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ABSTRACT

An assumed stress hybrid finite element model for the analysis of
axisymmetric solids has been presented and stiffness matrices for triangular
and quadrilateral elements are formulated using the principle of minimum
complementary energy. A thick sphere and an infinitely long thick cylinder
subjected to internal pressure are analyzed by using the assumed stress
hybrid model. The stress pattern obtained by using the assumed stress hybrid
model is compared with the exact solution and with the stress pattern
obtained by using the well known displacement assumption model. The compari-
son shows that the stress pattern obteined by using the assumed stress hybrid
model is somewhat better than the one obtained by using the displacement
assumption model.

1. INTRODUCTION

Clough and Rashid [l] have developed an assumed displacement
triangular ring finite element model for the analysis of axisymmetric solids
and they have used the principle of minimum potential energy for the deriva-
tion of the element stiffness matrix. This model was used, primarily, for
the analysis of solid propellent grains, and was later employed for the
analysis of rocket nozzles, spacecraft heat shields, prestressed concrete
reactor vessels, and reactor containment structures. The triangular ring
element has been found to be a very useful model for the analysis of arbi-
trary shaped axisymmetric solids. Wilson [2] has extended the formulation to
take into account nonaxisymmetric loading.

Applications of the above mentioned finite element model to various
problems have shown in their results for stresses at the centroids of the
elements a certain amount of oscillation around their true values. To avoid
this difficulty, various forms of averaging of stresses have been used.
Clough Bﬂ uses a weighted averaging procedure for obtaining stresses at
nodes and Zienkiewicz [h] & [S]uses the average of stresses of two
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adjacent trianguler elements.

Pian Pq has shown a different method of deriving element astiffness
matrices based on the principle of minimum complementary energy. In this
method, etresses are assumed in the element and the boundary compatability is
achieved by prescribing a simple displacement pattern along the inter-element
boundaries. Element stiffneap matrices based on the above mentioned formu-
lation -~ "Assumed Stress Hybrid Model" - have been applied to plane stress
[6], [7] and plate bending problems [8], [9] « Plan [9] has concluded that
the use of the assumed stress hybrid model will yield a structure which is
more flexible than the compatable model of the same boundary displacement
approximation and more rigid than the equilibrium model of the same internal
stress approximation, Further, he has stated that the finite element method
based on the assumed stresses can provide more accurate stress estimation
than the assumed displacement schemes,

In this report, an assumed stress hybrid model for the triangle and
arbitrary quadrilateral ring element stiffness matrices has been formulated
for the analysia of arbitrary shaped axisymmetric solids. Most of the
functions assumed for the stress pattern in the elements are the same as
those which occur in the classical theory of thick cylinder and thick sphere.
A thick sphere and an infinitely long thick cylinder subjected to internal
pPressure have been analyzed by using the stress hybrid model. Results of the
investigation have been compared with those computed by using the displacement
model of an axisymmetric triangular ring element and with the exact solution,
Relative merits of the assumed stress hybrid model and the displacement
assumption model are discussed in this report.

2. GENERAL

To analyze a structure using the finite element method the stru-
cture is idealized into a set of discrete eolements connected only at finite
nunber of points known as the nodal points. The discrete elements may be one
dimensional or two dimensional or three dimensional depending on the type of
the structure. Either displacements or forces at nodes are suitebly chosen
as the unknowns in the analysis. When the displacements at the nodes are the
unknowns in the problem, a stiffness matrix for the element, which relates
the nodal forces to the nodal displacements, is derived from the assumption
of either a displacement field or a stress field in the element, Using the
eloment stiffness matrices a set of simultaneous linear algebric equations
with nodal displacements as the unknowns can be obtained when the equilibrium
‘of forces at each node is established. After solving the equations for the
unknown displacements, stresses and displacements over the entire structure
can be easily determined.
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In this report, stiffness matrices for the triangular and arbitrary
quadrilateral ring elements (Figs. 'a and 2a) are formulated from the assum-
ption of a stress pattern in the elements. Idealizations of an axisymmetric
structure (i) into a set of triangular ring elements, and (ii) into a set of
arbitrary quadrilateral elements are shown in Figs. 1 and 2 respectively.

3. ASSUMED STRESS HYBRID MODEL

Stiffness matrix of an element can be determined by expressing the
strain energy U in terms of the nodel displacements {q} and the element stift‘-
ness matrix [k] ass

o =5l [ {a} )
The internal strain energy U can also be expressed in terms of the stresses
{O‘}as:
1
v=g [, lof B{o}ev @

where the matrix [N] relates the strains {e} and stresses {O‘} as in the
following equations

fe}= M {o} )

Now, to determine the stress distribution in the element a sot of nodal dise-
placements is chosen and a simple displacement pattern is prescribed on the
bonndary,Az » The problem of determining the stress distribution can be
solved by using the principle of minimum complementary energy [10] which may
be stated as:

T(;: 1.:—_&;&i S, dA = minimum (%)

where U is the strain energy expressed in terms of stress components 0'1.1'
u. are the components of the prescribed displacements, and 51 are the
components of surface forces which ere related to the stress components by:

where N . are the direction cosines of the surface normal. To apply the
variational principle, stresses {o‘} are eoxpressed in terms of m undetermined
coefficients {’B} ass

= B 8} ©
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where the terms of the matrix |P| are functions of the coordinates. The
number of elements in {ﬂ} is unlimited.

By expressing {O‘} in terms of {ﬂ} in eq.(2), the internal strain
energy can be written as:

v =g EE g
where [ = B B Plev (8)
it can be seen that [H] is symmetrical.

The prescribed displacements on the boundary Az are given in terms
of the generalized displacements -[q]- at nodes as:

= 1] (9)
where the terms in the matrix [L] contain coordinates on the surface.

Using eqs.(5) and (6), surface forces -[S]- can be related to the
undetermined stress coefficients -[,8} ass

fs} = ] 8} (10)
where the terms in [R] contain the coordinates on the surface.

Then, the total complementary energy is given by:

=3 18] ({4} - 18 [{a} )
where ['r] = fA 2[P:"] [L]dA (12)

Use of the principle of minimum complementary energy (i.e.,
I ooil=1...... M) yields:

i W = B (1)
" ¥} = ¥ i ()

Substituting {ﬂ}into eq.(7) one obtains:

v =3 o " W [ ) (13)

" Comparing eqs. (1) and (15), one can obtain the element stiffness matrix as:

[ = 7 W) (16)
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It is seen that the generalized forces {Q} are given by:

&= N & an

Substituting k] from eq.(16) and then using eq.(14), one finds:

o} = "] {8} (18)

The matrix '|'T thus relates the equivalent generalized forces {Q}and the
assumed atress coefficients {ﬂ}.

It is seen from eq.(5) that it is possible to incorporate the
prescribed stresses on the boundary of an element by suitably adjusting the
nuzber of unknown stress coefficients {ﬂ for the element.

Actual assumption of the stress pattern used in this report to
formulate the element stiffness matrices for triangular and quadrilateral
elements is given by:

3
O'z = ﬂl~ﬂ4%+%ﬂ8§3
o, = ,624--%5--»%-&/37%
(19)
B
O‘, = ﬁs—-‘%—z%i’ﬂa%

~
n

2
rz ﬂ4+‘ﬁ3-ﬂ2)%+%§2

It can be easily verified that the atresses assumed above satisfy
the equations of equilibrium [H] derived for an axisymmetric body subjected
to axisymmetric loading, i.e., they satisfy

99 , 9Tz , Or=Te _

ar oz . r (20)
oz or r

Moreover, it is seen from 0q.(19) that the functions %z and —ls which appear
in the classical solution for thick cylinders and thick spheres respectively
are used in the assumption for stresses. It is to be noted here that the
coordinate system adopted in the finite element analysis of arbitrary shaped
axisymmetric bodies (‘r, z, 0) is not the same as that used in the solution
for the thick ephere(l", 8 ) « From eq.(19), the matrix [P] is given by:
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= and = .
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[ T2 Ao
Assuming an isotropic material the matrix [N] is given by:
[ 1 -y ot 4 (o]
| -V l -y o
N=41 (23)
€ =3 2 7 I )
o ) o 2(i+y)
where E is the Young's Modulus and ' is the Poisson's ratio.
The surface force matrix {S} is given by (Fig.3):
[ = ) r N
Ri2 Or 8= Trz c
2, -0z¢, + T.,$,
R23 O S — Trz ¢
For a triangles{S} = 4 > = 4 4 (24)
2,3 =0z + T.,5,
Ry, OrSy— Trpcy
24 —0, ¢+ T8,
. P \ P
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' ﬁlZ} [ Grsi - Tp )
z, -0z¢, + Tpy 8,
R,y 0.8~ Trz ¢y

for a quadrilateral: {S} = < ;237:4 zz :2 ¥ :-2 :2 > (25)
34 ro = rz 73

23| ["%es+ Trz Sy
Ra Or 8y = Trz 4

~24| ) r@zc4 + Trz S,

where Sl=Si.'n 9‘ and Ci = CO0S Oi

Linear variation of -[u.} displacements is prescribed on the surface
of the elements so that the inter-element compatibility is achieved. Dis-
placement matrix -[u} is given by (Fig.h):

12 \
(U)o q, + (qs-q') X,
12
u, q2+ (q4_ qz) X,
u23
. a9+ (9,-9,) %
for a triangle: {u} = 9 u23 =4 T (26)
b 4 q4 + (qG_ q4) xz
3|
Up qS + (ql- q5) X3
3l
L uz) Lag+ (a9 xy
ro12 (
urw ql+(q3-ql)xl~
12
uz q2+ (q4_ qz) X'
U.z3 +
. a9+ (9-9,) %,
23
u q, + (49 ~-9) x
for a quadrilateral: -[u]- =< ;4 r=< 4 6 4 2 > (27)
u. q5+ (q.," qS) X3
24 + (q-91) x
z % % %) s
4|
ur q7+ (ql-q.’) X4
41
~ uZ; . q8+ (qz—qa) x4
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L } 1 v ) l
where X = 2l x o 22 x o Z3, X o 23 ond x =.L24
| ] 2 ? ’ 3 H =
b by Fai Laa DN
and in which |,'_zi =.\/(r_ "i)z . (Z-zi)z‘
. = 2

The matrix Bq and the matrices hﬂ for the triangle and quadrie-
lateral elements are worked out for the stress assumption given above and are
given in Figs.5 through 7 respectively, It can be seen from the matrices ﬁj
that columns 3 through 8 can be written from the terms of columns 1 and 2 by
changing the subscripts suitably.

4, EXAMPLE PROBLEMS AND RESULTS OF ANALYSIS

Two example problems were gnalyzed using the assumed stress hybrid
model - (i) a thick sphere subjected to internal pressure (Fig.8) by using
triangular elements, and (ii) an infinitely long thick cylinder subjected to
internal pressure (Fig.9) by using triangular and quadrilateral elements.
Gaussian quadrature method of numerical integration was used to evaluate the

matrices [l-l] and [T] .

Figs.10 and 11 show the U and Uy stresses across the wall of the
thick sphere obtained by using the assumed stress hybrid model and the
assumed displacement models The exact solution for the stresses is also
shown in the same figures. Deflections of the inner and outer faces of the
sphere obtained by using the assumed stress hybrid model are shown in Fig.12
along with the exact solution.

Similarly, stresses across the wall of the thick cylinder are
shown in Figs.13 and 14; and deflection of the points A and B (Fig.9) are
shown in Table I.

It is to be noted that all the stresses shown in Figs.10,11,13, and
14 are either nodal average stresses or centroidal stresses.

5. DISCUSSION AND REMARKS

It is seen from Figs.10,11,13, and 14 that Or stresses at the inner
faces of the thick sphere and the thick cylinder obtained by using the assumed
stress hybrid model are closer to the exact values than the stresses obtained
by the assumed displacement model. Moreover, for the assumed stress hybrid
model, the U stress at the inner face of the cylinder obtained by using five
quadrilateral elements is better than the stress obtained by using twenty
nine triangular elements. As already mentioned in section 3, it is also
possible to exactly satisfy the bouhdary stress condition for an assumed
stress hybrid model by suitably adjusting the number of stress coefficients
{ﬂ} for the elements on the boundary. Deflections and Oy stresses obtained
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by the assumed stress model are nearly the same as those obtained by using
the assumed displacement model, However, it is to be noted that the number of
calculations required to compute an element stiffness matrix in the case of
the assumed stress model are more than in the case of the assumed displacement
model. On the other hand, it is quite straight forward to formulate an
element stiffness matrix with boundary compatibility for any assumed stress
pattern which satisfies the equilibrium.

From the above discussion it can be stated that the assumed stress
model presented in this report confirms the conclusion drawn by Pian that the
finite element method based on the assumed stress method can provide more
accurate stress estimation than the assumed displacement schomes.
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Table I Deflections of the thick cylinder

Displ., Stress Displ. Stress Stress Exact
Location Approx. Approx. Approx. Approx. ApPpProx. Sol.
(Fig.9b) (Fig.9b) (Fig.9c) (Fig.9e) (Fig.9a)
A 0.0177 0.0178 0.0177 00,0177 0,0178 0,0180
B 0,0080 0.,0080 0.0080 0.0080 0.0080 0,0083
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N

(a) A TRIANGULAR RING ELEMENT (b) IDEALIZATION OF AN
AXISYMMETRIC SOLID
INTO TRIANGULAR RING
ELEMENTS

el

Fig.1 Idealization into triangular ring elements

endl O

(b) IDEALIZATION OF AN
() A QUADRILATERAL RING ELEMENT AXISYMMETRIC SOLID

INTO QUADRILATERAL
RING ELEMENTS

Fig.2 Idealization into quadrilateral ring elements
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Fig.3 Surface forces on the side 1j
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Fig.h Nodal displacements
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UNIT INTERNAL PRESSURE
POISSON'S RATIO ¥ =0.17

Idealization for the thick sphere problem

AX1S OF REVOLUTION

T e o
R | 5

) Z
R e
A 8
z

RN e

b 100 .. 5X50

Sl
——y

INTERNAL PRESSURE 60 UNITS
POISSION|S RATIO V= 0.17

Idealizations for the thick cylinder problem
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A DISPLACEMENT ASSUMPTION, TRIANGLE
X STRESS ASSUMPTION, TRIANGLE
~ EXACT SOLUTION

10 20 30

o;
)
= o
X

Fig.10 Stresses in the thick sphere across the section AA

3k
éM
2
t; A DISPLACEMENT ASSUMPTION, TRIANGLE
Nl X STRESS ASSUMPTION, TRIANGLE
- EXACT SOLUTION
o 10 20 30
b _ 4
Fig.11

Stresses in the thick sphere across the section BB
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#COMPUTED 0.679
N\ EXACT 0.684
AXIS OF Q

REVOLUTION

150

Fig.12 Doflections of the inner and outer faces of the
thick sphere
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50 100 150 200 250

Fig.13

DISPLACEMENT ASSUMPTION, TRIANGLE
STRESS ASSUMPTION, TRIANGLE
STRESS ASSUMPTION, QUADRILATERAL
EXACT SOLUTION

| BB

Streases in the thick cylinder (refer to Figs.9a and 9b)

-204

Fig.1h

A DISPLACEMENT ASSUMPTION, TRIANGLE
X STRESS ASSUMPTION, TRIANGLE
B STRESS ASSUMPTION, QUADRILATERAL
-~ EXACT SOLUTION

Stresses in tho thick cylinder (refer to Figs.9a and 9c)
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DISCUSSION

Q J.A. SWANSON, U.S. A,

The major difference between the stress and displacement models is in the stress
at the surface. Agreement internally is good. It appears a better surface stress calculation
is needed.

A technique used in the ANSYS program is the calculation of the surface stress conditions
directly from the surface displacements. The technique is as follows:

Known: u, u, at two surface nodal points I, J

g n’ applied pressure

T =00 surface properties
nt
€ _ =
9"“1+u' t-utJ-utI
r.tr 2 2
17 V(rI - rJ) + (zI - zJ)
=0.0 . . .
tg for axisymmetric bodies
= 0.0
ne
n = normal direction r = radial direction
t = tangential direction z = axial direction.

From these six conditions the complete stress distribution at the surface can be obtained,

without extrapolation.

A similar technique is used in ANSYS for three dimensional solids.

T.V.S.R. APPA RAO, India

I agree with your comment that the difference between stress and displacement
models is in the stress at the surface. I am happy to note the method of calculating the
surface stress condition from the surface displacements. It seems to avoid the extrapolation

otherwise necessary.

J.T. ODEN, U.S. A,

C

stress approximations in displacement finite element models overcomes many of the tra-

I would like to comment that the use of the concept of consistent or conjugate

ditional criticisms of stresses computed from approximate displacement fields. Indeed,
for a conforming displacement approximation, the method leads to a continuous description
of stress which can be shown to be the better, in a mean square sense, than averaged
stresses written as linear combinations of the displacement weight functions. Details can

be found in a recent issue of the International Journal of Numerical Methods in Engineering.




