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A SECOND-ORDER ASYMPTOTIC DISTRIBUTIONAL REPRESENTATION OF

M-ESTIMATORS WITH DISCONTINUOUS SCORE FUNCTIONS

By Jana Jurelkova and Pranab Kumar Sen1
Charles University, Prague, Czechoslovakia,

and University of North Carolina, Chapel Hill

For a nondecreasing score function having finitely
many jump-discontinuities, a representation of M-estimators
with the second order asymptotic distribution is established,
and the result is also extended to one-step versions of M-

estimators.

1. Introduction. Let {Xi; i > 1} be a sequence of independent and
identically distributed random variables (i.i.d.r.v.) with a distribution
function (d.f.) F(x - 0), where 8 is an unknown location parameter. Let

¥ Rl - Rl be a function such that for

(1.1) Me) = f7 ¥(x-t) dF(x), te R, A(0) = 0.
Consider an estimating function
(1.2) M (t) = ™ ¥(x,-t), teR, no>1

: n i=1 MRiTH > LA
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The allied M—estimatog_en of 68 (corresponding to a fixed scale of F)

is defined as a solution of the equation

(1.3) Mn(t) = 0;

~

under quite general regularity conditions, Gn is a (weakly) consistent

~

estimator of 6. For nondecreasing VY, en may be written as

~

(1.4) 6_ = —;—(sup{t: M (t) > 0} + inf{t: M _(£) < 03).

~

The existence of en in general as well as the boundedness (in probability)

n1/2

of len - 6] has been studied by a host of workers. For a general

estimator Fn = Tn(xl,...,xn) of 6, denoting by IFT(-) the influence

function of Tn, an asymptotic representation of the form

-1/2 _n ; =
T IFT(xi—e) +R; R = 0p(l),

1/2 _
(1.5) n (Tn—e) =n i=1

is of primary interest, and has been studied by many authors (viz.,
Serfling (1980), Huber (1981) and the references cited therein). A

representation of this type for M-estimators of location, supplemented by

the order of Rn’ was studied by Carroll (1978) for strongly consistent

~

versions of 6 and for smooth Y-functions. Juretkova (1980) derived the
exact orders of Rn for smooth as well as discontinuous Y¥-functions; this
result was extended to the regression model by Jurelkova and Sen (198la,b).

Jureékové, Janssen and Veraverbeke (1985) obtained an analogous result for

M-estimators of general parameters (including the maximum likelihood estimator ‘



and the Pitman estimator).

The representation in (1.5), supplemented by the order of Rn’
has important applications. Firstly, asymptotic relations of different
types of estimators (e.g., L-, M-, R-estimators), up to different orders
of equivalence, can be fruitfully studied with the aid of (1.5). We may

refer to Jureckova (1983) for some of these developments. Secondly, in

’
~

M-estimation theory, generally, en is not scale-equivariant, and hence,

either one-step versions or some other modifications (see, for example,

JureEkov; and Sen (1984)) are usually adapted to suit the purpose. Ap-

proximating an estimator by its one-step version or some other form, may

also be effectively studied by incorporating (1.5) for such a Tn' Actually,

in sequential analysis (or in related areas), for such a representation,

one needs to be more precise on the order of Rn (see for example,

Jureékov; and Sen (1982)), and this constitutes an important area of

research too. There are numerous other applications of such a representation.
The next natural step in representations of type (1.5) (which we term

as the first order asymptotic representations) would be to supplement the

order of Rrl by the asymptotic distribution (if any) of the same. A result

of this kind was derived by Kiefer (1967) in the context of Bahadur's

(1966) representation of sample quantiles. Asymptotic representations

supplemented by asymptotic distribution of remainder term will be referred

to as the second order asymptotic (distributional) representations; the

asymptotic distributions of Rn will be typically nonnormal. The second order

asymptotic representation of M-estimator of location generated by a smooth

Y-function was recently derived by Jureékova'(l985), who used the method

of random change of time in the invariance principle connected with M-estimator.



Our aim will be to extend this result to possibly discontinuous Y-

functions.

~

More precisely, the representation (1.5) for M-estimator Bn takes

on the form

(1.6) a2 - gy = /2,1

0 Mn(e) + Rn

under quite general conditions, provided v = y(¥, F) # 0. If V¥ is

smooth (i.e., twice differentiable almost everywhere (a.e.), then Rn=0 (n—l/z

1/4

)
).

while, for VY admitting finitely many jump discontinuities, Rn=0p(n_

Let further Tn be an estimator of 8 admitting a first order representation

i.e.,

1/2 _ =1/2 _n
(1.7) n (Tn -98) =n ' zi=l y(xi - 8) + op(l)
where

(1.8) [, ¢(x) dF(x) = 0 and 0 < 02 = [ ¢>(x) dF(x) < =.
Rl $ Rl

Then, for smooth ¥, as n + «,

D
(1.9) a1, - ©) - na(T, - 0% + v (1) - M () - gy -k,

with o = f ¥(x) dF(x)/2y and where & = (gl, 52) has a bivariate normal
distribution (see Jureckova (1985)). (1.9) applies also for Sn, for the

least-square estimator (LSE) as well as for the maximum likelihood estimator




(MLE) in the role of Tn under general regularity conditions. However,

it breaks down when ¥ is not smooth.

The primary objective of the present study is to focus on such
a second order representation in the case where ¥ admits of jump-
discontinuities. A different normalizing rate (in u) as well as a
different type of limiting law arises in this context cémparing with
(1.9). However, the result is in correspondence with that of Kiefer
(1967). Spec;fically, for an estimator Tn’ satisfying (1.7), we have

nl/z(Tn - 6) ~» £ and

-1 *

-1/
n (T ) =M ()]} > &

(1.10) 4{n(Tn—e) -y

where, letting I[A] be the indicator function of the set A,

(1.11) €' = 112201 W ([g]) + 1le<0] wy([e]),

£ has a normal distribution with zero mean and wl, w2 are independent
copies of Wiener process on'[O,m).

Along with the preliminary notions, the main results are presented
in Section 2 and they are derived in Section 3. The method used there
is based on a random change of time in certain invariance principles for
M-statistics, studied earlier by Jureékové (1980) and JureEkov; and
Sen (l198la, b). The last section deals with the second order behavior of

the one-step version of M-estimators and, in this context, illustrates the

effect of the choice of an initial estimator.



2. A second order representation theorem. Concerning the score

function ¥, we assume that
(2.1) ¥(x) = Wl(x) + Wz(x), x € R

where ¥ is absolutely continuous on any bounded interval in Rl and

1
(D) g v

it possesses first and second derivatives (Y , respectively)

a.e., and Tz is a step-function. Specifically, we assume that for some

p (>1), there exist real numbers Bj and open intervals Ej=(aj’ aj+l)’

j=0,1,...p, where —» = a, < a, < ... <a; < Ayl = such that ‘Pz(x)=6j
1
i} 4 . 1 = -— +
for x € E,, 0 < j < p; conventionally, we let Wz(aj) 5 (Bj Bj_l),

J
1 <j < p. Also, we assume that ¥ is increasing and that fl
R
Concerning the d.f. F, we assume that F possesses an absolutely

¥(x) dF(x)=0.
continuous and symmetric density f having a finite Fisher information
2
(2.2) I(f) =/, (£'(x)/E(x))" dF(x) (<=)
R

.
where f (x) = (d/dx) f(x). Also, we assume that

(2.3) v, = /1 \yi\’)(x) dF(x)  exists (v = 1,2),
R
(2.4) 7 e? are <,
R

and, either, ¥

1 is constant outside a fixed interval [—kl,k], k > 0,

or, there exist positive and finite numbers o and K such that




(2.5) g 0P e n?are <o Ve| <o,
! ‘

Further, we assume that f' is bounded and continuous in a neighbourhood

of aj, i=l,...,p.

Denote
(2.6) v, =25 ) (BB, D fGap), v=1,2,5 Y=Y+ Yy,
(2.7) 7(2) = z?zl (Bj—Bj_l) f'(aj); Y= (Yg + le))zv
where we assumed
(2.8) Y # 0, Y,, > 0.

22

Then, we have the following

THEOREM 2.1. Under the assumed regularity conditions, provided WZ # 0,

for any {Tn} satisfying (1.7), the r.v.

(2.9 z_ - n—l/afr—l[Mn(Tn) - M (0)] +a(T_ - 0) + nY*(Tn - 0%

converges in law to

(2.10) £" = H{Tlg > 0] W ([e]) + Ilg < 0] u,(|e]))



where wl, w2 are independent copies of a standard Wiener process on

[0,) and £ has a standard normal distribution, independently of W

l’

W2 and

(2.11) H = (°¢ Y9) Y s

i.e., Zn has an asymptotic d.f.

1/

% ” -1/2
(2.12) P(e" <x) =2 f g x £ den)
0

where @115 the standard normal d.f. If, however, WZ = 0 in (2.1), then

(1.9) holds.

Remarks. (i) For (1.9) to hold, we need that ¥, = 0 although, for (2.9) -

2
(2.12), it is not necessary to assume that Wl = 0.
- - 2 -2 2 2 2
(ii) For T_= 6_ we have o, = vy "o, with o, = f, ¥ (x) dF(x), so that
n n ) 0 0 Rl
(2.9) - (2.11) holds with H = (00 y22/y73 1/2.
(iii) The quadratic term in (2.9) may be omitted as n3/4(Tn - 6)2 =
-1/4
0 (n =0 (1).
p( ) p( )

(iv) 1In particular, let 0 < p < 1 and put Wl = 0 and Wz(x) =p - I{x < 0];
- %
then / ¥(x - t) dF(x) - 0 for t - F l(p). Replacing ¥(x) by ¥ (x)=
-1 -1 2
¥(x = F ) (p)), we have v, .= £(F () = y,, = v, 05 = p(1 - p); hence

we arrive at Kiefer's (1967) result.




3. The proof of Theorem 2.1. Consider the process
(3.1) Wee) = 0 M4y 6 + a7 M%) - M ()]
n n n
*
+nl/2t-yt2}, teRl

X .
where y and y are defined as in Sectionm 2. By (2.9),

(3.2) 7 = wg(nl/2

n (Tn - 8)).

By Juretkova (1980) (see Corollary on p. 69), the process
* %
W = {w>(t), ]t] < k}, where
n n —
® _ -1/2 _ 0
(3.3) W) =y vy, "W (), -K<t<K
* * %
converges to Gaussian process W = {W (t), [t! < k} with EW (t) = 0

Ve [-K, K] and

0, st < 0

(3.4) EW (s) W (t) = {
Is| .~ |t], st > 0,

in the Scorokhod topology on D[-K, K] for any K > 0 as n - «. Hence,

to prove Theorem 2.1, we may make use of a random change of time (i.e.,

t - nl/z(Tn - 68)) and use (3.2), (3.3) and»(3.4). Towards this, we

consider the weak convergence of {(wg(t), /E(T; - 8)), |t| < K}.

Note that by (1.7) and (1.8)



10

n
(3.5) /a(r - 8) =% UL+ o, (1)
i=1
where
-1/2 . _ 2 _ -12
(3.6) Uni n ¢(x, - 6); E Uni =0, E Uni =n o¢,
i=1, ,I

Let us first consider the case Y = WZ.' Then, by (1.2) and by

the definition of Wz;

-1/4 -1/2 P«
(3.7) n {Mn(e + n ) - Mn(e)} = iilUni (t)
where
% _-1/4 P -1/2
U ;(t) =n jil(sj_Bj"l){[I[t<O] I[aj+n t
_ -1/2 _
(3.8) I[t>0] I[aj E_Xj ef_aj + n tll, i=1,..

are i.i.d. random variables and n is so large that aj+l—a. > n

0<j<o.

Then

(3.9) Var (U?i(t)) = Itln—l Yo + o(n l) and

<

X, -
i

. .0

% _ * _ -5
Cov (Uni’ Uni(t)) = E(Uni . Uni(t)) = 0(|t|n

< a.,] -
< a4l

—1/2K

b

/4)
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hence

1/4 1/2t nl/

(3.10)  cov(a™ e (o + 7Py - w (0)], 2(Tn ~ 0))

1/

= O([t! n 4) +0 as n > =,

(3.5) - (3.10) readily leads to the convergence of the finite dimensional
- %
distributions of {wg, /E(Tn - 8)} to those of {(y lyiéz W, go)} where
0 . 2 , . , 0
£ N(Ol o¢). Also, /H(Tn - 8) is relatively compact, while {Wn(t),
%
ft] < K} is relatively compact due to the weak convergence of W of (3.3).
Thus, as n » o,

, D
3.0 (@, A -6, [e] <k} I, 0.

Since, for any n > 0, there exists a K(0 < K < «) such that

P([gol <K) >1 - n, we may use (3.11) and apply the random change of

2
time: t -~ [nl/ (Tn - 6)]K (where YK =Y 4if |YI < K and YK = 0 otherwise).
Using the results in Section 17 of Billingsley (1968), we obtain that as

n > o,

4 -1 1/2 *

(-6 > 7y 37 W) = ot

(3.12) z_ =W y'l W (E)

B8 O

where ¢ = go/(% N N(Oll). It is easy to show that

(3.13) W (r) = 1[e>0] Wy (Je]) + I[e<0] Wy(|e]), € R



12

where wl and W2 are two independent copies of a standard Wiener process

on [0,»). This completes the proof for ¥ = Wz. The proof for Y = Wl is

contained in JureCtkova (1985).

If ¥ = Wl + Wz where none of the components vanish, it follows from

Lemma 3.1 of Jureckova (1985) that

(3.14) sup |w0 (t)l =0 (n—l/a) as n >
nl P
|el<k
where
n -1/2 ,
WO (t) = n—l/4 Yfl 5 [Yl(Xi—G—n ) - Wl(ki—e)]
nl .
i=1
(3.15) + ol - (v,,/29) 2y, te R

is the component of Wg(t) corresponding to Wl. Hence, the weak convergence
of (wg(t), /ﬁ(Tn—e)) follows that of the component corresponding to Wz.

Q.E.D.

4. Representation of one-step versions of M-estimators. Applying

~

Theorem 2.1 to Tn - dn of (1.4), we get that

) D,
(4.1) nl/ARn = n—l/a[n(en-e) - Y_l Mn(S)} - E;

where Rn is the remainder term in the representation (1.6) and

(4.2) £y = H (1[£>01 W (g + T[>0] Wy(le]))
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where wl and w2 are independent copies of a standard Wiener process and

£ has the standard normal distribution and

(4.5) H*= (o~ 1/2 Y_3/2-

It is often convenient to approximate en by its one-step version

ot

On of the following form: starting from an initial estimate Tn satisfying

/E(Tn—e) = Op(l), we put

if Y, = 0
(4.4) o = N M
T, + (nYn) M (T ), if v, # 0

~

where Yy is a consistent estimator of vy, and may be taken as

1/2

(4.5) ;n = {Mn(Tn +n t) - Mn(Tn + n'l/z)}/(/E(tz—tl))

with t t

s < t,) being some arbitrary real numbers; often, we let

2 (&g
ty = -t, = t(> 0). The one-stop M-estimators were first considered by

Bickel (1975) and later on studied by Jurelkova (1982) (see also Janssen,
Juretkova and Veraverbeke (1985) for a more general setup) who showed that,

provided ¥, o,

-1/4 -3/4

(4.6) |y, 1] = 0, (""" and |6 -6 | = 0 (™%
for any vn-consistent initial estimator Tn. Hence, the asymptotic

distribution of 6n coincides with that of en and the effect of the choice



14

of Tn may appear only in the second order asymptotic properties. Hence,

parallel to (4.1), we are interested in the limit distribution (if any) of

% ~1/4 ok -1 .
(4.7) z -m {n(6_-8) -y " M (8)}.
This is given in the following theorem.

THEOREM 4.1 Assume that the conditions of Theorem 2.1 are satisfied.

Let 8; be the one-step version of en given in (4.4) with Y of (4.5) and

with Tn satisfying (1.7) and (1.8). Then

D
* * -1 * -1 * -1
zn - go - (t2—tl) Hiw (£+tlo¢ ) - W (£+t20¢ )]
° [O¢ g - Y-l-lgogO]
t t o
- * -1 0F Ly 2 0.
(4.8) = H{W (6) - (t,-t)) " [W (&+ 0¢) V(g 0¢)][O¢ £ - =]

*
where W 1is the Gaussian process of (3.4), H is defined in (2.11) and

the vector & = (§, go) has the bivariate normal distribution NZ(O: (l p))
- o1

with

(4.9) o = 1 400 ¥(x) dFG) - (F__ 20 dFG0) - £ ¥i(x) dF(o )2

Proof. It follows from (3.1) and (4.5) that
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v, = oG = el eaa e + e - WA ) + ¢y

1/2 -1/2 -1

(4.10) + yn (tz—tl)] n (t2—tl) - v} + op(l).

Also, by the Slutsky theoren,

* 1/4,~ -1 -1 -1/4
(4.11) e R A A RCE R
Further, by (3.1) and (4.4), we have
*_ 1/4 -1 174, -1/2 q o
z, =n 'R + \YY -1 n M (T ) - M (6 )] + p(l)
O

1]

1/2 "
(/”(T -9)) + v n (Tn—en) + Op(l)

::S

O

it

WO(A(T_-0)) - (bt )"1[wn(/Ean-e) 1))

271

=]

O
n

/ ~
(4.12) (/”KT -e) + t )] n (Tn-en).

Moreover, utilizing (1.6) and (1.7), we obtain that the limiting distribution

of
(4.13) /H(Tn-én) = 0, (/a1 =8)/0,) - wfloo(/ﬁkén-e)v/oo)

coincides with that of o, £ - ‘flooéo where (&, go) has the bivariate

¢

normal distribution with zero expectation and correlation matrix (lp )
p1
with pof (4.9).



16

It follows from the proof of Theorem 2.1 that the joint (trivariate)
. , . 0 0 . 0
distribution of (wn(/rT(Tn-e)), wn(/E(Tn-e, +t)), wn(/E(Tn-e) + t,)
converges to that of
-1 1/2

(4.14) g Wi, &), WiGoy £ e, W G, £ Ep).

Moreover, following the lines of the proof of (3.11), we get that

X D ,
(.15) (@O(0), Ya(T -0), /(6 -0)), || <k} > (v Pl e e

Combining (4.12), (4.13), (4.14) and (4.15), we arrive at (4.8).

Q.E.D.

~

Remark. (4.8) shows the effect of the choice of Tn as well as of Y,

(more precisely, of t. and tz). It follows from (4.8) that the limiting

1/4 -
/ Rn (i.e., en coincides with

1

*
distribution of Zn coincides with that of n

~

en up to the second order term) if and only if Tn is asymptotically equivalent

- e 9q
to en (when 0¢ £ - —;—-50 = 0 witii probability 1).
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