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1. *REXRRRRERRR' Let {§i=(Xil,...,Xip)'; 131} be a sequence of independent and

identically distributed random vectors (iidrv) defined on a probability space
(2,A,P), where §i has a continuous distribution function F(x), XERP, the

p(>1)-dimensional Euclidean space. Define the empirical dfs by
-1y n
(1.1) F_(x) = o7 ] Te(xX)), xerP, 21,

where c(u)=1, if all the p components of u are >0; otherwise c(u)=0. Consider

then the general p-variate Kolmogorov-Smirnov statistics

(1.2) D: = sup{Fn(§)-F(§): §eRp}, n>1;
(1.3) D; = sup{F(§)—Fn(§): feRp}, n>1;
(1.4) Dn = SUP{‘Fn(f)'F(f)I: §€Rp}

+ -
= max{D_, D_}, n>1;

these are all non-negative random variables.

In the particular case of p=l, Gnedenko, Koroluk and Skorokhod (1961, pp.
154-155) reported the results of Karplevskaia and of Li-Tsian that if {kn} be a

sequence of positive numbers such that nX;=O(1), then as n~>®,

P{D:_>_)\n} p{D] > A } = (D > }1to(D)]

(1.5) exp{—ZnKE}[l+o(l)].

Kiefer and Wolfowitz (1958) have shown that for p>1, there exist two positive

constants c(l) and 0(2), such that for every n>1, A >0,
+ @8] (2)
< - .
(1.6) P {D'>\_} < P{D_>A } c exp{-c " "nA }

That c(z) cannot be, in general, equal to 2, have been proved by Kiefer (1961),



who shows that for every €>0 and p>l, there exists a positive c(p,€) such that

for every n>1, AnZO,

(1.7) P{DnZAn} < c(p,€) exp{—(2—e)nki}.

+ -—
Since Dn (or Dn or Dn) can not be less than the corresponding statistic for the
p univariate marginals, we obtain from (1.5) and (1.7) by letting €(>0) to be

arbitrarily small that if nk§+w as n>®, then for every p>1, nkg=0(l),
2"'].
(1.8 (nxn) log P{DnZAn}+-2’ as no,

and the same result holds for {D:} and {D;},

For a positive function ¢(t) increasing at a faster (slower) rate than

1/2 t3/

t (

5) and satisfying certain regularity conditions, Theorems 1.4 and 4.9

of Strassen (1967) relate to the asymptotic (as n+o) expression for
(1.9) P{Sm > ¢(m) for some mip},

where Sm = Zifl(xi—u)/o, 1J=EXi and O <02=V(Xi)‘<w, and this relates to his

(third) almost sure invariance principle for cumulative seems. The object of

the present investigation is to show that this almost sure invariance principle
+ - . . .
also holds for {nDn}, {nDn} and {nDn}. This shows that under certain mild
regularity conditions, in the asymptotic expression in (1.8), [Dn-z An] can be
replaced by [Dm_z Am for some m > n].
The main theorems along with the basic regularity conditions are formulated
in section 2, where a few remarks are also appended. The proofs of the theorems,

based on a reverse sub-martingale property of {D:} and Theorem 1 of Kiefer (1961),

is considered in section 3.

‘ 2. TRRRAARJRARRARR: Let ¢= {¢(t): 0<t<w} be a positive function, defined on



[0,%), with a continuous derivative ¢'(t), such that (i)
=1 -

(2.1) W)=t~ o(t) is 4 but t Pe(t) is ¥ in t, %<h<3/5,
(ii) as t-w, with s/t~1,
(2.2) ' (s) /o' ()1, =U'(s)/Y'(E)~1),
and (iii) the Kolmogorov—Petrovski-ErdSs criterion holds for 2¢,1i.e., for
every n>1 and k>2,

- - % © -3/2 L 2,712
(2.3) 3 (k) = (2m7 F (/2) { £ T0(e) expl- dr kPt UM (r) Mt

= (@M [ Tog o&/DVED) expls B K22 (eD) JaE < o

Note that by (2.1)
/

2d)(t) (>0) is continuous in t;

(2.4) V) =t (e e
-1 . -1

(2.5) 0 < (2t) “¢(t) < ¢'(r) < 3(5t) “¢(t).

Also, by (2.3) and a few routine steps it follows that there exists a positive t

(<»), such that for all t>t and k>2,

(2.6) vk(t) = 1 k%P2(t) - logy(t) - log log t is 4+ to » as t 4 o,

Thus, for large t, wz(t) > % 1log log t when (2.3) holds. We further assume
that for large n, vk(n)/vz(n) is a continuous function of ke[2,2+8], for some &>0.

Thus for every &' (0<8'<8), there exists an n>0, such that for nzpo,
(2.7) lvk(n)/vz(n) - 1| <n whenever |k-2|<8".

In fact, if for some €>0, limt+m[(1og log t)/Y2(t)] < 2-€, then (2.1)-(2.3) imply
(2.7). A counter example where (2.1)-(2.3) hold but not (2.7) is wz(t) =

L, 1log log t + A log log log t where A(>0) is a positive number. Let us now

define

(2.8) Pn(W) = P{mlﬁDm Z_Am for some m>n},



. + - -
and in (2.8) on replacing Dm by Dm and Dm, we define P:(w) and Pn(w), respec-

tively. Then, we have the following.

Theorem 1. Under (2.1), (2.2), (2.3) and (2.7)
(2.9) lim {[log 2 ()1/v,(m)} = -1,

and, if, in addition, lim __ {(log log n)/y2(n)} = 0, then

(2.10) lim  {[log P ()1/y* ()} = -2.
Both (2.9) and (2.10) hold for {P' ()} and {P_()}.

1
Upon letting w(n)=néxn i.e., ¢(n) =_nxn, we note that in (2.1) we limit

ourselves to Xn = O(nh_l) where % < h < 3/5. On the other hand, in (1.5), we had

-1/3). This leads us to inquire whether (2.9) [or (2.10)] holds for Ay

‘ An = 0(n
satisfying (1.5) but not (2.1). Towards this end, we may remark that whenever
wz(n) increases with n in such a way that (log log n)/wz(n)+0 with meo, we do not

require (2.2),(2.3) and (2.7), and we may also extend the range of p(n) to 0(n1/6).

We have the following.

Theorem 2. If for some C: 0<C<w, y(n) < Cnl/6 ggg.limn*w(log log n) /Y2 (n) = 0,
then,
(2.11) lim o {[log P @)1/* (W)} = -2,

and the same result holds for {P:(w)} and {P;(w)}.

We postpone the proof of the theorems to section 3. The following remarks

illustrate a few applications of the theorem:

(I) If we let YAt) = (ge)log log t, €>0, it follows that (2.1),(2.2),(2.3)

and (2.7) hold, where



(2.12) vz(t) = 2¢ log log t = % log log log t - % log(ste) (@= as t>x).
Therefore, by (2.9), Pn(w) +>0asn—>»i.e.,

lim sup i =1
(2.13) P{ n°- (2n)*° (log log n)* D = 1} =1,

and the same result holds for {D:} and {D;}. Thus, in the general p-variate
case, the law of iterated logarithm holds for Kolmogorov-Smirnov statistics;
this was proved in Theorem 2 of Kiefer (1961) by a different approach.

(I11) If we let P(n) = n%kn, we observe that under the condition that
(log log n)/¢Y?(n) > 0 with n > », (2.11) extends (1.8) in the sense that
[Dn.i Xn] is replaced by [Dm Z-Am for some m > n]. This extension is comparable
to Theorem 1.4 of Strassen (1967) which provides similar extension of the pro-

bability of moderate deviations for sample cumulative sums, studied earlier by

Cramér (1938), Linnik (1961), Rubin and Sethuraman (1965), and others.

. TRRARFRRARARTIRREARRAARAR - For @ positive k, ve define

(3.1) I () = M7 ko' (€7 expl-HPe 92 () 1de, 0 > 1.
Note that by (2.3), (2.5) and (3.1), for everyn > 1, k > 2,
(3.2) 0<% J (ko) < I (kd) < 3/5 3 (k¢).

We consider first the following.

Lemma 3.1. Under (2.1), (2.2), (2.3) and (2.7), as n > =,

(3.3) {log In(k¢)}/vk(n) + -1, for every k > 2.

Proof. By virtue of (3.2), it suffices to show that as n >

(3.4) {1log Jn(k¢)}/vk(n) + -1, for every k > 2.



Since u exp{-%uz} is ¥ in u(>1l), on denoting to by wz(to) = k_2, we obtain that

for all n 2t

o0

7k tpatl) exp{-Hk2Y? (@)} < 2727 I (ko)

3.5) <TI0 k@) expl-ay @) k > 2.
Let us now define a set of points {ns, s=0,1,...} by n_ =, and
(3.6) ng = [exp{ (log n)l+€s}] +1, s =0,1,..., 0,

where [k] denotes the integral part of k(>0), and € is arbitrarily small, Then,
the right hand side of (3.5) is bounded from above by

ns+l_1 -1
m

3.7 Lomg ¥ (ng) expl=3V* ()} Loy

| A

[(log n)®-1] ZS:o ky(n,) exp{-%kzwz(ns)} log n

| A

(log n)© k[exP{—vk(n)}] [ZSZOXH(S)],

where Xn(O) 1, and for s > 1,
Xn(s) = exp{—%kz[wz(ns)-wz(n)] + log[w(ns)/w(n)] + log log n, - log log n}l

= exp{- [ (@) - \)k(n)]}-

We prove the lemma first for a k > 2 i.e., k = 2 + 8§, 6>0.- Since vk(n) -

vz(n) = (%k2-2)p%(n) > 26Y%(n), by (2.6) and the remark made thereafter, for large

n and every s > 1,
_ - = log log n.
(3.9) v2+6(ns) V2+5(n) > 8§(log log n_ log log n) = Gcs log log n

Hence, for every €>0, § >0, for large n,



(3.10) I oo % () < 1.7 [(log n) %818 = {1-(10g m) 08T < Ko 5 <
Therefore, for k = 2 + §, 6>0, we have by (3.7) and (3.8) that

3.11) M SEP{[10ga (k)1 /v, ()} < -1 + e[ *HP{(log log n) /v (m)].

Now, by the remark following (2.6), for k = 2+§, vk(n) > vz(n) + 26w2(n)>26w2(n)

> § log log n, so that the right hand side of (3.11) is bounded above by -1+¢/6.

Thus, for every § > 0 and n > 0, there exists an € > 0, such that e/8<n and
(3.12) 1% SEP{[1og J,(k¢)1/v, ()} < -1#n for k = 2+6, 6>0.

In a similar way, by working with the left hand side of (3.7), it follows that

for every n>0,
lim inf
(3.13) n {[log Jn(k¢)]/vk(n)} > -1-n for every k = 24§, &§>0.

Thus, for every k > 2,

(3.14) limn_)oo {[1log Jn(k¢)]/vk(n)} = -1,

Now to consider the case of k = 2, we note that, by definition in 2.3),

Jn(k¢) is ¥ in k, and hence, for every § > 0,

(3.15)  [log 3_@01/vy@) 2 [V, @)/v,@]{[1og I (2)H1/vy, s}
Thus, from (2.7), (3.13) and (3.15), it follows that for every n > 0,

(3.16) Lim 188 {[10g 3,(20)1/v,(M} 2 -1 -n.

Also, by (2.3) and a few simple steps, we obtain on using (2.7) that for every

n >0, there exists a § > 0, such that as n > =,



(3.17) 32) = 2] explv, ()} (log )7 d(log ©)
t=n

(Zﬂ)'l/zf exp{—v2+6(t)[vz(t)/v2+6(t)]}(1og t)"l d(log t)
t=n

IA

(ZTT)_I/ZJ' exP{'\’2+6(t) (1-n) Hlog t)_l d(log t)
t=n

<2n)‘1/2f exp{-%(1-n) (2+8) 22 (£)+(1-n) logy(t) } (Llog ) e~ Lae
t=n

M Y 2(10g 0)™" [ exp{-t(1-n) (2+8) 29 (£) Hw () 1P e .
n

A

Therefore, by the same technique as in (3.7) through (3.12), we obtain on choosing

§(>0) sufficiently small that
lim sup

(3.18) o {[log J_(2$)1/v,(n)} <-1+n, n>0.

By letting n in (3.16) and (3.18) to be arbitrarily small, we conclude that
1i

(3.19) o {[log 3_(20)1/v,(n)} = -1. Q.E.D.

Lemma 3.2. Under (2.1), (2.2), (2.3) and (2.7) for every xeRP,

lim

1
3

n+o{[log P{m

|v

[Fm(f)'F(f)] Y(m) for some mZp}]/vk(E)(n)}

(3.20) -1, where k(x) = {2FG)[1-F1)7(:2).

Proof. Since Fm(x) involves an average of iidrv's which assume only the values

0 and 1, the existence of the moment generating function is insured, and
mV[Fm(x)—F(x)] = F(x)[1-F(x)]( < ¥ for all xeRp). Thus, by theorems 1.4 and

4.9 of Strassen (1967), as n?>x,



(3.21) P{m%[Fm(g)—F(g)] > P(m) for some m>n}

- I_(k(x)9),

where In(k¢) is defined by (3.1) and k(x) by (3.20), and ~ indicates that the
ratio of the two sides converges to 1 as n»>». The rest of the proof follows
from Lemma 3.1 and (3.21). Q.E.D.

Lemma 3.3. Under (2.1), (2.2), (2.3) and (2.7)

(3.22) Vi 28 {([1og 2_)1/v,(m)} > -1.

Proof. By (1.2), for every n>1l.

(3.23) P:(w) S%P[P{m%[Fm(§)—F(§)] > Y(m) for some m>n}]

|v

jv

P{m%[Fm(§°)—F(§°)] > Y(m) for some m>n},

where Eo is a point (in Rp) for which F(xo) = ¥, Then, by Lemma 3.2, we obtain

that

(3.24) M R ([10g PLOD1/v, ()}
> D e {[1ogP{m11[Fm(§°)—F(§°)]Z Y(m) for some m>n ]/v,(n)}
= -1, as k(x°) = 2.
In a similar way, it follows that

(3.25) Hm 18 ([10g 27 W1/v, @)} 2 -1,

and hence, the lemma follows from (3.24) and (3.25). Q.E.D.
For every n>1, let Cn be the o-field generated by the unordered §l""’§n

and by §n+l’ §n+2"'°; E% is ¥+ in n. Then we have the following.
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+ -
Lemma 3.4. {Dn, Cs n>1} and {Dn, Cs n>1} are both non-negative reverse sub-

martingales for every p>1l.

Proof. For every n>1l, let Zn ( a random vector) be a point in R® where

Fn(§)-F(§) attains a maximum i.e.,

. - . P} _ - .
(3.26) D = sup{Fn(E) F(x): xeR } = Fn(gn) F(%n),
Zn need not be unique. Also, by (1.2), D: > 0 for n>1. Therefore, using the
fact that
+ P
(3.27) Dn = sup{Fn(E)-F(x): xeR }
Z-Fn(§n+l)—F(§n+l)’ for every n>1,
we obtain that
+
(3.28) E@ lc ) > B{F @ )-FZ IC )
_ =l mn _ _
= 0 L EUle @ X)) -FE  DTIC L))
= Elle(@ X)) -FZ )] 1€ 1}
-lentl
= )y (e X FE )]
= Fow1 o)) T Chyy)
= D+ (>0), for every n>l.
n+l — 7’ —

In a similar way, it follows that for every n>1, D;.z 0, and

(3.29) E(D |C for every n>l.

n+l n+l’

Hence the lemma follows.

Lemma 3.5. For each p(>1) and every €>0, there exists a positive c(p,e) (<®),
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such that for every k>0,

-k/2

(3.30) Bl < e(p,e) (2-0) /[, for all ¥,

and the same result holds for {D;} and {Dn}.
Proof. It follows from Theorem 1 of Kiefer (1961) that for each p(>1l) and
every £>0, there exists a positive c(p,€)(£®), such that for every n>1, r>0

and F,
(3.31) P{n%D: > r} j_P{n%D:_Z r} < c(p,e)exp{-(2-€)r?}.

Therefore, by routine steps,

(3.32) Bl = [, = arla®} < o}

oo

_ 1
kf xk lP{néD+ > x}dx
0 n

k c(p,s)fo xk_l exp{—(2—e)x2}dx

A

c(p,e) [Lk+l (2—8)_k/2.

The other two cases follow similarly. Q.E.D.

Lemma 3.6. If {cm} be non-decreasing, then for every N>n>1, t>0,

max + -k e "k/ 2
P{nfm§N ol >t} <t Telp,e)|ktl (2-€)

N k k . -k/2

(3.33) {n-klz CE + zs=n+1(cs - Cs—l)S }

The proof is a direct consequence of Lemmas 3.4 and (3.5) and of Theorem 1
of Chow (1960) which extends the Hijek-Rényi inequality for sub-martingales.

Lemma 3.7. Under (2.3) and (2.7), for all non—decreasiqg,{W(t)} such that

Y(e) < ctt/3

? C<w’

(3.34) Lim SP{[10g B (9)1/v,(m)} = -1,
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and the same result holds for {P;(W)} and {Pn(w)}.

Proof. We only consider the proof for {P:(w)}; the case of {P;(W)} follows
on identical lines. Also, noting that P:(w) E.Pn(W) f_P:(w) + P;(w),

the case of {Pn(w)} follows trivially. We consider the events

Y +
(3.35) An(kw) {mliDm > A(m) for some mZp}, n>1, A>0,

o 1
(3.36) A;(Xw) {Sgo[mﬁD; Z_Aw(ns) for some n_ < m < ns+1]}’ n>1,

where ny =n and {ns} is an increasing sequence of positive integers to be chosen

later on. Since Y(t) is * in t, we have
(3.37) P(A_(W)) = POW) < P(20W)) for all 20, w2l
Then, by Lemma 3.6 and a few simple steps, we obtain that

o L 4+
(3.38) P(AD (A)) < LgmoPing 5?%%<ns+lm20m > Y(n)}

/2

k -k
<elp,) [ gl TEme) M Pk AL

n_ -1 Lk
{l + Ejzzl [l-(l—j—l) n’S]}’ €>09
S

where we let
(3.39) k o= zxz(z—e>w2(ns), §=0,1,....

?

By Sterling's approximations, for large n, for every s=0,1,...,

(3.40) logl%kn L= “Llog(2m) + %(kn s+1)1og(‘»zkn s)—L:kn,s+0(1)
= -%1og(2n)+[(2—e>x2w2(ns)+%llog[(2-e>x2¢2(n8)1—(2—e)x2w2(ns>+o(1>.

Also, by (3.39) and (2.1),

(3.41) 1-gh T M 5T+ ol /319D,
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so that for every s>0,

n -1 Yk
s+l .~1, " 'n,s 1 1 2 -1
Y2 [1-(1-5 ) ™%] =4k _ ¢ ..+ )y + 0(k° n )
j—ns n,s ns+l ns+1-1 n,s s
(3.42) < %kh,s(log ns+l—log ns)+0(l), by (2.1) and (3.39).

Let us now set A = l+ke, so that %kn s

s

= (2+€')w2(ns) where €' =
e-le?-Y4e"*>0 for every 0<€<€0(>%). We consider first the case of Y(t)
satisfying (2.1), (2.2), (2.3) and (2.7), such that P2 (t)<C log t, 0<C<w,

We set then

1+es/3

(3.43) log n = (log n) , s=0,1,..., 0O,

where = indicates that n_ is the least positive integer for which the left hand

side is > the right hand side. Then, for every s>0,

(3.44) log n_ .- log n_ = (log n_)((log n)€/3—l) < (log n)€/3(log n)
) s+l s s - s’

so that by (3.38) through (3.44), we have for large n,

Z Wz(ns) exp{-vz(ns)—e'wz(ns)+(€/3)log log ns}]

(3.45) P(AS((1+ e)¢)) < K_[
n € s=0

= Kewz(n) exp{—vz(n)—e'wz(n)+(€/3)log log n}zs=OXn(S)’
where K€(<W) depends only on £(>0), vz(n) is defined by (2.6), and
(3.46) Xn(s) = exp{—[vz(ns)—vz(n)]—e'[wz(ns)—wz(n)] +
(e/3)[1log log nS—log log n]+2 log[w(ns)/w(n)]}, s>0.
By the remark made after (2.6) and (3.44), it follows that for large n,

(3.47) Xn(S) < exp{-[%€ee's log log n -(e®s/9)1o0g log nl

[-(e'/12) W*(n)-¥*(n))-log(¥* (n ) /¥* ()1}
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2
i_exp{-(ezs/lS)log log n} = (log n) (e 5/18{ for 0<€<€0(<%),

as €'=e-Ye?-%e2>23¢/32>(2/3)e for all 0<€<€0(<%), and for large n,
(e'/lZ)[wz(ns)—wz(n)] can be made larger than log[wz(ns)/wz(n)]. Therefore,

for n sufficiently large,

o]

-2
(3.48) 1 f_zs=dxn(s) < {1-(log n) € /18 3 5 1 ag .
In a similar wéy, it follows that for every €>0, as n>»,
(3.49) e'Pp?(n) > (€'/3)log log n + 2 log Y(n), when (2.3) holds.

Therefore from (3.45) through (3.49), it follows that for every €(0<€<€O<%),

(3.50) lin syp{[log P(AD((1H5e)¥))1/v, (@] < -1,

and (3.34) follows from (2.7), (3.37) and (3.50) by letting €(>0) to be

arbitrarily small.
We next consider the case when Y(t) is t* in t such that (log £)/¥2(t) = 0

-1/3

and t ll)z(t)_f_c<°° as t»>», In this case, we let

(3.51) n, = [n(l+€)s], s=0,1,...; €>0,

and virtually repeat the steps (3.44)-(3.50), with some further simplifications;
for brevity, the details are omitted. Q.E.D.

Returning now to the proof of theorem 1, we note that (2.9) follows directly
from Lemmas 3.3 and 3.7, and (2.10) follows from (2.6), (2.9) and the fact that
P2 (n)/log log n + @ with n+» implies that vz(n)/wz(n) + =2 as n¥v,

For the proof of Theorem 2, we define by 5:, B; and Bn the Kolmogorov-
Smirnov statistics, defined by (1.2), (1.3) and (1.4), but based on the obser-

vations Xll,...,X l; all these statistics are based on univariate observations’

and thereby are strictly distribution-free when the first marginal df of F is
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continuous. Then,

D+

(3.52) D: >D, D; > 5; and D_ > Bn for all n>1.
Also, as in Gnedenko, Koroluk and Skorokhod (1961), for every ij<cnl/6,
(3.53) P{n%gz > x} = P{n%B; > x}
= exp{-2x2}{l+2x/3n%+0(1/n)};
(3.54) P{n%ﬁnzx} = 2exp{-2x2}{l+0(n_1/3)}.
Therefore, by (1.7), (3.52) and (3.54) we have
(3.55) 2exp{—2w2(n)}{l+0(n_1/3)} 5_P{Dn3p‘l/2w(n)}

< c(ps€) exp{-(2-€)¥*(n) },

for all O ﬁ_wz(n) < cnl/3, 0 < ¢ < », Further, by (2.8),

-1/2

(3.56) Pn(w) Z.P{Dn >n VY(n)} for every n>1,

and hence, by (3.55)
(3.57) in 188 {105 2_(1)1/02 (@)} > -2.

Since vz(n)/wz(n) + 2 as n> (under the hypothesis of Theorem 2),

we obtain from Lemma 3.7 that
(3.58) im SgP{[10g 2_W)1W* ()} < -2,

+ -
which completes the proof for {Pn(w)}; the cases of {Pn(w)} and {Pn(w)} follow

similarly.
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