known as the Transforming
Roving Rolling Explorer (TRREX) [Edwin et al., 2014]. Testing of a cylindrical (planar) TRREX
prototype has been presentedin [Edwin et al., 2017]. The performance of a spherical design
is simulated in [Edwin and Mazzoleni, 2015 ].



The TRREX design was partly inspired by the behavior of a peculiar spider found in
Africa's Namib Desert called the Golden Wheel Spider. By curling its legs to form a round
wheel-like shape, this creature is able to rapidly roll down sand dunes to escape its predators
[NGS, 1997. Itis also able to use its legs for walking in a normal fashion. In a similar way,
the TRREX is a six-wheeled rover which is also capable of curling into a sphere to rapidly
move down slopes or through rock- elds. The body of a TRREX is composed of a hinged
chassis in two circular parts. To each half of the chassis, four curved panels are attached
with hinges. When the four panels are brought together, they form half of a sphere. Wheels
and suspension are mounted on the inside surfaces of some panels. These wheels allow
the rover to drive across relatively at and level terrain in the ‘roving' mode. If all panels
are closed and the two chassis halves are secured to each other, then the vehicle forms
a sphere and is capable of rolling down hills. This is known as the ‘rolling' mode. Figure
1.1 shows both TRREXx operational modes as well as the transformation between the two
[Edwin, 2014].

The TRREX's roving mode is fairly simple as the vehicle operates more like a traditional
rover. However, the rolling mode is more interesting mathematically, as the panels may
be opened and closed to shift the vehicle's center of mass. In so doing, a controlled rolling
motion can be established across at or slightly inclined terrain. When rolling down steeper
terrain, the motion of the panels can potentially be used to bias the vehicle's trajectory to
avoid obstacles or slow its rate of descent [Edwin, 2014]. This paper presents analysis of the
TRREXS rolling mode. In order to better understand the performance of the vehicle in this
mode, a small, spherical prototype rover was built and tested. In addition, a mathematical
model of the rover dynamics, expanding on the model presented by Edwin and Mazzoleni
in [Edwin and Mazzoleni, 2015 ], was developed along with a control algorithm for turning
and path tracking. This control algorithm was implemented on the physical prototype
and utilized in path tracking and other simulations. Results from experiments using the
prototype were then compared with simulation results to evaluate the validity of using
the mathematical model to identify favorable system parameters and control algorithms.
Simulations were then performed to analyze the effect of various design parameters on
system performance. In addition, path tracking exercises were simulated for several rover
designs.



Figure 1.1: TRREx Operational Modes [Edwin, 2014]



CHAPTER

2

DYNAMICS

2.1 Introduction

This chapter presents the derivation of a mathematical model of TRREXx rolling mode
behavior. This model is based upon and expands on the Edwin /Mazzoleni model; to which
several enhancements have been made [Edwin and Mazzoleni, 2015 ]. These enhancements
allow the model to account for the effects of spinning friction, varying terrain slope, and
incomplete panel closures at high speed. Spinning friction is an effect which tends to keep
the vehicle on a straight trajectory by resisting spinning about the vertical axis. This effect
is necessary to include since spinning about this axis is one of the behaviors observed
during experiments as the vehicle executes a turn. A natural planetary surface tends to have
terrain with signi cantly varying slope rather than the constant slopes often encountered in
laboratory tests. For this reason, the components of the terrain normal vector are included
as three inputs which can be read from a data le which maps position to terrain slope.



Figure 2.1: TRREx Frame De nitions, Section View on [zKg Plane

2.2 Mathematical Derivation

2.2.1 System De nitions and Rotations

As in [Edwin and Mazzoleni, 2015 ], the equations of motion for the spherical TRREXx are
derived using a Newton-Euler method. The system is assumed to be a set of nine, coupled,
rigid bodies with eight added point masses. Of the rigid bodies, eight are identical, curved
panels which are fastened to a central chassis with hinges. The eight point masses are xed
at identical locations somewhere along the axis of symmetry of each panel. Panel rotation
relative to the chassis is assumed to be negligible except about the primary hinge axis.
Figures 2.1 and 2.2 show the system con guration as well as the reference frames chosen
for use in derivation of the equations of motion. As shown, a reference frame is xed to the
chassis at its center of mass, point B. This chassis frame is de ned as B = fB, %, [5,Rgg It
is oriented such that Kz points towards the point where the top four panels (1, 2, 5, and
6) meet to form the top of the sphere. The [z axis extends radially towards the point on



Figure 2.2: TRREx Frame De nitions, Section View on izKg Plane

the sphere midway between the panel 1 and panel 4 hinges. The g axis obeys the relation
iz =jg Kg andtherefore points towards the point between the hinges of panels 5 and 8.
Each panel has two frames associated with it. One of these frames is xed relative to each
panel at its center of mass, C;, and is de ned as C_J =fC; ,'ng , j‘gj , ng g When the panel is
closed, the kc—j axis is parallel to the Kg axis and r‘c-J points towards the outside of the sphere
parallel to the plane formed by i and Jz. An additional frame associated with each panel is
de ned as b_J = fb;, %, Iv, . Ky, @ Though the li frames are associated with the panels, they
are actually body frames of the chassis. As such, they are xed to the chassis at the center of
the corresponding panel's hinge. They are oriented such that all axes align with the panel's

C_j frame when the panel is fully closed. The sole purpose of these b_J frames is to serve
as an intermediate orientation during derivation of direction cosine matrices. For both

the C_J and ti frames, j 2f1,2,...,8gand serves to identify the panel related to that frame.
Finally, an inertial frame is de ned as 0= fO,15,[o,KRo0 where O is an arbitrary point that
is xed relative to the ground. The orientation ofthe 5 and j5 axes is arbitrary (though the
location chosen will affect the initial conditions for a given numerical simulation), but the



Ko axis points in the direction directly opposite to the gravity eld.

Based on these frame de nitions, eight rotation matrices can be de ned to relate the
B frame to each C_J frame. For example, to rotate from the B frame to the C_1 frame, a 90
degree rotation about Kg brings B into alignment with b_l Then arotation of ; degrees
about the J, axis (now parallelto [g) is required. This process is summarized in equation
(2.1) here [Meirovitch, 2010 ].

GIC]® = S[CI ™ [C]® =[Ry ( DIIR; (90 )]

2 3
cos(4) O sin(4) co0s(®90) sin(90) O
:9, 0 1 0 54 sin(90) cos(90) Og (2.1)
sin 0 cos 0 0 1
5 (1) (1) 3
0 cos(q) sin( )
=81 o0 o 5

0 sin(4,) cos(4)

The angle ; is de ned as the angle between the rst panel's closed position and its
current position. A similar angle is de ned for each of the other panels. Therefore, though
the rotation angles will be different, the same method is used to derive rotation matrices
for each of the seven other panels. Note that the orientation of these panel body frames
(the 5] frames) differs from the model presented in  [Edwin and Mazzoleni, 2015 ] in that
they do not represent principal axes of each panel. They are positioned this way in order to
facilitate controlling the rover. With this orientation, a zero value of j corresponds to the
panel's closed state.

In de ning the rotation of the panels relative to the chassis above, it was most convenient
to use Euler angles. It would then follow to also use Euler angles to de ne the rotation of
the chassis with respect to the inertial frame. However, the Euler angle method suffers
from a aw which makes it undesirable in this scenario. When considering a system which
might nd itself oriented in any direction relative to the inertial frame, singularities will
arise in the equations used to calculate Euler angle time derivatives. That is, if the system
is free to rotate through any angle about any axis there will be orientations in which one
of the Euler angles' rate of change will go to in nity due to mathematical limitations. As
a spherical vehicle, the TRREx may reach these orientations during its normal operation.
For this reason, Euler angles would be undesirable to use. A better option, in this case, is to
use Euler parameters which are based on quaternion mathematics. The equations used



Figure 2.3: Forces on TRREx While Rolling

to calculate derivatives of Euler parameters do not suffer from the same mathematical
limitation that Euler angles do. For this reason, the Euler parameters, (9o, d;,02,03), are used
in this derivation.

The rotation matrix from the inertial frame to the chassis body frame can be expressed
in terms of Euler parameters as follows [Kuipers, 1999]:

2 3
9Z+a2 92 92  2(qi02+ Qods) 2(0103 Qo)

- 5 6 7
P[CI°=2 24,0, Qo) a2 a2+a? a2  2(0x9s+ Gody) 5 (2.2)
29103 + Go0l2) 2(0,93 To01) aF 9f 07+qf

2.2.2 External Torques and Forces

External torques on this system arise due to gravity, rolling resistance forces, and spinning
friction. Figure 2.3 shows the forces on the vehicle as it rolls down an inclined surface.
Gravity is modeled as a constant force acting inthe K direction at the center of mass
of the system. The gravity force magnitude is equal to the product of the mass of the



system and the local acceleration due to gravity for the planet the rover is exploring. The
acceleration due to gravity is typically assumed to be constant close to the surface of a given
planetary body. Generally, this gravity force is primarily countered by the normal reaction
force from the ground. Rolling resistance is linearly dependent on the normal force acting
at point P and acts at point B in the direction opposite to the vehicle's current velocity
[Kumar et al., 1988].

(o}

Voo
FR=CliRj —— (2.3)
rr ]OVB:OJ

0 - - - - - . -
Where C| is a constant rolling resistance coef cient multiplied by a hyperbolic tangent

function. _
O]
—_— (2.4)
0

C? =C,, tanh

This effect is modeled this way because the above equation is susceptible to numerical
instability when the system velocity is close to zero. The hyperbolic tangent in Cr(’r serves
to smoothly reduce the rolling resistance force to zero when the velocity drops to zero
[Andersson et al., 2007, MathWorks, 2019b]. With this in mind, the expression for rolling
resistance force becomes:

i0

. [P veo]
F = C,, jF jtanh - -
R rrJFNJ o jOV"B:Oj

o
Ve

(2.5)

Aslongas ischosento be suf ciently small (a value of 0.0001 m /s was used in simulations
done for this work), the hyperbolic tangent will have a value extremely close to one for
most of the TRREX operating regime and will rapidly decay to zero when the system velocity
approaches zero. In addition, during a period of slipping, the rolling resistance is assumed
to have zero magnitude.

Sliding friction between the TRREX shell and the terrain surface is modeled differently
depending on the slip condition. If the vehicle is rolling without slip, the friction force is
calculated by assuming the no-slip condition as discussed in subsection 2.2.3. The friction
force is then calculated using Newton's second law since all other forces and accelerations
can be calculated without knowing the sliding friction. For each time-step in a numerical
simulation, the magnitude of the friction vector calculated this way is compared to the
maximum theoretical value of static friction, which is given by equation (2.6).

JFeimax = sifl (2.6)



If the required friction magnitude is greater than the theoretical maximum, then the rover
is said to be in a slipping period. If the rover is slipping, equation  (2.7) is used to calculate
sliding friction. -
R @.7)
jove ]

where P and E are points as de ned in gure 2.4.

Spinning friction is a torque about the vertical axis caused by friction between the sphere
and the surface of the ground. This effect has been closely studied in the context of ball
bearings and is dependent on the size and shape of the contact area between the sphere
and its bearing surface as well as the normal force between the two [Poritsky et al., 1947,
Dietrich et al., 1968 ]. In this system, the properties of the contact area are assumed to be
constant since changes in the normal force are small relative to its magnitude. This effect is
modeled here by the following equation.

€ _ S
°~® m n (2.8)

Tfs = CfstT\ljsg n
In addition to these effects, a velocity dependent correction force is applied at point B.
This force is applied to account for the effect of panel interference with the ground due to
insuf cient panel closing speed at high magnitudes of ©1-B_|tis modeled as follows.
_ o
= He] : el
Fer=Corl ™ ¥ou) S50 (2.9)

=

As with the rolling resistance force, this force is assumed to be zero when the vehicle is
slipping on the terrain.

2.2.3 Equations of Motion

The three equations governing the change of the position variables arise from the de nition

of velocity as follows. -
(6]
Voo, = = () (2.10)

In a similar way, the derivatives of the velocity states are equal to the linear acceleration

0]

of the vehicle. _
5 °d 5
I a( Vo) (2.11)

Calculating the linear acceleration of the vehicle is rather simple as long as the vehicle

10



Figure 2.4: Important Points

rolls without slipping. However, the model created for this work accounts for scenarios in
which the vehicle can slip relative to the ground. In that case, the method for calculating
the inertial acceleration of the vehicle changes. Both methods are shown here.

In the non-slip case, the linear velocity of the vehicle is directly related to its angular
velocity. Three points have already been de ned: the chassis center of mass, B, the pointon
the surface of the sphere in contact with the ground, P, and the origin of the inertial frame,
O. One more point is required to fully describe the rolling motion of the chassis. This new
point, E, is located on the ground at the point of contact with the sphere. These points are
all shown in Figure 2.4. The velocity of the vehicle, 6\1‘3;0 , is the sum of the velocities of each
of these points relative to each other.

Ova = Ove_ +OWp_ +Ove_, (2.12)

The key assumption of the non-slip condition is that 6\;‘sz is equal to zero. Since E is xed
relative to the ground, it can be said that °wve-_ is equal to zero, and from the transport

11



theorem, we have

Ot -odra -gdﬁ; +91-B g
TodtoT dto = (2.13)
=P +O1-°

Note that B and P are both xed points with respect to the sphere, so gVB:P = 0. Therefore,
Equation (2.12) becomes:

O =0+0+ 0+ C1-B(t) Foo, (t) (2.14)

for a point P on the sphere which is touching the ground at time t. We now note that, since

B is the center of the sphere, we have that rs_, = R, where R is the radius of the sphere and
A is the unit vector normal to the terrain at the instantaneous point of contact between the
rover and the terrain. Thus, we have that

O =%~ Rm (2.15)
and therefore _ _ o
6 °ds °d&, 5 Lno

s = — VYo = — I~ RA 2.16

o dt o dt ( )

This is the equation used to calculate linear acceleration during periods of rolling without
slip.

During a period of slipping, the process is more complex. Equation (2.16) no longer
holds and therefore the linear acceleration is unknown. Fortunately, as long as the terrain
normal vector is known, the friction force and linear acceleration can be calculated as will
be shown below. This is because, during slipping, the magnitude of the friction force is
assumed to be the product of the coef cient of kinetic friction and the magnitude of the
normal force.

The normal force acting at point P can be found by summing the forces along the axis
normal to the terrain ( ).

X _ X _
Foys= msysO&CM:o) Foys A= msysoa‘CM:O A (2.17)

where X

Frys= P+ Fo+ Fi (2.18)
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Note that the rolling resistance and velocity dependent panel correction forces are excluded
from this sum since they are assumed to have zero magnitude during slipping. In addition,
the friction force also has no effect in Equation (2.17), because it is orthogonal to the vector
r. Therefore,

_ € - S
R+tFR r= msysoa-cmo )] KR Rrj=j msysoa'c“"=o Fs R (2.19)

Since the normal force acts in the direction of the terrain normal vector, A, the magnitude
of the normal force is equal to the right hand side of this equation. The normal force vector
itself can be calculated by scaling & by jFyj. The linear acceleration of the center of mass is
then calculated by performing a vector sum of all forces and solving for the acceleration

components.
_ R+ PR+ R
Oy, = ————— (2.20)
Mgys

Once this vector is found, 6a1% can be obtained by subtracting 6az;M=B (i.e. 5a% =Oa

M=
Qacw-,); where ®acu-, is known because the panel motions are prescribed.

The Euler parameter state derivatives are related to the angular velocity, © !~§, of the
chassis frame, B.. Note that the angular velocity matrix of the chassis with respect to inertial

space can be calculated as follows.

2 3
0 L, 1y
518 16 7 _5r0 968
r-* ls=4t, 0 1,5="[C]° =°ICP° (2.21)

Note here that the angular velocity vector of frame B with respect to inertial space is
expressed as®1~B = | s+! yJe+! ,Rg.! ! y,and! , are extracted from equation (2.21)
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as follows.

| . =10,0,1P[C]° f—to[c:]g (2.22)

1, =11,0,0P[C]° j—tO[C]E 0 (2.23)

I =10,1,0¢[C]° ;76[0]B_> 0, (2.24)
T o
A property of Euler parameters is that the sum of their squares must be equal to one. By
using this property, the three equations above, and the rotation matrix from equation
(2.2), a set of four equations is created which can be solved for the ¢; terms to yield the
expressions given here in matrix form [Kuipers, 1999].

8 9 2 38 9
| | |
qué 0 X Ly vz EQOE
Y L T % A 2,25
§q2§ 24! y ! z 0 ! X 5§q2§
. q3, ! z ! y ! X 0 ' q3,

To nd equations for the angular velocity components, the relationship between angular
momentum and the torque applied to the system is utilized. In order to facilitate the
inclusion of a dynamically varying terrain normal vector, torques and angular momentums
of the TRREX system are determined about the rover's contact point with the ground rather
than its geometric center as is done in [Edwin and Mazzoleni, 2015 ]. Since the TRREX's
center of mass is not xed relative to the chassis, the relationship between torque and
angular momentum is slightly more complex than when the center of mass is xed relative
to the chassis. This relationship can be written as follows [Meirovitch, 2010 ]:

X O0q ~ _ _
~p = % Mosys + 0%, Mgy Ovens, (2.26)

o)

The left hand side of this equation is dependent on the external torques and forces
acting on the system as given in subsection 2.2.2. Thus, the sum of all torques on the system
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about point P can be written as follows.

X
~p = Fen, msysg'+ Fe, Fr+ ~s Fe—, Fer (2-27)

The rst quantity needed for the right hand side of equation (2.26) is the angular mo-
mentum of the system. To obtain this, one begins with the de nition of angular momentum
of a particle.

Mo = f-. MO 2.28
P (2.28)

o
Q * R
In this equation, the symbol = m' represents the mass or the position of the particle de-
pending on the context of its use. For this derivation, it is convenient to choose P to be the
sphere’s point of contact with the ground. It is also useful to set point  Q equal to point O
(the origin of the inertial frame  O). By noting that the TRREX is a system of rigid bodies
which are, in turn, systems of particles, one can sum the angular momenta of all particles

in the system. This sum is called the angular momentum of the system and is given by the

following equation [Meirovitch, 2010 ].

— D\ b\
o} o o)
oﬁP,sys: oﬁP,i = Fmi - ©

i=1 i=1

(2.29)

where N is equal to the total number of particles in the system. This sum can be divided
into sums of the angular momenta of each particle in each rigid body.

ha\ _ X8 _ KNe _
Foc, M Omo = Fe, M Cno + Fmg, MO+
i=1 i=1 i=9
B+N¢+N, 1 ) S ) (2.30)
+ foe, M Ovmi + .t foey M O
i=9+N¢ i=9+N Npg

Where N, is the number of particles in the chassis and N, ; is the number of particles in
panel j. Thus, the rst sum on the right hand side of the equation represents the eight point
masses, the second sum represents all particles in the chassis, the third sum represents all
particles in panel 1, and so on for a total of ten sums. The rst sum is already in the desired
form and does not require further manipulation. By considering just the second sum, an
expression for the angular momentum of the chassis alone can be generated. Similarly, by
considering each of the remaining eight sums, the angular momenta of each panel about
point P can obtained. Thus, by noting that 6V‘mi=0 = Ov,_ + 6V‘B=O, the chassis equation

=B
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becomes:

o xe 5 Xe 5 G
Qh-P,chassis= ﬁhi=p mj = vmi—, = (F’“i=p m; Wi:B+Fmi=p m; VB=O) (2-31)

i=1 i=1
This equation can be broken down still further by acknowledging that =~ Fmi_, = Fmi_ + Fs_.

- Xe _ _ _ _
o _ o) o) o) o
olMpchassis=  (Fmizg M- Vm_ +Fno M Ve +F., M ¥m_ +F. M Ve ) (2.32)

=
i=1

By de nition, the center of mass of a rigid body is equal to the sum of the positions of its

constituent particles weighted by their masses divided by the total mass of the body. Since

the point B is de ned as the chassis center of mass, the following can be written.

_ e

o — ¢) o o o

oﬁP,chassis_ (Fmi=B m; V’“i=B)+mc(FB=B VB=O+FB=p VB=B+FB=p
i=1

Vo) (2.33)

In the equation above, m. is the mass of the chassis and is equal to the sum of the masses
of all particles contained in it. An important mathematical expression now comes into play
which relates the derivatives of a vector with respect to different reference frames. The
transport theorem can be stated as follows.

A °d A_B

— ()= — (W) + 1~ 2.34

S (9= ) (234)
Applying this theorem to equation  (2.33) allows 6‘o‘mi:B to be written in terms of the B frame
derivative and the angular momentum. Making this substitution yields the following.

5 Xe 5 Ke
oﬁP,chassis: (I‘mi:B m; V'mi:B)+ (mir‘mi:B
i=1 i=1

(6!~B FmiZB )+ mCFB:P OVB:O (235)

When comparing the rst sum here to equation  (2.29), one notices that they are of the same
form. Thus, one can write:

_ )@c

B _

BHB,chassis: (FT‘ﬂi:B miBVmi:B)ZO (2.36)
i=1

This expression is equal to zero because the velocity between any two particles contained
in a rigid body as calculated in a body frame of that rigid body is always equal to zero. Thus,
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Bym -, = O for all values of i making the entire expression equal to zero. The second sum in

equation (2.35) can be shown to be related to the inertia tensor and angular momentum.

Xe _

(M Fm; -, (O!"‘B Fmi=,)) = I~B,chassis ©1-° (2.37)
i=1

Substituting equations (2.36) and (2.37) into (2.35) yields the nal expression of angular
momentum for the chassis.

o - 0|_B o
oﬁP,chassis_ IB,chassis I~ + mCFsz Vo=, (2-38)

where INB,C,H,lssiS is the chassis' inertia tensor about point  B. A very similar expression can

be written for the angular momentum of an individual panel, j.
o .5 N
oﬁp,j = |cj,j 01-Ci + Mp ke O\fcj:o (2.39)

where INCJ.,J- is the panel's inertia tensor about its center of mass, point  C;. From equation
(2.30), itis clear that the angular momentum of the whole vehicle is equal to the sum of
each rigid body's angular momentum. Thus, by substituting the expressions from equations
(2.38) and (2.39), the angular momentum of the total system is obtained.

5 . _ _
— O,_B O
oﬁP,sys_ IB,chassis I~ T Meleo, Ve, t

X8 o _ X8 _ (2.40)
+ (g OO Hmpre Owe_ )+ (g, My Cvmo
i=1 i=1
This expression can be substituted into equation (2.26) to yield the equation of motion of
the system describing changes in angular velocity.

The equations of motion for the system are thus given by equations  (2.10), (2.11) (using
(2.16) to calculate acceleration for the non-slip case and (2.20) for the slipping case), (2.25),
and (2.26). If re—, = x5+ y Jg + zKg and 5\/13_1) = Vg + v, Jg + V,Kg, then these equations
can be expressed in component form and manipulated algebraically to produce a set of
thirteen, rst-order, ordinary differential equations in variables X,Y,Z, Vg, Vy,Vz, 0o, Ay, 0z,
ds,! x,! y,and! , thatcan be utilized in a numerical simulation. These thirteen equations
comprise more than one million characters when typeset and hence are not listed in detail
in this paper.
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2.3 Setup for Simulation

Numerical simulations can be run with the model described above using an ODE integrator
such as Matlab's ode45. In order to do this, the equations need to be expressed in a more
speci ¢ way. In a sense, the ODE solver needs to know which reference frame all of the
vector quantities are expressed in so that it can calculate numerical values at each time step.
The simulations done during this project were setup such that all quantities are expressed in
the B frame. This is because the expressions for many quantities are more easily expressed
in that frame than any other.

At the system level, there are 13 state variables and 8 control inputs. The rst six states
are de ned as the dot products of - and 5\1% with the axes of the B frame. They represent
the X, Y, and Z components of the inertial position and velocity of the vehicle's geometric
center. States 7 through 10 are the Euler parameters qg, d;, d,, and gz as mentioned in
section 2.2. These four represent the orientation of the vehicle with respect to inertial space.
The last three states are the components of the angular velocity of the chassis body frame
with respect to the inertial frame. They are obtained by taking the dot product of 01-B with
each of the B frame axes. The equations of motion of the system are thirteen rst order
differential equations which can be used to calculate the derivative of each state at any
given time. These equations were found previously in section 2.2; where they are expressed
in symbolic vector form. All that remains is to process them into something that a numerical
solver can operate on.

In order to simulate the position variables, equation  (2.10) must be rewritten so that all
quantities are expressed in the B frame. This is done by utilizing the transport theorem.
The equation is solved for the body frame time derivative of position since the value of that
guantity is equivalent to the time derivative of the position expressed in the body frame.

By _

a(hg%):‘sv% 1~ (2.41)

All of the values needed to solve this equation in terms of the chassis body frame are already
known since they are the system states. The components of f6v%g§ are the values of states
4 - 6. Similarly, the components of f6!~§gg and fre— g are states 11 - 13 and 1 - 3respectively.
By using the values of these states in the right side of this equation, the result on the left
side must also be expressed in the chassis body frame.

Changes of the Euler parameters are given by equation (2.25). This equation requires
no manipulation to make it valid in the B frame. The values of states 7 - 13 are used in this
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equation directly. However, the primary challenge of simulating Euler parameters is that
the magnitude of the sum of the squares of the Euler parameters tends to drift away from
the required value of 1. If this happens, the rotation matrices which depend on them will
lose their orthonormality and the trajectory of all states in the system will become invalid.
Therefore, some restoring effect must be applied to the equations to help the magnitude of
the sum of the squares of the Euler parameters maintain their unit magnitude. In many
cases it is suf cient to forcibly re-normalize these parameters at each time-step. However,

it has been shown that the method described by Fossen in his book on the dynamics of
aquatic vehicles can maintain the unit magnitude requirement with less error [Fossen, 2011].
This method requires the addition of a correction term to equation (2.25). The equation
simulated is as follows.

8 9 2 38 9
| | |

qué 0 X y z qug
d: :Eg'x 0 s 'y% Ch_l_

241 ! 1.5

y

§Q2§ vz 0 X §q2§
Q3’ ! z ! y ! X 0 ' q3’

0 8 918 9 (2.42)

§CIOE EQOE

| ©q q
"'_%I- Jo d:1 QJ2 Q3 ' !

When the sum of their squares of the Euler parameters is greater than one, this added term
causes a decline in their magnitude. If their magnitude is less than one, it causes them
to grow. The beta in this equation is a constant chosen by the simulation operator which
controls the strength of this effect.

Equations for angular velocity states are the most complicated by far due to the com-
plexity of the angular momentum of this system. The angular momentum relies on vectors
and values which are most easily expressed in several different reference frames. Therefore,
a signi cant effort must be expended to translate them all into the chassis body frame. In
equation (2.26), the O derivative of angular momentum is used. It would be more conve-
nient to express the vectors in terms of the B frame; so the transport theorem (equation
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(2.34)) is used to enable differentiation in the B frame.

°d 5 Bd o s
a oﬁB,sys :ﬁ oﬁB,chassis+ oﬁB,paneI(j) +
i=1
! (2.43)
6,8 © * 6
+7 1~ oﬁB,chassis+ ohB,panel(j)

=1

The chassis angular velocity is given by equation (2.38). The rstterm in this equation
is most naturally expressed in the B frame since that is the frame used to de ne the chassis
inertia matrix and values for the angular velocity are already given as states 11 - 13. The
second term is more complex. féwqogg is easily found since its components are states 4
- 6. However, rs_, is most easily found in the O frame so it must be pre-multiplied by the
appropriate rotation matrix. This consideration allows the equation to be expressed in the
speci ¢ frames that are used in the simulation.

s ) o € g
foMpcnassists = [la.chassisls fO1~2gs+me P[c]°fre g5 f ve g5 (2.44)

Similarly for the panel angular momentum expressed in equation (2.39).

o 3 G 5, C
foﬁpanelviga‘:B[CgJ['Cj;pa”e'i]C? fo!~CJg§+€ _ _ S (2.45)
+my PlelPfre, g+ fre g fOve, gy+fOw_g

Note that ©1~Ci = O1~B + B1-Ci gand S [C]5 =G [C]gg[C]a. These expressions are substituted

into equation (2.43) and the result is substituted into equation  (2.26). The last term in that

equation is easily expressed in the B frame. Therefore, the equation that is simulated can
be given as follows.

X Bd o X 5
f PO = E(foh‘P,chassisgB_"' - foh‘panel i g§)+
)= (2.46)
0B o x5 o o
+f- 1~ Os (foﬁP,chassisg§+ foh‘panel i g§)+f Voo, Msys VtM:prT
j=1
This equation is too complex for Matlab's solve() function to isolate the angular velocity

derivatives. Instead, the equationsToMatrix() function is used to put it into Ax = b form
where x is a vector of the angular velocity derivatives [MATLAB, 2019]. The A matrix and b

vector can be calculated at each simulation time-step and x can be found by pre-multiplying
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b by the inverse of A. This is slower than if three explicit expressions for the angular velocity
derivatives could be found. However, it allows the simulation to run and is the best method
known for this complex system at the time of writing.

Deriving the equations of motion is very time consuming. For this reason, the simulation
was written so that this derivation only needs to be performed when changes are made
to the model or derivation method. Certain key system parameters are left as symbolic
variables at the end of the derivation and the equations are written to a le. In fact, the
last action taken by the derivation function is to call other functions which write the le

containing the derivative function passed to Matlab's ode45() function ~ [MATLAB, 2019].

this way, these complex expressions can be written directly into the derivative functions
without the user needing to write them manually.

The simulation is also written in a somewhat modular fashion. This allows the user to
change portions of the simulation without re-writing the entire thing. Swappable features
include: derivation method, derivative function (for ode45), terrain slope sourcing and
processing, and control calculations (is a controller simulated and how are control inputs
determined). This allows the model to be used in many different scenarios, but is most
convenient for comparing different control techniques through simulation.
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CHAPTER

3

CONTROL

3.1 Introduction

One of the challenges of controlling a TRREX vehicle is that open loop control is rather
ineffective. The compounding effects of disturbances to the system's trajectory cause sig-
ni cant uncertainty in projections of vehicle state evolution over time. This means that it is
very dif cult to choose a set of hard coded panel motions to induce a desired trajectory.
Thus, it is necessary to implement a closed-loop control scheme which can overcome
disturbances by constantly considering the system's current state and then deciding on the
best course of action towards accomplishing the desired goal. Towards this end, a simple
control algorithm was developed which takes advantage of the speed of control-lookup
tables.

3.2 Weighted Look-up Table, Rolling Algorithm

In order to describe this algorithm, two new reference frames must be de ned in addition
to those de ned in section 2.2. Both of these frames are body frames of the chassis, so
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Figure 3.1: TRREx Frame De nitions

they translate and rotate along with the rover chassis. The rst of these frames is referred

to as the “sensor frame' and is de ned as S= fB, T3, [5,Ksg The origin of this frame is the
geometric center of the chassis and its axes are aligned with the axes of the on-board, inertial
measurement unit (IMU). Most of the raw data from the IMU is originally expressed in this
frame. The second frame is called the “control frame' and is de nedas R = B, %, [z, R0
This frame is used to determine the correct panel angles to use as control commands. It is
also centered at point B, but its axes are oriented such that the Kz axis is parallel to Kg, the
iz axis is midway between iz and g inthe 5z plane, and the jg axis is equal to the cross
product of Kz and Ig.

The algorithm developed for this application was inspired by space vector modulation
(SVM) techniques used in the control of three phase electric motors. The three phases of an
electric motor winding have eight potential switching states (OFF-OFF-OFF, ON-OFF-OFF,
ON-OFF-ON, etc.) which each have different effects on the motion of the rotor depending on
its current angular position relative to the stator. Generally, the voltage applied to each phase
is controlled using pulse width modulation and an H-Bridge or similar circuit. SVM allows
for an interpolation between the eight switching states which can grant smoother and more
accurate control of the motor [Kazmierkowski et al., 2002]. Similarly here, one could say
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that the TRREX has six discrete rolling states as it could roll about the positive or negative g,
J&, or Kz axes. Six sets of control-lookup tables have been developed which allow the TRREX
to roll about each of the six axes. For example, if one wanted the TRREX to roll only about
the positive iz axis, only the control values from that table would be used. The algorithm
presented in this section allows the controller to interpolate between the six rolling states

in order to induce rolling about any possible axis. In permanent magnet electric motor
control, the magnetic elds created by the poles of rotor-mounted permanent magnets
interact with those elds created by electric current owing through the stator windings to
induce a torque on the rotor. In the algorithm presented here, the planetary gravity eld
acts on the mass of the TRREX panels to induce a torque on the vehicle chassis. Though
the algorithm used here is certainly not an SVM algorithm, the underlying philosophy is
similar.

As mentioned above, the prototype TRREX has an on-board, inertial measurement unit
which provides orientation and angular velocity data to the controller. In addition to the
four euler parameters and the angular velocity vector, the IMU supplies a gravity vector
[BoschSensortec, 2014. This vector is equal in magnitude, but opposite in direction, to
the actual gravity acceleration experienced by the device at any instant of time. The three
values given for the x, y, and z components of this vector are measured relative to the sensor
axes, which are xed to the vehicle chassis. The IMU's angular velocity data is output as the
components of angular velocity of the sensor frame relative to the inertial frame. Angular
velocity values are expressed in terms of the sensor frame. Using these two sets of values
along with the euler parameters, the orientation and current trajectory of the vehicle can
be found.

The control algorithm proceeds as follows. First, the unit vector representing  fRg0s
must be found. Since the IMU's gravity vector output is assumed to be parallel to K5, this
can be obtained by reading the components of fggs from the IMU, translating it into the
control frame via fggg = I5[C]S_f 80, and normalizing the result. Similarly, the components
of the angular velocity vector, f5!~§gg, are read and converted to the control frame to obtain
f6!~§g§. ©1-S s then projected onto a plane horizontal to the ground (i.e. a plane which has
a normal vector equal to Kg). This is done by utilizing the following equation.

~=015 1S kg)kg (3.1)

This projected vector is then normalized to get the components of the unit vector, fwog,
which is in the same directionas ~and lies inthe 55 plane.
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Since the gravity vector is assumed to be parallel to Kg, the angle of g relative to
each axis is approximated using a four-quadrant inverse tangent algorithm, e.g. atan2
[MathWorks, 2019a]. A four-quadrant inverse tangent algorithm calculates the arc-tangent
of the rst argument divided by the second and differs from a basic arc-tangent function in
that it considers the sign of both arguments to give an angle inthe range  [-180, 180] degrees.
This allows the gravity vector's orientation relative tothe R frame to be determined more
precisely. The three desired angles can be found using the following expressions.

x = atan2(Rs Jr.Ko Kg) (3.2)
y = atan2( K5 ®,Rg Rg) (3.3)
;=atan2( Ry r, Ko JRr) (3.4)

These three values are then used with the set of pre-calculated lookup tables to choose an
angle, , for each panel which would be optimal if the vehicle was rolling about only the
r, [r, Or Kz axes. That is, three possible angles are chosen for each panel. The projected
and normalized angular velocity vector can then be used to assign weights to each of these
three angles for each panel. If w = w,z+ w, jg + W,Kg, then the desired angle command
for each panel, ;,ischosen to be:

2 2
Wy + J,ZW

— 2
- ijW + z

i (3.5)

J

As mentioned above, the  values are read from pre-calculated lookup tables. These
lookup tables were populated by calculating the location of the vehicle's center of mass for
many combinations of panel angles and vehicle orientation. To calculate the table of i x
values, the following method was used. First, the B frame was aligned with the O frame.
Then, the vehicle was rotated about the [k axis in one degree increments. At each chassis
angle, each panel was rotated through its range of motion in one degree increments. For
each panel, the angle which caused the greatest positive shift in vehicle center of mass was
recorded. This method generates a 360 by 8 table of integers ranging from zero to the panel
angle upper limit (in degrees). Each row contains a favorable de ection angle for each
panel that can be commanded when the vehicle is positioned at the angle corresponding
to that row in the table. A similar process is done to create a table of values to be used when
rolling in the positive or negative directions about each of the three axes for a total of six
tables (see Appendix F).

By choosing the panel angles this way, the system works to maintain its current trajectory.
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Figure 3.2: TRREx Control Diagram

Without any other control action, the vehicle will accept any disturbance (including the
effects of rolling on sloped terrain) and continue rolling in a straight line along its new
velocity vector. However, it is possible to command a turn. This is done by changing the
angle weights in such a way that the system attempts to establish an angular velocity about

a new axis of rotation. After projecting the measured angular velocity onto the horizontal
plane and normalizing it, but before it is used to calculate the control angles, it can be
rotated about the Kg axis. To turn left, the vector is rotated by a positive angle .ltcan
be rotated by a negative angle to turn right. If a destination point D is de ned, the vector
between it and the vehicle's current position, B can be de ned as . The unit vector in
the same direction as rv—_, will be called d~ The angle between the current heading, w Kg,
and the unit vector, d~can be calculated by the following formula:

=sin *(jw Ks) di) (3.6)

The angle can be used as the error input to a PID controller which calculates and outputs
the turning angle . This whole process is illustrated in the control diagram shown in Figure
3.2. Using this method, the vehicle can be commanded to follow a path or reject distur-
bances and maintain its current velocity. A set of sample calculations to help illuminate
this algorithm is provided in Appendix E.
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CHAPTER

4

CONSTRUCTION OF THE SPHERICAL
PROTOTYPE

4.1 Introduction

In order to validate the mathematical model and control algorithms presented in this
work, a spherical TRREX prototype was constructed. The functionality of the prototype
was reduced from the design presented in [Edwin and Mazzoleni, 2015 ], in that the vehicle
built for this work operates in the rolling mode only and does not support the roving mode.
This is because the rolling mode is the focus of the dynamic model presented in section
2.2 and implementing the roving mode presents certain challenges which are beyond the
scope of this work. Figure 4.1 shows two images of the constructed prototype. This section
is concerned with the development and design of this vehicle.
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