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ABSTRACT

The forced response of mechanical systems with nonlinear characteristics is of great importance in several
engineering applications. Collision characteristics is one of the most important nonlinear characteristics. In this paper,
single-degree-of-freedom vibro-impact system with collision in half period of its vibration is dealt with. An analytical
methods of approximate solution for the steady-state periodic response and the stationary random response are
presented. Force of restitution is modeled as quadrilateral or triangular hysteresis loop characteristics. Quadrilateral
hysteresis loop characteristics is more practical model for collision characteristics. Some numerical results are shown.
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INTRODUCTION

The mechanical systems in nuclear power plants are subjected to many types of vibrational load. Those systems
may be exhibited as physical system with nonlinear characteristis. Collision characteristics is one of the important
nolinear characteristics. The steady-state response of such systems is of great importance in several engineering
applications for the systems subjected to harmonic excitations[1][2]. The stationary response is also of great importance
for the systems subjected to random excitations[3]. In the anlysis of those cases, the force of restitution is modeled as
the bilinear force-penetration characteristics in which stiffness increases during collision[4] or the coefficient of
restitution taken to be constant[5], the energy loss in a collision or the duration of collision are not considered.

In this paper, the nonlinear harmonic and random response of the mechanical system with symmetrical collision
characteristics are dealt with. The dynamical model of the mechanical system is single-degree-of-freedom system. In
order to consider the energy loss in a collision and the duration of collision, the force of restitution is modeled as
quadrilateral or triangular hysteresis loop characteristics[6][7]. The quadrilateral hysteresis loop characteristics is
practical model for collision characteristics in which the coefficient of restitution depends on velocity response at
collision, this is based on the results of the experimental investigation of actual phenomenon[8]. Analytical methods of
approximate solution for the steady-state periodic response and the stationary random response are presented. The
approximate solution is easily obtained by simple and practical procedure.

ANALYTICAL METHOD FOR STEADY-STATE HARMONIC EXCITATION

The dynamical model to be investigated is shown in Fig.1. Namely, this model consists of a mass-spring system
with symmetrical stop and the mass collides with the stop in half period of its vibration. The equation of motion for
relative displacement of the mass to excitation x can be written as follows:

2
md—:+kx+f(x,)'()=my0c02 cos ot (1)

The force of restitution f(x,x) is defined by the piecewise-linear characteristics as shown in Fig.2:
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where X, denotes the maximum dispalcement. K;, K, and K, are nonlinear spring constants of stop as shown in
Fig.2 and 9, is the maximum deformation by the spring constant K. And then, x5 is written as follows:
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In quadrilateral hysteresis loop characteristics, the coefficient of restitution depends on velocity response at the beam
end. The coefficient of restitution ¢ is the ratio of the retreating velocity v, to the approaching velocity v, and is given

as the following equation.
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where v denotes the critical velocity distinguishing a perfectly elastic collision from an imperfectly elastic one, which

is

Relations between the coefficient of restitution and velocity are shown in Fig.3.

In this paper, the steady-state vibration is dealt with. Once the vibration of the beam becomes steady and periodic,
the nonlinear force of restitution f(x,X) becomes also periodic and can be represented as a periodic function g(0) of 0
with the period 2nt. And 0 is defined by the following equation:
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where a is the phase lag angle.

This periodic function g(0) must satisfy the conditions of the given characteristics of the nonlinear force of
restitution Eq.(2), which is in this case, to be written as the following equations:
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where 0,, 0, and 6, denote the range of the phase angle 0 as shown in Fig.4. In the foregoing, one period 2 of the
resulting vibration is divided into eight intervals. During the first, the second and the third intervals and the fifth, the
sixth and the seventh intervals of length 0,, 6, and 0, , respectively, the mas moves with nonlinear force of restitution
of spring. And during the fourth and the eighth intervals of n— (61 +0,+0, ), mass moves without force of restitution.

A Fourier series expansion for periodic function g(0) is assumed as:
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The equation of motion is written as:
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Meanwhile the switching-over conditions from one to another of the eight intervals (I), (II), (IIT), (IV), (V), (VD), (VII)
and (VIII) are expressed as:
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Using Eqs.(12) and (14), and the nondimensional Fourier coefﬁcients are defined as follows:
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From Eqgs.(23) and (24), the phase lag angle a is expressed as:
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From Eqgs.(12), (21), (23) and (24), the amplitude of the fundamental cosine term I" and that of sinusoidal excitation y,

is determined as:
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From Eqgs.(7), (12), (13) and (21),
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Since g(0) given by Eq.(7) is symmetrical, nondimensional g(6) is expressed as follows using Egs.(3), (12), (13), (15)
and (21).
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Applying a technique similar to that for determining Fourier coefficients, namely, multiplying both sides of Eq.(30) by
cosmb and sinm® integrating through the whole period of 2, an infinite set of simultaneous linar equations for x, and



y, as infinite number of unknowns are obtained. To improve the convergency of the resulting Fourier series g(0)/kI",

we introduce a series transformation as follows. A new phase angle ¢ and 0, given by
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X, and C,; are the functions of 0,, 0, and 0, [7]. The relation between x, and y, are given by
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Giving (91 + 92), cos0, and z , are obtained from Eqgs.(35) and (36). And &, is obtained from Eq.(33). Then,
yo /€y is obtained form Eq.(27) with x,and y, given by Eqs.(34), and I'/e, is obtained from Eq.(26). The
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amplitude of steady-state vibration X,

Numerical example
Figure5 shows the resonance curve of the system with quadrilateral hysteresis loop characteristics, with the

amplitude x,, /e, of single-degree-of-freedom system versus frequency ratio QO for excitation ratio y, /e, =1.0.
And nonlinear parameters are K, /k=4, K, /k=2, K;/k=10. Figure 6 shows the resonance curve of the system
with triangular hysteresis loop characteristics. In this case, K, /k=0, K, /k=3, K;/k=10. Shape of resonance

curve of the system with quadrilateral hysteresis loop characteristics is similar that with triangular hysteresis loop
characteristics.

ANALYTICAL METHOD FOR STATIONARY RANDOM EXCITATION

This section presents analytical method for obtaining the mean square value of the response of the system subjected
to stationary random excitation. For simplicity, single-degree-of-freedom system as shown in Fig.1 is used as an
analytical model of the structure. As shown in Fig.5 and Fig.6, shape of resonance curve of the system with
quadrilateral hysteresis loop characteristics is similar that with triangular hysteresis loop characteristics. In this section,
triangular hysteresis loop characteristics is used. Equation of motion with respect to relative displacement x(=y-u) is
expressed as :

X+2Cw, x+f = (37)

where {(c/2+v/mk ) is the damping ratio and ®, (vk/m ) is the natural circular frequency in elastic range. U is input
acceleration. f is nonlinear restoring force. Equation(1) is equivalently linearized as:
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where (. is the equivalent damping ratio and w4 is the equivalent natural circular frequency. As input acceleration y,
stationary white noise is used.

Equivalent damping ratio
The equivalent damping ratio is obtained as follows. When the system is subjected to a harmonic excitation with the
amplitude X, dissipated energy by hysteresis loop during one cycle is area of hysteresis loop (Fig.7) and given as:
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It is assumed that the response is narrow band random process and the probability density function of X is given by the
Rayleigh distribution as follows [9].
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Equivalent natural circular frequency
It is assumed that the equivalent natural circular frequency of the system subjected to harmonic excitation is
approximated as gradient of the diagonal line of hysteresis loop as shown in Fig.7. Then,
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Mean square value of response
The mean square value of the relative displacement and velocity response are given, respectively, as:
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where S, is power spectral density of stationary white noise. And, C.q is given as Eq.(46) and o, is given as:

Vg =1/Keq /M (50)

c,” and 022 are obtained by iteration method using Eqs.(49).

z
Numerical examples

The mean square values of the response of the system subjected to stationary white noise are obtained and compared
with those for linear elastic system (without stop). Table 1 shows ratio of mean square value to power spectral density
of white noise. The table also shows the equivalent damping ratio (.4 and the equivalent natural period Teq (27/0c).
Results of the table are obtained for the system of the damping ratio £=0.01 and the natural period T,(27/®,)=1.0s in
elastic range. Mean square responses of nonlinear system are less than that of linear elastic system. Mean square values
of the response decreases with the increase of nonlinear parameters Ky/k and Ky/k and the decrease of gap size. {q
increases and Teq becomes shorter with the increase of nonlinear parameters K,/k and Ks/k and the decrease of gap size.

CONCLUSIONS

An analytical method of approximate solution for steady-state periodic response and stationary random response of
a single-degree-of-freedom system with symmetrical collision characteristics is presented. The dynamical
characteristics of the stop is assumed to be quadrilateral or triangular hysteresis loop characteristics in order to consider
the energy loss in a collision and duration of collision. For steady-state periodic response, the resonance curve is
obtained. Shape of resonance curve of the system with quadrilateral hysteresis loop characteristics is similar that with
triangular hysteresis loop characteristics. For stationary random response, the mean square values of the response of the
system with stop are obtained and compared with those of linear elastic system (without stop). Mean square responses
of nonlinear system are less than that of linear elastic system.
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Figure 1 Single-degree-of-freedom model
for harmonic excitation
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Figure 2 Quadrilateral hysteresis loop characteristics

3



Ky/k Ky/k Ey/S, o2 1Sos) | 62 /80l) Lo Teq(5)
5 " 0.5 0.1253 6271 0.0354 0.883
0.3 0.0687 3.99 0.0516 0.824

" 0 0.5 0.0826 4615 0.0455 0.840
0.3 0.0405 2.792 0.0677 0.756
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