
Optimizing Performance of Parallel ArchitecturesThrough Processor Con�guration and DataDistribution�C. D. Wong, E. W. Davis, R. E. Funderlic, and F. A. SmithDepartment of Computer ScienceNorth Carolina State UniversityRaleigh, NC 27695-8206April 8, 1999AbstractE�cient performance of highly parallel systems is a crucial problem. This paper presentsa method for optimizing performance through e�ective logical con�guration of processors anddistribution of data. The paper extends a parallel system performance model for total executiontime and a method to �nd an optimal solution for the model. Applications for the method arequite general. Properties of a given application and the target physical computing system areincluded in the method. The method has been validated with an air quality simulation testbedrunning on a Cray T3D parallel processor. Empirical results for this application are given.Keywords: parallel performance, performance modeling, data distribution, data decomposition,multi-processor, grid structured problems.1 IntroductionOptimizing performance of highly parallel systems is a critical and often di�cult problem. Onepaper reports that delivered performance falls under 5% of theoretical peak performance with theuse of currently available optimizing compilers [4]. Industry's ability to package computer systemswith high performance potential exceeds the ability of users to extract that performance from thesystems on many real applications. This paper directly addresses the issue of performance of animportant class of applications on parallel systems, and is instructive with regard to other types ofapplication.Our work is focused on the problem of selecting an optimal data distribution and logical processorcon�guration for grid structured problems. Speci�cally, we extend an existing performance modeland present a method for �nding a solution that minimizes total execution time. The performancemodel is su�ciently general that it could be adapted to a variety of applications that are not in-cluded in the class of grid structured problems we consider. Our approach is simple enough to beaccessible to users from various disciplines, and experimental results suggest a simple model canaccurately predict the optimal data distribution and logical processor con�guration. We do notrequire that users be familiar with intricacies of either the compiler or the machine, facilitating the�This research has been funded in part by the U.S. Environmental Protection Agency under cooperative agreementCR822076-01-2 to North Carolina State University. 1



user's ability to port an existing application to a di�erent platform.Many models of performance have appeared in the literature, such as those in [1, 2, 5, 10, 13, 16, 25].Indurkhya, Stone and Xi-Cheng [16] present a family of performance models for bus based multipro-cessors where communication patterns �t a random distribution. A simpli�ed version of this modelis presented in widely used textbooks by Stone [24] and Shiva [21]. Hockney and Jesshope [13, 14, 15]introduce a performance model for vector operations and show how that model can be adapted toother aspects of parallel performance. Fox, et al. [10] analyze the performance of several scien-ti�c and other applications. Gallivan, et al. [12] consider the impact of memory hierarchy onperformance. Culler, et al. [2, 3] and Alexandrov, et al. [1] consider communication performancein distributed memory machines. Toledo [25] describes an automatic prediction system based onanalysis of runtime system calls. Fahringer [8] describes a comprehensive performance modelingsystem intended to guide compiler optimization.Some of the models in the literature that employ a large number of parameters to accurately modelperformance provide a pro�ling tool so that a user can participate interactively in the optimizationprocess. In the absence of an existing implementation, the complexity of these models is likely torender them inaccessible to typical users of parallel machines. Other models focus on a particularaspect of performance. These models, no matter how accurate, are likely to be insu�cient forusers. Other models are oriented toward a particular type of problem or a particular machine. Thespeci�city of these models may be quite valuable to certain users but of little value to others.Much e�ort has been expended on the development of data parallel languages intended to freethe user of responsibility of managing communication primitives, e.g. [9, 20, 30]. However, theselanguages still require that the user choose the number of processors and specify how to distributethe data among the processors, or accept default distributions. Because of architectural di�erencesamong various parallel machines and di�erences in compilers, a program optimized for one machinemay not have an optimal execution time on a di�erent machine. When applications are to be runmany times using di�erent data sets, their lifespans may exceed that of a given machine. For suchapplications, the ability to tune performance for di�erent machines is particularly important.Our model extends that of Indurkhya, et al. [16], adapting it to grid structured problems executedon distributed memory machines. The model is based on the concept of separating those parts of aperformance equation that are problem speci�c from those parts that depend on the compiler andthe machine. Although the interdependence is such that a complete separation is di�cult, we showthat the use of justi�able simplifying assumptions permit the user to optimize a given problem forany number of machines.We assume the target machine is a distributed memory machine. Our development is based on atwo dimensional logical processor grid with an interconnection network connecting adjacent pro-cessors. We assume the physical processor con�guration is either a two or three dimensional grid ortorus, or one which permits the embedding of such a grid. However, this assumption is not essentialto the model, and nothing in the model precludes its use for di�erent physical con�gurations orhigher dimensional logical con�guations. Our work is motivated by a problem de�ned on a threedimensional grid, although we project the three dimensional grid onto two dimensions before dis-tributing data elements over the two dimensional processor grid. Our development is thus directlyapplicable to multidimensional grid problems executed on machines where the processors can belogically con�gured in a two dimensional grid.In addition, we have developed a method to �nd an optimal solution to the problem of selectinga data distribution and logical processor con�guration. This method predicts the relative perfor-mance of candidate solutions. We have implemented the method and tested it in experiments thatvalidate its utility. Our method correctly predicted an optimal solution in all of our experiments,and was reasonably accurate in predicting the relative performance of suboptimal solutions, as well.2



The remainder of this paper is organized as follows. We provide an overview of data distributionschemes and terminology in Section 2. We describe the problem to be solved in Section 3 andintroduce notation used thereafter. Our model formulation is detailed in Section 4. Section 5includes our method for �nding an optimal solution and experimental results for a simple test code.We also comment on the use of the method for porting applications. The scienti�c application thatmotivated this work is outlined in Section 6, along with experimental results for �nding an optimalsolution for it. Section 7 contains concluding remarks.2 Data Distribution and Processor Con�gurationA parallel version of a sequential program must partition the work to be performed among availableprocessors if parallel execution time is to be less than the time required when using one processor.For grid structured problems, this partitioning typically is equivalent to an assignment of grid cellsand their associated data to processors. Parallel languages provide mechanisms, typically compilerdirectives, by which the programmer may distribute data. For speci�city, we use the terminologyand data distribution model of High Performance Fortran (HPF) in the work below, although otherparallel languages such as Vienna Fortran [30], Fortran D [9] and CRAFT (Cray Adaptive Fortran)provide similar functionality.The HPF data distribution model is illustrated in Figure 1, adapted from [17]. The ALIGN andREALIGN directives are provided to specify that the distribution of one array should depend on thedistribution of another array. The DISTRIBUTE and REDISTRIBUTE directives are used to specifyhow array elements are to be assigned to a logical, or abstract, processor grid. (The dimensions ofa logical processor grid are speci�ed using the PROCESSORS directive.) Finally, a mapping from alogical processor grid to the physical processors by the operating system completes the distributionof data to processors.
DISTRIBUTE (static)

dependent directiveREALIGN (dynamic)

ALIGN (static)

REDISTRIBUTE (dynamic)

Optional implementation-

Arrays or

other objects

Group of

aligned objects

Abstract processors as

user declared Cartesian grid

Physical

ProcessorsFigure 1: The HPF data mapping model.Several authors, e.g. Dongarra, et al. [5] and Koelbel, et al. [17], classify the most widely used datapartitioning schemes into three major types, i.e. block, cyclic, and block cyclic. (Some languagesalso support indirect mappings.) These partitioning schemes are oriented toward the arrays ofdata that are pervasive in scienti�c and engineering applications. The classi�cation of these datapartitioning schemes is in fact a convenience; the block and cyclic schemes are simply special casesof the block cyclic scheme. In the block cyclic scheme, blocks of data are assigned to processors incyclic fashion, as described in [5] and [17]. The data partition is speci�ed independently for eachdimension of a multidimensional array.We illustrate the variants of the block cyclic partitioning scheme in Figure 2 below. A one dimen-sional array of 17 elements is to be distributed among 4 processors. A block distribution assignsd17=4e elements to as many processors as possible. A cyclic distribution assigns one element toeach processor in turn, treating the processor array as cyclic. A block cyclic distribution assignsblocks of elements to each processor in turn. 3
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PE 2 PE 3 PE 4PE 1Figure 2: Block, cyclic, and block cyclic data partitions for a logical array of 4 processors and adata array with 17 elements, with block sizes 5, 1 and 3, respectively.3 Problem DescriptionWe consider the problem of how to choose a data distribution and the dimensions of a logicalprocessor grid so as to minimize execution time. We assume that the sizes of data arrays are �xed,and that the number of physical processors is �xed. We also assume that data alignment has beenhandled, which is usually straightforward for grid structured problems.Note that for a given logical processor grid, choosing a data distribution is equivalent to choosing ablock size for each data dimension. Thus, our problem can be stated as follows. Given N processorsand a data domain W , choose the dimensions of a logical processor grid and a block size in eachdata dimension so that the total execution time is minimized. We use the term candidate solution,or solution, to refer to a tuple consisting of the dimensions of a logical processor con�guration anda block size for each data dimension.The choices a user makes regarding logical processor con�guration and data distribution can havea signi�cant impact on program performance. Even on simple problems, a suboptimal solution canrequire twice as much time as an optimal solution, or worse. The situation is complicated whenthe machine imposes constraints on these choices. (Although some languages permit the user toomit specifying a distribution, the default distribution provided by the compiler is not constrainedby the language speci�cations, and may be virtually anything.)Consider the impact of the choice of block sizes on performance. The choice of block size a�ectsthe amount of loop overhead, the amount of communication required, and the extent to which theworkload is balanced, or evenly partitioned, among processors.We illustrate the impact on loop overhead of the choice of block size with an example. Considermodifying the sequential code on the left in Figure 3 so that the work is partitioned for parallelexecution. Given a logical processor grid with dimensions nr � nc, a data array with dimensionswr�wc, and a block cyclic distribution using blocks with dimensions br�bc, every processor wouldneed to execute code similar to that on the right in Figure 3. The code on the right steps from blockto block in the outermost loops, and through elements within a block in the innermost loops. Thedeeper nesting implies additional overhead for integer operations for loop control. While constructssuch as Fortran 95's FORALL may obviate the need for the user to explicitly write such nestedloops, the compiler must still produce something similar, and time is required for the additionaloverhead. 4



DO I = 1, WR
  DO J = 1, WC
    ...
    ...
    ...
    ...
    ...
    ...
    ...
  ENDDO
ENDDO

DO I = 1, WR, NR*BR
  DO J = 1, WC, NC*BC
    DO II = 1, BR
      DO JJ = 1, BC
        ...
        ...
        ...
      ENDDO
    ENDDO
  ENDDO
ENDDOFigure 3: Loop structure for equivalent sequential and parallel codesObserve that if a block distribution is used, the outer loops in the code on the right in Figure 3 areunnecessary. If a cyclic distribution is used, the inner loops are not needed.Block size also a�ects load balancing, as the following one dimensional example illustrates. Givena data array of 30 elements distributed in block cyclic fashion onto a logical grid with 5 processors,Table 1 shows the number of elements assigned to each processor for various block sizes. Also,the ratio of the number of elements assigned to the �rst and last processor is indicated. Anothermeasure of load imbalance is given as well, the ratio of the number of elements assigned to the �rstprocessor to the mean number of elements.Block Number of elementsSize PE1 PE2 PE3 PE4 PE5 Max/Min Max/Avg1 6 6 6 6 6 1.000 1.0002 6 6 6 6 6 1.000 1.0003 6 6 6 6 6 1.000 1.0004 8 8 6 4 4 2.000 1.3335 10 5 5 5 5 2.000 1.6676 6 6 6 6 6 1.000 1.0007 7 7 7 7 2 3.500 1.1678 8 8 8 6 0 1 1.3339 9 9 9 0 0 1 1.50010 10 10 10 0 0 1 1.66712 12 12 6 0 0 1 2.00015 15 15 0 0 0 1 2.50030 30 0 0 0 0 1 5.000Table 1: Variation in load balancing due to block sizeWhen the size of the data array w is a multiple of the number of processors n, perfect load balanc-ing is achieved by choosing a block size b = w=n or any divisor of w=n. In our example, w = 30and n = 5, so the load is perfectly balanced when the block size is 1, 2, 3 or 6. Signi�cant loadimbalance is seen if other block sizes are chosen in the example above. The e�ect of block sizeon load imbalance also is illustrated in Figure 4, which conveys graphically some of the data inTable 1. Note that the maximum number of elements for each block size is exactly the numberassigned to PE1 in Table 1. 5
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Figure 4: The e�ect of block size on load imbalance. w = 30; n = 5.The amount of communication is also a�ected by the choice of block size. Consider a nearestneighbor communication pattern, where all computations for a grid cell depend only on data as-sociated with that cell and cells adjacent to it. When adjacent grid cells are assigned to the sameprocessor, no communication is required; when adjacent cells are assigned to distinct processors,data must be communicated. Given such a communication pattern, the amount of communicationis proportional to the surface area of the blocks.We illustrate the e�ect of block size on the amount of communication in a simple case in Figure 5.Assuming a 2�2 processor grid and a 4�4 data domain, Figure 5 indicates the amount of commu-nication required for nearest neighbor communication when block sizes are 2�2 (on the left) and1�1 (on the right).
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PE 1,2Figure 5: The e�ect of block size on communication. The number of communications is proportionalto the perimeter of the blocks.When communication cannot be overlapped with computation, the time required for communica-tion represents an undesirable overhead. Thus, communication overhead drives the optimal datadistribution toward larger block sizes. If there are constraints on block sizes, such as the power oftwo constraints imposed by the Cray T3D, large block sizes may result in signi�cant load imbal-ance. In such cases, consideration of load balancing may drive the optimal data distribution towardsmaller block sizes. 6



4 Model FormulationOur performance model extends that of Indurkya, et al. [16] and assumes that communication isnot overlapped with computation. Our representation of their model is given in equation (1) below.T = R�+ C	 (1)where T is total execution time to be minimized,R is the time required for one unit of computation,� is the maximum number of units of computation assigned to any processor,C is the mean time for one unit of communication between two processors, and	 is maximum number of inter-processor communications assigned to one processor.An optimal choice of data distribution and logical processor grid minimizes T . Non-optimal so-lutions increase either the computation time or the communication time, or both, in a way thatincreases T . Variations of this model have been studied analytically in order to gain understandingof parallel processing systems [24]. This study speci�cally considers the extension of the model togrid structured problems executed on distributed memory machines. However, the model is notlimited to such problems. Our work illustrates how it is possible to apply a very general model toa particular type of problem.Observe that � and 	 depend only on the problem and the choice of data distribution and proces-sor con�guration. In contrast, R is largely machine dependent. The unit of computation is oftenchosen as one 
op, or 
oating point operation. If 
ops are used and integer operations such as loopoverhead are ignored, then R is essentially a constant. R may vary due to the e�ects of cache (see,e.g., [12, 28]) and, as noted previously, data distribution a�ects loop overhead. However, for manyparallel applications, treating R as constant is reasonable, whether the unit of computation is one
op or a larger unit, such as all computations for a single grid cell.In the discussion of grid structured problems that follows, we use the computation for a single gridcell as our unit of computation. Similarly, our unit of communication in the de�nition of C aboveis the communication between adjacent processors associated with a single grid cell.The C term in equation (1) depends not only on the machine, but also on the data distribution,logical processor con�guration, and the compiler (see, e.g. [1, 2, 7, 14]). In particular, these factorscan a�ect the number of words in a particular message. Since messages generally require signi�cantstartup time [1, 2, 7], the mean time to communicate a word of data varies as a function of thenumber of words in a message. In general, it is advantageous to choose a data distribution andlogical con�guration that facilitates longer messages. However, the compiler plays an importantrole in determining the length of messages, and should not be overlooked. Compiler optimizationsmay prefetch data, combine messages, or use other means to hide latency. Although the user maybelieve that larger block sizes correspond to larger (and thus fewer) messages, compiler optimiza-tions may produce longer messages than expected for smaller block sizes.Although data parallel languages relieve the user of the tedium of managing communication primi-tives, the use of compiler optimizations for such languages may make it more di�cult to intuitivelygrasp the actual communication patterns when a program executes. We believe that most usersdo not know, and are unlikely to learn, the intricate communication details that are speci�c toa particular compiler on a given machine. This is especially true when users work with variousmachines. Our work shows that it is possible to �nd an optimal solution absent that knowledge.Additional notation is needed to apply the model in equation (1) to grid structured problems.Recall that our problem is de�ned in terms of the number of processors to be used, N , and thedimensions of the application data domain, W . Although the model in equation (1) can be appliedto a variety of problems by appropriate de�nitions of � and 	, the particular mathematical formu-lation to follow has been developed for two dimensional processor grids and data structures. We7



investigate block cyclic data distributions with various data block sizes. We also assume data blocksizes are chosen so that all processors are utilized. Recall that our choices of units for computationand communication are based on the computation and communication associated with grid cells.Thus we use the following notation:nr and nc: the number of rows and columns of the logical processor con�guration.N = nr � ncwr and wc: the number of rows and columns of the data domain.W = wr � wcbr and bc: the number of rows and columns of each data partition block.�r and �c: the maximum number of grid cells assigned to a single processor in rowand column dimensions. � = �r � �c v and  h: the maximum number of grid cell communications involving any oneprocessor in vertical and horizontal directions.Note that 	 =  v +  h, rather than the product.Also, tr is de�ned as tr = wr � bwr=(brnr)cbrnr, which is the number of grid cells remaining in ablock cyclic distribution after blocks of size br are allocated nr at a time, i.e. br cells are assignedto each of nr processors. The concept is illustrated in Figure 6 for tc, which is similarly de�ned.
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 t

c            c            c   cb   = 3,   n   = 4,  b   n   = 12 PE 1            PE 2            PE 3            PE 4Figure 6: A graphical view of the de�nition of tc.Communication patterns in applications can be quite complex. For tractability we develop formulasfor block cyclic data distributions and nearest neighbor communications. Even this comparativelysimple situation has su�cient complexity as to produce model equations which are not readilysolvable by analytic means.Expressions for computation and communication in two dimensions are presented in equations (2)through (6). These equations are followed by a simple example that demonstrates how our notationis used.We assume that data arrays are derived from an underlying grid and that array elements correspondto individual grid cells. It follows that a data distribution of aligned arrays is equivalent to anassignment of grid cells to processors. Assuming independent block cyclic distributions in eachdimension, it is clear that the �rst processor in any row or column is assigned as many grid cells asany other processor in that row or column. Thus, given our decision to de�ne a unit of computationas all computations for a single grid cell, �r is equal to the number of rows of grid cells assigned to8



the �rst row of processors. Thus we have the following equation.�r = 8><>: bwr=(nrbr)cbr + tr if 0 < wr � bwr=(brnr)cbrnr| {z }tr < brdwr=(nrbr)ebr otherwise. (2)Due to symmetry, �r and �c have the same form and thus �c can be represented by the sameequation with the subscripts changed from r to c.Equations for communication also di�er only in subscripts for row and column directions. Verticalcommunication is de�ned in equation (4); the equation for horizontal communication is omittedsince it has the same form. The number of cases in equation (4) is greater than for computation inequation (2). Cases are distinguished by the number of rows of processors and by the goodness of�t of data blocks as the blocks are interleaved onto processors. The goodness of �t criteria is givenby fr = dwr=bre modulo nr: (3)For an integral �t, fr = 0 since each mapping iteration uses the same number of rows. When frassumes values of 1; 2; : : :, it represents the number of rows of processors that are needed in the�nal, non-integral, mapping iteration. Thus, we �nd that v = 8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>: 0 if nr = 1�2dwr=brenr � 1��c iffr = 0 and nr = 2�2 �dwr=brenr ���c iffr = 0 and nr > 2; orfr = 1�2 �dwr=brenr � + 1��c iffr = 2�2 �dwr=brenr � + 2��c otherwise. (4)Equations (2) and (4) simplify if the product brnr is a divisor of wr (or if bcnc divides wc), a situationthat can be called a \matched" case. In such a case, 
oor and ceiling functions are unnecessary.Since we assume all processors are used, the computation parameter � is independent of the choiceof block size. Thus, in the matched case, the equation for �r simpli�es to�r = wr=nr: (5)In the matched case, fr = 0 by de�nition, so the equation for  v simpli�es to v = 8><>: 0 if nr = 1(2wr=(nrbr)� 1)�c if nr = 2(2wr=(nrbr))�c otherwise. (6)Given our choice associating units of computation and communication with grid cells, it is clear thatFigure 4 illustrates the relation of � to block size b for the example in Table 1. If we again consider aone dimensional array of 30 elements distributed over 5 processors, Figure 7 illustrates the relationof  to block size b. In contrast to �, Figure 7 illustrates that  is a monotone decreasing functionof b. As these �gures and the form of the equations above suggest, � and 	 are not continuouslydi�erentiable over the reals. Thus, we do not expect to minimize T in equation (1) by analyticmeans. Instead, various candidate solutions must be examined.9
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Figure 7: Variation in  for a one dimensional array of 30 elements.Consider a simple two dimensional case where four processors are to be used. Assume that thedimensions of the data domain, data blocks, and processor grid are restricted to be powers of two,as is the case on the Cray T3D. Three possible processor con�gurations exist, namely 1 row by 4columns, 2 by 2, and 4 by 1. Assume the data domain is 8 by 4, i.e. wr = 8, wc = 4.For these values of the parameters, equations (5) and (6) can be applied, provided that block sizesare chosen so that all processors are used. In this example, each of the four processors will beassigned eight grid cells, as will be seen. Here, � is constant, although �r and �c depend on whichlogical con�guration is chosen.If the logical grid is 1 by 4, and all processors are used, then br = 8 and bc = 1. The situation isillustrated in Figure 8a, where communication is indicated by arrows. If the logical grid is 4 by 1,and all processors are used, then bc = 4 and br is either 1 or 2. These situations are illustrated inFigures 8b and 8c. Again, communication is shown by arrows. If the logical grid is 2 by 2, and allprocessors are to be used, then br is either 1, 2 or 4, and bc is either 1 or 2. Of the six possible blocksizes, the situations for 2 by 2 and 4 by 2 block sizes are shown in Figures 8d and 8e, respectively.Now, Figure 8a illustrates the �rst possibility in equation (6). Since nr = 1 there is no communi-cation in the vertical direction. The second possibility in equation (6) is illustrated in Figures 8dand 8e. Since nr = 2, all processsors are assigned blocks which require vertical communication inonly one direction, i.e. the blocks on the top and bottom edges of the data domain. Any otherblocks require communication in both directions vertically, as indicated in Figure 8d.Finally, Figures 8b and 8c illustrate the third possibility in equation (6). When nr > 2, all blocksassigned to the second processor require communication in both vertical directions.The general situation, described in equation (4), is similar to that illustrated in Figure 8. The �rstthree cases in equation (4) are much like those in (6), except the last block in a given dimensionmay have fewer grid cells than other blocks. The last two cases in (4) cannot occur in the matchedcase. However, the situation is similar to those shown in Figures 8b and 8d, except that the lastblock in a given dimension is not assigned to the last processor in that dimension.Essentially, equations (4) and (6) provide a measure of the horizontal portion of the perimetersof blocks that correspond to vertical communication. Using the corresponding equation for  h10
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ψ   = 16,  ψ   = 0
 v             h

r            cb   = 1,  b   = 4

r            cn   = 4,  n   = 1(b)
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 v            h
ψ   = 0,  ψ   = 16

r            cb   = 8,  b   = 1

r            cn   = 1,  n   = 4(a)
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r            cb   = 2,  b   = 2

 v            h
ψ   = 6,  ψ   = 4

r            cn   = 2,  n   = 2(d)
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r            cb   = 4,  b   = 2

 v            h
ψ   = 2,  ψ   = 4

r            cn   = 2,  n   = 2(e)
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��Figure 8: Illustration of various cases for  , from equation (6).completes the calculation of 	 =  v +  h.The model in equation (1), as expanded in equations (2) through (6), along with the correspondingequations for �c and  h, is the basis for determining the optimal processor con�guration and datadistribution.5 Algorithm DescriptionRecall that the goal is to minimize total execution time as expressed in equations (2) through (4)by determining an optimal processor con�guration and data distribution. Due to the piecewiseand non-di�erentiable nature of the � and 	 functions, a closed-form analytic solution appearsinfeasible. Thus a programmed solution approach was used with an algorithm that searches for theoptimal solution within the solution space.Clearly, the size of the solution space grows exponentially as the size of the data domain and thenumber of processors increase. Even when the size of the solution space is restricted, as in the caseof the Cray T3D's power of two restrictions, the number of candidate solutions can be quite large.The reader is likely to have observed in the example in the preceding section that some candidatesolutions can be easily dismissed as suboptimal when the product brnr divides wr, or when bcncdivides wc. However, since there may not be complete freedom in choosing these parameters, thegeneral case is more di�cult.Consider scaling equation (1) by dividing both sides by C. This yields the scaled equationT=C = �R=C + 	; (7)which is a linear equation in 
 = R=C. Observe that for each candidate solution (nr, nc, br, bc),we can calculate � and 	. 11



The remaining term in equation (7), R=C, is strongly tied to the physical system in use and theapplication being run. R and C, or their ratio, must be determined by measurements on particularsystems. Direct measurement of R and C may be di�cult, regardless of how they are de�ned,and certainly the peak or sustained performance �gures claimed by a manufacturer for a particularmachine may not be applicable to a given application.Our approach is to experimentally determine a value for the ratio R=C. For many parallel applica-tions, it is straightforward to calculate the time required for initialization and I/O because all inputis performed at the outset and all output at the end of a run. The application that motivated thiswork iterates over an arbitrary number of time steps, as do many similarly structured applications.By limiting the number of timesteps, it is possible to make several runs and use the results toestimate R=C. By choosing several candidate solutions, one can determine a value of R=C for eachrun. Then a statistical �t, such as least squares, can be used to determine a representative valueof R=C for the application and system. As would be expected, optimal con�gurations change withR=C. Thus it is important to have a good value for this ratio.Compile time analysis coupled with knowledge of system hardware could also be used to arrive atan estimate of R=C. Hockney [15] advocates the use of benchmarks to derive system measurements.The essential steps of the method to arrive at an optimal processor con�guration and data distri-bution are:1. Estimate R=C for your application on your system.2. Supply parameters (N;wr; wc) to the model and search the model solution space, via a pro-gram, for candidate solutions (nr; nc; br; bc).3. Select an optimal solution (nr; nc; br; bc) from the set of candidate solutions using the estimateof R=C found above.5.1 Experimental resultsThe model and method have been validated using both a simple experimental test code and asigni�cant computational application in air quality modeling (see section 6). The test code, usinga four-neighbor communication pattern was:DO 100 I = 1,MDO 100 J = 1,MDATA(I,J) = EXP(-DATA(I,J)) + (EXP(-DATA(I-1,J))+ EXP(-DATA(I+1,J)) + EXP(-DATA(I,J-1))+ EXP(-DATA(I,J+1))) / 4.0100 CONTINUEFor this code running on a T3D, with the loop index M = 78; R=C was experimentally determinedto be 16.8. Using this value, the program search of the model solution space was conducted, com-puting a predicted execution time for each processor con�guration and data distribution. To limitthe search, we restricted viable solutions to powers of two, consistent with T3D usage. The valida-tion step was then to select the best con�gurations as predicted, and run the same con�gurationson the actual system. This was done for processor sets from 4 to 128 processors. Table 2 shows theresults for the case of 32 processors. Cases with other numbers of processors resulted in di�erentprocessor and data con�gurations, but all provided con�rmation that the method produced theoptimal result. In table 2 we limit the length to the 14 con�gurations whose predicted executiontimes were least and tabulate them in predicted order. (An example of a non-tabulated con�g-uration is 4 x 8 processors with 8 x 8 data.) The con�gurations are listed along with predictedand measured execution times, and the rank of the measured execution time. Predicted execution12



Table 2: The top 14 predicted con�gurations, in order, and their corresponding actual executiontimes and rank. The predicted best is also best in measured execution time.Con�gurations in predicted Predicted Measuredtime order execution time execution time32 processors data block sizes normalized1 in milliseconds rank4 x 8 4 x 2 2.260 2.260 18 x 4 2 x 4 2.260 2.285 24 x 8 2 x 2 2.322 2.374 58 x 4 2 x 2 2.322 2.372 42 x 16 4 x 1 2.323 2.301 316 x 2 1 x 4 2.323 2.398 61 x 32 128 x 1 2.647 2.528 732 x 1 1 x 128 2.647 2.663 81 x 32 128 x 4 3.247 3.174 932 x 1 4 x 128 3.247 3.288 112 x 16 8 x 8 3.329 3.312 1216 x 2 8 x 8 3.329 3.312 121 x 32 128 x 2 3.341 3.216 1032 x 1 2 x 128 3.341 3.351 14times are normalized using the actual execution time of the optimal con�guration, since predictedtimes were in arti�cial units due to working with the ratio R=C.Although there are some entries that are not in the predicted order, the con�guration with thebest predicted time has the best measured execution time. We have investigated the cause of theout-of-order entries and have concluded that they are due to the use of a �xed value for R=C forall con�gurations when in fact this ratio varies somewhat with the con�guration on real hardware.These results o�er evidence that our approach is e�ective in �nding optimal con�gurations. InSection 6 we present the motivating application and the results of applying this optimization tech-nique. It will be seen that the method produced optimal results for the real application, thusstrengthening the notion of validation.5.2 Implications Regarding Porting ApplicationsA signi�cant bene�t of the model described above and the method used to determine an optimalsolution is revealed when an application is ported to another machine. Assuming the space ofcandidate solutions is the same, some of the work done to �nd an optimal solution on one machineis applicable on another machine.As noted above, T=C = �R=C + 	 is a linear equation in 
 = R=C. Letting T 0 = T=C, eachcandidate solution (nr, nc, br, bc) corresponds to a line in the 
-T 0 plane. Figure 9 illustrates theconcepts for a simple example where N = 6, wr = 8, and wc = 4.As Figure 9 indicates, the optimal con�guration depends on the value of R=C. However, Figure 9is applicable to this speci�c problem regardless of the platform. The slope and intercept of eachline in the �gure are precisely the values of � and 	 computed for the particular con�guration1Execution times were predicted using arti�cial units which have been normalized to the minimum measured time.13
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γ = Figure 9: A graphical perspective of the relation of T=C to R=C for various candidate solutions.corresponding to the line. Once the information represented in a �gure similar to Figure 9 is com-puted, i.e. the value of � and 	 for each con�guration, our method requires only that R=C beestimated for a di�erent machine; we then choose the solution corresponding to the minimal linefor that value of R=C. In short, one need not repeat the search of the model solution space forpotential solutions (nr; nc; br; bc).Table 3 lists all candidate solutions for the problem represented by Figure 9 where N = 6, wr = 8,and wc = 4, assuming block sizes are powers of two. (We assume that all processors are used exceptwhen the logical processor grid is 1 by 6, since wc = 4.) For each candidate solution, � and 	 arealso listed. Each candidate solution corresponds to a line in Figure 9. As illustrated in Figure 9,the optimal solution (nr, nc, br, bc) is (3, 2, 2, 2) when R=C < 2:5. If R=C > 2:5, the optimalsolution is (3, 2, 1, 2).The problem represented in Table 5.2 and in Figure 9 is much simpler than that in most applica-tions, since there are far fewer candidate solutions. However, our experience suggests that Figure 9is representative of similar �gures for real applications in two important respects. First, there tendto be parallel lines in any such �gure, implying that some candidate solutions can be immediatelydismissed. Second, the number of solutions which are optimal for some value of R=C is generallysmall relative to the number of candidate solutions. It should be clear that identifying those can-didate solutions which could be optimal is bene�cial in choosing which con�gurations to use in�nding an experimental value of R=C.Figure 9 also provides insight into how the model may successfully identify the optimal solutionwhile producing discrepancies between the predicted and actual relative performance of suboptimalsolutions, as in Table 2. For any �xed value of 
, say 
0, we can generate a sequence of solutionsbased on the order in which the lines corresponding to the solutions intercept the vertical line
 = 
0. Thus, if our estimate of 
 varies even slightly from the true value, the predicted orderof suboptimal solutions may di�er from the order generated by actual measurement. Since our14



nr nc br bc �r �c �  v  h 	1 6 8 1 8 1 8 0 16 162 3 1 1 4 2 8 14 8 222 3 2 1 4 2 8 6 8 142 3 4 1 4 2 8 2 8 103 2 1 1 3 2 6 10 9 193 2 1 2 3 2 6 4 9 133 2 2 1 4 2 8 4 12 163 2 2 2 4 2 8 4 4 86 1 1 4 2 4 8 12 0 12Table 3: � and 	 for various candidate solutions (nr, nc, br, bc) when N = 6, wr = 8, and wc = 4.goal is to �nd an optimal solution, we do not regard any disorder among suboptimal solutions asa shortcoming.6 Applications in Air Quality ModelingHighly parallel computers are becoming increasingly necessary for the implementation of air qualitymodels. Over many years of development, model complexity has grown to accommodate increasesin the number of chemical species and chemical reactions considered, to include additional physicalphenomena, to extend the geographical region covered by the models, to increase time and spatialresolution, and to lengthen the duration of model scenario runs. This increased complexity placesvery high computational demands on computer systems running the models. Future air qualitymodels are expected to have further growth in complexity as well as increased functionality. It isalso desirable that they run fast enough that multiple scenarios can be studied. These factors willdemand computing resources which signi�cantly exceed those in use at the present. Thus e�cientuse of high performance parallel computers is important to future air quality studies.Computational aspects of air quality have two distinct parts: (1) the chemical reactions that canoccur in the atmosphere and (2) the movement of chemical concentrations in the air. We havebeen investigating both the gas-phase chemistry and the transport of these chemicals following theRegional Oxidant Model [19]. An implementation has been completed on the Cray T3D [26, 27].In this section we describe the application and use it for validation of the processor and datadistribution method.6.1 Chemistry and Transport EquationsThe concentration of any chemical species, �, is altered either by production or consumptionthrough chemical reactions. This idea can be depicted mathematically as:@C(�)@t =XX ��ijC(i)C(j)+X �̂�iC(i) [22] (8)where C(�) = the concentration of species ���ij = the bi-molecular rate constant for reactions that produce or consumespecies � by interaction with species i and j�̂�i = the mono-molecular rate constant.15



In the current problem formulation there are 58 equations with 158 chemical reactions, each onecorresponding to a chemical species. These 58 equations form a system of di�erential equationsassociated with an initial condition, C0 , such that:@C@t = f(C; t); C(t0) = C0 (9)where C is a species concentration vector.Each chemical species behaves di�erently, according to its own physical characteristics. Variouselementary chemical reactions typically have velocities (time-scales) that di�er substantially. Suchlarge di�erences result in rate constants ��ij and coe�cients of the di�erential equations whichdi�er by orders of magnitude. This causes the system of di�erential equations to be sti�. (See,e.g. [23].) Sti�ness eliminates the applicability of explicit numerical methods due to instability.Generally, methods such as the Backward Di�erentiation Formula (BDF), implicit Runge-Kutta,and other methods are used to cope with the sti�ness of the problem. In our implementation, thesti� system of di�erential equations is solved using the quasi-steady-state approximation (QSSA)algorithm [29].The advection and transport process of atmospheric models is typically driven by the followingequation: @C@t + @(uC)@x + @(uC)@y = 0 (10)where C represents the concentration of a given chemical species and u the velocity �eld. In execu-tion, the gas-phase chemistry is spatially independent. That is, new concentrations are computedin a volume of air space based on initial concentrations and other e�ects, such as sunlight. Nocommunication is required and optimization reduces to minimizing computation time via load bal-ancing. However, communication is a strong component of the transport process. Following thechemical species concentration updates, new initial conditions at a grid cell are determined bya backtrack process that computes the source and concentration of chemicals transported to thecell. Without fully describing this process, we note that transport calculations are not limited tonearest-neighbor communication, but involve interpolation over a region of grid cells. We appliedour optimization method to the transport phase with the following results.For the transport code running on a T3D, R=C was experimentally determined to be 95. Followingthe optimization method, this value was used in a program driven search of the model solution space.Predicted execution times for each processor con�guration and data distribution were gathered.Again, we limited the search space to con�gurations which were powers of two, as is consistentwith T3D usage. Tests were run where the number of processors was a power of two between 8 and128, inclusive.6.2 Optimization ResultsTable 4, similar in construction to Table 2, shows the results of experimental validation of ourmethod for the air quality application in the case of using 128 processors. Recall that the tableentries are in order of the optimization method's predicted time performance. The �rst �ve rowsof the table show direct correspondence with the best �ve empirical results. Experiments for allother numbers of processors in the set also predicted an optimal con�guration and distribution,providing strong validation of the method. Full results of this research are in [26].2Execution times were predicted using arti�cial units which have been normalized to the minimum measured time.16



Table 4: Validation results from an air quality application for 128 processors.Con�gurations in predicted Predicted Measuredtime order execution time execution time128 processors data block sizes normalized2 in milliseconds rank64 x 2 1 x 1 0.504 0.504 164 x 2 1 x 2 0.506 0.504 132 x 4 2 x 1 0.508 0.509 332 x 4 1 x 1 0.512 0.513 464 x 2 1 x 8 0.534 0.531 532 x 4 2 x 2 0.537 0.543 864 x 2 1 x 4 0.537 0.537 716 x 8 4 x 1 0.540 0.531 58 x 16 8 x 4 0.546 0.584 1116 x 8 4 x 8 0.546 0.576 98 x 16 4 x 4 0.566 0.578 1016 x 8 4 x 4 0.566 0.585 127 ConclusionsStarting with a simple description of a problem, using N processors for an application with datadomain size of wr by wc, we have developed an approach to �nding an optimal logical con�gurationof processors and block sizes for block-cyclic data distributions in parallel systems. The methodhas been validated on a test code and on a real application. It is a general method, which can beused on many applications having 2-, 3-, and higher dimensions and on many computer systems.Speci�c formulations and details have been presented for two-dimensional con�gurations.Our current work involves further investigation into this model and method with emphasis on thesensitivity of the approach to the R=C ratio. An \insensitive" application would be one in whichan optimal processor con�guration and data distribution hold over a large range of values of theratio. A highly sensitive application would be one in which a small change in the ratio necessitatesa change in processor con�guration or data distribution needed for optimality.8 AcknowledgmentsWe are pleased to recognize the technical assistance of Dr. Je�rey O. Young of the AtmosphericSciences Modeling Division, Air Resources Laboratory, National Oceanic and Atmospheric Admin-istration, on loan to the National Exposure Research Laboratory, U. S. Environmental ProtectionAgency, and of Vance L. Sha�er of SGI { Cray Research. We also acknowledge The North Car-olina Supercomputing Center, Cray Research, and the U.S. EPA for providing access to Cray T3Dcomputing resources.References[1] A. Alexandrov, M. Ionescu, K. Schauser, C. Scheiman, \LogGP: Incorporating long messagesinto the LogP model - One step closer towards a realistic model for parallel computation,"7th Annual Symposium on Parallel Algorithms and Architecture (SPAA '95), pp. 95-105, July,1995. 17
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