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Comparison of One Step Implicit Integration Schemes 
for Creep Analysis Using the Finite Element Method

C. Nyssen, G. Panosyan, J. Beziat
NOVATOME, 20 av. E. Herriot, F-92350 Le Plessis-Robinson, France

A consequence of present-day severe nuclear plant operating conditions is the necessity 

to provide a more accurate description of the non-linear behaviour of the materials used for 
the components. In particular, structures can be subjected to non-negligible high temperature 
creep, which requires modelling.

Primary creep behaviour is characterized by a transient phase, with a decreasing strain 
rate, whereas secondary creep features a stationary phase with a constant strain rate.

Generally speaking, the creep behaviour of metals is a strong non-linear function of the 
stress and state variables, with leads to constitutive equations exhibiting stiff regime.

The finite element technique is now sufficiently developed to provide solutions to complex 
creep problems. Nevertheless, the choice of a precise and economical computational integration 
scheme to deal with creep phenomena remains a problem and very few results are available for 
primary creep.

Various one step implicit integration schemes are presented : the mid point rule, the purely 
implicit scheme and a non-iterative scheme, based on a first order linearization of the constitutive 
equations. The first two schemes can be proved to be unconditionally stable and the amplitude 
of the time step is only limited by the accuracy. The corresponding iterative schemes to solve 
the non-linear equilibrium equations obtained by the finite element method are derived in detail.

For primary creep, time hardening as well as strain hardening are considered. In the case 
of strain hardening, the rate of creep strain is assumed to be a function of the current stresses 
and the equivalent creep strain at the beginning of the time interval.

The convergence properties of the implicit schemes retained and the accuracy of the 
computed solutions are compared on a few examples using different time steps. Elastic and elasto- 
plastic cases are considered.

Guidelines for the choice of the step size are also discussed and shown to be efficient 
in the examples considered.



1. INTRODUCTION
Primary creep is of essential concern for Liquid Metal Fast Breeder Reactors (LMFBR) in which 

we are involved and this first stage of creep will be specially emphasized in this paper. The algorithms 
and integration schemes proposed can be applied straightforward to compute for secondary creep strain 
after a few simplifications.

The rapid variation of the strain rate at the beginning of the primary creep makes the compu­
tation delicate and needs refined computation algorithms. Three one step integration schemes were 
considered and will be discussed.

The guidelines for solving iteratively the non linear equilibrium equations obtained by the finite 
element method are given.

In the models selected, plastic and creep strains develop in conjunction, but the two phenomena 
are assumed to be entirely disconnected.

2. CREEP LAW
The interaction between plastic flow and creep is now well established/l/, but experimental 

data are not sufficient at the present time to qualify a mathematical model which could modelize such 
interaction. At first approximation ORNL recommendation will be retained /l/, neglecting such 
interactions.

For primary creep, Norton-Odqvist creep law will be considered ; i.e. the equivalent creep strain 
is given by :

&=cto8 (1)

for E<Epe • The end time of primary creep, bpc , may be stated as

kpe=sC” (2)All coefficients &, ?,00‘ can be temperature dependent. For multiaxial cases, the creep 
flow law governing creep strain rate is given by /I, 3, 4/ :

2=?*eti, 0)
Where 6 j is the stress deviator. The equivalent creep strain rate is obtained from (1) as : 

&e = opt® 1o-5 (4)

The 0 stress is the equivalent von Mises Stress.
In (4), the creep rates is only time dependent for a given stress level (time hardening model). 

Generally better results are obtained, in case of variable stresses, by using a strain hardening model. 
This can be obtained if,in equation (4),the time t is expressed in term of equivalent creep strain as 
given by equation (1) :

E(-E)* K
\ o0- 6 /

Strain hardening law for equivalent creep strain rate is then written 

(o)%/P (6)

In this model (6), the equivalent creep strain is directly expressed in terms of total creep 
strain components by /I, 3/

&%(4-esef)", ©
from which follows that in a general multiaxial case,

&‘* I tadb (8)
• E

The strain hardening model can lead to several difficulties in case of load reversals /!/, but such 
cases will not be considered.
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3. SOLUTION ALGORITHMS
3.1. Relation between stress and strain increments

Only small strains will be considered in the following. Since creep-plasticity interaction are neglec­
ted, the total strain rate may be stated as :

. 09)* € eaC • L
where & j is the elastic part of the deformation rate, Ci the plastic part and & J

the thermal strain rate.
Using the classical Prandtl-Reuss-Von Mises plastic flow rules with isotropic hardening, for a 

given time increment At , stress and strain increments have to satisfy the linearized relations.

6&j = Ci AVa + AAaj + A&3 + 48% (10)

ajs = 4XO=H‘8X (11)

Where H ‘ is the strain hardening coefficient of the material,Qj are the components of the normal 
to the intrinsic surface andX is the current elasticity limit.

As will be demonstrated in the following for the one step integration scheme, the creep strain 
increments can always be written in the from

A&i = Bes + Fyw (oyt, E-) Ako (12)
Using a generalized Hooke matrix defined by

c‘ya= (cyt++Fye)”4 a3
It follows from (10), (11) and (12) that the incremental stress-strain relation may be stated as

AgJ= D"yk(o,t,Es)aER= a4)
where the mechanical part of the strain increments are given by

B e B&j- 6^- A8 (15)

and with : D*kL _ C+LL _ CursarCipqOlpq

4o=H‘x + OrCrspqQeq 06)
The tangential matrixDikLis then identical to the classical one obtained for elastoplastic cases 

/2/ provided the general Hooke matrix (13) is used.
For non infinitesimal increments, the relation (14) must be rewritten as

Ao = J Dee(ozt,Eo)deRE (W
The numerical integration technique used to compute ATjis given in details in /5, 2/. When 

creep takes place, the increments of stress in a given iteration are computed for fixed increments of 
total strains, thermal strain and creep strain.

Having derived the incremental stress-strain relation the non linear equilibrium equations of 
the finite element model can be easily established and solved by a classical Newton-Raphson method 
/5, 2/.

3.2. Computation of creep strain increments for a given Newton-Raphson iteration
Three one step integration schemes will be considered

3.2.1. Time Hardening cases
One step implicit integrated scheme
In this first scheme all time depending quantities are supposed to vary linearly during the 

time step Ab=t2-U4.
Creep rates are expressed through a first order development in terms of the variable incre­

ments and then integrated exactly on Ab . After some calculations one obtains easily :

A8“=48+FiRAok (18)
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with & A
AE" - 3554(M tit 4 A M 6 ) t j

% = {Most (S6 -$505j+4 (2 ej E Ml)
where

M = &. Ak (0+4)(tA+B)"Ar-(t+AE)+4+t,*_
<. r AtP(+A)
Dij is the Kronecker tensor.
in this scheme, A&i andFijkare constant and evaluated in term of the stresses in 

No iteration is thus needed if no plasticity occurs.

(19)

(20)

(21)
(22)

t.
- Pure implicit and mid point schemes

Creep rates are supposed to be constant and equal to their values at ( 0j +%k] t+ zAt) 
where the parameter G is equal to 4/2 for the mid point scheme and to 1 for the pure implicit scheme

B £j = ? (M+6AM)(ta +ZAt) P(o+ZAo)54 (ti +Abj) At (23)
Where stress variations occur during At , (23) is satisfied by successive iterations. At each 

iteration, the additional increments^A are given by

dA&f= ds&F + FildAGQ (24)

withg Ae- 2(m +EBM) (o—EAc)“(e + sse)P hk (25)
F;i4 =3(M+ZAm)©+++6/)(H+BBH)Ht* (26)

+ (Sdjt - *o)i+ % 104580=) (h*+zBt)(*+zAku)
The quantities are thus computed using the values of the stresses

vij = v*j + 6 Bj (27)

Where Oi are the stresses at the beginning of the whole increment and ATij are the current 
stress increments at the beginning og the considered iteration,

AOTj= (28)

The procedure is repeated until stabilization. Scheme (23) is unconditionally stable /6/.
3.2.2. Strain hardening cases

Now, creep ratios are defined in term of equivalent creep strain instead of time. The assumption 
is made that the equivalent creep strain at the beginning of the time interval has to be considered to 
define the strain hardening law. If in this case a pseudo-time b*is defined as

t*=(-&)/0 (29)

and t= t+ t , the preceding case is recovered.
The equivalent stress used in evaluation of U* in (29) is based on the stresses at the beginning, 

the midden or at the end of time interval considered, depending of the integration scheme used.

4. CHOICE OF THE TIME INTEGRATION STEP At
4.1. Unconditionally stable schemes (with time hardening)

For this schemes, the precision alone governs the choice of the time step.

4.1.1. A~o on At
This is often the case for creep under constant loading. In one dimensional case, the truncature 

error is given by

e= &e- 8% - AEop(t 4 5 At) 21 (o+ (30)
Using a Taylor serial expansion in ACand AO” one obtains readily

e ~ & (%-4)r8*v‘At* (4 - 2t)
2+00(-4)(-%)kAo5At3(1-3t*) (31)

6 + aSk? o-5-4 AG+ oS t d- ‘544 Ao At (4 -%)
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When 40 o,

• enal(=)t}*oSAB( 
+ 8 (-4) (-2)38

(32)

A good approximation for 6t is obtained if C is limited to a small fraction of the elastic strain.

e/z0 (33)
Good results were generally obtained using 
- mid point rule

Upper bound for At is given by
At<

4 = 0.05

Implicit scheme
Upper bound for At is given by

AE 2

( 95t3—P__________  
' q5-4E(-)(-2)o

(34)

--lb
e (6-4) (35)

4.1.2. Pmay not be neglected on time interval At (relaxation)

An estimation of the amplitude of A (7may be obtained by considering the relaxation equation 
of a simple viscoelastic solid /9/

(36)

Where
8-8-4 (37)

Should the parameter A be constant in equation (37), solution of (36) would be

VA+A = C On (38)

Using (23) leads to

0..A = - - (4-%)E g = A(z/At)v, 
, 11+% At

A condition for (6AEto be a good approximation of
-AAt

is that

(39)

AAEoZ
Where C is small as compared to one, thus if X

(40)

is considered independant of O,

(41)
A CE

This will be used even for the real case, A-X(0) , condition (41), is also given in /8/ for secondary 
creep and is generally more restrictive than (34) and (35).

4.2. One step implicit integrated scheme (time hardening)

Unconditional stability is not proven but in every computed cases, a good approximation for At 
is obtained through (34) and (41).

4.3. Choice of time step for strain hardening case

The same bounds (34), (35) and (41) on ALare used, provided the time t is replaced by the 
pseudo-time defined in (29).
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5. NUMERICAL EXAMPLES
The application discussed can be divided into 2 parts. The first one includes simple cases to vali­

date the proposed creep algorithm implemented in our general purpose computer program /10/. The 
second part covers the elastoplastic creep analysis of an internally pressurized vessel /ll/.

5.1. Creep at constant stress
An uniform biaxial state of stress /4/ is imposed on a specimen (figure l). The solutions are 

computed for the three proposed scheme and using a constant time interval equal to 0.5 h. The implicit 
one step integrated scheme (18) gives the exact solution since the stresses are fixed (figure 1). The 
pure implicit and mid point schemes are then applied with At computed by (34) and (35) using

4 = 0.05. The results are given in figure 2 and demonstrate the interest of a good estimation of At*.

5.2. Creep in a lead alloy internally pressurized vessel
2

A lead alloy vessel is submitted at 20°C to an internal pressure of 1.76 MN/m . Geometric and 
material data are given in figures 3 and 4. The pressure leads a pronounced plastification of the vessel. 
This loading is then sustained for 100 hours, during this hold time hoop and meridional strains are recor­
ded . The creep law, adjusted in terms of differents results is given by (1) in (%),

... , , n/iQQ -30 ( , 2-4.07 -0.436with O = 1.0428.10 ((N/m ) h )
> = 0.436

o = 4.07
In /ll/ the coupling between plastic flow and creep is neglected.
The pressure of 1.76 MN/m4 was first applied. In /ll/, this involved 40 loading increments. Two 

elasto-plastic analysis were performed. In the first only four equal increments were applied. 
Results are compared with the calculations and test results of /ll/, in figure 5. Agreement between 
the solutions is excellent, which is quite outstanding, given the amplitude of the increments used. In 
the second analysis, the loading distribution was improved by application of the following load incre­
ments :

AP, = 0.44 MN/m2 ; Bp2 11 = 0.132 MN/m2

The total hoop and meridional strains obtained by the two computations are compared in Table 1. 
The agreement between the solutions is quite good and demonstrates the capacity of NOVNL program 
/10/ to take large load increments into account in elasto-plastic analysis.

For the calculations of creep strains, we preferred as in /ll/, the strain hardening method and 
adopted the mid point integration scheme. The time steps Ab were computed from (34) with $=0.05 
but with some of themadjusted to obtain results after 0.1 h, 1 h, 10 h and 100 h under creep. The At 
were taken as follows :

At, 11 = 0.01, 0.04, 0.05, °*08’ 0.4, 0.42, 1.40, 3.0, 4.6, 15., 45 h

In figure 6, the computed values of creep strain are compared to /ll/ after 100 hours. Excellent 
agreement is observed for the hoop strains. For meridional strains the agreement on the meridional 
distribution of the equivalent creep strain can be considered as comparable to that of hoop strains, 
which is excellent.

In order to validate the time modelling, the program was re-run with each time step divided 
by two. The results do not differ significantly from those obtained previously and have not been included 
in figure 6. They are compared in Table 2.
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Table 1. Pressurized vessel. Elasto-plastic analysis

Absc. 
(fig. 3)

266.8
240.3
213.8
481.3

460.8
34.3
08.0
83.6
58.8
34.1
5.3

4 increments 11 increments

Outer skin inner skin outer skin inner skin

&5 &y
(>40-4)

es c e% 
(¥40-4)

-3.35
0.58

8.2
3.66
6.12
8.46

2.65 
%4.93

Hi.Zo 
45.24 
32.79 
43.36 
4.41 
If.OS 
5.03 
5.54

33.89 
-4.43 
- 6.15 
-2.19 
- 4.22 
-0.84

5.01
34.%o 
54.96 
59.56 
55-3s 
4o.4 
47.796.7o

5. 03 
5-33 
6.41

-0.61 
^.33 
4.42
4-66 
&.I5 
6.33

2.54
24.26
45.42 
50.56 
46.34 
32.06 
42.49

J/.So 
4.44 
5.08 
6.54

29.93
-0.05
-5.28 
-3.35- 
-3.3% 
• 0.58

4.5/
33. /G 
54.88 
01.01
5 b. OS.

6.5%
631
5.04
5.9l
6.38

Table 2. Pressurized Vessel. Creep strains (Hold time = 100 h)

Absc.

(fig. 3)

266.8
24 0.3

87.3
160.8
434.3
409.0

83.6
533
54.1
9.3

11 time steps 22 time steps

Outer skin inner skin outer skin inner skin

85 t 
(*40-4)

€> 
(*40-4)

Sy to- 63 %e-

-2.28
5.44 
933

6.69 
%.4o 
4.54

3.^0 
zi-5i 
5033

5S.Zo 
31/36 
42.16

33Z
2.4%
3./3
3.54

33.1/0

-3.16
-3d 
-f.o/ 
0.91/

3.3g 
35.1/0 
64.13 
94. 11 
66.61 
43.34
6.54
5.11 
3.16 
331 
4.05

-2.o3 
6.19 
9.03 
6.15- 
1.01 
5-.4g

3.4o

51.1o
6o.lo
54.2

35^0

44.90
3.39
2.41
3.2
3.63

3o.il 
3.16

-8.34
-g.35
-^io

0.2M

3.53
36.2

65.1/0
45.lo
61.90
44.Ho
47.3o

5.11
3.3%
3.93
4.19
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