ABSTRACT

CHU, JIANING. Advances in Policy Evaluation and Learning: Targeting, Truncation by Death,
and One-sided Feedback. (Under the direction of Wenbin Lu and Shu Yang).

The motivation behind my dissertation research is rooted in real-world applications of
individualized decision-making. In precision medicine, treatment plans are tailored to each pa-
tient’s unique characteristics, aiming for better outcomes. In advertising, personalized content
recommendations are used to increase click-through rates. In finance, customized investment
strategies can enhance an individual’s financial well-being. In many applications, experimenta-
tion and exploration can be costly, risky, or even unethical. This motivates the study of off-policy
evaluation (OPE) and off-policy learning (OPL). The goal of OPE is to estimate the expected
outcome of a given decision policy (also known as a treatment regime) using historical data
generated by a potentially different policy. OPL, on the other hand, aims to derive an optimal
policy that maximizes the expected outcome based on the available historical data. Although
there is extensive literature on OPE and OPL, most existing studies focus on simple settings,
such as single datasets with complete data observations, making these methods less applicable
to real-world scenarios where datasets often come from diverse sources, exhibit heterogeneity,
and involve complex structures. In this thesis, we mainly focus on developing OPE and OPL
methods for complex data from real-world applications such as healthcare, finance, and social
science. This thesis is structured as follows.

In Chapter 2, we study how to learn the optimal treatment regime for a target population
when the source and target populations are heterogeneous. We consider the scenario where
individual-level data is available from the source population, but only summary informa-
tion about the covariate distribution is available from the target population. This situation
is common in healthcare, where privacy and confidentiality concerns often prevent sharing
comprehensive individual-level data with researchers. However, summary statistics of patient
characteristics from the target population are typically available and can be easily shared for
research purposes. We propose a general framework to calibrate the source individual-level
data to be closer to the target population. This framework provides a more accurate estimator
for treatment regime evaluation and yields an optimal treatment regime outperforms standard
methods. Additionally, when the source and target populations are identical, our proposed
estimator is also more efficient than standard estimators.

In Chapter 3, we study the OPE and OPL problems under the “truncation by death” setting,
where the outcome of interest is undefined after certain events, such as death. For example, the

quality of life of patients cannot be assessed after death. We formulate OPE and OPL using prin-



cipal stratification under this setting. We propose a survivor value function for a subpopulation
whose outcomes are always defined regardless of treatment conditions. We establish a novel
identification strategy under principal ignorability, and derive the semiparametric efficiency
bound of an OPE estimator. Then, we propose multiply robust estimators for OPE and OPL. We
show that the proposed estimators are consistent and asymptotically normal even with flexible
semiparametric or nonparametric models for nuisance functions approximation. Moreover,
under mild rate conditions of nuisance functions approximation, the estimators achieve the
semiparametric efficiency bound.

In Chapter 4, we study a class of decision-making problems with one-sided feedback, where
outcomes are only observable for specific actions. An example of this is bank loans, where
the repayment status is known only if the loan is approved and remains undefined if rejected.
Such one-sided feedback is prevalent in various domains, including school admissions, job
employment, and criminal recidivism prediction. In such scenarios, conventional OPE and
OPL are infeasible. We introduce a novel value function for OPE that addresses the issue of
undefined counterfactual outcomes. Without assuming no unmeasured confounders, we
establish the identification of the value function using shadow variables. Furthermore, we
derive the semiparametric efficiency bound for the proposed value function and develop
efficient methods for OPE and OPL.
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CHAPTER

INTRODUCTION

1.1 Background

Personalized decision-making, an artificial intelligence paradigm tailored to individual charac-
teristics, has recently attracted significant attention across various fields, such as healthcare
(Qian and Murphy 2011), education (Mandel et al. 2014), e-commerce (Swaminathan et al.
2017), and social science (Kitagawa and Tetenov 2018). A decision policy, also known as a
treatment regime, formalizes treatment decisions as a function mapping from individual in-
formation to a recommended treatment. The expected outcome for the population under a
given policy is referred to as the value function. In these decision-making processes, there are
two primary objectives: (1) evaluating a policy based on the value function it achieves, and (2)
deriving an optimal policy that maximizes the value function.

In many real-world applications, experimentation and exploration can be costly, risky, or
even unethical. This motivates the study of off-policy evaluation (OPE) (Dudik et al. 2014;
Chakraborty et al. 2014; Luedtke and Van Der Laan 2016; Wang et al. 2017; Shi et al. 2020)
and off-policy learning (OPL) (Murphy 2003; Zhang et al. 2012, 2013; Schulte et al. 2014; Jiang
and Li 2016; Shi et al. 2018; Athey and Wager 2021) methods in decision-making. The goal
of OPE is to estimate the value function of a given policy using historical data generated
by potentially different policies, while OPL aims to derive an optimal policy based on the



available historical data. Although there is extensive literature on OPE and OPL, most existing
studies focus on simple settings, such as single datasets with complete data observations,
making these methods less applicable to real-world scenarios where datasets often come from
diverse sources, exhibit heterogeneity, and involve complex structures. In this thesis, we study
various complex scenarios and develop corresponding OPE and OPL methods to address these

challenges.

1.1.1 Heterogeneous Source and Target Populations

In many real-world applications, there is significant heterogeneity across different populations.
Consequently, the optimal policy derived from one source population may not generalize effec-
tively to another target population. In medical research, for example, it is well recognized that
results of a randomized controlled trial cannot be directly transported because the covariate
distribution in a target population may be different (Cole and Stuart 2010). Factors such as
study design, inclusion, and exclusion criteria can render the source sample unrepresentative
of the population of interest. Similarly, in the field of education, an intervention proven effective
in one school district may not yield the same results when implemented in a different district
with varying socioeconomic conditions and student demographics. Educational research often
faces challenges when trying to generalize findings from a study conducted in a specific setting
to different educational environments (Cheung and Slavin 2013). This challenge has garnered
increasing attention in the fields of OPE and OPL, as researchers strive to develop methods

that account for and address such population heterogeneity.

1.1.2 Truncation by Death

In many cases, the goals of decision-making and outcomes of interest may vary across subpop-
ulations. For example, in critical care, the primary goal of treating is to save seriously ill patients’
lives (i.e., decrease mortality). With the advanced development in medicine, the short-term
mortality has been reduced in many clinical situations (Wunsch et al. 2010; Guérin et al. 2013).
However, surviving critical illness frequently comes at a cost, with many survivors experiencing
worsened pain, cognition, physical function, and mental health during or after treatment. To
account for a patient perspective, the significance of improving “patient-important” outcomes,
such as functional outcomes and quality of life in survivors has gained wide acceptance and
has been underlined when making treatment decisions (Fried et al. 2002; Iwashyna et al. 2010;
Dinglas et al. 2018). Another example is that, in vaccine studies, the primary goal is to estimate
the vaccine efficacy, which is a measure of reduction in infection risk for vaccine relative to

placebo. However, in infected patients, the outcome of interest may change to the treatment



effect on symptom severity (Paltiel et al. 2021). In the above examples, the outcome of interest
in the subpopulations only has a meaningful definition before or after an event occurs. In the
first case, once a patient dies, the quality of life is no longer defined and thus it can only be
measured in survivors. In the second case, the symptom severity can only be measured after
infection. The events here can be flexibly defined based on different study purposes. However,
to be aligned with the causal inference literature, we term such problems as “truncation by
death” (Frangakis and Rubin 1999). Truncation by death leads outcomes to be undefined and

thus cannot simply be regarded as missing data problems.

1.1.3 One-sided Feedback

Binary decision-making problems are pervasive in the real world, encompassing domains
such as bank loan approval, school admission, advertising, and criminal recidivism prediction
(Lakkaraju et al. 2017; Baker and Hawn 2022; Fuster et al. 2022; Wang et al. 2023). Often, feedback
in these scenarios is one-sided. For example, in bank loan approval, a decision-maker evaluates
an applicant based on their covariates and decides whether to approve or deny the loan. If the
loan is approved, feedback on the applicant’s repayment behavior is later received. However, if
the loan is denied, no additional information is gathered. This one-sided feedback introduces
significant challenges due to the inherent heterogeneity between the approved and rejected
groups caused by selection bias. While outcome information is available for the approved
group, it does not fully represent the entire population, as this group is a non-random and
potentially biased sample. Consequently, employing the outcome model trained with approved

samples for the rejected sample is not feasible.

1.2 Outline

The remainder of this thesis is organized as follows. In Chapter 2, we study how to learn the
optimal treatment regime for a target population when the source and target populations
are heterogeneous. We consider the scenario where individual-level data is available from
the source population, but only summary information about the covariate distribution is
available from the target population. This situation is common in healthcare, where privacy
and confidentiality concerns often prevent sharing comprehensive individual-level data with
researchers. However, summary statistics of patient characteristics from the target population
are typically available and can be easily shared for research purposes. We propose a general
framework to calibrate the source individual-level data to be closer to the target population.

This framework provides a more accurate estimator for treatment regime evaluation and yields



an optimal treatment regime outperforms standard methods. Additionally, when the source and
target populations are identical, our proposed estimator is also more efficient than standard
estimators.

In Chapter 3, we study the OPE and OPL problems under the “truncation by death” setting,
where the outcome of interest is undefined after certain events, such as death. For example, the
quality of life of patients cannot be assessed after death. We formulate OPE and OPL using prin-
cipal stratification under this setting. We propose a survivor value function for a subpopulation
whose outcomes are always defined regardless of treatment conditions. We establish a novel
identification strategy under principal ignorability, and derive the semiparametric efficiency
bound of an OPE estimator. Then, we propose multiply robust estimators for OPE and OPL. We
show that the proposed estimators are consistent and asymptotically normal even with flexible
semiparametric or nonparametric models for nuisance functions approximation. Moreover,
under mild rate conditions of nuisance functions approximation, the estimators achieve the
semiparametric efficiency bound.

In Chapter 4, we study a class of decision-making problems with one-sided feedback, where
outcomes are only observable for specific actions. An example of this is bank loans, where
the repayment status is known only if the loan is approved and remains undefined if rejected.
Such one-sided feedback is prevalent in various domains, including school admissions, job
employment, and criminal recidivism prediction. In such scenarios, conventional OPE and
OPL are infeasible. We introduce a novel value function for OPE that addresses the issue of
undefined counterfactual outcomes. Without assuming no unmeasured confounders, we
establish the identification of the value function using shadow variables. Furthermore, we
derive the semiparametric efficiency bound for the proposed value function and develop
efficient methods for OPE and OPL.



CHAPTER

2

TARGETED OPTIMAL TREATMENT REGIME
LEARNING USING SUMMARY STATISTICS

2.1 Introduction

Personalized decision-making, a pseudo intelligence paradigm tailored to individual character-
istics, has recently attracted a great deal of attention in many fields, such as precision medicine,
social services, economics, and recommendation system. An individualized treatment rule
(ITR) formalizes treatment decisions as a function mapping from patient information to a
recommended treatment. An optimal ITR is the one that leads to the greatest expected outcome
in the population of interest, known as the value function.

A variety of approaches have been developed for estimating optimal ITRs. One class of
approaches is model-based as they directly model the conditional mean outcome given covari-
ates and treatment, known as the Q-function, and then use the estimated Q-function to infer
the optimal ITR. Such methods include Q-learning (Qian and Murphy 2011) and its semipara-
metric extension, A-leaning (Murphy 2003; Shi et al. 2018), where only the contrast function is
modeled while the baseline mean function is completely unspecified. Alternatively, direct value
search methods have been developed and extensively studied recently (e.g. Zhang et al. 2012,
2013; Luckett et al. 2020; Athey and Wager 2021). These methods learn the optimal treatment



regime by regime evaluation. They first establish a flexible estimator of the value function,
such as the augmented inverse probability weighted (AIPW) estimator, and the optimal ITR
is then estimated by maximizing the estimated value function within a class of pre-specified
ITRs, such as linear decision rules and tree-based decision rules. The AIPW value estimator
possesses the double robustness property, i.e., it is consistent for the value function if either
the Q-function or the propensity score model is correctly specified.

Though the double robustness of the AIPW value estimator is appealing, it is only main-
tained when the source and target populations are identical. In other words, when there exists
heterogeneity between the source and target populations, the AIPW value estimator obtained
based on the source sample may no longer be consistent for the value function of the target
population. Thus, the optimal ITR learned from the source data may not be optimal for the
target population. In many real-world applications, the value function of an ITR over the dis-
tribution of the target population is of significant interest, which can be different from that
of the source population. For example, in medical studies, it is known that the results of a
randomized controlled trial cannot be directly transported because the covariate distribution
in a target population may be different (Cole and Stuart 2010). Due to study design and inclu-
sion/exclusion criteria, the source sample can be unrepresentative of the target population we
are interested in. When there is heterogeneity between the source and target populations, an
estimated optimal ITR from the source sample may not generalize well to the target population
(Lee et al. 2023). Such problems gain increasing attention in the ITR learning fields recently.
Zhao et al. (2019) and Mo et al. (2021) proposed different collections of possible target covariate
distributions and estimated the optimal ITR by optimizing the worst-case quality assessment
among the collection. Uehara et al. (2020) considered a nonparametric estimator for the density
ratio of the covariate distributions of the source and target populations and constructed a
weighted estimator for the target value function based on the estimated density ratio. How-
ever, all these methods require the availability of individual-level data from both the source
and target populations, which may be unrealistic in many applications. For example, while
large-population based databases, such as the Surveillance, Epidemiology and End Results
database, can provide reliable summary statistics for covariates, such as means and medians,
and overall survival statistics for the disease population, critical information about individual
factors that influence the choice of treatment and clinical outcomes of interest may not be
available (Huang and Qin 2020; Chen et al. 2021). Moreover, due to privacy and confidentiality
concerns, comprehensive individual-level data is often prohibited to share with researchers.
In contrast, summary statistics of patient characteristics of the target population are often
available and can be easily shared for research purposes.

In this paper, we consider the targeted optimal treatment regime learning where we have



individual-level data from the source sample but only a few summary statistics of covariate dis-
tributions from the target population. As we alluded to previously, when there is heterogeneity
in covariate distributions between the source and target populations, the estimated optimal
ITR obtained by maximizing the value estimator constructed based on the source sample may
not be optimal for the target population. One way to address this issue is to assign different
subject weights to the source sample and calibrate the source covariate distributions to the
target covariate distributions. Calibration weighting is widely used to integrate auxiliary infor-
mation in survey sampling and causal inference, such as empirical likelihood based methods
(Qin and Zhang 2007), entropy-based covariate balancing methods (Hainmueller 2012), and
quadratic loss based covariate balancing methods (Zubizarreta 2015). Such weighting methods
allow adjusting covariate distributions of the source sample using various summary statistics
of covariates in the target population, such as means, variances, correlations, and quantiles.
We propose a calibrated AIPW estimator of the value function using summary statistics from
the target population and then search for the optimal ITR for the target population by maxi-
mizing the calibrated AIPW value estimator over a pre-specified class of ITRs. Here, the subject
weights for the source sample are estimated by solving a general convex optimization problem
with constraints. The objective function in the optimization problem can be chosen from the
Cressie-Read family (Cressie and Read 1984), while the constraints force the weighted summary
statistics of source covariates to be the same as that from the target population. We show that
the calibrated AIPW estimator for the target value function is consistent, asymptotically normal,
and has the double robustness property if the estimated weight function converges to the
density ratio of covariate distributions between the two populations. The double robustness
entails that the value estimator remains root-n consistent if any one of the two parametric
models for the propensity score and outcome mean is correctly specified or if both models are
estimated nonparametrically satisfying a certain rate condition for convergence. Interestingly,
if the source and target populations have the same covariate distribution, the calibrated opti-
mal value estimator gains efficiency over the uncalibrated one by utilizing additional summary
information. However, in general, the weights learned from the calibration methods may not
consistently estimate the density ratio. Under such general cases, the proposed calibrated AIPW
estimator can still converge to the value function of a pseudo population that may be closer
to the target distribution compared with the source population. As such, it can give a more
accurate estimator for the value function of the target population than the uncalibrated value
estimator, and the optimal ITR obtained by maximizing the calibrated AIPW value estimator

can be more favorable for the target population.



2.2 Statistical Framework

2.2.1 Value Function and Optimal ITR

In a randomized trial or observational study, suppose there are two treatment options, labeled
as control/treatment 0 and experimental treatment/treatment 1. Let A taking values 0 or 1
in accordance with the two options, denote the treatment received. Let X € R” be a vector of
baseline covariates and Y be the observed outcome of interest. We assume larger values of Y
are preferred by convention. The observed data are then {O; =(Y;, 4;, X;),i =1,..., n}, which
are independent and identically distributed. Define the potential outcomes Y (0) and Y (1) as
the outcomes that would be observed if a subject received treatment 0 or 1, respectively. As is

customary in causal inference (Rubin 1978), we make the following assumptions.

Assumption1 (AD)Y = Y(1)A+ Y(0)(1—A), A2){Y(1),Y(0)} ILA| X, and (A3) 0 <Pr(A=1]
X =x)<1 forall x such thatPr(X = x)> 0.

AnITRis afunction d(-) that maps values of X to {0, 1}, so that a subject with covariates value X =
x would receive treatment 1 if d(x) = 1 and treatment 0 if d(x) = 0. For any arbitrary ITR d(-), we
can define the potential outcomeas Y (d) = Y (1)d(X)+ Y (0){1—d(X)}, which would be observed
if a randomly chosen individual had been assigned a treatment according to d(-), where we
suppress the dependence of Y(d) on X. We then define the value function under d(-) as the
expectation of the potential outcome as V(d)=E{Y(d)}=E[Y(1)d(X)+ Y(0){1—d(X)}].
Suppose 7 is a class of ITRs of interest. Then we define the optimal ITR as d°PY(X) =
argmax,., V(d). In clinical practice, it may be desirable to consider a class of ITRs indexed
by a vector of parameters 3 for feasibility and interpretability. We denote such a class of
rules as % and its element as d(X; ). For example, we can consider a class of linear ITRs
{d(X;8)=1(8"X >0): B €RP*L,||B|l, =1}, where X = (1, X")", ||B]l> = (B"B)"?. Given a linear
ITR d(X; ), we use a shorthand to write its value function V(d) as V(). Let f* = argmax, V(f).
Then, the optimal linear ITR is d;" "= d(X;B*). The true optimal ITR d°** may not be in 7.
Thus, d;pt may not be the same as d°P'. However, when attention focuses on the feasible class

95, estimation of d gpt is still of considerable interest. In this paper, we focus on linear ITRs.

2.2.2 Source and Target Populations

The difference between covariate distributions in the source and target populations is called a
covariate shift (Sugiyama and Kawanabe 2012). In this paper, we assume that there is a pooled
population P consisting of both the source population P* and the target population P'. Let S be
a binary indicator for selection action: S = 1 if the individual comes from the source population



and S =0 if the individual comes from the target population. A covariate shift results from the
situation where Pr(S=1| X)#Pr(S=0] X).

For the source population P*, we observe individual-level data {O; =(Y;, A;, X;),i =1,..., n}.
For the target population P!, only summary statistics of covariate distributions, such as mean,
variance or quantiles are available. For P*, denote the density or probability mass function
of covariates as f5(X) and its associated expectation as E; for P', we use the notation f'(X)
and E' correspondingly. The summary statistics from the target population P* are denoted
as Ugyg = EY{g(X)}, where g(X) = {gl(X),gz(X),...,gq(X)}T is a g x 1 specified function. For
example, a common choice is g(X) = (X, X, ..., X)), and 4, gives the mean of all covariates
in the target population. We assume that summary statistics from the target population are
derived from large databases so that their uncertainty are negligible. With only the summary
statistics, targeted ITR learning is impossible without further assumptions in order to borrow

information from the source sample.

Assumption2 (A4 E{Y(a)| X}=EY{Y(a)| X}, and (A5)Pr(S=1|X)>0.

Assumption (A4) implies that true Q-functions are identical in both the source and target
populations (Dahabreh et al. 2019). A stronger version of this assumption is the ignorability
assumption that {Y (1), Y(0)} 1L S | X (Buchanan et al. 2018). Assumption (A5) implies that the

support of the target X distribution must be covered by the support of the source X distribution.

2.3 Proposed Method

2.3.1 Calibrated AIPW Estimator

For the source population, define the propensity score as (X) =Pr(A=1| X,S = 1) and
conditional mean outcome model as u(X,A) = E(Y | X, A). In practice, 7(-) and u(-) can be
estimated from the observed source data based on some posited parametric models 7(X;n)
and u(X, 4; 0), respectively. Alternatively, they can also be estimated nonparametrically, e.g.
using kernel regression or random forest. Given an ITR d(X; ), Zhang et al. (2012) proposed

an AIPW estimator of the value function V(f) as

Vo(B)=— (Y — (X5 B, 00} +ua(X;; 8,0)|,

nel p(A; | X;51)

1 I{A; =d(X;; B)}
> ;

where the superscript o is a shorthand for original, p(A4; | X;; ) = n(X;; MA;+{1—n(X;; N)}1—A;),
wa(Xi; B, 0)= uwX;,1; §)H{d(Xi;ﬁ) =1}+u(X;,0; §)H{d(Xi;[3’) =0}, and ) and 0 are the estimates
of nn and 0, respectively, based on some posited parametric models.



Denote the value function of the target population under the ITR d(X; ) as V(). If the
source and target populations have the same covariate distributions, i.e. f*(X)= f'(X), then
V() can be consistently estimated by V°(8) based on the source sample. However, since
covariate distributions between the source and target populations often differ in practice,
?0(/5) may be biased for V(). To reduce the bias, a natural approach is to consider calibration
weights, i.e., to assign different weights to individual data points in the source sample so that
the weighted data is more representative of the target distribution. Specifically, we consider
the following calibrated AIPW estimator

- L THA; = d(X;B)) - -

VB =D i o SR (X . 60} + 14 X3,
Z oA 1 Xz PO ¢

where the superscript c is a shorthand for calibrated, w;’s are calibration weights satisfying

Z?zl w; = 1 and other constraints. Using the summary statistics gz, from the target popula-

tion, we can utilize methods, such as empirical likelihood (Qin and Zhang 2007) and entropy

balancing (Hainmueller 2012; Zhao and Percival 2017), to learn the weights. In the next section,

we propose a general framework to estimate the weights.

2.3.2 Weights Estimation

Let h (w) denote a generic convex distance function between a scalar w and n~!. We consider
the following optimization problem

.....

under the constraints >\ w;{g(X;)— g} =0, >, w;=1,and w; >0.

In the considered optimization problem, the function h(w) plays a role in quantifying the
discrepancy of calibration weights and the uniform distribution n~!. We choose the function
h(w) from the Cressie-Read family of discrepancies (Cressie and Read 1984). The Cressie-Read
family is defined through a class of additive convex functions that encompasses a broad family

of distance functions. Specifically,

CR(Y)=>_h(w)= > {rlr+ 1} {(nw,)*' 1},
i=1 1

i=

Three special cases with y € {—1,0, 1} are popular. In particular, CR(—1) = Z?zl —log(nw;) and
CR(0) = Z?:I(n w;)log(nw;). Minimizing C R(—1) is equivalent to maximizing Z?:l log(w;),
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leading to the maximum empirical log-likelihood objective function. Minimizing C R(0) is
equivalent to maximizing —Z?zl w; log(w;), leading to the maximum empirical exponential
likelihood or entropy. Finally, minimizing C R(1) is equivalent to minimizing the sum of squares
Z?zl(wi —n1)2. To be consistent with the existing literature, we call the weight estimation
method as the empirical likelihood method for y =—1 and the entropy balancing method for

y = 0. We summarize the correspondence between y and the form of #(w) in Table 2.1.

Table 2.1: The formulation of p(x) for the empirical likelihood, entropy balancing, and Cressie-
Read family.

Method Empirical Likelihood Entropy Balancing Cressie-Read

Y -1 0 T
h(w) —In(nw) nwln(nw) (”;’@Yﬁ;l
p(x) (I—x)" exp(x) A +7yx)tr

The first constraint is referred to as the balancing constraint, which calibrates the covariate
distribution of the source sample to the target population in terms of g(X). As a common
premise to solve the above optimization problem, u,, should fall within the convex hull of
{g(X;),i = 1,...,n}. Then, the optimization problem can be solved using the method of La-
grangian multipliers with the loss function

L={y(y+1)}" Z{(n w,) M —1}— nATZ w;i {g(X:)—ugo}+nyp (1 —Z wi) . (2.1)
i=1 i=1 i=1
As noted in Newey and Smith (2004), by minimizing (2.1), the estimator for w; is
w(3:2) = p X800~ senl ] | > [ (g0X,) o], 2)
j=1

where the function p(x) for different y values are summarized in Table 2.1, and 2 solves the

equation Z:-lzl Y [AT{g(Xi) - .ugo}] {g(Xi)—ugo}=0.
Let W(X;A)=nw(X;A). The proposed calibrated AIPW estimator is then

I{A; =d(X;; B)}
o(A; | X;;7)

7B = > W) (Y= a3 B, O} + a(Xi5B.0).
i=1

Thus, the regime learning procedure can be summarized as a 3-step algorithm:

Step 1: Estimate calibration weights, e.g., using the empirical likelihood method or entropy
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balancing method.
Step 2: Estimate the propensity score 7(-) and the conditional mean outcome u(-) using either
parametric models or nonparametric models.
Step 3: Construct the calibrated AIPW estimator with the components estimated in Steps 1 and
2, and obtain the optimal ITR by maximizing the calibrated AIPW estimator within a class of
pre-specified ITRs, such as linear decision rules.

Before delving into theoretical analysis, it is important to define the underlying population
for which V¢(B) is targeting unambiguously. Toward this end, let A* be the limit of 2 and

W*(X;A) = p [A"{g(X)— o} [E(p [A{8(X) — tgo}])-

In general, the calibration weights are not guaranteed to be non-negative. As pointed out in
Schennach (2007), when y < 0, the estimated weights are non-negative by construction. It
can be shown that f*(X) oc f$(X)W*(X;A*) is a valid density or probability mass function
when y =—1 or 0. Therefore, it defines a pseudo population P*. While for y > 0, the calibration
weights can take on negative values, and thus the corresponding f*(X) is not always a valid
density or probability mass function. Therefore, we focus on y = —1,0 for illustration. It is
expected that V() will converge to the value function under the ITR d(X; ) for the pseudo
population P*, when either the propensity score or the conditional mean outcome model is
correctly specified.

Moreover, when W(X; %) o< f{(X)/f5(X), we have f*(X) = f{(X). Then, V¢(B) is also a
consistent estimator of the value function for the target population. Denote the density or
probability mass function of covariates in the pooled population P as g(X). Then f5(X) and
f'(X) can be described as g(X | S =1) and g(X | S =0), respectively. By Bayesian Theorem, we

have,

fiX)_q(X|$=0) Pr(S=0|X)
f3(X) qX|S=1)  Pr(S=1]X)

If Pr(S =0 X) follows a logistic regression with covariates g(X), we have Pr(S=0| X)/Pr(S =
1 | X) o< exp{a"g(X)}. Moreover, based on (2.2), we have W(X; 1) o< exp{zTg(X)} when
y = 0. Therefore, the weights obtained by the entropy balancing method satisfy W (X; A*) oc
fY(X)/f5(X) under the logistic regression model for Pr(S =0 | X). Similarly, if Pr(S=0] X) can

be represented by the following model

Pr(S=0|X)= all /[1+ al
T 1—ar{g(X) — pgo} 1—ar{g(X)— g} |
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where K is a positive constant and a satisfies 1—a"{g(X)—u4o} > 0, we have Pr(S =0 | X)/Pr(S =
1| X)oe<c[1—a"{g(X)— ,ugo}]_l. Therefore, under the above model, the weights obtained by the
empirical likelihood method satisfy W(X; A*) o< f{(X)/ f5(X).

In general, the calibration weights can not lead to a pseudo population with exactly the
same covariate distribution as for the target population. However, it is expected that with more
constraints based on summary statistics from the target population, the covariate distribution
of the pseudo population will get closer to that of the target population. Therefore, the optimal
ITR obtained based on Vc(/}) would be better than that obtained based on V“(/}). Let V*(B)
denote the value function under the ITR d(X; ) for the pseudo population P* and define
p* = argmax, V(). Then, the true optimal linear ITR for P* is d(X; $*) and the estimated
optimal linear ITR is d(X; ), where ¢ = argmax, V(). Similarly, define 5° = argmax, V°(f).

The estimated optimal linear ITR without calibration is d(X; /3 °).

2.4 Theoretical Properties

In this section, we establish the asymptotic properties of the calibrated AIPW estimator vc(ﬁ °).
The proofs of all theorems are given in Appendix A.1.

We first consider the case when the propensity score model 77(x) and conditional mean
outcome model u(x, a) are estimated based on some posited parametric models 7(X;n) and

u(X, A; 0), respectively. Denote the estimating equations for A, 8, n and V*(f*) as

p[AT{g(Xi)_‘ugO}]{g(Xi)_‘ugO}
lzn: C(Xi’Ai! Yz»H)
na= S(X;, Aism)
W(Xi;x)lp(xi’Ai’ Yuﬁ’g’ﬂ)—‘ﬁ(ﬁ*)
where

I{A; =d(X; B)}
i» A, Xi; »97 =
VAR Y55 0= 0 G )

Let A, 0 and 7] denote the estimators of A, n and € obtained from the above equations and let A*,

(Y —pa(X5; B, 0)} + (X5 B, 0).

0* and n* denote the limits of 2, 0 and 7, respectively. To establish the asymptotic properties

of Vc(ﬁ ¢), we impose the following regularity conditions.

Assumption 3 Assume the following regularity conditions hold: (A6) The supports of X and Y
are bounded. (A7) The function u(x, a) is smooth and bounded for all (x, a). (A8) The weight
function W (x; A) is smooth and bounded away from oo, and it has bounded first derivatives with

respect to A. (A9) The value function V*(f3) is twice continuously differentiable in a neighborhood
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of B*. (A10) There exist some constants &, > 0 such that Pr(|X" p*| < 8)= O(8), where the big-O
term is uniform in0 < 6 < 0,. (A11) (i) A=) = 0,(1), (i) V(0 —0%) = 0,(1), and (iii)
Va(i—n7)= 0,(1).

Conditions (A6) - (A9) are standard regularity conditions used to establish the uniform conver-
gence results. Condition (A10) excludes the situation with Pr(X" B*=0)> 0 and ensures the
true targeted optimal ITR is uniquely defined, known as the margin condition, which is often
assumed to derive a sharp convergence rate for the value function under the estimated optimal
ITR (e.g. Luedtke and Van Der Laan 2016). Condition (A11) assumes the 4/7n-convergence rates
of parameter estimates in the calibration weight function, propensity score model, and condi-
tional mean outcome model, which usually hold under mild conditions for posited parametric
models, for example, a logistic or probit regression model for the propensity score, a linear
model for the conditional mean outcome, and weights obtained using the empirical likelihood

method or entropy balancing method.

Define
gil = W(Xi; A*)w(Yl’An Xi;ﬁ*’ 9*’ T]*)_ V+(/5*)’ gis’ = HQTGQ_IC(XI'!Ai’ Yi; 9*)!
Ei=H, G p[(AV{g(X)—pgolHg(X) g, Eia=H G 'S(X;, Ai),
where

1 (O W(X;; A
H, = lim —Z{ﬁ}w(K,Ai,Xi;/ﬁ*,G*,n*),

n—00 p 4= aA
1 a a Y')Aiin; *)9*’ *
H, = 111205 W(X; A% y asﬂ ) (s=6,n),

G, =—E(p'[(A)"{g(X)— tgo} {8(X) — o HE(X) — tgo}"),
Gy=—E{0C(X,A Y;0%/00"},G,=—E{3S(X,A;n")/on'}.

Note that &;,, &;3 and &, are the terms in the inference function of Vc(ﬁ ©) due to estimators A,

0 and 7, respectively.

Theorem 1 Assume either (X;n) or u(X, A; 0) is correctly specified. Under (A1)-(Al11), we have,
asn — 00, yu{V(B)—-V+(B*)}— N(0, o?%)indistribution, wherec? =E {En+En+Es++Eur)
In addition, 0% can be estimated by replacing expectation with empirical sum and true values
VH(B¥), ¥, 0%, and n* with V<(B), A, 8, and 7, respectively.

Next, we consider the case when both propensity score model 7(x) and conditional mean

outcome model u(x, a) are estimated by flexible semi/nonparametric models with certain
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convergence rates. For example, 77(x) and/or u(x, a) are estimated using kernel regression
or random forest. Let 77(x) and i(x, a) denote the corresponding estimators. The calibrated
AIPW estimator Vc(ﬁ) can be similarly defined by replacing n(x; 1) and u(x, a; 0 ) with 7T(x)
and [i(x, a), respectively. To derive the asymptotic distribution of V(8), we need the following
modified condition. For a function f(Z), where Z is a generic random variable, we define its
Lynormas||f(Z)l| ={[ f(zPdE(2)}'"

(AL) () VAR =A%) = 0, (1); () [IF(X) (Xl X, IAX, @) —u(X, @)l| = 0,(n /%),

Condition (A11’) (ii) is commonly imposed in the causal inference literature to derive the
asymptotic distribution of the AIPW estimators when the nuisance functions are estimated with
certain convergence rates (Kennedy 2016; Farrell et al. 2021). For example, if 77(x) is estimated
based on a correctly specified parametric model, 7T(x) is +/7-consistent. Then it only requires
U(x,a) to be consistent for (A11’) to hold. This can be easily achieved by most nonparametric
regression methods. However, when both u(x, a) and 7t(x) are estimated nonparametrically, it
usually requires both terms to be estimated with the rate op(n‘l/ 4). This can be achieved by some
nonparametric methods, such as kernel regression or random forest under certain conditions.
With Condition (A11’) (ii), we can establish the 4/n-consistency of ?C(ﬁ ©). In addition, the
asymptotic variance of Vc(ﬁ ¢)will not depend on the variances of estimates 77(x) and t(x, a).
The results are summarized in the following theorem.

Theorem 2 Under (Al)-(A10) and (Al11’), we have, as n — 00, v/ n{ VC(EC)— V*H(p*)}— N(0, ag)
in distribution, where o5 =E {(5 n+é iz)z}. Here, &£, and &;, are defined the same as in Theorem
1 but replacing nt(x; 1) and u(x, a; 8) with ©(x) and u(x, a), respectively. In addition, a§ can be
estimated by replacing expectation with empirical sum and true values V*(p*), A*, n(x) and
u(x,a) with Vc(ﬁc), A, 7i(x) and Uu(x,a), respectively.

Remark 1 The theorems established above focus on the inference for the optimal value function.
In the proof of Theorems 1 and 2, we show that E ¢ has the cubic root convergence rate. In addition,
the asymptotic distribution of /3 ¢ can be established and its associated inference can be done by
bootstrap-based methods (e.g. Cattaneo et al. 2020).

Finally, we compare the efficiency of V°(8) and V() when the source and target popula-
tions have the same covariate distributions, i.e. P* =P'. Under such case, V()= V'(), the

value function under the ITR d(X; ) for the target population.

Theorem 3 Assume (Al)-(A10) and (A11’) hold. When P* = P', we have that both yn{V°(p)—
VY B)} and v/ n{ Vc(ﬁ)— VY(B)} are asymptotically normal with mean zero, while the latter one
has the same or smaller asymptotic variance.
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Theorem 3 implies that even when the source and target populations have the same covari-
ate distributions, the calibrated AIPW value estimator can be more efficient than the original
AIPW value estimator without calibration. The efficiency gain of the calibrated estimator
comes from the constraints imposed based on available summary statistics of the covariate

distribution for the target population.

2.5 Simulation Studies

We have carried out extensive simulation studies to evaluate the performance of the proposed
methods. Here we focus on two methods for computing the weights: empirical likelihood
(y =—1) and entropy balancing (y = 0). The results for y =1 are provided in Appendix A.2. For
illustration, we only considered means of all covariates as the summary statistics from the
target population. The corresponding pseudo populations are denoted as P, for y =0 and
P}, for y = —1, respectively. Table 2.2 defines additional notation for the simulation. Since
estimated value functions are non-smooth and non-convex in 3, following Zhang et al. (2012),
we used the genetic algorithm (Whitley 1994) to find /3 ° /3; » and /3; ;- The optimization was
implemented using the function genoud in the R package rgenoud (Mebane Jr and Sekhon
2011).

Table 2.2: Additional notation used in the simulation studies.

Population Value Optimal ITR Estimators
Pt VYpB) dXx;pY; pt= argmax VY{p)
Prs Vis(B)  d(X;Brg) Brp = argmaxpg Vis(B) YJ\ECB(ﬂ); /i}(biB = argmaxg KECB(ﬁ)
Prr Vi (B)  d(X; B, ) By, = argmaxy Vi (B) - Vi, (B); By, = argmaxy Vi, (B)

For the source sample, outcomes are generated from the model Y = u(X, A) + €, where
X= (XI’XZ’XB)T’

2sign(X; — X7 +1)
u(X,A)=exp{2—0.1X, —0.2X, +0.2X; + A ,

2+ X;— X2 +1]

and € is generated from a normal distribution with mean 0 and variance 0.25. In addition, we
considered two different propensity score models for the treatment indicator A: (X) = 0.5,
which represents a randomization study; logit{7r(X)} = 0.5X; —0.5X, 4+ 0.5X3, which represents
an observational study.
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We considered four different scenarios of the covariate distributions for P® and P!, which are
summarized in Table 2.3 and Table 2.4. In Scenario 1, the covariate distributions of the source
and target populations are the same. We have P* = P} . = P%, = P'. In Scenario 2, the ratio
fY(X)/ f5(X) can be written as exp{In(0.4)+In(4) X, } or 1/{1—1.875(X,—0.8)}. It can be shown that
W(X;A*) o< fY(X)/ f*(X) for both calibration methods. Therefore, we have P}, =P}, =P'even
if we only use means of covariates as the summary statistics from the target population. This
implies V,(B) = V;,(B)= V'(B), and both "/;CB(/JA’ »p) and T/;CL(BE ;) are consistent estimators
of V(') when either the propensity score or conditional mean outcome model is correctly
specified. However, in Scenarios 3 and 4, W(X; A*) is no longer proportional to f'(X)/f5(X
Thus, VC /3’ ;) and VC /3 ;) are doubly robust estimators only for the value functions of thelr

corresponding pseudo populations, but not for that of the target population.

Table 2.3: Covariate distributions for P® and P* used in the simulation studies.

Scenario f3(X) fiX)
. X, ~ Bernoulli(0.5) X, ~ Bernoulli(0.5)
(X5, X3)" ~ N((—1,0)", %) (X5, X3)" ~N((—1,0)", %)
X, ~Bernoulli(0.5) X, ~Bernoulli(0.8)
2 (X, X3)" [ X, =1~ N((1,-1)5,%;) (X5, X3)" | X; =1~ N((1,-1),%)
(X2, X3)' | X3 =0~ N((—1,1)1,%;) (X5, X3)" [ X; =0~ N((—1,1),%,)

) X, ~ Bernoulli(0.8)
X, ~Bernoulli(0.7)

(

(

(—

(0.
3 (X, X3 ~ N((0.1,—0.2)7,%,)  X2Xs)' | Xi=1~N({1,~1), %)
(X3, X5)" | X1 =0~ N((—1,1)", %)
(0.8
(1
(—

X, ~Bernoulli(0

X; ~Bernoulli(0.6) )
! Ko X~ N(0,0F, %) K Xa)' 1 X =1~N(
(Xz, X3)" | X3 =0~ N(

1 —0.25 1 —-03
Zl == y 22 == .
—0.25 1 —0.3 1

y ) )
1,1),%,)
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Table 2.4:

Summary statistics of X, X,, X; in different scenarios.

. . Scenario
Population Statistics
1 2 3 4
ps Mean 0.5,—-1,0 | 0.5,0,0 | 0.7,0.1,—0.2 | 0.6,0,0
Variance | 0.25,1,1 | 0.25,2,2 0.21,1,1 0.24,1,1
pt Mean 0.5,—1,0 0.8,0.6,—0.6
Variance | 0.25,1,1 0.16,1.64,1.64

We considered a source sample with size n = 250, 1000. For each setting, we conducted
500 replications. In our implementation, the propensity score and conditional mean outcome
models are estimated using two methods:

(I) Both are estimated based on posited parametric models. In particular, the propensity
score is estimated using a correctly specified logistic regression model, while the con-
ditional mean outcome is estimated using a linear model with all the covariates and

covariate-treatment interactions, which is a misspecified model.

(I) The propensity score is estimated nonparametrically using a generalized additive model,
and the conditional mean outcome model u(x, a) is estimated nonparametrically using

the random forest for a =0 and 1, separately.

We also implemented Q-learning as a benchmark for comparison. Specifically, we fitted lin-
ear models for Q-functions and inferred optimal linear ITRs from the estimated Q-functions. An
ITR estimated by Q-learning is denoted as d/(x; /30). To evaluate and compare the performance
of estimated optimal ITRs obtained from the original AIPW estimator, proposed calibrated
AIPW estimators, and Q-learning, we compute the corresponding value functions and percent-
ages of correct decisions for the target population. Specifically, we generate covariates X" for a
large sample with size N = 10° from the target population. The value function of an estimated
ITR d(x;3), where p = 8°, ﬁgB, ﬁgL, or EQ is computed by V()= N Zi.v:l,u{Xit, d(Xi‘;ﬁ)},
and its associated percentage of correct decisions is 1 — N} ZL ld(X}; ﬁ )—d(X}; Y. Here,
the true optimal ITR d(X; B') for the target population is obtained by maximizing V() over
p using the grid-search method. We report the values and percentages of correct decisions
results of d(x; /30), d(x; /ggB), d(x; ﬁgL), and d(x; /§Q) for the observational study in Figure 2.1
(method I) and Figure 2.2 (method II). Similar results for the randomization study are provided
in Appendix A.2.

We have the following observations. In Scenario 1, the optimal ITR estimated by Q-learning
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Figure 2.1: The value and percentage of correct decisions results of estimated optimal ITRs
for the observational study with implementation method I. The red lines are the values of the
true optimal ITRs for the target population.
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Figure 2.2: The value and percentage of correct decisions results of estimated optimal ITRs
for the observational study with implementation method II. The red lines are the values of the
true optimal ITRs for the target population.
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has poor performance in terms of value and percentage of correct decisions, due to the mis-
specification of Q-function. All other three estimated optimal ITRs have good and comparable
performance in terms of values and percentages of correct decisions, which is expected since
Ps = IP’“]; 5= IP’“]; .= P'. In addition, as the sample size increases, the means of value functions
become closer to the true optimal value for the target population, percentages of correct deci-
sions get closer to 1, and the standard deviations of value functions and percentages of correct
decisions become smaller. However, in Scenarios 2-4 where P* # P!, the estimated optimal ITR
obtained using the original method has poor performance: the means of value functions are
much smaller than the true optimal value for the target population and percentages of correct
decisions are also much smaller than 1. This implies that the estimated optimal ITR obtained
using the original method may not generalize well to the target population when P* # P*. The
optimal ITR estimated by Q-learning still yields poor performance. However, the estimated
optimal ITRs obtained using the proposed calibration methods still have competitive perfor-
mance similar to those observed in Scenario 1. This supports that the proposed calibration
using summary statistics can improve the treatment decision for the target population.

Next, we study the estimation and inference results of T/;S‘B(ﬁ »p)and T/LS (ﬁ 7). For imple-

L
mentation method I, the asymptotic variances of V}B(ﬁg z) and T/;CL(/?; ;) were estimated using
the results established in Theorem 1, while for implementation method II, the corresponding
asymptotic variances were estimated using the results established in Theorem 2 because Con-
dition (A11’) holds. In our simulations, we observed that the empirical likelihood method may
produce a few extreme calibration weights in Scenarios 3 and 4. These extreme weights usually
do not inflate the biases of V;L(ﬁg ;) but they do lead to overestimated standard errors due to
the instability in variance estimation. To control the effects of these extreme weights, we stabi-
lize the weights by reducing the large weights w; (> a,") to w; according to (i;)! =(w;)™" +a,
for a, = 0,(n). Such a stabilization leads all weights to be no larger than a_'. The rationale
for considering a, to be 0,(n) is that because w; oc n™', the stabilization does not affect the
weights asymptotically. In the simulation study, we take a, = 12logn. Based on our numerical
studies, such a stabilization does not affect the biases of VECL(ﬁg ;) much but can give a rea-
sonable standard error estimate. On the other hand, the calibration weights computed using
the entropy balancing method do not have any extreme values in all four scenarios. Such an
observation is consistent with the findings in the literature since the entropy balancing loss
tends to penalize the deviation of the estimated weights w;’s from n~! more than the empirical
likelihood method. We report the mean and standard deviation of T/\E‘:B(/’j\ -p)and T/;CL([JA’]‘; ) the
mean of estimated standard errors and the empirical coverage probability (CP) of 95% Wald-
type confidence intervals. The true optimal values V[, (87 ;) and V;, (B}, ) are computed using
the grid-search method based on a large dataset generated from the corresponding pseudo
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populations similar to the computation of V'("). In addition, we consider two types of CP:
(1) CP™ for the optimal values V,/;(B%,) or V. (B} ,) of the corresponding pseudo population;
(2) CP" for the optimal values V(") of the target population. Simulation results for the ob-
servational study are summarized in Table 2.5 with implementation method I and Table 2.6
with implementation method II. Similar results for the randomization study are provided in
Appendix A.2.

Table 2.5: Simulation results for the observational study with implementation method I. Mean,
the average of estimates; SD, the empirical standard deviation of estimates; SE, the mean of
estimated standard errors; CP*(%), the empirical coverage probability of a 95% confidence in-
terval for V1, (B% ;) or V.. (B%,); CP'(%), the empirical coverage probability of a 95% confidence
interval for V(Y.

Scenario 1 2 3 4
Method n 250 1000 250 1000 250 1000 250 1000
VY{BY 12.28 8.00 8.00 8.00
V(B s) 12.28 8.00 7.99 7.99
Mean 12.34 1232 8.20 8.06 8.22 8.08 8.24 8.08
Entropy SD 042 021 036 0.17 031 0.16 045 0.17
Balancing SE 047 024 041 0.19 035 0.17 0.43 0.19

CP* 96.8 956 954 95.6 950 952 946 94.8
CP' 96.8 956 954 95.6 952 96.0 94.8 96.0

V(B 12.28 8.00 8.14 8.16
Mean 1236 12.31 8.17 806 809 819 7.90 822
Empirical  SD 041 022 037 0.16 035 020 043 0.26
Likelihood ~ SE 038 020 041 019 032 020 037 027

CP* 93.6 96.0 964 970 920 968 81.2 94.0
CP! 93.6 96.0 964 970 932 884 870 934

We have the following observations. In Scenarios 1 and 2, since P, =P;, =P', we have
Vi (Brg) =V (B:,)=V'(B"). Both calibrated value estimators are nearly unbiased. The mean
of estimated standard errors is close to the standard deviation of the estimators, and the em-
pirical coverage probability of 95% confidence intervals is close to the nominal level for all
settings. In Scenarios 3 and 4, V/;(B5 ;) or V., (B5,) is no longer equal to V'(3"). However, we
can see that both V,(8} ;) and V/, (B;},) are close to V'(3"). In particular, the difference be-
tween V(B ;) and V(") is nearly negligible. This implies that both calibration methods give
good approximation of the target population, while the entropy balancing method is better
than the empirical likelihood method for the considered Scenarios 3 and 4. A possible explana-

tion is that the probability Pr(S = 0| X) can be well approximated by a logistic regression under
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Table 2.6: Simulation results for the observational study with implementation method II.
Mean, the average of estimates; SD, the empirical standard deviation of estimates; SE, the
mean of estimated standard errors; CP* (%), the empirical coverage probability of a 95% confi-
dence interval for V,/;(B%,) or V. (B5,); CPY(%), the empirical coverage probability of a 95%
confidence interval for V'(8").

Scenario 1 2 3 4

Method n 250 1000 250 1000 250 1000 250 1000

VY{B"Y 12.28 8.00 8.00 8.00

Vi (Brg) 12.28 8.00 7.99 7.99
Mean 1242 1232 8.12 8.03 8.15 8.06 8.19 8.06
Entropy SD 050 0.22 033 0.15 029 0.13 0.34 0.15
Balancing SE 054 025 038 0.18 030 0.14 037 0.17
Cp* 974 97.0 96.8 96.2 938 954 946 954
CP! 974 97.0 96.8 96.2 946 95.6 95.0 96.0

Ve (B)) 12.28 8.00 8.14 8.16
Mean 1242 1232 8.11 8.03 8.06 8.18 7.86 8.16
Empirical SD 050 0.23 033 0.15 031 0.17 0.43 0.23
Likelihood SE 046 0.21 037 0.17 029 0.17 035 0.24
Cp* 954 954 96.6 96.0 916 954 744 93.2
CPp! 954 954 96.6 96.0 940 84.0 834 96.2

Scenarios 3 and 4 so that the entropy balancing calibration method can approximate the target
population very well. Moreover, the entropy balancing estimators are nearly unbiased, the
mean of estimated standard errors is close to the standard deviation of the estimators, and the
empirical coverage probabilities of 95% confidence intervals for both V(85 ;) and V(B") are
close to the nominal level for all settings. For the empirical likelihood method, as n increases,
the mean of estimators get closer to its true value V,, (8}, ), the mean of estimated standard
errors get closer to the standard deviation of estimators, and the empirical coverage probability
of 95% confidence intervals for V, (B} ,) get closer to the nominal level as expected. However,
because of the difference between V(8% ,) and V'(B"), the empirical coverage probability of
95% confidence intervals for V(") is lower than the nominal level for some settings even when
n increases to 1000. Finally, standard deviations of the estimators reported in Table 2.6 for im-
plementation method II are generally smaller than the corresponding values reported in Table
2.5 for implementation method I. Such efficiency gains are mainly due to the nonparametric
fit of the conditional mean outcome model in implementation method II compared with the
misspecified parametric conditional mean outcome model used in implementation method I.

We also compared the original AIPW estimator without calibration with the calibrated AIPW

estimators under Scenario 1, where the source and target populations are identical. As expected,
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all three estimators are consistent for the optimal value of the target population. The standard
deviations of the original AIPW estimator for observational study with implementation method
IT are 0.55,0.27 for n = 250,1000. These values are larger than the corresponding values of
calibrated estimators in Table 2.6, which supports the results established in Theorem 3.

2.6 Real Data Application

We illustrate the proposed method using an application to data from the eICU collabora-
tive research database (eICU-CRD) (Goldberger et al. 2000; Pollard et al. 2018, 2019) and the
MIMIC-III clinical database (Goldberger et al. 2000; Johnson et al. 2016, 2019). Specifically,
we use the eICU dataset as the source population, while treating the MIMIC-III dataset as
the target population. Both MIMIC-III and eICU data consist of patients who suffered from
sepsis. The elCU-CRD is a multi-center ICU database comprising de-identified health-related
data associated with over 200,000 admissions to ICUs across the US between 2014-2015. The
MIMIC-III database is a single-center ICU database comprising de-identified health-related
data associated with over 40,000 patients who stayed in critical care units of the Beth Israel
Deaconess Medical Center between 2001 and 2012. It is likely that the populations in the two
databases have some heterogeneity.

Both eICU and MIMIC-III data collected information from ICU patients with sepsis disease,
and thus contain common baseline covariates and treatment. In our study, we consider p =7
baseline covariates in both samples: age (years), admission weights (kg), admission tempera-
ture (Celsius), glucose level (mg/dL), blood urea nitrogen (BUN) amount (mg/dL), creatinine
amount (mg/dL), white blood cell (WBC) count (K/uL). Here, treatment is coded as 1 if receiv-
ing the vasopressor, and 0 if receiving other medical supervisions such as IV fluid resuscitation.
We consider the cumulative balance (mL) as the outcome of interest. A positive cumulative bal-
ance indicates that a patient’s fluid input is higher than their output. The condition describing
excess fluid is known as hypervolaemia or fluid overload. In critically ill patients, fluid overload
is related to increased mortality and also leads to several complications like pulmonary edema,
cardiac failure, tissue breakdown, and impaired bowel function (Claure-Del Granado and
Mehta 2016). A negative cumulative balance indicates that a patient’s fluid output is higher
than their input. The condition describing inadequate fluid is known as hypovolaemia. Patients
with severe hypovolemia can develop ischemic injury of vital organs, leading to multi-system
organ failure (Taghavi and Askari 2021). We use Y =—|cumulative balance| as the outcome, so
a larger value of the outcome is better. After removing abnormal values, the MIMIC-III dataset
consists of 10746 subjects, among which 2242 patients were treated with the vasopressor, while

the rest were treated with other medical supervisions. The MIMIC-III data is treated as the
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target population. We sample n = 1000 subjects from the eICU dataset as the source sample,
among which 271 patients were treated with the vasopressor, while the rest were treated with
other medical supervisions. Table 2.7 summarizes the mean and standard deviation of the
outcome and covariates in the source and target samples. We can see some differences in the

means of some covariates, such as glucose level, blood urea nitrogen amount, and WBC count.

Table 2.7: Mean and standard deviations (in parenthesis) of baseline characteristics in the
source and target datasets.

Source Target
—|Cumulative Balance| (Y) -1746.6 (1561.3) -1785.0 (1246.6)
Age (X;) 65.7 (15.1) 66.5 (16.5)
Admission Weights (X,) 80.0 (22.9) 79.7 (20.7)
Admission Temperature (X;) 36.5 (1.1) 36.8 (0.8)
Glucose (X,) 158.6 (102.7) 145.6 (72.4)
BUN (X;) 31.7 (20.3) 27.9 (18.4)
Creatinine (Xg) 1.8 (1.5) 1.5(1.4)
WBC (X5) 14.4 (8.4) 12.0 (6.5)

We used the means of all seven covariates of the target population as the summary statistics
to estimate the calibration weights by the entropy balancing and empirical likelihood methods.
We computed three optimal linear ITRs, d(x; °), d(x; /3; z)» and d(x; B ;) by maximizing the
original and calibrated AIPW value function estimators based on the source sample. In our
implementation, the propensity score model was estimated using a logistic regression with all
covariates and the conditional mean outcome model was estimated using the random forest
for treatments 0 and 1 separately. To assess the performance of these three estimated optimal
ITRs for treatment decisions in the target population, we apply them to random samples drawn
from the target population. Specifically, we randomly sample N = 1000 subjects from the
MIMIC-III data as the target sample and repeat this sampling procedure 100 times. We have
individual-level data from the target population, which can be used as the benchmark for
evaluation. For a given I'TR d(x; ), we computed the AIPW estimator of its value function

based on the target sample by

DA =dXEBY e e
Z[ At Xy R B + XS

where p'(A} | X5;1) = n'(X5 A, + {1 - (X511 —AY, g(X5 B)=up'(X], )I{d(X}; B) =1} +
p'(X;,0)I{d(X}; B) =0}, the propensity score 7'(X; 7)) was estlmated using a logistic regression
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model, and the conditional mean outcome models ﬁt(Xit, a), a =0,1, were estimated using
random forest.

Let ff oracle — argmaxg V(). Then, d(x; ff oracle) jg the optimal linear ITR for the target sample
and V\t(ﬁ oracle j5 the associated optimal value, which can serve as the benchmark. We also
computed the estimated values of three estimated ITRs d(x; ﬁ %), d(x; /3; z)»and d(x; ﬁg ;) by
Vt(ﬁ °), Vt(ﬁg 5)» and Vt(ﬁg ;) respectively, and their associated percentages of correct deci-
sions, defined as 1 —N~! ZL ld(X}; ﬁ)— a(X;; /§°rade)| for an estimated ITR d(x; /3’). Table 2.8
summarize the means and standard deviations of the value estimators and percentages of
correct decisions over 100 replications. We can see that the ITRs obtained using the proposed
calibration methods have much better performance than the original AIPW estimator with-
out calibration. Their estimated values are much closer to the optimal value computed using
the target samples and the associated percentages of correct decisions are much closer to 1.
Moreover, the ITR obtained using the entropy balancing method has slightly better perfor-
mance than the one obtained using the empirical likelihood method in terms of both value

and percentage of correct decisions.

Table 2.8: Mean and standard deviations (in parenthesis) of the value estimators and percent-
ages of correct decisions (PCD).

Oracle Entropy Balancing Empirical Likelihood Original

Value -1674.1(47.2) -1752.0 (49.5) -1773.8 (49.3) -1945.3 (75.6)
PCD / 0.80 (0.1) 0.76 (0.1) 0.31 (0.1)
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CHAPTER

3

MULTIPLY ROBUST OFF-POLICY
EVALUATION AND LEARNING UNDER
TRUNCATION BY DEATH

3.1 Introduction

In many real-world applications of personalized decision-making, experimentation and ex-
ploration can be costly, risky, or even unethical, such as healthcare (Qian and Murphy 2011),
education (Mandel et al. 2014), and e-commerce (Swaminathan et al. 2017). This motivates
the study of off-policy evaluation (OPE) and off-policy learning (OPL) in contextual bandits
(Dudik et al. 2014; Wang et al. 2017) and reinforcement learning (Jiang and Li 2016; Fujimoto
et al. 2019; Kallus and Uehara 2020). The goal of OPE is to estimate the expected reward of a
given policy using historical data generated by a potentially different policy, while OPL aims to
derive an optimal policy that maximizes the expected reward based on the available historical
data. In contrast, OPE and OPL have also been extensively studied under the counterfactual
and potential-outcome framework (Rubin 2005). They are closely related to a broad body of
research on causal inference with observational data: OPE can be viewed as evaluating the

expected outcome of patients under a given treatment policy and OPL is to identify the optimal
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treatment policy that yields the greatest expected outcome in populations, known as the value
function (Zhang et al. 2012; Luedtke and Van Der Laan 2016; Kitagawa and Tetenov 2018; Athey
and Wager 2021).

A variety of studies have revealed that the treatment effects can vary significantly across
different (sub)populations due to covariate shift, unmeasured confounding and other reasons.
These issues result in the generalization challenges in both OPE and OPL. Standard OPE
methods no longer provide consistent value estimators, and estimated optimal policies by
standard OPL methods may be suboptimal to certain (sub)populations (e.g. Lipkovich et al.
2017; VanderWeele et al. 2019; Fang et al. 2023). Consequently, there is a pressing need to
develop new OPE and OPL methods that target different (sub)populations. Uehara et al. (2020);
Mo et al. (2021); Chu et al. (2023) focus on the generalization of policy to new populations with
covariate shift and the use of weighting. Cui and Tchetgen Tchetgen (2021); Qiu et al. (2021)
both utilize instrumental variables to address potential unmeasured confounding, and learn
the optimal policy in subpopulations with respect to compliance. However, all of these works
consider the same outcome across different (sub)populations. In many cases, decision-making
goals and outcomes of interest may also be different across various (sub)populations.

For example, in critical care, the primary goal of treatment is to save the lives of seriously
ill patients (i.e., decrease mortality). With advancements in medicine, short-term mortality
has been reduced in many clinical situations (Wunsch et al. 2010; Guérin et al. 2013). However,
surviving critical illness often comes at a cost, as many survivors experience worsened pain,
cognition, physical function, and mental health during and after treatment. To account for
a patient perspective, the significance of improving “patient-important” outcomes, such as
functional outcomes and quality of life among survivors, has gained widespread recognition
and has been underlined when making treatment decisions (Fried et al. 2002; Iwashyna et al.
2010; Dinglas et al. 2018). Another example is that, in vaccine studies, the primary goal is to
estimate the vaccine efficacy, which is a measure of reduction in infection risk for vaccine
relative to placebo. However, in infected patients, the outcome of interest may shift to the
treatment effect on symptom severity (Paltiel et al. 2021). In the aforementioned examples,
the outcome of interest in subpopulations only has a meaningful definition before or after an
event occurs. In the first case, once a patient dies, the quality of life is no longer defined, and
thus it can only be assessed among survivors. In the second case, symptom severity can only
be evaluated after an infection has occurred. The events here can be flexibly defined based
on different study purposes. However, to align with the causal inference literature, we term
such problems as “truncation by death” (Frangakis and Rubin 1999). Truncation by death leads
outcomes to be undefined and thus cannot be simply treated as missing data problems.

One of the proper ways to deal with truncation by death problems is principal stratification

28



(Frangakis and Rubin 2002; Imai 2008; Jiang et al. 2022). Principal stratification partitions
the study population into latent subpopulations, known as principal strata. The partition is
based on potential values of a post-treatment intermediate variable that lies on the causal
pathway between the treatment and the primary outcome (Lipkovich et al. 2022). Throughout
the paper, we consider the survival indicator as the intermediate variable. A meaningful causal
effect can only be defined in a subpopulation whose potential outcomes are always defined. In
other words, subjects in this subpopulation would always survive regardless of the treatments
received. This subpopulation is termed as the always-survivor stratum and the causal contrast
of this stratum is often referred to as the survivor average causal effect. In this paper, we name
the value function and the optimal policy for the always-survivor stratum as the survivor value
function and the survivor-optimal policy, respectively.

Due to the fundamental problem of the potential outcome formulation, the survivor value
function and the survivor-optimal policy are not identifiable without additional assumptions.
Standard approaches for OPE, such as the direct method (DM), inverse propensity weighting
(IPW) (Horvitz and Thompson 1952), and doubly robust (DR) (Zhang et al. 2012; Dudik et al.
2014) estimators, are not consistent for the survivor value function. Furthermore, it is common
in medical studies that observations are subject to right censoring due to dropout or adminis-
trative censoring before the follow-up visit, which however has seldom been considered in the
truncation by death literature. Censoring is a different concept from truncation by death in
that the former leads to missing values in survival status and outcomes, while the latter renders
outcomes undefined. Therefore, the identification of the survivor value function should be

established by incorporating the censoring information.

3.2 Preliminaries

In this section, we introduce the setup, formulate the problem, and review existing works.

3.2.1 Setup

We consider a binary action A € {0,1}. Let X € & C R? denote a vector of pre-treatment
covariates. Let C € {0, 1} be the censoring indicator. Let S € {0, 1} be the survival indicator and
Y the non-mortality primary outcome at the follow-up visit. We assume Y is bounded and
larger values of Y are preferred by convention. We adopt the potential-outcome framework
under the Stable Unit Treatment Value Assumption (SUTVA) (Rubin 2005), and let C(a), S(a),
and Y(a) be the potential values of the censoring indicator, survival indicator, and outcome if

a subject were to receive treatment condition a (a =0, 1). The observed censoring indicator,
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survival indicator, and outcome are thus S = AS(1)+(1—A)S(0), C=AC(1)+(1—A)C(0), and
Y =AY (1)+(1—A)Y(0). If censoring occurs before the follow-up visit, both S and Y are not
observed. If censoring does not occur before the follow-up visit, S is observed, and in this
case, Y is observed when a subject is alive (S = 1). When a subject is dead at the follow-up
visit (S =0), Y is undefined, which is also known as truncation by death. Thus, the observed
dataare {Y;S;(1—-C;),S;(1—C;),C;, A;, X;,i =1,...,n} and we assume they are independent and
identically distributed.

A policy 7: % —[0,1] is a map from covariates to the probability of assigning treatment 1.
If a policy = were implemented in the population, without censoring and truncation by death,

then the population mean outcome, known as the value function, would be
V() =E[Y(1)n(X)+ Y(0){1 —n(X)}].
And the optimal policy 7* in a policy class I1 is the one that maximizes the value function:

" = argmax V(7).
mell

3.2.2 Problem Formulation

Following Frangakis and Rubin (2002), we use the joint potential values of the survival indicator
to define the principal stratification variable, U = {(S(1), S(0)}. For the ease of exposition, we
simplify {(S(1),S(0)} as S(1)S(0) throughout the paper. There exists a one-to-one mapping
between the survival type and the principal stratification variable, which is given in Table 3.1.
The outcomes are only defined in the survivors, which are a mixture of different principal strata.

Table 3.1: Principal stratification and survival types.

U Survival type Description

11 Always-survivor Subjects who would survive regardless of the treatment conditions
10 Protectable Subjects who would survive if treated but die otherwise

00 Never-survivor  Subjects who would die regardless of the treatment conditions

01 Defier Subjects who would survive if untreated but die otherwise

However, a meaningful value function can only be defined in the always-survivor stratum
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whose potential outcomes are always defined and we term it as the survivor value function,
(M) =E[Y()r(X)+ Y (0{1-n(X)} | U =11].

And we define the survivor-optimal policy as the one that maximizes the survivor value func-
tion:

*

7-['-11

argmax V().
nell

Unless otherwise specified, we will omit the subscript and use V() and 7* to denote a survivor
value function and a survivor-optimal policy, instead of a general value function and a general
optimal policy, in the remaining paper. Our first goal is OPE; i.e., estimating V() for a given
policy 7 using the historical data { Y;S;(1—C;), S;(1—-C;), C;, A;, X;,i =1,...,n}. Our second goal
is OPL; i.e., estimating the survivor-optimal policy 7*.

3.2.3 Standard OPE and OPL

We review three types of standard approaches to estimate V(7r) when there is no censoring and
truncation by death (only one stratum, always-survivor, exists and the survivor value function
is equal to the general value function).

(i) Direct method (DM) estimates the condition mean outcome functions u,(x)=E[Y(a) |
X = x]and VPM() =P, [, (X)7(X) + fo(X){1 — (X)}], where P, [ h(X)] = % Z?:l h(X;) for any
given function h(X). DM estimators are known to be sensitive against model misspecification

with regards to u,(x).

AX)
PalX)

arn(x)+(1—a){1—n(x)}, ,(x)is an approximation of ¢ ,(x)=ap(x)+(1—a){l—p(x)}, where

(ii) Inverse probability weighting (IPW) estimator V*W(rr) = ]P’n[ Y], where 7,(x) =
¢(x)=Pr(A=1|X = x) is the propensity score, which is also known as the behavior policy that
was used to generate the historical data. This estimator is unbiased when the propensity score
is known but it often suffers from high variance.

(iii) Doubly robust (DR) estimator VPR(7r) = VPM(7)+ P, [ gAg%{ Y — (X )}]. This estimator
is consistent if either the conditional mean outcome model or propensity score model is

correctly specified.

These estimators are also used for OPL (Zhang et al. 2013; Luckett et al. 2020; Athey and
Wager 2021). However, when utilizing these standard methods, one implicitly makes the “miss-
ing at random” assumption, which posits that the outcomes of non-survivors are missing,
and their conditional distributions given covariates and treatment are equivalent to those of
survivors. Nevertheless, the outcomes of non-survivors are not well-defined, and even if they
were, they are likely to differ from those of survivors because death implies the deterioration of
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underlying health conditions. Consequently, standard OPE and OPL methods are not suitable
approaches to deal with the truncation by death problems.

3.3 Identification, EIF, and Efficiency Bound
We first make the following identification assumptions.

Assumption 4 (i) Al {C(a),S(a)}| X; (@) AL Y(a)|S(a)=1,X, fora=0,]1.

Assumption 4 rules out unmeasured confounding between the treatment and potential values
of the censoring indicator, survival indicator and outcome. It holds by the design of a random-
ized experiment. It also holds if the observed covariates include all the confounders that affect

the treatment as well as the censoring indicator, survival indicator, and outcome.

Assumption 5 (i) E[S(a) | C(a) = 0,X] = E[S(a) | X]; (ii) E[Y(a) | S(a) =1,C(a) =0,X] =
E[(Y(a)|S(a)=1,X], fora=0,1.

With Assumption 4, Assumption 5 implies that the survival probability for a subject does not
vary across censoring and non-censoring groups. And the conditional mean outcomes of

survivors are identical in both censoring and non-censoring groups.

Assumption 6 S(1)> S(0) almost surely.

Assumption 6 is known as the monotonicity assumption (Sommer and Zeger 1991; Follmann
2006), which implies that the treatment has a non-negative impact on the survival of all subjects,
which rules out the defier stratum (U = 01). It is often plausible in observational studies since
providers cannot assign inferior treatment to patients. Then, from Table 3.1, the observed
survivors are a mixture of the always-survivor stratum (U = 11) and the protectable stratum
(U =10).

Assumption 7 E[Y(1)| U =11,X]=E[Y(1)| U =10, X].

Assumption 7, known as the principal ignorability assumption, is widely used in principal
causal analysis literature (Follmann 2000; Stuart and Jo 2015). Under Assumptions 4 and 6,

Assumption 7 is equivalent to
E[lY(1)|U=11,A=1,8S=1,X]=E[Y(1)|]lU=10,A=1,5S=1,X]. (3.1)

(3.1) implies that the expectations of the potential outcome Y (1) conditional on covariates

are identical in both the always-survivor stratum and the protectable stratum. Further with
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Assumption 5, they simplify to the observable conditional expectationE[Y |[A=1,C =0,S =
1, X]. This assumption may not be easily justified by prior knowledge and may be violated in
some applications. We provide a sensitivity analysis technique for the potential violation of
this assumption in Appendix B.3.

Define the propensity score ¢(x)=Pr(A=1|X = x)andlet p,(x) = ap(x)+(1—a){1—p(x)}.
Define the non-censoring probability K,(x)=Pr(C =0| A=a, X = x), the observed survival
probability p,(x)=Pr(S=1|A=a,C =0,X = x), and the observed conditional mean outcome
Uao(x)=E[Y|A=a,C=0,S=1,X=x],fora=0,1.Let p, =E[p,(X)]. Suppose the nuisance
functions satisfy the following assumption.

Assumption 8 {y,(x), K,(x), p.(x)} >0, |u,(x)| < L, for some L>0, and x € X .

The assumption of positivity for ¢,(x) implies that every individual has a non-zero proba-
bility of receiving or not receiving the treatment. Similarly, the positivity assumption for K,(x)
implies that each individual has a non-zero probability of being censored or not censored, while
the positivity assumption for p,(x) implies that each individual has a non-zero probability
of surviving or not surviving. In practice, these assumptions are generally expected to hold.
Furthermore, the bounded conditional mean outcome model u,(x) is reasonable because
outcomes, such as quality of life, are typically bounded in real-world applications.

The following theorem provides a nonparametric identification formula for V().

Theorem 4 Let I1 be a policy class. Under Assumptions 4-8, for any given policy € 11, the
survivor value function V (r) is identified,

V(n):E[pO(X){ A 1-C S 1-A1-C S

Yr(X)+ Y{l—n(X)}H.
po LX) K (X) po(X) Po(X) Ko(X) po(X)

Based on the identification formula provided in Theorem 4, we derive the EIF and the
semiparametric efficiency bound for V(7).

Define

_ I(A=a)l(C = O0}{S — p(X)}

Vs 0a(X)K,(X)

+ pa(X), (3.2)

" _I(A=a)l(C = 0}{YS —uy(X)pa(X)}
Y@= 0a(X)K,(X)

+ Ua(X)Pa(X). 3.3)
Theorem 5 Suppose V() is identified in Theorem 4. The EIF for V(r) is

V= {¢7T - V(ﬂ)wsm)}/l?o’
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and the semiparametric efficiency bound for V() is

() =E[{p.— V(s po] »

where ¢, = [.Ul(X) {wsm) - %iﬂsu)} + ,’j?g%l/im)su)] T(X)+ Y ys0){1 = 7(X)}.

3.4 Multiply Robust OPE

The EIF v, motivates the following estimator for V(r):

P.()

V(m)=—"-"—,
Pn{lps(o)}

(3.4)

where a)\,r and 1,’0\ s(0) are the estimators for ¢, and v 5y, respectively. From (3.2) and (3.3), we can
first build estimators for ¢,(X), K,(X), and p,(X), and then combine them to get estimators
for Y g,) and Y y(4)s(4)- Finally, we can construct estimators for ¢, and V(7).

We first consider the case when nuisance functions are estimated parametrically. Let
Ya(x; ), K,(x;1), pa(x;7) and p,(x; ) be working parametric models for ¢, (x), K,(x), p.(x)
and u,(x), respectively. Based on the maximum likelihood estimation, we obtain estimators
a, n, v, and Z Let a*, n*, v*, and {* be the limits of @, 7, 7, and Z, respectively. We use ./
with subscripts “ps”, “cs”, “sp”, and “om” to denote models with the correct specification of
the propensity score, non-censoring probability, survival probability, and conditional mean
outcome, respectively. For example, under ./, we have ¢,(x; a*) = ¢,(x). In addition, we use
“+” in the subscript to indicate that multiple nuisance functions are correctly specified. For
example, ./, denotes models with correctly specified ¢,(x; @) and K,(x;n). We also use
the union notation to denote the correct specification of at least one nuisance function, for

example, ./ s U ./, denotes models with correctly specified {p(x; ), K,(x;n)} or p,(x;7).

For 1) and ' y(a)s), We have the estimators /g, = H(A:"(p)jg;:a(;)}(j&’%fﬂ} + p.(X;7), and
-~ I(A=a)I(C=0){Y S—p1(X;)pa (X;7) P . i
Vyiasa = 22 %U{(;amj(x;ﬁivp D4 1,(X;0)pa(X;7). Then for ¢, we have the estimator

¢r= [.Ul(X; 2) {{ES(O) - %{P\sm} + %{/)\Y(nsm] x7(X) + P yys) ¥ {1 —7(X)}. Plugging ¢
and v g into (3.4), we have a multiply robust (MR) estimator and we denote it as vMR(n).

Assumption 9 {¢,(x;Q), K,(x;1), po(x;7)} >0, |ua(x; < L, forsomeL>0,and x € X .

Theorem 6 Suppose Assumptions 4-9 hold, VMR(rt) is multiply robust in the sense that it is
consistent for V() under M s csspY - MpsicstomS-Msprom- Moreover, under M ys. s sproms VMR (1)

has the influence function v, and achieves the semiparametric efficiency bound Y ().
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Remark 2 Though in M s, cc.sp ANA My, cs10m, We require both of the propensity score and the
non-censoring probability to be correctly specified, we actually only need the correct specification
of the product of these two nuisance functions, that is ¢ ,(x)K,(x)=Pr(A=a,C=0| X =x), to
achieve the consistency. Therefore, the estimator is triply robust in the sense it is consistent for

V(n) ifany two of Pr(A=a,C =0| X = x), p,(x), and u,(x) are correctly specified.

Alternatively, the nuisance functions can also be estimated using nonparametric models.
We denote them as @,(x), K,(x), p,(x), and fi,(x). For a vector z, we use ||z|, = (z72)? to
denote its Euclidean norm. For a function f(Z), where Z is a generic random variable, we
define its L,-norm as || f(Z)| ={ f(2)?d P(2)}"/2.

Assumption 10 (i) {cﬁa(x),{f@(x),{ﬁa(x)} > 0, |u,(x)| < L, for some L > 0, and x € &'; (ii)
{Ba(x), Ky (%), Palx), Ba(x)} and {p,(x), Ky(x), pa(x), 114(x)} are in a Donsker class, and
{Pa(x), Ko (), Pal), B0} = {00(2), Ko (), alx), ()} for x € 22 (i) |§(X)—g (X)IR(X)—
h(X)Il=0,(n"'?), forany g # h € (¢, x Ko, Pa> ha)-

Theorem 7 Suppose that Assumptions 4-8 and 10 hold. VMR(r) is asymptotically normal, has

the influence function v,, and achieves the semiparametric efficiency bound Y (7).

Remark 3 Assumption 10 is analogous to those for double machine learning estimation of
average causal effects (e.g. Kennedy 2016; Farrell et al. 2021). The Donsker class assumption can
be relaxed by applying the cross-fitting technique (Zheng and Laan 2011; Chernozhukov et al.
2018) and we summarize the procedure in Algorithm 1.

Algorithm 1 Multiply Robust OPE with Cross-fitting

Input: The evaluation policy 7.
Take a £-fold random partition (7, k)i=1 of observation indices {1, ..., n} such that the size of
each fold I is n, =n/&.
Foreach k €{1,...,&}, define I ={1,..., n}\I,.
Define (7;);_, with 7, = {¥;S;(1— C,), 5,(1— C}), Ci, A Xilbiere -
fork=1to & do
Construct estimators @, (x), I?ayk(x), Par(x),and fi,  (x) using 7.
Construct an estimator Vk(ﬂ) defined as (3.4).
end for
Construct an estimator VMR(7) by taking the average of V,(n), for k =1,...,&, i.e., VM¥(7) =
Ly Gilm).
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3.5 From Robust OPE to OPL

In this section, we propose an OPL method based on the MR estimator VMR(r) to estimate the
survivor-optimal policy, which is defined as 7* = argmax_; V(7). A natural estimator for the

survivor-optimal policy would be 7 = argmax__; VM¥(r). In many applications such as clinical
practice, it may be desirable to consider a policy class indexed by a vector of parameters f for
feasibility and interpretability. We denote such a policy class as I15 and its element as 7(x; 3 ). For
example, we can consider a linear policy class I1g = {7(x; ) =1(f Tx>0): R |BIl, =1},
where X =(1, x7)T. Given a linear policy 7t(x; ) € I15, we use a shorthand to write its associated
survivor value function V(r) as V(f). Let f* = argmaxg,s,—; V(f3 ). Then, the survivor-optimal
linear policy is 7t(x; B*). We can establish the MR estimator for a given linear policy 7(x; ) and
we denote it as VMR(). We can obtain the estimated survivor-optimal linear policy, denoted
as 71(x; B) by directly maximizing VMR(g), i.e., B = argmaxg, s, VMR(B).
We first impose the following regularity conditions.

Assumption 11 (i) The survivor value function V (f3) is twice continuously differentiable at a
neighborhood of B*; (ii) There exist some constants 6, > 0 such that P(|X *| < §) = O(5), where
the big-O term is uniform in0< 0 < 0,.

Assumption 11(i) is a standard regularity condition used to establish the uniform conver-
gence results; Assumption 11(ii) excludes the situation with P r(XT B*=0)> 0 and ensures the
true survivor-optimal linear policy is uniquely defined, known as the margin condition, which
is often assumed to derive a sharp convergence rate for the value function under the estimated
optimal policy (e.g. Luedtke and Van Der Laan 2016).

We establish the following Lemma 1 and Theorem 8 when nuisance functions are estimated

nonparametrically. Similar results for parametric estimation are provided in Appendix B.2.
Lemma 1 Suppose that Assumptions 4-8, 10, and 11 hold, we have nl/f‘llﬁ—/}*ll2 = 0,(1).

Theorem 8 Suppose that Assumptions 4-8, 10, and 11 hold, we have /'n { VMR( /3 )— V(/j*)} 4,
A0, Y(7(x; 57)))-

In practice, decision-makers may seek to implement the learned survivor-optimal policy
in two ways: (i) across the entire population, or (ii) exclusively within the always-survivor
stratum. In the case of (i), it becomes essential to strike a balance between the overall survivor
probability of the entire population and the primary outcome of survivors. This balance can
be attained in studies where we have access to individual survival time, denoted by T'. Let T(a)

be the potential survival time of an individual if he/she were given treatment a. Under a given
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policy 7, the population-level ¢-year survival probability (¢ is a user-specified time point) is
given by
B(t;m)=E[Pr({T(1)n(X)+ T(O){1—n(X)}} >t | X)].

The estimation of B(¢; ) has been well-studied in the existing literature (eg. Jiang et al. 2017)
and we denote its estimator as B(; 7). To balance the tradeoff between the survival probability
of the entire population and the the primary outcome of survivors in OPL, we can target specific
levels of survival probability, for example, B(t,m)> A, where A is a user-specified probability.

Then the OPL can be formulated as a constrained optimization problem:

maxirlglize VMR(), st B(t;m)>A.
e

Such a constrained OPL problem has been studied in the literature (e.g. Zhou et al. 2021).

In the case of (ii), it is important to recall the monotonicity assumption discussed in Section
3.3, which is often reasonable in practical scenarios as healthcare providers are typically able
to administer superior treatment to patients. Under this assumption, we can rule out the defier
stratum and are left with three strata: always-survivor, protectable, and never-survivor. In
practice, for a patient with covariates x, we use the survival probability model p,(x) to predict
which stratum he/she belongs to. For instance, if the estimated survival probabilities, p,(x)
and py(x), are both above a specified threshold §,, the patient will be classified as belonging
to the always-survivor stratum. Conversely, if both p,(x) and p,(x) fall below a threshold 6,
the patient will be assigned to the never-survivor stratum. In cases where neither threshold
condition is met, the patient will be categorized as part of the protectable stratum.

For the always-survivor stratum, we implement the learned survivor-optimal policy. For the
never-survivor stratum, we can derive a policy by maximizing B(¢; ) introduced above. Finally,
for the protectable stratum, the optimal policy is always to assign treatment since subjects will
survive if treated but die otherwise.

3.6 Experiments

3.6.1 Synthetic Scenarios

We generate the baseline covariates X = (X;, X,, X;)! from the following distribution: X; ~
Bernoulli(0.5),

(XZ»XS)T|X1 =1~ N((l)_l)T!Zl))
(XZ)XS)T|X1 =0~ N((_l! 1)T! Z:2))
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1 —0.25 1 -03
Zl = y 22 = .
—0.25 1 —-03 1

The treatment is generated from A ~ Bernoulli{y(X)}, and logit{¢(X)} =0.5X; +0.5X, + 0.2X32.
The censoring indicator is generated from C ~ Bernoulli{ K,(X)}, and we consider two models
for K,(X): () logit{ K4(X)} = —X; — X,—0.5X2—A—1; (i) logit{ K4(X)} = —X; — X,—0.5X>— A+0.5.
Models (i) and (ii) result in censoring rates 15% and 30% on the population level, respectively.
The survival indicator is generated from S ~ Bernoulli{p,(X)}, and logit{p,(X)} = —2X1—0.5X22+
X3+ A(4X, +1). The outcome is generated from the model Y = u,(X) + €, where

pa(X)=exp{0.2X; —0.2X, +0.1X5 + 1.5A-sign(X; —2X + X3 > 0)}, (3.5)

and e is generated from a normal distribution with mean 0 and variance 0.25.
We consider five different approaches of nuisance functions approximation for the proposed
MR estimator.

D ¢(x), K,(x), and p,(x) are estimated by correctly specified logistic regression models and

U.(x)is estimated by a correctly specified log-linear regression model.

(D p.(x)and u,(x) are estimated by correctly specified models the same as (I). ¢(x) and

K,(x) are estimated by misspecified logistic regression models.

(IID ¢(x), K,(x), and u,(x) are estimated by correctly specified models the same as (I). p,(x)

is estimated by a misspecified logistic regression model.

(IV) ¢(x), K,(x), and p,(x) are estimated by correctly specified models the same as (I). u,(x)
is estimated by a misspecified linear regression model.

(V) ¢(x), K,(x), and p,(x) are estimated by generalized additive models (GAMs). u,(x) is
estimated by a random forest (RF) model.

OPE: We construct three different evaluation policies as mixtures of a deterministic policy
74 =1(X; —2X7 + X5 > 0) and the uniform random policy 7, by changing a mixture parameter
w,i.e., mt=wmn,;+(1—w)r,. The candidates of the mixture parameter w are {0.7,0.4,0.0}. The
true survivor value function for each evaluation policy is obtained by generating a large sample
using true nuisance functions and applying the empirical version of the identification formula
provided in Theorem 4. We compare five MR methods, (I)-(V), with DM, IPW, and DR methods.
For DM, IPW, and DR methods, we estimate the conditional mean outcome by RF and the
propensity score by GAM. We consider samples with size n = 1000, 2000. For each setting, we

conduct 500 replications. The root-mean-square error (RMSE) and the standard deviation
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Table 3.2: OPE results with n =2000. (a) 0.77, +0.37,, (b) 0.47, +0.67,, (c) 0.0, +1.07,,.

censoring rate:15%

MR-I

RMSE SD

MR-II
RMSE SD

MR-III
RMSE SD

MR-1V
RMSE SD

MR-V
RMSE SD

DM
RMSE SD

IPW
RMSE SD

DR

RMSE SD

(a)
(b)
(c)

0.111
0.096
0.077

0.110
0.096
0.076

0.117 0.114
0.101  0.098
0.080 0.078

0.109 0.109
0.094 0.094
0.075 0.075

0.112 0.112
0.098 0.098
0.084 0.083

0.115 0.114
0.100 0.099
0.083 0.083

0.872 0.078
0.645 0.068
0.345 0.057

0.660 0.141
0.553 0.114
0.412 0.081

0.514
0.447
0.357

0.090
0.077
0.062

censoring rate: 30%

MR-I

MR-II

MR-III

MR-IV

MR-V

DM

IPW

DR

RMSE
(a) | 0.138
(b) | 0.120
(c) | 0.096

SD
0.138
0.120
0.096

RMSE SD

0.148 0.141
0.128 0.122
0.102  0.097

RMSE SD

0.139 0.139
0.121 0.121
0.097  0.097

RMSE SD

0.142 0.142
0.125 0.125
0.109 0.108

RMSE SD

0.149 0.148
0.131 0.131
0.115 0.114

RMSE
0.887
0.666
0.372

SD
0.093
0.082
0.068

RMSE
0.713
0.594
0.436

SD
0.125
0.105
0.082

RMSE
0.543
0.472
0.377

SD
0.112
0.096
0.077

(SD) results with n = 2000 are reported in Table 3.2 and the results with n = 1000 are reported
in Appendix B.4. The MR estimators all outperform the standard estimators including DM,
IPW, and DR estimators. Meanwhile, the RMSE and SD are very close to each other for all MR
estimators, which shows the multiple robustness property that we established in the theorems.

OPL: We consider all policies in the policy class IT; = {m(x; B)=1(8" % >0): B € R, [|B|l, = 1}
as candidates and learn the survivor-optimal linear policy by maximizing the MR estimator
VMR(8) and the DR estimator VPX(B) over 8. The MR and DR estimators are constructed in the
same way as in OPE experiment. Since the value estimators are non-smooth and non-convex
in 3, we use the genetic algorithm to maximize the estimators with respect to  and obtain
ﬁ . To evaluate and compare the performance of estimated survivor-optimal linear policies
obtained by different methods, we compute the corresponding survivor value functions and
percentages of making correct decisions (PCD) for the always-survivor stratum. Specifically, we
first generate baseline covariates for a large sample with size N = 10° and then generate S(0) for
each subject in the sample. Always-survivors are those with §(0) = 1 under the monotonicity
assumption. Let N, = Zil I{S(0); = 1}. The survivor value function for an estimated policy

m(x; ﬁ ) is computed by
e~ N e~ P~
V(B)= N HS(0); = 1 i (X)m(Xi3 B) + po X M1 — (X5 B},
i=1
and its associated PCD is computed by N ZL I{S(0); = 1}|7(X;; B) — m(X;; B*)], where the
true survivor-optimal linear policy 7(x; f*) is obtained by maximizing V() over 8. We report

the value and PCD results for the policies obtained by MR and DR methods in Figures 3.1

and 3.2. We have the following observations. For censoring rate 30%, MR methods all have
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Figure 3.1: The value results of estimated survivor-optimal linear policies under different
censoring rates. The red line is the true optimal survivor value function.
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Figure 3.2: The PCD results of estimated survivor-optimal linear policies under different
censoring rates.
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good and comparable performance in terms of values and PCDs. In addition, as the sample
size increases, the means of values become closer to the true optimal survivor value function,
PCDs get close to 1, and the standard deviations of values and PCDs become smaller. When
the censoring rate decreases to 15%, the performance becomes even better. The values and
PCDs become larger, and their standard deviations become smaller. However, the DR method
has poor performance under all the settings: the means of values are much smaller than the
true optimal survivor value function and PCDs are much smaller than 1. This implies that the
estimated survivor-optimal linear policy obtained using the DR method may not be promising

for the always-survivors.

Table 3.3: Inference results of V(ﬁ )- Mean, the average of estimates; SD, the empirical standard
deviation of estimates; SE, the mean of estimated standard errors; CP, the empirical coverage
probability of a 95% confidence interval for V(*).

Method MR-1I MR-II MR-III MR-IV MR-V DR
censoring rate: 15%

n(x10%) 1 2 1 2 1 2 1 2 1 2 1 2

Mean 3.05 3.04 3.08 3.06 3.03 3.02 3.08 3.05 3.03 3.02 2.27 224

SD 0.19 0.13 0.20 0.14 0.19 0.13 0.18 0.13 0.20 0.14 0.12 0.09
SE 0.18 0.13 0.19 0.13 0.19 0.13 0.19 0.13 0.20 0.14 0.12 0.09
CP 942 948 932 932 946 954 942 938 94.0 960 O 0

censoring rate: 30%
n(x10%) 1 2 1 2 1 2 1 2 1 2 1 2
Mean 3.08 3.04 3.13 3.09 3.05 3.02 3.10 3.05 3.05 3.03 229 2.26

SD 0.22 0.16 0.22 0.17 022 0.16 022 0.16 0.23 0.17 0.15 0.11
SE 0.23 0.16 0.23 0.16 0.23 0.16 0.24 0.16 0.25 0.17 0.14 0.10
CP 96.2 946 944 934 958 946 96.8 944 964 96.0 002 O

—_

Next, we study the inference results of V() obtained by MR and DR methods. The standard
errors (SE) are estimated using the bootstrap method. We report the mean and standard devia-
tion of ?( /3 ), the mean of estimated standard errors, and the empirical coverage probability (CP)
of 95% Wald-type confidence intervals for the true optimal survivor value function V(f*) = 3.02.
The results are summarized in Table 3.3. We have the following observations. For each MR
method, the value estimator is nearly unbiased. The mean of estimated standard errors is close
to the standard deviation of the estimators, and the empirical CP of 95% confidence intervals

is close to the nominal level. The standard deviation under the censoring rate 15% is smaller
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than that under the censoring rate 30%. As the sample size increases, the mean gets closer to
the true optimal survivor value function and the standard deviation becomes smaller. However,

the DR estimator has a large bias and the empirical CP of 95% confidence intervals is 0.

3.6.2 Real Data Application

We illustrate the proposed methods using an application to data from the MIMIC-III clinical
database (Goldberger et al. 2000; Johnson et al. 2016, 2019). The MIMIC-III database comprises
de-identified health-related data associated with over 40,000 patients who stayed in critical
care units of the Beth Israel Deaconess Medical Center between 2001 and 2012. The dataset
contains time-stamped physiological measurements, lab values, and intake/output events. In
this application, we include patients fulfilling the international consensus Sepsis-3 criteria
(Singer et al. 2016). Sepsis is a life-threatening condition and causes organ failure (Rhee et al.
2017). The Sequential Organ Failure Assessment (SOFA) score is to numerically quantifies the
severity of a person’s organ dysfunction. We select those severely ill patients with SOFA scores
larger than 12 at baseline as the study sample. There are 798 subjects in total, among which 496
patients were treated with mechanical ventilation (A = 1), while the rest were not treated with
mechanical ventilation (A = 0). We consider 48 hours as the follow-up time point and the SOFA
score at 48 hours is the outcome of interest (smaller values are preferred). The intermediate
variable is the 48-hour mortality. If a patient survived the first 48 hours after admission to ICU,
then S = 1; otherwise, S = 0. Furthermore, if a patient did not die within the first 48 hours but
the outcome is missing at the follow-up time point, we consider it is censored (C = 1). The
censoring and survival information of the dataset is provided in Table 3.4. We are interested to

estimate the survivor-optimal linear policy in this case.

Table 3.4: Censoring and survival information under two treatments.

A=1|C=0 C=1 A=0|C=0 C=1
S=0| 199 $=0 41
S=1| 244 53 S=1| 129 132

We consider p =7 baseline covariates: age (years), admission weights (kg), admission tem-
perature (Celsius), glucose level (mg/dL), blood urea nitrogen (BUN) amount (mg/dL), creati-
nine amount (mg/dL), white blood cell (WBC) count (K/uL). We randomly sample the training
data with a size 798 x 50% = 399 and the remaining sample is used for testing. We compare the

performance of MR and DR methods. We first construct estimators using the training dataset.
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For the MR method, ¢(x), K,(x), and p,(x) are estimated using GAMs, and u,(x) is estimated
using RE For the DR method, propensity score and conditional mean outcome are estimated
the same as in the MR method. Two survivor-optimal linear policies are obtained by maximizing
the MR and DR estimators within the policy class 15 = {7(x; 8) =1( Tx>0):B€R8|Bl,=1},
respectively. We denote the estimated ’s as SMF and BPF.

We use the MR estimator over the testing sample as the testing value V'**'(). We obtain
the optimal survivor value function V'*'(*) by maximizing the testing value over . We com-
pute the difference between V'*($*) and V“’St(ﬁ MRy "and the difference between V(%)
and V“’St(ﬁ DR), The training-testing procedure is repeated 50 times. We report the results of
Vtest(BMR) _ ytest( ) and Vest(FPR) — Vtest(f*) in Figure 3.3. We can see that the average and
variability of VteSt(ﬁ MR) _ y/test( §*) is smaller than those of V‘eSt(ﬁ DR) _ ytest( §*), which implies
that OPL based on the MR method has better performance than that based on the DR method.

Vtest(® _ Vtest(B )
o — —_
e N o

©
o~
1

MR DR

Figure 3.3: The boxplots of difference between testing values under true and estimated
survivor-optimal linear policies by MR and DR methods.
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CHAPTER

4

A SHADOW VARIABLE APPROACH TO
POLICY EVALUATION AND LEARNING
WITH ONE-SIDED FEEDBACK

4.1 Introduction

Binary decision-making problems are pervasive in the real world, encompassing domains
such as bank loan approval (Pacchiano et al. 2021), job hiring (Raghavan et al. 2020), school
admission (Baker and Hawn 2022), and criminal recidivism prediction (Lakkaraju et al. 2017).
Often, feedback in these scenarios is one-sided. Take bank loan approval as an example: a
decision-maker is presented with covariates describing a loan applicant and decides whether
to grant or deny the loan. If the loan is approved, feedback regarding the applicant’s repayment
is subsequently received. However, if the loan is denied, no further information is obtained.
There are two main objectives in these decision-making processes: (1) evaluating a policy that
aims to approve loans for applicants likely to repay while denying loans to those unlikely to
do so, based on the expected outcomes it achieves; and (2) deriving an optimal policy that
maximizes the expected outcome.

Decision-making with one-sided feedback can be viewed as a special contextual bandit
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problem with two actions, “approve” and “reject”, where the outcome is observable exclusively
when an individual is approved. Significant challenges arise due to the inherent heterogeneity
between the approved and rejected groups—specifically, the conditional distribution of the
outcome given the covariates may differ between these two groups. As a result, using an
outcome model trained on approved samples to predict outcomes for the rejected group is
generally unfeasible. To address model bias, one category of approaches uses exploration
strategies to gather additional information from new samples, gradually reducing the bias
over time (e.g. Jiang et al. 2021; Pacchiano et al. 2021). However, most existing works are
restricted to binary outcomes and specific outcome models, lacking robustness to model
misspecification and unable to generalize to numerical outcomes. Moreover, in real-world
applications, exploration can be costly, risky, or even unethical, such as in healthcare, finance,
and education. This motivates us to develop practical approaches to policy evaluation and
learning for different types of outcomes from observational data (Dudik et al. 2014; Munos et al.
2016; Wang et al. 2017; Fujimoto et al. 2019; Kallus and Uehara 2020; Athey and Wager 2021).
As mentioned above, disparities between approved and rejected groups often lead to vari-
ations in outcome measures due to unobserved differences in action selection, which also
serve as predictors for the outcomes. This phenomenon violates a critical assumption in the
causal inference literature for identifying and estimating the value function, known as the no
unmeasured confounders (NUC) assumption (Imbens 2004). This assumption, also referred to
as strong ignorability (Rosenbaum and Rubin 1983) or exogeneity (Imbens and Rubin 2015),
posits that actions are independent of potential outcomes given the covariates. Under this
assumption, various approaches have been developed for estimating the value function, such
as the inverse propensity weighting (IPW) method (Horvitz and Thompson 1952) and the
doubly robust (DR) method (Dudik et al. 2011; Zhang et al. 2012; Jiang and Li 2016). The NUC
assumption, however, can be often violated in many real-world scenarios. When the NUC
assumption does not hold, the identifiability of the value function may be compromised, and
existing estimators under this assumption may no longer be consistent for the value function.
To deal with such violations, the utilization of instrumental variables (IVs) emerges as a
well-established strategy in the literature (Angrist et al. 1996; Hernan and Robins 2006; Aronow
and Carnegie 2013; Wang and Tchetgen Tchetgen 2018). An IV is defined as a pretreatment
variable that is independent of all unmeasured confounders, and does not have a direct causal
effect on the outcome other than through the action. However, it is acknowledged that identi-
fying suitable IVs poses a considerable challenge, given the potential existence of numerous
unmeasured confounders and the difficulty in eliminating the possibility of an IV’s dependence
on all of them. In contrast to IVs, we consider an alternative approach using a distinct type of
variables known as shadow variables (SVs) (Wang et al. 2014; Shao and Wang 2016; Miao et al.
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2016; Li et al. 2024). SVs are independent of the action after conditioning on fully observed
covariates and the outcome itself. Meanwhile, SVs are related to the outcome, potentially
through unmeasured confounders. For example, in fairness-oriented employment, sensitive
attributes such the age of candidates should be independent of the decision. However, these
attributes may be related to the performance of candidates, thereby qualifying them as SVs.
With the utilization of SVs, we show that the proposed value function is identifiable.

The contribution of this paper is multi-fold.

First, we propose a novel value function for decision-making with one-sided feedback.
Without assuming the NUC condition, we consider a model that involves both outcomes and
covariates for the action assignment mechanism. We provide identification for the proposed
value function under this model by leveraging SVs.

Second, we derive the efficient influence function (EIF) and the semiparametric efficiency
bound of the value function. Motivated by the EIE we develop two different efficient estimators
for the value function with binary and continuous outcomes, respectively. Our proposed
estimation strategy does not require estimating the density when the outcome is continuous,
thereby avoiding instability and distinguishing our methods from existing literature.

Third, we establish theoretical properties for the proposed estimators. We show the esti-
mators are consistent and achieve semiparametric efficiency bound under mild conditions of
nuisance functions approximation.

Fourth, we propose a classification-based framework for learning the optimal policy, which
allows us to leverage a wide range of existing classification tools tailored to different classes of
policies. Through numerical experiments, we demonstrate that the proposed method signifi-

cantly outperforms conventional policy learning methods.

4.2 Preliminaries

We consider a binary action A € {0, 1}, where action 1 denotes “approve” and action 0 denotes
“reject”. Let X € Z' CR” denote a vector of covariates, and Y € R denote the observed outcome
of interest. We assume larger values of Y are preferred by convention. The potential outcomes
Y(a), a = 0,1, which are the outcomes that would be observed if a subject received action
a =0 or a = 1, and both are well-defined in conventional policy evaluation and learning
problems. Under the Stable Unit Treatment Value Assumption (SUTVA) (Rubin 2005), we have
Y = AY(1)+(1—A) Y (0). However, under the one-sided feedback setting, only Y (1)is defined, and
the outcome Y is only observed if an individual is approved (A = 1). In this case, the observed
outcome is always Y = Y(1). The observed data are then {O; =(Y;A;,A;,X;),i =1,...,n} and

we assume they are independent and identically distributed.
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A policy m: % —[0,1] is a map from covariates to the probability of assigning action 1. In
conventional policy evaluation and learning, where potential outcomes are defined for both
actions, implementing a policy 7 in the population would yield the population mean outcome,

commonly referred to as the value function, would be
V(im)=E[Y(Q)n(X)+ Y(0){1—7(X)}]. 4.1

Under the one-sided feedback setting, since Y (0) is not defined, we can no longer use the

definition of value function in (4.1). We define a new value function as
Vi(m)=E{Y (1)r(X)}. (4.2)

The interpretation of V() is straightforward. Consider a practical example of bank loans
and a deterministic policy 7 (where 7(X) can only take on values 0 or 1). Let Y(1) denote the
money earned by the bank if a loan is approved. For an applicant with covariates X, if 7(X)=1,
indicating loan approval, then Y (1)7(X)= Y(1) represents the potential financial outcome for
the bank. On the other hand, if 7(X) =0, indicating loan rejection, the bank neither earns nor
loses any money. Therefore, the newly defined value function V;(7) quantifies the expected
monetary outcome for the bank when implementing policy 7 for loan approvals. We define

the optimal policy as the one that maximizes the defined value function: 7* = argmax V;(7).
nell
Our first goal is to evaluate a given policy 7 by estimating V;(7r) using the historical data

{0;=(Y;A;,A;, X;),i=1,...,n}. Our second goal is to learn the optimal policy 7*.
4.3 Identification, EIF, and Efficiency Bound

In this section, we provide the identification of the value function Vj(7r), and establish the
corresponding EIF and semiparametric efficiency bound.

4.3.1 Identification

Without assuming the NUC condition that Y(1) 1L A| X, we consider a general action assign-

ment mechanism that depends not only on covariates but also on the potential outcome:
e(x,y)=P{A=1|X=x,Y1)=y},

and we assume 0 < ¢(x, y) < 1. Let f(x) denote the marginal density of X, and let f(y | x,1)
denote the conditional density of Y (1) given X = x and A= 1. Define w(x)=P(A=1| X = x).
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We can show that the value function V;(7r) has the following representation (details are given in
Appendix C.1.1:

1
V1(7T)=]E{Y(1)7T(X)}=Jf(x)W(X){ y%dy}ﬂ(ﬂdx- 4.3)

Therefore, we can identify V(7)) through identifying f(x), w(x), f(y | x,1), and ¢(x, y). The
likelihood function for a single observation is

f)wx)* 1 —wx)}*f(ylx,1)°. (4.4)

Thus, f(x), w(x),and f(y | x,1) can be identified from the observed data distribution. However,
as noted in the literature (e.g. Wang et al. 2014; Miao et al. 2016), ¢(x, y) is not identifiable
without further assumptions.

We assume that covariates X can be partitioned into two subsets of variables U and Z, i.e.

X =(UT,Z")T. U and Z are variables satisfying the following assumptions.
Assumption12 Z L A|U,Y(1)and Z A Y(1)| U.

Assumption 13 For any function h(Y(1),U), E{h(Y(1),U)| X,A=1}=0implies h(Y(1),U)=0
almost surely.

Assumption 12 indicates Z are SVsand ¢(x,y)=P{A=1|X=x,Y(1)=y}=P{A=1|U =
u,Y(1)=y} = ¢(u,y). For example, in fairness-oriented employment, sensitive attributes
such as the age of candidates should be unrelated to the action assignment. If these attributes
correlate with the performance of candidates, they can be considered SVs. SVs can be selected
based on expert prior knowledge, or alternatively, representations that serve the role of shadow
variables can be generated directly from observed covariates without the need for prior knowl-
edge (Li et al. 2024). Assumption 13 is known as the conditional completeness assumption,
which is widely used in identification problems (Newey and Powell 2003; Miao et al. 2015; Yang
et al. 2019). This condition guarantees the uniqueness of ¢(u, y). When both Y (1) and Z are
categorical variables with [ and m levels, respectively, Assumption 13 holds if [ < m. When
Y (1) is continuous, Assumption 13 holds when f(y | x, 1) follows some common distributions,

such as exponential families.

Theorem 9 Under Assumptions 12 and 13, f(x), w(x), f(y | x,1), and p(u, y) are identifiable,
and thus Vi(7) is identified by

Vl(n):Jf(x) U fylx ) } n(x)dx. 4.5)



4.3.2 EIF and Efficiency Bound

The identification (4.5) motivates a rich class of estimators for the value function. However,
to guide the construction of more principled estimators, we derive the EIF and the efficiency
bound for the value function using semiparemetric theory (Bickel et al. 1993; Tsiatis 2006)
in this section. Semiparametric models are sets of probability distributions that indexed by
both finite-dimensional parametric and infinite-dimensional nonparametric components. The
semiparametric efficiency bound is defined as the supremum of the Cramer-Rao lower bounds
for all parametric submodels. The EIF is the influence function of a semiparametric regular
and asymptotically linear estimator that achieves the semiparametric efficiency bound. We
assume a general model for the action assignment mechanism, denoted as ¢(u, y; 1), which is
represented by a parameter r). Consider the Hilbert space 7 of all measurable functions of the
observed data with mean zero and finite variance, equipped with covariance inner product
(hy, hy) = E{h,(-)" hy(-)}, where h,, h, € 7. We first derive the nuisance tangent space and its
orthogonal complement, where the nuisance tangent space is defined as the mean squared
closure of all parametric submodel nuisance tangent spaces (Bickel et al. 1993; Tsiatis 2006).
For the ease of exposition, we simplify (U, Y(1);n) as ¢(n) and d (U, Y(1);1)/0n as ¢(n).

Theorem 10 The Hilbert space 7 can be decomposed as

9:A1@A2®AJ_:

where
A =[m(X):E{h(X)=0}],
X)—A
AZ:[AhZ(X, Y(l))+11U£T)(X)]E{h2(X, Y1) | X}:E{h(X,Y(1)| X,A=1}=0],
_[em)—A
r={ () 50},

g(X) is a function with the same dimension as ), and the notation ® denotes the direct sum of
two spaces that are orthogonal to each other.

Based on Theorem 10, the EIF for V;(7r) has the following form

X)—A
per=1 )+ AR 00+ ) AR Y (1) | X34 DTS,
eA S
e,

where E{h(X) =0}, E{h;(X, Y (1)) | X,A=1} =0, S, 4 is the efficient score for 1, and D is a
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vector with the same dimension as 7). The efficient score S, . can be obtained by projecting

the score function of 1) onto A, as stated in the following theorem.

Theorem 11 Under Assumptions 12 and 13, the efficient score forn) is

() —A H’)zl“ 1}
() E{ so(n) :1}.

By projecting the value function identification (4.5) onto A;,A,, and A |, we can derive h;(X),

Sr],eff =

h;(X), and D. The EIF and semiparametric efficiency bound for the value function are given in
the following theorem.

Theorem 12 Under Assumptions 12 and 13, the EIF for Vi(r) is

A E{FRYIxA=1}
o =nX)|—Y +{1—
Q@ ese() = (X) 207) +{ o0 E{l&%()m :1}
S
whereD = 7'C(X)—

o }} W(Z;]_ [ { (”) Y|X,A:1}]) {Var(S, o)} . The semi-

parametric efficiency bound Jor Vi(m) is Y(mr) = E{pZ(m)}.

- Vl(ﬂ-) + Dsn,eff» (46)

4.4 Efficient Policy Evaluation and Learning

4.4.1 Efficient Value Estimation

Based on the EIF (4.6), since D is a constant and Sp,efi IS @ score function with mean zero, we

propose the following estimator for V;(rn):

_ E{ey | x 1
Vm=P,| nx) |-y +{1-—L A{ il } , 4.7)
y 1—p(n)
o(7) P(M) E{=e ) x,1}

where P,[h(X)] =+ > h(X;) for any given function h(X), and quantities marked with hats
are estimates of their unmarked counterparts. To obtain the value estimator we first need to
estimate 1) and two conditional expectations ]E{ Dy | x, 1} and E { Lot |, 1} A general

semiparametric estimator for 1) can be obtained by solvmg the following equatlon.

Pﬂ[s@(u,y:n)—a

o(u,y;n) g(x;n)] =0 (4.8
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where g(x;n) is a calibration function with the same dimension as 7). Although this estimator
achieves consistency and asymptotic normality under certain regularity conditions, its effi-
ciency is not guaranteed. To ensure minimum estimation variability introduced by 7}, we need
to derive the efficient estimator of 1, denoted as 7). This estimator can be obtained by solving

the estimation equation based on the efficient score S, . given in Theorem 11,

o(m—a E{Z | x,1}
80(77) E{ szﬂ(n)_2 |x,1}

P, =0. 4.9)

However, the closed forms of the two conditional expectations in (4.9) are unknown and need
to be approximated. We consider the following two scenarios.

Scenario I: When the outcome Y is binary, say Y € {0, 1}, we can specify amodel for P(Y =1 |
X,A=1)and we denote its estimator asP(Y =1| X, A=1). The conditional expectations in (4.9)
can be estlmatedby]E{ : |X A= 1} ;a“"(m" PY=1|X,A=1)+ UIO,] 29 UO” {1—

e(U,Ln)2  In
P(Y :1|X,A=1)},andE{ ZIXA 1} %]P(Y_MXA_UJF%U P(Y =

1| X,A=1)}. Thus we can get the efficient est1mator Nest by solving (4.9). Next, the conditional

_Sﬂ(Ulne) — —
A=1} =By = 1| X, A=1),

and E{80 | X, A=1} = —lgf[}‘{';;ﬁ;gf)m =1|X, A_ 1)+ ——ﬁ%gneff {1-P(y =1|X,A=1)}. By
plugging the estimators 7, IE{ GF Dy | X,A= 1} andE{ w(n(JQ

the value estimator and denote it as V().

expectations in (4.7) can be estimated by E {

= 1} into (4.7), we obtain

Scenario II: When the outcome Y is continuous, one can still first model the conditional
density f(Y | X, A=1). However, the density estimation often requires large sample sizes and
complex algorithms to achieve accurate estimates. This can be computationally intensive and
prone to high variance, particularly in high-dimensional spaces. Instead, we propose a two-step
estimation strategy. In step 1, we find a root-n consistent estimator ﬁ(”. For example, we can
choose a simple calibration function g(x n) and solve the equation (4.8). In step 2, we con-

((m and £ ﬁ; and the estimators of the conditional expectations,

struct pseudo outcomes
E { i | X, A= 1} and E { ﬁ?n)z | X ,A = 1} can then be obtained using regression with these
pseudo-outcomes. Thus we can get the efficient estimator 7). by solving (4.9). Similarly, to es-

timate the conditional expectations in (4.7), we can construct pseudo-outcomes I;f‘;](ﬁe“) Y and
;(f] rf’eff The estimators E { L W) Y|X,A= 1} and IE{ n)2 VX, A= 1} can be obtained using

regression with these pseudo-outcomes. By plugging the estimators 7)., { — ”) YIX A= 1}

and E {W | X, A= 1} into (4.7), we obtain the value estimator and denote it as V(7).
We now establish the theoretical results for the proposed value estimator. We first make the

following assumptions for the nuisance functions and their approximations.
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Assumption 14 Forall x € X, (i) {|k,(x), IEl(x)I} >0, where k;(x)= Iﬁ{% | x, 1};
(ii) for any k,(x) € {E{% | x, 1} ,E{%;(Q)Y | x, 1}}, {lk,(x)I, |E2(x)|} < 00. (iii) for any ks;(x) €

{(E{20 1} E{SDy | 2,1}, E{£D | x,1}], Ry(x) 2 ka(x).

Assumption 14 (i) and (ii) require that the conditional expectations and their estimations
are bounded. Assumption 14 (iii) requires that the conditional expectations are consistently
estimated. In the case of a binary outcome, the estimation of P(Y =1| X, A=1) is required to
be consistent. For continuous outcomes, given the root-n consistency of /'), we only require
that the regression with constructed pseudo-outcomes is consistent. This can be achieved by

various machine and deep learning models (e.g. Kennedy 2016; Farrell et al. 2021).

Theorem 13 Under Assumptions 12, 13, and 14 (i) (ii), ’V\eff(rc) is a consistent estimator for V,(r).
Additionally, if Assumption 14 (iii) holds, Vg(r) achieves the semiparametric efficiency bound
().

4.4.2 From Efficient Policy Evaluation to Policy Leaning

In this section, we consider a deterministic policy class IT and propose a policy learning method
based on the efficient estimator V() to estimate the optimal policy, 7* = argmax_.; V(7). A
natural estimator for the optimal policy 7* would be 7 = argmax__; Vii(r). However, this direct
search poses a significant challenge as it typically involves non-convex and non-smooth opti-
mization problems and can be computationally expensive. We have the following proposition
to transform it into a weighted classification problem.

Proposition 1 Maximizing the value estimator V(1) is equivalent to a weighted classification

problem of minimizing the following loss function over t €11,

P HHY(x, i a0) > 0} # mlx) i, i, i), (4.10)
i=1

— . o ) E{ 52 YIxa} '
where (x;, v, a;)= 555 Vi + {1— %(f;eff)} E{H’[;% 1} ,for1<i<n.
em?2 Y

With Proposition 1, we have transformed the policy learning into a weighted classification
problem (4.10) where for subject i with features x; , the true label is ]I{{/;(xl-, ¥i»a;) > 0} and
the sample weight is |17J\ (x;, ¥, a;)|- The choice of classification approach dictates the restricted
class I1. Compared to a direct search, a classification-based optimizer facilitates handling more
complex functional classes and allows for the use of off-the-shelf machine learning and deep

learning software packages.
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4.5 Experiments

We have carried out extensive simulation studies and a real data application to evaluate the
performance of the proposed methods.

4.5.1 Synthetic Scenarios

We compare the proposed method with three alternative methods. One consistent but not
efficient estimator for 1) is the solution to the estimation equation (4.8) with a simple choice
g(x;n). We denote this estimator as 1)i,.. The first estimator for the value function is the [IPW
estimator with 1,aie: VPW—nalve(ﬂ:) P, [ I 5y (X )]. The second estimator is also an IPW
estimator but with Mg Vipw—_e(7) =P, [¢ yn(x)] The third estimator is the DR estimator
(Zhang et al. 2012): Vir() = (n(x [ {y E( (yx) }+IE (v x)])

Policy Evaluation: We first generate covariates X = (X;, X5, X;)* ~ N((1,—1,0)7,X), where

1 —0.25 —-0.25
X=|[ —0.25 1 —0.25
—0.25 —0.25 1

We consider two types of potential outcome, continuous and binary.

Case 1: The potential outcome Y(1) is generated by Y (1) = 8X; —4X? —4X, +4X; +¢,
where € is generated from a normal distribution with mean 0 and standard deviation 0.5. The
action A is generated from A ~ Bernoulli{y(X, Y (1))}, and logit{¢(X, Y (1))} =1/[1 + exp{0.5—
X, —X,—0.1Y(1)}]. Thus, Xj is the shadow variable. We construct three different evaluation
policies as mixtures of a deterministic policy 7,(X) =1(2X; — X? — X, + X2 > 0) and the uniform
random policy 7 ,(X) by changing a mixture parameter @, i.e., 7(X) = an;(X)+(1—a)r,(X).
The candidates of the mixture parameter « are {0.6,0.3,0.0}.

Case 2: The potential outcome Y (1) follows a Bernoulli distribution with probability of
success 1/{1 + exp(X; + X, + X3)}. The action A is generated from A ~ Bernoulli{p(X, Y (1))},
and logit{p(X, Y (1))} = 1/[1 —exp{0.5+ X; + X, + 0.5Y(1)}]. Thus, X; is the shadow variable.
We construct three different evaluation policies as mixtures of a deterministic policy 7 ,;(X) =
I(X; + X, + X5 < 0) and the uniform random policy 7, (X) by changing a mixture parameter «,
i.e., m(X)=am ;(X)+(1—a)m,(X). The candidates of the mixture parameter « are {0.7,0.4,0.0}.

For both cases, the true value function for each evaluation policy is obtained by generating
alarge sample {X;, Y;(1)}, with size N = 10° and applying the empirical version of V(r) =
E[Y(1)m(X)]. We consider a correctly specified logistic regression model for ¢(n). We obtain

Mnaive USINg g(x; )= (1, X1, X,, X3)T. We obtain the efficient estimators )¢ and Viee(70) using the
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approach introduced in Section 4.4. Specifically, in case 1, all the regressions with pseudo-
outcomes are using random forest (RF) models. In case 2, we estimate P(Y =1| X, A= 1) using
a generalized additive model (GAM). For the DR estimator, we estimate w/(x) using GAM in
both cases. We estimate E(y | x) using RF in case 1 and using GAM in case 2.

We consider samples with size n = 1000, 2000. For each case, we conduct 500 replications.
The root-mean-square error (RMSE), the standard deviation (SD), and the bias results for cases
1 and 2 are reported in Table 4.1 and Table 4.2.

Table 4.1: Policy evaluation results for case 1: (a) 0.07,+1.07,, (b) 0.37,4+0.77,, (c) 0.67T, +
04rm,.

(a) (b) (c)

RMSE SD Bias RMSE SD Bias RMSE SD Bias
n =1000
Vige 0.3512 0.3480 0.0468 | 0.5509 0.5483 0.0530 | 0.7999 0.7977 0.0591
ﬁpw_naive 0.7893 0.7890 -0.0229 | 0.8279 0.8278 -0.0127 | 0.8740 0.8740 -0.0024
V;Pw_eff 0.6172 0.6119 0.0807 | 0.8426 0.8387 0.0809 | 1.0852 1.0822 0.0810
T/BR 0.4421 0.1559 0.4138 | 0.4371 0.1842 0.3964 | 0.4364 0.2162 0.3790
n=2000
Vi 0.2003 0.1985 0.0274 | 0.2016 0.2005 0.0209 | 0.2169 0.2165 0.0143
’V;pw_naive 0.7057 0.7026 -0.0662 | 0.7363 0.7341 -0.0575 | 0.7733 0.7718 -0.0489

Vipw_er | 0.2563 0.2539 0.0353 | 0.2771 0.2761 0.0228 | 0.3121 0.3119 0.0103
T/BR 0.3647 0.1077 0.3485 | 0.3538 0.1245 0.3312 | 0.3455 0.1444 0.3139

We have the following observations. Vitt, Vipwnaiver and Vipw_efs are nearly unbiased with
sample size n = 1000,2000. However, Vo has a significantly larger bias when compared to
other estimators. This is because the NUC assumption is violated in this setting. Among three
consistent estimators Vi, Vipw_naive, aNd Vipw_ett, Ve has the smallest standard deviation and
RMSE, which is expected. One interesting observation is that for case 1, when sample size
n = 1000, the standard deviations of Vipy_paive With policies (b) and (c) are smaller than those
of Vipw_er- One possible reason is that when the sample size is small, the performance of
nonparametric regressions with pseudo-outcomes may have larger variation. As the sample
size increases, the standard deviations and RMSEs of three consistent estimators Vs, Vipw_naives
and Vipyw_. become smaller.

Policy Learning: We consider the same covariates as policy evaluation. The potential
outcome is generated by Y (1) =8X; —6X7—4X, +2XZ + ¢, where € is generated from a nor-
mal distribution with mean 0 and standard deviation 0.25. The action A is generated from
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Table 4.2: Policy evaluation results for case 2. (a) 0.0r;+1.07,, (b) 0.47,;+0.67,, (c) 0.7, +
0.37,.

(@) (b) ()

RMSE SD Bias RMSE SD Bias RMSE SD Bias
n =1000
Vige 0.0172 0.0172 -0.0005 | 0.0207 0.0207 -0.0008 | 0.0239 0.0239 -0.0011
ﬁpw_naive 0.0204 0.0204 -0.0001 | 0.0246 0.0246 -0.0003 | 0.0282 0.0282 -0.0005
V;Pw_eff 0.0179 0.0179 -0.0006 | 0.0219 0.0219 -0.0009 | 0.0254 0.0253 -0.0012
T/BR 0.0196 0.0097 0.0170 | 0.0223 0.0124 0.0185 | 0.0248 0.0152 0.0196
n=2000
Vi 0.0119 0.0119 -0.0005 | 0.0142 0.0142 -0.0009 | 0.0163 0.0163 -0.0013
’V;pw_naive 0.0141 0.0141 -0.0003 | 0.0167 0.0167 -0.0006 | 0.0190 0.0190 -0.0009

Vipw_ee | 0.0122 0.0122 -0.0004 | 0.0148 0.0147 -0.0007 | 0.0171 0.0170 -0.0009
Vor 0.0179 0.0069 0.0166 | 0.0198 0.0087 0.0178 | 0.0215 0.0106 0.0187

A~ Bernoullip(X, Y(1))=1/[1+exp{0.5—X; —X,—0.15Y(1)}]. We construct four estimators
following the same procedure as in policy evaluation. We use a tree-based classification algo-
rithm introduced in Zhou et al. (2023) and focus on depth-2 decision trees for illustration. To
evaluate and compare the performance of estimated optimal policies obtained by different
methods, we compute the corresponding value functions and percentages of making correct
decisions (PCD). Again, we generate a large sample {X;, Yi(l)}ﬁ.\i , with size N = 10°. For a fixed
policy 7, its value function is computed using the empirical version of V() =E[Y (1)r(X)]. We
then maximize the value function and obtain the oracle optimal depth-2 decision tree, denoted
as 7t*. For each estimated optimal policy 7, its associated value function is computed using the
generated large sample and the PCD is computed by N ! Zi\il |7T(X;)—*(X;)|. We report the
value and PCD results for the policies obtained by different methods in Figures 4.1 and 4.2. We
observe that the policy obtained by our proposed method has best performance compared
with other methods, in terms of values and PCDs. For our proposed method, as the sample size
increases, the means of values become larger, PCDs get close to 1, and the standard deviations

of values and PCDs become smaller.

4.5.2 Real Data Application

In this section, we apply our method to a loan application dataset from a fintech company. The
fintech lender aims to provide short-term credit to young salaried professionals by using their

mobile and social footprints to determine their credit-worthiness. To get a loan, a customer
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Figure 4.2: The PCD results of estimated policies.
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needs to download the lending app, submit all the requisite details and documentation, and
give permission to the lender to gather additional information from the smartphone, such as
the number of apps and SMSs. We obtained data from the lending firm for all loans granted from
February 2016 to November 2018. There are 42,777 customers in total. We select 8 covariates
and they are applicants’ age, salary, loan amount, CIBIL credit score, number of apps, number
of SMSs, number of contacts, and number of social connections. The action A are whether
or not the lender approves the loan applications. The outcome Y is defined as 1 if the loan
is repaid, and -1 if the applicant defaults on the loan. We conduct hypothesis testing, and
our analysis reveals no significant evidence suggesting that the number of social connections
violates Assumption 12. Therefore, we consider it as a SV.

We randomly sample the training data with a size 3000 and 5000. We compare the four
estimators introduced in Section 4.5.1, which are constructed using the same procedure for
the binary outcome. Specifically, we estimate E(Y | X) for the DR method and P(Y | X,A=1)
for the proposed method using GAM. For the DR method, we estimate w(X) using GAM as
well. We consider a logistic regression model for ¢(n) that uses all covariates (excluding the
SV) and the potential outcome as predictors. We obtain ], using g(X,n)= (1, X7)T, where
X are covariates. We use the same classification algorithm as in the synthetic scenarios to
estimate the optimal policy. The proposed efficient estimator over the entire dataset is used as
the testing value. The training-testing procedure is repeated 100 times. We report the results of
testing values in Figure 4.3. We observe that the average value of proposed method is much
larger than those of other three methods, while the variability of proposed method is smaller.

This implies the proposed method has better performance than other three methods.
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APPENDIX

A

SUPPLEMENT TO CHAPTER 2

A.1 Technical Proofs

A.1.1 Proof of Theorem 1

Proof. The proof of Theorem 1 consists of three steps as follows.
Step 1: We show that V()= V*(B)+ 0,(1). Let

{A=d(X;p)}
(X;MA+{1—n(X;n)}1—A)

Y(Y,AX;B,0,n)= . Y —pa(X5 8,00} +1a(X55,0).

By the definition of V*(p),
VHB)=E"{y(Y,A X;B,0%,n")} (A.1)
=E*[E{Y(Y,A X;B,0%1n%)| X}]
= f E{Y(Y,A X;B,0%0") | XHW*(X,A")f(X)}dX

=E[W*(X, AE{(Y, A X;8,0%1n")| X}]
=E[E{W*(X;AW(Y,A X;B,0%1n") | X}]
=E{W*X;AN(Y,AX;B,60%n")},
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where E* denotes the expectation of the pseudo population P*, and (A.1) follows from the
double robustness property of the original AIPW estimator (Zhang et al. 2012). By the strong
law of large numbers and uniform consistency, we have VC(/}) =V*(B)+0,(1).
Step 2: We show that n'/3(|f°— B*|l, = O,(1).

(A.) First, we show that /3 ¢ converges in probability to f* as n — ©0, by checking three
conditions for the Argmax Theorem:

(al.) By Condition (A9), the true value function V*() is twice continuously differentiable
in a neighborhood of *.

(a2.) In Step 1, we have shown that for any f3, VC(/}) =V*(B)+0,(1).

(a3.) Since EC = argmax Vc(ﬁ ), we have the estimated ITR as d(X, ﬁc) = H(XTEC > 0) and the
B:llBllz=1
corresponding value function V¢(8¢) such that

V(B> sup VE(B).
B:IBll2=1
Thus we have /3 ¢— (%, in probability, as n — oo.
(B.) Next, we show that the convergence rate of ¢ is n'/3, i.e., n'/3||c— B*||, = 0,(1). We
check three conditions of the Theorem 14.4: Rate of convergence in Kosorok (2008):
(b1.) For every f in a neighborhood of *, i.e., || — B*||, < € for some & > 0, by Condition
(A9), we take the second order Taylor expansion on V*(f) at g = *,

VIB)= VB =Y (BB — Bl + %(Vﬂ”(ﬂ*)llﬁ — B3 +o(Il— 1)

1
=SV BINB—BIE+0(IB—P"IE) (by (VI(B)=0)
Since (V*)’(8*) < 0, there exists ¢, = —%(V*)”(/j*) > 0 such that V*(8)—V*(B*) < ¢llp — B*II5
holds.
(b2.) Define

I{A; =d(X; B)}
XA + {1 —m(X;n*)}(1—A))

1 n
VB =D WX (= a5, 0°)) + a(Xi: B, 67)|.
i=1

For all n large enough and sufficiently small ¢, the centered process V¢ — V* satisfies
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Eln/ sup | T(B)— V*(B)— (T(B")— V¥ (B%)

1B—p*Ilz<e

|

V(B)= V(B + V(B = VHB)— (VB = V(B + V(B = V(")

VAB) = V(B —{VI(B"—V(B)} H (A.2)

:IE*lnl/2 sup
I1B—B*ll.<e

|

SE*l”m sup (V(B)—V,(B)—{V*(B") -V, (B")}

I1B—p*Il.<e

1/2

+E*|n sup

IB—p*|l2<e

T2

where E* is the outer expectation.
We first derive two results (b2.1) and (b2.2) to bound 7, and 7,, respectively, and then we
are able to show that the second condition of Theorem 14.4 in Kosorok (2008) is satisfied.
(b2.1)

VB~ V(B
s Z WO A T A T

T TR A e 0N
Do

{1(X!B>0)-1(X/p*>0)}.

Y —pa(Xi; 8,07} + pa(X5 8, 07)

+u(X;, 1;0%)—u(X;, 0; 9*)]

We define a class of functions

(2a—1)y —u(x,1;0%)a + u(x,0;0*)(1—a)
n(x;n¥)a+{1—n(x;n*)}1—a)

gg(y,a,x)={W(/l*;x)[ +u(x,1;9*)—u(x,0;9*)]

{1(z"p>0)-1(x"B*>0)}:1IB =Bl < s},

where ¥ =(1, x")".
*o —y—p(x,1;0* ,0,0%)(1— . O* . O*
Let M, = sup ‘W(A ;) [ oDy O O 15 6%)— u(x, 0; 6°)]
(A6), (A8), and (A11), we have M, < co. By Condition (A6), there exists a constant 0 < k, < 00

s.t. |X"(B — B*)| < koe when || — B*||, < €. For the indicator function ]I(—kos <xX'p*< kos),

. By Conditions
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() when —kye < X' B* < koe,
I(—koe < %"B* < koe) =12 [1(x" > 0)—I(%"B*>0)|;
(i) when X" * > kog, "B = X"(B — B*) + X" B* > —koe + ko > 0,
I(—koe < X" < koe) =0=I(X"B > 0)—L(X"B*>0)|;
(iii) when %"* < —kog, £'B = X"(B — B*) + X" B* < ko# +(—ky) <0,
I(—koe < X' f* < koe) =0=I(X"B > 0)—I(X"*>0)|.
Therefore, we always have I(—kye < "* < kye) > |[(%" >0)—I(%"f*> 0)| when || —
B*ll, < e.

We then define the envelope of gé(y, a,x)as F = M1]I(—k08 <x'p*< kos). By Condition
(A10), there exits a positive constant k; such that

I1Eillp2 :Ml\/Pr(_kOE < %1B* < ko) < My Ky - 2koe = My +/ 2Kk "% < 00,

Since 7 /; is a class of indicator functions, by the conclusion of Lemma 9.6 and Lemma 9.9
in Kosorok (2008), # ﬁl is a VC class of functions. Thus, the entropy of Z}, denoted as ][’]*(1, F),

is finite, i.e., ][T(l, F1) < co. Next, we consider the following empirical process indexed by f3,
1_ . —1/2 1 _ LeyviooA. X,
Gngﬁ_n Zl[gﬁ(Yi’AirXi) E{gﬁ(YZ’AI!XI)}]'

Note thatG,, 7 = n'2[V¥(B)— V*(B*)—{V*(B)— V*(8*)}]. By applying Theorem 11.2 in Kosorok
(2008), we have

T,=E* [nl/z sup
IB—BIl<e

VAB)—=VI(B)—{Vi(B)- V(B H

:]E*( sup Gngﬁl’) < a5 (LZNE e < e j(1L,F WM 2k ky 62,

1B—=pIl2<e

where ¢ is a finite constant.
Let CF = cljﬁ(l,é"/?l)M1 v/ 2kyk,, since cl,]ﬁ‘(l,fﬂ), M,, k, and k, are bounded, we have
Cf<oo,le,

T, < Cr e, (A3)
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(b2.2) We rewrite the form of V(8)— V*(B)—{V(B*)— V*(f*)} as

V(B) =V (B)—{ V(B -V (B} = V(B)— V(B —{V(B) -V, (B}
:_Z( [(2A DY, —p(X;, 1;0)A; +p(X;, 0,6)(1— 4))

(X MA; + {1 —m(X; MI1—A;) (X, 150)— (X, 0; 9)]

(X n¥)A; +{1—7(X; )} (1 —A))
{I(X]B>0)-1XB*>0)}.

—WAsX;) +u(X,~,1;0*)—u(Xi,O;9*)D

We take the Taylor expansion on the above equation at (A%, 6*,1*),

_Zq (2A4;,—-1)Y; — u(X 19)A +u(X;,0;0%)(1—A))
- XA +{1— (X1 —A)
aW(X AN
{—ax } (A—27)+
—{0u(X;,1;0%)/00} A, +{0u(X;,0;0%)/00} (1—A;)
+
(X n¥)A; {1 —n(X;;n*)H(1—A;)

{311();,-,91;0*)}T_ {3“(};";)0;9*)}T](5— o)

W X )24, — 1) 2AT DY~ pX L 07A; + p(X, 0; 9*)(12—Al-)
[7(X5; ) A; + {1 — (X7} — A))]

3 Xl’ YT —~ N _
{ ﬂ(ann )} (n_n ))+op(n 1/2)_

+u(X;, 1;0%)—u(X;,0;0%)

W()L*;Xi)[

Next, we define three classes of functions,

) _[T@a—1)y —u(x,1;0%)a+u(x,0;0*)(1—a)
gﬁ(y’“””‘{[ rx)a+ (0= 7ix ) —a)

{WM*}{H( 'f>0)- (fTﬁ*>0)}:nﬂ—ﬁ*nz<e},

(x, 1507 — (x, O; 9*)]

—{Jdu(x,1;0%)/00} a+{0u(x,0;0%)/00}(1—a) N { oul(x,1;0%) }T

3 _ *,
Tpla, x)= {W(A ,x)l n(x;n)a+{1—n(x;n )} 1—a) o0

S —
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(2a—1)y —u(x,1;0%)a +u(x,0;0%)(1—a)
[(x;n¥)a+{1—n(x;n*)}1—a)]?

ﬁg(y, a,x)= {— WA x)2a—1)

on(x;mN"
{FLEDY (06 > 0)-1(x78> )} 5 <e |
n
Let
3 (2a—1)y —u(x,1;0%)a+u(x,0;0%)(1—a) e oal [OW(x AN
M= [ r a0 = 00 [ =5
_ . | —fou(x,1;6%)/00} a+{0u(x,0;0*)/00} (1—a) (Julx,1;0*)"
My=sup W(“”l Rl a+ (11— (x )1 —a) %)
_ { 3u(x,o;9*)}f
o0 ’
B . _ Ra-1y—pu(x,1;6%a+pu(x,0;6*)1—a) [ dn(x;n*) !
My =sup |- W xea— = T e |

By Conditions (A6), (A8), and (Al11), M,, M3, M, < oco. Define the envelop of ﬁé as F; =
Mj]I(—kOS <x'p*< kos), for j =2,3,4. Similarly to (b2.1), we have

| Fjllpo =M; v 2k0k131/2 <090,
and & ﬁ] is a VC class of functions. Thus, the entropy of & J , denoted as ][T( 1, Z7), is finite, i.e.,
1,7 7)< o0, for j =2,3,4. We construct three empirical processes indexed by 3,
. n . .
G, T =n"" > | F) (%, A, X)—E{F] (%, A, X))} ]
i=1

By applying Theorem 11.2 in Kosorok (2008), we have

E( sup GnﬁgHI)scjfgu,gf)nanm, j=2,3,4,

1B—=p*|l2<e

where c,, ¢; and ¢, are finite constants.
By Theorem 2.14.5 in Van Der Vaart and Wellner (1996),
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J

IA

J

l; {E*( sup )"'“FjHP,Z}
1B—L+ll2<e 1

<1 {e; 5L, F )+ 1} g
L (L F )+ 1} MV 2Kk e,

)

{E*( sup
IB—Bllo<e

where [,, I; and I, are finite constants. Let
Cr=1{e; 3L F)+1} M;v/2kok, < o0,

and we have
2\ 1/2
2)} <Cie'?,  j=2,34.

J

«{]E* ( sup
I1B—p|l2<e
Note that

—_—

7, =E* lnl/z sup
1B—L+ll2<e

(Z—A*)Tengg +(6 —0"'G, T+ (-G, Ty + 0,,(1)’}

} +E* { sup
1B—=B*ll2<e

=E* { sup
IB—p*|l2<e

n'*(0 —0"'G,7,

}

< n_l/zlE*{ sup
1B—BIl2<e

n'*(A-1)'G,7,

/|

By the Cauchy-Schwarz Inequality, we have

+E* { sup |n'/A(f— )G,y

1B—=BIl2<e

)
)
)

2
2

2
G, T}

/
T, <nV? {E(nlli—k*llg)}l/z {IE*( sup
IB—p*ll2<e
1/2
+n V2 {E(n||§ - 0*||§)}1/2 {]E*( sup
1B—P*ll2<e

3
G, 7}

1/2
1/2
G, 7,

+n7 12 {E(nllﬁ—n*lli)}m {]E*( sup
I1B—B+ll2<e

By Condition (A11), v7(A—A*)= O,(1), v72(8 —0*) = 0,(1) and v/7(7—1*) = O,(1), we have
—~ 1/2 ~ 1/2 o~ /
M, = {E(nlA-242)} " < 00, My = {E(n]|0 —672)} " < 00, and M, = {E(nll7—n*I2)} " <
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oo, then
T, <n (M, G+ M,y C;+ M, C}) e (A.4)

By (A.2), (A.3), and (A.4), we have the centered process V¢—V+ satisfies

|

E*|n'? sup |V(B)—V*(B)—{V(B)—V*(B)

IB—p*ll2<e
<T,+7, < Cre' P+ n' 2 (M, C; + My C} + M, C}) &'/

Let n goes infinite, we have

]Eln/ sup | V(B)— V*(B)— {T¥(B)—V*(B9)

] <Cre'l? (A.5)
I5—p*|l2<e

Let ¢,(¢)=¢'? and a = 3 < 2, check % = ¢~ 1is decreasing not depending on n. Therefore,
the second condition holds.

(b3.) By ﬁ" — [3*%, in probability, as n — oo, and V“(ﬁc) > sup V(B)shown previously,
B:liBll2=1
choose r, = n'/3, then r,, satisfies

reg,(r,)=n*P¢,(n71?)
_ n2/3(n—1/3)1/2 — a2

Thus, the third condition holds.
By the Theorem 14.4 in Kosorok (2008), we have nI/SIIﬁC —B*ll, = 0,(1).
Step 3: We derive the asymptotic distribution of Vc(ﬁ ¢) in this step. Note that

ﬁ{vC(EC)_ V+(ﬂ*)} — ﬁ{vC(EC)_ Vc(/j*)-i- vC(ﬂ*)_ V+(ﬂ*)}
:‘/ﬁ{vC(ﬁC)_ vC(ﬂ*)} + ‘/ﬁ{vC(/j*)_ V+(/3*)} )
(C)) First, we show
VA{V(B)—=V(B)} = 0,(1),

which is sufficient to show v7 [{Ve(B°)— Ve(B*)} — {V+(B*)— V*(8*)}] = 0,(1) and
VI{VHB)—V*(B*)} = 0,(1).
(cl.) First, by n1/3||/3 B*|l, = O,(1) and (A10), we take the Taylor expansion on V*(ﬁc) at
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p,
Vi {VI(B)-VH(p)}
V(BN =B+ VY BN B0 (15— 1)}
:ﬁ{— (VYBIEE— B ||§+o(||/3€—/5*||§)} by (V*Y()=0)
f{ (VHY(B*)0 2/3)+0p(n_2/3)}
= (VY (B0, (n™ ) = 0,(1). (A.6)

(c2.) Next, recall the result (A.5) that

IE*lnl/2 sup

]< C*Sl/z
=0 ,
IB—PB*Il2<e

Ve(B)—VH(B)— V(B — V' (BY)}

where C; is a finite constant. Since IIEC—ﬂ*II2 =0,(n"'5),ie, IIEC—/j*II2 = csn~V/3, where c; is

a finite constant. We have
Va[{V(B) - VB —{V*(B)-V*(B*)}]
SE*[WM sw V=V B~ (V- V() ]
<Ciy/ esn 1B =Cry/esn f = 0,(1). (A7)

(c3.) By (A.6) and (A.7), we have

ﬁ{f/\C(EC) Vc ﬁ* }
=vn[{V(B)— V(B —{V*(B)— V(B + Vr{V*(B)- V' (B}
=0,(1)+0,(1)=0,(1 ) (A.8)

(D.) Next, we only need to show the asymptotic distribution of /7 { Ve(pr)— V+(/5*)}. By
taking the Taylor expansion on V¢(8*) at (A%, 8*,1*), we have

Vc(ﬁ*) = Vn*(ﬂ*)+H;(E—A*)+H;(§_ 0*)+Hg(ﬁ_n*)+ 0p(7’l_1/2),
where

oW (X;;A%) CRE E ok
H/l_nh_)rg) nZ{T}w(YirAi»Xi’ﬂ ’9 1 )’
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. 1 Z aw(Yi»Ai’Xi;ﬁ*’H*’n*)
Hy=lim — » W(X;A" )
o ggon; (X5 A7) 20

oyY(Y;, Ay, Xi; p*, 0%, 1)

1
Hy=lim = W(X;A%)

e NS an
Note that
1 & P [ZT{g(Xi)_‘ugO}]{g(Xi)_‘ugO}
i=1

S(X;, A1)

By taking the Taylor expansion on these equations at A*, 8*, n*, respectively, we have
D) * -1 1 < ’ *\T
V=2=G;—= > o[ (80X ~ g0l ] (8(X0) ~ g0} + 0,(1)
i=1
~ 1 <
0—-0%=G'— ) C(X;,A; Y;0%+0,(1),
Vi0-09=G;' = 3 O )+0,(1)

o~ *\ __ ~—1 1 - v an¥k
VA=1)= Gy = > S A )+ 0,1

where
Gy =—E(p’[(A)'{g(X) — g0} {8 (X) — g0 HE(X) — pigo}"),
R { 2 C(X;ff;} Y;0%) } G, =—E { asoac;;x; ") } |
Thus,
Va{VE(B) -V ()} = % (En+En+En+Ei)+0,(1),
where

En= WX AW(Y;, Ay, X5 B%,0%,0°) = V7 (BY),
Ein= HATG;L_IP [M*)T{g(xi)_.ugo}] {g(Xi)—ugo}
£i3=H, G, C(X;,A;, Y;;0%),
€i4:H;Gn_18(Xi»Ai;n*)-

&, Ei3, and &, are i.i.d. mean zero variables. Then we have,
Vr{Ve(p")—Vv*(B*)} — N(0,0%), indistribution, (A.9)
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where 07 =E(E;; + &1+ &5+ &)
By (A.8) and (A.9), we have

ﬁ{VC(ﬁC) + * }_ \/_{VC EC) VC([_}* VC(ﬁ*)_ V+(/5*)}
=V {V(B) = V(B + v { V(B -V (B}
= p(1)+ﬁ{V (BH-VT(B }—>N (0,0%), indistribution.

A.1.2 Proof of Theorem 2

The proof of Theorem 2 consists of three steps as follows.
Step 1: We show V() = V*(B)+ 0,(n'/?), where

UG HA=d(XB) o |
7(p) = n;wmm[ﬂ(x» e s Y= X P} + a5 )|

Define
T{A=d(X;B)} . .
T{A= dXﬂ)} S
d(
§(,4,x:p)= A=A o (¥~ a0 B+ (X B).

T(X)A+{1—n(X)}(1—-A)

We assume W (X; )Y (Y, A, X;3) belongs to a Donsker class. By Theorem 2.1 in Van Der Vaart
and Wellner (2007), we have

VE(B)— V(B) = PAW(X; (Y, A, X; B)— WG (Y, A, X; B)} + 0,(n /7).
To show V¢(B)= V*(B)+ 0,(n~"/%), we only need to show
P{W(XGDY(Y, A, X; B)— WOGAW(Y, A, X; By = 0,(n 7).
Note that
P{W(X; AP(Y, A, X; B)— WG AW (Y, A, X; B)}

=P{W(X; )PV, A X; B)—W(X; ))(Y, A X; B)}
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+P{W (XY, A X; B)— W(X; Ay(Y, A X; B} (A.10)
Define
o(A| X)=n(X)A+{1—-n(X)}(1—-A),

PA| X)=m(X)A+{1—7(X)}1—A).

P{W(X;A)I/J(Y AX;B)—W(X; p) W(Y,A X;B)}

:P(W(X;A)(zA—n{n(X) n(X)}[g({Al )(( A@){Y— X, B) D
~ I =
+P(W(X;A)(ZA—1){n(X)—ﬁ(X)}[§({ o X)( ( A’f ﬁ)wd(x; B)—Da(X; /o’)}D. A1

The first term in (A.11) is 0 since we have
PI{A=d(X; B)HY —pq(X; B)}] =

By Conditions (A3) and (A9), W(X ,71) and {o(A | X)p(A | X)}"! are bounded. By Cauchy-
Schwarz inequality, the absolute value of the second term in (A.11) is bounded by

(PR -700F]) S [PAX, @) u(X, )] = 0,(n™7),

a=0

under (A11’). Therefore,
P{W(XGOP(Y, A, X; B)— W(X; AP(Y, A X; B} = 0,(n 7). (A.12)

Note that L A= d(X:
P[{ =d( ,ﬂ)}]:
o(A|X)

Thus, we have
P{W(X; (Y, A X; B)— W(X; D(Y, A X; )}
d(
[% 1]{Hd(X;/5)—.ad(X;/5)})
=0. (A.13)

=P (W(X 2)
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By (A.10), (A.12), and (A.13), we have
P{W(X; DY(Y, A, X; B)— W (X; AY(Y, A, X; B)} = 0,(n1?),
and then
VE(B)=V*(B)+0,(n""?), (A.14)

Step 2: We show that n'/3(|8°— B*|l, = O,(1).

(A.) First, we show that /3 ¢ converges in probability to f* as n — ©0, by checking three
conditions for the Argmax Theorem:

(al.) By Condition (A9), the true value function V*() is twice continuously differentiable
in a neighborhood of *.

(a2.) By Condition (A11’), it can be easily shown

VE(B)= V() +0,(1).

(a3.) Since EC = argmax Vc(ﬂ ), we have the estimated ITR as d(X, /3") = H(XTEC > 0) and the
B:llBllz=1
corresponding value function V¢(8¢) such that

V(B> sup V(B)
BHIBll=1
Thus we have /3 ¢ — B*, in probability, as n — oo.
(B). Next, we show that the convergence rate of B¢ is n'/3, i.e., n'3||f — p*||, = 0,(1). We
check three conditions of the Theorem 14.4: Rate of convergence in Kosorok (2008):
(b1.) For every 3 in a neighborhood of 8%, i.e., || —*||, < € for some & > 0, by Condition
(A9), we take the second order Taylor expansion on V*(f) at f = %,

VIB) = VB =(VTY(BNB =B+ 5 (V+ Y (BINB—B115+o (Il —B12)

1
=S (VY BINB =Bl +o (1B —pI;) by (V7Y(B5)=0).

Since (V*)"(B*) < 0, there exists ¢, =—3(V*)/(*) > 0 such that V*(8)— V*(5*) < ¢ |IB — B3
holds.

(b2.) For all  large enough and sufficiently small £, the centered process V¢— V* satisfies
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|

V()= Vi(B)+ V(B = VHB)— V(B = V(B + V(B — V()
4

VAB) = VHB)—{ V(B -V (B}

Eln/ sup | T5(B)= V*(B)— {V¥(B")— V*(B")}

1B—=p*Il2<e

:I[E*[nl/2 sup
1B—pB*ll.<e

|

SE*lnl/Z sup |T5(B)— V*(B)— {7°(8") — V(")

1B—=p*Il2<e

1/2

+E*|n sup

1B—p*Il2<e

] . (A.15)

{2

By the result (A.14), V(8)— V*(B) = 0,(n""/2) and V(B*)— V(*) = 0,(n""/?). Thus,

& :]E*lnl/2 sup

]:0,9(1) (A.16)
IB—pB*ll2<e

VeB)— V(B —{ V(B - V(B")}

Define

I{A; = d(Xi;ﬁ)}
T(X)A; +{1—7(X;)}1—A;)

- 1<
VB =1 > Wixia)] (6= a5 B+ 4 X5 )
i=1

= |0 sup VA= VB + V)=V (B)— VB = V() + V(B -V () ]
<E'|n' sup |VIB)=VIB)~{V;(B)=V, (B} ]

+E*| n'/? P Vi(B)= V(B —{V, (B - V*(B")} ] :
We have

VAB)— V(B
:lz W(A*;X)[]I{Ai =d(X;; BIHY: —pa(Xy; B} —HA; =d(X;; BIHY: — pa(X;; B*)}
n T(X;)A; + {1 —7(X;)}1—A;)

i=1
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+“d(Xi;ﬂ)_Md(Xi;ﬂ*)l

I e o] RAi— DY —p(X;, DA, + u(X;, 0)(1— A))
n ;W(A ,Xi)l n(X;)A; + {1 —7(X;)}1—A))

{1X7B>0)—1(X]B*>0)}.

+M(Xi’ 1)_M(Xl)0)‘|

We define a class of functions

(2a—1)y —u(x,1)a +u(x,0)(1—a)
n(x)a+{1—mn(x)}1—a)

ZA(y.a,%)= {W(A*;x)[ )= ,0)

{1(z"B>0)-1(x"B*>0)}:IB—B", < e}.

Let K; = sup ‘ W (A% x) | Bt D O) (o, 1) — (i, 0)]‘. By Conditions (A3), (A6),

n(x)a+{1—n(x)}(1—a)
(A7), and (A8), K, < oo.Then we can define the envelope of,ﬂ'/;(y, a,x)asF, =Kl (—kos <X'B*< kos).
Similar to (b2.1) in the proof of Theorem 1, we have

152 = K \/Pr(_k0€ < %1 < koe) = Kyv/ky - 2koe = Ky v/ 2k ky €'/ < 00,

Since & [; is a class of indicator functions, by the conclusion of Lemma 9.6 and Lemma 9.9 in
Kosorok (2008), & ,; is a VC class of functions. Thus, the entropy of Z}, denoted as ][T(l, F1), is

finite, i.e., J(1, 7 1) < 0o. Next, we consider the following empirical process indexed by f3,
1_ ,—1/2 1 _ 1
G.Z)=n Zl[%(lf,-,Ai,X,-) E{7, (Y, A, X)}].

Note thatG, 7; = n'/? [V(B)— V*(B*)—{V*(B)— V*(B*)}]. Byapplying Theorem 11.2 in Kosorok
(2008), we have

w, :IE*lnl/2 sup

VA B) = V(B —{ V(B -V (B} H

IB—p*|l2<e
:E*( Sup Gng/; )SClj[ik(].,gl)”l:‘lnp,z:Clj[T(l,gl)Kl\/ 2k0k1€1/2,
I1B—B*ll.<e

where c, is a finite constant.
Let C/ = c‘lj[’]*(l,ﬁl)K1 v 2kyk,, since cl,][’]*(l,ﬁ'l), K;, ky and k, are bounded, we have C} <

09, i.e.,
w, < Cre'l?, (A.17)

82



We rewrite the form of V*(8)— V*(8)—{V*(8*)— VX(8*)} as
V(B = Vi B)—{V; (B9 =V (B}
= WD) - W 2}

|:]I{1_4i =d(X;; BIHY; —pa(X;; B} —H{A; = d(X;; BIHY: — pa(X;; f¥)}
T(X)A; +{1—7(X;)}(1—A;)

+ud(xi;ﬁ)—ud(xi;ﬁ*)]

(2A;—1)Y; —u(X;, DA; + u(X;,0)(1—A;)
T(X;)A; + {1 —7(X;)}1—A;)

1 <& ~
:;Z{W(Xi;l)—W(X,-;A*)} +H(Xi’1)_H(Xi»O)]
i—1

{1X7B>0)—1(XB*>0)}.
We take the Taylor expansion on the above equation at A*,

_ aW(X AN RA = 1Y —p(Xp, DA, +p(X;, 01— 4)
‘_Z{ } (XA +{1—m(X)H1—A)

{Ix;p >0)—]I(XiT/5*>0)}(7L—)L*)+op(n—1/2),

+ »u(Xi! 1) _‘u(Xir O)]

Next, we define a class of functions,

oW (X; %) [(Za— Dy —p(x, Da+ux,01-a) 1)_M(x,0)]

gﬁz(y,“’x):{ ER n(x)a+{1—n(x)}(1—a)

{1("B>0)-1(x"B*>0)}:IB =B, < s}.

n(x)a+{1-n(x)}(1-
(A7) and (A8), K, < 0o.Thenwe can define the envelope ofﬂ'ﬁz(y, a,x)asE = KZ]I(—kos <xX'p*< kos).

Similarly to above, we have

Let K, = sup’aw}”* [(2“ Dy—ulx, 1)““‘(” 1 a) +u(x,1)—u(x, )]’ By Conditions (A3), (A6),

|Ellp2 < Ko v 2k0k1£1/2 <00,

and 7 /? is a VC class of functions. Thus, the entropy of Z?2, denoted as ][T(l, F?), is finite, i.e.,
i,z 2) < o0.
Next, we consider the following empirical process indexed by 3,

G,Fi= n-l/zzn:[gg(n,A,.,x,.)—E{gg(yl.,A,.,X,-)}].

i=1
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By applying Theorem 11.2 in Kosorok (2008), we have

E* (nl/z sup

s anfgﬂl) < & (L P Ellps < ¢ ) (1) Ky 2k (B,
— [ * 2<€

where ¢, is a finite constant. By Theorem 2.14.5 in Van Der Vaart and Wellner (1996),

,\ ) 1/2
{]E( sup )} SZZ{IE*( sup )+||Fz||p,2}
1B—P*ll2<e 2 |B—PB*|l.<e 1

<L{e i1, 7)+1} Bl
= L{c )i (1,7 +1} KV 2k ke,

2 2
G, T G, T

where [, is a finite constant. Let

Cr = L{cJj(1, 7% +1} KV 2Kk, < 00,

2\ /2
* ,1/2
2)} <Ce’”.

V()= V(B —{ V(B = Vi (B} H

i

and we have

2
G, 7

{E*( sup
IB—P*llo<e

Notice that

w, =FE* lnl/z sup
IB—BIl2<e

=E* { sup (/Al—?L*)TGngg + op(l)}
IB—p*ll2<e

<n7'? [E*{ sup nl/z(i—/l*)TG,,gfg

1B—p*Ila<e

By the Cauchy-Schwarz Inequality, we have
2 1/2
)

By Condition (A11’), \/ﬁ(i—)\*) = 0,(1), we have M, = {]E(n||z—7k*||§)}l/2 < 00, then

w, < n 2 {E(nlli—k*llé)}l/z {E*( sup
1B—P+ll2<e

2
G, 7

w, <nPM; Cre'2. (A.18)
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By (A.17) and (A.18), we have
{<w +w, <Cre'*+n7 P M, Cre' 2. (A.19)

By (A.15), (A.16), and (A.19), as n — o0, we have the centered process V¢— V+ satisfies

E*lnl/z sup

1B—p ]551+52SC1*8”2- (A.20)
—B*|l,<e

VE(B)—=VH(B)—{ V(B - V*(B")}

Let ¢,(¢)=¢'?, and a = 3 < 2, check % = ¢! is decreasing not depending on n. Therefore,
the second condition holds.

(b3.) By ﬁc — f3*, in probability, as n — 0o, and V"(ﬁc) > sup V¢(B)shown previously,
B:llpll2=1
choose r, = n'/?, then r, satisfies

raa(r, ) =n*"¢,(n"")
_ n2/3(n—1/3)1/2 — n1/2.

Thus, the third condition holds.
By the Theorem 14.4 in Kosorok (2008), we have 711/3||[’5\C —B*|l2 = O,(1).
Step 3: We derive the asymptotic distribution of ?C(ﬁ ¢) in this step. Note that

VAV (B =V (B} = vr {VE(BY)— V(B + V(B)— V' (B)}
:ﬁ{vC(EC)_ "70(/3*)} + ﬁ{vC(ﬂ*)_ V+(ﬂ*)}

(C.) First, we show

Vi {V(B)—V(B*)} = 0,(1),

which is sufficient to show v7[{ V(B)— VE(B*)} —{V*(B*)— V*(B*)}] = 0,(1) and
VI{VHBO) = VH(B)} = 0,(1).
(cl.) First, by rz1/3||/3C B*l. = 0,(1) and (A9), we take the Taylor expansion on V* ﬁc) at g+,

Vi {VH(B)-V*(BI}=vn { (VY BINB— Bl + v+)”/s*)||/3°—/5*||§+o(||/3€—/3*||§)}
f{ (VHY(BINIB— B2 + 0 (15— B )} (by (V*)(B")=
_‘/—{ V+)//ﬂ)o 2/3)+0p(n—2/3)}

= E(V*)”(ﬁ*)op(n*“ﬁ) =0,(1). (A.21)
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(c2.) Next, recall the result (A.20) that

E[n/ sup  |V(B)— V()= [T5(B")— V*(B9)

IB—p*|lo<e

] <Cre'l?,

where C is a finite constant. Since ||3¢— *|l, = O,(n™3), i.e., | B¢ — B*|l, = csn '/, where c; is
a finite constant. We have

Va[{V(B) V(B —{V*(B) -V (B"}]

<E l" Y2 sup o \V(B)= VIR —{VB) - VT(B}

IB—Blla<cqn—1/3 ]
<Ciy/csn13=Cry/esn™® = 0,(1). (A.22)

(c3.) By (A.21) and (A.22), we have

{VC Ac VC(ﬂ*)}

Va[{VE(B)— V(B —{V(B)— V(B + v {V(B)- V' (B")}
=0,(1)+0,(1)= ( ) (A.23)
(D.) By the result (A.14) shown in Step 1, v72{ V(8*)— V*(8*)} = 0,(1). With (A.23), we have

V{VE(B)—VH(BM)}
=V {V(B)=VBI}+ vVn{V(B)—V (B} +vVn{V(B)- V' (B}
=0,(1)+0,(1)+ Vu {V*(B*)— V*(p")}
=V {V (B )—V*(B")}+0,(1). (A.24)

Thus, we only need to show the asymptotic distribution of /7 { V(B — V*(/}*)}. By taking
the Taylor expansion on Vn*(/a’*) at A*, we have

Vn*(ﬂ*): Vn*(/j*)_i_H;(X_A*)_i_ Op(l’l_l/z),
where

IW(X; ,A
H)k_ lim — Z{ - }w(Yl;AhXUﬂ

n—oo n
Note that
1 -
;ZP [A{8(Xi)—pgo} [{8(Xi) — g0} =0.
i=1
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By taking the Taylor expansion on the above equation at A*, we have

VI(—21)=G pr (A HE(X) — g0 HE(X:)— g0} + 0, (1),

where
G =—E(p'[(A)'{g(X)— tgo} [ {8(X) — tgoHE(X) — pgo}").
Thus,
Vr{Vi(BY -V (B} fZ(@ﬁaz +0,(1),
where

Ein = WX AW(Y;, Ay, Xi5 B*)—VE(BY),
Cin= HA G, 1Pl [(A*)T{g(Xi)_.Ugo}] {g(Xi)—ugo}-

&; and &, arei.i.d. mean-zero random variables. Then,
vn{ VA pH)-VH(p* )}— N(0,0 %), indistribution, (A.25)
where 02 =E {(£1 + &)} By (A.24) and (A.25), we have

VI{V(B) = V(B = vr{V (B - V*(B*)} +0,(1)— N(0,02), in distribution.

A.1.3 Proof of Theorem 3

When PS = P!, f3(X) = f{(X), A & A* = 0 and W(X')L*) = W(X;0)=1= fYX)/f5(X). Thus,
Pt =Ps=P". Therefore for a fixed ITR d(X; B), V*(B)= V'(B). Meanwhile, we have E {g(X)} =
E{g(X)}= lgo- By Theorem 2, we have

Vr{V(B)—V'B)} — N(0,(c°?), indistribution,

where
(@Y =E{(&,+&,)},
E =WXAW(Y,AX;B)—V(B)=y(Y,AX;B)—V(B)

£2=H, Gy p[(AV{8(X) — o} [ {g(X) — pigo} = H; G, H{g(X) — g0} (p(0)=1),
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t= i S w4 i)

G, =—E(p'[(A){g(X)— pgo} | {8(X) — goHE(X) — g0} ")
=E[{g(X)— g Hg(X)—ug}'] (p(0)=1)
= Var{(g(X)}.

Notice

WX _ { P/ [(A){8(X;) — g0} [{8(X:) — thgo} (X, o [(A) {8 (X)) — g} )
oA (>, o[ (g (X)) —g0}])”
Y [(A*)T{g(xi) _.Ugo}] (Z?zl p’ [(A*)T{g(xi) _.Ugo}] {g(X;) —.Ugo}) }
(30, p[(A){8(X) — pgol])”
Z?:l{g(xi)_ugo}

n

= {g(Xi)_.Ugo}_

Therefore, we have

OW(X;; A*

= Jim, ;Z[{g(xi)—ugo}—z’ﬂ{g(n) ) g”]w(n,Ai,X,-;ﬁ*)

= lim — Z{g(X — g0} Y(Y;, Ar, Xi; BY)

n—oo p

n

ST l{g — Ugo}
—,}L%lonZ[ng ‘

=E[{g(X)— g} Y (Y, Ar, Xi3 B ]-

w(Yi’Ai’Xi;ﬂ*)

The asymptotic variance of the original AIPW estimator is 0% = E(&?).

0V —0?=E{(&,+&)} —E(E))
=E(28,&,+¢&3)
=—2H, G, 'E[{(Y, A, X; BIHE(X) — pgo} ]+ 2H, GV (BIELZ(X) — 1o}
+H) G, 'Var{g(X)}G, 'H,
=—H, G, ' H,.
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Since G, = Var{(g(X)} is positive semidefinite, (0¢)* —0* =—H, G; ' H, < 0. Therefore, the
calibrated AIPW estimator has the same or smaller asymptotic variance than the original AIPW

estimator. 0

A.2 Additional Simulation Results

We implemented the C R(1) method under the simulation setting in Section 2.5. We call the
CR(1) method as the least squares method since minimizing C R(1) is equivalent to minimizing
the sum of squares Z?zl(w,- —n~1)2. In Scenarios 3 and 4, the calibration weights obtained
by the least squares method can be negative, and thus the pseudo populations are no longer
well-defined. Therefore, for a given linear ITR d(X; ), we define the value function for the
least squares method as V;{(B) = E{W*(X; A*)Y(d(X; 8))}. Then, the true optimal linear ITR is
d(X;ps), where B} = argmax, V(). For a given linear ITR d(X; 8), we denote the calibrated
value function estimator using the least squares method as V(). The estimated optimal
linear ITR is d(X; st)r where ﬁfs = argmaxg T/\Lcs(ﬂ). We report the simulation results of the

least squares method together with the other methods for comparison.

A.2.1 Value and Percentage of Correct Decisions Results of Estimated Opti-
mal ITRs

The value and percentage of correct decisions results of estimated optimal ITRs obtained by
different methods for the randomization study are summarized in Figure A.1 (method I) and

Figure A.2 (method II). The similar results for the observational study are summarized in Figure
A.3 (method I) and Figure A.4 (method II).
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Figure A.1: The value and percentage of correct decisions results of estimated optimal ITRs
for the randomization study with implementation method I. The red lines are the values of the
true optimal ITRs for the target population.
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Figure A.2: The value and percentage of correct decisions results of estimated optimal ITRs
for the randomization study with implementation method II. The red lines are the values of
the true optimal ITRs for the target population.
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Figure A.3: The value and percentage of correct decisions results of estimated optimal ITRs
for the observational study with implementation method I. The red lines are the values of the
true optimal ITRs for the target population.
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Figure A.4: The value and percentage of correct decisions results of estimated optimal ITRs
for the observational study with implementation method II. The red lines are the values of the
true optimal ITRs for the target population.
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A.2.2 Inference Results of Optimal Value Estimators

The inference results of V¢, (BS,), V<, (BS,), and V\Lcs(ﬁfs) for the randomization study are
summarized in Table A.1 with implementation method I and Table A.2 with implementation
method II. The similar results for the observational study are summarized in Table A.3 with

implementation method I and Table A.4 with implementation method II.

Table A.1: Simulation results for the randomization study with implementation method I.

Scenario 1 2 3 4
Method n 250 1000 250 1000 250 1000 250 1000
VY{BY 12.28 8.00 8.00 8.00
V(B g) 12.28 8.00 7.99 7.99
Mean 12.38 12.32 8.13 8.05 8.13 8.06 8.14 8.06
Entropy SD 041 020 037 0.18 032 0.15 0.37 0.18
Balancing SE 047 023 041 0.20 0.34 0.17 0.40 0.19

CP* 966 964 948 950 948 950 954 952
CP' 966 964 948 950 948 952 958 95.2
V. (B%,) 12.28 8.00 8.14 8.16

Mean 1240 1230 811 804 802 816 7.86 8.18

Empirical ~ SD 040 020 034 018 037 0.8 043 025
Likelihood ~ SE 038 019 040 020 033 0.19 038 025
CP* 930 938 964 96.0 886 954 78.0 94.0

CP' 930 938 964 960 922 892 858 92.0

Vi(Bis) 12.28 8.00 8.13 8.15
Mean 1238 12.31 8.15 803 827 817 840 820
Least SD 041 020 037 019 034 0.8 044 021
Squares SE 038 019 049 024 045 022 0.60 0.30

CP* 922 934 986 986 982 982 984 99.6
CP' 922 934 986 986 966 93.2 972 96.8
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Table A.2: Simulation results for the randomization study with implementation method II.

Scenario 2 3 4

Method n 250 1000 250 1000 250 1000 250 1000

ViBY 12.28 8.00 8.00 8.00

V(B g) 12.28 8.00 7.99 7.99
Mean 1239 12.31 8.12 8.02 8.14 8.05 8.14 8.06
Entropy SD 040 0.19 033 0.16 0.28 0.14 035 0.17
Balancing SE 047 023 039 0.19 032 0.15 0.38 0.18
Cp* 96.8 974 96.2 96.6 954 946 952 954
Cp! 96.8 974 96.2 96.6 954 952 952 952

Vi (B)) 12.28 8.00 8.14 8.16
Mean 12.38 12.31 8.12 8.02 8.04 8.16 7.82 8.17
Empirical SD 040 0.19 033 0.16 032 0.18 045 0.24
Likelihood SE 038 0.18 039 0.19 031 0.18 0.36 0.25
CP* 932 946 956 96.6 922 952 73.0 934
CPt 932 946 956 96.6 944 88.8 81.0 94.0

V(B ) 12.28 8.00 8.13 8.15
Mean 1239 1231 8.13 8.02 8.26 8.16 8.31 8.19
Least SD 040 0.19 034 0.17 032 0.16 0.41 0.20
Squares SE 039 019 048 0.23 043 021 0.58 0.28
Cp* 93.8 944 98.8 99.0 98.8 98.8 99.6 99.6
CP! 93.8 944 98.8 99.0 96.8 94.8 98.0 96.6

95



Table A.3: Simulation results for the observational study with implementation method I.

Scenario 1 2 3 4

Method n 250 1000 250 1000 250 1000 250 1000

Vi{BY 12.28 8.00 8.00 8.00

VE(BE,) 12.28 8.00 7.99 7.99
Mean 12.34 12.32 8.20 8.06 8.22 8.08 8.24 8.08
Entropy SD 0.42 021 036 0.17 031 0.16 045 0.17
Balancing SE 0.47 024 041 0.19 035 0.17 043 0.19
Cp* 96.8 956 954 956 950 952 946 9438
CP! 96.8 956 954 956 952 96.0 948 96.0

V5 (BE,) 12.28 8.00 8.14 8.16
Mean 1236 12.31 8.17 8.06 8.09 8.19 7.90 8.22
Empirical SD 0.41 022 037 016 035 020 043 0.26
Likelihood SE 038 0.20 0.41 0.19 032 020 037 0.27
Cp* 93.6 96.0 96.4 97.0 92.0 96.8 81.2 94.0
CP! 93.6 96.0 96.4 97.0 93.2 884 87.0 934

V5(Br) 12.28 8.00 8.13 8.15
Mean 12.37 1230 8.19 8.05 8.34 8.19 840 8.23
Least SD 0.42 0.21 0.37 0.17 035 0.17 0.44 0.20
Squares SE 0.39 0.20 0.48 0.23 0.46 0.22 0.60 0.29
Cp* 93.4 958 984 98.2 978 984 984 98.8
CP! 934 958 984 982 940 93.8 972 954
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Table A.4: Simulation results for the observational study with implementation method II.

Scenario 1 2 3 4

Method n 250 1000 250 1000 250 1000 250 1000

ViBY 12.28 8.00 8.00 8.00

V(B g) 12.28 8.00 7.99 7.99
Mean 1242 1232 8.12 8.03 8.15 8.06 8.19 8.06
Entropy SD 050 0.22 033 0.15 0.29 0.13 034 0.15
Balancing SE 054 025 038 0.18 030 0.14 037 0.17
Cp* 974 97.0 96.8 96.2 938 954 946 954
Cp! 974 97.0 96.8 96.2 946 95.6 95.0 96.0

Vi (B)) 12.28 8.00 8.14 8.16
Mean 12.42 1232 8.11 8.03 8.06 8.18 7.86 8.16
Empirical SD 050 0.23 033 0.15 031 0.17 0.43 0.23
Likelihood SE 046 021 037 0.17 029 0.17 035 0.24
CP* 954 954 96.6 96.0 916 954 744 93.2
CPt 954 954 96.6 96.0 940 84.0 834 96.2

V(B ) 12.28 8.00 8.13 8.15
Mean 1242 1232 8.13 8.03 831 8.17 8.38 8.21
Least SD 050 0.23 034 0.16 032 0.15 0.40 0.18
Squares SE 046 0.22 046 0.22 042 0.21 056 0.27
Cp* 958 95.6 98.8 984 98.0 99.2 986 99.6
CP! 958 95.6 98.8 99.0 96.0 95.0 97.6 96.2
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A.2.3 Comparison of Calibration Using All Covariates Versus a Subset of

Covariates

We conducted additional simulation studies under the setting in Section 2.5, but only use
mean of X; as the summary statistics from the target population for calibration. The value
and percentage of correct decisions results of the entropy balancing, empirical likelihood, and
least squares methods using different covariates for calibration for the randomization study
are summarized in Table A.5 (method I) and Table A.6 (method II). The similar results for the

observational study are summarized in Table A.7 (method I) and Table A.8 (method II).

Table A.5: Mean and standard deviations (in parenthesis) of the values and percentages of
correct decisions (PCD) using different covariates for calibration for the randomization study
with implementation method I.

Scenario  n  Covariate Entropy Balancing Empirical Likelihood Least Squares
Value PCD Value PCD Value PCD

250 X, 12.12(0.10) 0.96(0.02) 12.12(0.10) 0.96(0.02) 12.12(0.10) 0.96(0.02)

1 X1, X5, X3 12.11(0.10) 0.96(0.02) 12.14(0.11) 0.96(0.02) 12.11(0.11) 0.96(0.02)
1000 X, 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01)

X1, X5, X3 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01)

250 X3 7.86(0.13) 0.91(0.11) 7.86(0.13) 0.91(0.11) 7.86(0.13) 0.91(0.11)

9 X, X,,X; 7.87(0.11) 0.92(0.09) 7.86(0.13) 0.91(0.13) 7.88(0.13) 0.91(0.12)
1000 X 7.95(0.04) 0.97(0.02) 7.95(0.03) 0.97(0.02) 7.95(0.04) 0.97(0.02)

X, X,,X; 7.95(0.03) 0.97(0.04) 7.95(0.04) 0.97(0.04) 7.96(0.03) 0.97(0.02)

250 X, 7.68(0.19) 0.65(0.25) 7.68(0.19) 0.65(0.25) 7.68(0.19) 0.65(0.25)

3 X, X,,X; 7.90(0.10) 0.93(0.09) 7.89(0.12) 0.91(0.14) 7.91(0.07) 0.94(0.05)
1000 X, 7.70(0.20) 0.62(0.28) 7.69(0.20) 0.62(0.28) 7.70(0.20) 0.62(0.28)

X, X,,X; 7.96(0.03) 0.97(0.03) 7.96(0.06) 0.96(0.07) 7.95(0.03) 0.97(0.03)

250 X, 7.60(0.16) 0.52(0.23) 7.60(0.17) 0.53(0.23) 7.60(0.16) 0.52(0.23)

4 X, X,,X; 7.87(0.12) 0.91(0.12) 7.84(0.16) 0.85(0.20) 7.83(0.20) 0.89(0.13)
1000 X, 7.58(0.12) 0.43(0.18) 7.57(0.11) 0.42(0.16) 7.58(0.12) 0.43(0.18)

Xy, X5, X3 7.95(0.04)  0.97(0.04) 7.90(0.15) 0.88(0.20) 7.95(0.03)  0.97(0.03)
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Table A.6: Mean and standard deviations (in parenthesis) of the values and percentages of
correct decisions (PCD) using different covariates for calibration for the randomization study
with implementation method II.

Scenario  n Covariate Entropy Balancing Empirical Likelihood Least Squares
Value PCD Value PCD Value PCD

250 X, 12.11(0.11) 0.96(0.02) 12.11(0.11) 0.96(0.02) 12.11(0.11) 0.96(0.02)

1 X, X5, X3 12.11(0.11) 0.96(0.02) 12.11(0.11) 0.96(0.02) 12.10(0.12) 0.96(0.02)
1000 X, 12.21(0.04) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.04) 0.98(0.01)

X, X5, X3 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01)

250 X3 7.86(0.12) 0.93(0.07) 7.86(0.12) 0.93(0.08) 7.86(0.12) 0.93(0.07)

9 X1, X5, X3 7.90(0.10) 0.94(0.06) 7.90(0.10) 0.94(0.06) 7.89(0.11) 0.94(0.07)
1000 X3 7.96(0.03) 0.98(0.02) 7.95(0.03) 0.98(0.02) 7.96(0.03) 0.98(0.02)

X, X,,X; 7.97(0.03) 0.97(0.02) 7.97(0.03) 0.97(0.02) 7.97(0.03) 0.97(0.02)

250 X 7.69(0.21) 0.66(0.26) 7.68(0.20) 0.66(0.26) 7.69(0.21) 0.66(0.26)

3 X, X,,X; 7.91(0.07) 0.95(0.05) 7.89(0.10) 0.92(0.11) 7.91(0.06) 0.95(0.05)
1000 X 7.70(0.20) 0.62(0.28) 7.70(0.20) 0.62(0.28) 7.70(0.20) 0.62(0.28)

X, X,,X; 7.96(0.02) 0.97(0.02) 7.95(0.04) 0.97(0.04) 7.96(0.02) 0.97(0.02)

250 X, 7.59(0.18) 0.51(0.24) 7.58(0.18) 0.51(0.24) 7.59(0.18) 0.51(0.24)

4 X, X,,X; 7.88(0.10) 0.92(0.09) 7.83(0.15) 0.86(0.18) 7.85(0.21) 0.91(0.13)
1000 X, 7.58(0.11) 0.42(0.17) 7.58(0.11) 0.41(0.16) 7.58(0.11) 0.42(0.17)

X1, X5, X5 7.97(0.03) 0.97(0.02) 7.92(0.11) 0.93(0.14) 7.95(0.03) 0.97(0.02)

Table A.7: Mean and standard deviations (in parenthesis) of the values and percentages of
correct decisions (PCD) using different covariates for calibration for the observational study
with implementation method I.

Scenario  n  Covariate Entropy Balancing Empirical Likelihood Least Squares
Value PCD Value PCD Value PCD

250 X 12.14(0.10) 0.97(0.02) 12.14(0.09) 0.97(0.02) 12.14(0.10) 0.97(0.02)

1 X1, X5, X5 12.14(0.10) 0.97(0.02) 12.18(0.08) 0.97(0.02) 12.14(0.09) 0.97(0.02)
1000 Xi 12.22(0.03) 0.98(0.01) 12.22(0.03) 0.98(0.01) 12.22(0.03) 0.98(0.01)

X1, X5, X5 12.22(0.03) 0.98(0.01) 12.22(0.03) 0.98(0.01) 12.22(0.03) 0.98(0.01)

250 Xi 7.82(0.15) 0.87(0.16) 7.82(0.15) 0.87(0.16) 7.82(0.15) 0.87(0.16)

5 X, X5, Xs  7.82(0.16) 0.87(0.17) 7.81(0.17) 0.86(0.16) 7.84(0.16) 0.87(0.17)
1000 Xi 7.94(0.06) 0.95(0.07) 7.94(0.05) 0.96(0.07) 7.94(0.06) 0.95(0.07)

X1, X5, X5 7.95(0.06) 0.95(0.08) 7.93(0.06) 0.95(0.08) 7.95(0.06) 0.95(0.07)

250 Xi 7.72(0.19) 0.71(0.26) 7.73(0.19) 0.71(0.26) 7.72(0.19) 0.71(0.26)

3 X, X5, X5 7.86(0.13) 0.90(0.12) 7.86(0.13) 0.89(0.14) 7.87(0.12) 0.91(0.10)
1000 Xi 7.73(0.20) 0.66(0.28) 7.73(0.20) 0.66(0.28) 7.73(0.20) 0.66(0.28)

X, X5, X5 7.94(0.07) 0.96(0.07) 7.92(0.12) 0.91(0.15) 7.95(0.03) 0.96(0.03)

250 X 7.64(0.18) 0.57(0.26) 7.64(0.18) 0.57(0.26) 7.64(0.18) 0.57(0.26)

4 X, X5, X3 7.83(0.16) 0.89(0.13) 7.84(0.15) 0.86(0.17) 7.83(0.20) 0.89(0.13)
1000 Xi 7.61(0.14) 0.45(0.21) 7.61(0.14) 0.46(0.21) 7.61(0.14) 0.45(0.21)

X1, X5, X3 7.93(0.09) 0.95(0.09) 7.89(0.15) 0.88(0.20) 7.95(0.04) 0.96(0.04)
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Table A.8: Mean and standard deviations (in parenthesis) of the values and percentages of
correct decisions (PCD) using different covariates for calibration for the observational study
with implementation method II.

Scenario  n  Covariate Entropy Balancing Empirical Likelihood Least Squares
Value PCD Value PCD Value PCD

250 Xi 12.12(0.12) 0.97(0.03) 12.12(0.11) 0.97(0.02) 12.12(0.12) 0.97(0.03)

1 X1, X5, X5 12.12(0.11) 0.96(0.02) 12.12(0.12) 0.97(0.02) 12.12(0.12) 0.96(0.03)
1000 Xi 12.21(0.04) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.04) 0.98(0.01)

X1, X5, X5 12.22(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01) 12.21(0.03) 0.98(0.01)

250 Xi 7.86(0.12) 0.91(0.13) 7.86(0.12) 0.92(0.13) 7.86(0.12) 0.91(0.13)

9 X, X5, X5 7.87(0.14) 0.91(0.14) 7.88(0.13) 0.91(0.14) 7.88(0.13) 0.91(0.15)
1000 X, 7.95(0.04) 0.97(0.04) 7.95(0.04) 0.97(0.04) 7.95(0.04) 0.97(0.04)

X1, X5, X5 7.97(0.03) 0.97(0.03) 7.97(0.03) 0.97(0.03) 7.97(0.03) 0.97(0.03)

250 Xi 7.71(0.21) 0.68(0.27) 7.71(0.21) 0.69(0.27) 7.71(0.21) 0.68(0.27)

3 X1, X5, X5 7.89(0.09) 0.93(0.07) 7.87(0.12) 0.90(0.13) 7.90(0.07) 0.93(0.06)
1000 Xi 7.71(0.20) 0.64(0.28) 7.72(0.20) 0.64(0.28) 7.71(0.20) 0.64(0.28)

X1, X5, X5 7.96(0.03) 0.97(0.03) 7.95(0.06) 0.96(0.06) 7.95(0.03) 0.97(0.03)

250 Xi 7.62(0.19) 0.56(0.26) 7.62(0.19) 0.57(0.26) 7.62(0.19) 0.56(0.26)

4 X, X5, X5 7.84(0.14) 0.89(0.12) 7.81(0.16) 0.85(0.18) 7.82(0.22) 0.89(0.14)
1000 Xi 7.60(0.14) 0.45(0.20) 7.59(0.12) 0.43(0.18) 7.60(0.14) 0.45(0.20)

X, X5, X3 7.96(0.03) 0.97(0.03) 7.90(0.13) 0.90(0.17) 7.96(0.04) 0.97(0.03)
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APPENDIX

B

SUPPLEMENT TO CHAPTER 3

B.1 Technical Proofs

Throughout the proofs, we will use f(-) to denote the probability density functions for continu-
ous random variables and the probability mass functions for discrete random variables.

B.1.1 Proofof Theorem 4

Proof. To prove Theorem 4, we first state a lemma.

Lemma 2 For any function h(X) that has a finite moment E[h(X) | U = 11] < 00, the following
balancing condition

pwX) A 1-C S h(X)]:E[pO(X)l—A 1-C S h(X)]:E[pO(X)

h(X)!|. (B.1
% 00 K(X) ;X % o) Ko(X) poX) ( )] (B.1

0

holds. Under Assumptions 4-6, the three expectations in (B.1) equal E[h(X) | U =11].
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Proof.

d

d

pX) A 1-C S [ [p(X) A 1-C S
h(X)| = E|E h(X)| X
ey avarselios] I U ey oy ass s LalRd |
 po(X)P(A=1,C=0,S=1|X)
= E h(X
e KX )
- 2]
L Po
nX)1—-A1-C S  [pX)1—-A1-C S
h(X = E(E h(X)| X
verasamselios] Il U e ovoss s USR] |
" po(X)P(A=0,C=0,S=1]|X)
= h
Un  00K0RX) x|
= E Mh(X)].
L Po
Therefore, (B.1) holds. Under Assumptions 4-6, we have
P(U=11|X)=P[S(0)=1,5(1)=1]| X]
=P[S(0)=1|X] (Assumption 6)
=P[S(0)=1|C(0)=0,X] (Assumption 5)
=P[S(0)=1|A=0,C(0)=0,X] (Assumption 4)
=P(S=1|A=0,C=0,X) (SUTVA)
ZPO(X)!
and thus P(U =11) = p,. Then
L [fxIU=11) 1 rPU=11]X), 1 pX)
E[h(X)| U =11]=E % h(X)]_IE[ PU=11) h(X)]_]E[ o h(X)]. (B.2)

For a given policy 7 €11, we have

O

V(m)

E[Y(1)n(X)+ Y(0){1—7(X)} | U =11]

E[E[Y()r(X)+ Y(O{l—7n(X)} | U =11,X]|U =11]
E[E[Y(1)|U =11, X|n(X)|U=11]+E[E[Y(0) | U =11, X{1—7n(X)} | U =11]

E[E[Y(1)|U=110r10,X]|n(X)|U =11]

(Assumption 7)

+E[E[Y(0)| U =11, X]{l—(X)} | U = 11]

E[E[Y(1)|S(1)=1,X]n(X)|U =11]
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+E[E[Y(0)| S(0)=1,X{1—7n(X)}|U =11] (Assumption 6)

= E[E[Y(1)|C(1)=0,S(1)=1,X]n(X)| U =11]
+E[E[Y(0)| C(0)=0,5(0)=1,X{1—n(X)}| U =11] (Assumption 5)

= E[E[Y|A=1,C(1)=0,5(1)=1,X]n(X)| U =11]
+E[E[Y|A=0,C(0)=0,5(0)=1,X|{1—n(X)}| U =11] (Assumption 4)

= E[E[Y|A=1,C=0,S=1,X]n(X)|U =11]
+E[E[Y|A=0,C=0,S=1,X]{1—n(X)}|U=11] (SUTVA)

= E[u(X)n(X)+p(X){1—n(X)} | U =11]. (B.3)

By Lemma 2, for any h(X),

O e e
B st el e 0]
Continuing from (B.3),
V(m) =E[2E [ (X)m(X)+ (X1 — ()], (B.4)
and
v = B R O B R a0

[ [pX) A 1-C S p(X)1-A1-C S
E_E[ o0 K X) peor M T R K (M
_ EE[PO(X) A 1-C S p(X)1—A1-C S Y{l—n(X)}lXH

(X1 - (X} | XH

Yr(X
oK) px) T T o X Ke(X) X
'pO(X){ A 1-C S Yﬂ(X)Jrl—A 1-C S

L Po 01(X) K (X) p(X) Yo(X) Ko(X) po(X)

Y{l—n(X)}H.

B.1.2 Proofof Theorem 5

Proof. We will use the semiparametric theory in Bickel et al. (1993) to derive the EIE Let O =
{X,A,C,(1-C)S,(1—C)SY} summarize the vector of observed variables with the likelihood
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factorized as
FO)=FX)fAIX)fF(CIAXHF(SIA C=0,X)=Of(Y |A C=0,S=1,X)}"=5=D (B.5)

To derive the EIF for V (), we consider a one-dimensional parametric submodel, f3(O), which
contains the true model f(O)at 8 =0, i.e., fo(O)|g—o = f(O). We use 6 in the subscript to denote
the quantity with respect to the submodel, e.g., Vy(7) is the value of V(r) in the submodel.
We use dot to denote the partial derivative with respect to 8, e.g., V(1) = 2 Vp(r)/2 0, and use
Sp() to denote the score function of the submodel. From (B.5), the score function under the

submodel can be decomposed as
S9(0)=59(X)+ s9(A| X))+ $59(C | A, X)+59(S|A,C=0,X)+59(Y|A C=0,S=1,X),

where sy(X)=201log fp(X)/00,s9(A| X)=3log fo(A| X)/20,s9(C | A X)=2log fo(C| A X)/20,
59(S|A,C=0,X)=0logfp(S|AC=0,X)/30, s4(Y | A, C=0,S=1,X)=7logfo(Y|AC=
0,S =1, X)/2 0 are the score functions corresponding to the five components of the likelihood.
Analogous to fy(O)|g—o = f(O), we write sy(+)|go as s(-), which is the score function evaluated
at the true parameter under the one-dimensional submodel.

From the semiparametric theory, the tangent space,
A:H1®H2®H3®H4®H5
is the direct sum of

H, = {h(X):E[h(X)]=0},

H, = {h(A X):E[h(A X)|X]=0},

H, = {h(C,AX):E[h(C,AX)|A X]=0},

H, = {h(S,A,C=0,X):E[h(S,A C=0,X)|A C=0,X]=0},

H, = {h(Y,AC=0,S=1,X):E[h(Y,A,C=0,S=1,X)|A,C=0,S=1,X]=0},

where H,, H,, H;, H,, H; are orthogonal to each other. The EIF for V() denoted by v,(O) € A,
must satisfy
Vo(m)lg=o = E[v:(0)s(O)].

We will derive the EIF by calculating Vj(7)|y—,. To simplify the proof, we introduce some lemmas.

Lemma 3 Consider a ratio-type parameter R = N /D. If Ny|g—o = E[ vy (0)s(0)] and Dyl y—o =
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E[vp(0)s(0)], then Rylg_o = E[vz(0)s(0)] where

yr(0) =~ yy(0)— 2

D D vp(O). (B.6)

In particular, if vy (O) and v (O) are the EIFs for N and D, then vy(O) is the EIF for R.

Proof. Let Ry, Ny, and Dy denote the quantities R, N, and D evaluated with respect to the
parametric submodel f,(O). By the chain rule, we have
Ny

R0|(9=0: E

6=0

= ~EDn(0)s(0)]~ SEL7p(0)5(0)]

:]E[{%VN(O)— % vD(O)} S(O)],

which yields (B.6). ]

Lemma4 Forany h(O) that does not depend on 0, 0E,[h(0)]/0 09—y =E[R(O)s(O)].

The proof is straightforward and thus omitted.

Lemma5 Deﬁne,uaf(X) =E[f(Y,S,X)|A=a,C=0,X] forany f(Y,S,X), wherea=0,1. We
have

Ear.0(XNo=0 =E[{Y rva)siarx — Bar(X}s(Y,S14,C =0,X) | X].

As a special case,

pa,G(XNH:O =E[{l/)5(a)—pa(X)}s(S | A» C= O’X) | X] .

Proof. We first prove the general result:

. 0
‘uuf,@(X)h):O = ﬁEﬂ[f(Y’S)X)|A:a)C:0’X]|9:0

= E[f(Y,5,X)xs(Y,S|A=a,C=0,X)|A=a,C=0,X] (Lemma4)

= E[{f(Y,S, X)—pas(X)}s(Y,S|A=a,C=0,X)|A=a,C=0,X]

_ g H{A:a}H(C:0){f(Y’S’X)_'uaf(X)}s(Y,S|A,C:0,X)|X
Pa(X)K,(X)

= E[{ll)f(y(a),S(a),X)—.qu(X)}S(Y»S |A,C=0,X)|X], (B.7)

where the third equality follows from i, (X)E[s(Y,S|A=a,C=0,X)|A=a,C=0,X]=0.
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Choosing f(Y,S, X) =S, the result for p,(X) follows because

E[{50)— Pa(X)}s(Y | A,C=0,S=1,X)| X]=0.

Lemma 6 Define u,r =E[u,(X)] forany f(Y,S,X), wherea=0,1. We have

farolo=o =E{Y fviaysianx — Har}s(0)].

Moreover, \) (y(a)s(a),x)— Mas iS the EIF for u,¢, a =0,1. As a special case, for p, = E[p,(X)], we
have

Paolo=o=E[{t) s — pa}s(0)],
and \)g,)— P, is the EIF for p,, a=0, 1.

Proof. We prove the general result:

Lrarolo=o=Eluar(X)s(O)]+E[itsr9(X)lg=o] (Lemma 4)
=E[pqr(X)s(O)]+E[{Y p(v(a),sia)x) — Haf(X)}s(Y,S [ A, C=0,X)] (Lemma5)
=E{Y fiva)s@),x) —Mar}s(Y, S| A, C=0,X)]
=E{Y r(v(a)sa),x)— Har}s(O)],

where the last equality follows from E[{v) ¢(y (a) s(a),x)Mar} (A | X)=EH{Y r(v(a),s2), 5 Mar}s(X)] =
0. Because Y f(y(a)s(a)x) — Uay lies in the tangent space, it is the EIF for u, (. The result for p,
follows by taking f(Y,S,X)=S. O

Lemma 7 For u,(X), we have

Y yysia)— Ua(X)W s
Pa(X)

bao(X)lo=o=E s(Y|A,C=0,S=1,X)| X]|.

Proof. A key observation is the ratio representation:

E[YS|A=a,C=0X] E[YS|A=a,C=0X]

X)=E[Y|A=a,C=0,S=1X]= -
Ua(X)=E[Y |A=a ] E[S|A=a,C=0,X] Pa(X)

From Lemma 5, the numerator satisfies

0
%EG{YSM a,C=0,X}o—0=E[{t) s — Pa(X)a(X)}s(Y,S| A, C=0,X)| X].
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The denominator satisfies
Pa(Xlozo =E[{t) s0y— Po(X)}s(Y,S| A, C=0,X)| X].

We then use Lemma 3 to calculate the path derivative of u, 4(X) with all distributions condi-

tional on X, yielding
. Y y(@)s(a) ~ La(X)Y 510)
X)lg==E Y,S|A,C=0,X)|X|.
La,6(X)lo=o Do (X) s(Y,S| )|
The conclusion follows by using E[{t}' y ()s() — (X)W s} S(S | A, C =0,X) | X]=0. m

Below, we derive the EIF for V().
First, from (B.4), we can write V()= N /D, where

N =E[p(X) [ COn(X) +uo(X)1-n(X)}]],  D=p
From Lemma 6,
O)=ys—p=ys—D.

From the chain rule, we have

) 0
Ny lo=o = aeEe[Poe(X)[.Ule( ) (X) + o p(X){1 — (X )}]]
6=0
= E[p(X) [ (X)7(X) + po(X){1 —(X)}]s(X)] (Lemma 4)
+Eq [ 0,6(X) [ 1,0 (X)7(X) + o6 (X){1 — (X} ] |0

+Eq [ 1,0 (X) [ 11,0 (X)7(X) + 9,6 (X){1 — (X)}]]l9=o- (B.8)

Because E{N s(X)} =0, the first term in (B.8) equals

E [ po(X) 2 (X)7(X) + po(X){1 — m(X)}] s(X)]
= E[{pO[t: 2)7(X) + poX){1 — (X )} |- N} s(X)].

From Lemma 5, the second term in (B.8) reduces to

Eg [ Po,0(X)[1,6(X)7(X )+M09(X){1—7T(X)}]]|0 0
= E[E[{¢s0)— po(X)} (S| A, C =0, X){ s (X)7(X) + po(X){1— n(X)}} | X]]
= [{¢S(o)_P0X)}{.U1X)7T (X) + po(X ){1_7T }} S|A’C—0»X)]-
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From Lemma 7, the third term in (B.8) reduces to

g [ 10,0(X) [£11,0(X)(X) + 0,0 (X1 =7 (X)}H] lg=0

_ [po X) { Yrs &15 Wsm x4 Q’DY‘O)S(O”;(’Q)(XWS(O){1 —n(X)}} s(Y|AC=0,S=1,X)]|.

Plugging the above three formulas into (B.8) gives

NB |0:0
= E[{poO)[ptX)7(X) + po(X){1 — (X)}] = N } s(X)]
+E [{50)— Po(X)H pn OT(X) + po(X){1 —(X)}} (S| A, C =0, X)]

Y yaysay— W (X)YP sy Y yo)si0)— Ho(X)Y 50
- ’ C =V, S =1, .
+]E[p0(X){ () n(X)+ o) {1 n(X)}}s(YlA 0 1,X)
(B.9)

We can verify that

po(X) [ (X)m(X) + uo(X){1—7(X)}—N € H,
{50 — PoXH (X)X + o(X){1—7(X)}] € H,,

Y ymysa)— (XY sa) Y y)s00)— (X)W s(0)
pu(x) { PO ) SIS0 0S80 1y e

Because H,, H,, H;, H,, and H; are orthogonal to each other, we can write (B.9) as

Nplo—o = E[{pe(X)[t(X)m(X)+po(X){1—7(X)}] =N} s(0)]
HE[{) 50)— Po(X)}H 1,0 (X)7(X) + o, 0 (X){1 — (X)}] s(O)]

+E [PO(X) { Y Y(I)S(l);(l;)(x)¢5(1) 0 + Y Y(O)S((;;(—O.;ggf)l/)sm) (- 77:(X)}} s(O)] .

As a result, we obtain the EIF for N:

wn(0) = po(X) [ (X)m(X) + wo(X){1—7(X)} - N
+Hs() po(x}[ul(xm(xwuo(xm—n(X)}]

Yywsa— Ui (XY s Y yoys0)— Uo(X)YP s(0)
0 { ) 4 R =)
(X) (X)
= [ {¢S pO(X)'P }"‘—Z(X)wm)su) (X)) + Y yo)s011 — (X))} —N.
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From Lemma 3, the EIF for V(r) is
Vr= _{¢rr - V(ﬂ)¢5(0)}
where ¢ = [.Ul(X) {l/JS(O) - %wsu)} + %UJ y(1)5(1)] m(X)+ Y yso{l —m(X)}. O

B.1.3 Proofof Theorem 6

Proof. Recall the MR estimator

VMR() = —P"(,?N)
Pn{wsm)}
From (B.4), we can write V(1) = N /D, where

=E[po(X) [t (X)m(X) + po(X){1—7(X)}]],  D=p,

Therefore, we only need to prove the probability limit of ]P’n{fﬁ s} is equal to D and the
probability limit of Pn(aﬂ) is equal to N under ./ . co1sp U M psicsiom Y Msprom-

For the ease of exposition, we write ¢ ,(X; a*) = ¢*(X), K,(X;n*) = KX(X), p.(X;7*) = pX(X),
Ua(X; %)= p(X) and let

_ A= a}I(C = 0){S— pi(X)}
Pr(X)Kx(X)

ws +p;(X)7

o LA=alC=0YS—p,(X)p;(}
s ¢ (X)Ks(X)

e | . X)) py(X)
o=l i~ i i

(X
* w Y(I)S(l)l TC(X) + lp y(o)g(o){l - N(X)}

+ 1, (X)p,(X),

We first prove that under /4 g, s U Mg, C Mg, csisp U AMpsicsiom Y AMspiom, the probability limit
of P, {150}, E[1)% )], is equal to D = py.

E[pt) :E[H{A= 0}£(f :)12)*{;(; py(X)} +pg(X)]
E{ []I{A o}ifx);)j(S)po( )}+p3‘(X)]|A:O,C:0,X}
:]E[P/:O ;)(I:(* 0] X) {E[S=1]A=0,C=0,X]—p;l X)}+p5‘(X)]
=E[ °§K°(X (X)—p;(X)}w;(X)].

109



Under A pics, Po(X) = ¢i(X), Ko(X) = Kj(X), and thus ]E[z,bg(o)] = E[po(X)] = po. Under .4,
po(X) = py(X), and thus E[wg(o)] =E[po(X)] = po.

Next, we prove the probability limit of P,,(¢ ), E[¢*], is equal to N. We first decompose the
probability limit as

E[¢;I=EHM>;(X){¢’;@ PoX ws} P ) W ](xw; {1—n(x»]

=E [ ui(X ) n(X)]—Elu*(X)“—w* n(X)] [’9 "Xw ]
1 S(0) 1 pl*(X) S(1) X Y(1

+IE[¢’;(O)S(O){1 - n-(X)}]. (B.10)

(1) Under M s csispr Pa(X) = 0E(X), Ko(X) = KX(X), po(X) = p’(X). The first term in (B.10)

equals

E [ 1 (X050 m(X) | = E[E[ (0w, n(X) | A=0,C =0,X]|
P(A=0,C=0]X)
Po(X)Kq(X)

. o X)Ko(X)
—E _ul(X)n(X)[m{po(X)—po(X)}+po(X)H

=E [} (X)m(X)po(X)]. (B.11)

=E u";(X)n(X)l {E[S=1]A=0,C=0,X]—p;(X)} + pO*(X)H

The second term in (B.10) equals

py(X) p*

( lP(A:I,C—OIX
py(X) PI(X)KF(X)

X) [ (XK (X)
pOE ;[Zlgxm()ﬂ{pl(X)_’”l(X)}“’l(X)H

=E [} (X)m(X)po(X)]. (B.12)

E|uw(X) ws n(X)|A=1,C = OXH

{E[S—1|A_1c 0,X]— p*(X}+p;“(X)H

E pO*( zpm ]_]E[ [p" Vs TX) 1 A=1,C = OXH

B 3 pi(X) (P(A=1,C=0]|X) o . .

== ”(X)pf(X){ SOO0KI) VS IA=1,C =0, X]=(X0p{ (X0} +4i(X)p 1(X)H
_ po(X) [ 1(X) K (X) .

=E ”(X)pl(X){ X )KI(X){ (X (X) = (X)p (X)) + (X pl(X)}]
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=E[u,(X)7(X)po(X)]. (B.13)

The fourth term in (B.10) equals

E[1 01501~ X0} = E[E[ 1 g5 {1 = 7(X)} A=0,C =0,X]]
5| (1-(X) { £ “:0 0(;)3‘;*( ;;X) {B[YS|A=0,C =0,X]— u{(X)p(X)} +u:;(X)p;(X)H
= Po(X) Kol
& |{1-x(X) {W (X)) — O} + 18 X)po(X)H
=E [ uo(X){1 — 7(X)} po(X))]. (B.14)

Combining (B.10)-(B.14), we have

(X
E[[MT(X){ws pO X;ws } pO( lpy ] (X)+¢§/(0)5(0){1_7T(X)}‘|

=E[wi(X)m(X)po(X )]—E[u’;( ) (X)PO(X)]+E[.U1(X)7T(X)P0(X)]
+E [ po(X){1—(X)}po(X)]
=E [ po(X) [ (X)7(X) + po(X){1 —n(X)}] ] = N.

Therefore, under ./ g, cs1sp» VMR(1) is consistent for V().
(i) Under A s, csom» Pa(X) = @*(X), K,(X) = KX(X), o(X) = u*(X). The first term in (B.10)

equals

E [ 1 (O m(X)]| = E[E [ (X n(X) | A=0,C =0,X]|
P(A=0,C=0]|X)

Po(X)Kq(X)

T PR, *
—F _ul(X)n(X)[—%( g =R} + (X)H

=E [ 11, (X)7(X)py(X)]. (B.15)

=E u’;(X)n(X)l {E[S=1]A=0,C=0,X]—p;(X)} + pg‘(X)H

The second term in (B.10) equals

Po

z,bs lE[E[u p ¢S 2(X)|A=1,C = OXH

lP(A—l C=0]|X)
PI(X)KF(X)

(X)K (X . .
| kg X )—pl(X)}+p1(X)H

(1)
pg‘( )
pi(X)
py(X)
pi(X)

=E |y} (X)n(X) {E[S =1|A=1,C=0,X]-p}(X)} + pl*(X)H

=E | i (X)n(X)
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=E [,ul(X)n(X)pO*(X)M]. (B.16)

pi(X)

The third term in (B.10) equals

‘wy(l)su)”(X)l:]El [pﬂ I/JY n(X)|A=1,C= OXH
{P(A 1,C=0|X)

{E[YS|A=1,C=0,X]—u(X)p;(X)} +ui(X p{“(X)H

i (i OP(X) = ()prO} +u1(X)p:(X)}]

(B.17)

The fourth term in (B.10) equals

E [ 5011~ T} =E[E[¢% )50 {1 — (X} A=0,C =0,X]|

=& (1-r(x)} { i Tl o ELYS14=0,C =0, X |- i(X)p; 0} +u:;(X)p;(X)H

N SOO(X) ol X

5[ 10 { £ (RO — ol B0} + (X0 00

=E [1o(X)}{1—7(X)}po(X)] (B.18)

Combining (B.10) and (B.15)-(B.18) , we have

0*( 0 (X) ;
E“H‘{(X){% A ’Ps } p*(X’P 1] (X)+¢Y(0)S(0){1 (X }]

n(X)
py(X)

(X)
E| i(X)m(X)py(X )p(X)]

=E[u,(X)n(X)po(X)]—E [ul(X )T(X)p, (X)

+E [HO(X){I - W(X)}PO(X)]
=E [ po(X) [ 1 (X)7(X) + o(X){1 — (X )}]] =N,

Therefore, under ./ ;s cs+om» VMR (1) is consistent for V(7).
(iii) Under Ay om, Pa(X) = pi(X), pa(X) = u*(X). The first term in (B.10) equals

E [ 13 (X )50 m(X) | = E[E[ (0w, n(X) | A=0,C =0,X]|
P(A=0,C=0]X)
Po(X)K7(X)

=E [,u"l‘(X)n(X)[ {E[S=1]A=0,C=0,X]—p;(X)} + pO*(X)H
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X)Ky(X
=E [Hl(x)ﬂ(x)l% {PO(X)_PO(X)} +P0(X)H

=E [, (X)7(X)po(X)]. (B.19)

The second term in (B.10) equals

E|ui(X p?k(szS(l) ]ElElu p ¢s n(X)|A=1,C= OXH

Py
py

k(0000 X) [P(A— 1,C=0|X)

| oK) {E[s =1|A=1,C=0,X]-p}(X)} +p1*(X)H

| po(X) [ 91(X)K,(X) B
=E _ul(X)n(X)pl( X5 [ K (X) {P(X)—p 0O} + pl(X)H
=E [t (X)m(X)po(X)]. (B.20)

The third term in (B.10) equals

[ pi(X) P
E_p‘li(X)wm (1)77:(X)]= l lp” Vs X)A=1,C = OXH

p;(X) [ P(A=1,C=0]X) I N
=E _N(X)p?‘(X) { FOK) {E[YS|A=1,C =0,X]-u;(X)p; )} +pi(X)p, (X)H
_ [ po(X) | p1(X)K (X
=E n(X)pl(X){%( )K*(X){ul( ) (X)— (X)X} + pa (X pl(X)H
=E [, (X)7(X)po(X)]. (B.21)

The fourth term in (B.10) equals

E :l/’?w)sm){l _“(X)}] - E[E [1/1}(0)5(0){1 —nX)}A=0,C= O’XH
[ P(AZOrC:()lX) * * * *
=E| {1 —n-(X)}{ AOK) {E[YS|A=0,C=0,X]-us(X)py(X)} +p(X)py (X)H
I Po(X)Ko(X
=E -{1 ﬂ(X)}{—(,DS‘(X)KS‘(X {.Uo )Po(X) — o(X)po(X) }+.U0 po(X)H
=E[o(X){1 = m(X)} po(X)]. (B.22)

Combining (B.10) and (B.19)-(B.22) , we have

(X
IEHMT(X){'PZ(O)—Z%EX;QPE(U} p” wm ](X)+¢’;(O)s(0){1—n(X)}l

=E [, (X)n(X)po(X)] —E[m, (X)7 (X)PO(X)]+]E[.U1(X)7T(X)po(x)]
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+E [.Uo(X){ 1— ﬂ(X)}Po(X)]
=E [ po(X) [ 11 (X)7(X) + o(X {1 — (X )}]=N.

Therefore, under ./, om, VMR (1) is consistent for V(7).

Under ./ s, cs1sprom» W show that the influence function of VMR(7) is the same as the EIF
in Theorem 5 and therefore VMR(rr) achieves the local efficiency. Let 6 denote the parameter
vector containing a, 1,7, and {. Let 8* be the probability limit of 0. Let P, {g(O; 5)} =0 Dbe the

estimation equations for 6. By Taylor expansion, we have
P,{g(0;0)} =P,{g(0; 0"} +P{g(0;6")}(8 — 0)+0,(n""*)=0. (B.23)
For a ratio estimator P,{N(O; 5)}/Pn{D(O; 5)}, by Taylor expansion,

P,{N(0;0)} P,{N(0;0)} P{N(0;0}

_ O . n* —1/2
P D(0:3)  P(D(0:67)  FiD0soap (PO O] 0 . (B2

P,{N(0;0)} =P,{N(0; 0"} +P{N(0; 0"} — 0)+0,(n""/?), (B.25)

P,{D(0;0)} =P,{D(0;0*)} +P{D(0;0")}(0 — 0)+0,(n""?). (B.26)
For VMR(7) = PP{;"’S -+, wehave N(0; 0) = ¢(0) and D(0; 0) = )o)(0). Combining (B.23)~(8.26),
we have

_ P, {N(O;0)}

VM) — v ( )=”—A—V( )

T R
_P,{N(0;8)} P{N(0;6"}

* -1/2
~ P{D(0; %)} []P{D(o,e iy [ {D(0;0)}—P{D(0; 0")}]— V() + 0,(n""?)

2
n ’ ; p

P{D(0;07)) [PLD(0; 0
N(O;0%) P{N(0O;0*)} P{N(O;0*)}
_ 1 0%)— 10"
"\ B{D(0; 01 BID(0;01P(g(0; 015 0 ) " pip(0; 0y P10 O
PD(0:0%) . o
—P{g(O;B*)} g(0;0%) |+ 0,(n""7). (B.27)

By the central limit theorem (CLT), VMR(7r)—V (1) is asymptotlcally normal. Under ./ s, cs1sprom>
$(0%)= @, Y 510)(0%) = Y50 PAN(0; 0%)} = P po( X) [ 111 (X)7(X) + po(X){1 — (X)}]], and P{D(0; 6*)} =
Po- We can verify that P{N(0;6*)} =P{D(0;6*)}=0. Contlnulng (B.27),
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VMR(1)— V()

N(0; 6% P{N(0;0%) P{N(0;0%)
= - ;0%)— ;0"
P”IP{D(O;H*)} PID(0; 01P1g(0;6715 0 )" ip(o; 0 PO
PD(0;07) o
Pig(0;07) 17 0| Fortn )

D(0;0%)|+0,(n""?)

_P[ N(0;6%)  P{N(0;6")}
~"lP{D(0;0%)} [P{D(0;6+)}]2}

m T -
—]Pn [¢ )¢S(0):|+0p(n 1/2).
Po
This completes the proof. a

B.1.4 Proof of Theorem 7

Proof. We show that VMR(rr) constructed by {@,(x), K, (x), P,(x), i,(x)} is asymptotically normal
and its influence function is the same as the EIF in Theorem 5, and therefore achieving the
semiparametric efficiency. Let 8 denote the nuisance functions {¢,(x), K,(x), p.(x), u.(x)} and
let 8* be the probability limit of 0.

Notice that VMR(r) is a ratio estimator P,{N(O; 8)}/P,{D(0; 0)}, where N(O;0) = ¢.(0)
and D(O;0) = y40)(0). We continue the Taylor expansion of a ratio estimator as in (B.24).
Assumption 10(ii) implies that 8* = {¢,(x), K,(x), p.(x), u.(x)}, and thus ¢,(0*) = ¢, and
Y s50)(0*) = Y 50)- By the empirical process theory, we have

P,{N(0;0)}—P{N(0;0%)} = (P, —P)}{N(0;0)} + P{N(0; 0)— N(0; 6*)}
=(P, —P){N(0; 0")}+P{N(0; 0)—N(0;0*)} + 0,(n""/?), (B.28)

where the second equality follows by Assumption 10(ii). It remains to analyze the second term
P{N(0;8)—N(0;6%)}.

IP{N(0;8)—N(0; 6"}

=‘P[[ﬁ1(X){$ S0~ Z? g@\su} A(X)’:U\Y(l)su)]7T(X)+$Y(0)S(0){1—7T(X)}]

(X)
—P [ o) 112 )X + (X1 — (X} ]]

{po(X)Ko(X) = Po( X) Ko(X)Hpo(X) — Po(X)}
Po(X)Ky(X)

+

P[n(X)ﬁl(X)
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P|m00m (0 22 {SOI(X)KI(X)—@(X)KI(X)}{pl(X)—fa}(X)}H+

)

) P1(X)K (X)

){sol(X)Kl(X)—@(X)IE(X)}{MX)—ﬁI(X)}” N

) ?1(X)K(X)

{0:1(X)K (X)) — @1 () K O (X) — 1, (X0}

?1(X)K(X)

{soo(X)Ko(X)—%(X)I?O(X)}{po(X)—ﬁo(X)}” .
Po(X)Ky(X)

{o(X)Ko(X) — @o(X) Ko (X)Hpo(X) — Ho(X)}
Po(X)Ko(X)

{m(X)—ﬁl(X)}{pl(X)—ﬁI(X)}] n

e

ST S
>

P| 7(X)u(X)

S

+

P| 7(X)(X)

PH{1—7(X)}uo(X)

+

PH{1—n(X)}po(X)

po(X)
pi(X)
pi(X)
pi(X)

P -n(X)

P -7T(X)

{ul(X)—ﬁl(X)}{po(X)—ﬁo(X)}]’.

By the Cauchy-Schwarz inequality and Assumption 10(iii), it follows that for some constant

[ >0, we have

IP{N(0;0)—N(0; 6}

<1 x[o(X)Ko(X) = Bo(X)Ko(X)ll2 % [[1P6(X) = Bl + llo(X) —
x [|pi(X) = B (Xl x [llo1 (XK (X) — @1 (XK (Ol + Nl (X) —
1 x| po(X) = Po(X)l2 % llpto(X) = Ao(X)l = 0,(—n"/?).

O(X)||2]+
1(X)||2]+

=T D

(B.29)

Continuing with (B.28), we have P,{N(O; 0)} —P{N(0;0*)} = (P, —P){N(O; 0*)} + 0,(n71/2).
Similarly, we can show P, {D(0; 0)} —P{D(0; 8*)} = (P,, —P){D(0; 8*)} + 0,(n~'/%). Continuing
with (B.24), we have

P,{N(0;8)}

_ 0;0

VMR(n)—V(n)zm V()

I;{géoef))}} [15{{113\]((3 : ))}}] [P1D(0; )} =P(D(0: 6} = Vim) o,
S P T

_(P, —P}N(0;6)}  P{N(O;6")}
P{D(0;6+)} [P{D(0; 0+)}]2

(P, —P)H{D(0;0*)} +0,(n""7?)
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_P.{N(0;6%)}  P{N(O;6")}
~ P{D(0;0%)} [P{D(O;6%)}]
:M_ V( n—1/2)
Po Po
_p, [%— V(ﬂ)%(O)]Jr 0,(n""2)
Po

P,{D(0;6")} +0,(n"""?)

ﬂ)Pn{wS(O)} + Op(

This completes the proof. O

B.1.5 ProofofLemmal

Proof. Step 1: We first show that ﬁ converges in probability to * as n — 0o, by checking three
conditions for the Argmax Theorem:
(1) By Assumption 11(i), V() is twice continuously differentiable at a neighborhood of *.
(2) In Section B.1.4, we have shown that for any 8, VMR(S) is consistent for V().
(3) Since f = argmaxg s VMR(8), we have the estimated policy as 7(x; ) =1(x" > 0)

and the corresponding value estimator VMR(E ) such that

VMEB)> sup VMR(B).
B:lIBll2=1

Thus we have ﬁ converges in probability to * as n — oo.

Step 2: We show that n'/3||f — B*||, = O,(1). We check three conditions of the Theorem 14.4:
Rate of convergence in Kosorok (2008):

(1) For every B in a neighborhood of %, i.e., || — 8*||, < ¢, for some constant £ > 0, we take

the second order Taylor expansion on V(f) at § = %,

V(B V(B)= VBB ~B e+ 5V (BB 15 + 0 (1~ 1)
= %V”(ﬁ*)llﬁ — B2 +o(1B—B*I2) (V/(B*)=0).

Since V”(f*) <0, there exists ¢, =—3 V”(f*)> 0 such that

V(B)—V(B*) < cllp —B*II3 (B.30)

(2) From Section B.1.4, we have

Grix;p)— V(B s

Po

VMRB)—V(B)=P, +0,(n"?),
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P rix;p— V(B Y50

VMR- V(B =P,

+o,(n""?).

0

Let E*(-) denote the outer expectation. Then, for all n large enough and sufficiently small ¢, the

centered process VMR —V satisfies

(B.31)

E* [nl/z ”ﬁ_S/liﬁ) | VMR(B)—V(B)—{VM(B*)— V(ﬁ*)}”
_E* lnl/z sup |P { O~ V(B s } _p { O rx;p— V(B s } ]
Ip—pel<e| Po ! Po
=]E*[n1/2 sup Pn{ Gricsp— V(B + V(B — V(B s }
I1B—p+ll2<e Po
_Pn{ Qrixipy— V(B + V(B )po— V(B* )Y s } ]
Po
:E*lnl/Z sup Pn{¢ﬂ(x;ﬁ)_¢ﬂ(x;ﬁ*)}—{V(ﬁ)—V(ﬁ*)}
I1B—P+ll2<e Po
II;Dn 0
HYE-vipn - {"”S”}}H
Po
SE*lnl/Z sup Pn{¢n(X;ﬁ)_¢n(X;ﬁ*)} _{V(ﬁ)_v(ﬁ*)} ]
I1B—p+l2<e Po
Y0 sup {V(ﬂ)—V(ﬁ*)}{l——P"{ws(‘”}}H.
I1B—B+ll2<e Po
Note that
¢n(X;/5) - ¢7T(X;/3*)
0(X) 0(X) _ o
= [Ml(X) {7/13(0) — ZI(X)’/JS(U} + ’;I(X)¢Y(1)5(1) —¢Y(0)5(0)] {IX"B>0)-IX"B*>0)}.

We define a class of functions

9/5(%0,0,8,36):{[#1( {l/is ()

)

Po(x)
pi(x)

Yywsayy— Y Y(O)S(O)] X

{1z >0)=1x"p*>0)}:1Ip =Bl < e},
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where

H{a = 0}1(c = 0){s — po(x)}

Vs = gk P

Ysa)y = Ha= Ufsz)gﬁi)—m(x)} + pi(x),
Vyoso = Ha=O0fe ;0(()36{))2)(;1)10(36)190(36)}Mo(x)po(x),
Vywsy = faz1te ;fgf;;&ghu)pl(x)}Ml(x)l?l(x)-

(x) (x) :
Let M = sup ‘ul(x) {zps(o) - %7/)8(1)} + S vasm — Y Y(O)S(O)’. By Assumption 8, we have M <
oco. When || — *]|, < &, there exists a constant 0 < k, < 00, such that |7 (8 — *)| < k,&. For
the indicator function I(—kye < X7 B* < ky£),
(i) when —kye < X7 B* < k¢,

I(—koe < X" B* < koe)=12>|I{x"p>0}—I{x"p*>0}|;
(i) when £7 B*> ke, X7 B = £T(B — B*)+ X7 B* > —koe + ko > 0,
I(—koe < X" B* < koe)=0=|I{x"p>0}—I{x"p*>0}|;
(iii) when 27 B* < —koe, 7B = £T(B — B*)+ X7 B* < koe +(—ko£) <0,
I(—koe < X" B* < koe)=0=|I{x"p>0}—I{x"p*>0}|.
Therefore, we always have I(—kye < X7 * < ko) > |]I(5€Tﬂ >0)—I(xTp*> 0)| when || —
B*ll, < e.

We then define the envelope of Z4(y, a, c,s, x) as F = MI(—kye < T B* < kye). By Assump-

tion 11(ii), there exits a constant 0 < k; < 0o, such that

IF|lps = M y/P(—koe < X7+ < k&) < M /Ky - 2ko& = M y/2ko k6% < 00.

Since F} is a class of indicator functions, by the conclusion of Lemma 9.6 and Lemma 9.9
in Kosorok (2008), 9'[; is a VC class of functions. Thus, the entropy of ﬁﬁ, denoted as ]ﬁ‘(l, ),
is finite, i.e., ][T(l, F) < 0o. Next, we consider the following empirical process indexed by ,

n

i=1
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Note that G, 75 = n'/? [P"W”‘X;ﬁ;f”“"’*)} —{V(B)—V(p *)}]. By applying Theorem 11.2 in Kosorok
(2008), we have

:]E*l sup |G,l9>ﬁ|] <UL P Fllpe < UL Z)M 2koky ',
1B—Pp+Il2<e

P {@rx:p)— Prixipo}
Po

leE*lnl/Z sup —{V(B)—VI(B")}

1B—p*Il.<e

where [ is a finite constant.
Let ¢, = l][]*(l,gz‘)M v 2kyk,, since [, ][T(I,F/’), M, k, and k, are bounded, we have ¢, < 0o,

i.e.,

T, < c e (B.32)

T, :I[*I*lnl/2 sup

P
vp-vipp 1ol H

1p—p+l<e Do
]Pn
=E*[ { sup [{V(B)—V(B")} } {1 Pul¥sol | H
1B—PB*|l2<e o
P,
S[ sup [{V(B)—V(B"} ]El ' {1- _“/’S«»}} H
1B—B*|l2<e Do
=0(e) (B.33)
where the last inequality follows from the mean value theory and n'/? {1 . Pn{z)sm)}} = 0,(1).

Combining (B.31), (B.32), and (B.33), we have

]E*ln”z”ﬁ_s;ﬁ |7 (B)— V(B)— (TMN(B") - V(B°)

] < T 4+7T,< Y24+ 0(e) < e, A(e),

(B.34)

where c, is a finite positive constant, and A(g) =&/ +¢.
3) Let a =3 <2. 28 = ¢~1 4 £71/2 js decreasing not depending on n. Let r, = n'/3, and then
r, satisfies

rEA(r ) =n*PAn?) = n'? + n'? = 0(n'?).
Combining (1)-(3) in Step 2, by the Theorem 14.4 in (Kosorok 2008), we have n'/3||§ — 8*||, =

0,(1). O
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B.1.6 Proof of Theorem 8
Proof. Notice that
\/ﬁ{ vMR(/g) _ V(ﬂ*)} — ﬁ { VMR(E) _ vMR(ﬂ *) + vMR(/j*) _ V(ﬂ*)}
=V {VM(B)— VMBI + v { V(B - V(B)}

First, we show

Vi {VMR(B)— VMR(B)} = 0,(1).
which is sufficient to show
Va[{VMB) = VMBI = {V(B) - V(BI)}]= 0,(1),
Vi{V(B)—V(B")} = 0,(1).
We take the Taylor expansion on V(ff ) at B*,
VA {VB)=V(B} = Vi { VBN~ 5V (BNB— Bl +0, (1B —B1E)}
= SV MBI+ 0y (1B PIE)} (v(B7)=0)
= ﬁ{%V"(ﬂ*)Op(n_2/3)+ op(n_2/3)} (Lemma 1)
1

= 51/”(/3='<)o,,(n—1/6) =0,(1). (B.35)

By Lemma 1, we have ||ﬁ—ﬁ*||2 = c;n~'/3, for some constant 0 < ¢; < 0o. From (B.34), we have

Va[{VMRB)— VMR(B)} —{V(B)- V(B")}]

<E*

2 sup  |[VMRB)—V(B)—{TM(B)— V(B

IB—pB*lla<csn=1/3 ]

<c(c)*n7 o+ csn7P) =0, (1). (B.36)

By (B.35) and (B.36), we have

Vi {VMR(B)— MR}
=V [{VMB)— VMBI —{V(B)-V(B"}]+vr {V(B)—V(B")}
=0,(1)+0,(1)=0,(1).
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Then,

ViAVM(B) =V (B} = VAV (B)— VM (B} + v {VM(B)— V()
=v/n {VMYB") =V (B")} +0,(1).

Therefore, VMR(B)— V(f*) has the same asymptotic distribution as VMR(8*). From Thoerem
7, VMR(ﬁ*) — V(B*) is asymptotically normal with mean zero and variance Y(7(x; 8*)). This

completes the proof. O

B.2 Additional Theoretical Properties for OPL

When nuisance functions in the MR estimator are estimated using parametric models, we have

the following results.

Lemma8 Suppose that Assumptions 4-8, 9, and 11 hold, under M s, s 15U M psscsom Y M sprom
we have n'3|| — B*|l, = 0,(1).

Proof. Step 1: We first show that ﬁ converges in probability to §* as n — oo, by checking
three conditions for the Argmax Theorem:

(1) By Assumption 11(i), V(f3) is twice continuously differentiable at a neighborhood of *.

(2) In Section B.1.3, we have shown that for any 8, VMR(S) is consistent for V().

(3) Since f = argmaxg, s, VMR(8), we have the estimated policy as 7(x; ) =1(x" > 0)
and the corresponding value estimator VMR(E ) such that

VMRB)> sup VMR(B).
B:lIBll2=1

Thus we have /3 converges in probability to f* as n — oco.

Step 2: We show that n'/3|| E — B*|l, = O,(1). We check three conditions of the Theorem 14.4:
Rate of convergence in Kosorok (2008):

(1) For every B in a neighborhood of %, i.e., || — B*||, < ¢, for some constant £ > 0, we take

the second order Taylor expansion on V(f) at § = %,

V(B =V (B)=V'(BINB—BIl. +%V”(ﬁ*)llﬁ —B*I5+o (I8 —B°11)
= %V”(ﬂ*)llﬁ =Bl +o (1B —=B713) (V(B1)=0).

Since V”(*) < 0, there exists ¢, = —% V”(B*)> 0 such that
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(2) Let VMR(B) = 200, where N(O; 0, 8) = ¢ xx;)(0) and D(O;0) = 459)(6). Under

'//lps+cs+sp U%ps-kcs-mm U'//l'sp+om! ]P{N(O! 0%, ﬂ)/P{D(O» 9*)} = V(ﬁ ) P{D(O: 9*)} = Po- BY (B.27),

we have

VMR(B)—V(B)

o [Prx (09 V(B)Ys(0%) P{N(0;60+8) . P{DO;07} . 12
_Pnl P o wPia0;001 5 Bgo;0 8O0 Tl )

For all n large enough and sufficiently small , the centered process VME— V satisfies

E* ln”z nﬁ—sxlsl*ln) |VMR(/3)— V(B)—{VM(B*)—V(B*) ]
:E*[nl/z sup Pn{(pﬂ(X;ﬁ)(g*) - ¢7T(X;ﬁ*)(9*)} . { V(ﬂ ) _ V(ﬂ *)}
IB—pB*Il.<e Po

P, 0* V(0; 0%, B)}—P{N(O;0*, B*
V(- VB 1 W;(o)( 4y HH o ﬂ)}Pn{g(o;e*)}]
0 0 »
Pul@ricip) — Procpn}

SE*[nl/z sup {(V(B)—V(B")}

1B—B*Il2<e

|

Po

T1

+E*n'? sup {V(ﬁ)—V(ﬂ*)}{l—_P”{'vDS(O)}}H

1B—B+ll2<e Po
[ P{N(O; 6%, B)}—P{N(O; 6%, p*)} ]
+E*n'? su _ P,{g(0;0")}]. (B.37)
poprin<e PP(E(0;67)] 8(0:6%)

T3

We can show similarly as in Section B.1.5, 71 + T, < ¢;(¢'/? + &) for some constant 0 < ¢; < co. It

|

remains to analyze T;.

PIN(O:0% B)—PIN(O:0° B,
P

I |

where the last inequality follows from the mean value theory and that n'/?P,{g(0; 0*)} = 0,(1).

Ty= E*[nl/z sup

IB—p*Il2<e
< l sup P{N(O; 0%, )} —P{N(O; 0%, %)}
IB—pB*Il2<e
<0(e).

n'?P,{g(0;0%)}

poP{g(0; 0+)}
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Continuing (B.37), we have

E*| 12 ||,3_S;ﬁ) |VMR(B)— V(B)—{VM(B*) -V (B}

< T+ T+ T3 < (Y2 + )+ 0(e) < c,A(e),

(B.38)

where c, is a finite positive constant, and A(¢) = &'/? + ¢.
(3) Let a =3 <2. 28 = ¢~1 4 £71/2 js decreasing not depending on n. Let r,, = n'/3, and then
r,, satisfies

rEA(r ) =n*PAn?) = n'?+ n'? = 0(n'?).

Combining (1)-(3) in Step 2, by the Theorem 14.4 in Kosorok (2008), we have nl/f‘llﬁ—ﬂ*ll2 =
0,(1). O

Theorem 14 Suppose that Assumptions 4-8, 9, and 11 hold, under My csrsp U Mpsicsiom Y
Mpiom VMR( /3 )—V(B) is asymprotically normal with mean zero. Moreover, under M s o .sp+om>
VMR(E ) achieves the semiparametric efficiency bound Y (rt(x; *)).

Proof. Notice that

VI{VMRB) = V(B)} = v { VMR(B)— VMR(B*)+ VMR8 — v(B™)}
=V {VME(B)— VM (B} + Vi { VM) — v (6}

First, we show
Va{VMYB)— VMH(BM} = 0,(1).
which is sufficient to show
Va[{VMYB)— VMR —{V(B) - V(B*)}]= 0,(1),
Va{V(B)—V(*)}=0,01).
We take the Taylor expansion on V(ﬁ ) at B*,
VA {V(B)= V(B = Vit { VBN~ 5V (BNB— Bl + 0, (1 —B1E)}
= «/ﬁ{%v”(ﬂ*)llﬁ —Bl;+0, (I —/5*||§)} (V'(6=0)

:ﬁ{%V”(ﬂ*)Op(n_2/3)+op(n_m)} (Lemma 1)
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1
= 5V”(/s*)op(n—l/ﬁ) =0,(1). (B.39)
By Lemma 1, we have ||/§—/5*||2 = c;n~'/3, for some constant 0 < ¢; < 0o. From (B.38), we have

Va[{VM(B)— VMR (B} —{V(B)- V(B")}]

<E'|n'? sup  |VMYB)—V(B)—{VV(B)— V(B

1B—B*Il,<c3n=1/3

<c(c;*n o+ csn7 )= 0,(1). (B.40)
By (B.39) and (B.40), we have

Vi {VMR(B)— MR}
=vn[{VMYB)— VMRB"} —{V(B)— V (B} ]+ VR {V(B)— V(B")}
=0,(1)+0,(1)=0,(1).

Then,
Vi {VM(B) =V (B} = vir{VM(B) - VMBI + v {VMN(BY) - V(BY)}
=V {VM(B*)—V(B*)} +0,(1).

Therefore, VMR(B)— V(f*) has the same asymptotic distribution as VMR($*)— V(*). From
Section B.1.3, VMR(B*)— V(f*) is asymptotically normal with mean zero. Under Mo csisprom
VM (/3 ) achieves the semiparametric efficiency bound Y(7t(x; 8*)). This completes the proof. O

B.3 Sensitivity Analysis
Assumption 7 may be violated if there are latent confounders between the principal strata and

outcome. For the sensitivity analysis, we assume the following tilting model:

E[Y(1)|U=10,X]
E[Y(1)|U=11,X]

p(X). (B.41)

Then, we can use p(X) as the sensitivity parameter. If p(X)=1, then Assumptions 7 holds. The
following theorem establishes the nonparametric identification of V(7r) when the sensitivity

parameter is known. Define

pi(X)
P(X)pi(X)+{1—p(X)}po(X)
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Theorem 15 Let 11 be a policy class. Under Assumptions 4-6, 8, and (B.41) with known p(X),

for any given policy €11, the survivor value function V (r) is identified,

Po(X)

Po

V(n)=E [ (X)pa (X)7(X) + o (X1 — (XD} ]| (B.42)

Proof.

u(X)=E[Y |A=1,C=0,S=1,X]
=E[Y|A=1,C=0,S=1,U=11,X|P(U=11|A=1,C=0,S=1,X)
+E[Y|A=1,C=0,S=1,U=10,X]P(U=10|A=1,C=0,S=1,X)
=E[Y(1)|A=1,C(1)=0,S(1)=1,U =11, X]P(U=11|A=1,C=0,S=1,X)
+E[Y(1)|]A=1,C(1)=0,5(1)=1,U =10,X]P(U=10|A=1,C=0,S=1,X) (SUTVA)
=E[Y(1)]C(1)=0,5(1)=1,U=11,X]P(U=11|A=1,C=0,S=1,X)
+E[Y(1)|C(1)=0,51)=1,U=10,X]P(U=10]|A=1,C=0,S=1,X) (Assumption 4)
=E[Y(1)|S(1)=1,U=11,X]P(U=11]A=1,C=0,S=1,X)
+E[Y(1)|S(1)=1,U=10,X]P(U=10|A=1,C=0,S=1,X) (Assumption5)
=E[Y(1)|U=11,X]P(U=11|A=1,C=0,S=1,X)
+E[Y(1)|U=10,X]P(U=10|A=1,C=0,S=1,X)

Po(X) pi(X)— po(X)
ElY U = ,X FvJ FUvJ
lol(X)Jr )] 10,X] pi(X)
=EY()IU = 11,X1%+p(m[m) o =11,xA = X)
1
_E[Y(1)|U=11,X]

w(X)

=E[Y(1)|U =11, X]

by (B.41
(X) (by (B.41))

(B.43)

Uo(X)=E[Y |A=0,C=0,S=1,X]
=E[Y(0)|]A=1,C(0)=0,S(0)=1,X] (SUTVA)
=E[Y(0)| C(0)=0,S(0)=1,X] (Assumption 4)
=E[Y(0)|S(0)=1,X] (Assumption 5)
=E[Y(0)|U =11,X]. (Assumption 6) (B.44)
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V(i) = E[YQ)r(X)+ Y (0){1—n(X)}| U=11]
= E[E[Y(D)r(X)+ Y(0){1—n(X)}|U=11,X]|U =11]
= E[E[Y(1)|U=11X]n(X)|U=11]+E[E[Y(0)| U =11, X[{1—n(X)} | U =11]
= E[loX)u,(X)n(X)|U=11] (by (B.43))+E[u(X){1—n(X)}|U=11] (by (B.44))

X
g [P )[w(X)ul(X)ﬂ(X)-i‘.Uo(X){l—W(X)}]- (by (B.2))

Po

Starting from the identification formula (B.42), we can derive the EIF for V(7)) using the same

technique in Section B.1.2. Therefore, we directly give the following result and omit the proof.

Theorem 16 Suppose V(r) is identified in Theorem 15. The EIF for V() is
/ ]‘ /
Po
and the semiparametric efficiency bound for V() is
1 2
Y(m)=E| - (= Vsl |
0

A(X)u1(X) (X) (X)po(X)
where ¢’ = [w 5 {1/)5(0)_ Z?(X)I/JS(I)} + 5 ¢Y(1)5(1)] (X)+ Y ysoil — (X))}

The EIF v motivates the following estimator for V(7):

P97,

P {Ys0}

V()

- [’ @m&x) (7 po(X) 7> (X)Po(X) T -~ . .
where ¢/, [ e {l/)s(O) - %1/)5(1)} +E5SR Y Y(l)S(l)] (X) + Y ysofl — m(X)}. This esti-
mator achieves the semiparametric efficiency bound Y’(7) under mild nonparametric rate

conditions of nuisance functions estimation.

Theorem 17 Suppose that Assumptions 4-6, 8, 10, and (B.41) with known p(X)> 0 hold. ?(7'5)
in (B.45) has the influence function v/, and therefore achieves the semiparametric efficiency
bound Y'(m).

The proof of Theorem 17 is similar to that of Theorem 7 and thus omitted.

We re-visit the real data application in Section 3.6.2 to assess the violation of Assumption
7. For the ease of presentation, we assume the sensitivity parameter is not dependent on X,
i.e., p(X)=p, and vary them from 0.8 to 1.2. We estimate nuisance functions using the entire
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Pl )
Po{th s}
with different values of p. We estimate the survivor-optimal linear policy by maximizing these

estimators within the linear policy class Il; = {r(x; 8) = I(f"% > 0): § € R%,||B]l, = 1}. We
denote the estimated 8 as ﬁ . We report the values of V(ﬁ ) in Figure B.1. We find that the result
is not sensitive to the violation of Assumption 7.

dataset and the same models as those in Section 3.6.2. We construct estimators V| B)=

-7.40 -

—7.45-

-7.50 -

0.8

0.9

Figure B.1: Sensitivity analysis for real data application in Section 3.6.2.

B.4 Additional OPE Experiment Results

We report the OPE experiment results with sample size 7 = 1000 in Table B.1. The other setting
is the same as Section 3.6.1.

Table B.1: OPE results with n =1000. (a) 0.77,; +0.37,, (b) 0.47,; +0.67,, (c) 0.0t; +1.07,,.

censoring rate:15%

MR-I

RMSE SD

MR-II
RMSE SD

MR-III
RMSE SD

MR-1IV
RMSE SD

MR-V
RMSE SD

DM
RMSE SD

IPW
RMSE SD

DR

RMSE SD

(a)
(b)
(c)

0.159
0.137
0.110

0.158
0.137
0.109

0.167 0.164
0.144 0.142
0.115 0.113

0.159 0.159
0.138 0.138
0.110 0.110

0.161 0.160
0.144 0.143
0.126  0.125

0.172  0.172
0.148 0.148
0.123  0.122

0.882 0.103
0.652 0.092
0.347 0.078

0.691 0.118
0.585 0.087
0.445 0.051

0.517
0.449
0.359

0.129
0.111
0.090

censoring rate: 30%

MR-I

RMSE SD

MR-II
RMSE  SD

MR-IIT
RMSE SD

MR-1IV
RMSE SD

MR-V
RMSE SD

DM
RMSE SD

PW
RMSE SD

DR

RMSE SD

(a)
(b)
(c)

0.187
0.162
0.131

0.186
0.161
0.130

0.200 0.190
0.173 0.164
0.138 0.131

0.186 0.186
0.162 0.162
0.130 0.130

0.189 0.188
0.169 0.167
0.149 0.148

0.201  0.200
0.175 0.175
0.151 0.148

0.899 0.119
0.674 0.105
0.375 0.088

0.770 0.174
0.654 0.142
0.502 0.105

0.545
0.474
0.380

0.147
0.126
0.101
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APPENDIX

C

SUPPLEMENT TO CHAPTER 4

C.1 Technical Proofs

C.1.1 Proofof Theorem9
Proof.
E{Y(1)| X = x}

—]E{Y(l)lX x,A=1}w(x)+E{Y(1)| X = x, A= 0}{1— w(x)}

ylx,dy +{1—wx)}{f fly Ix,O)dy}

(y{l—W(x Wf(y1x,0 dJ’}

£ 1 %,0){1— w(x)}
d
fo1xoD ] y}

f

[

[ ) r 10y +{f iyl 1)[w(x){®—1}]dy}
[

] yf(ylx,Ddy +w(x) nyylx Hw;y)—l}]dy}

flylx,)dy +{
J

J

!
;
yiy s, 1)dy}+{fyfy|x |
‘f
}
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_ fylx,1)

Therefore,
Vi(m) =E{Y(1)r(X)}
=EE[{Y(1)r(X)}| X])

:f f(x)n(x)E{Y(1)| X =x}dx

_ flylx,1)
—ff(x)w(x){ y o) dy}n(x)dx.

To identify V (), we need to identify f(x), w(x), f(y|x,1), and ¢(x, y). The likelihood function

for a single observation is

FEwE) 1 —w)} f(y | x, 1)

() Jf (ylx1) |

Under Assumption 12, p(x,y)=P{A=1| X = x, Y(l) =y}=P{A=1|U=u,Y)=y}=
¢(u, y), and the likelihood function becomes

{ fylxl) }l { fylxl) }_] ol

Assume we have two different sets of models f(x), f(y | x,1), ¢(u, y), and f(x), f(y | x,1),
@(u, y), such that

A key observation is that

f(ylx,l) “ ((roxy, 17 .

f(x){ dy} 1 { o010, ) dy} flylx,1)

fJ/|X1 - fylxl _1_a~ .
{22 | [ 2500 T ey,

Taking a =0 in (C.1), we have
flen 17 - { flylx, 1) }_1
— d = — d . C.
f(x)ll { p(u,y) y} ] f(x)ll Sy ©2

130




Taking a = 1 and taking integration with respect to Y (1) on both sides of the above equation,

[yx1) _1 £ ylx D, 1
! (x){ oty U } (©9)

By Equations (C.2) and (C.3), we have

we have

f(x)=f(x) and dy.

flylx,1) J F(ylx, 1)
o(u,y)

dv =
o(u,y) Y

Taking a =1 in (C.1), we have

{J”'X l)dy}_fylx D= fix U”'x )dy} Fyix 1),

fylx, )= f(ylx, 1.

Thus, we have

Finally, from

)

fylx) Jf
“o(u,y) y)

and Assumption 13, we have

o(u,y)=0(u,y).

Thus, f(x), w(x), f(y|x,1), and ¢(x, y) are all identified. The value function V;(r) is then
identified. O

C.1.2 Proofof Theorem 10

Proof. Let O = {AY, A, X} summarize the vector of observed variables with the likelihood
factorized as

fO)=FXwX)"{1—wX)}f(Y | X,A=1)".

We consider a one-dimensional parametric submodel f, (X) for f(X), and a one-dimensional
parametric submodel fp,(Y | X,A=1) for f(Y | X, A= 1), respectively. The submodel f, (X)
contains the true model f(X)at 6, =0, i.e., fy (X)|g,—o= f(X). Similarly, the submodel fp, (Y |
X,A =1) contains the true model f(Y | X,A=1)at 0, =0, ie., fo,(Y | X,A=1)|g,oo= f(Y |
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X,A=1). The submodel for the likelihood can be represented as

0,.6,(0)= fo,(X)we,(X){1— we, (X} fo,(Y | X,A=1)".

9108 fp,4,(0) _ dlog fy (X)

20, B 060, ’
alog fy, 6,(0) _A&’logfgz(Y | X,A=1) N wgz(X)—AE dlog fy,(Y | X,A=1) X
20, B 20, 1 —wy,(X) 20, '

By the semiparametric theory (Bickel et al. 1993; Tsiatis 2006), we have the nuisance tangent

spaces

Ay =[I(X): E{l(X)=0}],

A, =| ARy (X, Y(1))+ WE{hZ(X, Y(1)| X}: E{h,(X, Y(1))| X,A=1}=0|.
—w(X)

It is easy to verify that A; L A,. Consider a generic mean zero elementin A, Ag,(X, Y(1))+(1—

A)g,(X). Since A; L A, for any measurable mean zero function #,(X), we have

E[{Ag(X, Y(1))+(1—A)g2(X)} (X))
=EE[{Ag (X, Y(1)+(1—-A)g(X)} (X)) | X])
=E((w(X)E{g:(X, Y(1))| X, A=1} +{1 — w(X)}g(X)]m (X))
=0.

Therefore, w(X)E{g,(X,Y(1))| X,A=1}+{1—w(X)}g,(X) is a constant and we denote it as c.
Since Ag,(X, Y(1))+(1—A)g,(X) is mean zero, we have

E{Ag, (X, Y(1))+(1—-A)g(X)}
=E[lw(X)E{g:(X, Y(1)) | X,A=1} +{1 — w(X)}g,(X)]
=E(c)=0.

Therefore, we have

w(X)E{g:(X, Y(1))| X,A=1}+{1 - w(X)}g(X)=0. (C.4)
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Since A, L A, we have

w(X)—A
B, Y(l))|X}D

=E[w(X)E{g,(X, Y())(X, Y(1) | X,A=1}+ g(X)E{hy(X, Y (1)) | X}]

E({Agl(x, Y(1)+(1— A)g(X)} [Ahz(x, (1) +

=& WOORG (X, Y0 Y X, A = 1+ w00g 0 {20 x a1 ]

[ @(n)
E(E[w {ng Y(1)+ %Ei]())}hz(X,Y(l))lX,A:ID

Therefore, g,(X, Y(1))+ g;g’()) is a function of X and we denote it as k(X):

k(X)=g(X, Y(1))+

Taking the conditional expectation on both sides, and by (C.4), we have

KO0 =E(g (X, Y1) X, A=1)+ £ — g0,
Therefore, we have
&0 =g (X, Y(1))+ g;im)
Thus,
Agy(X, Y(1)+(1— A)g,(X) = w(;jg’;Agl(X),

and A, = { “’g’()n_)A (X )}. This completes the proof.

C.1.3 ProofofTheorem 11

Proof. The score function for n is
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The efficient score for 7 is the projection of the score function S, onto the space A, . Notice

that S, 1 A,. Therefore, we can write

A—w(X) {@(77) } w(X)—A pm)—A
E X+=Ab(X, Y1)+ ——E{b(X, Y1) | X}+———c(X), (C.5H)
1= w(X) 90(77)| ( (1) 1= w(X) {b( (1)) X} o) (X)
€A, Ay
where E{b(X,Y(1))| X,A=1}=0.Let A=1in (C.5), we have
E $(n) B w(n)—1
— | X=b(X,Y(1))—E{b(X,Y(1))| X} + c(X).
@(n) ¢(n)
By taking E(: | X) on both sides, we have
E{28|x E{Z%|X,A=1}
c(X)= 1 T o (el :
I_E{W|X} E{ PP |X'A_1}
Therefore,
5(1)
ptn)—A B{ G | X,A=1}
Jeff
o Bt A=)
Let A=0in (C.5), we can further derive that
1 1
b(X,Y(1 ={———}CX.
CY=10m " wen S
O

C.1.4 Proofof Theorem 12

Proof. We consider a one-dimensional parametric submodel f,(X) for f(X), and a one-dimensional
parametric submodel f3(Y | X,A=1)for f(Y | X, A=1), respectively. The submodel f,(X) con-
tains the true model f(X) at @ =y, i.e., f,,(X)= f(X). Similarly, the submodel f3(Y | X,A=1)
contains the true model f(Y | X,A=1)at § = B, i.e, fg,(V | X,A=1)=f(Y | X,A=1). Let

0 =(a, B). The submodel for the likelihood can be represented as

fon(0) = fuX){wp (XY fo(Y1X, A= 1){1 — wp ,(X)} 4,

which contains the true model at 8, = (a,, ;). For the ease of exposition, we write V;(7r) as V().
We use 0 in the subscript to denote the quantity with respect to the submodel, e.g., Vy(7) is the

value of V(r) in the submodel.

134



Let

¢ _910gfy(0))  _ dlogfu(X)
%o oa 66, oa a:ao’
S _ dlog fy(0) _Aalogfﬁ(Y|X,A:1) w(X)—AE Jlogfa(Y|X,A=1)
Po 2B los op g 1—w(X) op
ol @) A—w(X ol
5, = 0gfo(0)| _ A—w( )E{ og (1) IX}.
on 0=g, 1~ wW(X) on
Let s5, = logfp(Y1X.AZ1) logfﬁggx A=) and s, = 9loge(n) 10%(”).
B=Po
By the semiparametric theory, the EIF for V(7r) must have the form
Pt = 1i(X)+ AR(X) + ———E{h;(X, Y(1) | X} + DS, o,
—— 1— LU(X) ~——
en e

en,

!
B=Po

where E{h}(X) =0}, E{h;(X, Y(1))| X,A=1}=0, and D is a vector with the same dimension as

1. The EIF ¢ for V() must satisfy

0 Vg(m)/ 0 atlg=g, = E(@efiSa, ),
0 Vy(1)/ 0 Blo=e, = E(PetSp, )
0 Vp(m)/O1g=6, = E(¢ettSy)-

@D
Y
8 3 =0, — N y 1= a |
Vil)/0a o, =E| rXw(X)E| 51 X, 4=1]s, |
]E(¢effsa0) = E{hr(X)Sao}
We have
h*(X)zn(X)w(X)E{L|X A:I}—V(ﬂ)
' on) '
In

0 Vy(m)/2 B lp=o,= E[ (XN Y (1) ~E(Y ()| X)}sp,],

w(X)

1_—w(X)]E{h;‘(X, Y(1))| X}] Sﬁo)‘

E(¢urSy,) =E ([so(n)h;(x, Y1)+
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o Vy(n)/ 2B |6:60 —E((Peffsﬁo)

B . w(X)
—E([w(n)hz(X, Y(l))+1——w(X)

w(X) E{h(X, Y} X} Y(l)—lE{Y(l)IX}l ) }
1—w(X) () G T P ) 1X 1

E(R(X, Y(1)| X}—n(X){Y(l)—E{YunX}] sﬁo)

—E {E(lh;(X, Y(1)+

Since E{p(n)sg, | X} =0, h3(X, Y(1))+ 13/5(())() ]E{hg()i;é()m}m —n(X)% must be a func-

tion of X and we denote it as m(X):

w(X) EX, Y} X}

Y(l)—E{Y(l)IX}.

X)=hi(X,Y X C.
0= R YW T2 0 o(n) X (1) ©o
Taking the conditional expectation on both sides, we have
m(X):E{h;‘(X,Y(l)HX}'
1—w(X)
Therefore, we have
E{ny(X,Y(1))| X} | wX) E{m X, YRIX} Y(1)-E{Y(1)|X}
—w YO e T e T
Taking E(: | X) on both sides,
E{h;(X, Y(1))| X}
1—w(X)
“E(R(C, Y1) | X+ 20 B(hs(x, v(1) | XIE( /9 ()| X)
2 1—wX) 277
—n(X)[E{Y(1)/0(n) | X} —E{Y(1)| X}E{1/¢(n)| X}].
We have
1—w(X)E{Y(1)/pn) | X} —E{Y(1)| X}E{1/¢(n)| X}
E{h}(X,Y X}=nX . C.
{h(X, Y(1)) | X} = n(X) w(X) {1/ o) [ X} =1 (C.7)
By Equations (C.6) and (C.7),
E{ W x| —E{y(1)| X}E{ L | X _
vy =m0 | [ L L] {E I -rrmixe{Gs X} yo-Evm)x)
w(X) N E{l/pm)|X}—1 @(n)
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(I11)

E{YWSH X} o) | froora)22)

(
E{=20 | x} ) YWomi

0 Vy(m)/0nlg=g, =E | 1(X)
oo @(n)

E(¢erS;) = D "E{Ser(1)Sess(m)" }-
By 0 Vy(7)/01lg=g, = E(@eSy),

T

E 1—¢(n) =1! . .
D=|E|n(X) { o o —E[n(X)E{ “0(77)2 = 1}] {Var(S, o)} "
E{Le =1} ¢() p(n)
By (I),(II), and (III), we complete the proof. O

C.1.5 Proofof Theorem 13

Proof.

=Dy | x,
R e et
{n(X
{

IE[]E{TC —Y(l)lX Y(1 )H

[ (X)EE{AIX v )}]
w(n)

E

90(77 }

E{ n(X) —AY 1)}

=E{n(X)Y (1)} = Vi().

Since a solution to Equation (4.8) is a root-n estimator of 1), by the strong law of large numbers
and uniform consistency, we have V() = V() + 0,(1).

By Assumption 14 and the empirical process theory, we have

B 2|x1}

©(Netr) —a E{ le’ } P ©(Netr)—a E{ o)
P(er) {2l x,1} "1 o) E{Zl|x,1}
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~ =l )] - @)
PNerr) —a E{WI)Z |x,1} _P @(Nerr) —a E{cp(nz |x,1}

P E{2T] 1] Pa) {2 x,1]

—P +o,(n7"?). (C.8)

gf((r]n))z | x, 1} and E, =E { ﬁ?%)_zl | x, 1}. By Assumptions 14,

For the ease of exposition, let E;, =E {

we have

O(Netr) —a ]El } O (Ner) —a E,
P{—————P{——
{ { ©(Ne) ]Ez}

ﬁeff)
—|p [ ‘P(ﬁeff)_a {El —E, 4 El(EzrfF:z) }”

Sp(neff)

<0,(n""?*)x 0,(1)

(n=Y?). (C.9)

P}

zop

By Equations (C.8) and (C.9), we have

~ P
O(Mefr)—a E{an |x,1} —1/2)

+o0,(n

_ & {2
0(Nerr) —a E{w(n)Z |x,1} _p
= p

©(Metr) I’E{“‘:‘E%}l | x, 1} " @ (Mett) IE{“‘;E?%; |x,1}

P

By taking Taylor expansion, we have

~ $(n)
O(Meir) —a E{w(mz |x,1}

@ (etr) E{“‘;Ez;)_zl |x,1}

P,

ag(n) E{ G %1}

P2 E{ L | x,1}

(F—n)+o0,(n™"?)

:Pn(sn,eff) _Var(sn.eff)(ﬁ_ n) + Op(n_l/z)- (C 10)
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By Assumption 14 and the empirical process theory, we have

y+{1— (“ }E{ ; )

V() =P, | (x)

@ (Netr) Metr) { G 1 %1 }
iy 1—p(n)
a E{E Y|x1 {W(“”)Qle,l} s
+P[{1- 7 ) - +0,(n""7)
PN et { @ (et ]E{ GF |x,1}
(C.11)
For the ease of exposition, let E; = E { 1—;;1(7?)1/ | x, 1}. By Assumptions 14, we have
P{_(p(ﬁeff)_a]:\1?_3}+P{90(ﬁeff)_aE_3}
©(Nett) E, O(Merr) E,
_|p[ £ =a {—IE—HE—"‘}”
@ (Ner) E, E,
_|p[ ¢ { E3+IE_3_IE_3+E_3}”
B (p(neff) Ez Ez Ez ]EZ
_lp -So(ﬁeff)—a { 3_]E3 + E3(E2_E2)}”
@ (Metr) E, E,E,
<0,(n""*) % 0,(1)
=0,(n""%). (C.12)

By Equations (C.11) and (C.12), we have

lel}

|x 1}

+0,(n7"?).

'Gv

Verl(m) =P, | m(x) ¢(ﬁeﬁ)y+{1 So(neff)} ]E{

By taking Taylor expansion, we have

Ver() =P, | 7(x) 2

w(n)

y+{1_ 4 }]E{ )le,l}

(n)

agtn)  ag(n B
p2(n) 2(77) E{

+P| n(x) |—
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By Equations (C.10) and (C.13), we have

Verr( ) — Vi(70)

_ a a E{%;)()TYMJ}
_]P’n(ﬂ(X) WH{l_w(n)} E{l—g@(;})lx’l}

@(n)
+P (n(x) [—

) apm ELHRY 151

Q
Rl
SIS

T
) {Var(sn,eff)}_lpn(Sr],eff)_ ‘/1(7-[) + Op(n_l/z)

R E{Z22 ) x,1}
E{eWy |y 1 ]
=P, | n(x) | — +{ Ui v 1) + DP, (S, ei1)— Vi() + 0,(n /%)
o)’ so(n E{wgf]g }
[ E{eWy |y 1
=, | () | oy {1 L T } 4D, Vi) | +0,(n™)
o(n) o(n) ]E{ — |x,1}

:Pn {(peff(ﬂ-)} + Op(n_l/z)-

This completes the proof. |
C.1.6 Proof of Proposition 1

argmax ‘fo(ﬂ )
nell

= argmaxz n(x P (xi, yina

mell i=1

—argmaxZn(x)lwx“y,, NP (xs, i @) > 0} =T (x;, i, a;) < 0}]

mell

—argmathp X, Vi, a |]I{1,D X;, Vi, a;)> 0}

mell i—1

— [ (xs, Yo @)1 = (e YU (X3, Y3, @) > O} + () (s, i, ;) < O}

—argmaXZIlp Xi, Vi @ I]I{z,b X;, Vi,a;) >0}

mell

|¢(X1»J/n |[7T i +]I{¢ xi’yivai)>0}_27T(xi)]1{$(xi’yi’ai)>0}]
—argmalezp X Yo @)L (xi, ¥, ;) > 0}

mell

|l/)(xzr.VL’ |[7T ‘HIZ{IP xi’yi’ai)>0}_27-[ ]I{l/)(xwyz’ >0}]
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—argmaxZWxHy,, NP, ¥, @) > O} — (s, Y3y @l (x) — T (x;, i, a;) > O}

mell i—1

—argmaxZ—w X, Voo )l (x) 1, i, ;) > O}

mell

—argmanIIPxnyz, () =L (x;, i, a;) > 0}

mell i—1

—argmanWx,,y,, M7(x,) # U (i, 3o @) > O}

mell

Therefore, the policy learning problem is equivalent to a weighted classification problem,

where for subject i with features x;, the true label is ]I{l’p\(xi, ¥i»a;)> 0} and the sample weight
is [y (x;, yi, a;)l- O
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