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Abstract

Efficient performance of highly parallel systems is a crucial problem. This paper presents
a method for optimizing performance through effective logical configuration of processors and
distribution of data. The paper extends a parallel system performance model for total execution
time and a method to find an optimal solution for the model. Applications for the method are
quite general. Properties of a given application and the target physical computing system are
included in the method. The method has been validated with an air quality simulation testbed
running on a Cray T3D parallel processor. Empirical results for this application are given.
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multi-processor, grid structured problems.

1 Introduction

Optimizing performance of highly parallel systems is a critical and often difficult problem. One
paper reports that delivered performance falls under 5% of theoretical peak performance with the
use of currently available optimizing compilers [4]. Industry’s ability to package computer systems
with high performance potential exceeds the ability of users to extract that performance from the
systems on many real applications. This paper directly addresses the issue of performance of an
important class of applications on parallel systems, and is instructive with regard to other types of
application.

Our work is focused on the problem of selecting an optimal data distribution and logical processor
configuration for grid structured problems. Specifically, we extend an existing performance model
and present a method for finding a solution that minimizes total execution time. The performance
model is sufficiently general that it could be adapted to a variety of applications that are not in-
cluded in the class of grid structured problems we consider. Our approach is simple enough to be
accessible to users from various disciplines, and experimental results suggest a simple model can
accurately predict the optimal data distribution and logical processor configuration. We do not
require that users be familiar with intricacies of either the compiler or the machine, facilitating the
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user’s ability to port an existing application to a different platform.

Many models of performance have appeared in the literature, such as those in [1, 2, 5, 10, 13, 16, 25].
Indurkhya, Stone and Xi-Cheng [16] present a family of performance models for bus based multipro-
cessors where communication patterns fit a random distribution. A simplified version of this model
is presented in widely used textbooks by Stone [24] and Shiva [21]. Hockney and Jesshope [13, 14, 15]
introduce a performance model for vector operations and show how that model can be adapted to
other aspects of parallel performance. Fox, et al. [10] analyze the performance of several scien-
tific and other applications. Gallivan, et al. [12] consider the impact of memory hierarchy on
performance. Culler, et al. [2, 3] and Alexandrov, et al. [1] consider communication performance
in distributed memory machines. Toledo [25] describes an automatic prediction system based on
analysis of runtime system calls. Fahringer [8] describes a comprehensive performance modeling
system intended to guide compiler optimization.

Some of the models in the literature that employ a large number of parameters to accurately model
performance provide a profiling tool so that a user can participate interactively in the optimization
process. In the absence of an existing implementation, the complexity of these models is likely to
render them inaccessible to typical users of parallel machines. Other models focus on a particular
aspect of performance. These models, no matter how accurate, are likely to be insufficient for
users. Other models are oriented toward a particular type of problem or a particular machine. The
specificity of these models may be quite valuable to certain users but of little value to others.

Much effort has been expended on the development of data parallel languages intended to free
the user of responsibility of managing communication primitives, e.g. [9, 20, 30]. However, these
languages still require that the user choose the number of processors and specify how to distribute
the data among the processors, or accept default distributions. Because of architectural differences
among various parallel machines and differences in compilers, a program optimized for one machine
may not have an optimal execution time on a different machine. When applications are to be run
many times using different data sets, their lifespans may exceed that of a given machine. For such
applications, the ability to tune performance for different machines is particularly important.

Our model extends that of Indurkhya, et al. [16], adapting it to grid structured problems executed
on distributed memory machines. The model is based on the concept of separating those parts of a
performance equation that are problem specific from those parts that depend on the compiler and
the machine. Although the interdependence is such that a complete separation is difficult, we show
that the use of justifiable simplifying assumptions permit the user to optimize a given problem for
any number of machines.

We assume the target machine is a distributed memory machine. OQur development is based on a
two dimensional logical processor grid with an interconnection network connecting adjacent pro-
cessors. We assume the physical processor configuration is either a two or three dimensional grid or
torus, or one which permits the embedding of such a grid. However, this assumption is not essential
to the model, and nothing in the model precludes its use for different physical configurations or
higher dimensional logical configuations. Our work is motivated by a problem defined on a three
dimensional grid, although we project the three dimensional grid onto two dimensions before dis-
tributing data elements over the two dimensional processor grid. Qur development is thus directly
applicable to multidimensional grid problems executed on machines where the processors can be
logically configured in a two dimensional grid.

In addition, we have developed a method to find an optimal solution to the problem of selecting
a data distribution and logical processor configuration. This method predicts the relative perfor-
mance of candidate solutions. We have implemented the method and tested it in experiments that
validate its utility. Our method correctly predicted an optimal solution in all of our experiments,
and was reasonably accurate in predicting the relative performance of suboptimal solutions, as well.



The remainder of this paper is organized as follows. We provide an overview of data distribution
schemes and terminology in Section 2. We describe the problem to be solved in Section 3 and
introduce notation used thereafter. Our model formulation is detailed in Section 4. Section 5
includes our method for finding an optimal solution and experimental results for a simple test code.
We also comment on the use of the method for porting applications. The scientific application that
motivated this work is outlined in Section 6, along with experimental results for finding an optimal
solution for it. Section 7 contains concluding remarks.

2 Data Distribution and Processor Configuration

A parallel version of a sequential program must partition the work to be performed among available
processors if parallel execution time is to be less than the time required when using one processor.
For grid structured problems, this partitioning typically is equivalent to an assignment of grid cells
and their associated data to processors. Parallel languages provide mechanisms, typically compiler
directives, by which the programmer may distribute data. For specificity, we use the terminology
and data distribution model of High Performance Fortran (HPF') in the work below, although other
parallel languages such as Vienna Fortran [30], Fortran D [9] and CRAFT (Cray Adaptive Fortran)
provide similar functionality.

The HPF data distribution model is illustrated in Figure 1, adapted from [17]. The ALIGN and
REALIGN directives are provided to specify that the distribution of one array should depend on the
distribution of another array. The DISTRIBUTE and REDISTRIBUTE directives are used to specify
how array elements are to be assigned to a logical, or abstract, processor grid. (The dimensions of
a logical processor grid are specified using the PROCESSORS directive.) Finally, a mapping from a
logical processor grid to the physical processors by the operating system completes the distribution
of data to processors.

ALIGN (static) DISTRIBUTE (static) Optional implementation-
REALIGN (dynamic) REDISTRIBUTE (dynamic) dependent directive
Arrays or Group of Abstract processors as Physical
other objects aigned objects user declared Cartesian grid Processors

Figure 1: The HPF data mapping model.

Several authors, e.g. Dongarra, et al. [5] and Koelbel, et al. [17], classify the most widely used data
partitioning schemes into three major types, i.e. block, cyclic, and block cyclic. (Some languages
also support indirect mappings.) These partitioning schemes are oriented toward the arrays of
data that are pervasive in scientific and engineering applications. The classification of these data
partitioning schemes is in fact a convenience; the block and cyclic schemes are simply special cases
of the block cyclic scheme. In the block cyclic scheme, blocks of data are assigned to processors in
cyclic fashion, as described in [5] and [17]. The data partition is specified independently for each
dimension of a multidimensional array.

We illustrate the variants of the block cyclic partitioning scheme in Figure 2 below. A one dimen-
sional array of 17 elements is to be distributed among 4 processors. A block distribution assigns
[17/4] elements to as many processors as possible. A cyclic distribution assigns one element to
each processor in turn, treating the processor array as cyclic. A block cyclic distribution assigns
blocks of elements to each processor in turn.
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Figure 2: Block, cyclic, and block cyclic data partitions for a logical array of 4 processors and a
data array with 17 elements, with block sizes 5, 1 and 3, respectively.

3 Problem Description

We consider the problem of how to choose a data distribution and the dimensions of a logical
processor grid so as to minimize execution time. We assume that the sizes of data arrays are fixed,
and that the number of physical processors is fixed. We also assume that data alignment has been
handled, which is usually straightforward for grid structured problems.

Note that for a given logical processor grid, choosing a data distribution is equivalent to choosing a
block size for each data dimension. Thus, our problem can be stated as follows. Given N processors
and a data domain W, choose the dimensions of a logical processor grid and a block size in each
data dimension so that the total execution time is minimized. We use the term candidate solution,
or solution, to refer to a tuple consisting of the dimensions of a logical processor configuration and
a block size for each data dimension.

The choices a user makes regarding logical processor configuration and data distribution can have
a significant impact on program performance. Even on simple problems, a suboptimal solution can
require twice as much time as an optimal solution, or worse. The situation is complicated when
the machine imposes constraints on these choices. (Although some languages permit the user to
omit specifying a distribution, the default distribution provided by the compiler is not constrained
by the language specifications, and may be virtually anything.)

Consider the impact of the choice of block sizes on performance. The choice of block size affects
the amount of loop overhead, the amount of communication required, and the extent to which the
workload is balanced, or evenly partitioned, among processors.

We illustrate the impact on loop overhead of the choice of block size with an example. Consider
modifying the sequential code on the left in Figure 3 so that the work is partitioned for parallel
execution. Given a logical processor grid with dimensions n, X n., a data array with dimensions
w, X we, and a block cyclic distribution using blocks with dimensions b, X b.., every processor would
need to execute code similar to that on the right in Figure 3. The code on the right steps from block
to block in the outermost loops, and through elements within a block in the innermost loops. The
deeper nesting implies additional overhead for integer operations for loop control. While constructs
such as Fortran 95’s FORALL may obviate the need for the user to explicitly write such nested
loops, the compiler must still produce something similar, and time is required for the additional
overhead.



DOl =1, W DOI =1, WR NR*BR
DOJ =1, W DOJ =1, W, NC*BC
DOIl =1, BR
DO JJ =1, BC
ENDDO
ENDDO

ENDDO ENDDO

ENDDO ENDDO

Figure 3: Loop structure for equivalent sequential and parallel codes

Observe that if a block distribution is used, the outer loops in the code on the right in Figure 3 are
unnecessary. If a cyclic distribution is used, the inner loops are not needed.

Block size also affects load balancing, as the following one dimensional example illustrates. Given
a data array of 30 elements distributed in block cyclic fashion onto a logical grid with 5 processors,
Table 1 shows the number of elements assigned to each processor for various block sizes. Also,
the ratio of the number of elements assigned to the first and last processor is indicated. Another
measure of load imbalance is given as well, the ratio of the number of elements assigned to the first
processor to the mean number of elements.

Block Number of elements
Size || PE1 | PE2 | PE3 | PE4 | PE5 || Max/Min | Max/Avg
1 6 6 6 6 6 1.000 1.000
2 6 6 6 6 6 1.000 1.000
3 6 6 6 6 6 1.000 1.000
4 8 8 6 4 4 2.000 1.333
5 10 5 5 5 5 2.000 1.667
6 6 6 6 6 6 1.000 1.000
7 7 7 7 7 2 3.500 1.167
8 8 8 8 6 0 o0 1.333
9 9 9 9 0 0 o0 1.500
10 10 10 10 0 0 o0 1.667
12 12 12 6 0 0 o0 2.000
15 15 15 0 0 0 o0 2.500
30 30 0 0 0 0 o0 5.000

Table 1: Variation in load balancing due to block size

When the size of the data array w is a multiple of the number of processors n, perfect load balanc-
ing is achieved by choosing a block size b = w/n or any divisor of w/n. In our example, w = 30
and n = 5, so the load is perfectly balanced when the block size is 1, 2, 3 or 6. Significant load
imbalance is seen if other block sizes are chosen in the example above. The effect of block size
on load imbalance also is illustrated in Figure 4, which conveys graphically some of the data in
Table 1. Note that the maximum number of elements for each block size is exactly the number
assigned to PE1 in Table 1.



Maximum vs. average number of elements as a function of block size
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Figure 4: The effect of block size on load imbalance. w = 30,n = 5.

The amount of communication is also affected by the choice of block size. Consider a nearest
neighbor communication pattern, where all computations for a grid cell depend only on data as-
sociated with that cell and cells adjacent to it. When adjacent grid cells are assigned to the same
processor, no communication is required; when adjacent cells are assigned to distinct processors,
data must be communicated. Given such a communication pattern, the amount of communication
is proportional to the surface area of the blocks.

We illustrate the effect of block size on the amount of communication in a simple case in Figure 5.
Assuming a 2x2 processor grid and a 4x4 data domain, Figure 5 indicates the amount of commu-
nication required for nearest neighbor communication when block sizes are 2x2 (on the left) and
1x1 (on the right).
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Figure 5: The effect of block size on communication. The number of communications is proportional
to the perimeter of the blocks.

When communication cannot be overlapped with computation, the time required for communica-
tion represents an undesirable overhead. Thus, communication overhead drives the optimal data
distribution toward larger block sizes. If there are constraints on block sizes, such as the power of
two constraints imposed by the Cray T3D, large block sizes may result in significant load imbal-
ance. In such cases, consideration of load balancing may drive the optimal data distribution toward
smaller block sizes.



4 Model Formulation

Our performance model extends that of Indurkya, et al. [16] and assumes that communication is
not overlapped with computation. Our representation of their model is given in equation (1) below.

T =R®+CV (1)

where T is total execution time to be minimized,
R is the time required for one unit of computation,
® is the maximum number of units of computation assigned to any processor,
(' is the mean time for one unit of communication between two processors, and
¥ is maximum number of inter-processor communications assigned to one processor.

An optimal choice of data distribution and logical processor grid minimizes 7. Non-optimal so-
lutions increase either the computation time or the communication time, or both, in a way that
increases T'. Variations of this model have been studied analytically in order to gain understanding
of parallel processing systems [24]. This study specifically considers the extension of the model to
grid structured problems executed on distributed memory machines. However, the model is not
limited to such problems. Our work illustrates how it is possible to apply a very general model to
a particular type of problem.

Observe that ® and ¥ depend only on the problem and the choice of data distribution and proces-
sor configuration. In contrast, R is largely machine dependent. The unit of computation is often
chosen as one flop, or floating point operation. If flops are used and integer operations such as loop
overhead are ignored, then R is essentially a constant. R may vary due to the effects of cache (see,
e.g., [12, 28]) and, as noted previously, data distribution affects loop overhead. However, for many
parallel applications, treating R as constant is reasonable, whether the unit of computation is one
flop or a larger unit, such as all computations for a single grid cell.

In the discussion of grid structured problems that follows, we use the computation for a single grid
cell as our unit of computation. Similarly, our unit of communication in the definition of C' above
is the communication between adjacent processors associated with a single grid cell.

The C' term in equation (1) depends not only on the machine, but also on the data distribution,
logical processor configuration, and the compiler (see, e.g. [1, 2, 7, 14]). In particular, these factors
can affect the number of words in a particular message. Since messages generally require significant
startup time [1, 2, 7], the mean time to communicate a word of data varies as a function of the
number of words in a message. In general, it is advantageous to choose a data distribution and
logical configuration that facilitates longer messages. However, the compiler plays an important
role in determining the length of messages, and should not be overlooked. Compiler optimizations
may prefetch data, combine messages, or use other means to hide latency. Although the user may
believe that larger block sizes correspond to larger (and thus fewer) messages, compiler optimiza-
tions may produce longer messages than expected for smaller block sizes.

Although data parallel languages relieve the user of the tedium of managing communication primi-
tives, the use of compiler optimizations for such languages may make it more difficult to intuitively
grasp the actual communication patterns when a program executes. We believe that most users
do not know, and are unlikely to learn, the intricate communication details that are specific to
a particular compiler on a given machine. This is especially true when users work with various
machines. Our work shows that it is possible to find an optimal solution absent that knowledge.

Additional notation is needed to apply the model in equation (1) to grid structured problems.
Recall that our problem is defined in terms of the number of processors to be used, N, and the
dimensions of the application data domain, W. Although the model in equation (1) can be applied
to a variety of problems by appropriate definitions of ® and V¥, the particular mathematical formu-
lation to follow has been developed for two dimensional processor grids and data structures. We



investigate block cyclic data distributions with various data block sizes. We also assume data block
sizes are chosen so that all processors are utilized. Recall that our choices of units for computation
and communication are based on the computation and communication associated with grid cells.
Thus we use the following notation:

n, and n.: the number of rows and columns of the logical processor configuration.
N =n, X n.

w, and w.: the number of rows and columns of the data domain.
W = w, X w,

b, and b,: the number of rows and columns of each data partition block.

¢, and ¢.: the maximum number of grid cells assigned to a single processor in row
and column dimensions. ® = ¢, X ¢,

1, and 1y:  the maximum number of grid cell communications involving any one
processor in vertical and horizontal directions.
Note that ¥ = 4, + 1y, rather than the product.

Also, t, is defined as t, = w, — [w,/(b,n,)|b.n,, which is the number of grid cells remaining in a
block cyclic distribution after blocks of size b, are allocated n, at a time, i.e. b, cells are assigned
to each of n, processors. The concept is illustrated in Figure 6 for ¢., which is similarly defined.

bene bene te

PE3[ | PE4[ |

be=3, ng=4, bene=12 PE1[ | PE2

Figure 6: A graphical view of the definition of ¢..

Communication patterns in applications can be quite complex. For tractability we develop formulas
for block cyclic data distributions and nearest neighbor communications. Even this comparatively
simple situation has sufficient complexity as to produce model equations which are not readily
solvable by analytic means.

Expressions for computation and communication in two dimensions are presented in equations (2)
through (6). These equations are followed by a simple example that demonstrates how our notation
is used.

We assume that data arrays are derived from an underlying grid and that array elements correspond
to individual grid cells. It follows that a data distribution of aligned arrays is equivalent to an
assignment of grid cells to processors. Assuming independent block cyclic distributions in each
dimension, it is clear that the first processor in any row or column is assigned as many grid cells as
any other processor in that row or column. Thus, given our decision to define a unit of computation
as all computations for a single grid cell, ¢, is equal to the number of rows of grid cells assigned to



the first row of processors. Thus we have the following equation.

|w,/(n:b,)]b, + t, if 0 < w, — |w,/(bn,)]bn, < b,
¢r = tr (2)
[w,/(n,b,)]b, otherwise.

Due to symmetry, ¢, and ¢. have the same form and thus ¢. can be represented by the same
equation with the subscripts changed from r to c.

Equations for communication also differ only in subscripts for row and column directions. Vertical
communication is defined in equation (4); the equation for horizontal communication is omitted
since it has the same form. The number of cases in equation (4) is greater than for computation in
equation (2). Cases are distinguished by the number of rows of processors and by the goodness of
fit of data blocks as the blocks are interleaved onto processors. The goodness of fit criteria is given

by

fr = [w,/b,] modulo n,. (3)
For an integral fit, f. = 0 since each mapping iteration uses the same number of rows. When f.
assumes values of 1,2,..., it represents the number of rows of processors that are needed in the

final, non-integral, mapping iteration. Thus, we find that

0 ifn, =1
<2M—1)¢c iff,=0and n, =2
nT
by = (2 _%_)qﬁc iff, =0and n, > 2, orf, =1 (4)

(2| BL e )oe i =

L oy d
(2 M —I—Q) D otherwise.

L oy d

Equations (2) and (4) simplify if the product b,n, is a divisor of w, (orif b.n. divides w.), a situation
that can be called a “matched” case. In such a case, floor and ceiling functions are unnecessary.
Since we assume all processors are used, the computation parameter ¢ is independent of the choice
of block size. Thus, in the matched case, the equation for ¢, simplifies to

¢7’ = wr/nr- (5)
In the matched case, f, = 0 by definition, so the equation for 1, simplifies to

0 ifn, =1
Py, = (2w, /(nyb,) — 1) ifn, =2 (6)
(2w, /(n,b,)) o, otherwise.

Given our choice associating units of computation and communication with grid cells, it is clear that
Figure 4 illustrates the relation of ¢ to block size b for the example in Table 1. If we again consider a
one dimensional array of 30 elements distributed over 5 processors, Figure 7 illustrates the relation
of 1 to block size b. In contrast to ¢, Figure 7 illustrates that ) is a monotone decreasing function
of b. As these figures and the form of the equations above suggest, ® and ¥ are not continuously
differentiable over the reals. Thus, we do not expect to minimize 7" in equation (1) by analytic
means. Instead, various candidate solutions must be examined.
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Figure 7: Variation in 1 for a one dimensional array of 30 elements.

Consider a simple two dimensional case where four processors are to be used. Assume that the
dimensions of the data domain, data blocks, and processor grid are restricted to be powers of two,
as is the case on the Cray T3D. Three possible processor configurations exist, namely 1 row by 4
columns, 2 by 2, and 4 by 1. Assume the data domain is 8 by 4, i.e. w, = 8, w, = 4.

For these values of the parameters, equations (5) and (6) can be applied, provided that block sizes
are chosen so that all processors are used. In this example, each of the four processors will be
assigned eight grid cells, as will be seen. Here, ® is constant, although ¢, and ¢. depend on which
logical configuration is chosen.

If the logical grid is 1 by 4, and all processors are used, then b, = 8 and b. = 1. The situation is
illustrated in Figure 8a, where communication is indicated by arrows. If the logical grid is 4 by 1,
and all processors are used, then b. = 4 and b, is either 1 or 2. These situations are illustrated in
Figures 8b and 8c. Again, communication is shown by arrows. If the logical grid is 2 by 2, and all
processors are to be used, then b, is either 1, 2 or 4, and b, is either 1 or 2. Of the six possible block
sizes, the situations for 2 by 2 and 4 by 2 block sizes are shown in Figures 8d and e, respectively.

Now, Figure 8a illustrates the first possibility in equation (6). Since n, = 1 there is no communi-
cation in the vertical direction. The second possibility in equation (6) is illustrated in Figures 8d
and 8e. Since n, = 2, all processsors are assigned blocks which require vertical communication in
only one direction, i.e. the blocks on the top and bottom edges of the data domain. Any other
blocks require communication in both directions vertically, as indicated in Figure 8d.

Finally, Figures 8b and 8c illustrate the third possibility in equation (6). When n, > 2, all blocks
assigned to the second processor require communication in both vertical directions.

The general situation, described in equation (4), is similar to that illustrated in Figure 8. The first
three cases in equation (4) are much like those in (6), except the last block in a given dimension
may have fewer grid cells than other blocks. The last two cases in (4) cannot occur in the matched
case. However, the situation is similar to those shown in Figures 8b and 8d, except that the last
block in a given dimension is not assigned to the last processor in that dimension.

Essentially, equations (4) and (6) provide a measure of the horizontal portion of the perimeters
of blocks that correspond to vertical communication. Using the corresponding equation for

10
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Figure 8: Illustration of various cases for ¢, from equation (6).

completes the calculation of ¥ = ¢, + ¥y,

The model in equation (1), as expanded in equations (2) through (6), along with the corresponding
equations for ¢. and 1, is the basis for determining the optimal processor configuration and data
distribution.

5 Algorithm Description

Recall that the goal is to minimize total execution time as expressed in equations (2) through (4)
by determining an optimal processor configuration and data distribution. Due to the piecewise
and non-differentiable nature of the ® and ¥ functions, a closed-form analytic solution appears
infeasible. Thus a programmed solution approach was used with an algorithm that searches for the
optimal solution within the solution space.

Clearly, the size of the solution space grows exponentially as the size of the data domain and the
number of processors increase. Even when the size of the solution space is restricted, as in the case
of the Cray T3D’s power of two restrictions, the number of candidate solutions can be quite large.

The reader is likely to have observed in the example in the preceding section that some candidate
solutions can be easily dismissed as suboptimal when the product b,n, divides w,, or when b.n.
divides w.. However, since there may not be complete freedom in choosing these parameters, the
general case is more difficult.

Consider scaling equation (1) by dividing both sides by C'. This yields the scaled equation
T/C=®R/C+V, (7)

which is a linear equation in ¥ = R/C. Observe that for each candidate solution (n., n., b., b.),
we can calculate ¢ and V.

11



The remaining term in equation (7), R/C, is strongly tied to the physical system in use and the
application being run. R and C', or their ratio, must be determined by measurements on particular
systems. Direct measurement of R and €' may be difficult, regardless of how they are defined,
and certainly the peak or sustained performance figures claimed by a manufacturer for a particular
machine may not be applicable to a given application.

Our approach is to experimentally determine a value for the ratio R/C. For many parallel applica-
tions, it is straightforward to calculate the time required for initialization and I/0O because all input
is performed at the outset and all output at the end of a run. The application that motivated this
work iterates over an arbitrary number of time steps, as do many similarly structured applications.
By limiting the number of timesteps, it is possible to make several runs and use the results to
estimate R/C. By choosing several candidate solutions, one can determine a value of R/C for each
run. Then a statistical fit, such as least squares, can be used to determine a representative value
of R/C for the application and system. As would be expected, optimal configurations change with
R/C. Thus it is important to have a good value for this ratio.

Compile time analysis coupled with knowledge of system hardware could also be used to arrive at
an estimate of R/C'. Hockney [15] advocates the use of benchmarks to derive system measurements.

The essential steps of the method to arrive at an optimal processor configuration and data distri-
bution are:

1. Estimate R/C for your application on your system.

2. Supply parameters (N, w,,w.) to the model and search the model solution space, via a pro-
gram, for candidate solutions (n,,n.,b,,b.).

3. Select an optimal solution (n,, n.,b,,b.) from the set of candidate solutions using the estimate

of R/C found above.

5.1 Experimental results

The model and method have been validated using both a simple experimental test code and a
significant computational application in air quality modeling (see section 6). The test code, using
a four-neighbor communication pattern was:

DO 100 I = 1,M
DO 100 J =

1,M
DATA(I,J) =

EXP(-DATA(I,J)) + (EXP(-DATA(I-1,1))

+ EXP(-DATA(I+1,J)) + EXP(-DATA(I,J-1))
+ EXP(-DATA(I,J+1))) / 4.0

100 CONTINUE

For this code running on a T3D, with the loop index M = 78, R/C was experimentally determined
to be 16.8. Using this value, the program search of the model solution space was conducted, com-
puting a predicted execution time for each processor configuration and data distribution. To limit
the search, we restricted viable solutions to powers of two, consistent with T3D usage. The valida-
tion step was then to select the best configurations as predicted, and run the same configurations
on the actual system. This was done for processor sets from 4 to 128 processors. Table 2 shows the
results for the case of 32 processors. Cases with other numbers of processors resulted in different
processor and data configurations, but all provided confirmation that the method produced the
optimal result. In table 2 we limit the length to the 14 configurations whose predicted execution
times were least and tabulate them in predicted order. (An example of a non-tabulated config-
uration is 4 x 8 processors with 8 x 8 data.) The configurations are listed along with predicted
and measured execution times, and the rank of the measured execution time. Predicted execution

12



Table 2: The top 14 predicted configurations, in order, and their corresponding actual execution
times and rank. The predicted best is also best in measured execution time.

Configurations in predicted Predicted Measured
time order execution time execution time
32 processors data block sizes normalized! in milliseconds rank
4 x 8 4 x 2 2.260 2.260 1
8 x 4 2 x 4 2.260 2.285 2
4 x 8 2 x 2 2.322 2.374 5
8 x 4 2 x 2 2.322 2.372 4
2 x 16 4 x 1 2.323 2.301 3
16 x 2 1 x 4 2.323 2.398 6
1 x 32 128 x 1 2.647 2.528 7
32 x 1 1 x 128 2.647 2.663 8
1 x 32 128 x 4 3.247 3.174 9
32 x 1 4 x 128 3.247 3.288 11
2 x 16 8 x 8 3.329 3.312 12
16 x 2 8 x 8 3.329 3.312 12
1 x 32 128 x 2 3.341 3.216 10
32 x 1 2 x 128 3.341 3.351 14

times are normalized using the actual execution time of the optimal configuration, since predicted
times were in artificial units due to working with the ratio R/C'.

Although there are some entries that are not in the predicted order, the configuration with the
best predicted time has the best measured execution time. We have investigated the cause of the
out-of-order entries and have concluded that they are due to the use of a fixed value for R/C for
all configurations when in fact this ratio varies somewhat with the configuration on real hardware.

These results offer evidence that our approach is effective in finding optimal configurations. In
Section 6 we present the motivating application and the results of applying this optimization tech-
nique. It will be seen that the method produced optimal results for the real application, thus
strengthening the notion of validation.

5.2 Implications Regarding Porting Applications

A significant benefit of the model described above and the method used to determine an optimal
solution is revealed when an application is ported to another machine. Assuming the space of
candidate solutions is the same, some of the work done to find an optimal solution on one machine
is applicable on another machine.

As noted above, T/C = ®R/C + V¥ is a linear equation in v = R/C. Letting 7" = T'/C, each
candidate solution (n,, n., b, b.) corresponds to a line in the v-7" plane. Figure 9 illustrates the
concepts for a simple example where N = 6, w, = 8, and w,. = 4.

As Figure 9 indicates, the optimal configuration depends on the value of R/C. However, Figure 9
is applicable to this specific problem regardless of the platform. The slope and intercept of each
line in the figure are precisely the values of ® and ¥ computed for the particular configuration

!Execution times were predicted using artificial units which have been normalized to the minimum measured time.
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Figure 9: A graphical perspective of the relation of T'/C to R/C for various candidate solutions.

corresponding to the line. Once the information represented in a figure similar to Figure 9 is com-
puted, i.e. the value of ® and V¥ for each configuration, our method requires only that R/C be
estimated for a different machine; we then choose the solution corresponding to the minimal line
for that value of R/C. In short, one need not repeat the search of the model solution space for
potential solutions (n,,n.,b,,b.).

Table 3 lists all candidate solutions for the problem represented by Figure 9 where N = 6, w, = 8,
and w. = 4, assuming block sizes are powers of two. (We assume that all processors are used except
when the logical processor grid is 1 by 6, since w. = 4.) For each candidate solution, ® and ¥ are
also listed. Each candidate solution corresponds to a line in Figure 9. As illustrated in Figure 9,
the optimal solution (n,, ne, b., b.) is (3, 2, 2, 2) when R/C < 2.5. If R/C > 2.5, the optimal
solution is (3, 2, 1, 2).

The problem represented in Table 5.2 and in Figure 9 is much simpler than that in most applica-
tions, since there are far fewer candidate solutions. However, our experience suggests that Figure 9
is representative of similar figures for real applications in two important respects. First, there tend
to be parallel lines in any such figure, implying that some candidate solutions can be immediately
dismissed. Second, the number of solutions which are optimal for some value of R/C is generally
small relative to the number of candidate solutions. It should be clear that identifying those can-
didate solutions which could be optimal is beneficial in choosing which configurations to use in
finding an experimental value of R/C.

Figure 9 also provides insight into how the model may successfully identify the optimal solution
while producing discrepancies between the predicted and actual relative performance of suboptimal
solutions, as in Table 2. For any fixed value of v, say 79, we can generate a sequence of solutions
based on the order in which the lines corresponding to the solutions intercept the vertical line
v = 0. Thus, if our estimate of v varies even slightly from the true value, the predicted order
of suboptimal solutions may differ from the order generated by actual measurement. Since our
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ny | e | by | b || O | P | P Vu | U | W
1 6 8 1 8 1 8 0 16 | 16
2 3 1 1 4 2 8 14 8 | 22
2 3 2 1 4 2 8 6 8 14
2 3 4 1 4 2 8 2 8 10
3 2 1 1 3 2 6 10 9 19
3 2 1 2 3 2 6 4 9 13
3 2 2 1 4 2 8 4 12 | 16
3 2 2| 2 4 2 8 4 4 8
6 1 1] 4 2 4 |8 12 0 12

Table 3: ® and V¥ for various candidate solutions (n,, n., b,, b.) when N = 6, w, = 8, and w. = 4.

goal is to find an optimal solution, we do not regard any disorder among suboptimal solutions as
a shortcoming.

6 Applications in Air Quality Modeling

Highly parallel computers are becoming increasingly necessary for the implementation of air quality
models. Over many years of development, model complexity has grown to accommodate increases
in the number of chemical species and chemical reactions considered, to include additional physical
phenomena, to extend the geographical region covered by the models, to increase time and spatial
resolution, and to lengthen the duration of model scenario runs. This increased complexity places
very high computational demands on computer systems running the models. Future air quality
models are expected to have further growth in complexity as well as increased functionality. It is
also desirable that they run fast enough that multiple scenarios can be studied. These factors will
demand computing resources which significantly exceed those in use at the present. Thus efficient
use of high performance parallel computers is important to future air quality studies.

Computational aspects of air quality have two distinct parts: (1) the chemical reactions that can
occur in the atmosphere and (2) the movement of chemical concentrations in the air. We have
been investigating both the gas-phase chemistry and the transport of these chemicals following the
Regional Oxidant Model [19]. An implementation has been completed on the Cray T3D [26, 27].
In this section we describe the application and use it for validation of the processor and data
distribution method.

6.1 Chemistry and Transport Equations

The concentration of any chemical species, «, is altered either by production or consumption
through chemical reactions. This idea can be depicted mathematically as:

8(2)&&) =33 ke, CEOICH) + D ke, C(0) [22] ®)

where C'(a) = the concentration of species a

Ko, = the bi-molecular rate constant for reactions that produce or consume
species « by interaction with species 7 and j
Ro; = the mono-molecular rate constant.
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In the current problem formulation there are 58 equations with 158 chemical reactions, each one
corresponding to a chemical species. These 58 equations form a system of differential equations
associated with an initial condition, Cy , such that:

oC
S=1Cn, Clie)=Co (9)

where (' is a species concentration vector.

Each chemical species behaves differently, according to its own physical characteristics. Various
elementary chemical reactions typically have velocities (time-scales) that differ substantially. Such
large differences result in rate constants k,,, and coefficients of the differential equations which
differ by orders of magnitude. This causes the system of differential equations to be stiff. (See,
e.g. [23].) Stiffness eliminates the applicability of explicit numerical methods due to instability.
Generally, methods such as the Backward Differentiation Formula (BDF'), implicit Runge-Kutta,
and other methods are used to cope with the stiffness of the problem. In our implementation, the
stiff system of differential equations is solved using the quasi-steady-state approximation (QSSA)
algorithm [29].

The advection and transport process of atmospheric models is typically driven by the following
equation:

ac N d(uC) N d(uC)

ot ox dy

where C' represents the concentration of a given chemical species and u the velocity field. In execu-
tion, the gas-phase chemistry is spatially independent. That is, new concentrations are computed
in a volume of air space based on initial concentrations and other effects, such as sunlight. No
communication is required and optimization reduces to minimizing computation time via load bal-
ancing. However, communication is a strong component of the transport process. Following the
chemical species concentration updates, new initial conditions at a grid cell are determined by
a backtrack process that computes the source and concentration of chemicals transported to the
cell. Without fully describing this process, we note that transport calculations are not limited to
nearest-neighbor communication, but involve interpolation over a region of grid cells. We applied
our optimization method to the transport phase with the following results.

=0 (10)

For the transport code running on a T3D, R/C was experimentally determined to be 95. Following
the optimization method, this value was used in a program driven search of the model solution space.
Predicted execution times for each processor configuration and data distribution were gathered.
Again, we limited the search space to configurations which were powers of two, as is consistent
with T3D usage. Tests were run where the number of processors was a power of two between 8 and
128, inclusive.

6.2 Optimization Results

Table 4, similar in construction to Table 2, shows the results of experimental validation of our
method for the air quality application in the case of using 128 processors. Recall that the table
entries are in order of the optimization method’s predicted time performance. The first five rows
of the table show direct correspondence with the best five empirical results. Experiments for all
other numbers of processors in the set also predicted an optimal configuration and distribution,
providing strong validation of the method. Full results of this research are in [26].

?Execution times were predicted using artificial units which have been normalized to the minimum measured time.
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Table 4: Validation results from an air quality application for 128 processors.

Configurations in predicted Predicted Measured
time order execution time execution time
128 processors | data block sizes normalized? in milliseconds rank

64 x 2 1 x 1 0.504 0.504 1
64 x 2 1 x 2 0.506 0.504 1
32 x 4 2 x 1 0.508 0.509 3
32 x 4 1 x 1 0.512 0.513 4
64 x 2 1 x 8 0.534 0.531 5
32 x 4 2 x 2 0.537 0.543 8
64 x 2 1 x 4 0.537 0.537 7
16 x 8 4 x 1 0.540 0.531 5

8 x 16 8 x 4 0.546 0.584 11
16 x 8 4 x 8 0.546 0.576 9

8 x 16 4 x 4 0.566 0.578 10
16 x 8 4 x 4 0.566 0.585 12

7 Conclusions

Starting with a simple description of a problem, using N processors for an application with data
domain size of w, by w,., we have developed an approach to finding an optimal logical configuration
of processors and block sizes for block-cyclic data distributions in parallel systems. The method
has been validated on a test code and on a real application. It is a general method, which can be
used on many applications having 2-, 3-, and higher dimensions and on many computer systems.
Specific formulations and details have been presented for two-dimensional configurations.

Our current work involves further investigation into this model and method with emphasis on the
sensitivity of the approach to the R/C ratio. An “insensitive” application would be one in which
an optimal processor configuration and data distribution hold over a large range of values of the
ratio. A highly sensitive application would be one in which a small change in the ratio necessitates
a change in processor configuration or data distribution needed for optimality.
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