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SUMMARY

Dynamic analysis of a steel reactor vessel under seismically induced forces is of particular
importance, since it is known that the natural frequency of a reactor vessel is usually in the
region of that of earthquake motion. Moreover the existence of a circumferential or axial
crack in a steel reactor vessel wall may change considerably free and forced vibration
characteristics of the vessel. This situation in turn may cause propagation of the crack.
For any given material under a specified stress field, there is a crack length of a certain critical
value in the material for which the crack will become self-propagating.

In this paper the dynamic resp onse of a finite circular cylindrical elastic shell, representing
a nuclear reactor vessel, due to seismically induced forces is investigated. A longitudinal
through crack of finite length exists in the vessel wall. While recently a few papers on the
elastostatic stress analysis of pressurized cylindrical and spherical shells with cracks appeared
in the literature, there is not yet any publication, to the best of author’s knowledge, on the
investigatign of dynamical analysis of finite cylindrical shells with circumferential and
longitudinal cracks. Donnell’s shallow shell equations were used in those studies. In fracture
mechanics it is known that if the crack is only part-through but the net section under the
crack is yielded, one may replace this section by tensile tractions and still use the through
crack analysis. Therefore, in this paper the analysis is carried for the *through crack ” case.
Seismically induced force consists of any time dependent symmetrical surface and/or edge
loads expressible with a Fourier series expansion. The governing equations of the analysis
are the so called Morley equations (L.S.D. Morley “ An Improvement on Donnell’s Approx-
imation for Thin-Walled Circular Cylinders,” Q. JI. Mech. Appl. Math., 12, 89, 1959)
which are extended by present authors into the dynamical case. These equations have nearly
the same simple form as the well-known Donnell equations but include no further assumptions
than those basic to linear thin-shell theory.

The linear analysis of the problem is based on the method of superposition. The actual
dynamical stresses in the shell are considered as the sum of the following two parts: (a) Stres-
ses caused by prescribed external dynamical loads in a similar shell of finite length without
a crack (nominal solution); (b) Stresses in the shell caused by applied edge loads along the
crack otherwise free of any other loads (residual solution). These loads are equal in magnitude
but opposite in sign to those present in the uncracked shell at the crack location.

Extensive numerical results are presented and some specific and axisymmetrical seismi-
cally induced forces and comparisons with those of a non cracked similar shell are discussed.
The effect of dynamic loading on the stability of the crack and the relations between critical
loads and crack lengths are also investigated.

Furthermore free vibration problem of the cracked cylindrical shell is analyzed. Since
free vibrations occur in the absence of all external loads, the homogeneous system of gover-
ning equations with homogeneous boundary conditions is considered. The effect of the crack
on the natural frequency of the vessel is clearly demonstrated.
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1. Introduction

Since their inception, nuclear power plants have been designed and constructed with
public safety as a paramount concern. Excessively conservative design practices were
used in many areas where detailed knowledge of the system behavior was not available,
Since such practices are costly, there is great incentive for gaining additional knowledge
about the effects of seismically induced vibrations on nuclear systems, This field has been
investigated extensively in recent years [1-8] and is still important with considerable work
currently being done in several areas. Among them, the dynamic analysis of a reactor
vessel under seismically induced forces is attracting particular attention, Itis known that
the natural frequencies of reactor vessels are usually in the region of that of earthquake
motion,

Moreover, the existence of a circumferential or axial crack in a reactor vessel wall
may cause a considerable change in the free and forced vibration characteristics of the
vessel. This situation in turn may cause propagation of the crack. For a given material
under a specified stress field, there is a certain critical crack length for which the crack
will become self-propagating. If the length is ever reached, either by penetration or by the
growth of a small crack, the complete loss of the vessel may occur,

In this paper, the dynamic response of a finite circular cylindrical elastic shell,
representing a nuclear reactor vessel, due to seismically induced forces is investigated.
Centrally located longitudinal through crack of finite length exists in the vessel wall,

The crack is modeled by a line discontinuity of length 2c¢ across which all stress resultants
are zero, While a few papers on the elastostatic stress analysis of pressurized cylindrical
and spherical shells with cracks have recently appeared in the literature [9-14], there is
not yet any publication, to the best of the author's knowledge, on the dynamical analysis of
finite cylindrical shells with circumferential and longitudinal cracks. In fracture mechanics,
it is known that if the crack is only part-through but the net section under the crack is
yielded, one may replace this section by tensile tractions and still use the through crack
analysis [11], Therefore, in this paper, the analysis is carried out for the ''through
crack' case., Seismically induced force consists of any time dependent symmetrical sur-
face and/or edge loads expressible with a Fourier series expansion. Donnell's shallow
shell equations are used in this study.

The linear analysis of the problem is based on the method of superposition., The actual
dynamical stresses in the shell are considered as the sum of the following two parts:

a) Stresses caused by prescribed external dynamical loads in a similar shell of finite
length without a crack (nominal solution).

b) Stresses in the shell caused by applied edge loads along the crack otherwise free of any
other loads (residual solution). These loads are equal in magnitude but opposite in sign to
those present in the uncracked shell at the crack location,

2. Outline of the Analytical Procedure

The governing equations of a shallow circular cylindrical shell, resulting from the
usual Donnell assumptions, can be written as two coupled fourth-order equations in the
normal displacement W (X,Y,t) and a stress function F (X, Y, t).
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In these and in subsequent expressions the following definitions are used
3 2 2
E = Young's modulus D= Eh” VZ = _Z_B T _Z_a
12(1-\)2) X ?Y
h = Shell thickness =
a = Shell radius v = Poisson's ratio X = = non-dimensional axial dis-
tance.
Y = X, non-dimensional circumfer-
c ) X
ential distance.
Considering periodic vibrations of the form
Y)'z (X,Y,t) = q (X, Y) cos (wt+ ¢)
W and F can be written in the form:
W (X,Y,t) = W (X,Y) cos (wt+ @)
F(X,Y,t) = F(X,Y) cos (wt+ ¢)
Substituting the above into equations (1) and (2) yield:
2 2
V4F—Ehg a\gf=0 (3)
a X
4 2 2 2 4
4 c phw ac 3'F _c
W - D W+ D aXZ =5 d (4)

Along the crack, the normal moment, equivalent vertical shear, and normal and tangential
in-plane stresses must vanish, Suppose, however, that a particular solution has already
been found that satisfies eqs. (3) and (4), but that there is a residual moment MY’ equiva-

lent vertical shear VY’ normal in-plane stress NY’ and tangential in-plane stress resul-

tants Ny yalong the axis | X| < 1 of the form
P _ D
My=- = ™,
C
P _
Vy= 0
p a?
Ny=- ="
c
P -
Nyy = 0

Two functions, W (X, Y) and F (X, Y), must now be found which satisfy the homogeneous

egs. (3) and (4) and the following boundary conditions:

at Y = 0 and |X|< 1
2

Z .
) -D ("W W D

ME(X,0) = 4im +V = m (5)

T T Y0 o <aY2 a?> e
VE(X,0) = fim =2 ((z-v) 332“’ + 53"3" ): 0 (6)

Ym0 e 3X“3Y oY
2 .2 2

c . o F a

Ny(X,0) = #m — —F5=—1n (7)
e |Y|=40 ¢™ 23X e
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c . -a o F
(X,0) = fim —S— =0 (8)
Y |Y|"0 ¢ 3XdY
The following continuity conditions must be satisfied at Y = 0 and |X|>L
. b
fim - wex, o0t - 2 W(XO)J—O (9)
1Y |0 3Y"
n n
2 [_a_ Fox, 0 - & FC(X,O')J =0 (10)
|¥ij-0 - ay? ay"
n=0,1,2,3
Solutions of the following form are now assumed:
-
Wox,¥) = | Pls) &Y cos Xs d s (11)
o
c re b(s)Y
F(X,Y) =J Q(e) e cos Xs ds (12)
o]
Substitution of (11) and (12) into eqs. (3) and (4) yields:
L 2.2
[ {Ep (02528 JeP¥ cos X's ds = 0 (13)
a
® 4 2 2 2
2 22 cphy ac’s by B
jo{[(b -8 - i) JP 5 Q}e cos Xs ds = 0 (14)
For the above integrals to vanish, it is sufficient to let their integrands vanish and this
yields the following equation in (bz-sz)z.
(bZ 2 2[(1)2 Z 2_ c E :l Ehc s -0 (15)
a D
Equation (15) yields eight values of b, but only the negative roots have physical meaning
2 "1 -
bl"[s+k1A1_J; [s+kA
i % (16)
Y e, _ T2 il
by=-[stkay [ by=- [s%higa, |
where A2 = )\ + A/)\4-s4 Ag = )‘2 - )\4-54
and W2 - pw?ac? Lo 2o 2l 102 .
Y -V 15 Sm V-V an
Equations (11) and {12) now become:
. b IYI b, | Y| b, | Y] b, Y|
W(X,Y) = J { 1 2e +P3e + P4e }cos Xs ds (18)
Y| b, Y| byl Y| b,lY|
_ 2 | 2 2 2 3 2 4 cos X s
F(X,Y) = X {AZPle + AP, +A{Pge +ATP e }ST ds

(19)
Substitution of (18) and (19) into eqs. (5-9) yields:
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® b, | Y| b,|Y] b,|Y]|
sim | {(bi-vsz)Ple Uy pl-vsh pye 2 +(B2-ve?) Pe
1Y|-0 ‘o
2 2 b |Y|
+ (b4-vs ) Pye cos Xs ds = - m (20)
re0. 2 2 b lYl 5 2 b, Y]
gim [ {®l-2-wsh b P e +(b2-(2-v)s%) b,P,e
[Y[+0 "o
b,{v| b, | Y|
+(b§-(2-v)sz)b3P3e 3 + (bi—(Z-v)sz)b4P4e 4 } cos Xs ds =0 (21)
3,2
o b, | Y] b, | Y| b,|Y]| b, Y] a”kTn
Lim Jr {AgPle ! + AgPZe 2 +A§P3e 3 +A§P4e 4 }cos Xs ds=—L22 (22)
lYl-’O o Ehc
o b.|Y] b, | Y| b.|Y] b, Yl
. (A2 1 2 2 2 3 2 4 }s1nXs _
lvﬂ,{l‘n’jo JO 1A% P e + Ajb, Poe +AbPe ATbP e B528 ds=0(23)

b4P4 = (24)
b, P, (25)
where
3 .3
1=Ky (A7-4y)
2.2 .2
2= VoS (A -4 (26)
~ 33
3= ky(AT+ A))
and
v = 1l-y (27

It can be shown that the continuity conditions are satisfied if the following combinations

vanish:
e
j 1legth) Ll' + (e th) LZ' } cos Xs ds =0 |X|>1 (28)
o]
(-] -
j {(cl—)\) L1'+ (cz-)\)L'2 } cos Xs ds =0 |X|>1 (29)
[o]
Al 2
where ¢y = Ts (\)os -klAl), (30)
blpl(Af-Ag)
Li(s) = —————, (31)

A

Dual integral equations of the above type are hard to handle, so the problem will be cast

to singular integral equations. Let:



ul(X) = J {(c1+)\) Li+ (CZ+K) Lé } cos Xsds |X]|<1
°

®
!
u,(X) = ‘[‘0 {(CI_M L+ (6,-3) Lé ]L cos Xsds |X|<1
By a Fourier inversion, it is obtained that

ol
J {)\(u1+u2)-c2(u1-u2)} cos £ sdg
o

rl
P2 . {cl(ul-uz) -)\(u1+uz)} cos g sdg
4 1
P s J {c (u;=u,)=x {(u,+u )} cosf sdg
3 N 3471 2 1"72
zﬂkl)‘b3A2(AZ'Al)
4 1
8
P, = au,+u)- ¢, (u;=-u,) r cosg sdf
2 L2 j { 1772 471 "2 }
anl)\b4A2(A Z'Al) 5}
Ay 2
where Cy = —54— (V8 + kjAy)
2

AZ 2
= T Moo )

Substitution of eqs. (34-37) into eqs. (5) and (7) yield

where

L>°< -J. HT( s,Y) cos [(X-E)s] ds
= I H: (s,Y) cos [(X-E)s]ds

[o]
=J. Hg(s,Y) cos [(X-E)s]ds

[o]

= J eQH* (8, Y) coe [ (X-E)s]ds
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(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)
(43)
(44)

(45)

where H H H3, and H4 are known functions of s and Y, Eqs. (40) and (41) can now be

) A
written
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D D d I‘ 1{ 3 ‘
fim M, = —5m = ——>— — Liu,+ Lou g {X|<«l (46)
1 Y10 Y <2 o STTklczx dX 4 171 272 Jk
a’ En 4 ! } |
4im N =—n=————J {Lu+Lu de X|<1 (47)
| Y140 Y CZ o 8nkix ax J_4 37177472
where
d _ Aim * .
—dX_ Li_ 'Y"’O Li 1—1,2,3,4
©
L, :I Hi(s) sin [(x-E) 8] ds (48)
o
where H,(s) = 4™ L1y (s,v) 1:-1,2,3,4
i |Y]+0 & 7i vy
The integrands Hi in egs. (48) are too complicated to allow L, to be found in closed form.
However, at s = S50 Hi(so) = Hl' (so) and this integrand can be handled. Thus
a® 50 «©
L, =‘J Hi(s) sin [(X-E)s] ds :J Hi(s) sin [ (X-8)s] ds+I Hi'(s) sin[(X-E)s] ds
[5} o s,
or
So ©
Li=J. {Hi(s)—Hi'(s)}sin [(X-g)s]ds+‘[ Hi'(s) sin [(X-E)s] ds (49)
o o
The first integral can be evaluated numerically to yield
r %o p )
J {Hi(s)-Hi(S)] sin [(X-E)s] ds= E; (X-E) (50)
o
i=1,2,3,4
where the Ei are constants in kl,)\, and s,» For typical values of shell parameters,
s =1,0,
o
The seconu integral in equation (49) can be integrated to yield:
BNk xegye K, (xe8) 4 ikl 51
L =g tKpy X9+ Ky (X-8) bn ——— (51)
i=1,2,3,4
for small arguments, In eq.(51), K4 KZi' K3i are constants, Now ul(g) and uz(g) are
assumed to be of the following form:
) 2 2
ul(g) =J1-£ [A1+ klAZ(l-g Y+ e+ ] |E|<1 (52)
2 2
uy(€) = 1-82 [B + KB, (18540 ] €< 1 (53)
Substituting eqs. (52) and (53) into egs. (46) and (47) and using (50) and (51), two equations
in the four unknowns A~1’A2' Bl’ and B2 result. However, after performing the integra-
tions in eqe. (46) and (47), there will be terms in X and X3 in both equations,
3
Fi(A,B,) X+ F, (A,B) X" = - 8rk;\ m X (54)
3
3 8na3k1)\no
Fy (A, B) X+ F, (A,B) X" = ———— X (55)
* Ehc

where the Fi are known functions of Al’ AZ' BI’ and B,. By equating coefficients of the



X and,X3 terms, four equations result:
Fi(A],B),4,,B,) + 81 kA m =0 (56)
F,(A1,B,4,,B,) =0 (57)
8na3ki Ang
Fy(A),B, Ay, B« — 020 (58)
Ehc
F4(A1,B1,A2,B2) =0 (59)

Equations (56-59) can now be solved for Al’ Bl’AZ’ and BZ' Substituting the known
functions (52) and (53) into (36-39) and the results into (18) and (19), the various stresses
near the crack tip can be found. At the time of preparation of this paper, due to the com-
putational difficulties numerical results on stresses were not available. Itis expected that

these results will be presented at the Conference,
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