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~ ABSTRACT | |
HARRiNGTON, DERMOT. A Comﬁaiison~of Several Procedures for the Analysis
of the Nested Régression Model. (Undexr the direction of J. A. WARREN
and H. L. LUCAS) | o |

The 31tuatxon described by the nested regression model, which
resembles the model for a 8plit—plot design, has non—lndependent

errors which cause difflcultles with the ordinary least squares method
of analysis.

A simulationﬂseudy~was»carried out to coﬁparg several procedures
for analysing data consistent ﬁith such a regréssion model and to
investigate the relative importance of vérious factors which might
influence their performance.

‘The choice of a method of analysis should take intd account the
relative importance’of Type 1 errors for.the data being analysedrand'
the availabiiity of information on characteristics of the daté. The
choice of degrees of freedomwis,especially important in attaining the

objectives of the énalysis,
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e l.,.INTRODUCTION

" One of the commonly employed methods ofréollecting data to relate
a response to some set of suspected inflﬁential variables includes -sub-
dividing these &ariablés into at,leést»two subsets.  One subsé; consists
of variableé where it is rélativély easy to change the settings of the
variables while the other coﬁsists of variables where it is relatively
’diff%cult té chanée the éettings. Consequently, the pattern used in
obtaining data is to makera setting -of levels for difficult-to-change
variables and then obtain a series of response measurements for'easy- :
to-chaﬁge variables at eéch.sefting of difficult-to~change variébles.

v When such déta priginates from planned experiments then,schemesi
éuchras split-plot designs, split-split-plot designs, etg,:aré commohiy
~used and an effective paffern of analysis with known propefties is
availéble. fWhen such data is developed using some pattern other than
a planned expefiment, analysis 1is often made'by’using leasﬁ équares to
rfit»constants'relatinglresponse to thevfaCtérslﬁariéd, ATheLpurpose of 
this thesis is tovindicatérthe properties-of‘féur methods based on -
leastrquaresrﬁhich might ‘be used to fit. such constants.! |

The four methods are: -

| »l.A Ordinaiy Leasﬁ Sqqéfes (OLS) - Regard the‘daté as if tﬁe
Vdifficult;tofchange‘variables had not influenced the data cbllection
proéess, E:éj, ag if discrepancies for each response were totally
' independént.ri | ' . |

2. Daniel's Method (DM, Daniel_gg_gi,, 1969)'~TUsé a two stage‘

procedure to analyse the data., The first stage concentrates on the
'easy—to—change Variables,'the second stage on the difficult-to-change

~variables,
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-3, Single Itefation Method (SIM) - Obtain estimates of the»

: Weights associated with the difficult-to-change and easy-to-change

variables and perform a weighted least squares'analysis}

4, Multiple Iteration Method (MIM) - Repeatedly re-estimate the -

. weights of the SIM and perform a weighted least squares analysis for
each set of estimated weights. The iterative procedure is such that

some relevant criterion is optimized.

1.1, Illustration of P;eblem,

- The genefal problem and the nature of the proposed methods _can

- be illustrated by the data of Prater (1956), which is presented in an
. unordered form in Table 1.1.1. The data was obtained in ‘a laboratory
~study of the distillation properties of various crude oils with respect’

. to.their yield of gasoline. The two independent'variables~weré:

z, gasoline ASTM END Point, °F

x, crude oil ASTM 10% Point, °F

reThe variable x represents a proﬁerty of the crude and'zris a property
of the gasoline produced. The response, y, ie gasoline yield; as per-
rcent of crude. A model which appears applicable to the data in

.Table 1.1.1 is

where 1 = 1, 2, ..., 32 and we assume thedisturbanee:ei ~>N(0,a2).

~ Hence, OLS might be used as the method of analysis.




3

. - Table 1.1.1. Prater's data: Crude oil properties and gasoline yields

‘ : ' Gasoline ASTM ' . Crude 0il
2 Gasoline Yield . END Point , ASTM 10%

(%) (°F) - ‘ Point (°F)

4 X
235 o 220
307 . 231
212 217
365 - 316
218 : 210"
235 ' 267
285 - 274
205 S 190
267 ’ 246
300 . 220
367 231
351 284 -
379 L 316
275 S 267
365 , 274
275 . 190
360 ' S 236
365 : 220
395 C231
272 , 217
424 ' : , 284
428 . 316
273 - 210
358 S , 267
TN - 274
345 Lo 190
402 R S 236
410 220
340 R 217
347 SRR 210
416 i ; 267
407 - 0190
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7 4
‘ - Table 1.1.2 presents the c'iata in order of increasing x ("diffic;ult-—

to-change variable') which éugéests that there are lO‘crude éils,rather

than 32 and that gasoline ASTM end point, z ("easy-to—change-variéble"),

is nested within crudes. A model suitable to this table is

Vi = B * ByXy +7622ij + 6, + €5 0 (1.1.2)

where 1 =1, 2, ..., 10 and j = 1, 2, «eey and n, =4, 3, 3, 4, 3, 3,

i
4, 3, 2, 3. In crude oil group i the deterministic variable x takes on
a constant value, Xy while the deterministic'variable Z may vary over
the'ni values within the group. The error affecting each response we

regard as the sum of two random components. One component, Eij’ varies

L from one response to the next while the -other component, 61, varies only
. ‘ from one group.of responses to the next. Assuming that 6:[ ~ N(O,otz)),
2 . 2, 2 :
~ t c , e +
Eij N(O,OW) we get a constant varianc op o, forrthe,yij, and
FA , covariances 02 between responses in the same group and zero between

b

responses in different groups., -

e

The approach in Daniel's method i§ first to estimate B, by

yz'.i performing a within groups regression, i.e., fit parallel regtression

lines with a common slope, 62, and a separate intercept for each group.
At the second stage ﬁhe group means for the responses‘are.adjusted to a
constant yalue for z»using thé first stage estimator df 82° These
¥ .;IV adjusted values are then regressed on x to obtain an estimator ofrsl.
The two stagesra?e combingd to estimate 60;

If oz and cé are knownitﬁefbést‘linear unbiased estimators.(BLUE)

- of BO,.Bl and 62 are given‘by Aitken's generalized Gauss-Markov léast

‘squares theorem (Goldberger,rl964;:G;aybill,_196;,_Theorem 6.4)., In
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Table 1.152.7 Prater's data afranged in order of-incfeasing X

: o - Crude 01l
Crude 0il Group - Gasoline Yield Gasoline ASTM ASTM 10%
‘Identification ' o ABD : END Point (°F) Point (°F)
No. v .2 X
.1 - 12,2 - 205 190
‘ 45,7 407
22,3 275
. 34.7 345
2 8.0 218 210
26.6 347
13.1 273
3 7.4 212 217
18.2 272 '
30.4 340 ,
W 4 6.9 235 220
Pl ' 15.2 300
' 26.0 365
o . 33.6 410 ,
i 5 14.4 307 231
' 26.8 367
34,9 395
! 6 10.0 267 1236
24,8 360 :
5} 3107 T 402
7 2.8 235 , 267
27.8 416
; 6.4 275
- L 16.1 358 ,
. 8 5.0 285 274
: 17.6 365
e 32.1 444
: 9 14,0 351 S 284
: 23.2 424
) 10 8.5 365 - 316
14.7 379 ' :
18.0 428 -
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Sspn, stk

and substitute these estimators for 02 and Bé_in the BLUE of 803 B

el 1

with this whole plot, P

the Single'Iteration Method we find unbiased estimators of GS and Gé’

_ b 1

and 8.,.
| , 2
The varlances,-ob

iteration in the Multiple Iteration Method. ' At each iteration the .

and cé, are estimated biasedly after the first

biased_estimators}are used in a manner similar to the use of the

unbiased estimators in the SIM. We obtain estimators of.so, Bl and

A32 at each iteration.

‘Values for certain factors in Prater's data are presented in.

Table 1.1.3 and to an extent theSe values characterize his data. All

or some of thegse values will usually change from one set of data to

the next. A question considered in this thesis is the effect of

variation in the value of such factors on the four methods proposed

for‘analysing'data such as that of Prater.

1.2, Parametric,Representation'of-the Problem

Consider the following model

: ylj = B + B X, + BZZ 13 + 6 + eij o (1.2.1)

. o ’ 2 S
where 1 = 1, 2, .;.,,g and j = l, 2, caesy n1 and I n, = n. This model

i=1 %
represents a situatlon in which there are g groups within the n-

responses for y and will be referred to as a,nested_regression model.

The model for the split—plot design*reéembles (1 2.1y, In the case of -

the usual (balanced) split-plot design the n, are. equal Xy is the

i

treatment" applied to whole plot i and 6 the random error associated-

‘1s the "treatment" oh sub—plot 3 in whole,

i:l
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Characteristics of Prater's data.

" Table 1.1.3.
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E . o plotri and Eij tﬁe random error associlated with this sub-plot. From-
| 7 whole plot to whole plot in the balanced split-plot design there is -

" a one-one correspondence betWeenrthe sub—piot~"treatments."
Afn this thesis the folldwing'assﬁmptions are made regarding the

€

erroy 61, 13

2.
Eij ~ N(O,OW) .
' 2
61 . N(O,ob)

Cov(si ,di) = 0

3

Hence we can write

Var(yij) = ci + qs

e ' , , Cov(yij,ykz) =‘Cov(€ij,+ Gi’skz + 6k)
5 : - 2 - T ’
‘ | . =ojifd=k

=0 4if 1 4 k

In matrix notation the gystem of equations represented by

(1.,2.1) can be written as

-
4’;
%

&




] . ]
Y11 Looox Z B 81 €11
. . . Bl ) . 3
. L] - * 82 L .
y i X z 9 €
lnl 1 ].nl 1 lnl
. = L] . L] + L] + *
1 X z 8 €
Vg1 g gl g gl
y 1 ox z 8 €
gng , ) 8 - gng g : gng
- & - . R=R }- . 2]
- or in the "form
Y = X g 4+ H 8§ 4 e
(nx1) - (nx3) (3x1) - (oxg) (gxl) (nx1) -
where
_J;l » ~Q. [l [ ] . _0_

0 is a null vector ‘and lg is a ngxl vector of ones. Thus,

: E(H§_+§)' = 0
(nx1)

and -

E[(HS + c)(HS + €)'] = I
o I (nxn)

(1.2.2)

(1.2.3)

(1.2.4)
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, 'where_g i8 a null vector and I, symmetric and positive definite, is
'given by
; O L] L] e O-—q
r =10 b e e s 01l (1.2.5)
t 2 : ;
(nxn)
0 0 . o . I
L £]
where _ _
: 2, 2 2 2
Ub + Gw : ob o e e Gb
: Zi = 62 02 +07 0 V. 02 (1.2.6)
(n,xn.) b b W b 7
RO N A
2 2 2
cb db f' e s Ob + ow

Thus having set up the model (1.2.3) with errors satisfying the

‘f assumptions outlined we arrive at a true -variance matrix for error, I,
E .. which is non-diagonal but has a relatively simple form. In most

e . : 2 -2
-practical situvations the. .two elements, o  and o are unknown and so the

b

.- BLUE estimator;ofﬁgris,hotﬂavailablea‘ However,; it is-worthwhile.

investigating particulargapproaches to estimation and hypothesis'testing ,

- which make use of the special pattern of_Z._rTherfour~methods proposed

in Section 1.1 will be examined'on the basis of the fdllowing

. characteristicst (1) blases in the estimators of BO, Bl, B (2) variances

of the estimators of Bl’ B (3) Type 1 errors when testlng hypotheses
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regardingrﬁl, 82 (4) Type 1 errors when testing a hypothesis regarding

the mean of the responses for a particular set of (xi;zj ) values.

i3
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. ~ ’ 2, STATISTICAL PROPERTIES OF FOUR PROPOSALS FOR
' ' - THE ANALYSIS OF A NESTED REGRESSION MODEL

Some s‘tatistical '}properties of 'thé- four proposed methods for
- analysing data which can be,describe-d by a nesfed regressidn mo&el are-
éeveloped in this section. For ease of ,referenc.e random errors such
: that I =A102 will be called s'pﬁerical; otherwise they are called non-
spherical (Goldberger, 1964). Also a useful result given in Rao (1965)
: . is denoted by Theorém 1, | o
o . ) Theorem 1: The quadrai:ic form, _g'M_é;_, has the following expecta- -

tion when

£~ (W) : E(E'™E) = u'Mp -+ trWM

- First we will look briefly at the approach when 0,5_ and 0"2’ are.

knowr,

2,1, The Best Linear ,Unbiaséd Estimator of B
If 05 and cvzy are known then I can be formed and the best linear
“unbiased estimator (BLUE) of i§. (Aitken,-'19‘35) is given iayv
,} | by = &z ke | . (2

- The true variance of the BLUE of B is

vy =@t 2

Let:‘rs2 denote the residual mean square 'fromv a properly weightéd fit. .
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Then

s’ = XfZ—IY'- bR’z Y

E(s?)

1
and an unbiased estimator of V(Q{) is given by

2

1@y = (' (2.1.3)

If b2 is a typical element of P{ and V(bZi)’ V(bZi) are its-

i
corresponding true and estimated variances we have
b2

£ 2 ' '
- X (201'4)
Vibyy) 1

and

2
bZ

1 o L o S
- - F B (.15
~ 1 ’n_:_3 _ .

V(by,) :

where the subscripts denote the degrees of freedom.

2,2. Unbiased Estimation of the Error Variances qé,oz

In related»Ways.the unbiased estimators of 02 and 05 are involved

b

in the ordinary least squares, single iteration and Daniel's methods.

For thls reason the estimation of 05 and 03 is presented next. : L

2.2.1. An Unbiased Estimator, 82 s of 02'
wl W

It will be shown that the residual mean square from the within

i

and z., is an unbiased estimator of the

1]

groups regression of'yi-j on x

withinrgroup variation;_oé.
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'E(l) =0. We write Variance (y) = ciﬂrr
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The model we are concerned with is

A= BO + lei + Bzzi + 8, + ¢

Y15 3 17 %13

It followsrthat-

, n,
—- 1 i s . . -
Y. ng jilyij —.BO + lei + BZZi- + 61 + €.
where -
- 1 oy - 1 0y
z,.=—_2zi and(.;,.-—-—-— Z e,
i° . nyoy=1 3 i n, 4=1-1]
Theréfore,we get .
Yij_ yi, = Bz(zij - zi.) + (eij —Ei') V (2.2.1)
ariance (e - 5 ) = g2 - 1o
Varignce (aij Ei-)' Gw ny ow

i emce - - 12
" Covariance (e,, - e, , €, - ¢ ) ==0

197 % Gk T %) Ty i IAk

= 0 1fi#8, 34k
: Wfite (2.2.1) in matrix notation
¥ _ Z B, oy , : ;
C(ox1) T (ox1) 2 (nxl) e (2.2.2)

7»where z},bgj y are vectorsrpf order nxl withjfypical eléments‘yij - ;i.’

z1j - ?i" Eij f €. respectlvely.. | | | 7
“Since the elements of v are of thevform‘eij ;'Ei" it follows  that
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- and Jg‘ is a matrix.of ones. Note that

- ‘where . E :
‘. El 0 L ] . [ ) 0 ‘ 7
@ o a 0 (2.2.3)
(nxn) T2 R ‘ : _ » el
o B 0 C. . 2|
- _1 ' : '
Qg - I, n JgA o (2.2.4)

. g x
. - g .
(ng x ng) (ng X ng)» (pg Ax ng)

. ) - ‘1
tr(Q) = % (b, -7=) =n-g
i=1 i

T U'sin’g‘(2.2.3) >, (2.2.4) and observing that Z is vector of .deVi'ations of

the zij from their group means, Eri”, we get 2'Q = Z'., Now denote ‘the

~residual mean square of (2.2.2) by 3§‘llwhe-re_ we use ordinary least

S ':sc.guéres to fit the model. Thus

"2 1

=

%1 n-g-

Ty -z@En T2y @)

. énd by applying .Theorem 1l to ‘(2'.2.i5') it follows that

5 I P
'E(Gwl) n-g-1 erll - z(2 "Zf), z ]QQW' .

- ol I - ¥ o ¥
eI I 8-tz T2]
=0

w

15



We will obtain 051, the estimator of 05,,from the equation

= ®'I - ' 11y%
Ol = it IT - Z2(2'Z) "z'IY*} (2.2.6)
b4 ace . A2 2
2.2,2, An Unbiased Estimator, Ubl’ of Ob

When the model under investigation is fitted using OLS the

residual sum of squares, with n-3 degrees of freedom is

SSE. = Y'[I - XX'®D 7'y - @2

We will derive the expected value of SSEI.

E(SSE,) E{(XB + HS + g_)"[I - X(X'X)—1X'](X§ + HS + 228

E{e'[I - X(x'x)"lx_' le} + E{sMH'[T - x(x'x)',lx']H_g} |

since cov(e,8) = E(¢'H§) = 0 and E(e) = 0, E(8) =_Q.'

The application of Theorem 1 gives
- 2 2 ' ‘ 1oy~ L . ' \
E(SSEI) = (n-3)oW + cb{n - tr[H'X(X'X) "X'H]} (2.2.8)

 Here we use the results tr[I"—”X(X'X)—lX’] ="n-3, and trH'H = n, and

, | e T
1L 0 Coee 0 -
H'H , . | ' ,
0 0 . . . l'l
&8

where 2& is an nixl vector of ones..
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Hence an ﬁnbiased estimator, 851, of 05 is

7 - v - ' -1 t - - A2 '
g YT - XE'BTX'Y - (n-3)0],

,gbl f-, (2.2.10)

n - tr[H'X(X'X)”lx'H]

3%

2.2.3. Some Comments.on the Unbiased Estimation of ¢° and o

B I £
o' T

are based .

 The procedures for. the unbiased estimation of O

and ¢
on the expected values for the sums of squares for y adjusted_for x and
z which correspond to the "Within groups' and "Total”¢lines in a multiple

covariance of y on x and z. In two recent articles, Chew (1970) and

Rao (1970) discuss ‘covariance matrix estimation.

- 2.3. Ordinary Least Squares (0OLS) Method
The use of OLS in the case of the nested regreséion model means
that~the~non~sphericalVnature of the réndom.error is diéregarded. The
’analys;s ié unweightéd but the estimator, hi,réf;g ié unBiased, “A

concise account of the effects. of non-spherical sampling errors on OLS

estimation in the general linear model is given by Swindel (1968).

2.3.1. Ordinary. Least Squares Estimator (Unbiased) of B

_The OLS estimator of §_is’given by

b= @0y G a3

Since Y = XB + HS + ¢ and E(e) = E(8) = 0 we get
E(E{)'= 8

If HS + € had variance %1 in addition to having zero mean then -

by the Gauss-Markov theorem it would be true that-hi wés the BLUE of 8.
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We cannot automatically infer that EI'is ot BLUE when the variance of

HS + £ 18 non-spherical,

True Variance of the OLS Estimator of B

By taking E[QI ~ 8] [P_I - 81’

or by calling on theorem 3.22 in
Graybill (1961) we obtain

True variance"of _QI' = V(EI)

= (X'X).-lX" pX ;c(x"x)"l

N

.._L_V' rA 1 or
Vi) = = (xrx) {ssE.)

(2.3.3)

where SSEi is the sum of Squares for error due to fitting

Y =X 4 e

by OLS.

£
=

For the type of probiem considered here, €% is actually Hé +

and the usual QLS .assumption that‘_g_* ~ MVN(O,ozl) is ihcorrect.
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From (2.2.8) we have immediately

s .1 2, Yty Tyt
w T o3 opln - ex{B'XEX'R) X H}]}> (2.3.4)

, - - (xryd
B[V ()] = (X'®) {0
While it is suspected that (2.3.4) is a biased estimator of the true
variance of 91,-no success- has been attained in showing this algebraically.
However sampling studies have shown that (2.3.2) and (2.3.4) ave not

always equai and”inrAppeﬁdiX“7.4 an example is given.

Some reductions in (2.3.2), (2.3.4) are possible by noting that

I _ H ‘ u' 02 + I _02
(nxn) (nxg) (gxn) (nxn) ¥
where
v Jl 0 ° . * ‘ O .
I{‘L‘I = 0 . Jz ) [y ° . ’ A O
: 0 B - 0 . . ® J
| {3

and J, is an n, X n, matrix of ones.

i i i
This gives
Vo) = @0 e + X0 )

and

R
E[V (b)) = (X'l +

;x-_—3-[r§ - tr{X'HH"X(X’»X)_l}].Uz'}
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2.3.4. An Unbiased Estimator of the True Variance of the OLS
: Estimator of B ,

- Form a matrix, W;‘by réplacing the elements 03 and-og of z

“with their unbiased estimators, 32 and 82 Then

wl b1’
E(W) =3
and an unbiased estimator of the true variance ofr_‘p__I is
. | 1y Lyt 1y~ 1 ' ' A
VV(§1) = (X'X) "X'WX(X'X) (2.3.5)
i.e., ' | ' , ; |
CEV(R] = VR

2.3.5. Estimated Variance of a Predicted Response Based on the
OLS Estimator of B

‘Let yi-denoté a pfedicted response based on the OLS estimator gi‘

of B and on a vector of values, o' = (l,x,z), for the independent vari-

ables. It followsvthat
Estimated Va&ianée’of §i = o'[Estimated Variance of hi]g"

Replacing "Estimated Variance of Ei" by the commonly used and by the -
unbiased estimated variances of bys 1.e., VI(Ei) and V(bi)’ we obtain

the corresponding estimated variances of a predicted response,-
VA om ) . N : B '. , ’ K -
Vi =a'lvpple | (2.3.6)

W =a'Vb)le o @an
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2.4, The Single Iteration Method (SIM) and
the Multiple Iteration Method (MIM)

In both the Single Iteration and Multiple Iteration Methods we

2 2 .
-~ obtain estimators of 9y and S With these estimators we form a

weighting matrix, which we utilize in a manner similar to the use of
the true error matrix in the BLUE method. SIM and MIM give biased
estimators of 8. While in estimation problems the property of

‘unbiasedness is usually sought, it is also-trué,that;biased»estimatorsr

"and the mean square error criterion have received considerable
| attention. In the present situation, if a biased estimator has

negligible bias then it is worthy of further attention., It is with

this background that the Single Iteration and Multiple Iteration

"~ Methods are introduced.

2.4.1, Single Iteration Method Estimator (Biased)'bf B

The construction of W, an unbiased estimator of L, has already

been described in Section 2.3.4. The SIM estimator of B, which is.

_1; is
_]_)_1 = (X'W_lx)—lxiw—lz. ’ = o , : . 7 (294.1)

Subsfitutihg.for X;in (2.4.1) gives

by =8+ @i e tms v e L (244.2)

'and'(2.4.2) will not have expectation B when W and HS + & are non-
-~ independent which is the case when W is estimated from the’réspgnses,r'

o yij. -If, however, W has been eé;imated from prior data or information
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and we are prepared to use such an estimator in present circumstances,
then W and HS + £ are independent -and the unbiasedness of by for B

follows.

We will proceed on the basis that such prior -information is not..

available.

2.4.2. Approximate True Variance of .the SIM Estimator of §

For the reasons outlined in the previous ‘sub-section, the true
variance of 21 is a rather intractable problem. If we ignore the

correlation between W and HS + ¢ then from Theorem 3.22 of Graybill (1961)

Approximate True Var:iance-‘oi:'_lg.1 = (X'W—lX-’)_1X'W_12W_1X(X'W-1X)~l

(2.4.3)

20430 Estimated”Vériance»ofisIMrEstimatorlof_g

Replace I in (2.4.3) withfwrand~obﬁain:(2.4.4) below which will

be referred to as a blased estimate of the true wvariance of the SIM

estimator, 91, of 8.

A o=l =1 C
vlcgl)' = (X'W X | : _(2.4.4}

' 2.4.4, Estimated Variance of a Predicted Response Based on the

SIM Estimator of 8

-~ Analogous to the OLS case the following is suggested as'én B
estimated variance of a predicted response, §§ baéedron,the SIM
estimator of £

Vl‘yl? o'V, (by)a

R U s @)

P
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2.4.5; Multipie Iteration Method

Regard fhe Single Itera;ion_Method as the first iteration in an
iterative'seQuence. The procedure suggested for the MIM is at each . -
iteration to modify the estimators'of,oé and ci which were used in the
bprevious iteration. Thus at the second iﬁeratibn cél and 0y are
modified. This modification is aoﬁe in a2 manner which optimizés some
rele;Ant criterion, Tﬁe'criterioﬁ used here isrthat the .sum of the -
gstimated variances of the estimators of BO’ Bl and 82 at the (k+1)st,
iteration is lessrthan the corresponding sum at the kth iteration.
: Theldétails of "this iteratibn procedurg,are in Appendix 7.3,

At theAktﬁ'iteratiénAﬁé bbtaiﬁ biasged estimatorsbaék and éik
of 03 and oivand form an estimator (biased)-wk,of Z in the same manner

as W was formed in the SIM. Anélogous to (2.4.1), (2.4.4) and (2.4.5)

write
~1,. -1, -1, R |
= vt 1 .
b = xR wklg_ (2.4.6)
as the k™ iteration -.estimator of 8, write
Vb, = @it | : (2.4.7)
2 k—k k 77 : o - o v
as an estimated variance of the kth iteration estimator, Ek’.of-g and

rwrite

vl . (s

h

as an estimated variance of a predicted response at the kt iteration. .
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_ 2.5.> Daniel's Method (ij
As presented by Daniel;.gg;gl., this is a two-stage proge&ure,
first eStimating 62 and then estimating Bl. Some modifiéations of .

theirbapprdach are presented.

2.5.1. Daniel's Method Estimator (Unbiased) of B

The DM'eétimator of g_will be denoted by ED with elements bDO’V
bDl’ sz.' Since some of thevexpressionsithat have already been v
obtained in connection with OLS also apply to parts of this procedure, '
the éxpressions ériginallyrprovided by Daniel and equivalent expressions

from the previous sections will be presented.

‘ :,VVStage 1. - The model.ofiginally presented by Daniel was

8
=¢c. + ¢

0 + e -(2.5,1)
k=2

REY PR LTI T

where 1 =1, 2, ..., g and § = 1, 2, cee, ni with § n, = n, and the *
ék's are dpmmy,variables. When a given €k>i§.one, the value of the
assoéiafed]ck is,tHE'offsep of the kt§>gfqup'from groﬁp 1. Here thé‘,.
parallel regression lines model is being fitted but the original
description of this ﬁethod includes ghe'possibility of éeparate 510pés;

For simplicity only the case of common slopes is considered here, .

The estimator presented for Bzrand its variance were

: z(zij "2 )0y - yg.)

13 BT
b.. = . _ (2.5.2)
D2 - 2 : o
i.:- §(zij zio) : .
CV(b..) = w . L (2.5.3)
D2 T i(z,, - 2 )2 - . :



R R NI £ g e At B e s et e es o Smecneenli ek

,wherejzg, Z, y had typ%calrelements yij - §i°"zij -2, sij ~ €y

4
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: 2 . ~
'_-where,ow was estimated using the residual mean square from an analysis

based on (2.5.1).

- Equivalent results can be obtained using the analysis outlined

in Section 2.2.1. There

Yk =28, +y

‘= "_1'*
b2 = @072y

2
w

b

o -1
Vi) = 'z o

':.;§§§gg_gg The estimator presented by Daniel,fqr131 was found as

fo;lows. Using—bD2

the mean response for each group wés,adjustéd;to the

same value of z, which was chosen to be the weighted mean of'thefzij.

"~ We get for group i

i T Vg mhpplEy -2

whefe E..7=-% . Thé;followingvmodel was then fitted using OLS

vk = Y : o '
VT % T Bxg g e (238

, where it was aséumedlthat Ny ~,N(O,02). The estimator of Bl is -

- X% ;* - '% |
H b = g(xi xo)(yil yo o)

(2:5.5)

o1 - _
% owm X = - *
”whgre x¥ = 5 g X;s Y i
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Estimator of 60. The overall nested equatioﬁ was written

= vk : - X% -z '
Yij y.. + bDl(xi x.) + sz(zij z-a) V (2.5.6)
from which the estimator of BO was’
= 3% -~ b .%% - b7 ‘
bDo y¥, = by x? szz{_ (2.5.7)
Estimated Variances of bDl’ bDO' Daniel assumed that the’residuél
mean square from fitting (2.5.4), 82, was ‘an unbiased estimator of
_ 2 A , |
05 +.SE where n =<§ is the average group size. The estimated variance .
= ,
of'bDl was written
Vplbpy) = ————— | _ - (2.5.8)
Z(xi - x%)

i
No specific expression was given for the estimated variance of’bDO.

The following expression is the author's‘interpretation of Daniel's .

- presentation.

A2 N B .
o g SN2 L - 27 '
- = —— (% -
VD(bDO) 2 + (x%) VD(bDl) + (z, ) VVD(bD2) (2.5.9)
Dahiei's Estimator of ci. The estimaﬁér of ci was
"2 _ -2 1-2 ,

Egtimated Variance of a Predicted Response Based on Daniel’s

Estimator of 8. The equation below is also the author's interpretation

of ‘an estimated variance for a predicted response based on Daniel's

. o memsemmer ~ e i e em o sewea B e e T T TR TR v SN oo
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estimator, bD’ of 8. The predicted response, yij’ corresponds to the

values X ,z s for the independent variables.

ij
9( >¥8—2+< S®02V (b )+ ( 2929 0.y (2.5.11
pig) Tg T ¥y T XD Vplhy 13 ~ 2,07 Vplbp, )

2.5.2. Comparison of Daniel's Approximate Variance and an Exact

Variance for y*

) The basic:model
iy = Bo T ByXg F Bpzyy t 8 ey
gives

yi'j' -y;. =8 (zij z,,) + (sij - Ei,)

which on substitution in (2.5.2) yields

. z,
ij. - i
Since the corrected group means are

—* =_ -...‘> - - =
VI T Vg mbpplEy -2

substitution of the abovebefoeSSion for sz»and substitution for §i-
“from '

e e
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" results in

_* = - .
yi. BO + Slxi + BZZi' + Gi + €

Write this as

[

YH. = B+ BT+ Byx; + 63 : | (2.5.11)

,there 6? is .defined as.

V(2.5.12)7

Note‘that var(Gi + Ei') = g° 4
At Stage 2 Daniel fitted-

R
yi‘: ,QO + lei +n

b

. ‘o )
and assumed ng - (0,02), 02 = ci + —E . From (2.5.12) we sée that 6*
a _

‘and ny w1ll have the same varlance only in a special case, when the

group sizes are equal and when the last term on the right hand 31de of _

'(2.5.12) is zero.
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2,6. A Single Stage Approach to Obtaining
Daniel's Estimator of 8

2.6.1. VBackground

‘The material in Section 2.5'dealt with Daniel's presentation for
fitting a nested regression model. We saw that some of his results are
approximate. It is now ptopoSed to pfesent these procedures for
estimating B in the form of a single stage of estimation and to use fhié
new expression for ED to obtain both the true variances of ED and its
unbiaéed estimator, and an unbiased estimator of thé variance of a
prédicted response, These are the;featuresvgf'Dahiel'é preseﬁtatiéﬁ

K]

involving approximations.

2.6.2, Single Stage Approach to.Obtaining ED

The model-
Y =XB+ HS +¢
can be rewritteﬁ as -

Y =18y + 28, + 28, + HE + ¢ , o (2.6.1)

where 1, x, z are_nkl véctofs denoting the lst; 2nd énd 3rd columns of

X. Let

20 = gxl1 vegtorzof ones

'IO = gxg identity matrix




P
g
g.,

W

30

gxl vector of thewgrdifferent
values taken on by x

1%
]
»
i

Jsai
]
N
i

gxl vector of group means for:
the variable z

8

R

- Equation (2.6.1) can now be written

Y H}OBO+H§BI+H§_f_§82+_e_

H(LB, *+ X6, + 28, + 8) + (z - HZ)B, + &

- - : R o o
H(}OBO +xp, + 2B, + é) + (I - HM Hf}gﬁz + g (256,2) 

where M= H'H, already given in (2.2.9), is a gxg diagdnal matfix with

n rin the (i,i)th position.

i
. We note the following where g_reptesehtrz or'E; or X
-1 '

M H'E = E = gxl vector of group means;fo:~a variable &

(I'#~HM—1H'lg = nxl vector’of'deviatioﬁs:of g from the
group means -
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Also I - HM_lH' i{s idempotent since ‘ )

(1 - mEY = (- ot ? - (1 - meiEy

(IO i 0 CM)z = gxl vector of deviations of the group § ﬁ;_,,,x
' means of z from the grand mean B . £

Equation (2;6.2) has ‘been developed. from the basic model being

ontrast it with the form, similar to (2.6.2),

| investigated in order to c
The equivalent

taken by the model in the two-stage method of Daniel.

expression for the Daniel Method is

M)zB + 6]

1 - 1
y =@ - miTHnz8, + e+ HlLBy 2 Y Bo T h Loxo"
| - . o (263)

i Ay R Rk TS BT o T L O L RN RN Kt N

The derivation of (2.6.3) from the two-stage method can be’explained»

as follows. The equation

(2.6;4)'

——

y= (1 -mE)zZ8, +

represents the within groups regression of vy, j on zij - i" [in

(2.2.2) Z was_ used for (I - oM lM )z], which results’ in : : , : L

b, = (2" - Hmflu')z]“ (1 - BENDY (26,5

due to the idempotency of I - HM 1H'. Now the equation
R / - v N .

M 1HY

(2.6.6) -

= | l ' -2
= ;060 + xBl + (I ” ,IlCM)Z§2

withiéz restricted to the value b,, represents the second stage of the
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n —0—0

vector of group means for the y,, adjusted to the,overail mean of z
& . 1j 13

two—stage method. This is true since Y - (IO - 1‘1'M)§pD2 is the

o

A using the within groups estimator of 32.
The two-stages are combined in the following steps. The "normal

" equations" formed on the basis of (2.6.4) and (2.6.6) are

B ;l \ 7] - BT 1 .
2'( - mH) ((x - YNzl 1l E g - 2 L 1z
| )
1
gv
(. - =M 11
-0 n =00
rb; ' 2'(I - BMHDY
~ _ -
Bo = Ll
A : ) . _' -
By L E X
8 z'"(I, - Iy 1Y
%ﬂ — 70 n 00—

where b2’ BO, Bl? 82 represent estimators of 62, BO, Sl’ 62 regpegtlvelyf

.‘henote é}(IO—-% M;iglé) by B'. These equations'reduce to

Nz - HM_lH')__z_ o o 0 b, | |2 - HM'ln')_s_q
: 3 1L ol I e = g
0 Vi Lx LBl b | B
=t e <! - 21V
0 x'l, x'x x'B| by x'Y
n 1 1S pi T T py ,

. Now the pointrin Daniel's approach is that bz,isArestricted to the.
D2

" value b ,ithat is the between groups information. on 82 is_discarded.,‘




33
The solutions actually obtained using Daniel's method correspond to |

this (non-equivalent) restatement of the normal equations.

e’ — . e — V
2'(1 - HM’]H")_z_, 0 0 { by, 2z (T - HM_lH')_Y;j
1 1 N = 'y
dodo Lox  LoB| | Py LT
] 2l ot 'y

which can be arranged as

—1'1 'x  1'(1 -—1-11'M')Z_ r; ] i l'M—lH' ]
=00 =0~ =00 na =00 ‘= Do | ‘
2! S D __J; Tty o = v Hrt ' .
|2' &'z 2@ -2 LiMOz| by, = | EwE [ 6.7
Al _i |l "— 1 - M ) '
K 0 &1y -3 LLME| o, | f2'er -y Ly
Denote (2.6.7) by
el % - oy
(3x3)(3x1) (3xn) (nxl)
and ED is found as
S g . , -
by =€ DY | U (2.6.8)

The unbiasedness of ED is shown in Appendix 7.5.

2.6.3, True Variance of.the DM Estimator of 8

From Theorem 3.22, Graybill (1961) the true variance of DM

estimator of B is

vy - ey Qe
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2.6.4, An Unbiased Estimator of the True Variance of the
DM Estimator of § '

Since W is an unbiased estimator of Zr
o -1 [] -1 131 - '
V(QD) = [C"D'JW[C "D'] (2.6.10)

is an unbiased estimator of the true variance of b,. From the
construction of the single stage-estimator we see that the estimated-

variance of sz presented by Daniel is the same as that in (2.6.10);7

but the variance of bDl is not.

2.6.5. Estimated Variance (Unbiased) of a Predicted Response
Based on the DM Estimator of B :

From (2.6.10) we obtain an unbiased,estimator'of the true
variance of a predicted response at the point g:=_(l,x,z),

Vi) = &' (Ve

- o'[c”Ipwic D" e : (2.6.11)
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3. - SIMULATION PROCEDURES
In order to evaluate the four proposed methods for thé.anélysis
oﬁ model (1.3), a simulation study was done using an IBM .360/75
computer. A copy of the programme used has been placed in the author's
permanent file maintained by the Department of Statistics, North
Carolina State University.
The objectiQe of the simulation was the determination of a
"good" method of analysis. A '"good" method should have at least thé »
following characteristics:
(1) Low biases for estlmated BO’ B and 82
(2) Variance of estimated B and Bz to be approximately. equal
| to variance of best linear unbiased estimator;
(3) Correct proportion.of Type 1 errors, according to the
significance level used, when tésting a h&potbesis régérdingA
By and Bé; |
- (4) Cdr:ect proportion of Type 1 errors when testing a

‘hypothesis regarding the predicted value of the tesponse Ve

3.1, Description of Data Generation

~ The simulation entailed generating data according to tlie model

Vi3 = Bo F By¥y t Bpryy + 8t ey

where i = 1, 2, ..., g3 j 1, 2, .+., n, and In n
' | 1 i S
B s B are coefficients for linear relations between
response and the 1ndependent variables x and z

éi+sij is the random error assoc1ated with yij and this
‘ random error is assumed to be distributed MVN(O, Z)
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3.1.1. Random Normal Deviates

The random normal &eviates, both 6, and Eij’ wefe obtained using
the method of Marsaglla and Bray (1968) to generate uniform random ,
'numbers, Each random normal dev1ate was generated by averaging 12
uniform random numbers. The average, according to the central limit
theoremn, ie'approximately normaliy distributed and the form of .
Marsaglia and Bfay's method used ensured that-the average would»have
' zero mean and unit variance. Mendez (1970) checked fon nermality
by carrying out a chi-square test on 180 sets of 48 random numbers
each. - The hypothesis of normelity was not rejected with a Typenlv .
error-probabilify equal - to 0.0s;galthough in 10 cases the value was

very close to the eritical value.

3.1.2. Design Points I,n,"?sﬁ_i&a;téd- |

From the many expressions‘developed_in}Section.Z for esfimators'
of B and for their~£rue and estimated variances it shonld be apparent
that~§arious facﬁefs may influence the."goodness" of an estimator.
Fox exemple, if 82 is an unbiased estlmate, based on f degrees of
freedom, of a variance component 02, then the variance 02 is glven
by z%i and: is usually estimated by %%; . Clearly a small valuerfor
f can easily lead to a large variance for 02; Hence any expression
in Section 2 containing W, the unblased estimator of L, will have its
variance influenced by the degrees of freedom assoc1ated with the
, estima;ion of oi.and oé._ i.e.; g, the number of groups,,and n, the

total number of responses, will influence -the varianee.;.When oi is

smallvrelative to'cé then I is nearly spherical,whereas a lafge
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ratio makes I non-spherical, - OLS assumes>a sphericai error matrix. and
hence the ratio ci:oi would seem imporfant. Relative to Daniel's’method

-we might suepecf large variation in the n, to be important since in his

estimation of 02 the assumption is made that the n, are equal (to n).

b i
We will refer to total number of observations (n), number of
groups (g), and variation in n, as factors. The effect of these three

factors and the following factors was investigated in the simulation
study:
- 2,2 , . ,
ox/cz —~ Ratio of variance of x to variance of z;
p(x,2z)~ Correlation between x and z;
-2, 2 . — e : .
cb/cW - Ratio of variance of §, to variance of ¢

i °° 13

Analogous to an experimental design situation we will refer to "levels"

of these six factors. A "deéign point" will mean a combination of the.

: Vsix factors, each at a particular level°

Tables 3.1.1 and 3.1.2 give- the two sets of de31gn points which
were inVestigated. .The 16 points in Iable 3.1.1 can be considered as
;the combiﬁation of fourffactors:eech at two ieveis. The factors and
~levels are: (1) Basic Dlsposition of n, g, 05:65 to proposed ﬁethodsv—

"Favorable" (F), ”Unfavorable" (v); (2) Variation in group s1zesr~

Large (L), Small (S): (3) Ratio of variances of x'and z - 4:7, 7:4;

(4) Correlation between x and z - 0. 14 0. 70 "Favorable represents
n =30, g =78, 05.03 = l 9 and "Unfavorable represehts n =15, g =‘4,
: 02 02 9:1.

b w
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The 12 design points in Table 3,1.2 can be considered as a
>2x2x3 factorial'combinationa: The fectors and levels.are (1) numbet
of obserﬁations --n = 30, 15 (2),ratio ofevafiances of 61 and elj ——
i 2 = 1:9, 5:5 (3) correlation between x and z —- p(x,z) = 0.1l4,
0.40, 0,70, |

The  variation in n, is at two levels, small (8) and iarge L.

The values for the n, are presented in Table 3.1.3.

351.3.. Generation of X Matrix

From Section 3.1.2 we see that the values taken by n, g'aﬁd
variation in nieare n'= 30, or 15, g = 8, or 4 and yariation.in
n, = L or S. For the preeent oniy consider the case of n = 15, g = 4.,
The X matrix, i.ea, a set of iS veluesrfor X end a corresponding set
fox zﬂwherekthere are fouregroﬁpé; ie required for fhe'six'combina—
tionsrofbp(x,z) = 0.14, 0.40, 0.70 Where-the coefficient of variation -
of the ny is ema}l (S) and also Where it,is largei(L)f These valuee
of x and z were found "graphically" with a little trial end errof;
That'ie to say, the faCt thaf the vaiues (when graphed) wouldeﬁe»
spread in an approximate rectangular shape when p(x,2z) = 0, 14, in a
broad ellipse when p(x, z) = 0, 40 and in narrow elllpse when
p(x,z) = 0,70 was used as a rough guide.v Since the patterns of x -
and z values giving p = 0,14, 0.40, 0 70 are not unlque the actual

values used have been placed in the author's permanent file maintained

by the Department of Statistics, North Carolina State University.




41

Table 3.1.3. Values of group sizes (ni) for the design points’

Numbex o? ' Number of Variation in " Values for n,
Observations Groups n : i
(n) () : i 1=1,2, .., 8)
30 o 8 - S 353,4,4,4,4,4,4
30 8 L 1,1,2,2,5,5,7,7
30 | 4 | L 2,4,10,14
15 g | s 3,4,4,4

5 . 4,' SRR L 0 1,2,5,7
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Thatrone can concentrate completely on getting the correct group
gizes and correlation coefficient andrignore therratio of oi_to»ci is'
easily seen as follows. Let ci and og be the calculated-variances for

x and z respectively then multiplying the x- by squatre root of 40/0

and z by square root of 70/02, will give 02 = 40, 02 70 and

2 z = 4:7, A'similar weighting of the walues will give the 7:4
_ratio. o

The method described above‘wes used to obtain an X matrix having
x's and z's with previously prescribed properties of variance and'v
correlation for the case of 15 observations in four groups ‘with large
_and small coefficients of variation for the group sizes.

When the total number of observations,_ite., y, was increased.
to 30, keeping the number of groups at four, the values of the
independent variables (x and z) were repeated w1thin each group. Tbe'
reason for doing this was to preserve the same correlation and variance
ratio between the independent variables and to preserve the coefficient :
- of variation for group size. Kmenta and Gilbert (1968) followed a-
similar procedure in dealing with alternative estimators of seemingly
unrelatediregressions. In like'manner when. the number of obserwations_
wes'increased from 15 to 30 and the number‘of groups fromtfoursto

eight, then the values of the independent‘wariables Were duplicateds

'3;1.4; Generation of Responses

To generate the responses, i.e., ¥ values, for the model given

"4n (3.1), it was decided to work with the value B) = B; =8, =0,
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As a result we are not able to investigate the power“in'teSting
hypotheses r'egardingrlel and 62 where the null hypothesis takes the
'usual form By = 0, B, = 0.
There were 40 repetitions at each of ‘the 28 design points

giving a total of 1,120 independent sets of g, ¢, drawn. At each.

ij?
- repetition various properties of the four proposed methods and the‘
BLUE method were evaluated. -

. 3.2,  Properties of Methods

3.2,1, —Biasés arid Short Term Disturbances_in the Estimators of g

Short term disturbance is defined as follows. We know that the -
~ OLS estimator,rhi of B is unbiased but over a finite number of
repetitipns?thgimean value.will. most 1ike1y”beldifferent‘from‘g, This

"~ difference, i.e€., b. - B, whenlgi is the mean of ‘a finite number of

I

repetitions will be referred to as the short term distuzbance,of the

- OLS estimator of 8. A similar disfurbance will appear for the BLUE,

Eﬂ’ of ﬁ_ahd the DM estimétor, kﬂ,«of B.. The SIM egtimatory 21, of

'_g and the MIM estimator at the second iteratibn,‘bz, of B are biased.
Since B takes the value zero.throughout'the;éimulation study we get.
. the biases for SIM and MIM by averagihg_hi‘and'gélover'the 40 repeti-

tiohs}’>

3.2.2. Variances of the Estimators of.g =

Table 3.2.1 giﬁes a summary of’the‘élgebfé'rélé?ént»to variances.

of the estimatorsvpf_g in this study. In particular column 5 shows
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the methods or algebralc expressions used for estimation purposes. The

nomenclature for the latter is also shown.

3.2.3. Empirical Type 1 Errors for Testing the HypotheSes,.B1 = 0,
= 0 Using A Tabulated F-Value at p = 0.05

By

Table_3.2.2 gives a summary of the algebra relevantvtp,enpirical
Type 1 errors for the proposed estimators of Blvand 82 when.teSting the
‘separate null hypotheses_Bl = 0 and 82 = 0, lhe background to ihese, |
‘errors is - the following. : |

-In the standard multiple regression sitnatlon, independent -
. normally distributed errors, it is usual.to test the null'hypothesis

Bij= 0 against the alternative hypothesis Bi #0 by using the fact

-3 .r R ¢ 1%

In (3.2), £ stands fer the erior degrees of freedom and V(B ) is ‘the
'rusual estimated variance of the estimaton,,gi,' of B . Column 1 of
VI;Table 3.2.2 defines seven ratios which resemble the expression in (3 2)
'-The true,distributions of these ratiosrare unknown,except for BLUE“
Vafiance Unbiased (for By 5,)hand Dﬁ Variance'Unbiased (fof>szv
which are distributed as F—variables. T o L
Where we ‘do not know the true distribution ofrestimators (i. ei,
for OLS Variance Unbiased, OLS Variance Biased DM Variance Unbiased
:(for ¥ ) DM Variance Biased (for B ), SIM Variance Biased MIM |

" ..Variance Biased) Type 1 errors were estimated empirically as the

percentage of values (for the ratio) in the 40 repetitions which

e it 2t A a0 A e i AR 11

A e
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'exceeded the tabulated F—distribution atrthe 5 percent significance
level. The degrees of freedom used to determlne the tabulated F-value
in the empirical cases are also given in Table 3:2.2, As a monltof on -
these empirical errors the same procedure was used forrthe_ratiOS having
an F-digtribution.

We use 1, n-3 degrees of;fréedom in OLS Variance Biased case.
These would be the true a.f. if the conditions for applying OLS Weie
satisfied.

in OLS Variance Unbiaséd, SIM and MIM 1, n-5 &.f; ére suggested.
The reasoning in these,cases‘is,that tworextra‘parameters, cﬁ and,c§,~
ére estimated from the responéeé;

For BLUE Variance Unbiased (forsB 8 ) 1, n-3 d.f. are the -
approprlate d.f. We use 1, n-g-1 d.f. in DM for testing 82; these are.
the standard d.f. when parallel regression lines are fitted. For
testlng Bl the d.f. proposed are.l, g—g,since-the-estlmator bDl is
obtained from g réspoﬁges where two parametefs, BO and Bi,rére

_estimated.

3.2,4. Empirical Type 1 Errors for Testing gy;# 0 at x

fl
.N

“-
1~
;
N

Using a Tabulated F-Value at p = 0.05
We ‘also considéf the empirical‘Type_i er:ors, using a fabulatéd-
F-value at p = 0.05, for testing the ﬁullAhypothesis.that the ﬁeaﬁ‘éf=
kresponses is zero when x and z take on theirvméan vaiﬁes,‘é,é,, uy =0
at x = § s Z = E' .7 Table 3.2.3 summarizes>the algebré relevantﬁio |

empirical Type 1 errors when testing the null hypothesis uy 0

‘against the alternative hypothesis uy # 0.
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The rationale behind these empirical errors is similar to that in

the last sub-section and is as follows. In the standard multiple régres—

sion situation with independent normally distributed errors, (0,02) we

have
[y - uylz [x' (8 - g1° |
e - - = — - — . (3'3)
025' x'0 15 0235' % 1}_ 1,f

Hére x .is the vector of values for the independent variables; i.e.,
l,§.,§._, and has an associated predicted-respbnse y. - The OLS
estimator of 8 is B, X is the information matrix and f is the residual

dégrees'of freedom. In the present study we have set 8 = 0. Weilack'

the distributions of the six ratios in column 1 of Table 3.2.3. Their.

. Type l‘'errors ‘were estimated empirically as the percentage of'values;in

"the 40 repetitions which exceeded the tabulated 5 percent F-value. The

degreeé of.freedom,used are given in Table 3.2.3.

The true d.£., 1 and n—3,vif-the conditions for apﬁlying OLS were

 satisfied are used in the OLS Variance Biased case.

For OLS Variance Unbiased, SIM and MIM, 1l,n-5 d.f, are proposed
b and o, are also
estimated in these methods.

The degreésAof fréedom given by Daniel et'al., iﬁg.; 2 and gf2

d.f. where the tabulated F-value is doubled, are used in the DMrdase;
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4, . RESULTS AND DISCUSSION

4,1. Introduction
Tﬁe foilowing pattern is used in reportiné the resulﬁé. The
fifst section‘deals with thé'véfiances of #he estimators of Bl and 82,
followed by a section presenting the results for the empirical Type 'l

2

z-=';.. and using a tabulated F-value at p = 0.05.

errorslwhgn testing the hypotheses Bl = 0, é = 0 and uy =0 at x = §;,
A section follows on the effect which an alterationbiﬁ the
degreesvof freedom has on the Type 1 errors. |
"Biasgs and short term disturbances of the estimators for BO"Bl’
and 62 are discussed only briefly since they seem to be of little
consequence except possibly for BO°
The &éta of Prater given in the first section is then uséd to -

illustrate the results and finally some suggestions for further

investigation are made.

Comﬁlete tables;of méans4for variances, Type 1 errors, and
biases are in Appendik 8. |

~ The &esign points in seté 1 and 2, which are describéd in.
detail in Section.B, fgrméd'Zéiand 3x22 factorial combinations
respecfivélye,rAn~analysis.ofbﬁariancerwas carried out on each of the
eight.crftezié for sets 1 and 2, i.e., ije 1 erfors, variances, and
biases; The magnitudes of thé sums of squares in the ANOVAHwere used
asrakgui&e in identifying important (substantial) main effegts'aﬁd

interactions. -




e 6 o itk A T R R A L a3 N Bt 9o 2 IR ] 2 e e - bl R TR S e

54
The points in set 1 represent extremes in the sense that
‘favorable (F) and unfavorable (U) conditions ere investigated as a
sdngle factor. However, at the two levels F and U, we have'eonfounded
the effects of number of observation (ni, number of groups (g), and
tatio of between to within-variance (ci:cé);

The points in set 2. do not have the effects of n and 02:03

b
confounded, although at all p01nts, g takes the value four (4),
variatlon in ni is large, and the ratio of .the variances of X and z
is 4.7. An intermediate level of correlation between x and z is also

introduced (p = 0.40) in set 2 in order to detect any deviations from

linearity in the effect of p.

4.2, Variances of the Estimators of;Bl, 82

The main effect means of the factors investigated are shown in

Table 4.2.1 and 4.2.2; means for the methods averageddover these factors

. are presented in ranked form in Tables 4,2.3 and 4, 2 4,

The ratio of the variances of x and z has only a minor effect on
thervarlances of the estimators of Bl and 82e An increase in the
vafiation in group sizes givee an increase'in the‘estimated variance
of B s and a slight trend in the opp051te direction oceurs for 8
V(see Table 4.2.1). With the exception of B in eet 1, the variances
of the estimators increased as the correlation between the independent
variables increased. We note that in the usual multiple regression
v situatlon (where the exrrors are independent) an increase in the variance
of the estlmated regression coeff1c1ents takes place as colllnearlty

increases,

s SRR TS T M A S N o 0



. o ’ Table 4.2.1, Set 1: Main effect means for variances of estimators

v(B,) v(8,)

Factor .. Levels

Disposition® ‘ F 0.019 : 0.022
o | U : 0.069 , 0.019

Variation :i.n'ni 8 0.032 © 0,027
' L 0.055 : 0.014

Rai",id of Variances
of x and z bi7 0.039 - 0.015
- C 740 0.049 7 0.026

: Correiatioh between B
x-and. z 0.14 ' 0.054 0.033
o : : 0.70 ' 0.034 0.048

]
o

30, g

]

1:9, n
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Table 4.2.2. Set 2%: Main effect means for variances of estimators

of Bl? 82
| V(8" v(8,)
Factor - Level 1 2
Number of Observations 15 0.045 0.043
30 . 0.029 0.011
Ratio of Between to
Within Variance 1:9 0,032 . 0.016
535 0.042 : 0.037
Correlation Between | _ .
x and z , o 0.14 0.031 0.011
' 0.40 0.035 0.016
0.70 0.043 - 0.053

aIn set 2: 02:02
i X 4

: l bSIM Unbiased Variance and MIM Unbiased Variance were omitted in
the calculation of these main effect means.

= 4:7, g = 4, variation in n, = L.

.
R
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Table 4.2.3. Set 1: Methods ranked by main effect means of variances
for estimators of Bl, 62, :

Method 2 | v(8,) Method v(8,)
01.S Biased Variance 0.008 OLS Biased Variance 0.008
MIM Biased Variance 0.016 MIM Biased Variance 0.009
: SIM Biased Variance 0,011

BLUE True Variance 0.029 .

v ' v BLUE True Variance 0.013
SIM Biased Variance . 0.030 o :
DM Biased Variance 0.034 SIM Unbiased Variance  0.015
MIM Unbiased Variance 0.034 MIM Unbiased Variance  0.017
OLS True Variance 0.039 0LS True Variance 0.032
DM True Variarice 0.040 DM True Variance 0(058.v

'9IM Unbiased Variance 0,165

aThe terms Biased, Unbiaséd, and True are describedrinrdetail in
Section-3.2.2. ' : '

[
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variances

&*ﬁq iicsl ﬁﬁﬁ ﬁﬁﬁ“

in Section 3.2.2. SR :

_Table 4.2.4.  Set 28: Methods ranked by main effect means of
: .-for estimators of B., B.
_ A , 1° "2
. Method® | vip,)  Methoal V(8,y)
OLS Biased Variance - 0.014 'MIM Biased Variance 0.003
MIM Biased: Variance 0.021 OLS -Biased Variance 0.008
SIM Biased Variance 0.008
BLUE True Variance : 0.035 ,
T s BLUE True Variance 0.012
SIM Biased Variance 0.038 , : ‘
- OLS True Variance 0.043 OLS True Variance 0.015
" DM Riased Variance . - 0.050 SIM Unbiased Variance 0.024
- DM True Variance 0.057 DM True Variance 0.034
- SIM Unbiased Variance 0.732 MIM Unbiased Variance 0.110
" MIM Unbiased Variance 4,558 - :
a, = 2,2 o . .
“In.-set 2: ¢ 0 = 4:7, g = 4, variation inn, = L
X z 7 i o
b

The terms Biased, Unbiased, and True are described in detail



o ma e SATAIVM AMMY | AREM e e bodse e

59

The dominant factors appear.to be the ratio of the between to .
within variaﬁce #nd thé number of'observétions° As‘the erré: matrix
becomes more non-spherical, the variances become larger. A similar
result occurs by decreasing the number of observations,

Referring to Tables 4.2,3, 4.2.4, and the fu}l'results'in
Appendix 8, we see that ignoring the non-spherical pattern of -the
error matrix and the use of OLS has thé‘conSistent effect of under-
estimgtiﬁg the true variance, i.e., OLS Biased Variance is alwaysv
less than OLS True Variance. The extent ofrtherunderestimation ié

the surprising part of this result with the OLS Biased Variance being
considerably less‘ﬁhan the variénée of thé BLUE.

It was unexpected that the OLS Biased Variance for the estimator

of. 8, should be low since by igﬁoring the*non—spheficél error pattern

2
in the usual split-plot case, one would expect to 0verestimaté the
&arignce of the_estimator of 82.

The 1arge values of SIM Unbiased and MIM Unbiased.Variances are
partiallyrexpléiﬁed by the following. Each of these variénceé was
rcaléulatéd as the variance of. the corresponding 40 estiﬁates of Bir
(i=1,2). Variation in these estimates appears to be influenced by

. " e 2,
the occurrence of negative estimates of ¢ in some -repetitions.

b
We note, but it is difficult to saﬁisfactorily ekplain, that
the SIM Biased Variance appears to be quite close to the'vériance of

the BLUE. This occurs in all cases except for Bzfin set 2.
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4,3, Comparison of Some Methods for Selected
Criteria Over the Same Set of Repetltlons

Slnce the same set of residuals was used for each method at each
“of 40 repetitions of the simulation, analyses were carried out for
selected design points to permit testing for differences among methods

and to permlt assessment of the 1mportance of the sets of residuals

used in 1ndiv1dual repetitions.
De31gn points 5 and 13 were selected and an analy31s of variance
was performed comparlng the methods SIM Biased Variance and MIM B1ased

Variance for the estimated variance of the estimators of B and B In

»the case of Bl, Daniel s Method Blased Variance was &also included. - The
results are given in Tables 4.3.1 and 4.3.2. We see that the patterns
'suggested by the means in Table 4.,2.3 are verlfled Also, thererwere,

' detectable main effects for repetltlons indicating the danger of over-

estlmating error in such an analysis if commonallty of re51duals was

' ignored.
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4.4, Empirical Type 1 Errors When Testing_the
Hypothesis B = 0‘ 82 = 0, uy =0 at x = X,

z = z.a U51ng a Tabulated F-Value at p = 0.05
 The main effect means of empirical Type 1 errors for the factors
investigated are given in Tables 4.4.1 and 4.4.2, The Disposition x

Method breakdown of results for set 1 is in Table 4.4.3, and Ratio of

‘Bet&een to Within Variance « Number of Observations x Method for set 2

is presented in Table 4.4.4.

For set l the Type 1 error rates are largely made up of the sum
of main effects and ‘an interaction term, Disp051tion x Method. The
exception_to,this is Danieél's Method where we get a peculiar result'
involving tﬁe correlation between X aod z when testing Sl = 0. Thisv
fesolt is discussed in Section 4.4. 2.

The dominant main effect is the ratio 02.02 which increases the
errors'oy approximately 15 percent when the ratio.changes from 1:9 to

9:1,  In set 2 this effect is again evident, the increase in this case .

being about 8 percent as the error-matrix,becomes more non—spherical.
‘The main effects of the other factors are in the range one percent to

6 percent.

From Table 4.4. 3 it appears that OLS is better than DM for
favorable condltlons, ifg,, Type 1 error rates are only. slightly B
greater than 5 percent'for OLS whereas DM-ls too often approximatelj
one percent, but in unfavorable conditions DM seems preferable.r The
correspondlng table for set 2, Wthh is closer to a favorable disposi—
.tion 1n set l,ris Table 434.4,7and it does not,give a clear result in

support of OLS .or DM.
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Table 4.4.1, Set l: Main effect means of empirical Type 1 errors (%)

 when testing the hypotheses'B1 = 0, 62 = 0, uy = 0 at

x = ;;’ z=2z_ using a tabulated F-value at p = 0.05

Hop Hop Hotty = 0 et
Factor B Level By =0 sz=_0 X=X, 2 =‘z..
Dispositiona - F 843 7.3 6.1
: : U ) 21.4‘ 2201 23.3
- Variation in n, S 15.4 15.6 14.8
SR ' L 14.3 10 14.6
Ratio of Variances.
of x and =z 4:7 13.9 13.9 13.9.
: 7:4 15.8 - 12.5 15,5
- Correlation between 7 . ‘
x and z - 0.14 14.1 13.0 14.7
: : 0.70 15.6 13.3 1447







